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PLANE GEOMETRY WITHOUT POSTULATES®

LEONARD M. BLUMENTHAL '
Missouri Alpha, 1937

Introduction. In his famous Flements, Euclid made a distinc-
tion, usually neglected today, between certain assumptions that
he called axioms, and others that he referred to as postulates.
The former characterized those basic statements that expressed
common notions (e.g., If equals are added to equals, the sums
are equal) while the latter term was used for those assumptions
that are peculiar to geometry (e.g., To describe a circle with any
center and radius).

The title of this paper is to be understood in the light of that
ancient discrimination. The basis for euclidean plane geometry
presented here contains no postulates whatever (and consequent-
ly is free of primitive or undefined terms), but it is not devoid of
common notions. The sole such notion that will be used is that
of real number. This notion occurs in nearly all systems of postu-
lates for geometry, usually without attention being called to its
status as an axiom.

It was recently observed that ‘‘according to modern standards
of rigor, each branch of pure mathematics must be founded in
one of two ways: (1) either its basic concepts must be defined
in terms of the concepts of some prior branch of mathematics (in
which case its theorems are deduced from those of the prior
branch of mathematics with the aid of these definitions) or else
(2) its basic concepts are taken as undefined and its theorems
are deduced from a set of postulates involving these undefined
terms.”’? This foundation of plane geometry utilizes the first
way; its basic concepts are defined in terms of that prior branch
of mathematics — the real number system.

1. Points. Let p,p, = p,p;, P,P; = P3P, P,P; = P4P, denote
three positive real numbers (the reason for selecting this nota-

tion for the three numbers will be made clear later) such that the
determinant

0 1 3| 1

1 0 P,P3  p,P3
D(p,,P,,P;) = \ )

1 p,p; O P,P3

1 Psp?  pgp2 O

is negative. There are many such triples of numbers; indeed, any
three positive numbers, each one of which is less than the sum
of the other two, may be selected.

8Received by the editors June 23, 1960
uwmo footnotes.
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Definition. A point is any ordered triple of non-negative real
numbers (rp,,rp,,rp,) such that

0 1 1 1 1
UA@T@%@&.G =11 0 ﬂn—uw vuﬂwn \\ﬂunn

1 p,p? 0 p,p2  pir? ) = 0,

1 Pspi Pp; O P,r?

1 rp? rp2 rp? 0

PLANE GEOMETRY WITHOUT POSTULATES 103
0 1 1 1 1 1
D(p,,p,,P5P &) =|1 0 p,p3 p,p? p,p? Pp,q2
1 p,p} O P,P3 Pp?  p,a?
1 P,p? v%“ 0 P;p?  pya?
1 pp?  pp? pp? O x2
1 ap? e gp? x2 0

where tp, = p,r, (i = 1,2,3).

If r denotes the point ??.G».nvuv and s the point (sp,,sp,,sp;),
we define r = s if and only if pr = p;s, (i=1,2,3).
Let P denote the set of all points.

Theorem 1. If r is the point (0,rp,tp,), then tp, = p,p,
and 1p; = p,p;.

Proof. The determinant D(p,,p,,f) may be written in factored
form Uﬁva.vw.nv ulﬁvuvw‘:vw‘v@avguvn+—.vnlnvuv Avuvnlnvn+nvav
(-p,p, #rp, +1p,), and since rp, =0,

D(p,,py.1) = (p,p, +P,)*(P,P,-1p,)* 2 0.

But since Uﬁvtvn.vm.@ = 0, it follows that

Uﬁﬂuaﬂn.ﬂuv.cﬁﬂ:ﬂnlv = _Hnﬁw H_n =0,
where _anw Tjdenotes the minor of nvw in Uﬁvavn.vu.nv.u

This equality, together with D(p,,p,,p,;) < 0, implies that

D(p,,p,,r) ¢ 0, and consequently
D(p,,p,.1) = 0.

Hencerp, =p,p,, and in a similar manner it is shown that
Hﬂw = Mvnmvw-

Denote the point (0,p,p,,p,p;) by p,, the point (p,p,,0,p,pP,)
by p,, and the point (p,p,,p,P,,0) by p;.(It is easily shown that
(0,p,P,,P,P;), etc. are points).

2. Distances. We are now in position to define the important
notion — distance of two points.

Definition. 1f p = (pp,,pP,,PP,) and q = (q4,,99,,99,) are
two points of R, their distance is the unique non-negative real
root of the equation D(p,,p,,P;,p,q;X) = 0, where

This definition must be justified by showing that the equation
has a unique non-negative real root.

Justification of distance definition. Since D(p,,p,,p5,p) = 0
it follows (as in the proof of Theorem 1) that D(p,,P,:P) € ¢
D(p,,p3,p) ¢ 0, and D(p,,p,,p) < 0. Now the equality sign can-
not hold in all three relations for if it did, then
D(p,,p) = D(p,.p) = D(p,,p) = 0, and expansions of these

vanishing bordered third-order determinants yields pp, = pp, =
pp; = 0. But this is impossible, for then the determinant

D(p,,p,.p,,p)reduces to -2.p, p.p,p2.p,p? , which does not
vanish. Hence we may assume UQ.J%».BA 0.

Denote a root of D(p,,p,,p3,P,9;%) = 0 by pq. From D(p,,p,,p,) # O,
while D(p,,p,,p;,p) = D(p,,p,,P3,9) = D(p,,P,,P5,P,q) = O, we con-
clude that the rank of D(p,,p,,P3,P,q) is 4, and consequently
D(p,,p,,p,q) = 0. It follows that

D(p,,p,,P).D(, P, — Cpa?* = 0,
where [ pq2 Jdenotes the minor of pg? in the determinant

D(p,.p,,p,9), and since D(p,,p,,p) € O, then D(p,,p,q) ¢ O.
Consider the function

0 1 1 1
y= 1 0 p,p? p,q?

1 pp? 0 X

1 qQp?  x 1)
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Its graph is a parabola whose axis is perpendicular to the
x-axis, and which opens upward. It crosses the x-axis at the

points x = (pp, - qp,)? and x = (pp, + qp,)?. If pq® be sub-
stituted for x in the function, the corresponding functional value
y = D(p,,p,® £ 0, and it follows that

0 <(,p — P02 ¢pa® € (p,p + p,q)2 Hence pq2 2 0,

—

Since D(p,,p,,P3,P) = 0, x is a root of D(p,,p,,p;,p,q;%x) = 0
if and only if x is a root of

0 1 1 1 1

1 0 p,P3 p,p2 p,p?

1 p,p? O P,p; P,P? = 0.
1 Psp? pp3 O p;p?

1 ap? qp? qp?  x2

This equation obviously has at most one non-negative real
root, and the above argument shows that x =pg 2 0is such a
root.

Remarks. The distance of points p, =(0,p,p,,p,p;) and p,
= (P,P,,0,p,P;) is p,p,; of p, and p; = (p3p,,P3P,,0) is p,p;
and of p, and p, is p,p,. This explains why the notation
P,P,s P,P3, P,P; Was adopted for the three positive numbers
selected at the outset. They turn out to be the mutual distances
of the points p,,p,,p,.

The distances of a point p = (pp,,PP,,pPP,) from points
P,,P,,P4 are pp,,pp,,Pp,, respectively. Hence we have a tri-

polar coordinate system in P.

3. Congruence of .P with E,. With respect to the distance
defined in Section 2, the pointset P is a metric space; that is,
if p, q are any two points of P, distance pg 2 0, pg = qp,
pq = Oif and only if p = q, and if r is a third point of P, then
Pq + qr 2 pr. (Perhaps the reader can supply the easy proof
of this assertion).

Theorem 2. The metric space P is congruent with the eucli-
dean plane E,; that is, there is a one-to-one, distance-preserving

correspondence between the points of P and the points of E,.

PLANE GEOMETRY WITHOUT POSTULATES

Proof. Since P is a metric space, the plane contains three
points pj,p3,p§ such that pjps = p,P,, P3P} = P,P;, P{P} =
P,p;. We symbolize this by writing

P,:P2sP3 = P{P3P5
read :vtvn.vu are congruent to py,p3,py’.

Let p' denote any point of E,, and consider the three non-
negative numbers pp, = p'p}, PP, = P'P}, PP; = P'P}, Where
P'pj denotes the distance in the plane of the points p* and pj,
(i = 1,2,3). Clearly

D(p,,p,,P3:P» = D(P}{,P3,P4.P*)
and since (as is well-known) the D-determinant vanishes for
each quadruple of points of the plane, then D(p,,p ».vu.vv =0
andsop = (pp,,PP,,PP,) is a point of P. Hence, with each

point p* of E, there is associated a unique point of P,

It is easily seen that each point q of P is the associate of
exactly one point q* of E,. For since p »P41P3,4 are a metric
quadruple and D(p,;P,:P5,0) = 0, it momoﬁw that the plane
contains four points

contains four points P,,P,,P,,q congruent to that quadruple;
that is,
vﬁuvﬂsvuua n qﬁnmﬂnwwnqn ‘

Then P,,P,, P, = P,,P,,P; = P},P4.P} , and there is a
congruence of the plane with itself that carries P,,P,, P, into
P§,P4,P} , respectively. This congruence is unigne (for since
Uﬁvm%m.vmv =D(p,,P,sP3) < O, the points P{,P$,P} are not
collinear) and carries q into a point q'. Consequently

P;sP,sP3d X P1,P5.P39"
and soq = (4P,,qp,,qp,) = (q'P{,9'P},q¢py); that is, q is

associated with q*. Hence the association or mapping from E,
to P is onto.

The mapping is a congruence. For if p, q are points of P,
corresponding to p*, q*, respectively, of E, then by definition,

distance pq is the unique non-negative real root of

D(p,,p,:P;,P,q;x) = O. Since py,p;,ps,p*'.q' € E,,
D(p},p4,P3,P%»q") = O; that is, p*q® is the unique non-negative
root of the equation D(py,p},p3,p* ,q*;%) = 0.

