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METHOD OF SECANTS FOR THE SOLUTION OF EQUATIONS 

J. C. Peck, Un ive r s i ty  of  Southwestern Louis iana  

One of t h e  s t anda rd  methods f o r  f i n d i n g  t h e  s o l u t i o n  of equat ions  
f  (x)  = 0 is t h e  "cobweb" o r  " s p i r a l  s t a i r c a s e "  method of i t e r a t i o n .  This 
method works f a i r l y  w e l l  i f  cond i t ions  a r e  " j u s t  r i g h t ; "  however, i f  t h e s e  
cond i t ions  a r e  not  p rope r ly  s a t i s f i e d ,  t h e  method is uneconomical t o  apply 
o r  may even f a i l  t o  converge t o  a  roo t .  

Using t h e  f a c t  t h a t  a  s t r a i g h t  l i n e  approximates a  curve  over a  smal l  
i n t e r v a l ,  a  v a r i a t i o n  of  t h e  method of  i t e r a t i o n  can be  der ived which 
e l i m i n a t e s  many of  t h e  cond i t ions  which must be s a t i s f i e d  f o r  t h e  s t anda rd  
method. The new method assumes t h a t  f i e  curve  is nea r ly  l i n e a r  over  a  
sma l l  i n t e r v a l  and can be  approximated by a  secan t  l i n e  over t h i s  i n t e r v a l .  

Before d i scuss ing  the  method of s e c a n t s  i t  i s  b e s t  t h a t  we g ive  a  s h o r t  
summary of  t h e  s t anda rd  method of  i t e r a t i o n .  Let  u s  assume t h a t  we have an 
equa t ion  f ( x )  = 0 wi th  r e a l  r o o t s .  This  equa t ion  can be expressed as :  

g b )  = h b )  where f  (x)  = g ( x )  - h  ( x ) .  
We nex t  form the  two equat ions:  

y  = g ( x )  and y  = 1-ix). (11 
The va lue  of x  a t  t h e  i n t e r s e c t i o n  of t h e  graphs of t hese  two equa t ions  
is t h e  value  of x  t h a t  makes f  (x)  = 0 
i n  t h e  o r i g i n a l  equat ion.  (Fig.  1) 
Now t h e  problem becomes a  problem of 
f i n d i n g  t h e  s o l u t i o n  t o  t h e  simultaneous 
equat ions  (1) . 

Let  us now assume t h a t  we have an 
approximation a  t o  t h e  r o o t  of t he  
equa t ion  f  (x)  = 0. We now wish t o  
improve t h i s  approximation. Our f i r s t  
s t e p  i n  r e f i n i n g  t h i s  approximation is 
t o  so lve  one of t h e  equa t ions  (1)  f o r  
x. Solving y  = h  (x )  f o r  x  y i e l d s  
x  = H(y).  We now have t h e  two equat ions:  

and 

Fig. 1 

We then s u b s t i t u t e  our  approximation a  i n t o  (2)  and determine y~  
such t h a t  y, = g ( a ) .  (Fig.  2) This value  of y  is then s u b s t i t u t e d  i n t o  
(3) and a  new va lue  of x  is determined. This  new value  of  x  is  aga in  
s u b s t i t u t e d  i n t o  (2 )  and t h e  process  is cont inued u n t i l  two success ive  
va lues  of x  a r e  w i t h i n  t h e  d e s i r e d  to l e rance .  

This  method works ve ry  w e l l  f o r  many cases ;  however, un le s s  s p e c i a l  
c a r e  is  taken i n  s e l e c t i o n  of t h e  equat ions  ( I ) ,  it a l s o  f a i l s  f o r  many 
cases .  I t  is q u i t e  p o s s i b l e  t o  choose t h e s e  two equa t ions  i n  such a  
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manner t h a t  convergence w i l l  occur  a t  a slow r a t e  (Fig.  3) o r  w i l l  no t  - 
The s lope  of EF is: 

Fig.  2 Fig.  3 

L. a r o o t  

Fig.  4 Fig.  5 

a r o o t  

occur  a t  a l l .  (Fig.  4 )  Care must a l s o  be exe rc i sed  when dec id ing  which one 
of t h e  equa t ions  (1) is t o  be so lved  f o r  x. I f  t h e  wrong equa t ion  is  chosen, 
divergence w i l l  occur.  (Fig. 5)  

The fol lowing method is a v a r i a t i o n  of  t h e  method of  i t e r a t i o n  which 
f o r c e s  convergence t o  occur  much more r a p i d l y  and a l s o  f i n d s  r o o t s  of  many 
equa t ions  t h a t  t h e  normal i t e r a t i v e  method f a i l s  t o  determine. 

The method beg ins  t o  d i f f e r  from the  normal i t e r a t i v e  method expla ined 
above a t  t h e  p o i n t  where one of t h e  equat ions  (1) is so lved  f o r  x. With 
t h i s  new method e i t h e r  equa t ion  (1) can be so lved  f o r  x and convergence w i l l  
occur. So lv ing  y = h ( x )  f o r  x y i e l d s :  

and 

We s h a l l  r e f e r  t o  t h e  graph of (4 )  a s  curve  1 and t h e  graph of  (5)  a s  curve  - 

S u b s t i t u t i n g  ou r  i n i t i a l  approximation a i n t o  our  o r i g i n a l  equa t ions  
y = g ( x )  and y = h (x)  , we g e t  
two po in t s :  C(a,  g ( a ) )  on curve  x=H(y) 
1 and E(a,h ( a ) )  on curve  2. y=h ( X I  
(Fig. 6) S u b s t i t u t i n g  g ( a )  
i n t o  (5)  y i e l d s  a p o i n t  F ( j , g ( a ) )  
on curve  2, where j = H ( g  ( a )  ) . 
One more s u b s t i t u t i o n  of j i n t o  
(4 )  y i e l d s  a p o i n t  D ( j , g ( j ) )  on 
curve  1. y=g (XI 

One can e a s i l y  s e e  t h a t  t h e  
s lope  of CD is: 

- q ( a )  tt = g(l) j - a  Fig. 6 

h ( j )  - h ( a )  
(fa = j - a  

Consider a p o r t i o n  o f  Fig. 6. (Fig.  7)  
Other expres s ions  f o r  s l o p e s  M, and Ma 
a r e  : 

z = (fay 
Fig.  7 

-Mix = ( f a y .  

Adding Max t o  both s i d e s  y i e l d s :  

(fax - Mix = Hay + (fax 

NOW is t h e  f r a c t i o n  of  t h e  d i s t a n c e  from C t o  F where the  perpen- 
X + Y  

d i c u l a r  from 0 is drawn. Th i s  r a t i o  w i l l  t e l l  u s  how f a r  a long  t h e  l i n e  
we should " s l i d e "  t o  t ake  our  nex t  approximation f o r  t h e  roo t .  S ince  

t h e  d i s t a n c e  from C t o  F is t h e  same a s  t h e  d i s t a n c e  from a t o  j, 
ou r  nex t  approximation a '  w i l l  be: 

a t  = a +  A ( j - a ) .  
(fa - h  

We then r e p e a t  t h e  process  by u s i n g  a '  t o  f i n d  g ( a l )  which is used t o  
f i n d  H ( g ( a l ) )  which we can aga in  c a l l  j. These r e s u l t s  can then b e  
s u b s t i t u t e d  back i n t o  (6 )  t o  y i e l d  a new a ' .  Th i s  process  can be  expressed 
more compactly a s :  

The r a t i o  need n o t  b e  c a l c u l a t e d  f o r  every  i t e r a t i o n ;  however, 
Via - M i  

convergence w i l l  occur i n  fewer s t e p s  i f  t h e  r a t i o  is r e c a l c u l a t e d  f o r  each 
i t e r a t i o n .  When t h e  d i f f e r e n c e  (H(g(ai ) ) - a; ) becomes s u f f i c i e n t l y  c l o s e  
t o  zero ,  we know' t h a t  we have found t h e  roo t .  

We have observed only  t h e  c a s e  where t h e  s l o p e s  a r e  of oppos i t e  s i g n  
i n  t h e  foregoing d i scuss ion .  When t h e  s l o p e s  a r e  both p o s i t i v e ,  we have 



a  graph somewhat l i k e  Fig.  8. I n  t h i s  case  the  r a t i o  i s  a  Ha - Ml 
f r a c t i o n  with value  g r e a t e r  than one s o  t h a t  when the  d i f f e r e n c e  ( j  - a )  
is  m u l t i p l i e d  by t h e  r a t i o  and 
added t o  a,  our new approxi- x = H ( Y )  
mation has  a  value  g r e a t e r  than y=g(x) 
j .  A s i m i l a r  argument ho lds  
f o r  t h e  case  where both s l o p e s  
a r e  negat ive .  

Fig. 8 Seve ra l  comparison t e s t s  were 
run between t h e  s t anda rd  method of 
i t e r a t i o n  and t h e  method of  s e c a n t s  
v a r i a t i o n  of t h e  s t anda rd  method. 
Using t h e  FORTRAN language and an 
IBM 1620 computer f o r  t h e  c a l c u l a-  
t i o n s ,  r o o t s  accura t e  t o  8 decimal 
d i g i t s  were sought  f o r  t h e  equa t ions  x? - x - 30 = 0 and x? - ex = 0 . 
The methods compared a s  fo l lows:  

x? - x - 3 0 = 0  
g ( x )  = 6/x; h ( x )  = (x- l ) /5  
Root 
I n i t i a l  approximation 
Number of i t e r a t i o n s  

X' - e X = o  
g ( x )  = 2: h ( x )  = ex 
Root 
I n i t i a l  approximation 
Number of  i t e r a t i o n s  

Standard Method 

diverged 
3.00000000 
stopped a t  97 

Secant  Method 

I n  every  c a s e  t e s t e d  t h e  method of  s e c a n t s  converged more r a p i d l y  than d id  
t h e  s t anda rd  method; however, s p e c i a l  ca ses  can be  devised where t h i s  
probably w i l l  no t  ho ld  t rue .  I n  gene ra l  though, it appears  t h a t  t h e  method 
of s e c a n t s  is  a  d e f i n i t e  improvement over t h e  s t anda rd  "cobweb" method of  
i t e r a t i o n .  

A GENERALIZATION OF THE STRUCTURE OF THE SENTENTIAL CALCULUS 

Dennis Spellman, Temple Un ive r s i ty  

I. Int roduct ion.  

A l l  formulae of  t h e  s e n t e n t i a l  ca l cu lus  may be expressed i n  terms of 
conjunct ion,  d i s j u n c t i o n ,  and negation. I f  conjunct ion and d i s j u n c t i o n  
a r e  i n t e r p r e t e d  a s  ope ra t ions  def ined on t h e  t ru th- values  "T" and "F" 
occur r ing  i n  t h e i r  t r u t h- t a b l e  d e f i n i t i o n s  ( o r  equ iva len t ly  o f  s u b s t i t u t e  
symbols, e.g. "1" and "0") , and i f  negation is considered a  func t ion  of 
these  elements,  then t h e  r e s u l t i n g  system is a  Boolean a lgebra .  I n  t h i s  
paper we s h a l l  cons ide r  a  system having a  remnant of  Boolean s t r u c t u r e ,  a s  
w e l l  a s ,  con ta in ing  a  sub-system, t h e  s t r u c t u r e  of which is  i d e n t i c a l  wi th  
t h a t  of t h e  p r o p o s i t i o n a l  ca l cu lus .  

