




EDITORIAL 

The Pi Mu Epsilon Journal consists, mainly, of advanced undergraduates. 

It is the Editor's feeling that the contributions, also, should come, 

mainly, from undergraduates. 

In the past, the Journal has not succeeded in soliciting very many 

papers from non-faculty members of Pi Mu Epsilon. This fact is not 

unrelated to the unfortunate truth that mathematics education in the 

United States has failed to stimulate and train mathematically-minded 

students to carry through and to write u~ investigations more extensive 

than those suggested in problems of their textbooks. Hopefully, this 

state of affairs is now changing--especially with the encouragement from 

the National Science Foundation in the form of financial support for 

Undergraduate Research Programs. 

Thus, dear Undergraduate Reader, consider this a loud call for a 

paper from you! 



GENERALIZED SYNTHETIC DIVISION 

F. J. Arena, North Dakota S t a t e  University 

Synthet ic  d iv i s ion  may be defined as  a  shortened process by which a  
polynomial is  divided by a  binomial. Many t e x t s  on algebra show how the  
d iv i s ion  i s  performed when the  d iv i sor  is of the form x - c,  but  few 
t e x t s  show how t o  extend the  process t o  d iv i sors  of degree higher  than 
the  f i r s t . l  I t  is  the  purpose of t h i s  paper t o  review the  f i r s t  case 
with some modifications and discuss  the  second case i n  d e t a i l  with the  
hope t h a t  syn the t ic  d iv i s ion  w i l l  be a  more usefu l  t o o l  t o  t h e  s tudent  
of mathematics. 

Now suppose t h a t  a  polynomial2 

i s  divided by the  binomial x  - c.  Let the quot ient  be denoted by 

Q (x) = b x n - I  + b ~ " - ~  + b ~ " - ~  + + bn-lx + bn 

and the remainder by R. Then it follows t h a t  

f  (x) = (x - c ) Q ( x )  + R, 

Expanding the right-hand member of equation (1) and equating c o e f f i c i e n t s  
of l i k e  powers of x, we f ind  t h a t  

b  = a  
1 0' 

R = a  + c b  
n . 

....................... 
o n e  of the  exceptions is  H. S. Hal l  and S. R. Knight, Higher Algebra 

(London: MacMillan and Co., 19481, Fourth Edition, pp. 434-435, i n  which 
the  extension t o  t r inomial  d iv i sors  is  discussed. 

^ ~ t  w i l l  be assumed throughout t h i s  paper t h a t  a l l  polynomials have 
non-zero leading coef f ic ien t s .  

From these equations it is  e a s i l y  seen t h a t  each c o e f f i c i e n t  a f t e r  the  
f i r s t  i n  t h e  quot ient ,  a s  wel l  a s  the  remainder, is formed by multiplying 
the  coef f ic ien t  preceding it by c  and adding t o  t h i s  product the next 
coef f ic ien t  i n  the  dividend. The process of f inding the  coef f ic ien t s  i n  
the  quot ient  and the  remainder is  usual ly arranged a s  follows: 

A s  examples, l e t  us  f i n d  t h e  quot ient  and remainder i n  each case when 

x
3 + 3x

2 - 4 is divided by x - 2 and by x + 2. 

So, when x
3 + 3x

2 - 4 is  divided by x - 2, the  quot ient  is x
2 + 5x + 10 

and the  remainder is  16; when it is divided by x + 2, the  quot ient  is  
x2 + x - 2 and the  remainder is 0. 

I f ,  however, t h e  d iv i sor  i s  of the  form ax - c,  the  same process f o r  
f inding the  quot ient  and remainder can be used with a  s l i g h t  modification. 
To show t h i s ,  l e t  Q ( x )  be the quot ient  and R the  remainder when f ( x )  is 
divided by x - c/a. Then we can wr i te  

Now, dividing t h i s  l a s t  equation by ax - c,  we have 

On inspect ing equations (2) and (31, we see t h a t  t h e  remainder R i s  
unal tered and we can s t a t e  the  following rule:  To f i n d  the  quot ient  
when f ( x )  is  divided by ax - c, f i r s t  divide f ( x )  by x - c/a and then 
divide the  quot ient  thus obtained by a. 



We now i l l u s t r a t e  t h i s  r u l e  with some exam les .  Let us  f i n d  the  
quot ient  and the remainder when f ( x )  = 2x3 - 3x5 - 3x + 5 i s  divided by 
2x - 1. F i r s t  we divide f ( x )  by x - 1/2 thus: 

On dividing the quot ient  2x
2 - 2x - 4 by 2, we f i n d  t h a t  the  required 

quotient  is  x2 - x - 2 and the  remainder is  3. Let us now f ind  the 
quot ient  and remainder when f (x) = 2x3 - 3x2 - 3x + 5 is  divided by 
x/2 + 1. F i r s t  we divide Â£(x by x + 2 thus: 

Sow, dividing the quot ient  2x' - 7x + 11 by 1/2, we f ind t h a t  the required 
quotient  i s  4x2 - 14x + 22 and the  remainder is -17. 

This process can e a s i l y  be extended t o  d iv i sors  of degree higher  
than the f i r s t .  The extension w i l l  now be made only t o  d iv i sors  of the  
second degree, s ince it is s imi la r  f o r  d iv i sors  of higher  degree. 

Suppose t h a t  a polynomial 

i s  divided by the t r inomial  x2 - bx - c.  Let 

be the quot ient  and l e t  R = px + q be the remainder. Then it follows 
t h a t  

f ( X I  = (x2 - bx - c)Q(x) + R, 

n-2 = (x2 - bx - c )  ( b x  + b x ~ - ~  + b Xn-4 + - * -  
3 4 

Expanding the right-hand member of equation (4) and equating c o e f f i c i e n t s  
of l i k e  powers of x, we f ind  t h a t  

From these equations it is  e a s i l y  seen t h a t  each c o e f f i c i e n t  a f t e r  the 
second i n  the  quot ient  is  formed by multiplying the two preceding 
coef f ic ien t s  by b and c respect ively and adding these products t o  the  
next coef f ic ien t  i n  the  dividend. The process of f inding the  c o e f f i c i e n t s  
i n  the  quot ient  and remainder can be arranged a s  follows: 

Explanation: F i r s t ,  place t h e  l a s t  two c o e f f i c i e n t s  of the  d iv i sor  with 
s igns changed on the  l e f t  of the v e r t i c a l  l ine .  Add t h e  f i r s t  column 
on the  r i g h t  of the  v e r t i c a l  l i n e .  This gives a t h e  f i r s t  number 
below the  hor izon ta l  l ine .  Next, multiply b andOcOiy%i and w r i t e  these 
products i n  the second row and i n  the  second and t h i r d  columns. Next, 
add the  second column. This gives a + bb2 o r  b Multiply b and c by 

3" b3 and w r i t e  these products i n  the  t h i r d  row and i n  t h e  t h i r d  and fourth 
columns. Next, add the  t h i r d  column. This gives a2 + bb3 + cb2 o r  b4. 
Continue t h i s  process u n t i l  an en t ry  i s  made i n  the  l a s t  column. Then 
add t h e  l a s t  two columns t o  f ind  p and q. 



We now conclude with a few examples, point ing out t h a t  the remarks 
we made about d iv i sors  of the form ax - c a l s o  apply t o  those of t h e  
form ax2 - bx - c and other  d iv i sors  of the  same form of higher  degree. 

Let us  f ind  t h e  quot ient  and remainder when x4 - x2 + 3x + 4 is  
divided by x2 - 2x + 2. 

2 1  : -; -2 

-4 

1 2  1 1 2  

Hence the  quot ient  is  x2 + 2x + 1 and the  remainder is x + 2. 

Let us f ind the  quot ient  and t h e  remainder when 

x5 - 2x4 - 4x3 + 19x2 - 31x - 12 i s  divided by x
3 - 2x + 3. 

So the  quot ient  is x2 - 2x - 2 and t h e  remainder is 12x2 - 29x - 6. 

Let us f i n d  the  quot ient  and the  remainder when 

6x
5 - 3x4 + x

3 + llx2 - 6x + 7 is  divided by 2x2 - x + 1. 

Hence the quot ient  is  3x3 - x + 5 and the  remainder is 2. 

SUMS OF POWERS OF INTEGERS 
1 

Edwin G. Eigel, Jr., Saint  Louis University 
Missouri Gamma 

It is  well-known tha t ,  i f  n and p a r e  pos i t ive  integers ,  then the  sum 

can be expressed a s  a polynomial i n  n, of degree p+1. Methods f o r  f inding 
these polynomials a r e  numerous, but  they usual ly involve e i t h e r  r a t h e r  
sophist icated concepts such a s  Bernoulli  polynomials [ l ]  o r  t h e  Euler- 
Maclaurin formula [2], o r  e l s e  lengthy derivat ions using elementary f i n i t e  
difference methods. I n  a recent  paper [31, Chris t ian0 developed a recursion 
formula f o r  ( I) ,  using only elementary concepts from algebra. In t h i s  note, 
we demonstrate an a l t e r n a t i v e  technique f o r  obtaining a s imi la r  recursion 
formula. Our technique has the advantage t h a t  it can be appl ied equal ly 
well  t o  c e r t a i n  sums which a r e  r e l a t e d  t o  ( I ) ,  b u t  which a r e  not always 
e a s i l y  handled by t h e  above methods. 

The technique is based on the  "summation by par t s"  formula of t h e  f i n i t e  
difference calculus. This formula can be expressed and derived i n  a very 
elementary manner, a s  follows. Let ao, a x ,  ..., and lay, h, ..., &, bHi 
be r e a l  numbers. Then 

which is t h e  desired r e s u l t .  

.................... 
~ r e s e n t e d  a t  t h e  annual meeting of the  Missouri Section of t h e  Mathe- 

matical  ~ s s o c i a t i o n  of America, Rolla, Missouri, April ,  1962. 

EDITOR'S NOTE. The re fe ree  f o r  t h i s  paper suggested t h a t  t h e  reader  
in te res ted  i n  sums of powers of numbers see the  recen t ly  repr in ted  book: 
An Introduction t o  the  Operations with Series .  By I. J. Schwatt. Chelsea, - 
New York, 1962. A review, by H. W. Could, appears i n  the American -- 
matical Monthly, Vol. 70, No. 1, January, 1963. 



To obtain our recursion formula for (1). we now let p be a positive 
integer, and let = kP and b = k in (2), and we have 

Hence, 

which may be written 
D-1 

We now consider the sums 

Each of these can easily be expressed in terms of S (n); for example, if 
n = 2m, we have 

P 

P 

= 2's (m) - 2 [ (7) (-I)'-' (2k)'l 
k=l j=O 

and if n = 2m - 1, we have 

where So (m) = m. If we agree that S (^-) = S (- ) whenever n is odd, we 
P 2  P 

can combine the above results into the single formula 

On the other hand, there is some interest in having each of the sums above 
expressed recursively, independent of S (n). Such expressions are easily 

P 
derived from (2), following the general procedure used to obtain (3). Thus, 

letting ak = (2k - 1)' and \ = (2k - 1) in (2), we obtain 

(4 )  2(p+1)~ P (n) = (2n-l)P(2n+l) - (-1)' + (-2)'+1(j:1)~p-j (n). 

If we restrict p to positive integers greater than 2, and let a = (-l)TcP 
and bk = k in (21, we obtain k 

P-2 

( 5 )  2 ~ *  (n) = (-l)nnp-l(n+l) + (p-2)~* (n) - (-I)'+~(~-~ * 
P P-1 j+l)sp-j-l (n); 

j=l 

k 
letting ak = (-1) (2k - 1)' and bk = (2k - l), we obtain 

2T* (n) = (-l)n(2n-l)p-1(2n+l) - (-l)'-l + (2p-4)~* (n) P P-1 

Several remarks are appropriate at this point. In the first place, it 
is clear that when p = 1 in (3) or (4) ,  or when p = 2 in (5) or (61, the 
sum on the right hand side of each formula is zero. Secondly, it is clear 
that, from the formulae, S(n) , T ( n )  , ~*(n), and T* (n) are all polynomials 

P 
in n, the first two of degree p+1, and the last twoof degree p. Finally, 
we note that (5) and (6) are incomplete until we append the following 
results, which are easily proved by induction. 