105
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From the congruences
PysPosP3sP = PI,P3P5 P’
P,P,:P34 2 PLP 5,P3,3"

consequently pq = p’'q', completing the proof of the theorem.

it follows that D(p,,p,,P,,p,0;Xx) = D(p;,P3,P},p',q";X), and

4. Logical identity of P and E,. From the congruence ot P
with the euclidean plane E,, established in Theorem 2, it is easy

to show that P is logically identical with the euclidean plane.
This is done by selecting any system of postulates for the plane
(say, those of Hilbert) defining the primitive notions of that sys-
tem (e.g., line, betweenness, etc.) and establishing the postu-
lates as theorems.

This being done, a second question arises: is euclidean
geometry easily developed on this basis? The reader might be
interested in answering this second question for himself.

University of Missouri

FOOTNOTES

1. Presented by invitation at the Warrensburg meeting of the Mathema-
tical Association of America, April 30, {960,

2. Leon Henkin, On mathematical induction, Amer. Math. Monthly, 67
(No. 4), 1960, pp. 323-337.

3. See Corollary 3, page 33 of M. Bocher, Introduction to higher
algebra. Macmillan, 1922.

4. See pp. 99-101 of L. M. Blumenthal, Theory and applications of
distance geometry, The Clarendon Press, Oxford, 1953.

AN APPRECIATION OF 107
GIUSEPPE PEANO

HUBERT C. KENNEDY
Missouri Gamma, 1959

The purpose of this article is to recall some of the positive contri-
butions of Giuseppe Peano in the field of mathematics and to point
out some rather paradoxical reasons why only part of his work has
gained general acceptance. In this short note we cannot do justice to
the mathematician who, according to Bertrand Russell, ‘‘has a rare
immunity from error.’’ Giuseppe Peano was born at Spinetta (near
Turin) on 27 August 1858. A graduate of the University of Turin, he
was professor there from 1890 until his death on 20 April 1932. His
interests were varied and he made important contributions in several
fields. We consider here only his work in mathematics and begin with
two contributions of the first rank which are known by his name.
These are the Curve of Peano and Peano’s Postulates for the Natural
Numbers.

The first of these was the first (and by now classic) example of a
“space-filling”’ curve. It is, in fact, a continuous function of the unit
interval onto the unit square, such that the curve passes, in a con-
tinuous manner through every point of the unit square. In the critical
revision of the foundations of mathematics, which began in the second
half of the last century, the discovery of this curve was a landmark in
the search for the characteristic distinguishing lines, surfaces, and
solids. The first landmark was reached by Georg Cantor in 1878. Be-
fore then it was thought that the characteristic distinguishing lines,
surfaces, and solids was in the number of points pertaining to each,
i.e. that the number of points on a line was a good deal less than the
number of points in a plane or solid. However, if we generalize for
the moment the common notion of equality of number between two sets
of physical objects, i.e. letting U and V be two sets of any objects
whatever, we say that they have the same number of members when
it is possible to establish a one-to-one correspondence, without ex-
ceptions, between U and V, then Cantor obtained the result — at first
sight paradoxical — that the number of points of a linear segment is
equal to the number of points of a plane or a solid.

Another property of the intuitive ‘‘line’’ is that which makes the
concept of line depend on the concept of motion. Thus since Des-
cartes and others had shown that a point in the plane could be
represented by two numbers (Cartesian coordinates), it was believed
that a final exact form could be given to the intuitive concept of line
by identifying it with a continuous curve, i.e. by defining a (contin-
uous) curve in a plane to be the set of points whose coordinates x,y
satisfy the parametric equations:



108 P1 MU EPSILON JOURNAL

x = f(t)

y =g(t)
where f and g represent continuous functions of t, and are defined on
the same interval. In this definition the concept of continuous func-
tion has replaced that of intuitive motion. This, then, was the situa-
tion when Peano gave his sensational discovery in four short pages of
the Mathematische Annalen of 1890 in an article entitled ‘‘Sur une
courbe qui remplit toute une aire plane.’’ Peano had found the para-
metric equations of a continuous curve in a plane which filled a
square and of a continuous curve in space which filled a cube.

The Curve of Peano has been treated by various authors. We give
it according to the geometrical construction of the fifth volume of the
Formulaire de Mathematiques. Divide the interval [0, 1] into nine
equal parts, and number them in order as 1,2,. . .,9. Then divide the
square into nine equal parts as in Figure 1, and number them 1,2,. . .,9
to correspond with the segments of the linear interval. Next divide
each segment of the straight line into nine equal parts and each of the
nine squares into equal parts as in Figure 2. The 81 squares so
formed are then numbered in order, so that each square has one side

Ll

-]

Fig. 1 Fig. 2

in common with the one next in order; the squares then correspond
with the segments numbered in the same way. Proceeding in this man-
ner indefinitely, any point of [0,1] is determined by the intervals of
the successive sets of sub-divisions in which it lies. The corres-
ponding point in the square area is determined by the succession of
squares, each containing the next, in which it lies. The curve is
thus determined as the limit of a sequence of broken lines denoted by
the thickened lines in the figures. The curve thus obtained is con-
tinuous, but has no tangent. It should be noted that in contrast with
Cantor’s function, which is not continuous, Peano’s curve is not
one-to-one.
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The year following the publication of ‘‘Sur une courbe qui remplit
toute une aire plane,’’ Peano purchased a small house in Cavoretto,
where he had a copy of Figure 2 made on the balcony with small bits
of cement, so that it showed up in black on the white tiles. (He
could have had a copy of the completed curve by using only one
black tile, since the completed curve looks like this: I )

The Postulates for the Natural Numbers mark the last milestone
in the process of axiomatization of arithmetic, which also began in
the last century. H. Grassmann prepared the way when in his Lehrbuch
der Arithmetik (1861) he showed that the commutative law can be de-
rived from the associative law by means of the principle of complete
induction. Peano first gave postulates for the natural numbers in 1889
in his Arithmetices Principia, Nora Methodo Exposita. Although much
symbolism is used, the introduction and explanatory material of this
short book of 36 pages are in Latin. Because of this, the later treat-
ment of this matter in the early volumes of the Formulaire de Mathema-
tiques, being written in French, probably had a wider reading audience.

The postulates, which are nine in number in the Principia, are reduced
to five in the Formulaire. They may be stated as follows:

1. Zero is a number.

2. The successor of any number is another number.

3. There are no two numbers with the same successor.

4. Zero is not the successor of a number.

5. Every property of zero, which belongs to the successor of every
number with this property, belongs to all numbers.

Peano showed that the whole structure of arithmetic can be derived
from these five postulates, as purely logical conclusions, without any
further reference to the intuitive significance of the arithmetical opera-
tions. They have been criticized on philosophical grounds as not com-
pletely characterizing the natural numbers. An example from B. Russell
will illustrate this.

Let ‘O’ be taken to mean 100 and let ‘‘number’’ be taken to mean
numbers from 100 onward in the series of natural numbers. Then
all our primitive propositions are satisfied, even the fourth, for,
though 100 is the successor of 99, 99 is not a ““number’’ in the
sense which we are now giving to the word ‘“number.”’ It is ob-
vious that any number may be substituted for 100 in this example.

The five postulates, then, do not characterize the natural numbers.
‘They are characteristic of a much more general concept, that of a pro-
gression of any objects whatsoever which has a first member, contains
no repetitions, and for each member of which there is an immediate
successor.
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In the face of this easy criticism two objects seem depreciated.
These are Peano’s Postulates and Peano himself. Because the postu-
lates do not characterize the natural numbers, we tend to forget that
they are nonetheless the completion of the process of reducing the num-
ber of basic laws of arithmetic by deriving them from fewer but deeper-
lying propositions. They are the conclusion of the development begun
by Grassmann, for, as F. Waismann remarks, ‘‘in the Peano axioms we
actually have already reached the last starting point of arithmetical
deductions.’’ When we recognize this we are better able to appreciate
Peano, for, it seems to me, if the postulates are criticized because they
do not characterize the natural numbers, we criticize Peano for not
having done what he in fact did not intend to do. Peano was aware
from the beginning that the postulates do not characterize the natural
numbers. He was familiar with R. Dedekind’s essay Was sind und was
sollen die Zahlen? (1888) in which this situation is noted. Peano
shared with Dedekind the notion that the natural numbers are gained
by some kind of abstraction from all systems satisfying the postulates.
He recognized that with the Postulates he had completed the ‘‘arith-
metization’’ of mathematics, i.e. the clarifying of the role of arithmetic
as the sole and last base of the entire structure of analysis. Peano
succeeded, as Prof. Geymonat says, ‘‘in defining all the highest con-
cepts and the most difficult operations of mathematics starting from the
arithmetic of the natural numbers.’’ B. Russell wrote: ‘‘Peano . . . rep-
resents the last perfection of the ‘arithmetization’ of mathematics.”

Much of the symbolism of modern symbolic logic and set theory was
developed and clarified by G. Peano. In many cases the actual forms
of the symbols were introduced by Peano. ]f typesetters had the de-
ciding voice as to which symbols to use, or those who have to pay the
costs of printing a book containing many formulas, as Peano remarks,
it is very likely that we would today use a greater number of Peano’s
symbols, for he was not only concerned with giving them precise mean-
ings for the maximum usefulness in mathematics, hut he even purchased
printing equipment which he established in his home in Cavoretto and
took an active part in the publication of the Rivista di Matematica,
founded by him in 1891.

Let us take this year, 1891, as a vantage point in time from which to
view the mathematical accomplishments of Peano. Already mentioned
were the publication of the Principia in 1889 and the ‘‘Sur une courbe’
in 1890. With regard to his studies in mathematical logic, he had -
demonstrated an equivalence between the calculus of propositions and
the calculus of classes, and had made a complete analysis of the logi-
cal concepts which occur in mathematical reasoning. It would take too
much space to adequately approach this subject. We may take as typi-
cal of his important, and pioneering work Peano’s treatment of the sym-
bols € and ¢ in set theory. (In form, the first is the initial letter of the
Greek éovi , “is”, the second, the initial letter of Tros , ‘‘equal
to.””) The first of these, usually in the modified form ¢, is in common
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use today with the same meaning given it by Peano, i.e, ‘‘is a member
of.”” It was introduced in the Principia, where the necessity was noted
of distinguishing the sign ¢ from the sign O (nowadays written <)
indicating the relation ‘‘is contained in.”’ Still lacking, however, was
the distinction between a single object and the class made up of that
object alone. This distinction was supplied the following year with
the introduction of ¢ for ‘‘the set whose sole member is”’, i.e. ¢a

is the set whose sole member is a. (We would write today ““{a} .”")
This also allowed the decomposition of = (equality between classes)
into the succession &L ; thus, in place of a =b, we may write aecb
As an instance of Peano’s careful and conservative symbolism we may
point out his use of inverted symbols to express the concept inverse to
that of the original symbol, e.g. 74 is the sole member of the set a, and
bsa can be used interchangably withaeb . We continue to follow
Peano in the use of C and 2 to represent inverse concepts. It is
unfortunate that adequate symbols for the concepts represented by 2
and ? are not in common use today.