We d e f i n e  the  fo l lowing ope ra t ions  on u : 

We make t h e  fo l lowing d e f i n i t i o n :  

I f  P  â U, then p = 1 - p. 

11. I n t e r p r e t a t i o n s  g (u, @ , ) . 
Let  p ,q  â U. Let  p  be t h e  p r o b a b i l i t y  of P and q  be the  p r o b a b i l i t y  

of Q, and l e t  P and Q be  independent events.  p  @ q, p  a q, and p can 
be  i n t e r p r e t e d  a s  t h e  p r o b a b i l i t y  of  P v Q, P A Q, and -P r e s p e c t i v e l y  
where "V"  r e p r e s e n t s  d i s junc t ion ,  "A" r ep resen t s  conjunct ion,  "-" r ep resenzs  
negation. A t  t h e  endpoints  we have t h e  opera t ion t a b l e s  below. 

We no te  a l s o  t h a t  1 = 0 and 0 = 1. Consider t h e  fo l lowing t a b l e s :  



We s e e  t h a t  t h e  sub-system de f ined  by t h e  f i r s t  s e t  of  "ope ra t ion  t a b l e s "  
i s  indeed s t r u c t u r a l l y  i d e n t i c a l  t o  t h e  s e n t e n t i a l  ca l cu lus .  

p  x  = px --p,x â [0,11--can b e  i n t e r p r e t e d  g r a p h i c a l l y  a s  a  l i n e  
segment having range [O,p] and pass ing  through t h e  p o i n t s  (0,O) and (1, p ) .  

A V  

We s e e  t h a t  t h e  l i n e  segment can a l s o  
be cha rac te r i zed  a s  t h e  one o r i g i n a t i n g  
from t h e  v e r t e x  (0,O) o f  t h e  u n i t  square  
[ ( 0 , 0 ) ,  (1,O) , (1, l ) ,  ( 0 , l )  I and t e rmina t ing  
a t  a  h e i g h t  p  on t h e  oppos i t e  v e r t i c a l  
s i d e .  

( 1 , ~ )  

( Q P @ ~ )  Mx 
(0,O) (q,O) ( L O )  

p  @ x = (1 - p)  - x  + p  --p, x  â [O, 1 1  -- can be  i n t e r p r e t e d  g r a p h i c a l l y  
a s  a  l i n e  segment having range [ p , l ]  and pass ing  through t h e  p o i n t s  ( 1 , l )  
and ( 0 , ~ ) .  

( 0 , l )  (1,l) 

B Simi la r ly ,  t he  l i n e  segment p  @ x  can 
a l s o  be c h a r a c t e r i z e d  a s  the  one o r i g i -  

( Q P ~ )  n a t i n g  from t h e  v e r t e x  ( 1 , l )  of t h e  u n i t  
square  and t e rmina t ing  a t  a  h e i g h t  p  on 

(0,  P) t h e  oppos i t e  v e r t i c a l  s ide .  

(0,O) 
x 

Where p  is not  h e l d  c o n s t a n t  b u t  allowed t o  va ry  over U, p @ x  and 
p a x  may be i n t e r p r e t e d  a s  f a m i l i e s  of  l i n e  segments i n  t h e  plane--as 
i l l u s t r a t e d  below. 

P @ X  P O X  

(0, (0 ,  

111. P r o p e r t i e s  of (U, @ , ) .  

Let  p ,q  c U, i .e . ,  0  L p  1 and 0  L q  ; 1. 
. . O ~ p q / q ~ l  
.'. U is c losed  under @ 

1 2 1 - P > O  
. ' . P C  u *  p e  u 

O L q ( 1 - P )  - 1 - P  
... 0  L P < P  + q ( l  - P) : (1 - P) + p  = 1 
: . o ; p + q - p q _ l  
.'.U is c losed  under @. 

Theorem 1. F P. 

Proof. 1 - (1 - P) = P- 

The theorem fol lows from t h e  p r o p e r t i e s  of m u l t i p l i c a t i o n  of  r e a l  
numbers s i n c e  p  @ q  = pq by d e f i n i t i o n .  

Theorem 3. = F @ q. 
Proof. = 1 - pq 

F@q' = (1-p) + (1-q) - (1-p) (1-q) = 2  - p  - q  - (1-p-q+pq) 
1 - p q  

. = F @ q .  
A l t e r n a t e  Proof. 

Case I. 0  < p ,  q X 1 .  
E '  0 '  

L- 
Let  OEO'E' = [ ( 0 , 0 ) ,  ( 1 , 0 ) ,  ( 1 , 1 ) ,  ( 0 , 1 ) ] .  
Let  E A = p ,  O B = q ,  O D = q ,  O A ' = p .  
We recognize  BC a s  p  @ q  and DC' 

A '  A a s  F @ q  . Since O A '  = jY and OD = q, 
we have E'A' = p  and DE = q. 

LE = LE' = n/2 and OE = O'E' = 1 
0 E  - A OEA A O'E'A' by S.A.S. 

.. L AOE = L A'O'E' 
Since  DE and B'O' a r e  oppos i t e  s i d e s  of 

r e c t a n g l e  DEO'B', DE = O'B'. But DE = q,  . ' .O'B1 = q. Now L  OBC = L O'B'C' 
= n/2 and OB = O'B' = q. 
. A OBC Â¥ A O'B'C' by A.S.A. 
. BC = B'C' 
But DC' = 1 - B'C' 
' .  DC' = 1 - BC 
. ' . p @ q =  1 - ( P O Â ¶  

Case 11. p  c U. 
0 = 1  
C l @ p = l @ p = l + p - l p = l  
. 0 = P @ - p  

1 = F  

Consider t h e  func t ion  y  = f  (x)  = E. Given any y  â U, f :  y - y; hence, 
f  is onto  U. Let  Xi = Fa. 

. 1 - XI = 1 - x= . xi = xa 

.'. f  is one-one. 



Moreover x  - F is  an isomorphism from (U, 8 ) on to  (U,  @ ) s i n c e  
f ( p O q )  = f ( p )  @ f ( q ) .  

- 
Proof. The theorem fol lows immediately from Theorem 2  s i n c e  x  - x is 

from (U, @) on to  (U, @ ) .  an isomorphism 

Theorem 5. A. 

B. 

c. 

Proof. A. Let p = F ,  a = S .  - 
From Theorem 3, 7 @ s = r-. 
^ @ q  =I?= 
PCBÂ = F m  

s i n c e  0 and @ a r e  both commutative and a s s o c i a t i v e ,  
gene ra l i zed  commutative and a s s o c i a t i v e  laws ho ld  f o r  both. 
Under t h e  isomorphism x  - 57, t h e  image of  t h e  gene ra l i zed  
product :  pi (Â¥ --â (3 ft , is t h e  gene ra l i zed  sum of  the  
images: pi @ - - @P.- 

P a r t  A e s t a b l i s h e s  t h a t  x - 5? i s  a l s o  an isomorphism from 
(U, @ on to  ( U ,  O 1 .  . l i k e  i n  p a r t  B, 
pi @ --â @p. = a  (3 - - -  O R .  

V p, 1 @ p  = 1. .'. 1 has  no a d d i t i v e  inverse .  1/2 @ x  = 1 => x  = 2f/V. 
. 1/2 h a s  no m u l t i p l i c a t i v e  inve r se .  I n  gene ra l ,  i nve r ses  do not  e x i s t .  

We a r e  f a m i l i a r  with t h e  fo l lowing th ree  p r o p e r t i e s  of t he  < r e l a t i o n :  
i f  p ,q ,  r a r e  r e a l  numbers then 

The fol lowing theorems show t h a t  < is an inc lus ion- l ike  r e l a t i o n  i n  
(U ,  @ ,  0 ) .  

IV. P rope r t i e s .  

'$" i s  t o  be read: "not i d e n t i c a l l y  equal  to ."  

P @ P = P + P - p a  = 2 p - P a  34 P 
P O P  = pa ^ P 
p a p = p +  ( 1 - p )  - p ( l - p ) = l - P + F ? ^ l  
P O P  = ~ ( 1  - P) 7 ' 0  
1/2 @ (1/3 @ 1/4) = 1/4 

We know ( h a t  i n  a  Boolean a lgebra  a  < n '  =' a  @ b  = 0. 
1/3 ' 3/4 = 1- 
1/3 a 3/4 7' 0 

.'.p'q- =^> p O q  = 0 * 

V. From Another Viewpoint. 

Another t ru th- func t iona l  connect ive  is def ined by the  t a b l e  below. 

P I n  Q 

F  T T  

F , F  

I t  i s ,  perhaps,  an unwieldy ing red ien t  i n  the  bus iness  of e v a l u a t i n g  t h e  
t ru th- values  of  compound s t a t emen t s ,  bu t  i t  is not  a t  a l l  a r t i f i c i a l  f o r  i t  
r e p r e s e n t s  t h e  exc lus ive  sense  of t h e  word "or" .  Since  a l l  formulae of  t h e  
p r o p o s i t i o n a l  c a l c u l u s  can be  expressed i n  t h e  terms of conjunct ion and 



negat ion a lone,  they can c e r t a i n l y  be  expressed i n  terms of  " exc lus ive  
d i s j u n c t i o n " ,  conjunct ion,  and negation. Again we may cons ide r  " 111" and 
' A "  a s  ope ra t ives  de f ined  on "T" and "F" and cons ide r  "-" a s  a  func t ion  

I should l i k e  t o  express  my thanks  t o  Dr. Leon S te inbe rg  f o r  h i s  h e l p  
and encouragement. 

of  t hese  t ru th- values .  Consider the  t a b l e s  below. 

REFERENCES 

1. R. Le Blanc, S t a t i s t i c a l  and Induc t ive  P r o b a b i l i t i e s ,  Prentice- all, I ~ c . ,  
Englewood c l i f f s ,  N. J., 1962. 

2. W. V. Quine, Mathematical a, Harper and Row, New York and E V ~ ~ S ~ O ~ I  

1962. 
We s e e  t h a t  t he  t ru th- va lues  under the  ope ra t ions  " 1 1 1 "  and " A "  a r e  isomorphic 
t o  the  i n t e g e r s  modulo 2  and a l s o  t o  themselves under the  ope ra t ions  "G" 

and "v" where "-" is t h e  b i c o n d i t i o n a l .  S ince  I / ( 2 l  is  a  Boolean r i n a  wi th  
3.  I. M. Copi, Symbolic Loqic, The Macmillan company, New ~ o r k ,  1954. 

4. N. H. McCoy, In t roduc t ion  t o  Modern Alqebra, Allyn and Bacon, B O S ~ O ~ ,  

1960. 

. . .  
u n i t ,  t h e  o t h e r s  a r e  a l s o .  