Formula (2) can be extended i n  various d i rec t ions .  We give one example. 
I f  we replace n with j i n  (2) ,  and then sum both s ides  over j ,  from 0 t o  n, 
we obtain 

In  par t i cu la r ,  i f  p is a pos i t ive  integer ,  and i f  we l e t  a, = k
p 

and 
bk = k i n  (7). we have 

These examples should s u f f i c e  t o  i l l u s t r a t e  t h e  wide range of sums of 
powers of in tegers  f o r  which recursion formulae can be obtained from the  
elementary formula (2).  
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ON THE COEFFICIENTS OF E X k /  g X m #  WRITTEN I N  TERMS OF n 
x = l  x = l  

Edgar Karst, Evangel College 

n 

For es tab l i sh ing  up to,  l e t ' s  say, k = 21,we use t h e  Euler 

Numbers Ek and the ~ e r n o u l l i  Numbers Bk with t h e i r  r e l a t e d  coef f ic ien t s  bk- 
Since 

2k 1 2k I 2k 1 
E k =  (2;-2;121 Ek-l - (2;-4;141 Ek-2 + (2;-6;161 Ek-3 - - - -  

where 01 = Eo = 1 by def in i t ion ,  we receive = 1, E, = 5, & = 61, 
l& = 1385, Eg = 50521, Ee = 2702765, E, = 199360981, !& = 19391512145, 

= 2404879675441. Since 

2k-1 1 
+ (-llk-l 0; (2k-;I 1 GI 

we ge t  fu r ther  = 1/6, Ba = 1/30, 63 = 1/42, B, = 1/30, Bs = 5/66, 
= 691/2730, B, = 7/6, Be = 3617/510, Eg = 43867/798, B i o  = 174611/330, 

which were compared (except Bo and Bin) with t h e  values published by 
J. S. FRAME [ l ]  and found correct .  The numerators a r e  o f ten  primes, but 
174611 = 283.617 is  not. 

k-1 
Then the  r e l a t i o n s  by = 1, t>i = -1/2, bZk = (-1) Bk, bZk+, = 0 

f o r  k > 0 were used y ie ld ing  

h, = 1/6, b, = -1/30, = 1/42. & = -1/30, = 5/66, b13 = -691/2730, 
bl, = 7/6, big = -3617/510, ble = 43867/798, bgo = -174611/330. 

Now t h e  formula developed by J. G. CHRISTIAN0 [2] was appl ied 

k + l  k 
+ 5, ( nk-j+l where = 

k k 1 

j=2 (j-1) 1 (k-j+1) 1 x = l  

yielding 



I f  k > m t h e  following theorems can be establ ished.  

I f  m = 1 then Exk/ I> has the  remainder R = 0, and t h e  
x=l  x=l  

coef f ic ien t s  of the  quot ient  Q add up t o  unity. Example f o r  n = 1: 

I f  m = 1 and k odd then Exk/(Z>)' has  t h e  remainder R = 0, 
x=l  x = l  

and the  coef f ic ien t s  of the  quot ient  Q add up t o  unity. Example 
n n 

f o r  n = 1: x ? 1 / ( x ~ ) 2  = 2/11 + 18/11 + 39/11 - 96/11 - 1004/33 
x = l  x = l  



n n 

3. I f  m = 1 and k even then Z X ~ / ( ~ X ~ ) ~  has t h e  remainder R # 0, 
x=l  x = l  

and t h e  coef f ic ien t s  of t h e  quot ient  Q and t h e  remainder R add 
n n 

up t o  unity. Example f o r  n = 1: x 2 Â ° / ( s )  = 4/21 + 34/21 
x=l x = l  

Related top ics  were found by J. S. FRAME [3]. 

REFERENCES 

1. J. S. Frame, "Bernoulli  Numbers Modulo 27000, " Amere Math. Monthly, 
Feb. 1961, p. 88. 

2. J. G. Christiano, "On t h e  Sum of Powers of Natural Numbers," ibid.,  
p 150. 

3. J. S. Frame, "Note on t h e  Product of Power Sums, " & Epsilon 
Journal, Nov- 1949, p. 21. 

SOME IDENTITIES FOR A GENERALIZED SECOND ORDER RECURRING SEQUENCE 

Charles R. Wall, Texas Chris t ian University 

In  t h i s  paper we develop some i d e n t i t i e s  f o r  a yeneral ized second 
order recurr ing sequence defined by 

with Wo = q, W, = p a rb i t ra ry .  We w i l l  a l s o  consider the spec ia l  case 
h = 1. 

Solving the equation associated with (11,  namely 

2 - g x - h = O ,  

we see t h a t  i t s  roots  a r e  

+ J ( @  + 4h) and 8 = 9 - -/^ a = Y  
" + 4h) 

2 2 

We e a s i l y  v e r i f y  by induction t h a t  

where A = p - 4, B = p - qa. Associated with the  sequence [ w ]  a r e  the  
numbers 

yn = wn+l + hwn-l 

We may show t h a t  

(3) Yn = ?LYn + ~ , 9 ~  . 
Lucas [A, p. 3961 considered the  numbers U and V given by the  

r e l a t i o n s  

(4) 
a

n  - lln 
Un = and V = a

n  + 8" . 
a - 8  

For g = h = 1, U and Vn a re  the n-th Fibonacci and Lucas numbers, re-  

spect ively,  while W and Yn a r e  the n-th general ized Fibonacci and Lucas 

numbers, respect ively.  

Two proper t ies  of generalized Fibonacci numbers [21 which a r e  
e a s i l y  extended t o  generalized second order recurr ing sequences a r e  the  
following: i f  wn # 0, Yn # 0, from (21, (3 ) ,  and (4) we have 

and 

(6 

I d e n t i t i e s  (5) and (6)  a r e  r a t h e r  surpr i s ing  s ince,  i n  both cases, the  
l e f t  member of the  equation is independent of not only the  defining values 
p and q, but the subscr ip t  n a s  well! Iden t i ty  (5) f o r  generalized 
Fibonacci numbers was given by Tagiuri [A, p. 4041 and, a l b e i t  incorrect ly ,  
by Horadam [3, p. 457, property (17) 1 .  

By (2) and (3) we read i ly  e s t a b l i s h  t h e  following de Moivre-type 
iden t i ty ,  which was given f o r  Fibonacci numbers by Fisk [$I : 

We now turn  our a t t e n t i o n  t o  the  spec ia l  case h = 1. Our purpose 
here is t o  demonstrate two methods f o r  generating t h i s  spec ia l  case 
of (1).  Let y and 6 ,  with y = [g + J (ga + 4) ]/2, be the  roo ts  of 
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Then, i f  C = p - q6, D = p - qy, 

(7)  
- D6n 

Jn = c' 
y - 6  ' 

It is no t  t h e  purpose of t h i s  paper t o  i n v e s t i g a t e  a t  any l eng th  
t h e  p r o p e r t i e s  which one may d e r i v e  by cons ide ra t ion  of  t h e  ma t r i ces  
given above. Let  is  s u f f i c e  t o  say, however, t h a t  many i d e n t i t i e s  
r e s u l t  from such a s tudy,  and t h a t  one may, by t h i s  approach, avoid many 
"messy" induc t ive  proofs .  I n  general ,  one would fol low roughly t h e  
same procedure a s  i n  Basin and Hoggatt [?I. 

F ina l ly ,  we remark t h a t  it is  p o s s i b l e  t o  gene ra t e  t h e  sequence 
[S ]  -- and, by (ll), t h e  sequence ( J ]  a s  w e l l  -- by t h e  fo l lowing 
scneme: we may e a s i l y  show t h a t  t h e  f r a c t i o n  Sn+2/Sn is  t h e  n-th 
convergent of  t h e  cont inued f r a c t i o n  

and 

(9) 

Consider t h e  matr ix  
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We may e a s i l y  v e r i f y ,  s i n c e  

t h a t  

RESEARCH PROBLEMS . 
t This  is a new s e c t i o n  t h a t  w i l l  be devoted t o  suggest ions  of  topick 

and problems f o r  Undergraduate Research Programs. Address a l l  co r re-  
spondence t o  t h e  Edi tor .  

Thus we may gene ra t e  t h e  sequence (J 1 by eva lua t ing  powers o f  t h e  matr ix  
s. 

It  i s  obvious from (10) t h a t  

Proposed by M. S. W I N .  Determine an " e f f i c i e n t "  computer a lgor i thm 
f o r  determining t h e  c e n t e r  and r a d i u s  of  t h e  s m a l l e s t  c i r c l e  which cove r s  
a g iven s e t  of  p o i n t s  i n  a plane. Also, cons ide r  ex tens ions  t o  cover ing 
wi th  e q u i l a t e r a l  t r i a n g l e s ,  squares ,  e l l i p s e s  ( say  of  minimum a rea ,  
minimum major ax i s ,  . . . ) . . . , and t o  h ighe r  dimensions. 

which, f o r  Fibonacci  numbers, i s  t h e  b a s i s  f o r  a famous geometr ica l  
decept ion.  
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Proposed by P. C. ROSENBLOOM. I f  P (z )  = â a
k

z
k 

is  a polynomial of degree 

k, then a l l  zeros of P l i e  i n  the  c i r c l e  1 zl < R, where R i s  the  unique 

pos i t ive  so lu t ion  of 

From t h i s ,  one can obtain many est imates  of the  zeros of P i n  terms of the  
coef f ic ien t s  (see M. Marden, Geometry of Zeros'of Polynomials i n  the  
compzex Domain). 

An analogue of t h e  Fundamental Theorem of Algebra is: I f  

and 

a re  polynomials 

and 

E r s  Q (21 0 Za ) =o<r+s<n brs~!  z' 

i n  two var iab les ,  and t h e i r  "pr inc ipa l  p a r t s "  

1 1 Ã 1 =r&n ars-irZ 

have no common zero except zl = za = 0, then the  system P = Q = 0 has 
common zeros ( z , , z a )  i f  counted with proper mul t ip l ic i ty .  

Can one obtain est imates  f o r  these zeros i n  terms of the  coef f ic ien t s  
a and b ?  rs 

Proposed by S. SCHUSTER. Let A and B be non-singular symmetric matrices. 
Thus, r e f e r r i n g  t o  Project ive Geometry, they represent  p o l a r i t i e s .  What 
a r e  the  geometric invar ian t s  of the  penc i l  of matrices ( p o l a r i t i e s )  

A + \ B ?  
Reference: Gantmacher, F. R., Applications ~f t h e  Theory of Matrices. 

PROBLEM DEPARTMENT 

Edited by 
M. S. Klamkin, University of Minnesota 

This department welcomes problems believed t o  be new and, a s  a ru le ,  
demanding no grea te r  a b i l i t y  i n  problem solving than t h a t  of the  average 
member of the  Fra te rn i ty ,  but occasionally we s h a l l  publish problems 
t h a t  should challenge the a b i l i t y  of the  advanced undergraduate and/or 
candidate f o r  the  Master's Degree. Solut ions of these problems should 
be submitted on separate, signed sheets  within four  months a f t e r  publi-  
cation. 

19 
An a s t e r i s k  (*) placed beside a problem number ind ica tes  t h a t  the 

problem was submitted without a solut ion.  
Address a l l  communications concerning problems t o  Professor M. S. 

Klamkin, Department of Mathematics, University of Minnesota, Minneapolis, 
Minnesota 55455. 

PROBLEMS FOR SOLUTION 

Proposed by Seymour Schuster,  University of Minnesota. 
Can any r e a l  polynomial be expressed a s  t h e  difference of two r e a l  
polynomials each of which having only pos i t ive  roots? 

Proposed by F. Zetto, Chicago. 
Which numbers of the  form 300---007 a r e  d i v i s i b l e  by 37? 