Looking forward, now, from the year 1891, we see that Peano, with
the symbolism he had developed for logic, began to treat logic mathe-
matically and to apply his logical symbolism to the study of the foun-
dations of mathematics. As a first consequence of this symbolism, he
was able to develop a mathematical symbolism which allowed him to
give a completely symbolic form to all mathematical propositions. The
project of the Formulaire de Mathematiques furnished the immediate
application of this mathematical symbolism. This monumental work,
taken as a whole, constitutes the most important of Peano’s mathemati-
cal publications from 1895 to 1908 and consists officially of five edi-
tions, or tomes.

This project was announced in 1892, when Peano gave the following
statement of its purpose: ‘‘It would be extremely useful to publish a
collection of all known theorems pertaining to the different branches
of mathematics, so that the scholar would have only to consult such a
collection in order to know how much has been done on a given point,
and whether his research is new or not.’’ It should be noted that the
five volumes of the Formulaire do not treat separately different parts
of mathematics. In general, each volume contains essentially the ma-
terial of the preceeding volume while at the same time developing and
enlarging it. We have seen, for example, that already in 1889 postu-
lates were given for the natural numbers. They received definitive
statement in Tome II (1898). How pioneering this work really was
can be seen from the fact that Peano was able to say that year, in
commenting on Tome II, that ‘‘the analysis of the ideas of arithmetic
contained in it is the only one in existence.”’
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The various volumes of the Formulaire are not solely the work of
Peano. In fact, in the 1892 announcement he said: ‘‘We shall be
grateful to readers who will help us in this work by collecting proposi-
tions (with or without proof) of other points in mathematics.’’ Cooper-
ating in the work were his university assistants F. Castellano, G.
Vailati, and C. BuraliForti, and various others, including Bettazzi,
Fano, Giudice, Padova, Pagliero, Vacca, Vivanti, Couturat, D’Arcais,
Morera, Pieri, and Severi. The project, however, was and remained
Peano’s. The fact that the Formulaire is universally referred to Peano
is indicative of the major part he played in its inception and contin-
wance. This is in contrast to the ‘‘Bourbaki’’ group of a dozen or so
modern French mathematicians, who are engaged in writing a compre-
hensive account of mathematics. Among them, no one person is of
major importance, but all use the pseudonym ‘‘Nicholas Bourbaki’’ to
disguise their individual identities.

The three sections of Tome II were issued separately in 1897, 1898
and 1899 respectively. Section 1, containing the part pertaining to
mathematical logic, was presented by Peano at the First International
Congtess of Mathematicians, held in August 1897 at Zurich. The event
is significant for English-speaking mathematicians, for the young Ber-
trand Russell was in the audience, and the interest aroused led him to
devote several years to the study of mathematical logic and, eventual-
ly, with the collaboration of A. N. Whitehead, to the publication of the
famous Principia Mathematica. Tome V (1908) has been described as
¢3 classic work in the mathematical literature of all ages’’ and ‘‘of in-
estimable value for students of mathematics’’ and ‘‘an inexhaustible
mine of science.”’ We cannot begin here to describe the large number
of important topics treated in Tome V. We can only be amazed by the
man who succeeded in collecting together in a book of such moderate
size so great a part of mathematical knowledge. Tome V contains
about 4200 propositions, all written in a symbolic form which is com-
plete, i.e. with the explicit statement of the conditions of validity and
the meaning of the letters contained. In the majority of cases the
sources are cited and often the original statements of the authors who
discovered them.

The year 1908 was not the last year of important mathematical pub-
lication for Peano, but it did mark, with his nomination to the presi-
dency of the Volapuk Academy, an important shift of interest. Even
in this short account of Peano’s activities, we cannot omit at least
an outline of his contributions in the field of language. This will ex-
plain why the fifth volume of the Formulaire (entitled Formulario
Mathematico) used Latino sine-flexione instead of French for explana-
tion and comments. Hardly was Tome IV of the Formulaire completed
when Peano turned his attention to the problem of an international
auxiliary language. The result was the introduction in 1903 of Latino
sine-flexione (i.e. classical Latin without grammatical inflections.)
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Volapuk, which had a phenomenal but short lived success, was intro-
duced in 1879 by the German priest J. M. Schleyer, who founded an
academy for its promotion. Peano, as president of the academy, re-
named it Academia pro Interlingua and transformed it into a scientific
association open to every opinion, having as its fundamental principle
the “‘internationality?’ of its vocabulary. (In practice Interlingua dif-
fers little from Latino sine-flexione.) Thereafter followed much philo-
logical research. We mention only his very important book Vocabulario
commune ad latino-italiano-francais-english-deutsch (1915). It should
be noted that interest in Interlingua as an international auxiliary
language for science has not died out, but still is very much alive
today.

This shift in interest, carrying with it Peano’s usual thoroughness,
probably had the effect of making his logical and mathematical writings
less known than they would have been if he had used more conventional
means, for he used Latino sine-flexione for the important Tome V of
the Formulaire as well as for many later works. Another reason why
Peano’s writings are not better known is the perennial Italian problem
of quickly becoming out of print. This situation has recently been
helped by the publication, in three large volumes, of the Selected Works
of Peano, sponsored by the Unione Matematica Italiana. Many thanks
are due Prof. Ugo Cassina, of the University of Milan, editor of these
volumes. We would like to add our wishes to his that the Selected
Works ‘‘may be completed with the publication — if not of all the works
of Peano — at least of the Formulario Mathematico.”

REFERENCES:

All quotations from Peano are from works found in the Selected
Works of Peano mentioned above. (Giuseppe, Peano, Opere Scelte,
Roma: Cremonese, 3 vol., 1957-1959.) Other quotations are from
Prof. L. Geymonat’s article in the volume In Memoria di Giuseppe
Peano (Cuneo: presso il Liceo Scientifico, 1955) and Prof. U. Cas-
sina’s article in Collectione de scripto in honore de prof. G. Peano
(Supplem. ad Schola et Vita, 27 August 1928.) All translations are
mine.

Saint Louis University



14 ON THE DIVISION OF ONE!
POLYNOMIAL BY ANOTHER

by
Michael C. Mackey
Midwest Research Institute, Kansas City, Missouri
and
University of Kansas, Lawrence, Kansas

1. If a polynomial, f(x), of degree n in x is divided by another polynomial,
g(x), of degree m in x,

) =i +B®) n>m o)
g(x) &(x)

it is possible to determine the coefficients of the quotient, j(x), and of p(x) in
terms of the coefficients of f(x) and g(x).

2. Let
—. n-1 n-2 2 s &)
f(x) a x + a,x + ax t... + 8 o + a .1x ta,
and
- m m-1 m—2 2
g(x) l_uox +_u_.n +_uwu ... +_ualnx +UB|~N +UB . 3)

Then, j(x) will be a polynomial of degree (n-m) in x and p(x) will be a
polynomial of degree at most (m-1) in x.

Again, let
ix) =c Sl S N=|B|~ +c xnln.ln + +c xn +c x tc “4)
J ° 1 2 *er TChem=-2 n=m-1 '
and
- m~1 m~—2 m—3 2
POY =d x™ L Hdx™ L Hdx™ T Ao Hd_axTd_oxtd . )
3, Upon multiplying both sides of (1) by g(x), we obtain
f(x) = gx) j(x) +p(x) 6

which will enable an evaluation of the coefficients of j(x) and p(x).

After multiplying g(x) by j(x) and combining coefficients of like terms in x,
the equality

n n—-1 n-2
j(x) =b + + +
g(x) j(x) oCo* + ?ooa + vmoovx ?onn Uana _unoovx

+?oow *bie, *byc, +Umoovnnlw +®,c, tbicztbye, thacy +v¢oovu=la

ummom?ou by Editors, Nov. 16, 1959.
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After combining coefficients in the expression g(x) j(x) + p(x),
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4. We now have two polynomials of degree n in x which are equal. Because
two equal polynomials of equal degree in a single variable have equal coefficients
for like terms of the variable Y/+ the coefficients of like terms of x in these two
polynomials are equal.

Proceeding from this point, it may be easily seen that~~

muvo
o oo

2y =bgey 4015,

mn uvoom +v~o~ +_umno

fa-m = PoChmm * _uaouln..l 1 *boCpmm=2 Foer bpem=-1%1 + bo-mo
&~m+1 =P1%-m * P n-m-1 * P3Chm-2 te tbpem-1%2 * b1 *ta,
fa-m+2 = _uwonlB * dwon.-:.!_. * _uann..Blw Foee +_uD|n._| 13 * _unin_ow * n—w

n
hem+3 = _uwon.._u * P4Ch-m~1 * vmnaisln tooot _un|_=l 1% * bo-mC3 * am
®n-2 = UBI 2%n-m * v:._l 1°a~m-1 * UBOnJEIN + an.lw
-1 H_un._l 1°0-m * b rCn—m-1 * n—Blw
a =b c o td __ 1 ©)

After solving the equations (9) for the (n-m+1) values of ¢ and the m
values of d, we have

€1
€3 =5, (a37Py%17Poc%y)
= - - = - 0
®n-m ||_m“v Annla _uaonln.l_. vnonlﬁln e dBlBlnﬂw _unca..uov (10)
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4, = 8p-m+1 " P1%-m ~ PoCa-m=1" P3Chmm=2 T " Py-m- 1527 _un..30~
n—— S fn-mt2 " vwnnln._ - _uwonlalw - v&o=|n._ln T T _un...Bl 1°3 7 U:lBoN
9 = fhem+3 P3Py TP -2 T TP m1y ~b___cs
mn_ln b ah-1 |UB| 1°a-m |_un..ou...=_l~

n_n.l_. = a - _uBo:ln_ . 11

It can be seen that all (n+1) of these coefficients are in terms of the
coefficients of f(x) and g(x).