We may make t h e  fo l lowing d e f i n i t i o n s  of  ope ra t ions  on U: 
p @ q = p + q  - 2pq 
P @ q  = P 0 q  
p @ q = 1 - p - q + 2 p q  
P 0 q  = P @ a  * 

I s h a l l  s t a t e  wi thout  proof some of  t h e  p r o p e r t i e s  o f  (U ,  0, @) and 
(U, @, 0). U is c losed  wi th  r e s p e c t  t o  a l l  fou r  ope ra t ions .  

Theorem. = q" 8 p and 

P = F @ q .  

Now we s e e  t h a t  x  - X is an isomorphism from ( U ,  @, @) o n t o  
(U, @, 01, and vice- versa .  Hence, we need exp lo re  t h e  p r o p e r t i e s  of  on ly  
(U, 0, @ I .  

Theorem. V p, q, r, 

Theorem. A. I n  gene ra l  i nve r ses  do not  e x i s t .  
B. 6' does not  d i s t r i b u t e  over 0. 
c. P O P  ft 0 .  

I n  t h e  same way t h a t  i n t e r p r e t a t i o n s  of p  @ q  and p  D q  a r e  given. 
i n t e r p r e t a t i o n s  can be given t o  p  @ q  and p  @ q .  A t  t h e  endpoints  of 
( U ,  0, @) we have the  ope ra t ion  t a b l e s  below. 

Th i s  sub-system is isomorphic t o  1/(2) and the o t h e r  two r i n g s .  



A MYTHICAL HISTORY OF THE JARGON OF MATHEMATICS 

B i l l i e  McLaughlin, Portland S ta te  College 

Thousands of years ago mathematics was simply an ordinary occupation. 
When a person sa id  he was a mathematician, no one shuddered, o r  s tuck h i s  
f ingers  i n  h i s  ea rs ,  o r  gave him a look of thorough d i s t a s t e .  Rather, t h i s  
announcement was met with giggles ,  snickers ,  and even chor t les .  Why should 
the  people not have laughed? A l l  t h a t  mathematicians did was t o  s i t  around 
drawing c i r c l e s  and t r i ang les ,  muttering "& squared plus squared 
equals squared.'' It hardly seemed an appropriate  pastime f o r  the  
g ross ly  retarded.  Naturally, mathematicians f e l t  they were f u l l y  competent, 
and the constant disparagement began t o  undermine t h e i r  morale. Soon they 
were breaking out i n  spots  and showing neurot ic  tendencies l i k e  t i c s ,  para- 
noia, persecution complexes, and d i sassoc ia t ive  react ions.  Several were 
even more severely s t ruck  and became schizophrenic. Of course, t h e i r  work 
was hampered by t h e i r  lack of mental s t a b i l i t y ;  and mathematics went i n t o  a 
catastrophic decl ine,  causing it t o  f a l l  i n t o  even grea te r  d i s repute  than 
before. 

This was almost t h e  end of the  f i e l d  of mathematics. 

However, one of the  saner mathematicians, i n  a lucid moment, rea l ized  
t h a t  mathematics was doomed unless  t h i s  group of pa the t ic  psychotias re- 
ceived immediate help. So he took the  group t o  t h e  nearest  accredited 
psychotherapist t o  see  i f  therapy could not help them. 

Fortunately, the  t h e r a p i s t  was able  t o  help these wretches. He immedi- 
a t e l y  put them i n  group therapy, and it was here t h a t  mathematics was ac tua l ly  
saved. After a few sessions,  they had gained ins igh t  enough i n t o  t h e i r  prob- 
lem t o  consider a so lu t ion .  Their problem (ignoring the  extraneous f a c t o r s  
of incorrect  t o i l e t  t ra in ing ,  Oedipus complexes, and such) was t h a t  they 
were suf fe r ing  from deep insecur i ty  and thwarted snobbery. Their profession 
c e r t a i n l y  gave them no prest ige;  they had e i t h e r  t o  change jobs or do some- 
th ing  t o  mathematics. 

Thanks t o  t h e  psychotherapist,  they were able  t o  devise a way t o  save 
t h e i r  beloved profession.  He had talked t o  them a t  one of the  sessions 
(about t h e i r  improvement, h i s t o r i a n s  t h i n k ) ,  and no one understood a syl-  
lab le .  Hot damn! I f  only they could manage t o  garble  t h e i r  speech i n  the  
same way, they could cure t h e i r  problems1 

A t  the  very next session they began t o  work on what was t o  become a 
most successful  jargon. Since they could not use jargon f o r  the  ex i s t ing  
concepts, they decided t o  s t a r t  branching out,  making up anything which 
seemed reas,onable; f o r  now they would have jargon t o  hide any inconsisten- 
c i e s .  The few who had not ye t  recovered from t h e i r  psychoses were put t o  
work creat ing t h e  new jargon s ince they spent most of t h e i r  time babbling 
nonsense anyway. 

Of course, a plan of such divine s impl ic i ty  worked marvelously. One 
needs only t o  look a t  the  work done i n  a small sec t ion  of plane ana ly t ic  
geometry t o  r e a l i z e  the  genius of these men. A r e t i r e d  butcher had found 
h i s  way i n t o  mathematics. Having been a butcher a l l  h i s  l i f e ,  he kept  i n  
p r a c t i c e  with h i s  c leaver  by at tacking wooden cones with it. One p a r t i c u l a r  
day, one of h i s  words t o  use was "conic." "Cone," "conic:" t h e r e  was a 
resemblance, so  he created the  conic sec t ions  (curves created by s l i c i n g  a 
cone i n  various ways). He was q u i t e  inventive, and he used h i s  day 's  quota 
and requested th ree  add i t iona l  lists. (This won f o r  him a s o l i d  gold cleaver 
and the  s t e e r  of h i s  choice.) 

Out of the  conic sec t ions  came the  hyperbola, parabola, c i r c l e ,  e l l i p s e ,  
a s t r a i g h t  l ine ,  a p a i r  of s t r a i g h t  l i n e s ,  and a po in t .  A l l  of these f ig-  
ures  had common proper t ies  o r  p roper t i es  common t o  a t  l e a s t  some. The hyper- 
bola has a l l  the q u a l i t i e s ~ a x e s  of symmetry, one being conjugate, t h e  other  
t ransverse;  two branches; two asymptotes: a l a t u s  rectum f o r  e i t h e r  branch; 
and eccen t r ic i ty .  It a l s o  has two r id icu lous  def in i t ions ,  ne i ther  of which 
makes much sense. How of ten  does a person f e e l  compelled t o  t a l k  about the 
locus of a point  whose d i s tance  from two fixed po in t s  has a fixed d i f fe rence?  
But the jargon was working. The d e f i n i t i o n s  and proper t i es  sounded impres- 
s ive ,  perhaps made sense t o  a few, and baf f led  everyone e l s e .  

The men i n  calculus had a problem d i f f e r e n t  from t h a t  i n  plane ana ly t ic  
geometry. They had been assigned t o  t h i s  branch because they had no a b i l i t y  
a t  a l l  i n  drawing. A l l  s ec t ions  of geometry had refused t o  take them, and 
these u n a r t i s t i c  men were t ry ing  t o  c rea te  some form of mathematics which 
required no drawing. Weeks went by, and s t i l l  they had nothing t o  c a l l  
calculus but  t h e  name on t h e i r  door. When they were asked t o  double as  the  
j a n i t o r i a l  s t a f f ,  they decided they must a t t ack  the  problem d i f f e r e n t l y .  

Since none of the  men could conceive of doing any mathematics without 
a p ic tu re ,  they decided t o  borrow sketches from o ther  f i e l d s .  Perhaps i f  
these bl ighted a r t i s t s  could add a new l i n e  or  two and give a reason f o r  
doing so, they could claim t h a t  they had f i n a l l y  invented calculus.  Anyone 
can draw a l i n e  with a r u l e r ,  s o  they t r i e d  it. They even found something 
t o  describe what they had done: they had taken the  der iva t ive  of the  equa- 
t i o n  of the  f igure  and shown its geometric in te rpre ta t ion .  

Now t h a t  they had s t a r t e d ,  they were c rea t ing  volumes of work. The 
o r i g i n a l  der iva t ive  was ca l led  the  f i r s t  de r iva t ive  because they had found 
second and t h i r d  der iva t ives .  Naturally, these were not simply f i r s t  o r  
second der iva t ives  bu t  f i r s t  or second der iva t ives  taken with respect  t o  a 
given variable .  The der iva t ive  was obtained by d i f f e r e n t i a t i o n ,  not by 
derivat ion.  The mathematicians even founded a concept which they named 
' t h e  p a r t i a l  der iva t ive ,"  taken with respect  not t o  a p a r t i a l  var iab le  b u t  
simply a given variable .  



The men were s o  excited about a c t u a l l y  creat ing calculus t h a t  they 
turned i n  t h e i r  mops permanently and had a celebrat ion.  Feeling sublimely 
daring from a l l  the  wine, these dedicated mathematicans boldly created a 
concept even more ludicrous than t h a t  of d i f f e r e n t i a t i o n ~ a n t i d i f f e r e n t i a t i o n .  
When they were sober, they rea l ized  t h a t  they had committed a ghas t ly  e r r o r  
by simply pu t t ing  a negating p r e f i x  i n  f r o n t  of the  name of the  former con- 
cept  and changed t h e  l a t t e r ' s  name t o  in tegra t ion .  Since they had been able  
t o  d i f f e r e n t i a t e  a l l  s o r t s  of functions--algebraic, logarithmic, trigono- 
m e t r i c ~ t h e y  might in tegra te  these funct ions.  When they integrated they had 
an in tegra l ,  but  they had a l l  types of in tegra l s .  There was the  d e f i n i t e  
in tegra l ,  t h e  i n d e f i n i t e  in tegra l ,  a l s o  the  improper, the  i t e r a t e d  s ing le ,  
the double, and t h e  t r i p l e  i n t e g r a l .  They even claimed t h a t  they could find 
areas ,  volumes, f i r s t  moments, moments of i n e r t i a ,  and work by in tegra t ion .  

Work i n  a l l  branches of mathematics was a s  successful  a s  it was i n  plane 
ana ly t ic  geometry and calculus.  The jargon was created, and the  resourceful  
mathematicians were able  t o  f ind concepts f o r  it. Much of the  vernacular 
is  q u i t e  impressive today because it is e i t h e r  u t t e r l y  misleading or  means 
absolutely nothing unless  the  l i s t e n e r  has a Master 's degree i n  mathematics. 
A logarithm sounds l i k e  a pulsat ing piece of f e l l e d  t r e e ,  t h e  deleted neigh- 
borhood a problem f o r  t h e  N.A.A.C.P. Who was t h e  witch of Agnesi? Are you 
a surd? What is Lipschi tz 's  condit ion? After a person c a s t s  out nines, does 
he have a Baire function? Is soc ie ty  s a f e  from the  standard deviate? Do 
shrinking and s t re tch ing  transformations hur t?  Is the  shee t  of a surface 
usable on a bed? Is the  c l a s s  cal led Li fe  Drawing a person's f i r s t  Baire 
c l a s s ?  Do amicable numbers love each other? w i l l  t he  ann ih i la to r  g e t  you? 