Proposed by D. J. Newman, Yeshiva University. 
Express cos 0 a s  a r a t i o n a l  function of sin3 8 and cos3 0. 

Proposed by Leo Moser, University of Alberta. 
Show t h a t  5 points  i n  the  i n t e r i o r  of a 2x1 rectangle always determine 
a t  l e a s t  one dis tance l e s s  than sec 15O. 

Proposed by M. S. Klamkin, University of Minnesota. 
Given a centrosynunetric s t r i c t l y  convex f igure  and an in te rsec t ing  
t r a n s l a t i o n  of it; show t h a t  there  is  only one common chord and 
t h a t  t h i s  chord is  mutually bisected by t h e  segment joining t h e  
centers .  

SOLUTIONS 

Proposed by John Selfr idge,  University of Washington. 
A game of bridge is  d e a l t  and each player has d i s t r i b u t i o n  abed 
i n t o  s u i t s  (e.g., each player has 4333). Is each s u i t  d i s t r ibu ted  
abed among the  players? In  another deal  each player has the  same 
d i s t r i b u t i o n  a s  some s u i t .  Does each s u i t  have t h e  same d i s t r i b u t i o n  
a s  some player? 

Solution by t h e  proposer. 
In  the  f i r s t  dea l  each s u i t  is d i s t r ibu ted  abed. Let a ,  b, c ,  denote 
the th ree  of the  numbers having t h e  same par i ty .  Then each s u i t  
is  d i s t r i b u t e d  xyzd. I f  a = b = c,  we a r e  done. I f  not, we may 
rearrange s o  t h a t  a < b < c o r  a > b > c.  Since x + y + z = 
a + b + c,  each s u i t  is  xycd where x + y = a + b. Then x is  
a o r  b and y is the  other. 

In  the second dea l  the  answer is  i n  t h e  negative a s  the  s u i t  
d i s t r i b u t i o n s  might have been 4522, 5152, 1345, 3424 and the  players 
e i t h e r  5431 o r  5422. 

Also solved by P. Myers, David L. Silverman, M. Wagner and F. Zetto. 



151. Proposed by K. S. Murray, New York City. 
Three points  a r e  chosen a t  random with a uniform d i s t r i b u t i o n  from 
the  th ree  s ides  of a given t r i a n g l e  (one point t o  each s ide) .  What 
is t h e  expected value of t h e  area of the  random t r i a n g l e  t h a t  is  
formed? 

Solution by L. C a r l i t z  (Duke University).  4 

Let (a l ,  as ), (b, ,& ), (cl , cs ) denote the  v e r t i c e s  of the  given t r i a n g l e  
and l e t  (tb, + (1 - t ) c ,  , t &  + ( 1  - t ) c s  ) , etc.,  denote t h e  points  
on t h e  s ide -  Then the  area of t h e  random t r i a n g l e  is  equal t o  

where 0 < t, u, v <_ 1. In tegra t ing  with respect  t o  t, u, v, we ge t  

- 
A = A - & ssa[[[z (b-y)sin A + x(c-z)sin B + y (a-x)sin C] dxdydz 

- l 1  
2 

- A 
where a ,  b, c a r e  the  s ides  of the  given t r i a n g l e  A. Whence, A = - 4 . 

1 
1 1 
?(% + C l )  $& + c s )  

1 1 
~ ( c ~  + a l )  ?(c2 + a s )  

1 
1 1 
?(al + b, ?(as + & )  

Also solved by P. Meyers, M. Wagner and t h e  proposer. 

o r  one fourth the  area of t h e  given t r i ang le .  

Solution by H. Kaye, Brooklyn, N. Y. 
The expected area A is  given by 

Edi to r ia l  note: Keep 2 v e r t i c e s  of the  random t r i a n g l e  f ixed and 
l e t  the  t h i r d  vertex vary uniformly over i t s  corresponding s ide.  
It follows immediately t h a t  the  average area of t h i s  subset  of 
random t r i a n g l e s  is obtained when the  point is a t  the  midpoint of 
the given s ide.  Consequently, t h e  expected value of the area f o r  the  
e n t i r e  s e t  of random t r i a n g l e s  is  given by the  t r i a n g l e  whose ver t i ces  
a r e  the th ree  midpoints of the  s ides.  

152. Proposed by Leo Moser, University of Alberta. 
I f  0 denotes Eule r ' s  t o t i e n t  function, show t h a t  i n  every base 

Solution by L. Car l i t z ,  Duke University. 
Let b denote the  base. Then 

Also solved by H. Kaye, P. Myers and t h e  proposer. 

E d i t o r i a l  note: The given r e s u l t  is  a spec ia l  case of an i d e n t i t y  
due t o  Laguerre, i.e., 

where 

The derivat ion of t h i s  l a t t e r  i d e n t i t y  i s  contained i n  C a r l i t z ' s  
so lu t ion  above. 

153. Proposed by M. S. Klamkin, University of Minnesota. 
Show t h a t  the  maximum area e l l i p s e  which can be inscr ibed i n  an 
e q u i l a t e r a l  t r i a n g l e  is  the  inscr ibed c i r c l e .  

Solution by the  proposer. 
Orthogonally p ro jec t  the  configurat ion o f  t h e  e q u i l a t e r a l  t r i a n g l e  
and maximum area inscr ibed e l l i p s e  such t h a t  t h e  e l l i p s e  transforms 
i n t o  a c i r c l e .  Since the  r a t i o  of areas  a r e  preserved under the  
project ion,  the  e q u i l a t e r a l  t r i a n g l e  w i l l  transform i n t o  a t r i a n g l e  
of minimum area circumscribing t h e  c i r c l e .  It  is a known r e s u l t  
t h a t  the  l a t t e r  t r i a n g l e  must be a l s o  equ i la te ra l .  Consequently 
the transformation was t h e  i d e n t i t y  one and t h e  e l l i p s e  is a c i r c l e .  

Also solved by L. Car l i t z ,  A. Cohen, H. Kaye, and D. Smith. 

122. (Errata)  
Joe Konhauser (HRB-Singer, Inc.) has  pointed out t h a t  3 queens 
s u f f i c e  t o  cover a 5x5 board a s  shown i n  t h e  following f igures:  



BOOK REVIEWS -- 
Edited by 

Roy B. Deal, Oklahoma S t a t e  University 

Modern Mathematics f o r  the  Enqineer. Edited b$ Edwin F. Beckenbach. New 
York, McGraw-Hill, 1956. x x i i  + 514 pp., $3.45. 

Modern Mathematics f o r  t h e  Enqineer, ed i ted  by Edwin F. Beckenbach 
and published by McGraw-Hill (1956), i s  a s e r i e s  of l ec tures  f o r  a course 
i n  mathematics o r i g i n a l l y  organized under the supervision of Dean L.M.K. 
Boelter of the  College of Engineering and Professor Cl i f fo rd  Bel l  of t h e  
Department of Mathematics a t  t h e  University of Cal ifornia ,  Los Angeles. 
The course was presented a t  t h i s  universi ty ,  a t  the  Corona Laboratories 
of t h e  National Bureau of Standards, and a t  t h e  University of Cal ifornia ,  
Berkeley. The book can wel l  serve as  c o l l a t e r a l  reading f o r  s imi la r  
courses. It is a valuable l i t t l e  encyclopedia f o r  t h e  engineer and f o r  
t h e  mathematician in te res ted  i n  the  appl icat ions of mathematics t o  
physical  problems and i n  t h e  development of mathematics under the  stimu- 
l a t i o n  of such problems. The authors a r e  well-known a u t h o r i t i e s  i n  t h e i r  
f i e l d s .  

The book is divided i n t o  t h r e e  parts .  Part  I, "Mathematical Models," 
deals  with physical  problems primari ly  by methods of d i f f e r e n t i a l ,  
p a r t i a l  d i f f e r e n t i a l ,  and i n t e g r a l  equations. It  cons i s t s  of t h e  chapters: 
1. Linear and Nonlinear Osci l la t ions,  by Solomon Lefschetz, 2. Equi- 
librium Analysis: The S t a b i l i t y  Theory of Poincare and Liapunw, by 
~ i c h a r d  Bellman, 3. Exter ior  ~ a l l i s t i c s ,  by John W. Green, 4. ~ l e m e n t s  
of t h e  Calculus of Variations, by Magnus R. Hestenes, 5. Hyperbolic 
P a r t i a l  D i f f e r e n t i a l  Equations and Applications, by Richard Courant, 
6. Boundary-Value Problems i n  E l l i p t i c  P a r t i a l  D i f f e r e n t i a l  Equations, 
by Menahem M. Schiffer ,  7. The E l a s t o s t a t i c  Boundary-Value Problems, by 
Ivan S. Sokolnikoff. Part  2, "Probabi l i s t i c  Problems, " emphasizes t h e  
programming and operat ional  aspects of engineering and t h e  use of s to-  
chas t ic  processes i n  t h e  formulation and so lu t ion  of problems. Its 
chapters  are:  8. The Theory of Prediction, by Norbert Wiener, 9. The 
Theory of Games, By Frederic  ~ohnenblus t ,  10. Applied Mathematics i n  
Operations Research, by Gilbert  W. King, 11. The Theory of Dynamic 
Programming, by Richard Bellman, 12. Monte Carlo Methods, by George W. 
Brown. Part  3, "Computational Considerations," is  concerned primari ly  with 
numerical solut ions,  and is  divided i n t o  t h e  chapters: 13. Matrices i n  
Engineering, by Louis A. Pipes, 14. Functional Transformations f o r  
Engineering Design, by John L. Barnes, 15. Conformal Mapping Methods, by 
Edwin F. Beckenbach, 16. Nonlinear Methods, by Charles B. Morrey, Jr., 
17. What a r e  Relaxation Methods?, by George E. Forsythe, 18. Methods Of 
Steep Descent, by Charles B. Tompkins, 19. High-speed Computing Devices 
and Their Applications, by Derrick H. Lehmer. 

un ivers i ty  of ~ l l i n o i s  Josephine H. Chanler 

Applications of Graph Theory t o  Group Structure.  By C. Flament. Engle- 
wood C l i f f s ,  New Jersey; Prentice-Hall; 1963. 142 pp., $6.95. 

An Anatomy of Kinship. By H. C. White. Englewood C l i f f s ,  New Jersey; - 
Prentice-Hall; 1963. 180 pp., $6.95. 

These a re  the f i r s t  two volumes i n  t h e  Prentice-Hall Ser ies  i n  
Mathematical Analysis of Soc ia l  Behavior. The f i r s t  volume begins with a 
compact, informal introduct ion t o  the  theory of graphs, then t r e a t s  
communications networks, and f i n a l l y  t r e a t s  balancing processes. An 
exce l len t  bibliography is  attached. The second volume uses graphs, 
matrix algebra, and group theory t o  analyze the how and the  why of s t ruc ture  
i n  s o c i a l  systems, then appl ies  the  theory t o  develop models of four  
known t r i b e s .  Appendices r e p r i n t  a famous paper by Andre Weil on the  
mathematics of kinship and an extension thereof by R. R. Bush. 

These two books a r e  important contr ibut ions t o  mathematical sociology. 
Moreover, they w i l l  provide in te res ted  mathematical readers with insp i ra t ion  
f o r  fu r ther  research, not only i n  mathematical sociology, but  a l s o  i n  
other areas  of physical o r  na tura l  science where s imi la r  s t ruc tures  e x i s t .  

University of I l l i n o i s  Franz E. Hohn 

Elementary Theory of Analytic Functions of One o r  Several Complex Variables. 
By Henri Cartan. Reading, Mass., Addison-Wesley, 1963. 227 pp., $10.75. 

The l icence d'enseiqnement is a degree roughly comparable t o  the  
B.A., but  requires  e s s e n t i a l l y  only the  study of mathematics. This 
volume is based upon lec tures  given by t h e  author a t  the  University of 
Paris  i n  the theory of ana ly t ic  functions of a complex var iab le  f o r  t h e  
requirements of t h i s  degree, and is a t  the  advanced undergraduate o r  
beginning graduate l e v e l  f o r  American Students. The bas ic  concepts of 
general topology a r e  assumed t o  be fami l ia r  t o  the  reader. 