Reference

1. Burnside, William Snow, and Panton, Arthur William; The Theory of Equations
Vol. 1, pp. 23-24, Dublin University Press, 1928.

Note: This work of expressing the quotient of two polynomials in an easily com-
putable form was done by Michael Mackey at the Midwest Research Institute
between his Freshman and Sophomore years at the University of Kansas.
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Edited by M. S. Klamkin,

Avco Research and Advanced Development Division

This department welcomes problems believed to-be new and, as a
rule, demanding no greater ability in problem solving than that of the
average member of the fraternity, but occasionally we shall publish
problems that should challenge the ability of the advanced undergrad-
uate and/or candidate for the Master’s Degree. Solutions of these
problems should be submitted on separate, signed sheets within four
months after publication. Address all communications concerning
problems to M. S. Klamkin, Avco Research and Advanced Development
Division, T430, Wilmington, Massachusetts.

PROBLEMS FOR SOLUTION

122. Proposed by Paul Berman, New York City.

What is the minimum number of queens which can be placed on an
n x n board such that no queen is covered by any other queen and such
that the entire board is covered by all the queens.

123. Proposed by Jokn Selfridge, University of Washington and I.B.M.

A set of n positive integers Amnv is said to be linearly indepen-
n
dent if > ac, =0 implies that c, = 0 where c, are positive
r=1
integers > - 2.
1. For every n, show that there exists a linearly independent set

{a}.
2. Is the set

=
-0
[ I = I =]
-

0.
0...
1.

-

e s *» s e 0 e ey

111... 1,
(to the base 2) linearly independent?
3. Given a linearly independent set of length n, show that its

least element is at least 2071,

4. 1t is conjectured that there is only one linearly independent set of
n-1 .
length n with its largest element < = 2,
1=1
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124. Proposed by H. Kaye, Brooklyn, N.Y.
Construct the center of an ellipse with a straightedge only, given a
chord and its midpoint.

125. Proposed by Leo Moser, University of Alberta.
Find the largest number which can be obtained as the product of
positive integers whose sum is S.

126. Proposed by M. S. Klamkin, AVCO RADD.

Determine an n-digit number (denary system) such that the number
formed by reversing the digits is nine times the original number. What
other numbers besides nine are possible?

SOLUTIONS

112. Proposed by ]. S. Frame, Mickigan State University.
Find all real analytic functions F such that

Fx+y) F(x-y) = [F(x) +F@)] [F&)-F@)].

Solution by J. T. Singer, Chicago, Illinois.
By letting x-y, F(0) =0, or F(x) =0,

2
Differentiating the given equation by melwl :

F'(xty) Fx~y) = F(x+y)F"(x~y)
whence,

F'"(x) = ta?Fx),
and

F(x) = csin ax, cx, or csinh ax.

Also solved by H. Kaye, P. Myers, J. Thomas, M. Wagner and the
proposer.

113. Proposed by Leo Moser, University of Alberta.

Prove that it is impossible to enter the integers 1,2,...,10, on the
ten intersections of 5 lines of general position in such a way that the
sum of the numbers on every line is the same (22).

Solution by C. W. Trigg, Los Angeles City College.

There are 4 points on a line and 2 lines on a point, so each number
occurs twice in the sum of the sums of the numbers on the lines. Since
the sum of the numbers along every line is the same, the sum must be

10
2 3 i/5 or 22. Now there are 18 sets of 4 numbers (from 1 to 10)

1
with sums equal to 22, namely:
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10,9,2,1, - 10,7,3,2, — 10,5,4,3, - 9,7,5,1, - 9,6,4,3, - 8,7,4,3,
HO.@.M.H. - HO.G~M-H~ - O.@-ALJ - O-.N.A~N. - m.Q.G-H. - m-0~m-w-
10,7,4,1, - 10,6,4,2, — 9,8,3,2, - 9,6,5,2, - 8,7,5,2, - 7,6,5,4.
There are only three pairs of these sets containing 10 twice and no

other duplications, i.e.,

AHO-©~N.H.IHO~M.A-WV~ AHO~N.W.H~|HO-G.A.NV- C.O..an.N.lHO.O.m.HV.
Then there must be a third set containing one number from each set
of the pair and two other numbers not in either of the pairs. The only
third sets possible are (2,5,7,8), (8,2,5,7), and (3,6,8,9), respectively.
A fourth set in each case must contain the tenth digit, (6), (9), (4),
respectively, and one digit from each of the three established sets
which has not already appeared twice. No such set exists. Therefore,
it is impossible to enter the numbers 1,2,...,10, so as to get equal
sums on every line.
Also solved by P. Myers and J. T. Singer.

114. Proposed by D. J. Newman, Yeshiva University.
Solve the four simultaneous equations

xty=a,

ux +vy = b,
u2x +<n< =gc
u3dx +<wu~ =d,

for x, y, u, and v.

Solution by M. S. Klamkin, AVCO RADD.
Eliminating x and y from the first three equations and then from the
last three equations, we find that

11a 110
uvb|=0=|uvec
u?vZc u2v2d

It now follows immediately that u and v satisfy the quadratics
1 ab 1 ab
u be|l=0=]v bec
u2cd viecd

x and y are now easily obtained.
This problem and its generalization have been given previously by
Ramanujan.

Also solved by Dean Arthur Jackson, H. Kaye, J. T. Singer, J. Thomas
and the proposer.
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115. Proposed by Francis L. Miksa, Aurora Illinois.
What is the smallest integral set for which

(10a+b)? + (10b+a)? + (10c+d)? + (10d+c)? = R2
Solution by C. W. Trigg, Los Angeles City College.

121

The sixteen solutions for which a,b,c, and d are all less than 10

follow, with the seven primitive sets indicated by an asterisk.

* 112 +112 +112 + 112
22 +222 +222 +222
* 032 +302 +242 +422
332 +332 +332 + 332
442 +442 +442 + 442
* 042 +40% + 672 + 762
* 262 +622 +562 + 652
* 112 +112 + 772 + 772
552 +552 +552 + 552
062 + 602 +482 + 842
* 152 +512 +392 +932
662 + 662 + 662 + 662
* 392 +932 +572 + 752
772 + 772 + 772 + 772
882 + 882 + 882 + 882
992 + 992 + 992 + 992

Also solved by J. T. Singer, M. Wagner and the proposer.

222,
442,
572,
662,
882,
1092,
1092,
1102,
1102,
1142,
1142,
1322,
1382,
1542,
1762,
1982,
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Edited by
FRANZ E. HOHN, UNIVERSITY OF ILLINOIS

Measurement: Definition and Theories. Edited by C. W. Churchman and P,
Ratoosh. New York, Wiley, 1959. viii + 274 pp., $7.95.

This book contains thirteen papers from five fields: physics, pyschology,
economics, accounting and philosophy. All but one were presented at the
symposium on measurement of the Dec. 1956 meetings of the AAAS.

Part I: ‘‘Some Meanings of Measurement’’, contains papers by P. Caws:
¢Definition and Measurement in Physics?’’, S. S. Stevens: ‘“‘Measurement,
Psychophysics, and Utility’’, P. Kirchner: ‘‘Measurements and Managerial
Decisions’’, and C. W. Churchman: ‘*Why Measure ?*’

Caws defines measurement as *‘. . . the assignment of particular mathe-
matical characteristics to conceptual entities in such a way as to permit
(1) an unambiguous mathematical description of every situation involving"the
entity, and (2) the arrangement of all occurrences of it in a quasiserial or-
der.”” In the profounder sense, measurement is not, as is commonly be-
lieved, the simple operation of counting repeated applications of a standard
measuring rod to the object being measured since such piocess tells us
nothing about measurement . . . as it applies to the case in question that
we did not know about it as it applied to the standard measuring rod that
we used.!’ As Caws sees it, ‘*The true function of measurement is to link
mathematics and physics not as a means to establish a connection between
the empirical and the theoretical but to connect two parts of theoretical
knowledge, the mathematical and the conceptual, imparting relevance to
the one and precision to the other.”’

The paper by Stevens is the longest and also one of the most thought-
provoking in the book. Stevens regards measurement as ‘. . . the assign-
ment of numerals to objects or events according to rule — any rule, ‘“% . .
the process of measurement is the process of mapping empirical properties
or relations into a formal model.?”’ He points out that the only relevant cri-
terion to measurement in the modern view is that of invariance, and different
scales of measurement arise from different permissible groups of transforma-
tions leaving the scales invariant.

The papers by Kirchner and Churchman may be summarized in one sen-
tence: One author regards measurement as essential to the decision process
and the other regards it as a decision making activity itself. Unfortunately
both papers suffer from a lacuna of important things to say about the mean-
ings of measurement as such.

Part II: ¢‘Some Theories of Measurement’’ consists of papers by K.
Menger: ‘“‘Mensuration and Other Mathematical Connections of Observable
Material”?’, P. Suppes: ‘‘Measurement, Empirical Meaningfulness, and Three-
Valued Logic’’, and R. D. Luce: “A Probabilistic Theory of Utility and its
Relationship to Fechnerian Scaling’’.

The first two authors attempt to clarify semantic issues involved in physi-
cal measurements. Menger seeks to clarify these by introducing *‘fluents’’
and “‘functors’’; Suppes tries to resolve the same by formalizing a language”
in which ‘“meaninglessness’’ is accepted as a possible logical value in
addition to truth and falsity. Both theories are theories on semantics in
measurement rather than measurement as such.

Luce’s paper presents a theory on scaling subjective values as well as
subjective probabilities. He presents an axiomatic model for a mowrm of
subjective values which bears resemblance to the Fechnerian scale in
psychophysical studies. However, the model is not entirely compatible
with certain intuitively reasonable empirical assumptions but such incon-
sistency may be removed by relaxing certain restrictions in the present
model.
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Part III: ‘‘Some Problems in Physical Sciences’’ comprises papers by H.
Margenau, ‘‘Philosophical Problems Concerning the Meaning of Measurement
in Physics’’, A, Pap: ‘‘Are Physical Magnitudes Operationally Definable ?'?,
J. L. McKnight: ‘‘The Quantum Theoretical Concept of Measurement’’, and
E. J. Gumbel: ‘‘Measurement of Rare Events’’.