It is q u i t e  apparent t h a t  jargon has absolutely solved the  problem of 
the  ancient mathematicians. Since they unleashed t h e i r  powerful vernacular 
on t h e  publ ic ,  the  guffaws and chor t les  have been replaced by awful s ighs 
and reverent  s i l ence .  Who now would dare t o  laugh when a mathematician 
opens h i s  mouth? Who understands bu t  t h e  smallest  p a r t  of what a mathema- 
t i c i a n  u t t e r s ?  Who l i s t e n s ?  

ELEMENTARY MATRICES EXPRESSED I N  TERMS OF THE KRONECKER DELTA 

Mark E. Chr i s t i e ,  Bowdoin College 

The Kronecker Delta is  defined as: 6 , , = 1 i f  i = j ,  6 i j  = 0 i f  i f ) .  

It is  possible  t o  express an elementary matrix e n t i r e l y  i n  terms of t h e  
Kronecker Delta, using it t o  represent  the  elements of t h e  matrix under con- 
s idera t ion .  The process of f inding t h e  prec i se  K-Delta expression f o r  a 
given elementary matrix is e s s e n t i a l l y  one of t r i a l  and e r r o r .  It is  known 
t h a t  t h e  statement must contain the  general  term 6 and other  terms t o  

i j '  
express any non-zero of f  diagonal elements and any diagonal elements equal 
t o  zero. 

By way of example, consider the  elementary matrix P defined a s  an 
P I  

n x n matrix such t h a t  every element on the  pr inc ip le  diagonal is 1 except 
f o r  the  pth and qth rows. In  these rows the diagonal element equals zero, 
while t h e  element i n  the  pth row and column equals 1,  as  does t h a t  i n  
t h e  row and pth column. A l l  o ther  off  diagonal elements equal zero. 

Consider the  following expression wr i t t en  i n  terms of K-Deltas; 

To demonstrate t h a t  the  above statement is t rue ,  it is necessary t o  show 
t h e  following th ree  propert ies:  (1) t h a t  one can express any P by t h e  PQ 
expression; (2)  t h a t  P P = I = [6 ] ; (3) t h a t  p r e m u l t i p l i ~ a t i o n  of a 

P I  Pq i j 
matrix A by P ( i n  the  K-Delta form) does change the  p t h  and q th  rows of A. 

P I  

(1) consider P = [6ij + (6iq - 6 ^ )  ( 6  - 6qj)1: 
P I  

i f  i / p or  q, then t h e  expression equals [6ij],  

~t is c l e a r  t h a t  our K-Delta form can express any P 
PI. 



Expanding t h e  second term: 

C l e a r l y  t h e  expansion of  t h e  t h i r d  term w i l l  y i e l d  t h e  same r e s u l t .  Now 
f a c t o r i n g  - 6 . )  and expanding t h e  l a s t  term: 

( 6 i q  - ^p j  q: 

~ u t  6 = 6 = 0 a ince  q / p. 
Pq <a> 

Therefore ,  P P pq pq l6 i j1  - 
(3) u s ing  t h e  n o t a t i o n  of  ( 2 ) ,  we havei 

n n 

P A = = Wik + (biq - 6 1 (spk - bqk) 1 
pq k=I  k = l  i p  

i f  i + q o r  p,  t e n  2 d i k x j  = ( a  1, 
k = l  i j 

~ h u s  we know t h a t  t h e  K-Delta r e p r e s e n t a t i o n  under cons ide ra t ion  does  indeed 
c o r r e c t l y  express  P 

pq-  

ADDITION PROGRAM FOR TURING MACHINE 

J. Woeppel and M. Wunderlich 
S t a t e  Un ive r s i ty  of New York a t  Buffa lo  

Many people  cons ide r  t h a t  t he  Tur ing machine is  t h e  a b s t r a c t  proto-  
type of  a d i g i t a l  computer. Therefore ,  anyone who p lans  t o  master 
computer s c i ence  might f i n d  it u s e f u l  t o  f i r s t  become acquainted with 
t h i s  t h e o r e t i c a l  dev ice  conceived by A. M. Turing i n  1937. [ l ]  

For our purposes t h e  Tur ing machine c o n s i s t s  of  an i n f i n i t e  t ape  
d iv ided  i n t o  squa res  c a l l e d  " c e l l s "  and a device  c a l l e d  t h e  "sensing 
device"  which is a b l e  t o  sense  t h e  symbol i n  t h e  c u r r e n t  c e l l ,  t h a t  is  
t h e  c e l l  where t h e  sens ing  device  is  p r e s e n t l y  r e s t i n g ,  and r e p l a c e  t h i s  
symbol wi th  another  symbol o r  l eave  it a s  is. The symbols a r e  E, Z ,  0, 
and 1, though a person could in t roduce  any f i n i t e  number of  symbols. The 
t ape  can be moved t o  t h e  r i g h t  one c e l l  a t  a time o r  t o  t h e  l e f t  one c e l l  
a t  a time, o r  l e f t  a t  t h e  c u r r e n t  c e l l .  

We assume t h a t  a l l  da t a  on the  t ape  is given i n  b ina ry  n o t a t i o n  wi th  
t h e  lowest o rde r  b i t  t o  t h e  extreme r i g h t  of  t h e  word which may c o n s i s t  
of an  a r b i t r a r y  number of  c e l l s  ( i . e . ,  t he  usua l  o rde r  i n  which numbers 
a r e  w r i t t e n ) .  The t ape  is o r i g i n a l l y  assumed t o  have a l l  E ' s  i n  t h e  c e l l s  
l e f t  of  a g iven c e l l  and a Z i n  the  c e l l  immediately t o  t h e  r i g h t  of  t h i s  
given c e l l .  The symbols i n  these  c e l l s  a r e  never changed. The remaining 
c e l l s  have e i t h e r  a 0 o r  a 1 i n  them and t h e s e  symbols may be  replaced by 
e i t h e r  a 0 o r  a 1. The given c e l l  a l s o  has  e i t h e r  a 0 o r  a 1 i n  it  which 
may be r ep laced  by e i t h e r  a 0 o r  a 1. 

One could imagine t h e  t ape  t o  appear a s  follows: 

8 Sensing device  

move t ape  l e f t  
4 

E E E E E E E E  

move t ape  r i g h t  

Note: Blank c e l l s  have a 0 o r  a 1 i n  them. 
The "given c e l l "  is  pos i t ioned  a t  t h e  " sensing 
device." We move t h e  t ape  no t  t h e  sens ing  device.  

Z 

Late r  on we w i l l  f i n d  i t  convenient  t o  name t h e  c e l l s .  I t  must be 
remembered t h a t  t h e  machine does n o t  recognize  names f o r  t h e  c e l l s ;  i t  
is on ly  f o r  our  convenience. The "given c e l l "  above is c a l l e d  t h e  "AC"; 
t h e  c e l l  con ta in ing  " Z "  ( t h e  nex t  c e l l  t o  the  r i g h t )  is c a l l e d  t h e  "o r ig in"  
o r  " ze ro  c e l l " ;  t h e  remaining c e l l s  a r e  numbered 1 ,  2 ,  3, . . . t o  the  
r i g h t  from t h e  "o r ig in . "  The fol lowing diagram i l l u s t r a t e s  t h i s :  

1 



Note: Blank c e l l s  have a  0 o r  a  1 i n  them. 

A C 0  1 2  3 4  

The " c u r r e n t  symbol" is de f ined  t o  be  t h e  symbol i n  t h e  c e l l  a t  t h e  
s e n s i n g  device .  Each c e l l  is  r e f e r r e d  t o  a s  a  " l o c a t i o n . "  The numbered 
c e l l s  a r e  r e f e r r e d  t o  by t h e i r  number, e.g. loc.  27; t h i s  is t h e  27th 
c e l l  r i g h t  o f  t h e  o r i g i n .  When we s a y  t h a t  we move t h e  t ape  t o  loc .  N,  
we mean we p o s i t i o n  t h e  t a p e  s o  t h a t  loc .  N is a t  t h e  s e n s i n g  device .  

E E E E E E E E  

A s p e c i f i c  s e t  o f  i n s t r u c t i o n s  which t h e  machine is asked t o  execu te  
is c a l l e d  a  "program", and t F e  n  i n s t r u c t i o n s  o f  a  g iven program a r e  
consecu t ive ly  numbered 1, 2, 3, through n. 

Z  

Following Arden's [2]  method, we w i l l  have on ly  t h r e e  b a s i c  i n s t r u c-  
t i o n s  which t h e  Tur ing  machine can  execute :  

( a )  I f  t h e  c u r r e n t  symbol is x,  move t h e  t ape  one c e l l  t o  t h e  l e f t  
and execu te  i n s t r u c t i o n  y. Otherwise,  execu te  t h e  next  i n s t r u c t i o n .  
Th i s  i n s t r u c t i o n  is denoted symbo l i ca l ly  IFL x ,y  where x  is a  symbol 
and y  is an i n s t r u c t i o n  number. 

(b )  I f  t h e  c u r r e n t  symbol is x, move t h e  t a p e  one c e l l  t o  t h e  r i g h t  
and execu te  i n s t r u c t i o n  y. Otherwise,  execu te  t h e  nex t  i n s t r u c t i o n .  
Th i s  i n s t r u c t i o n  is denoted symbo l i ca l ly  IFR x , y  where x  is  a  symbol and 
y  is an  i n s t r u c t i o n  number. 

( c )  I f  t h e  c u r r e n t  symbol is x, r e p l a c e  it wi th  z, t hen  execute  t h e  
next  i n s t r u c t i o n .  Otherwise,  j u s t  execu te  t h e  next  i n s t r u c t i o n .  T h i s  
i n s t r u c t i o n  is denoted symbo l i ca l ly  IFS x , z  where x  and z  a r e  symbols. 

We have dev ia t ed  s l i g h t l y  from A. M. T u r i n g ' s  [ l ]  and subsequent  
a u t h o r s '  d e f i n i t i o n  o f  a  Tur ing  machine i n  o r d e r  t o  make i t s  analogy 
wi th  t h e  modern day computer more apparent:  o f  cou r se ,  t h e  machine 
desc r ibed  above is n o t  a  stored- program computer. For example, Tur ing  
does n o t  number h i s  c e l l s ,  t h u s  h e  h a s  no " loca t ions . "  

A. M. Tur ing p r e s e n t s  an  argument i n  [ I ]  t h a t  a  machine such a s  
desc r ibed  above is  capab le  o f  performing any c a l c u l a t i o n  t h a t  a  computer 
is a b l e  t o  perform. So, l e t  us  s e e  how we would add two f o u r- d i g i t  b i n a r y  
numbers t oge the r .  To do t h i s  w i th  on ly  t h e  t h r e e  b a s i c  i n s t r u c t i o n s  
r e q u i r e s  one hundred o r  more i n s t r u c t i o n s  and is ve ry  d i f f i c u l t  t o  follow. 
To avoid  t h i s ,  we in t roduce  "macro i n s t r u c t i o n s . "  Each macro i n s t r u c t i o n  
must be  de f ined  by a  program o f  p r e v i o u s l y  de f ined  macro i n s t r u c t i o n s  o r  
b a s i c  i n s t r u c t i o n s .  