The exposi t ion is c l e a r  and concise. A l l  theorems a r e  given exact  
statements and (with few exceptions) complete proofs. There is  very l i t t l e  
h e u r i s t i c  argument o r  general  discussion of ideas. The f i r s t  th ree  
chapters  a r e  on power s e r i e s  and i n t e g r a l  theorems and t h e i r  appl icat ions.  
The remaining four chapters a r e  on ana ly t ic  functions of severa l  var iables ,  
sequences of holomorphic functions, holomorphic transformations, and 
holomorphic systems of d i f f e r e n t i a l  equations. This c l a s s i c a l  mater ial  
is given a modern flavor. There are ,  f o r  example, sect ions on the  topology 
of t h e  vector  space of continuous (complex-valued) functions i n  an open 
s e t  (Chapter V), and on the  in tegra t ion  of d i f f e r e n t i a l  forms on a complex 
manifold (Chapter VI) . 

This is  an exce l len t  book which gives a c l e a r  and luc id  presentat ion 
of these ideas. 

t 

University of I l l i n o i s  R. P. Je r ra rd  



calculus gg Variations. By I. M. Gelfand and S. V. Fomin. Translated and 
ed i ted  by R. A. Silverman. Englewood C l i f f s ,  N. J., Prentice-Hall, 1963. 
v i i  + 232 pp., $7.95. 

This is an a t t r a c t i v e  and modern treatment of the calculus of 
var ia t ions  wr i t t en  by two eminent Soviet  mathematicians. This (authorized) 
t rans la t ion  includes exercises  and two appendices not i n  the  o r i g i n a l  
Russian edi t ion.  It  should be very useful  for ' i tudents  who wish t o  l ea rn  
t h i s  i n t e r e s t i n g  and Important f i e l d  and who have a background i n  r e a l  
analysis.  

The problems of the  calculus of var ia t ions  a r e  very old and go back 
t o  the  Bernoullis,  Newton, and Euler. Important contr ibut ions were l a t e r  
made by Hamilton, Jacobi, Hilbert ,  and Weierstrass, among others. Yet 
there  is s t i l l  much research a c t i v i t y  on various aspects of t h e  theory. 

The main theory of t h e  subject  is well-presented. Thus, necessary 
and s u f f i c i e n t  conditions f o r  an extreme a r e  discussed, a s  a r e  the  
~amilton-Jacob! theory, f i e l d s  and conjugate points,  and v a r i a t i o n a l  
problems involving multiple in tegra l s .  Applications t o  mechanics and 
physics a r e  a l s o  indicated. 

One of t h e  most a t t r a c t i v e  features  of t h i s  book t o  t h i s  reviewer is  
t h a t  the  authors approach t h e  sub jec t  from t h e  point  of view of modern 
funct ional  analysis .  This s e t s  it of f  from most other  books t h a t  a r e  
avai lable  on t h i s  subject .  

un ivers i ty  of I l l i n o i s  Robert G. Bart le  

Introduction t o  Se t  Theory and Logic. By Robert R. StOll. San Francisco: 
W. H. Freeman and Company, 1963. x i v  + 474 pp., $9.00. 

This book was wr i t t en  a s  a t e x t  book f o r  a year course f o r  advanced 
undergraduates t o  give them i n i t i a l  t r a i n i n g  i n  the  axiomatic method 
of mathematics. The t i t l e  notwithstanding, the  main focus is upon t h e  
r e a l  number system. There is  ample mater ial  f o r  a year course i n  "The 
Foundations of  Mathematics," so  t h a t  the  i n s t r u c t o r  may do some select ing,  
choosing, and emphasizing t o  s u i t  h i s  own desires .  The beginning chapters  
introduce t h e  th ree  areas  of s e t  theory, r e a l  number development, and 
logic. Further chapters  go i n t o  a l l  th ree  areas  much more extensively, 
and a r e  independent enough s o  t h a t  the book may be used a s  a one semester 
t e x t  f o r  any of the  th ree  areas. The format is  very good, with defined 
words i n  bold face type and t h e  words "Theorem", "Lemma", e tc .  i n  very 
la rge  and d i s t i n c t i v e  type. There a r e  numerous examples throughout, and 
q u i t e  a s u f f i c i e n t  number of exercises  f o r  most sect ions t o  be i n  keeping 
with the t e x t  book aim. 

m, Relations, & Functions: & Programed Unit i n  Modern Mathematics. 
By M. McFadden, J. W. Moore, and W. I. Smith. New York, McGraw-Hill Book 
Company, Inc., 1963. i v  + 299 pp., $3.95 paper, $5.95 cloth.  

This book is  a programmed u n i t  i n  modern mathematics geared f o r  those 
who des i re  t o  increase t h e i r  understanding of the  "why" i n  mathematics and 
f o r  those who have f in i shed  two years of high school algebra. The matter 
is presented i n  the form of frames: one problem t o  a frame, with the 
answer w r i t t e n  immediately below i n  a shaded area. Each frame requires  
the  reader t o  answer t h e  problem presented e i t h e r  with f i l l- i n s ,  drawing 
constructions, o r  graphs. On the  average there  a r e  four frames t o  a page. 
In a l l  there a r e  1074 individual  frames, not counting the  nine se l f- tes t s .  
The answers t o  these s e l f- t e s t s  a r e  given a t  the  end of the  book. 

The t i t l e  indicates  the  three main divis ions of the  book. In the  
sect ion on s e t s  a r e  considered t h e  descript ion and notat ion of s e t s ,  
operations with s e t s ,  and equations and inequa l i t i es  involving se t s .  The 
sec t ion  on r e l a t i o n s  t r e a t s  ordered p a i r s  of numbers, graphs, ca r tes ian  
product, and binary re la t ions .  Various mappings, value of a function, 
composite function, inverse functions, and various types of correspondences 
cons t i tu te  the  subject  matter of the  sec t ion  on functions. 

Each new topic  is  introduced by giving many examples, and only a f t e r  
these a re  discussed is a formal def in i t ion  given. However, some notions 
a re  used without any formal def in i t ion  a t  a l l :  e.g., a one-to-one corre-  
spondence i n  frame 100 is undefined, although it is used i n  t h e  def in i t ion  
of equivalent se t s ;  f i n i t e  and i n f i n i t e  s e t s  i n  frame 121 a r e  not defined; 
the  r e l a t i o n  of "greater  than" i n  frame 318 i s  l e f t  without a defini t ion.  
The method of introducing ordered p a i r s  might lead one t o  think t h a t  only 
pos i t ive  numbers a r e  considered f o r  t h e  elements of  each pair ,  though 
l a t e r  on t h i s  impression is removed. 

Much emphasis is  placed on t h e  use of Venn diagrams t o  exemplify 
propert ies  of s e t s  and operations with se t s .  For one using the  t e x t  with- 
out a teacher, f a l s e  impressions could be read i ly  formed t h a t  Venn diagrams 
prove the  various propert ies  of se t s .  Formal proofs of some mathematical 
propert ies  a r e  given and occur a s  problems i n  one o r  more successive 
frames. The review frames and the s e l f- t e s t s  a r e  q u i t e  appropriate. 

There a r e  some misprints  which would be obvious t o  those studying 
the book with the h e l p  of a teacher, but  f o r  one going through on h i s  own, 
they may not be s o  obvious: e.g., frames 161, 283. Most of the  p r a c t i c a l  
appl icat ions of t h e  theory occurs i n  the  l a t t e r  p a r t  of t h e  book a f t e r  
functions a r e  t reated.  

For one who works through the e n t i r e  book a f i n e  knowledge of s e t s ,  
r e la t ions ,  and functions with t h e i r  fundamental propert ies  would be h i s  
reward. 

DePauw University Robert J. Thomas -<Â¥ Sain t  Louis University John F. Daly, S.J. 
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Probabi l i ty  Theory, Third Edition. By Michael Loeve. Princeton, Van 
Nostrand, 1963. x v i  + 685 pp., $14.75. 

This is  a revis ion,  with many minor changes and addi t ions,  of a 
well-known, standard work on probabi l i ty  theory. It begins with a 51- 
page introduct ion t o  elementary probabi l i ty  and a 17-page summary of 
the measure theory required f o r  s t a t i s t i c s .  Part Two covers general 
concepts and t o o l s  of p robabi l i ty  theory. Par t  Three t r e a t s  sums of 
independent random var iab les  and the  c e n t r a l  l i m i t  problems. Part  Four 
t r e a t s  conditioning, dependence, ergodic theorems, and second order 
propert ies .  Part  Five t r e a t s  random functions and processes including 
martingales and Markov processes. The mater ial  on martingales has been 
completely revised. 

Ear l i e r  reviewers have said:  "... an admirable source of deep 
ideas...", "... t h e  b e s t  ava i lab le  advanced book on probabi l i ty  theory...", 
' a very scholar ly book i n  t h e  b e s t  t r a d i t i o n  of analysis...". "Every 
se r ious  p robabi l i s t  should, and doubtless w i l l ,  possess a copy of t h i s  
important work." These remarks apply equally well  t o  the  new edi t ion.  

University of I l l i n o i s  Franz E. Hohn 

Handbook of   at he ma tical Psychology, vol.  1. R. D. Luce, R. R. Bush, 
and E. Galanter, Editors. New York, Wiley, 1963. x i i  + 491 pp., $10.50. 
vol.  2, v i i  + 606 pp., $11.95. 

Readings & Mathematical P s v c h o l ~ ,  Vol. 1. R. D. Luce, R. R. Bush, 
and E. Galanter, Editors. New York, Wiley, 1963. i x  + 535 pp., $8.95. 

The Handbooks a r e  the  f i r s t  two of th ree  volumes. Beginning with a 
l i s t  of books which could form a bas ic  l i b r a r y  i n  mathematical psychology, 
and which a r e  assumed t o  be ava i lab le  t o  the  reader, the  f i r s t  volume 
presents  e i g h t  expository chapters  on measurement and psychophysics. The 
second volume t r e a t s  learning theory and s o c i a l  behavior. The t h i r d  w i l l  
t r e a t  sensory mechanisms and preference. Various top ics  of which good 
summaries e x i s t  have de l ibera te ly  not been included. These are ,  however, 
appropriately referenced. F i n i t e  mathematics, calculus,  probabi l i ty ,  
and s t a t i s t i c s ,  a l l  a t  an undergraduate level ,  a r e  t h e  mathematical pre- 
r e q u i s i t e s  f o r  t h i s  mater ial  

Readings is the f i r s t  of two volumes. It r e p r i n t s  papers, from 
various professional  journals,  on measurement, psychophysics, react ion 
time, learning and s tochas t ic  processes. 

This s e r i e s ,  besides being e s s e n t i a l  f o r  the l i b r a r y  of the s tudent  
of mathematical psychology, w i l l  be useful  t o  those mathematicians who 

a> 

teach courses i n  mathematics f o r  s o c i a l  s c i e n t i s t s ,  both t o  provide 
perspective and t o  provide s i g n i f i c a n t  appl icat ions.  One a l s o  hopes t h a t  Ã 

mathematicians might f ind here insp i ra t ion  f o r  research t h a t  could enrich 
I 

both d i sc ip l ines .  

computational Methods of Linear Alqebra. By D. K. Faddeev and V. N. 
Faddeeva. Translated Â£ra t h e  1960 Russian ed i t ion  by R. C. Williams. 
San Francisco, W. H. Freeman, 1963. x i  + 621 pp., $11.50. 

This book is a nearly complete co l lec t ion  of methods f o r  numerically , 
solving l i n e a r  equations, inver t ing  matrices, and f inding eigenvalues and 
eigenvectors of matrices. The theory behind each method i s  developed 
r igorously and then the  technique is  i l l u s t r a t e d  with a wel l  l a i d  out 
numerical example. Organization of the  work t o  avoid unnecessary rounding, 
s tor ing,  and computation is  a l s o  discussed f o r  many methods. 