Margenau’s main thesis is that measurements must form an aggregate to
be of scientific significance and that physical laws should have validity
independent of measurements taken of the physical system under considera-
tion. He discredits the metaphysical conception that a measurement disturbs
a physical system in a predetermined way as exemplified by von Neumann’s
projection postulate, the popularity of which owes in no small degree to a
confusion between (1) the preparation of a state, and (2) a measurement.
The way to resolve these difficulties is to sacrifice the theoretical system
but not to place a restriction on possible observational experiences of the
real world.

Pap’s philosophical article is, in this reviewer’s opinion, the most diffi-
cult to comprehend in the entire volume. He strives ¢ . . to rescue the
analytic-synthetic distinction on the level of qualitative observation lan-
guage . . .”’ which distinction breaks down in a quantitative scientific
theory. Since most significant scientific theories are presumably quantita-
tive, it is not clear whether Pap has uttered a blessing or a curse on the
entire scientific outlook.

McKnight’s paper is largely expository but it is probably the best or-
ganized paper in the whole book. It provides a careful analysis of the
uncertainty concept and of alternative interpretations of the quantum con-
cept. Papers of equal competence in analysis and organization would be
welcome in other parts of the volume.

Gumbel’s paper presents a survey of the theory of extreme values or
rare events, and applications to engineering and economic problems are
given. Amusingly, the last section of the paper is devoted to a vehement
attack against all occult sciences, which almost borders on comic opera.

Part IV: ‘‘Some Problems in the Social Sciences’’ contains papers by
C H. Coombs: ‘‘Inconsistency of Preferences as a Measure of Psycho-
logical Distance’’, and D. Davidson and J. Marschak: ‘“Experimental Tests
of a Stochastic Decision Theory’’,

The first paper reports an experiment which indicates that ‘‘inconsistency
of preferential judgments is not monotonically related to psychological dis-
tance but is a function of two variables, one of which is psychological dis-
tance, and that the relation is monotone only if a second variable (. . .
called laterality) is held constant.’”’ The second paper reports an experi-
ment which shows *‘, . . the superior accuracy of a stochastic theory of
decision in predicting certain choices as compared to two alternative
theories.”’

The few minor errata will not disturb the experienced reader.

Systems Development Corporation Richard Kao

Algebra Can Be Funl By William R. Ransom. Portland, Maine; J. Weston
Walch, 1958. ix + 195 pages, $2.50.

This is a collection of tricks, oddities, famous problems, and helpful
comments. It is interestingly and clearly written and should be of tre-
mendous value for the enrichment of high school classes and for material
for mathematics clubs,

University of Illinois Franz E, Hohn
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Mathematical Programming and Electrical Networks. By J. B. Dennis. New
York, Wiley (and the Technology Press of M.I.T.), 1959, vi + 186 pp., $5.50.

A very important problem, usually solved nowadays by using a digital com-
puter, is the minimization or maximization of a function of n variables, sub-
ject to m constraints in the form of conditions that m other functions be
non-negative., Typical examples of such problems occur in economics (mini-
mize cost with certain standards of quality) and engineering (optimize per-
formance with certain standards of safety.)

The author’s main idea is to turn the above problem upside-down by con-
structing physical models which, in the manner of an analog computer, rea-
lize the functions of the inequalities as well as the one to be optimized.
Since electrical models can be produced at low cost and are easily modified,
the author focusses his attention on networks containing current and voltage
sources, ideal diodes, and ideal transformers. He shows that such networks
can represent all problems in linear programming, i.e., all problems in which
the functions mentiored above are linear with constant coefficients. One
very nice feature of this approach is that abstract theorems, e.g., the so-
called ‘‘complementary slackness principle’’ of programming theory become
quasi-intuitive in the network formulation (in this example the corresponding
requirement is that diodes deliver zero power).

The book then devotes quite some space to the ‘‘conservative capacitated
network flow problems’’, i.e., problems in which objects (cars, goods, mes-
sages) satisfying a conservation principle flow through given channels
without overtaxing (or undertaxing) the capacity of these channels. The
goal here is to determine flow patterns which maximize flow or minimize
cost. It is shown here that the representative network does not have to
contain transformers. Further insight into the transportation problem is
gained by the tracing of the voltage vs. current characteristic of a source-
diode network with two accessible leads (‘‘breakpoint curve’’). The
methods are generalized to include quadratic programs and — in the last
chapter — the general programming problem.

Although the reviewer has to take exception to a number of statements,
like the one right at the beginning saying, ‘‘the electrical scientist, how-
ever, is merely looking for a distribution of currents and voltages which
satisfies the conditions imposed by the circuit — he rarely thinks in terms
of minimization, and may not even realize that an appropriate extremum
principle exists,”’ the book is undoubtedly an extremely valuable contribu-
tion to the field interrelating programming and networks. It contains a
wealth of virtually unknown theorems and methods. It is felt that not only
the engineering-minded mathematician will profit from it, but especially the
more ambitious engineer who would like to have a good theoretical back-
ground for the optimization problems which become more and more common
in his field.

University of Illinois W. J. Poppelbaum

The Theory of Storage. By P. A. P, Moran. Methuen’s Monographs on
Applied Probability and Statistics. New York, Wiley, 1960, 111 pp., $2.50.

This little book is an exposition of special aspects of the theory of
storage. The inventory case, where output is random, and the case of a
dam, where input is random, are compared and contrasted. The book is
principally devoted to dam theory.

The treatment is mature and will be of interest primarily to specialists
in the field, The literature of the subject is extensively quoted and there
is a good bibliography.

University of Illinois Franz E. Hohn
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Nomography. Second Edition. By A. S. Levens. New York: John Wiley &
Sons, Inc., 1959, viii + 296 pages, $8.50.

This book is very thorough. It should appeal both to those who are curi-
ous as to what nomography is, and to those who actually design nomographic
charts. The material is useful in many phases of industrial, business, and
professional life, since ‘“The fields to which nomography can be applied are
many. Among these are . . . . statistics, electronics, ballistics, heat trans-
fer, radioactivity, medicine, biomechanics, food technology, ... . . engineer-
ing, physical and biological sciences, and business.’’ (From the Preface.)
The text contains considerable quantities of sample data taken from actual
practice — all presented in a clear fashion,

In particular, there are several distinctive features. One is the grouping
of the exercises according to various fields of interest. Another is the
chapter on circular nomograms; these charts are not common knowledge,
and are ignored by most nomography texts. Likewise, the chapter on pro-
jective transformations is quite timely. Practicing engineers should wel-
come the applications to experimental data contained in the last chapter.

In fact, the abundance of examples found throughout the book is one of its
most noteworthy assets.

I would offer the following suggestions for improving the presentation.
The author neglects to take note of certain practical considerations in
nomographic design. For instance, in the discussion concerning the use of
m,.—?v = mn?.v for the construction of adjacent scales, no mention is made of

what effect various arrangements of the actual equation used will have on
the reading of the chart. Also, the text tends to ‘‘lean’’ toward engineering,
despite the author’s statement (quoted above) concerning the versatility of
nomography. The Summary of Type Forms, while in itself a most commend-
able feature, misleadingly implies that the text gives approximately equal
weight to the geometric and determinant methods of chart design.

There is a minimum of proofreading errors. As is characteristic of Pro-

fessor Levens’ work, the Appendix is outstanding — of an excellence
rivalling the text proper. No mathematics background beyond the college
freshman level is necessary. In fact, the required mathematics is held to
a minimum. This is exemplified by the approach used in the important
area of empirical data, and by the subordination of determinant methods.
No previous knowledge of nomography by the reader is presupposed; there-
fore the book is useful as an introductory text. At the same time, the sub-
ject is developed far enough for the book to be valuable as a direct aid in
chart design work,

University of Detroit F. M. Woodworth

Lattice Theory. By L. R. Lieber and H. G. Lieber. New York, Galois
Institute of Mathematics and Art, 1959, vii + 287 pp., $5.95.

This is an introduction to the basic ideas of partially ordered sets and
lattices. It is accurate and clear and is presented in the authors’ unique
style: free verse illustrated with extraordinary drawings. In addition to the
mathematics, the book presents philosophical ideas concerning the moral
responsibilities of scientists.

The book is well suited for introducing the spirit of modern abstract
algebra to able high school students and to undergraduates. It is therefore
to be recommended highly as outside reading at these levels, but it will be
found delightful even by those with more extensive formal training.

University of Illinois Franz E, Hohn
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Axiomatic Set Theory. By Patrick Suppes. Princeton, Van Nostrand, 1960.
xii + 265 pp., $6.00.

Professor Patrick Suppes’ new book Axiomatic Set Theory is a well
written exposition of Zermelo-Fraenkel set theory. This book is written
in a clear and very informal style, and is well suited for self study by any
serious student of mathematics. Numerous side remarks occur throughout
the book, and these enhance the value of the book by giving interesting
information concerning other systems of axiomatic set theory as well as
the general historical development of set theory.

Axiomatic Set Theory is suitable for use as a text in graduate courses.
It is a book which can be understood by reasonably sophisticated under-
graduates who have acquired a working knowledge of intuitive set theory
(such as one obtains from a sound course in real function theory). It is
not an appropriate text for the *‘Set Theory for Teachers’ type course
which is now fashionable at many colleges and universities.

The chapter headings are: 1. Introduction; 2. General Developments;
3. Relations and Functions; 4. Equipollence, Finite Sets, and Cardinal
Numbers; 5. Finite Ordinals and Denumerable Sets; 6. Rational Numbers
and Real Numbers; 7. Transfinite Induction and Ordinal Arithmetic; 8. The
Axiom of Choice.

Cardinal numbers are introduced by postulating that with each set is

associated an object .um (A), the cardinal number of A, such that A= B)

if and only if there is a one-to-one correspondence between A and B.
Real numbers are constructed by the Cauchy sequence method, Ordinals
are introduced by means of the elegant dennition due to R.M. Robinson.