We w i l l  now l is t  t h e  macro i n s t r u c t i o n s  and g i v e  t h e i r  d e f i n i n g  
programs i n  a  few cases :  

Move t h e  t a p e  t o  t h e  l e f t  one l o c a t i o n  -and then 
execu te  i n s t r u c t i o n  y. 

1. IFL 0 , ~  
2. IFL 1-Y 
3. IFL Z,Y 
4. IFL E,Y 

S ince  t h i s  i s  t h e  f i r s t  program which h a s  been presented ,  we w i l l  
e x p l a i n  i t  b r i e f l y  t o  t h e  r eade r .  We know when t h i s  program i s  executed  
t h a t  t h e  t ape  is moved t o  t h e  l e f t  one c e l l  and i n s t r u c t i o n  y  is executed .  
s i n c e  each symbol appears  i n  one of t h e  fou r  i n s t r u c t i o n s .  

(d)  HALT 

Move the  t ape  t o  t h e  r i g h t  one l o c a t i o n  and then 
execu te  i n s t r u c t i o n s  y. 

T rans fe r  t o  i n s t r u c t i o n  y. (Execute i n s t r u c t i o n  y  
next .  ) 

1. IFL , 2  
2. IFR , y  

The machine h a l t s .  (The s t a t e  o f  t h e  machine remains 
t h e  same i n d e f i n i t e l y  w i thou t  a f f e c t i n g  t h e  tape; 
used t o  s t o p  t h e  machine, e.g. a t  t h e  end of t h e  
program. ) 

1. TRA ,1 
2. .... 
Replace t h e  c u r r e n t  symbol w i th  x  and then  execu te  
t h e  nex t  i n s t r u c t i o n .  (Note, t h e  c u r r e n t  symbol 
can  n o t  be  z o r  E  and x  can no t  be  7  o r  E.1 

1. IFS 0 , x  
2. IFS l , X  

3. *... 
Move t h e  t ape  t o  t h e  r i g h t  N l o c a t i o n s  and then 
execu te  i n s t r u c t i o n  y. 

1. IFR , 2  
2. IFR , 3  
3. .... 
i. IFR , ( i + l )  

( i + l ) .  .... 
N. IFR , (N+l) 

(N+l).  TRA , Y  



Move t h e  t ape  t o  t h e  l e f t  M l o c a t i o n s  and then 
execute  i n s t r u c t i o n  y. 

I f  t h e  c u r r e n t  symbol is x, execute  i n s t r u c t i o n  y. 
Otherwise,  execute  t h e  next  i n s t r u c t i o n .  

Move t h e  t ape  t o  loc .  N and then execute  i n s t r u c t i o n  
Y. 

1. TRA E,3 
2. MTR 1,l 
3. TRA z,5 
4. MTL 1 , 3  
5. MTL N,y 

Move t h e  t ape  t o  the  AC and then execute  i n s t r u c t i o n  
Y. 

Put t h e  symbol which is p r e s e n t l y  i n  loc .  N i n t o  t h e  
AC, l eave  t h e  t ape  pos i t ioned  a t  t h e  o r i g i n  ( loc .  O ) ,  
and then execute  i n s t r u c t i o n  y. Note, t h e  symbol 
i n  loc .  N is no t  changed. 

Put t h e  symbol which is  p r e s e n t l y  i n  t h e  AC i n t o  
loc .  N,  l e ave  t h e  t ape  pos i t ioned  a t  t he  o r i g i n ,  and 
then execute  i n s t r u c t i o n  y. Note, t h e  symbol i n  
t h e  AC is  no t  changed. 

1. MTA , 2  
2. TRA 0,6  
3. MTP N,4 
4. IFS ,1 

5. MTP 0 ,y  
6. MTP N,7 
7. IFS , 0  
8. MTP 0 , y  

We w i l l  now in t roduce  t h r e e  i n s t r u c t i o n s  which g i v e  us t h e  body of  our  
a d d i t i o n  program. The f i r s t  i n s t r u c t i o n  adds t h e  con ten t s  of  t h e  AC and 
t h e  con ten t s  of  a  l oca t ion .  The second i n s t r u c t i o n  adds t h e  con ten t s  of  
two loca t ions .  The t h i r d  is a  combination of t h e  f i r s t  two and is t h e  
on ly  i n s t r u c t i o n  of  t h e  t h r e e  which a c t u a l l y  appears  i n  t h e  a d d i t i o n  
program. 

Le t  x  be  t h e  symbol i n  loc.  N and l e t  z be  t h e  symbol 
i n  t h e  AC. Add x  and z, w r i t e  it a s  a  double b i t  
b i n a r y  sum. Put t h e  lef t- hand b i t  of t h e  double 
b i t  sum obta ined i n t o  t h e  AC and pu t  t h e  right- hand 
b i t  of t h e  double b i t  sum obta ined i n t o  loc.  N. 
Leave the  t ape  pos i t ioned  a t  t h e  o r i g i n  and execute  
i n s t r u c t i o n  y. WI 

1. MTA , 2  
2. TRA 0 ,6  
3. MTP N,4 
4. TRA 0 ,7  

5 .  IFS , 0  

6. 7. MTP IFS 0 ,y  ,1 
8. MTA , 5  

We s h a l l  e x p l a i n  t h i s  program b r i e f l y .  F i r s t  we move t h e  t ape  t o  t h e  
AC and t e s t  t o  s e e  i f  t h e r e  is a  0  t h e r e  by i n s t r u c t i o n s  1 and 2. If  t h e r e  
is a  0  the re ,  t h e  lef t- hand column of  the  t a b l e  is p e r t i n e n t  and we wish 
t o  l eave  t h e  0  i n  t h e  AC and l eave  whatever symbol i s  i n  loc.  N t he re .  So 
we merely move t h e  t ape  t o  t h e  o r i g i n  and execute  i n s t r u c t i o n  y  (by 
execut ing I n s t r u c t i o n  6 ) .  I f  t h e r e  is not  a  0  the re ,  we go on t o  
i n s t r u c t i o n s  3  and 4  which move the  tape  t o  loc.  N and t e s t  t o  s e e  i f  
t h e r e  is  a  0  i n  loc.  N. I f  t h e r e  is, we wish t o  pu t  a  0  i n t o  the  AC and 
a  1 i n t o  loc.  N. I n s t r u c t i o n s  7, 8 ,  and 5, opera t ing  i n  t h a t  o rde r ,  
accomplish t h i s .  I f  t h e r e  is no t  a  0  i n  t h e  AC, we wish t o  pu t  a  1 i n t o  
the  AC and a  0  i n t o  loc.  N. I n s t r u c t i o n  5 alone accomplishes t h i s  s i n c e  
t h e r e  is  a l r eady  a  1 i n  the  AC. 

(b)  ADN N , M  Add t h e  symbol i n  loc .  N t o  t h e  symbol i n  loc.  M. 
I f  t h e  sum is l e s s  than o r  equa l  t o  1, t h e  sum is 
placed i n  loc .  N and the  AC remains unchanged. I f  
t h e  sum is g r e a t e r  than 1, a  1 is  pu t  i n t o  t h e  AC 
and a  0  i n t o  loc.  N. I n  both cases  t h e  t ape  is  l e f t  
a t  t h e  o r i g i n  and t h e  nex t  i n s t r u c t i o n  executed. 

1. MTP M.2 
2. TRA 0 , 8  
3. MTP N,4 
4. TRA 0 ,7  
5. IFS , 0  

6. CLA M, 8  
7. IFS ,1  
8. MTP 0,9  
9. .... 

The d o t s  i n  i n s t r u c t i o n  9  i n d i c a t e  t h a t  t he  next  i n s t r u c t i o n  is t o  be 
executed. 

Again we w i l l  b r i e f l y  exp la in  t h e  program. The f i r s t  two i n s t r u c t i o n s  
move t h e  t ape  t o  loc.  M and t e s t  f o r  a  0. I f  t h e r e  is a  0  the re ,  t h e  sum 
of the  symbols i n  loc .  N and loc.  M is t h e  symbol i n  loc.  N,  s o  we merely 
move t h e  t ape  t o  t h e  o r i g i n  and execute  the  nex t  i n s t r u c t i o n  (by execut ing 
I n s t r u c t i o n  8 ) .  I f  t h e r e  is  a  1 i n  loc .  M, we go on t o  i n s t r u c t i o n s  3  
and 4  which move t h e  t ape  t o  loc .  N and t e s t  f o r  0. I f  t h e r e  is a  0  
the re ,  t h e  sum would be 1, s o  we t r a n s f e r  t o  i n s t r u c t i o n  7 which p u t s  a  
1 i n t o  loc.  N and then we move t h e  t ape  t o  t h e  o r i g i n  and execute  t h e  
nex t  i n s t r u c t i o n  (by execut ing I n s t r u c t i o n  8 ) .  I f  t h e r e  i s  no 0  i n  loc .  
N, we wish t o  pu t  a  1 i n t o  t h e  AC and a  0  i n t o  loc .  N. To do t h i s  we go 
t o  i n s t r u c t i o n  5 which pu t s  a  0  i n t o  loc .  N, then i n s t r u c t i o n  6  b r i n g s  the  
1 i n  l o r .  M i n t o  t h e  AC and we a r e  f in i shed .  

I t  must be noted t h a t  excep t  i n  the  case  where t h e r e  is a  1 i n  both 
loc .  N and loc .  M, t h e  AC was l e f t  una l t e red .  



( c )  ANM N,M Add t h e  symbol i n  t h e  AC, t h e  symbol i n  loc .  N,  and 
t h e  symbol i n  loc .  M t oge the r .  This  sum is  l e s s  
t han  4. Express i t  i n  a  b i n a r y  form (two b i t s ) ,  
p u t  t h e  lef t- hand b i t  i n t o  t h e  AC and t h e  r ight- hand 
b i t  i n t o  loc .  N. Leave t h e  t a p e  a t  t h e  o r i g i n  and 
execu te  t h e  next  i n s t r u c t i o n .  