The book opens with a 118 page review of bas ic  l i n e a r  algebra which 
r e t a i n s  readabi l i ty  i n  s p i t e  of i t s  conciseness. Chapter 2 covers essen- 
t i a l l y  a l l  va r ian t s  of d i r e c t  methods f o r  solving l i n e a r  equations and 
inver t ing  matrices. I t e r a t i v e  methods a r e  c l a s s i f i e d  by chapters  i n t o  
methods of successive approximations, methods based on orthogonalization, 
and gradient  methods. The problem of f inding a l l  of t h e  eigenvalues of 
a matrix and t h a t  of f inding a few (of the  l a r g e s t  o r  smallest)  a r e  then 
discussed separately.  In view of the  d i v e r s i t y  of methods i n  cur ren t  
use, the  book does a good job of c l a s s i f y i n g  them i n  t h e  chapter  s t r u c t u r e  
and underlying t h e  b a s i c  s i m i l a r i t i e s .  The book c loses  with an extensive 
59 page bibliography which should remain useful  f o r  some time (although 
t h e  o r i g i n a l  was published i n  1960). 

The f a u l t  i n  t h i s  e d i t i o n  is  the  excessive number of e r r o r s  a t  the  
typographical level .  These a r e  mainly i n  equations, and, although none 
were found t h a t  were impossible t o  follow, some required considerable 
puzzling. Nine e r r o r s  were counted i n  t h e  f i r s t  32 pages, a t  which point  
the  count was discontinued, but  the  reviewer f e l t  t h a t  an e r r o r  r a t e  of 
one per th ree  and a h a l f  pages would be a favorable estimate. This book 
is not, therefore,  a s u i t a b l e  textbook f o r  the  unversed student.  The 
concise, unredundant treatment of t h e  mater ial  requires  some f a m i l i a r i t y  
with the  subject ,  and t h e  high e r r o r  r a t e  makes it d i f f i c u l t  t o  read. It  
is, however, a worthwhile reference book, both f o r  t h e  advanced s tudent  
and the  numerical analyst .  

University of I l l i n o i s  C. W. Gear 

Methods of Mathematical Analysis + Computation. By J. G. Herr iot .  -- 
New York, Wiley, 1963. x i i i  + 198 pp., $7.95. 

This book is  intended f o r  beginning research men and f o r  p rac t ic ing  
engineers i n  the  f i e l d  of s t r u c t u r a l  analysis .  It t r e a t s  interpolat ion,  
numerical d i f f e r e n t i a t i o n  and integrat ion,  roo ts  of equations, l i n e a r  
algebra and l i n e a r  computations, and t h e  so lu t ion  of ordinary and p a r t i a l  
d i f f e r e n t i a l  equations. The emphasis is  on numerical procedures 
appropriate  f o r  computers. The exposi t ion is compact but  simple and c lea r .  
There a r e  examples bu t  no exercises .  

University of I l l i n o i s  Franz E. Hohn 
University of I l l i n o i s  Franz E. Hohn 



Matrix Alqebra f o r  Soc ia l  S c i e n t i s t s .  By Paul Iiorst.  New York; Holt, 
Rinehart and Winston; 1963. x x i  + 517 pp., $10-00. 

This book ac tua l ly  t r e a t s  matrix computations r a t h e r  than matrix 
algebra, and t h e  treatment is  i n i t i a l l y  very slow-moving. The f i r s t  308 
pages go no f a r t h e r  than matrix mult ipl icat ion.  However, a d e t a i l e d  
notat ion is  developed and is applied t o  v i r t u a l l y  a l l  conceivable spec ia l  
cases, including par t i t ioned  matrices. The need f o r  a l l  t h i s  spec ia l iza t ion  
seems doubtful t o  t h i s  reviewer. 

The remainder of the  book t r e a t s  orthogonal matrices (Pn+m is "orthog- 

onal" i f  pTp is  diagonal),  rank, t h e  "basic  s t r u c t u r e  of matrix" ( the  
fac tor iza t ion  X = P A Q where P and Q a re  orthogonal and A is  diagonal 
with rank t h e  same a s  t h a t  of S ) ,  inversion, and the  so lu t ion  of l i n e a r  
equations. 

Mathematicians who have i n t e r e s t s  i n  s o c i a l  science appl icat ions may 
f ind  the l a t t e r  h a l f  of the  book useful ,  a s  w i l l  s o c i a l  s c i e n t i s t s  with 
some mathematical t ra in ing .  The long slow introduct ion is presumably 
necessary f o r  s o c i a l  s c i e n t i s t s  with minimal mathematical sophist icat ion.  
The exposi t ion is  c l e a r  and general ly  accurate. Sometimes things a r e  not 
phrased i n  approved mathematical s t y l e  but  no such deviat ion appears 
ser ious.  

University of I l l i n o i s  Franz E. 

An Introduct ion t o  Linear Proqramnin9 and the  Theory of Games. - 
Glicksman. New York, Wiley, 1963. x + 131 pp., $2.25 (paper) ,  
( c lo th)  . 

This well-written monograph l i v e s  up t o  the  promise of i t s  
eye-catching cover. Basic concepts of convex s e t s ,  game theory, and 
l i n e a r  programming a r e  explained i n  d e t a i l  and a r e  i l l u s t r a t e d  with 
a t t r a c t i v e ,  simple f igures ,  graphs and tableaux. Written a t  the  sopho- 
more leve l  and using only t o o l s  and concepts of algebra and ana ly t ic  
geometry, t h i s  book should be of i n t e r e s t ,  not only t o  the  b r igh t  under- 
graduate mathematics s tudent ,  but  a l s o  t o  s o c i a l  s c i e n t i s t s  who a r e  
in te res ted  i n  a simple, though rigorous, development of appl icat ions.  

Hohn 

By M. 
$4.95 

br igh t ,  

Elementary proofs of the  fundamental extreme point  theorem f o r  
convex polygons, the  fundamental d u a l i t y  theorem of l i n e a r  programming, 
and its corol lary,  t h e  minimax theorem, a r e  included. Defini t ions and 
theorems a r e  numbered and t h e i r  use is i l l u s t r a t e d .  The simplex method 
i n  l i n e a r  programming is  used t o  maximize or  minimize functions subject  
t o  cons t ra in t s  and t o  solve m x 2 matrix games. The amusing examples 
and problems he lp  t o  heighten i n t e r e s t  throughout the book. 

The only c r i t i c i s m s  a r e  the  misprints  on pages th ree  and four  (24 
should be subs t i tu ted  f o r  28) and the  au thor ' s  not discussing dominated 
s t r a t e g i e s  i n  matrix games. 

Advanced Engineering Mathematics. By ~ r w i n  Kreyszig. New York, Wiley, 
1962. x v i i  + 856 pp., $10.50. 

This book is very wel l  wri t ten,  and most of t h e  mater ial  is inte-  
grated i n t o  t h e  pa t te rn  of the  book. I t  should be a valuable reference 
f o r  those engaged in engineering work. 

1 t s . s u i t a b i l i t y  a s  a t e x t  f o r  a four  semester course is, however, 
open t o  question. Those needing t h a t  much t r a i n i n g  i n  mathematics should 
perhaps have: 1. Advanced Calculus, 1 year ( s k i l l s  type course); 2. 
Ordinary Di f fe ren t ia l  ~ q u a t i o n s ,  1 semester; 3. Complex Variables, 1 
semester (advanced undergraduate l e v e l ) ,  which would lead t o  a much 
deeper understanding of most of t h e  mater ial  covered in t h i s  book. 

Two areas a r e  emphasized: D i f f e r e n t i a l  Equations and Vector Analysis- 
Complex Analysis. The following a r e  the  chapter headings: Introduction, 
Review; Ordinary D i f f e r e n t i a l  Equations of t h e  f i r s t  order; Ordinary 
Linear Di f fe ren t ia l  Equations; Power Ser ies  Solut ions of Di f fe ren t ia l  
Equations; Laplace Transformation; Vector ~ n a l y s i s ;  Line and Surface 
Integrals ;  Matrices, Determinants, Systems of Linear Equations; Fourier 
Ser ies  and Integrals ;  P a r t i a l  D i f f e r e n t i a l  Equations; Complex ~ n a l y t i c  
Functions; Complex Integrals ;  Conformal Mapping; Complex Analytic 
Functions and Potent ial  Theory; Special  Functions. A l o t  of ca re  was 
lavished on the  th ree  chapters  (about 160 pages) covering ordinary 
d i f f e r e n t i a l  equations. 

After  t h i s ,  the  chapter on Laplace Transforms (50 pages) seems abrupt. 
The beginning of the  chapter on Vector Analysis (68 pages) is confusing 
and seems t o  be a combination of c l a s s i c a l  vector  analysis ,  modern l i n e a r  
algebra, and an i n t u i t i v e  idea from t h e  physical  world of what a vector  
should be. I f  one assumes t h a t  the  notions of vector, coordinate system, 
and coordinate can be learned from t h i s ,  t h e  confusion caused w i l l  diminish 
a s  one proceeds through the  chapter,  with the  exception of page 306. The 

second displayed expression seems t o  be wrong. 

The chapter  on Line In tegra l s  goes up t o  t h e  theorems of Gauss and 
Stokes. There follow 80+ pages on Matrices and about 60 pages on Fourier 
Series .  The chapter on P a r t i a l  D i f f e r e n t i a l  Equations (52 pages) 
goes r i g h t  i n t o  second order equations and uses t h e  method of separat ion 
of var iab les  together  with Fourier Ser ies  almost exclusively. It  is  

highly or iented toward g e t t i n g  an answer a s  opposed t o  understanding t h e  
theory. 

The f i r s t  two chapters  on Complex Functions include Cauchy's In tegra l  
Theorem and ~ e s i d u e s .  The next chapter on Conformal Mapping covers 
mater ial  t o  t h e  maximum modulus pr inciple .  In these chapters  some of 
the  proofs of bas ic  theorems a r e  incomplete, having been given only f o r  
spec ia l  cases  with a statement t h a t  they may then be generalized. These 

t h r e e  chapters  cover about 166 pages. 

The l a s t  two chapters  encompass a conglomeration of things and many 
s p e c i f i c  examples of appl icat ion.  University of I l l i n o i s  Leone Y. Low 



Many examples have been worked out,  and these a r e  frequent ly non- 
t r i v i a l  and in te res t ing .  The examples and problems broaden t h e  scope 
of the  book considerably. The footnotes giving h i s t o r i c a l  information 
about well-known mathematicians a r e  a nice gesture. 

The references a r e  arranged i n  an appendix, grouped according t o  
topic ,  and mostly r e f e r  t o  standard works o r  taxts. 

The index i s  very good and cons i s t s  of some 13 o r  14 pages. 

Applied Physics Laboratory, Johns Hopkins University R. M. Sorensen 

I t e r a t i v e  Methods f o r  t h e  Solution of Ecruations. By 3. F. Traub. Englewood 
C l i f f s ,  N. J., Prentice-Hall, 1964. x v i i i  + 310 pp., $12.50. 

This is  another unique member of the  Prentice-Hall a e r i e s  on automatic 
computation. It organizes f o r  the  f i r s t  time i n  a s ing le  volume a general  
theory of i t e r a t i o n  algorithms f o r  the numerical solut ion of equations 
and systems of equations. The treatment is  mathematically rigorous but 
r i g o r  is not the primary aim. Beginning with a general theory of i t e r a t i o n  
functions, it develops the theory of one-point and multipoint i t e r a t i o n  
functions without and with memory. A compilation of i t e r a t i o n  functions 
is presented, the  l i t e r a t u r e  is  thoroughly referenced, and areas  f o r  
fu ture  research a r e  outlined. The book is  e s s e n t i a l  f o r  those working i n  
numerical analysis.  

The author is a long-time member of the  s t a f f  of the Bel l  Telephone 
Laboratories. This volume r e f l e c t s  most c red i tab ly  the contr ibut ion of 
such laborator ies  t o  modern s c i e n t i f i c  progress. 