In intuitive set theory many well known paradoxes, such as the Russell
paradox and the Burali-Forti paradox, occur. These paradoxes appear when
one makes use of the word *“all’’ and describes an ‘‘extremely large’’ set
such as ‘‘the set of all sets’’, ‘‘the set of all cardinal numbers’’ or per-
haps ‘‘the set of all ordinal numbers’’. In order to be judged a success,
it is necessary that an axiomatic system of set theory incorporate in its
structure some technical device which will eliminate the classical para-
doxes. The technical device which is utilized in Professor Suppes’ book
is a fairly complicated definition schema for the ‘‘set builder’’ notation

AN" ,\Anvv. If ¢ is a property, then Tn ﬁﬁuvv usually designates, just as
in intuitive set theory, ‘‘the set of all objects having the property '’
However, there is no universe in Zermelo-Fraenkel set theory, and if there

are *‘too many’’ objects which have property i}, then Ax" P (x) v is equal

to the empty set. Thus, Tn x= xw and Tn X is an o-.mmnb_v are both
equal to the empty set.

Although von Zocamnnnwogmwmuﬂhmo_ set theory (a close competitor
of Zermelo-Fraenkel set theory) has some unintuitive features of its own,
this reviewer is of the opinion that it comes slightly closer to intuitive set
theory than does the Zermelo-Fraenkel system, For this reason he wishes
that Professor Suppes had chosen a system of the former type as the basic
system for his book.

The composition of the book is good, although there are a few obvious
errors. For example, on page 114, it is difficult to distinguish the symbol
for zero (which was probably intended to appear in bold face type) from the
symbol for the empty set, and on page 174, part of Definition 40 seems to
be missing.

University of Georgia M. K. Fort, Jr.
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Introduction to Anolysis. By N. B. Haaser, J. P. LaSalle and J. A. Sullivan.
Boston, Ginn and Company, 1959, xiv + 688 + xxxi pp., $8.50.

The time of the old mathematics cookbook, with easy-going explanations
and simple-minded exercises, is rapidly passing. College students are
better prepared and more exacting than only a few years ago, and expect a
mature, rigorous approach to mathematics. Curricula are undergoing rapid
changes, and the enthusiasm of the more progressive schools carries along
those which are reluctant to change.

In this atmosphere the appearance of a radically different book like this
one can only be welcomed. The authors have taken upon themselves the
pioneer’s task of writing an elementary calculus textbook which adheres to
the standards of modern mathematical rigour. Their contribution to exposi~
tory mathematical literature, a field where incompetents have too often had
a field day, should be fully acknowledged. This book is the outcome of
many years of full-time work to which much of the energy usually devoted
to research was probably sacrificed.

The main innovation consists in bringing down to the freshman-calculus
level many of the fundamental notions and notations which make up the
working tools of the mathematician, Such is the notion of function in its
most general acception; the ideas and techniques connected with modern
vector geometry, inner product, the geometry of quadratic forms, linear
transformations of the plane. This requires a sweeping notational reform,
a departure from the sloppy presentation of the old texts; in this the
authors succeed admirably., To give a few examples, a function is always
denoted by a single letter f, rather than by the logically incorrect y = f(x).
The definite integral, being an operation performed on functions, is written

% v». rather than ._.d».ocmu. The composition of functions fog is studied in
a a

great detail; this leads to extremely simple expressions for the chain rule
for differentiation and the rule for integration by substitution. Naturally,
some students may find at first that such an abundance of notation is
bewildering; however, once the use of a few fundamental symbols is
mastered — and this should happen at the beginning of the course — the
traditionally difficult parts, such as the technique of integration and the
more recondite applications of the fundamental theorem of calculus, be-
come strikingly simple to understand.

As in all pioneering work, the exposition is at times rather clumsy.
There are pages of the book which are mazes of formulas, with few dry
words of explanation in between. The student has a hard time coping with
these, although once he does, the payoff is big. The authors do not always
remember that their readers are not mature mathematicians, but beginners.
The style is very often dry and elliptic. These are however minor defects
in a work of this magnitude.

Massachusetts Institute of Technology Gian-Carlo Rota

Grundlagen der Analysis, Third Edition (with a complete German-English
vocabulary). By E. Landau. New York, Chelsea, 1960. 173 pp., $1.95.

This book was a pioneer in the detailed study of the structure of the
number system. Because of its completeness and clarity it has become one
of the classics that should be read and digested by every mathematics major
in preparation for his study of analysis beyond the calculus. The modest
price of this volume puts it within the reach of everyone.

University of Illinois Franz E, Hohn
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Mathematica! Methods for Digital Computers, edited by Anthony Ralston
and Herbert S. Wilf. New York, John Wiley, 1960. xi + 293 pp., $9.00.

Communication among experts, and between expert and novice, in the
computing field, has been seriously hampered in the past by the lack of a
suitable medium. The difficulty lies not in discussing the mathematics
itself, for here the mathematical idiom serves as well as in any other area
of mathematics. But the detailed description of the specific operations in
sequence, required for the realization of a given method, must eventually
find expression in the idiom of the machine that is to carry out these steps.
And every year new machines are developed, each with an idiom of its own,
or one that is common to only a relatively small class of machines in use.
Among the earlier machines, those that were constructed in the 40’s and
early 50’s, each was, indeed, unique, and it was not until the appearance
of several copies of Univac I that exchange of actual machine codes from
one group to another (those groups using Univac I) became possible at all.

More recently, though, there have arisen a number of ‘‘problem oriented
languages’’ in terms of which algorithms can be written and used directly
on any machine possessing a translator. The translator is itself a ma-
chine code, written for a particular machine, and permitting the translation
to be made into the language of that machine. Hence an algorithm written
in this language is applicable to any machine possessing such a trans-
lator. Examples of these languages are Fortran, first developed for IBM
machines of the 700 series, and, more recently, Algol.

Actually, flow charts provide a medium for exchanging information that
is less complete than that contained in an algorithm written in Fortran or
in Algol, but considerably more so than is easily possible in the standard
mathematical idiom. Moreover, flow charts were described in some detail
and used extensively already by von Neumann and Goldstine in connection
with development of the machine at the Institute for Advanced Study. Curi-
ously, though, these were used almost exclusively in planning, and have
not been much exploited as a medium of communication. A flow chart, if
constructed at all, was considered merely as a step toward the construction
of the final code, and then was oriented toward a specific machine,

It is true that flow charts can be found in a few periodical articles, but
this is the first book that attempts to use the flow chart systematically as
a medium of communication. The book is a handbook containing a number
of articles (26, in fact), each describing a particular type of computation,
and each, with a few exceptions, containing one or more flow charts. There
is little theory, but enough explanatory material to make the method under-
standable to anyone with a reasonable background in mathematics. There
are also critical comments, and indications as to speed, accuracy, storage
requirements, and related items. The articles themselves are written by
experienced programmers, and the book should fill a real need.

To indicate the contents, there are 6 parts, on elementary functions,
matrices and linear equations, ordinary differential equations, partial
differential equations, statistics, and a part entitled ‘‘miscellaneous’’.
Under the last heading are collected six papers, on the solution of alge-
braic equations, numerical quadrature, multiple integration by Monte Carlo
methods, Fourier analysis, linear programming, and network analysis.

Taken as a whole, the selection is natural and inevitable, but naturally
and inevitably one can raise questions about particular items. Two papers
on the use of Monte Carlo methods seem unnecessary, one of which is on
inverting matrices, the other on solving elliptic partial differential equa-
tions. One can question whether these represent the more useful applica-
tions of Monte Carlo other than for simple integration. Only one paper
deals with characteristic roots of matrices, and that gives only the Jacobi
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method for the real symmetric case. The coding of this method is fairly
simple, but the method of Givens is widely used and far superior. Failure
to include anything on nonsymmetric matrices may be due to the feeling
that the treatment of these requires more art than science, but recent work
by Wilkinson has shown how to automatize the calculations in any rea-
sonably well conditioned case.

Nevertheless, the value of a book lies in what it does contain, and what
someone thinks it should contain but does not is of secondary importance.
For-what it does contain, the book deserves a place on the shelves of
novices and of experts alike.

Osk Ridge National Laboratory A. S, Householder

German-English Mathematics Dictionary. By Charles Hyman. New York,
Interlanguage Dictionaries Publishing Corporation, 1960, 131 pp. $8.00.

This dictionary will appeal most to translators of mathematical material
who are not themselves mathematicians and to graduate students learning
the language. It lists technical mathematical terms, many of which are not
to be found in ordinary dictionaries, as well as mathematical meanings of
words in colloquial use. Many of the terms listed come from applications
of mathematics to physics and engineering, which is commendable.

The listing of technical terms ought to be more nearly complete. A quick
check against some standard texts turned up these omissions among others:

Grundeck

Losungsstrahl

Maximalbedingung

Nulloperator

Nullstellensatz

Wurfelgutter
On the other hand, a composite word like ‘“Nulloperator’’ should cause no
one any difficulty.

Examples of colloquial words frequently used in mathematical writing but
not included here are:

beziehungsweise
bezuglich
geringer
They are of course to be found in the standard dictionaries,

Some translations are awkward, For example, ‘‘Inzidenzmatrix?’ is
translated ‘‘matrix of incidence’’ whereas it is usually called the *‘inci-
dence matrix,*’

Some words have important mathematical meanings not listed here. For
example, ‘‘Verhaltnis’’ is translated ‘‘ratio, proportion’’ whereas it fre-
quently means ‘‘relationship’’ or “‘connection’’. The word ‘‘Uberlagerung’’
is translated only as ‘‘superposition’’ whereas in topology the customary
meaning is ‘‘covering’’.

Finally, many cognates such as ‘‘Geometric’’, *“Tripel’’, ‘‘magnetisch’?,
etc. are listed. It is doubtful that anyone would ever need to consult a
dictionary for the meaning of these.

To the present reviewer, it seems that the usefulness of the dictionary
will be greatest to those whose knowledge of mathematical German is quite
weak, but even they will not always find in it the translations they need.
Since the author asks for suggestions from users, perhaps a second edition
will be more adequate.

A list of errata is supplied with the volume.

University of Illinois Franz E, Hohn
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Handbook of Autemation, Computation, and Control, Vol. 1 — Control Funda-
mentals. Edited by E. M. Grabbe, S. Ramo, and D. E. Wooldridge. New York,
John Wiley, 1958. $17.00.

This volume on Control Fundamentals is the first of a trilogy in a Hand-
book of Automation, Computation, and Control. The other two volumes will
be Computers and Data Processing — Vol, 2, Systems and Components —
Vol. 3.