1. ADA N,2 
2. ADN N , M  
3. .... 

To do t h i s  we use  t h e  f i r s t  two i n s t r u c t i o n s .  Let  a l l  sums be  
expressed a s  double  b i t s .  The f i r s t  i n s t r u c t i o n  adds t h e  symbol i n  t h e  
AC and t h e  symbol i n  l oc .  N and p u t s  t h e  r ight- hand b i t  of t h e  sum i n t o  
loc .  N and t h e  lef t- hand b i t  o f  t h e  sum i n t o  t h e  AC. The second i n s t r u c t i o n  
adds t h e  r ight- hand b i t  of t h e  p rev ious  sum now i n  loc.  N and t h e  symbol 
i n  loc .  M and p u t s  t h e  r ight- hand b i t  o f  t h i s  sum ( t h e  sum of t h e  symbol 
now i n  loc .  N and t h e  symbol i n  loc .  M) i n t o  l oc .  N. I f  t h e  lef t- hand 
b i t  o f  t h i s  sum is 0, i t  does no th ing  t o  t h e  AC; t h u s  l eav ing  t h e  l e f t -  
hand b i t  ( h i g h e s t  o r d e r  b i t )  o f  t h e  previous  sum o f  t h e  symbols i n  t h e  
AC and loc .  N undis turbed ( t h e r e  is no c a r r y  f o r  t h i s  sum). I f ,  on t h e  
o t h e r  hand, t h e  lef t- hand b i t  of t h i s  sum ( t h e  sum of t h e  symbol now i n  
loc. N and t h e  symbol i n  loc .  M) is  1, i t  p u t s  a  1 i n t o  t h e  AC. I n  t h i s  
ca se ,  t h e  lef t- hand b i t  of t h e  previous  sum, t h a t  is  t h e  sum o f  t h e  symbols 
i n  t h e  AC and loc .  N, is  l o s t  b u t  i t  would have been 0  anyway because  t h e  
t o t a l  sum, t h a t  is o f  t h e  AC, loc .  N,  and loc .  M, h a s  t o  be  l e s s  than 4. 

The fo l lowing program adds a  number A and a  number B where A i s  i n  
l o c a t i o n s  N-3, N-2, N-1, N; and B is i n  l o c a t i o n s  M-3, M-2, M-1, M; and 
s t o r e s  t h e  r e s u l t s  i n  N-4, N-3, N-2, N-1, N (where t h e  h i g h e s t  o r d e r  b i t  
is i n  N-3 o r  M-3 f o r  A and B r e s p e c t i v e l y ) .  Note, N and M must be  4  
and I M  - N l  > 4. 

1. MTA , 2  
2. IFS , 0  
3. ANM N , M  
4. ANM N-1.M-1 

5. ANM N-2, M-2 
6. ANM N-3,M-3 
7. ST0 N-4,8 
8. HALT 

I n s t r u c t i o n s  1 and 2  pu t  a  0  i n t o  t h e  AC s i n c e  t h e r e  i s  no i n i t i a l  
ca r ry .  I n s t r u c t i o n s  3, 4, 5, and 6  add t h e  ones '  b i t ,  twos'  b i t ,  f o u r s '  
b i t ,  and e i g h t s '  b i t  o f  t h e  b i n a r y  numbers A and B and t h e  p rev ious  c a r r y  
toge the r  r e s p e c t i v e l y  p u t t i n g  t h e  lowest o r d e r  b i t  o f  each sum i n t o  
l o c a t i o n s  N, N-1, N-2, and N-3 r e s p e c t i v e l y ,  and p u t t i n g  t h e  h i g h e s t  o r d e r  
b i t  of each sum, t h a t  is t h e  c a r r y ,  i n t o  t h e  AC. F i n a l l y ,  i n s t r u c t i o n  7  
p u t s  t h e  f i n a l  c a r r y  i n t o  l o c a t i o n  N-4. Thus t h e  sum of A and B appears  
i n  l o c a t i o n s  N-4, N-3, N-2, N-1, N. Note, by merely adding e x t r a  ANM'S 
we could  i n c r e a s e  t h e  maximum magnitude of A and B. 

We have shown t h a t  a  s imple  machine such a s  desc r ibed  above can perform 
a d d i t i o n  of p o s i t i v e  i n t e g e r s .  S u b t r a c t i o n  could  a l s o  be  handled e a s i l y  
by w r i t i n g  an i n s t r u c t i o n  which would r e p l a c e  a  number by its complement. 

To s u b t r a c t  a  number B from a  number A, we would r e p l a c e  B by i t s  comple- 
ment and add it  t o  A. For example, i f  we assume t h a t  we a r e  working wi th  
a  maximum of  t h r e e- d i g i t  b i n a r y  numbers, t h e  complement o f  t h e  b i n a r y  
number 0101 (5) i s  1011 which is  t h e  f i r s t  number, 0101, s u b t r a c t e d  from 
b i n a r y  10000 (16 ) .  The assumption t h a t  we a r e  only  working wi th  t h ree -  
d i g i t  b i n a r y  numbers is  r e q u i r e d  s i n c e  we must have a  way o f  t e l l i n g  
whether a  number is a  complement q u a n t i t y  o r  not .  Note, t h e  f o u r- d i g i t  
r e p r e s e n t a t i o n  o f  b i n a r y  f i v e  is a l s o  b i n a r y  e leven.  For t h i s  purpose 
we r e s e r v e  t h e  extreme lef t- hand b i t  of a  fou r- b i t  word; i f  i t  is a  1, 
the  nex t  t h r e e  b i t s  a r e  a  t h r e e- d i g i t  complement q u a n t i t y ;  i f  it is a  0, 
t h e  next  t h r e e  b i t s  a r e  a  r e g u l a r  t h r e e- d i g i t  q u a n t i t y .  We could  a l s o  
put  nega t ive  numbers on t h e  t ape  i n  t h e i r  complement form. 

We have no t  mentioned m u l t i p l i c a t i o n  o r  d i v i s i o n  o r  decimal q u a n t i t i e s .  
M u l t i p l i c a t i o n  and d i v i s i o n  could  be  taken c a r e  o f  by s t i l l  more compli- 
c a t e d  programs us ing  a d d i t i o n  and s u b t r a c t i o n  a s  developed above and a  
s h i f t  i n s t r u c t i o n .  Decimal q u a n t i t i e s  could  be  handled  by t h e  manner i n  
which t h e  d a t a  was p laced on t h e  tape .  That is, one could  presume t h a t  
t h e  decimal p o i n t  l i e s  a f t e r  t h e  f i r s t  t en  p l aces  o f  a l l  numbers. 

Thus, it is reasonab le  t o  s a y  t h a t  t h e  Tur ing machine can perform any 
c a l c u l a t i o n  t h a t  a  computer can perform. But is a  computer capab le  of 
c a l c u l a t i n g  eve ry th ing  t h a t  a  Tur ing machine is  a b l e  t o  c a l c u l a t e ?  

Recently many au tho r s  i n c l u d i n g  M. 0. Rabin and D. S c o t t  [3]  have come 
t o  t h e  conclus ion t h a t  t h e  Tur ing machine wi th  i ts  i n f i n i t e  t a p e  is t o o  
g e n e r a l  t o  s e r v e  a s  an a c t u a l  model f o r  d i g i t a l  computers. They base 
t h e i r  argument on t h e  f a c t  t h a t  t h e  Tur ing machine has  an un l imi t ed  
amount of memory space  on i ts  t ape  wh i l e  an  a c t u a l  computer would have a  
l i m i t e d  amount of memory space.  
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A MULTIPLICATION-FREE CHARACTERIZATION OF RECIPROCAL ADDITION 

James Williams, Car l e ton  College 

Motivation. 

Reciprocal  add i t ion ,  which we s h a l l  r e p r e s e n t  by t h e  symbol "0, " is  
def ined,  i n  terms of  t h e  r e a l  number system, by 

and 1s commonly used wi th  an  i d e a l  i n f i n i t y  element u  wi th  t h e  p r o p e r t i e s  
a  o  u = a  and a  + u = u. I n  such a p p l i c a t i o n s  a s  p a r a l l e l - s e r i e s  problems 
In  e l e c t r o n i c s ,  f o r  i n s t ance ,  t h e  ope ra t ions  of  a d d i t i o n  and r e c i p r o c a l  
a d d i t i o n  f r equen t ly  occur  t o g e t h e r  ( t h e  cons tan t s  0  and u corresponding 
t o  t h e  two extremes of s h o r t  and open c i r c u i t  va lues )  exc lus ive  of t h e  use  o f  
mul t ip l i ca t ion ;  i t  is  t h e r e f o r e  o f  i n t e r e s t  t o  develop an axiomat ic  charac-  
t e r i z a t i o n  of + and o  independent ly  o f  t h e  n o t ~ o n  of  m u l t i p l i c a t i o n .  

We begin  with a  l i s t i n g  o f  some p r o p e r t i e s  of  R*, t h e  r e a l  number system 
with  u and t h e  ope ra t ion  0  adjoined.  

I. We use t h e  mapping 

t o  show t h a t  R* i s  a  dua l  system: 

(1)  f  (-a) = I / ( - a )  = -l/a = -f ( a )  
(2 )  f ( a  + b )  = l / ( a  + b )  = ( l / a )  ( l / b ) / ( l / a  + l / b )  

= l / a  o  l / b  = f  ( a )  o  f  (b)  
f ( a  0  b )  = l / ( l / ( l / a  + l / b )  

= l / a  + l / b  = f  ( a )  + f  (b)  
( 3 )  f  (ah)  = l / a b  = ( l / a )  ( l / b )  = f  ( a ) f  (b)  

The argument f o r  s p e c i a l  elements proceeds by d e f i n i t i a l  patching thus:  

11. + and o  a r e  c o r r e l a t e d  independently of m u l t i p l i c a t i o n  by t h e  
r e l a t i o n  ab 

a +  ( a o b )  = a +-  
a + b  (a ,  b,  a+b # 0, U) 

W e  now proceed t o  i n v e s t i g a t e  a  system r with s p e c i a l  elements o  and 
u, wi th  a  monary ope ra t ion  ' , and wi th  b ina ry  ope ra t ions  + and o  , 
s a t i s f y i n g  axioms I - V I  f o r  a l l  elements a,  b,  c  i n  r. 

D e f i n i t i o n  i. 

Le t  N be  t h e  s e t  of p o s i t i v e  i n t e g e r s ;  v n c N, 
l S a = a ,  ( n + l ) a = n a + a  
a l l  = a,  a / ( n +  1) = a/n o  a  . 

Axioms. 

I. a + b = b + a ;  a o b = b o a  
11. (a  + b )  + c  = a  + ( b +  c ) ;  ( a  o h )  0  c  = a  o  (b o c )  
111. a + O = a ;  a o u = a  
IV. O 1 = 0 ;  u ' = u ;  O # ~ # U  + ( a + a 1 = 0  and a o a m = m )  
V. a o O = O  

VI. a  + (a  o  b )  = 2a o  (2a + 4b) 

Theorem L. V a, b â r, 
1. (2a/2) = a  
2. 2 a = O  =+ a = O  
3. a = a l  + ( a = O  o r  a = u )  
4. a + u = u  
5.  a o b = O  + ( a = O  o r  b = O )  

a + b = u  + ( a = u  o r  b = u )  
6 .  r # ( 0 )  + O # u  
7. a o b = u  + a ' = b ;  

a + b = O  + a 8 = b  
8. (a  + b ) '  = a '  + b ' ;  (a  0  b ) '  = a '  0  b '  
9. 2(a/2) = a  

10. 2  ( a  o  b )  = 2a o  2b; (a  + b)/2 = a12 + b/2 

Proof 1.1. -- 

Proof 1.2. 