University of I l l i n o i s  Franz E. Hohn 

P l a s t i c  Flow and Fracture i n  Solids. By T. Y. Thomas. New York, Academic ------ 
Press, 1961. ix + 267 pp., $8.50. 

This book is aimed a t  s p e c i a l i s t s  i n  mathematical theor ies  of plas-  
t i c i t y .  An abs t rac t  approach t o  t h e  treatment of f rac ture  is followed 
throughout. There is  no consideration of metal lurgical  e f f e c t s  o r  of 
recent  engineering theor ies  of crack propagation. It is  e s s e n t i a l l y  
r e s t r i c t e d  t o  the  author 's  own research. 

The book is  wel l  wr i t t en  and e a s i l y  understood, provided the reader 
has some f a c i l i t y  with tensor  analysis .  It should be very usefu l  t o  
s p e c i a l i s t s  i n  the  f i e l d  and deserves reading by students of mathe- 
matics in te res ted  i n  appl icat ions of hyperbolic d i f f e r e n t i a l  equations. 
A name index is  lacking and reference t o  o ther  research is not compre- 
hens ive. 

University of I l l i n o i s  E. M. Shoemaker 

D i  i t a l  Com u t e r  Techno10 and Desiqn. By W i l l i s  H. Ware. New York, 
Wi?ey, 1963; Volume I, $?9rVolume 11, $11.75. 

This well-written p a i r  of volumes, by an experienced researcher  and 
teacher i n  the  f i e l d ,  can serve a s  the  bas i s  f o r  a two-semester introduction 
course i n  d i g i t a l  technology. Volume I, which contains l e s s  than one 
semester 's work, presents  mathematical top ics  and the  pr inc ip les  of 
computer operation and programming. It should be accessible  t o  a wide 
v a r i e t y  of readers. Volume 11, the  la rger  volume, t r e a t s  t h e  "hardware" 
of d i g i t a l  c i r c u i t s ,  and f a m i l i a r i t y  with b a s i c  e lec t ron ics  and e lec t ro-  
magnetics is assumed. For one 's  personal study, o r  f o r  a two-semester 
course f o r  science o r  engineering students, these volumes should be wel l  
received. They would ord inar i ly  be too much f o r  a one semester course, 
p a r t i c u l a r l y  f o r  s tudents  with scant  t r a i n i n g  i n  the  relevant  e l e c t r i c a l  
science. The reviewer would pre fe r  a consecutive numbering of the  pages 
t o  the pseudo-decimal system which is  employed. 

University of I l l i n o i s  Franz E. Hohn 

Roundinq Errors  i n  Alqebraic Processes. By J. H. Wilkinson. Englewood 
Cl i f f s ,  N. J., Prentice-Hall, 1964. v i  + 161 pp., $6.00. 

The study of the  cumulative e f f e c t  of rounding e r r o r s  i n  computations 
involving a l a rge  number of operations has been given expanded i n t e r e s t  
and s ignif icance by the  development and increasing use of the  d i g i t a l  
computer. The present  volume, by t h e  leading inves t iga tor  i n  t h e  f i e l d ,  
presents  an elementary introduct ion t o  the subject  and includes a number 
of simple analyses presented i n  a uniform manner. It is the  only book of 

i t s  kind and contains  much mater ial  not elsewhere avai lable .  It  is a 

most welcome addi t ion t o  Prentice- all's s e r i e s  of books on automatic 
computation. 

University of I l l i n o i s  Franz E. Hohn 

Introduction t o  ALGOL. BY R. Baumann, M. ~ e l i c i a n o ,  F. L. Bauer, and K. 
Samelson. Englewood C l i f f s ,  N. J., Prentice-Hall, 1964. x + 142 pp., 
$6.00 

This volume of the   renti ice-  all Ser ies  i n  Automatic Computation is 
a p a r t i c u l a r l y  simple, highly readable introduct ion t o  the  algorithmic 
language, ALGOL. Exercises a r e  included s o  t h a t  the  book is valuable f o r  
independent study. The ALGOL 60 Revised Report is included i n  an appendix. 

University of I l l i n o i s  Franz E. Hohn 



Colleqe Calculus w& Analytic Geometry. By M. H. P ro t te r  and C. B. 
Morrey, Jr. Reading, Mass., Addison-Wesley, 1964. x i v  + 897 pp., $11.50. 

This is a t e x t  designed f o r  t h e  usual t h r e e  semester course i n  
ana ly t ic  geometry and calculus. The book does not attempt t o  be a t e x t  
f o r  a baby r e a l  var iab les  course, but  it is, f o r  the most par t ,  a read- 
able t e x t  f o r  the  t y p i c a l  course i n  which much- emphasis is placed on 
acquiring i )  a s t rong  i n t u i t i v e  grasp of t h e  ideas of calculus and i i )  
an amount of manipulative s k i l l .  The book, a s  t h e  publishers ind ica te  i n  
t h e i r  advert is ing,  is not  s u i t a b l e  f o r  an honors course i n  calculus. 

On the  whole, t h i s  book has a good mathematical s p i r i t  and f lavor ,  
s t a t i n g  theorems with a precis ion often lacking i n  calculus books. 
Unfortunately, the  authors have made a number of e r r o r s ~ s o m e  of omission 
and others  of commission~and some of these can be very disconcert ing t o  
both the  s tudent  and t h e  inexperienced teacher. For example, t h e  authors 
define domain and range of a var iab le  but  f a i l  t o  define e x p l i c i t l y  domain 
and range of a function. Also, they show t h e  same confusion shown by 
many undergraduates i n  not always properly dis t inguishing between a 
r e l a t i v e  maximum, f o r  example, and t h e  number a t  which the  function takes 
its r e l a t i v e  maximum. Hopefully, subsequent p r in t ings  w i l l  c o r r e c t  such 
e r r o r s  a s  these. 

Since problem s e t s  a r e  s o  important t o  a calculus course, it must be 
pointed out t h a t  problems a r e  mainly of  a rou t ine  numerical nature. The 
usefulness of t h i s  book would be g r e a t l y  increased by including more 
challenging problems. In  addition, t h e  t r a d i t i o n a l  so lu t ions  a t  the  back 
of t h e  book contain a l l  too  many e r rors .  

I t  is  a pleasure, however, t o  see  a book such a s  t h i s  where the  t e x t  
does such a good job of i l l u s t r a t i n g  t h e  e s s e n t i a l  concepts of calculus. 
Most s tudents  should, once the flaws a r e  removed, be able  t o  read and 
enjoy t h i s  t e x t  with l i t t l e  a i d  from an ins t ruc tor .  

University of I l l i n o i s  Hiram Paley 

Models f o r  Production @ Operations Management. By Elwood S. Buffa. New -- 
York, John Wiley, 1963. x i i  + 632 pp., $9.25. 

Professor Buffa i s  a professor  of Production Management; t h e  book is 
wr i t t en  f o r  s tudents  of operations research, management science, and 
i n d u s t r i a l  engineering; the  author de l ibera te ly  minimizes the  use of  
mathematics. I n  s o  f a r  a s  mathematics is e s s e n t i a l  t o  the  development 
of the models, t h i s  book can be in te rpre ted  a s  appl ied mathematics. 
However, the  author emphasizes t h e  empirical data  t o  such an extent  t h a t  
we might p re fe r  t o  agree with him t h a t  t h i s  is not a mathematics text .  

New Directions &I Mathematics. J. G. Kemeny, R. Robinson, and R. W. - 
Ritchie, ed i to rs .  Enqlewood C l i f f s ,  New Jersey; Prentice-Hall; 1963. 
ii + 124 pp., $4.95. 

This l i t t l e  book is  a t r a n s c r i p t  of the  proceedings of a conference 
e n t i t l e d  "New Directions i n  Mathematics" he ld  a t  Dartmouth College on 
November 3rd and 4th, 1961, a t  the time of the dedication of t h e  Albert 
Gradley Center f o r  Mathematics. The conference was organized by D r .  John 
Kemeny and D r .  Robin Robinson of Dartmouth College. 

The book includes t h i r t e e n  papers by well-known mathematicians on 
four general topics:  New Directions i n  Secondary School Mathematics, New 
Directions i n  College Mathematics, New Directions i n  Applied Mathematics, 
and New Directions i n  Pure Mathematics. Also included a r e  t r a n s c r i p t s  of 
the  four discussion periods following the  presentat ion of each general 
topic .  

Although it would indeed be d i f f i c u l t  t o  uphold the l o f t y  claim which 
i s  made i n  the  review of the  book appearing on the  book's jacket,  t h a t  the  
panels included ''m ( i t a l i c s  mine) aspect  of mathematics from secondary 
school mathematics education, through appl ied and pure mathematical re-  
search,"  one does f ind  many i n t e r e s t i n g  and thought provoking statements 
on each of the  four top ics  considered. 

There i s  something i n  t h i s  book f o r  every individual  in te res ted  i n  
the fu ture  of mathematics and mathematics education. Although the  l e v e l  
of mathematical sophis t i ca t ion  required t o  comprehend the d e t a i l s  of some 
of the  i l l u s t r a t i o n s  i n  t h e  individual  papers is r e l a t i v e l y  advanced, 
the  c e n t r a l  ideas of each paper and each discussion a r e  well  within the  
reach of any in te res ted  reader. 

Here i s  a book i n  which one ge t s  an ins igh t  i n t o  the  thinking of 
prominent mathematicians r e l a t i v e  t o  top ics  a s  varied and as  new a s  the  
following: eighteen year olds  a t  the  second year graduate l e v e l  (Leon 
  en kin), six-year Ph.D. programs (J. Laurie S n e l l ) ,  a science f i c t i o n  
calculus course (R. C. ~ u c k ) ,  a computer appreciation course (H. 0. Pol lak) ,  
l i n e a r  programming, and the  development of "combinatorial l i n e a r  algebra" 
(A. W. Tucker), the  place of abs t rac t ion  i n  the  education of the  young 
(Peter Lax), and many others .  

In  p a r t i c u l a r ,  one gets  severa l  ins igh ts  i n t o  the humor of which 
mathematicians a r e  capable. A s  one example, t h i s  book, i n  the  chapter 
devoted t o  New Directions i n  Applied Mathematics, includes a good dea l  
of discussion on the  exis tence o r  non-existence of "applied mathematics" 
which f i n a l l y  leads t h e  moderator t o  quote the d e f i n i t i o n  of h i s  colleague, 
Professor Keller,  "Pure mathematics is a branch of applied mathematics". 

Carleton College Paul S. Jorgenson 

Champaign, I l l i n o i s  Jane I. Robertson 



The Algebraic Theory of Measure and Inteqrat ion.  By C. Caratheodory; - 
F. E. J. Linton, t r a n s l a t o r .  New York, Chelsea, 1963. 378 pp., $7.50. 

The subject  of t h i s  i n t e r e s t i n g  book is  measure theory on a qeneral- 
ized Boolean a-ring. Though t h e  book is wr i t t en  on a l eve l  considerably 
above t h a t  of most undergraduates, it can c e r t a i n l y  be read prof i t ab ly  
by anyone acquainted with the  fundamentals ofmeasure theory and modern 
algebra. Such readers  may f ind  t h i s  book q u i t e  valuable because it is on 
a subject  of considerably contemporary i n t e r e s t  and because it is a c l a s s i c  
i n  i t s  f i e l d .  The author was one of the  foremost mathematicians of h i s  
time and i n  f a c t  i n i t i a t e d  the study of measures on Boolean a- rings. 

The study of such generalized measures a r i s e s  na tura l ly  from the  
following considerations. A g rea t  many r e s u l t s  of measure theory ac tua l ly  
depend on general  theorems from modern algebra, p a r t i c u l a r l y  from r i n g  
theory and l a t t i c e  theory. One can simplify measure theory considerably 
i f  one appl ies  these general theorems instead of cont inual ly reproving 
spec ia l  cases  of them. But i n  order t o  apply modern algebra, one must 
develop measure theory algebraical ly ,  and it then turns out  t o  be not 
much harder  t o  develop a theory of measures on general Boolean a- rings, the  
elements of which need not be s e t s .  One then obtains  a very neat and 
elegant  testament of a c l a s s i c a l  subject  placed i n  modern context.  