In order to give an indication of the coverage in this volume, the follow-
ing is a list of the chapter headings together with their iength in pages:

1. Sets and Relations — 11 pages. 2., Algebraic Equations — 6. 3. Matrix
Theory — 17. 4. Finite Difference Equations — 8. 5. Differential Equations
— 23. 6. Integral Equations — 17. 7. Complex Variables — 28, 8. Opera-
tional Mathematics — 20. 9. Laplace Transforms — 21. 10. Conformal Map-
ping — 11. 11. Boolean Algebra — 11, 12. Probability — 20. 13. Statistics
— 21. 14, Numerical Analysis — 90. 15. Operations Research — 129, 16.
Information Theory — 48. 17. Smoothing and Filtering — 34. 18, Data
Transmission — 32. 19, Methodology of Feedback Control — 21. 20. Funda-
mentals of System Analysis — 86. 21. Stability — 83. 22. Relation between
Transient and Frequency Response — 61. 23. Feedback System Compensa-
tion — 56. 24. Noise, Random Inputs, and Extraneous Signals — 20, 25.
Nonlinear Systems — 68. 26. Sampled-Data Systems and Periodic Control-
lers — 32.

As can be seen from the listing, many topics (especially in General
Mathematics) are treated briefly. However, the main points in each chapter
are presented and each chapter is supplemented with an adequate bibliog-
raphy.

According to the editors, ‘‘this Handbook is directed toward the problem
solvers — the engineers, scientists, technicians, managers, and others from
all walks of life who are concerned with applying technology to the mush-
rooming developments in automatic equipment and systems. It is our pur-
pose to gather together in one place the available theory and information
on general mathematics, feedback control, computers, data processing, and
systems design. The emphasis has been on practical methods of applying
theory, new techniques and components, and the ever broadening role of the
electronic computer. Each chapter starts with definitions and descriptions
aimed at providing perspective and moves on to more complicated theory,
analysis, and applications. In general, the Handbook assumes some engi-
neering training and will serve as an information source and refresher for
practicing engineers. For management, it will provide a frame of reference
and background material for understanding modern techniques of importance
to business and industry. To others engaged in various ramifications of
automation systems, the Handbook will provide a source of definitions and
descriptive material about new areas of technology.’’

To give a comprehensive review of this Handbook would require a team
of reviewers, especially since the number of contributors and their cor-
responding specialties is rather large. However, in the opinion of this
reviewer, the editors have achieved their purpose as stated previously and
have produced a well organized Handbook that should become a standard
and very useful reference work for technologists for many years to come,

AVCO Research and Advanced Development Division Murray S. Klamkin
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Operations Research: Methods and Problems. By Maurice Sasieni, Arthur
Yaspan, and Lawrence Friedman. New, John Wiley, 1959, xi + 316 pp.,
$10.25.

Operations Research: Methods and Problems will be eagerly greeted by
those teaching operations research to advanced undergraduates and first
year graduates. The topics treated (Inventory, Replacement, Waiting
Lines, Competitive Strategies, Allocation, Sequencing, Dynamic Program-
ming) are those covered in Introduction to Operations Research by Church-
man, Ackoff, and Arnoff. It seems clear that ‘‘Methods and Problems’’ was
written to complement ‘‘Introduction’’ by providing the problem sets for
each topic.

Each chapter contains a brief discussion of a topic, illustrative ex-
amples, a problem set, and a bibliography. The teacher and student may
well prefer the discussions in ‘‘Introduction’’ which are fuller both in
description of the topic and in precision of its mathematical statement.
The bibliographies list many books published since ‘‘Introduction’’ and
so are quite useful. It is the examples and problems which are the real
worth of the book. They are well chosen for each topic. Not only do
they give the student practice in formulating a problem and solving it by
the appropriate methods, but they are taken from various industrial and
commercial settings and point to the sort of operations research that is
currently being practiced. There is no other such collection of problems
now available.

In general, the tone of the book suggests that the authors wished they
could get along without mathematics. For instance, in developing the
simplex method, they never used the customary matrix and vector nota-
tion. On page 62 ‘‘settled down to a stable value’’ is used rather than
‘‘converge’’; there is another instance of this on page 125. On page 222
occurs the expression ‘‘variable parameter’’. Since the authors require
of their readers a ‘‘working knowledge of the differential and integral
calculus’’, they might well have made fuller use of the customary mathe-
matical notation to express mathematical ideas. None the less, this
criticism is of notation and terminology. The mathematics is always
quite adequate.

Jane Robertson

Classical Mathematics, A Concise History of the Classical Era in the
History of Mathematics. By Joseph Ehrenfried Hofmann, New York,
Philosophical Library, 1959, 159 pp., $9.75.

This book is a translation of the second and third volumes of the
author’s Geschichte der Mathematik, which were originally published in
1957 in the series, Sammlung Goschen. 1t covers roughly the period of
the seventeenth and eighteenth centuries, which the author divides into
the High Baroque Period (about 1625-1665), the Late Baroque Period
(about 1665-1730), and the Age of Enlightenment (about 1700-1790). In
spite of its small size, this volume covers the development of the calcu-
lus and the other mathematical advances of the time in great detail. The
author does not waste words and gives us an enormous amount of authorita-
tive information in concise form. Although the uninitiated may find the
mass of historical detail somewhat overwhelming on a first reading (as
the reviewer did), the book is readable in the small and certainly makes
a handy reference volume. It would be a worthwhile addition to any
college library.

University of Illinois Paul T. Bateman
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Hondbook of Automation and Control, Volume 2. Edited by M. Grabbe, S.
Ramo, and D. E. Wooldridge. New York, Wiley, 1959. xxiii + 1031 pp.,
$18.50.

A handbook is a compendium of knowledge in a field which is so wide that
no single person can cover it adequately. It is usually written by a staff of
experts in each sub-field and by its very nature suffers from two nomn»mu con-
siderable overlap between chapters and <55M depth _um treatment in its
different parts. Volume 2 of the Handbook of Automation and Control, which
supplements the first volume — devoted to mathematics and the more abstract
disciplines of feedback and information theory — is no exception to the rule
enunciated above.

First of all, this reviewer feels strongly that there is a great lack of con-
sistency in the method of approaching the subject. As an example o.n. the
degrees of depth found in the volume, let us compare Chapter 24 on .>bwn
logs and Duals of Physical Systems’’ which presents ww .uw pages a E.nrn:
density introduction to the field, to Chapter 6 on ‘‘Facility Requirements
which - in the same number of pages — essentially states that a oo.nﬁﬂno-..
needs accessory space, power, cooling, and personnel. It is not this —umn.nnrl
ular example that is important; it is the once-over-lightly attitude prevailing
in many chapters that one has to object to. Many of these chapters seem to
have been written primarily in order to increase the length of the index.

Secondly, it is felt that the subdivision into chapters is inadequate. The
rather diffuse chapter on ‘*Programming and Coding'’ is 260 pages ?wnm.
while only 42 pages are devoted to ‘‘Logical Design’’. Then again -.» mm.mb:
difficult to understand why such special cases as ‘‘Accounting >—uuromn._..o.um
(15 pp.), ““Inventory and Scheduling Applications’’ (12 pp.), and *‘Scientific
and Engineering Applications’’ (12 pp.) had to be treated in separate chap-

ers. .

‘ The question comes up, ‘“To whom is the Handbook of Automation and
Control addressed?’’ Certainly not to the novice, for the chapters on pro-
gramming or input-output equipment presuppose a good portion of Enww.w
knowledge. Not to the expert either, for the chapters on storage and cir-
cuit design give only rather elementary facts and often insist on obsoles-
cent techniques. . e aens

In spite of these criticisms, which partially reflect the reviewer’s dislike
of handbooks in general, it must be admitted that the very fact that 41
authors have produced a book with a fair proportion .Om good chapters and a
reasonably small amount of overlap is worthy of praise. To a large extent
this praise must go to the editors: Ramo, Wooldridge, and Grabbe. Perhaps
future editions could equalize the depth and redistribute the material; this
could make an excellent compendium out of what is now a very average
handbook.

University of Illinois W. J. Poppelbaum

An Introduction to Mathematical Statisties. By H. D. Brunk. Boston, Ginn
and Co., 1960. xi + 403 pp., $7.00,

This is the first of three new books to be reviewed as introductory works
to the field of Mathematical Statistics.

This book is a one semester textbook with many starred sections which
with slight additions from the instructor could be used in a &mw_..m course.
The author gives a very fine modern introduction to probability theory con-
sisting of about a fourth of the text. All the modern concepts are used in
these sections and the author continues to use these modern notions
throughout the book. .

The usual topics are discussed quite thoroughly and many topics usually
reserved for advanced courses are discussed where needed.
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The author has very well succeeded in making this a teachable book by
the use of many excellent illustrations, unique markings for theorems, dis-
cussions of difficulties of the student reader, summaries at the end of chap-
ters, organizational chart for the course, and finally the addition of tables
for the binomial and Poisson distributions to the usual set of tables,

Finally most excellent sets of problems are introduced, most of which
are new and very interesting. The reviewer recommends the book most
highly to all students, workers in the field, and those desiring introductory
notions of probability and statistics.

St. Liouis University W. A. Vezeau

*“An Introduction to Mathematical Statistics’. By Robert V. Hogg and Allen
T. Craig. New York, Macmillan, 1959, ix + 245 pp., $6.50.

The authors have presented a very fine textbook for a year’s course in
introductory mathematical statistics. The authors suggest a selection of
certain chapters and sections for a one semester course.

Typical topics are presented along with such fine discussions as a chap-
ter on transformations of variables, and sections on point estimation not
usually given in introductory textbooks. The first chapter gives an excellent
introduction to modern concepts and discusses probability notions very well,
There are a sufficient number of practice problems presented, some demand-
ing extensions of the theory presented,

The reviewer feels that the list of references should be extended to in-
clude the standard statistical textbooks and other Journal works. The num-
ber of statistical tables and the content in the tables is much less than
usually presented in statistical textbooks.

This textbook is the first in a series of mathematics textbooks under the
general editorship of Carl B, Allendoerfer. We agree with the publishers’
note ‘It was invited to become the first publication in the series because
of its underlying philosophy and its general mathematical excellence, *’

St. Louis University W. A, Vezeau

Elements of Mathematical Statistics. By D. Ransom Whitney, New York,
Henry Holt and Co., 1959. ix + 148 pp., $4.75.