I f  2a = 0, t hen  

Proof 1.3. -- 
I f  a  = a '  and a # ~ ,  then 

2 a = a + a 1 = 0  

Therefore ,  

Proof 1.4. -- 
(1)  I f  a  = 0, then 

a + u = O + u = u .  
(2)  (?ma! I f  r # u and r + s = 0, t hen  

r = r  + 0 = r 1 + ( r + s )  
= ( r '  + r )  + s 
= o + s = s .  

(1.1; hyp, def;  111) 
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( 3 )  (Lemma) I f  2a = w ,  then 
a = 2 a o 2 a = u o w = w .  (1.1, hyp, 111) 

(4) (Lerana) I f  a  # w, then 
(2a)  ' = (2a)  ' + 2 - 0 

= ( 2 a ) '  + 2 ( a  + a ' )  (111, def;  I V ,  hyp) 
= ( ( 2 a ) '  + 2 a )  + 23'  = 2a'. (11: IV, hyp; 111) 

(5) I f  O # a # u ,  then 
a  + ( a  o  a ' )  = 2a o  (2a + 4 a 1 ) ,  

a  + w = 2a o  ( ( 2 a  + 2 a ' )  + 2 a 0 )  
(VI) 

(IV, hyp: de f ,  11) 
= 2a o  ( ( 2 a  + (2a)  ' )  + (2a)  ' )  (4 )  j 
= 2a o  (2a)  ' . ( I V ,  3, hyp; 111) 

(6) Therefore  a  # u + a  + u = w. (185) 

I f  a  = w, then a + u = 2u; suppose 2w # u, then  

(7)  u  = 2w + w = 3w. (hyp, 6 with a  = 2w; d e f )  
2 u = u + w = w +  ( u o u )  (def ,  111) 

= 2w 0 (2w + 4 4  ( V I  1 
a 2w 0 (3u  + 3w) (def ,  11) 
= 2w 0 (w  + u)  (7 )  
= 2 w 0 2 w = w  (def ,  1 .1)  

Contradic t ion,  t h e r e f o r e  v a  c I?, a  + u = w. 

Proof 1.5. -- 
I f  a  o  b  = 0 and b  # 0, then 

a = a o u = a o  ( b o b ' )  = ( a o b )  o b '  
= 0 o  b '  = 0. (111: IV, hyp: 11; hyp; V) 

Therefore,  a o  b  = 0 + (a  = 0 o r  b  = 0) .  
S imi l a r ly ,  i f  a  + b = w and b  # u, then 

a = a + o = a +  ( b + b l )  = ( a + b )  + b l  
= w +  b '  = u. (111; IV, hyp; 11; hyp; 1.4) 

Proof 1.6. -- 
I f  r # [OJ, Z X < r: X # 0; suppose 0  = w, then 

o # x = x + o = x + ~ = ~ .  PYP, 111, hyp, 1.3) 

Contradic t ion,  t h e r e f o r e  r # [o ]  => 0 # u. 

Proof 1.7. -- 
I f  u o b = u  and r =  [O), then a 8 = 0 = b .  

(8)  I f  a  o b = w  and J ? #  [o] ,  then a # O  s i n c e  
a = O  + O = O o b = a o b = u .  

Con t rad ic t ion  by Theorem 1.6. 

a *  = a '  o w = a ' o  ( a o b )  = ( a ' o a )  o b  
= w o b = b  (111; hyp; 11; IV, 8; 111) 

4 
(9) Simi la r ly ,  i f  a  + b = 0, and I? # [O], then a  # u s i n c e  

a = w  =+ u + b = a + b = O .  (1-3 ,  ~ Y P ,  ~ Y P )  
Con t rad ic t ion  by Theorem X . 6 -  

a '  = a '  + 0 = a '  + (a  + b )  = ( a '  + a )  + b 
= O + b = b  (111: hyp; 11; I V ,  9; 111) 

Proof 1.8. -- 
I f  a  = 0, then 

( a  o  b ) '  = ( 0  o b ) '  = 0 '  = 0 = 0 o b '  = 0 '  o  b '  
= a '  o  b ' .  ( h y ~ ,  V, I V ,  V, IV, ~ Y P )  

I f  a  # 0 and b  # 0, then 
(a  o  b )  o  ( a '  o  b ' )  = (a o  a ' )  o  ( b o b ' )  

= u o  u =  w .  (I, 11: IV, hy?: 111) 
Therefore ,  ( a  o  b )  ' = a '  o  b '  by Theorem 1.7. 
I f  a  = u, then  

( a + b ) ' =  ( w + b ) '  = u l  = w = w + b l  = L O '  + b t  
= a '  + b'. (hyp, 1.4, IV, 1.4, I V ,  kypl 

I f  a  # w and b  # w, then 
(a  + b )  + ( a '  + b ' )  = ( a  + a ' )  + (b  + b') 

= o + o = o .  (I, 11: IV, hyp: 111) 
Therefore  ( a  + b)' = a '  + b '  by Theorem 1.7. 

Proof 1.9. -- 
suppose 0  # a  # u : 

a  + ( a  o  a1/2)  = 2a o  (2a + 4 ( a a / 2 ) )  (VI) 
a  + (a o  a ' )  o  a '  = 2a o  (23 + 4 ( a 1 / 2 ) )  (def ,  11) 

a  + (w o  a ' )  = 2a o  (2a + 4 ( a 8 / 2 ) )  (IV, ~ Y P )  
a  + a '  = 2a o  (2a + 4 ! a 1 / 2 ) )  (111) 

0 = 2a o  (2a + 4 ( a 8 / 2 ) )  (IV, ~ Y P )  
Therefore  e i t h e r  2a = 0 o r  2a + 4 (a  '12) = 0 by Theorem 1.5- 
~ u t  2a = 0 + a  = 0 by Theorem 1.2, and a # 0, t h e r e f o r e  

0  = 2a + 4 ( a 8 / 2 )  = 2a + ( 4 ( a / 2 ) )  ' (1 -8 )  
2a = ( ( 4 ( a / 2 ) )  ' )  ' = 4(a /2 )  = 2(2 (a /2 ) )  (1.7, d e f )  

(2a)/2 = ( 2 ( 2 ( a / 2 ) ) ) / 2 ,  a  = 2(=/2) .  (I. 1) 
Final ly :  

2(0/2) = (0 o  0 )  + (0  o  0) = O +  0 = 0, (de f ,  111, 111) 

2 ( 4 2 )  = (w o  w) + ( u o  u) = w +  w = u .  (def ,  111, 1.6) 

Proof 1-10. -- 
2 ( a  o  b )  = 2 ( ( 2 a ) / 2  0 (2b)/2) 

= 2 ( ( 2 a  o  2b)/2) 
= 2a o  2b. 

(a  + b) /2  = (2(a /2)  + 2(b/2)/2 
= (2(a/2 + b/2))/2 
= a12 + b/2 

Meta-Theorem. -- 
I' is  a  d u a l  system; t h a t  is, f o r  each theorem T i n  r, t h e  s ta tement  T* 

formed by r e p l a c i n g  each occurrence  of +, 0, 0  and u wi th  0, +, u and 0  
( r e s p e c t i v e l y )  is  a l s o  a  theorem i n  I'. 



Proof. - 
Axioms I - IV a r e  se l f- dua l .  Theorem 1.2 is  t h e  dua l  of Axiom V. The 

d u a l  of Axiom V I  i s  proved a s  fo l lows:  For any given x  and y  i n  r, l e t  
a  = x/2, b  = y/4, then 

2a = 2(x/2) = x (1.9) 
4b = 2(2b)  = 2 ( 2 ( y / 4 ) )  

= 2 ( 2 (  (y /2) /2))  = 2 (y/2) = Y. 
(def ,  11; hyp; de f ,  11; 1.9; 1.9) 

Making t h e  appropr i a t e  s u b s t i t u t i o n s  i n  Axiom VI then  g ives  
V x, y  c  r; 

(10) x/2 + (x/2 0 y/4) = x 0 (x + y)  

The meta-theorem is completed by no t ing  t h a t  i f  T  is any theorem with  
a  proof P, t hen  T*, t h e  d u a l  of T, w i l l  have a  proof P*, each s t e p  of which 
is  t h e  d u a l  of  t h e  corresponding s t e p  i n  P. 

At t h i s  p i n t  it would b e  n i c e  t o  know how c l o s e  r comes t o  r ep resen t ing  
t h e  no t ion  o f  a  f i e l d .  I n  one d i r e c t i o n ,  beginning with any f i e l d ,  we may 
c o n s t r u c t  a l l  of t h e  axioms of r j u s t  a s  we d i d  f o r  t h e  r e a l  numbers, with 
t h e  one except ion t h a t  t h e  d e r i v a t i o n  of VI r e q u i r e s  t h e  p r i n c i p l e  1.2: 
2a = 0 + a  = 0, t hus  e l i m i n a t i n g  f i e l d s  such a s  1 / ( 2 ) .  I n  t h e  o t h e r  
d i r e c t i o n ,  however, t he  answer seems l e s s  c l e a r :  Theorem I1 con ta ins  some 
p a r t i a l  r e s u l t s .  

D e f i n i t i o n  g. 
We c l a s s i f y  r by w r i t i n g  f o r  each k  â N,  

r c  Sk i f f  V a  c r, k ( a / k )  = a  
I? c  Tk i f f  V a  c r, (ka) /k  = a.  

(13) -. 
r c Sp + ( a l p  = a + a  = a ) ,  s i n c e  i f  a l p  = u, then 

a  = p(a/p)  = p u = u. (l7 â Sp, 1.4) 

S i m i l a r l y ,  r c Tp + (pa = 0 =3 a  = 0) .  

Lemma. 

1f r c s k - l ,  then ( k a = O  =3 a = O )  + ( a h = @  * a - d *  

f o r  suppose 

1) ka # 0, 2 )  a / k  = u, and 3) a  # u, the11 
u =  a o  a / (k  - 1) ( d c f ,  liyp 2 )  
a  = ( a / (k  - 1)) '  = a l / ( k  - 1 )  (1.7, 1 .8)  
(k  - 1 ) a  = (k - 1 ) ( a 1 / ( k  - 1 ) )  = a t  (r c s,'-,) 
ka = (k - 1 ) a  + a  = a '  + a  = 0. (def ;  Iv, hyp 3) 

Con t rad ic t ion  by h y w t h e s i s  1. 
Therefore  ( a  # 0 + ka # 0)  + (a/k = u + a  = a).  

Basic  Lemma f o r  Theorem 11. ----- 
k-1 

V a  c  r, V k c  N; I f  r c nn-l (Sn n Tn) and ka = 0 + a  = 0, - 
then r c Sk 1 )  Tk. 

We s h a l l  prove r c Sk and show r c Tk by a  d u a l i t y  argument. 
We begin  with proofs  f o r  s p e c i a l  cases :  

I f  a  = 0, then k(O/k)  = (k-O)/k  = 0, 
i f  a  = u, then k(&) = (ku) /k  = u .  