The theory developed by the  author makes the  proofs of some r e s u l t s  
of funct ional  ana lys i s  more elegant  and it a l s o  tu rns  ou t  t o  be a na tura l  
s e t t i n g  f o r  the  theory of probabi l i ty .  But one of the drawbacks t o  t h e  
present  book is  t h a t  most of t h e  appl icat ions presented by t h e  author 
a r e  t o  s i t u a t i o n s  involving measures on a- rings of s e t s ,  and the  reader  
is l e f t  wondering exact ly how usefu l  the  general izat ion t o  Boolean a- rings 
is. In fac t ,  it has never ye t  proved e s s e n t i a l  i n  e i t h e r  funct ional  
ana lys i s  o r  p robabi l i ty  t o  consider measures defined on things other  than 
s e t s  because of the  Stone representat ion theorem--which says t h a t  any 
Boolean a- ring is almost a a- ring of s e t s .  The t r a n s l a t o r  has  included 
several  references i n  the  footnotes t o  t h i s  and o ther  representat ion 
theorems. 

The book has severa l  other  drawbacks. Despite the  neatness of t h e  
overa l l  presentat ion,  the  book reads roughly i n  places which is probably 
due t o  the f a c t  t h a t  the  published version was compiled from notes l e f t  
a f t e r  the au thor ' s  death. There a r e  frequent g la r ing  misprints,  some of 
them i n  the  statements of key theorems and def in i t ions .  The treatment is  
i n  general much too a b s t r a c t  t o  provide a good beginning course i n  measure 
theory. Final ly,  the  only l i s t  of references, except f o r  occasional 
footnotes, r e f e r s  only t o  papers by the  author, the  l a s t  which was published 
i n  1944. However, the  book is i n  general  very good, and c e r t a i n l y  provides 
t h e  bes t  treatment i n  English of i t s  subject .  

University of I l l i n o i s  Charles W. Neville 
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Theory: Application t o  Quantum Mechanics. By P. H. E. Meijer 
and E. Bauer. New York, Wiley-Interscience, 1963. x i  + 288 pp., $9.75. 

This l i t t l e  book is  mainly a revised t r a n s l a t i o n  of a French mono- 
graph published i n  1933 bu t  with three add i t iona l  chapters t o  encompass 
those areas  of appl icat ion which have been prominent s ince t h a t  time. The 
r e s u l t  is a book which w i l l  prove useful  t o  workers who wish t o  hybridize 
the two f i e l d s  of the  book's t i t l e .  The f i r s t  three chapters  provide a 
quick introduct ion t o  t h e  elements (vector spaces, quantum mechanics, and 
group theory) which a r e  necessary background t o  the  main port ion of the  
t ex t .  The mathematics is  given primari ly  by def in i t ion  with the  occasional 
proof e i t h e r  being sketched or  being done by analogy. In  general,  t h e  
physical s c i e n t i s t  w i l l  benef i t  more from these chapters  than the  mathe- 
matician. The o lder  appl icat ions a r e  pr imari ly  those of the  ro ta t ion  
group including a nice treatment of spinors. The new applicat ions contain 
addi t ional  mater ial  on the  r o t a t i o n  group including Racah coef f ic ien t s ,  
space groups with d i r e c t  i n t e r e s t  t o  s o l i d  s t a t e  physics, c r y s t a l  f i e l d  
chemistry, and the  Jahn-Teller e f fec t .  The reader should be cognizant of 
tensor  notation, which is  often used. In  addition, t h e  rap id  pace makes 
f o r  d i f f i c u l t  but rewarding reading. Examples a r e  few but  exce l len t  and 
an appendix contains sample problems which w i l l  prove useful  t o  those who 
wish t o  t e s t  t h e i r  mastery. 

T C I ~ U n i v e r s i t y  of Wisconsin 
+ + + + * + *  

Boris Musulin 
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S i s t e r  Geralyn Carlson 
Cheryl Huff McMurry 
Robert Tilden M i l l s  
Car l  Allan Queener 
John Michael S t a l l a rd  

Linda Nel l  Alvey Gertrude Ison 
Richard Car l  Detmer Janice  Lewis 
J e r ry  Helm Bernard Madison 
Er ic  Beard Henson Guy Mauldin 

Rose Ann McGinnis 

S i s t e r  Anne Madeleine Brost 

MISSOURI ALPHA, Univers i ty  of Missouri 

Donald Bacon 
Roy E. Baity. Jr. 
Lloyd W. Beaston 
Jack ie  Boetjer 
Laurence W. Briscoe 
Jack Carey 
Dale W. Clements 
Larry Davis 
Joseph W. Davison 
Elena Decima 

William A. Decker 
Radwan A. R. El  Jundi  
Harold Evans 
James E. Frankl in  
Myles Friedman. Jr. 
George Alvin Frye 
Donald W. Garrison 
Thomas Hagemann 
Jacquel ine  Jones 

Kenneth Kersick 
Larry W. Keith 
Russell  L. Koos 
Robert L. Meyer 
Kenneth H. Read 
Rose Marie Rice 
Robert L. Richardson 
Mitchel l  E. SpringstD n 
Walter C. Tarde, Jr. 
Michael J. Williamson 

LOUISIANA ALPHA, Louisiana S t a t e  Univers i ty  

Charles John Acampora 
Sue E l l en  Baker 
Barbara Ann B a l l i s  
~ o b b y  G. Canterbury 
June Swanson Capell 
Edward L. Chenevert 
Kathleen Crews 
Don M. Hardy, Jr. 
Michael M. Keyton 
William James Lewis 

John W. Matherne 
Jimmie Ann Meaux 
Betty Jean Melancon 
Charles B. Montalbano 
Shelba Jean Mornan 
Samuel F. McInroy, Jr. 
Clyde Alex McMalan 
Pedro J. Nogueira 
Glenn C. Picou 

John Charles P i s a  
Dudley Roy P i t t ,  Jr. 
Harold Ransom 
Clare El izabeth  Romero 
c. W. Rowel1 
Mario Sa l inas  
Brian J. Smith 
Thomas W. Smith 
Barbara Ann Spiesel  
Lawrence C. Tarbel l ,  Jr. 

MISSOURI GAMMA, Sa in t  Louis University 

Margaret Coad 

MONTANA ALPHA, Montana S t a t e  Univers i ty  

Mrs. P a t r i c i a  R. Kuehnel 

LOUISIANA BETA, Southern Univers i ty  

Roosevelt Toussaint Warren Joseph August Lurlee Naomi Coleman 
Henry Lee P h i l l i p s  Rodney William Aldrich Frank L. G i l f ea the r  John Te r re l  Hwen 

Susan Merle Bickel l  Alton Paul Hendrickson Denny P i l l i n g  
P h i l l i p  Wesley Card Arlo Dennis Hendrickson Edward Melvin Wadsworth 
Dar re l l  Lee Choate Pa t r i ck  Nei l  Webber LOUISIANA GAMMA. Tulane Univers i ty  

MONTANA BETA, Montana S t a t e  College Brian T. Barcelo Malcolm A. Goodman 
Bennett Richard Bass Henry Eugene Harr is  
Richard I.. Bernste in  Robert E. H i l l ,  Jr. 
Richard M. Burton Terry J. Hiserodt 
Jeanne Capdevielle Stephen Jasper  
Elsa Freiman Stephen Marshall Kociol 
Rainer Malitzka Goes 

Noah H. Long 
She i l a  R. O'Bonnell 
Anthony Pastor  
Christopher Johnston Pennington 
Terry Edmond Riemer 
Canmie D. Smith, 111 
Ear l  A. S to l z ,  Jr. 

Jane t  Kay Bleken Dennis R. Haley Ronald G. Mer r i t t  
Esther H. Coleman Mrs. Dixie Hokanson Norman K. Ostby 
William Arnold Combs Dean W. Hower James L. P h i l l i p s  
James V. Dettman I n a  Mae Jones Carole Jean Rutherford 
Ada C la i r e  Dresen Kenneth L. Krause P a t r i c i a  Score 
Klaus Galda Stephen M. Wheaton 

NEBRASKA ALPHA, Univers i ty  of Nebraska MICHIGAN ALPHA, Michigan S t a t e  Univers i ty  

Howard M. Moss 
Thomas W .  Osgood 
Alber t  P. Scaglione 
Rose Schwartzfisher 
Janet L. Van At ta  
Neil L. White 
Karl N. Zetterholm 

Charles Eve r re t t  Adams 
Dennis James Beeson 
Robert Maurice Be l l  
Stephen Dale Bronn 
John Harold Cosier 
Arlo Gene Dorthoff 
William Frank Dresselhaus 
James Henry Farho 
Claude Paul Faulkner 
John Douglas Fuelber th  
Ronald Ernes t Grundmann 

James Ralph Hal l  
Ronald Leonard Jackson 
Roger Wayne Kennedy 
Max Eugene Kiburz 
Gene Allen Klaasen 
Ronald Dean Klein 
James William Klimes 
Cur t i s  Harry Kruger 
Larry Verne Laming 
Robert B. Leech 
Donald Robert Nelson 

George Charles Nwotny, Jr. 
Gerald Richard Nwotny 
Obasi Nwojo Onuoha 
Norman William Prigge 
John Henry Rebensdorf 
Gaylord W. Richards 
C. David Roberts 
Thomas Myron Thompson 
Marvin Larry Wesely 
Alden Dean West 
Gary C l i f fo rd  Young 

John T. Baldwin Er ik  D. Goodman 
Mehdi Behzad Jane L. Hornaday 
Lawrence Cartwright Vijay K. J a i n  
David C. Cl ick Barbara A. Kennedy 
Larry R. Dalton P h i l i p  G.  Krausher 
Douglas Durasoff Joseph L. La fe r r e ra  
Harvey S. Goldman Glenn R. Luecke 
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ILLINOIS ALPHA, Univers i ty  of I l l i n o i s  
CALIFORNIA ALPHA, Univers i ty  of Ca l i fo rn i a  

Murray Michael Arnow Anka Cronsnest Hugh Lowell Montgomery 
Dennis Leigh Bricker Sam M. Daniel Norman N. Nelson 
Wai-Kai Chen Carol Arthur Feicker t  Michael John A. P i s t e r z i  
Marscha Jean Chenoweth Morris David Freedman Michael William Saad 
Michael Allen Coane Hing-Sum Hung William S. Samuel, Jr. 
Donne11 M. Co l l i n s ,  Jr. Lueva Lientz  I r v i n  -, Kenneth Ray Slonnager 

Jonathan Elmer Knaupp 

Christopher A. Riegel 
Bernard Rodstein 
Ronald J. Rudman 
Bet ty  Joan Salzberg 
Nicholas Schwarz 
Alda Shelton 
Roger Alan Simons 
Stephen K. Slenmons 
Thomas A. Slobko 
Perry  Smith 
Larry Sherry Arnold Joy Ann S t a a t  Stonberg 

Noboru Taniguchi 
Paul A. Thompson 
Ne i l  H. T i m  
Carol A. Wegner 
Walter LaMar White 
Roger E. Wood 
Arthur Pel-Shung Yin 

Angus Percy Andrews 
Charles Edward Antoniak 
Stanley Azen 
Jack Balbes 
Raymond Balbes 
Sandra M. Barondess 
Michael F. Behrens 
Joan C. Bel l  
Donald T. Berry 
Aeint DeBoer 
P h i l i p  Edward Cadish 
Rolla C. Chapman 
Mary P. C l i f ton  
Larry L. Cudney 
Malcolm G. Curr ie  
Alfred J. DeSalvio 
Arthur Gibson Duncan 
Clyde B. Eaton, Jr. 
Hsin Ya Fan 
Bjorn Fr iberg 

Richard J . Fried lander 
Noriko Hirasawa Fukuda 
Paul H. Galyean 
Robert Allan Giffords  
Noel Vincent Cl ick 
Car l  p e t e r  E. N. Gordon N. Ho 