The author gives a summary of elements of Mathematical Statistics in this
textbook suitable for a quarter course or with additional topics supplied by
the instructor for a semester course. The reviewer has used the textbook
this last summer as a companion textbook in statistics to the Commission’s
book on Probability in a National Science Foundation Summer Institute
Course for High School Teachers.

The book summarizes very well the usual topics in statistics. The typi-
cal distribution functions are especially well presented graphically. The
author prefers to use the characteristic function instead of the usual moment
generating function used in other introductory mathematical textbooks. This
is particularly of advantage to engineers who need to use statistics, particu-
larly in Communication Theory.

In Chapter II the author is following the classical method of introducing
statistics to students that most teachers have used in the past. The nota-
tion used in the probability theory follows that presented in Hoel’s book
and others,

For many short courses in statistics such as are prevalent now for
electrical engineers, computers, industrial engineers, etc., the reviewer
thinks this book would very quickly present them with the basic concepts
of statistics for use in their fields and as background for further study.

St. Louis University W. A, Vezeau
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The Analysis of Variance. By Henry Scheffe. New York, John Wiley,
1959, xvi + 477 pp., $14.00.

This is the first book devoted to analysis of variance, predecessors
being only Snedecor’s monograph in 1934 and umo_nmo_..zm 3 in 1940. The gap
between them and the present volume is wide, Scheffe’s book giving a
thorough and rigorous mathematical treatment, as well as considerable

explanation and comment on applications, some sound practical advice, and

numerous problems many of which include real data. A wryly humorous ex-

ample of the practical advice is that ‘‘A statistician. .. may discredit him-
self by thoughtlessly offering 7.32179 £ 0.05248 instead of 7.32 + 0.05. . ."

The book is intended for a semester course for graduates and advanced
undergraduates, with mathematical background including calculus. Vector
and matrix algebras are used, and the needed definitions and theorems are
given in two appendices.

Though the author’s effort to be precise is evident, still there are occa-

sional statements which use terms unconventionally (mentioning ‘‘five main

effects’’ of a single factor) or are curiously inefficient (“‘an increasing
function’’, with a footnote saying *‘I mean strictly increasing’?), or are
weak or inadequate (saying that a justification of randomization is that

¢, . . there may be other uncontrolled factors . . .’’ when in fact there are
always many others, thus missing the opportunity to emphasize for the stu~
dent the fact that randomization not only deals effectively with recognized
extraneous factors but also with those of which the investigator is entirely
unaware). However, these are small points, and the book deserves a warm
recommendation, It is well produced, and there are few misprints.

University of Illinois Horace W, Norton

String Figures, by W. W. R. Ball, 72 pp.; Geometrical Construction, by J.
Petersen, 102 pp.; Non-Euclidean Geometry, by H. S. Carslaw, 179 pp.;

A History of the Logarithmie Slide-Rule, by F. Cajori, 135 pp. Bound as a
single volume. New York, Chelsea, 1960, $3.95.

Ball’s String Figures describes various patterns and representations
which may be accomplished by looping a length of string over the fingers.
There is good recreation here for those who are interested.

Petersen’s Geometrical Construction is a famous classic on principles
and techniques of ruler and compass constructions.

Carslaw’s Non-Euclidean Plane Geometry and Trigonometry was first
published in 1914, It begins with an extensive historical summary, treats
the hyperbolic and elliptic plane geometries, and concludes with a dis-
cussion of the parallel postulate.

Cajori’s History of the Logarithmic Slide Rule carries the subject up to
1909 and includes a list of rules designed and used from 1800 to 1909,

Those interested in Euclidean and Non-Euclidean geometry will find the
second and third monographs well worth the price of the book.

University of Illinois Franz E. Hohn
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J. Adams: Intermediate Algebra. New York, Holt, 1960, $4.50.

L Altwerger: Modern Mathematics. New York, Macmillan, 1960. $6.75.

H. Atkin: Classical Dynamics. New York, Wiley, 1960. $5.25.

P, Boas, Jr.: 4 Primer of Real Functions (Carus Monograph #13). New
York, Wiley, 1960. $4.00.

D. Brunk: An Introduction to Mathematical Statistics. Boston, Ginn,
1960. $7.00,

A. Cameron: Algebra and Trigonometry. New York, Holt, 1960. $5.00.
Fort: Differential Equations. New York, Holt, 1960. $4.75.

B, Haaser, J. P. LaSalle, and J. A. Sullivan: 4 Course in Mathematical
Analysis. Boston, Ginn, 1959. $8.50.

A. Hill, Jr. and J. B. Linker: Brief Course in Analytics, Second Edition.
New York, Holt, 1960. $3.90.

E. Hofmann: Classical Mathematics: A Concise History of the Classical
Era in Mathematics. New York, Philosophical Library, 1960. $4.75.

V. Hogg and A. T. Craig: Introduction to Mathematical Statistics. New
York, Macmillan, 1959. $6.50.

A. Howard: Dynamic Programming and Markov Processes. New York,
Technology Press and Wiley, 1960. $5.75.

Hyman: German-English Dictionary of Mathematics. New York, Inter-
language Dictionaries Publishing Corp., 1960. $8.00.

Jaeger: Introduction to Analytic Geometry and Linear Algebra. New
York, Holt, 1960. $6.00.

L Karlin: Mathematical Methods and Theory in Games, Programming,

and Economics. (2 vols.) Reading, Mass., Addison-Wesley, 1959, $12.50
each vol.

Landau: Grundlagen der Analysis, Third Edition (with a complete German-
English vocabulary). New York, Chelsea, 1960. Paperback, $1.95.

R. Lieber and H. G. Lieber: Lattice Theory: the Atomic Age in Mathe-
matics. Brooklyn, New York, Galois Institute of Mathematics and Art,
1959, $5.95.

F. Mack: Elementary Statistics. New York, Holt, 1960. $4.50.

D. Mancill and M. O. Gonzalez: Modern College Algebra. Boston, Allyn
and Bacon, 1960. $6.25.

H. McCoy: Introduction to Modern Algebra. Boston, Allyn and Bacon,
1960. $7.50.

A, P. Moran: The Theory of Storage. New York, Wiley, 1960, $2.50.

M. Murphy: Ordinary EN«S::.& ma..a:.e:m and Their Solutions. Prince-
ton, Van-Nostrand, 1960. $8.50.

H. M. Olmsted: Real Variables. New York, Appleton-Century-Crofts, 1959,
$9.00,

D. Rainville: Special Functions. New York, Macmillan, 1960, $11.75.
Ralston and H. S. Wilf: Mathematical Methods for Digital Computers. New
York, Wiley, 1960. $9.00.

B. Rosenbach, E. A, Whitman, B. E. Meserve, and P. M. Whitman: Inter-
mediate Algebra for Colleges, Second Edition. Boston, Ginn, 1960. $5.00.
L. Schaaf: Basic Concepts of Elementary Mathematics. New York, Wiley,
1960. $5.50.

Scheffe: The Analysis of Variance. New York, Wiley, 1959, $14.00,
Schwartz: Analytic Geometry and Calculus. New York, Holt, 1960. $9.00,
W. Sparks: 4 Survey of Basic Mathematics (a text and workbook for col-
lege students). New York, McGraw-Hill, 1960. $3.95.

*P Suppes: Axiomatic Set Theory. Princeton, Van Nostrand, 1960, $6.00,
*See review, this issue.

NOTE: All correspondence concerning reviews and all books for review
should be sent to PROF. FRANZ E. HOHN, 374 ALTGELD HALL,
UNIVERSITY OF ILLINOIS, URBANA, ILLINOIS.
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Science needs you

Certainly this is not a time to rest on our laurels, but a time
for continued achievement in one’s profession. With permission
M«w I quote President Eisenhower:

‘‘Recent events have brought renewed emphasis upon educa-
tion, particularly in the fields of Mathematics and Science. It is
my earnest hope that this increased interest be translated into
greater support for education of our children, and a greater reali-

x x

- I3
You need science

UNLIMITED

This section of the Journal is devoted to encouraging advanced
study in mathematics and the sciences. Never has the need for

advanced study been as essential as today. Bell Telephone Laboratories Vol. 2, No. 10
. . Bendix Aviation Corporation Vol. 2, No. 8
Your election as members of Pi Mu Epsilon Fraternity is an E. I. du Pont de Nemours and Company Vol. 3, No. 2
indication of scientific potential. Can you pursue advanced study Emerson Electric Company Vol. 2, No. 7
in your field of specialization? General American Life Insurance Company Vol. 2, No. 9
. Hughes Aircraft Corporation Vol. 2, No. 9
To point out the need of advanced study, the self-satisfaction International Business Machines Corporation Vol. 2, No. 8
of scientific achievement, the rewards for advanced preparation, Eli Lilly and Company Vol w. No. 2
the assistance available for qualified students, etc., it is planned Mathematics Teachers College, Columbia U, Vol. 3, No. 3
to publish editorials, prepared by our country’s leading scientific McDonnell Aircraft Corporation Vol. 2, No. 7
institutions, to show their interest in advanced study and in you. Monsanto Chemical Company Vol. 2, No. 7

. Sci . . .

Through these and future editorials it is planned to show the Mw“m:ﬂw:mwmom“um >MWM=~MMM EHMM «M w. MM w
need of America’s scientific industries for more highly trained Olin Mathieson Cor onmﬁ.on ) <o_. w. ZO. 7
personnel and their interest in scholars with advanced training. Shell Development Monim.é <o_. w. ZO. 1

In this issue this section is devoted to the need for advanced
study as experienced in the teaching of mathematics and science.
The National Science Foundation, the Woodrow Wilson National
Fellowship Foundation, and the Mathematics Teachers College of
Columbia University have assisted with editorials emphasizing
this need. Well qualified students will find assistance, if need
be, for graduate study from many sources. The American Mathe-
matical Society published last December and plans to publish
again this December a ‘““‘Special Issue’’ of the “Notices’’ that
list Assistantships and Fellowships in Mathematics.
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zation of the key role of the teachers in our society.”

The following lists contributing corporations with the issue in

which their editorials appeared.
Aeronutronics

Army Ballistic Missile Agency
AVCO, Research and Advanced Development

Woodrow Wilson Foundation
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Vol. 2, No. 10
Vol. 2, No. 10
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