A. E. Hurd 
Richard H. Johnson 
wi l l iam Lee Johnson 
Jerry  R. Kiss ick 
Beverly Klostergaard 
Michael M. Krieger 
David William Kueker 
Richard K. Lynn 
P h i l i p  Mutchnik 
Lloyd H. Nakatani 
Dennis M. Nehen 
M. Lesley O'Connor 
Arthur Hawley Pannelee 
Samuel Prum 

ILLINOIS DELTA, Southern I l l i n o i s  Univers i ty  

George N. B r i t t ,  Jr. John Hotz Kathleen Neumeyer 
John S. Cook Stephen Al lan McGrath Robert Charles Roehrkasse 
Donna J. Duncan Ea r l  Ray McMahan Francis  Thomas 
Jud i th  A. Harbison Mary Frances Middleton David Guy Weible . 
James William Harr is ,  Jr. William E. Wright 

INDIANA BETA, Indiana Univers i ty  

Vicki B. Barker 
Stephen T. Brewster 
Thomas H. Brooks 
Bet te  A. Canuichael 
Lowell Canuony 
John M. Cauffman 
Thomas R. Fink 

Judy M. Harding Connie P h i l l i p s  
Bernie Hickel Kar l  Pingle  
Howard Marcum Char lot te  Robbins 
Pa t  Mi l l e r  Louis Smogor, Jr. 
James Osterburg Laura Vachet 
W i l l i s  L. Owen, Jr. William Vukowich 

Richard Wilson 

CALIFORNIA GAMMA. Sacramento S t a t e  College 

Jack Fred Schlotthauer 
Daivd A. Seagraves 
JO Ann Spaulding 
Ronald Sco t t  Winkler 

wi l l iam Louis Bican 
Janet Hamilton 
Ronald D. Hubbard 
Oshri Karmon 

Joseph James Kearns , Jr . 
Arnold Packer 
son Losee 
Nikolai Pulchritudoff 

IOWA ALPHA, Iowa S t a t e  Univers i ty  

John E. Anderson 
Raeford A. Be l l  
George Carlson 
James Carpenter 
Ozdemir Conkler 
Joseph W. Cox 
C l i f fo rd  Dale DeJong 
Steve Eckert 
Michael Engquist 
William Hamilton 
Duwayne L. Hanaen 

Mary Kathleen Heikens 
J. Kei th  Johnstone 
William Daniel Kaigh, Jr. 
Allan Robert Kirby 
Max Klicker 
Karen L i e t z  
David Edwin Limbert 
Wayne Messer 
Gary Myers 
Sharon Ph i lpo t t  

Charles Pfalzgraf  
Craig P l a t t  
Steven Preuss 
Ronald Reschly 
Darlene A. Revel1 
Gary M. Schumacher 
Barbara Shallenberger 
Cheryl Thomas 
Edward Sco t t  Tieke 
Michael Wei 
Ralph R. Zirkelbach 

CONNECTICULT ALPHA, Univers i ty  of Connecticut 

Alan M. Shafer 
P a t r i c i a  Ann Tryon 

Alton Ear l  Babineau 
Stephen I. Cohen 

Leon Joseph J u s t  
J e r r y  M. Metzger 
Diane E. Ri ley 

DISTRICT OF COLUMBIA ALPHA. Howard Univers i ty  

Antonia J. Lewis 
Harold Mack, I1 
Carol Sunnnerville 
Abraham Tishman 

Floyd Atkins 
Noam Arnon 
Lyndon 0. Barton 
p h i l i p  Gadegbeku 

Donald J. Gordon 
George Hairs ton 
Charles A. Johnston 

KANSAS BETA, Kansas S t a t e  Univers i ty  

Beverly Ahls tedt  
Charles E. Cale 
Larry A. Canmack 
Robert J. Casady 
William Jay  Conover 
James J. Corbet 
Lyle J. Dixon 
John P. Dollar 
P h i l  D. G i l l i l and  
William Noland Gillmor 

Edward Joseph Haug, Jr. 
Brian T. Haupt 
Abdul Hafez Yahia Hi j jawi 
Ralph Leroy Hol l is .  Jr. 
Paul Chia - Kui Hu 
William T. Hull 
Dale E. Kaufman 
Dolores E. Lessor 
Ying Shiang Lin 
Bernard Robert McDonald 
Robert A. McMillen 

Robert J. Meter 
Duane R. Mer r i l l  
Verni ta  J. Peeks 
Andre J. Rault 
Richard E. Sims 
Glen H. S t a rk  
Gary M. Thomas 
Robert A. Woodruff 
Richard Lee Yates 
Ronald R. Hysom 

DISTRICT OF COLUMBIA BETA, Georgetown Univers i ty  

Witold Michael Bogdanowicz Martha Malliga 

GEORGIA BETA, Georgia I n s t i t u t e  of Technology 

Walter F. Martens 
Evelyn F. Veal 
David W.  arbr rough 

John Palmer Anderson John Benjamin Hawkins 

F. Lee Cook Richard E. James, 111 
Daniel L. Davis Nonuan C. Koon 



WASHINGTON DELTA, Western Washington S t a t e  College ALABAMA ALPHA, Univers i ty  of Alabama 

Gary D. Anderson Mary Burswick Ehlers 
David Arnold Edmond Geyer 
Keith Bailey Ray Kahler 
Larry Bajema Virginia  Lee King 
William G. Bloch Joyce M. Laird 
Terrance R. Curran Barbara Lehman 
David H. Ehlers Charles Lindberg 

Jane t  E. M i l l s  

Charles H. Hunger 
Elaine Olson 
Thomas Ph i lpo t t  
Kenneth P r i c e  
David B. Rader 
Jon Reeves 
Rolf Valum 

Charles M. Adams, I11 Reedie A. Guy James Dorsey Perryman 
Wynne H. Alexander Richard M. Hamner Louise Camille Powell 
Joy Ann Allgood Lester  C. Holmes El izabeth  Ann Reed 
Anthony Lee Asbury John Lee Hybart Walter Ray Rogers 
Bernard A. Asner, Jr. Gerald E. James Betty Sue Roper 
Dorothy E. Beaufait  Genie Peek Johnson A Donald Wayne S a l t e r  

Robert Lee Starnes  J e r r y  Davis Bonner 
Edward Lyle Cain 
Samuel C. Carruba 
Herman Nathan Clark 
David A. Copeland 
Lawrence B. Durham 
William Edward Each 
Thomas C. Evans, Jr. 
Lenore F a r r e l l  
Janice  M. Fincher 
Karen Fox 
James Alex Fu l l e r  
Glenda Fay Galbreath 
James Gleason Goree 

James Raphael Jones 
Oamar A. Khan 
Michael W. Kincaid 
William R. LaCour 
Lindy Larson 
Carol Virginia  Looney 
Clanton Evans Mancill 
Clarence A. McGuff 
S t e l l a  L. McKnight 
Eugene J. McManus 
Terry Stephen Meek 
Ethel  B. Morgan 
Paul Adolph Ohme 
Albert L. Pardue, Jr. 
Jean Ann Parra  

Janet  Sherer Stephens 
Charles P. Swanson 
Anne B. Townes 
John M. Troha 
L i l i  Ann Turner 
Terry Jane Walkley 
Mary Beth Wear 
Thurman Craig Weaver 
Betty Jones Whitten 
Susan Y. Wilbourne 
Tommy Allen Wi l l i am 
Wm. Theron Sisson Yates 
June Zien 

WASHINGTON GAMMA, S e a t t l e  Univers i ty  

James Rais io ,  Jr. 
Margaret M. Honey 
William R. Taylor 

Leonora L. Akiona 
Gerald Bosi 
Dennis Damon 

Susan D. Denman 
Charles L i e b e n t r i t t  
Joan L insco t t  
Harold J. Meyer 

WISCONSIN ALPHA, Marquette univers i ty  

Betty J o  Bar te l  Geraldine Johnson 
William D. Brossmann Bertha Kay Madsen 
Robert Druecker Demetrios Papadopoulos 
Lawrence Ehren Carol Rhyner 
James A. Heinen 

Richard Rudolph 
Frances S l a t e r  
Conrad J. Szyszka 
John Wilber 
Donald Wolkerstorfer 

ALABAMA BETA, Auburn University 

Darrel Chenoweth William H. Gornto 
William A. Day Ralph Leon Harr is  
Donald Joseph Dobner Charles Howard Home 
Melvin Ear l  F i e lds  Lawrence George Karch 
Mrs. Richard K. Foster  Ph i l  Emerson Keown 
James P h i l i p  Golaon Margaret N .  Leach 

Miles Quitman Liner ,  Jr. 

Thomas Howard Maloy 
James William Ott 
John Frederick Por ter  
John S. Roberts 
Michael Templeton Tuley 
Norma Jean Whatley 

WISCONSIN BETA, Univers i ty  of Wisconsin 

Alan Schwartz 
Robert W. Shirey 
Nancy Tomlinson 
George William Spencer 
Pe t e r  Warren 
Ray Whaley 
Anne E. White 
David Wilson 
Janice Zemanek 

Edgar D. Arendt 
Martin B a r t e l t  
Gerald E. Bendixen 
Edward P. Cichosz 
Richard Edward Dehn 
Stephen David Fisher  
John J. F. Foumler  
Carol Ela ine  Friend 
Richard M. Harper 

Jane E. Fujimoto 
Carolyn Mae Hopp 
Joel Morris Kaufmann 
Joseph Malkevitch 
William Mitchel l  
Jud i th  Ann Molinar 
Robert Lee Oakman 
Michael Ol inick 
Susan Schl indler  

ARIZONA ALPHA, Univers i ty  of Arizona 

Jon P. Dorris 
Frank M. Drap 
Brant Foote 

Sam Hi l l e r  
Marilyn McDonald 
Jack Newsbaum 

Freder ic  Pat terson 
Richard Rinta la  
Norman Webb 

ARKANSAS ALPHA, Univers i ty  of Arkansas 

Gordon Apple 
Helen C. Cloyd 
William Cra f t  
Dorothy Dortch 
Leon Edington 
Ronald Fowler 
Emery Francis 
Danny Gardner 
William H. Gibbs 
William Glover, J r ,  

Dickie Don Hairston 
Wayland A.  Harr is  
Jake W. Hinshaw 
Carl  Hogg 
Randel W .  Hooper 
Pat  A. Inlow 
Charles Kavanaugh 
Roger Kline 
Skipper Martin 

Ear l  Wilson Paul 
Steve P i l e  
Henry Rowe 
Thomas W. Sanders 
Paula Sharrah 
Harold R. S i t t o n  
Earnest Smith 
Larry Taylor 
Gus. M. Vratsinas 
Brice Weinberg 



New Books in Mathematics 

PROJECTIVE GEOMETRY 

by  H. S. MacDonald Coxeter, University of Toronto 

A synthetic treatment of general projective geometry in which relations 
of incidence and projective transformations are stressed. 176 pages. $5.00 

LATTICES TO LOGIC 

by  Roy Dubisch, University of Washington 

The author uses the concept of lattices to unify a number of important 
branches of mathematics, such as the algebra of sets, the algebra of switches, 
and the algebra of logic. 96 pages. Paper, $1.65 

LIMITS 

by  Norman Miller, Queen's University 

Beginning with intuitive notions, this book presents the concepts of limit 
and the role of limits in differentiation, integration, and infinite series. 160 pages. 
Paper, $1.65 

FIRST COURSE I N  MATHEMATICAL LOGIC 

by Patrick Suppes and Shirley Hill, Stanford University 

Comprising the sentential theory of inference, inference with universal 
quantifiers, and applications of the theory of inference developed to the ele- 
mentary theory of commutative groups, this introductory text is aimed a t  de- 
veloping deductive reasoning. Solutions Manual by F. Binford. 320 pages. $6.50 

Prices and publication dates on forthcoming books are tentative. 

BLAISDELL PUBLISHING COMPANY 
A Division of Ginn and Company 

135 West 50th Street 
New York, New York 10019 