The cases  f o r  k  = 2 and k  = 4 fol low d i r e c t l y  from t h e  f a c t  
t h a t  r c f l  [s2 ,  S4, SB, - - - I ,  which i n  t u r n  fol lows from Theorem 
1.9 and Lemma 11. 

We nex t  prove t h e  c a s e  f o r  k  = 3 a s  fo l lows:  i f  3a # 0 and 
a  # u, then a/6 # u s i n c e  i f  a16 = u, then 

a/3 = 2 (  (a/3)/2) = 2(a/6)  = 2u = u. 
Con t rad ic t ion  by Lemma 14. 

2a o  a  = a  o  ( a  + a )  = a12 + (a12 o a/4) - a12 + a/6 (def;  10; de f ,  11) 
(2a o  a )  + a1 /6  = a12 + a/6 + a' /6 = a12 

(11; 1.6; IV, a/6 # 0; 111) 
2(2a  0 a )  + 2 ( a 1 / 6 )  - 2(a/2) - a  (11, def;  1.9) 

2 ( 2 ( ( 2 a  0  a ) / 2 ) )  + 2 (  ( a1 /3 ) /2 )  = (1.9; de f ,  11)  
4 ( ( 2 a ) / 2  0 312) + a1 /3  = (def ,  11; I; 1.9) 

4(a /3)  + 3 '13  = (1.1, d e f )  
3(a/3) + (a13 + (a/3) ' )  = (def ,  11; 1.8) 

3  (a131 = a  (IV, 14, hyp; 111) 

F i n a l l y ,  by induc t ion  f o r  any k  > 4, choose 0  # a  # u, then 

a /2(k  - 2 )  # u by 13, s i n c e  r c  S2(k-2) by Theorem 1.9, 
hypo thes i s ,  and Lemma 11- 

(k - 4 ) a '  # 0 by 1 3  s i n c e  r c Tk-4. 

(k  - 4 ) a  # by Theorem 1.5 s i n c e  a  # u by  h y p t h e s i s ,  and . . - - 
t h e r e f o r e  (k  - 4)a/k # u by 14. 



Having dispensed wi th  t h e  p r e l m i n a r y  d e t a ~ l s ,  we make t h e  fo l lowing 
computation: 

a  + [ a  o  ( ( k  - 4 ) a 8 ) / 2 ( k  - 2 ) ]  = 2a o  [2a + 4 [ ( ( k  - 4 ) a 1 ) / 2 ( k  - 2111 
[VI wi th  b  = , ( ( k  - 4 ) a 1 ) / 2 ( k  - 2)1 

= 4[a/2 o  [a12 + ( ( k  - 4 ) a 1 ) / 2 ( k  - 2111 (1.9, 1 -10)  
= 4[a/2 o  [ ( k  - 2 ) ( a / 2 ( k  - 2 ) )  + ( ( k  - 4 ) a 9 ) / 2 ( k  - 2 ) ) 1 ]  

(r c sk-2) 
= 4[a/2 o  [ ( k  - 2)  (a /2(k  - 2 ) )  + (k  - 4)  ( ( a 1 / 2 ) / ( k  - 2 ) ) I l  

(I.  10) 
= 4[a/2 o  [ ( k  - 2)  (a /2(k  - 2 ) )  + (k - 4)  ( ( a 1 / 2 ) / ( k  - 2) )11  

(12) 
= 4[a/2 o  [ ( k  - 2 ) ( a / 2 ( k  - 2 ) )  + (k  - 4 ) ( a / 2 ( k  - 2 ) ) ' I l  

(1.10, 1.8) 
= 4[a/2 o  2 (a /2 (k  - 2111 (IV, 20) 
= 4[a/2 o  a / ( k  - 211 (de f ,  11; 1.9) 

Theref ore ,  
a  + [ a  o  ( ( k  - 4 ) a 8 ) / 2 ( k  - 211 = 4(a /k )  (de f ,  11) 

a  + [ ( ( k  - 4 ) a ) / ( k  - 4)  0  ( ( k  - 4 ) a 1 ) / 2 ( k  - 2)1 = (r 6 Tke4) 
a  + ( ( k  - 4 ) a 8 ) / k  = 

(de f ,  11; IV, 21; 111) 
a  + [ ( ( k  - 4 ) a ) / k l  ' = 4(a /k )  (1.8) 

Adding ( ( k  - 4 ) a ) / k  t o  both  s i d e s  g ives  

a  = 4(a/k)  + ( ( k  - 4 ) a ) / k  (de f ,  11; I V ,  22; 111) 
= k(a/k)  (de f ,  11)  

k-1 
Therefore ,  i f  l? c nnZl (Sn n Tn) and ka = 0 + a  = 0, t hen  

l? c Sk by 16, 17, 18, and 19. 

To a r r i v e  a t  l? c Tk, we no te  t h a t  t h e  above proof t akes  t h e  form " i f  P  

and Q, t hen  R" [where P  is  l? c 1, Tn) ,  Q is  ka = 0  + a  = 0, and 

R is  l? c Sk) ] .  S ince  P  and P a r e  i d e n t i c a l ,  and s i n c e  P  and Q 
+ Q* by 14, P  and Q =+ P* and Q*; f i n a l l y ,  P* and Q* =+ R* 
by t h e  meta-theorem, s o  t h a t  P  and Q + R* and l? â Tk. 

D e f i n i t i o n  s. I? = l? - [m]. 

Theorem 11. -- 
With r e s p e c t  t o  s u i t a b l e  d e f i n i t i o n s  of m u l t i p l i c a t i o n ,  

1. I f  f o r  some prime i n t e g e r  p  and f o r  a l l  a  c l?, pa = 0, then 
P is  a  v e c t o r  space  over  I / ( p ) ,  t h e  r i n g  of  i n t e g e r s  modulo p. 

2. I f  P h a s  a  prime number of elements p, t hen  l? is  d e r i v a b l e  
from I / ( p )  . 

3. I f  V a  c P and V n  c N ,  na = 0  + a  = 0, then P is a  
vec to r  space  over  t h e  f i e l d  of . r a t i o n a l  numbers. 

Proof 11.1. -- 17s 

Assume pa = 0  f o r  a l l  a  c I+, f o r  some prime i n t e g e r  p. 

(23) (Lemma) We no te  t h a t  P is a  prime o rde r  a b e l i a n  group w ~ t h  
r e s p e c t  t o  a d d i t i o n  a s  a  r e s u l t  of Axioms I - I V  and t h e  above 
assumption. 

(24) Considering [n] c I / ( p )  a s  an  equivalence  c l a s s  of n, we 
de f ine ,  V a  c P, V [n] c 1 / ( p ) ,  

[ n l a  = na. 

[ n l a  is w e l l  de f ined  s i n c e  i f  [n]  = [m], then (n - m)  = 0  (mod p) 
and t h e r e f o r e  (n - m)a = 0, na = ma. 

Theorem 11.1 now fo l l cws  from t h e  f a c t  t h a t  any a d d i t l v e  p-order Abelian 
group forms a  v e c t o r  space  wi th  r e s p e c t  t o  d e f i n i t i o n  24 of m u l t i p l i c a t i o n .  

Proof 11.2. -- 
Assume P h a s  p  e lements  f o r  some prime i n t e g e r  p. 

Then, wi th  r e s p e c t  t o  add i t ion ,  P is a  c y c l i c  group, s o  t h a t  by 
Theorem 11.1, i t  forms a  one dimensional vec to r  space  wi th  r e s p e c t  t o  
d e f i n i t i o n  24 of  m u l t i p l ~ c a t i o n .  

To extend t h e  s c a l a r - f i e l d  p r o p e r t i e s  of I?, we choose an 
a r b i t r a r y  normal iz ing c o n s t a n t  a  c I? - [o], and d e f i n e  

x - y  = [ k ( x ) l  [ k ( y ) l a  where 
[ k ( x ) l a  = x ,  [ k ( y ) l a  = y. 

We a l s o  d e f i n e  l / x  by 
l / x  = y  +3 x - y  = a .  

(Lemma) V n  < p, V a  c l?, (na)/n = n(a/n)  = a  s i n c e ,  by 
induct ion,  we have f i r s t  l? c (& 0 Ta ) a s  mentioned i n  Lemma 

k-1 
15; then i f  l? c l l n Z l  (Sn 1 )  T n )  f o r  some k  < p, t hen  

a  # 0 + ka # 0  by Lemma 23 and t h e r e f o r e  l? c Sk ri Tk by 
Lemma 15. The induc t ion  s t o p s  wi th  k  = p  - 1. 

(25, def i) 
(25, 24, 25) 

(n  c b l ,  27) 

Therefore  l / ( n a )  = a/n by d e f i n i t i o n  26. 

F i n a l l y ,  we choose x ,  y  c P - (01 such t h a t  x '  # y  and compute 
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So t h a t  0 is a l y e b r a ~ c a l l y  determined by the  f i e l d  p r o p e r t i e s  of 
and t h e  convent ions  f o r  s p e c i a l  elements (e.g. a + u = u). 

Proof 11.3. -- 
Assume V a c l?, V k â N, ka = 0 + a = 0. 

(29) We d e f i n e  V k â N ,  
(- k)a = k a ' ,  a/(- k) = a t / k ,  0.a = 0. 

(30) (Lemma) By analogy wi th  Lemma 27 of t h e  previous  proof ,  we conclude 
a 

c (Sk (1 T k ) ,  s o  t h a t ,  i n  view of  d e f i n i t i o n  29, V k c I, 

(31) V a c p, V p, q c I, q # 0, we d e f i n e  
(p/qJa = (pa) /q  - 

The above m u l t i p l i c a t i o n  by r a t i o n a l  numbers is  w e l l  def ined s i n c e  
i f  R/% = & I % :  i f  &,  Q ,  h ,  %,  â ‚ ¬  a n d i f  Q , %  # O ,  
then R = h q l / % .  

Assuming t h e  normal f i e l d  properties f o r  r a t i o n a l  numbers, t h e  
f i e l d- [ v e c t o r  space]  c o r r e l a t i o n  laws a r e  proved a s  fo l lows:  

(def i )  

RESEARCH PROBLEMS 

Proposed by GEORa BRAmR, Unive r s i ty  of Minnesota. 

The real- valued func t ions  on (-a,-) is  a semi-group, i f  we d e f i n e  t h e  
product of two such func t ions  by 

The func t ion  X a c t s  a s  i d e n t i t y  and each c o n s t a n t  func t ion  c h a s  the 
p r o p e r t i e s :  

I f  we denote t h e  s e t  of rea l- valued func t ions  by S, and t h e  s e t  of c o n s t a n t s  
by I, we have 

Moreover, l f  we de f ine  f  2 g t o  mean t h a t  f ( t )  2 g ( t )  f o r  a l l  t, 
then  S is  r i g h t  p a r t i a l l y  ordered,  i .e . ,  

(5)  f 2 h  + f  x g k f  x h .  

Problem: O b t a ~ n  p r o p e r t i e s  of a b s t r a c t  r i g h t  p a r t i a l l y  ordered semi-groups. 
What a l g e b r a i c  p r o p e r t i e s ,  i n  a d d i t i o n  t o  (1) - ( 5 ) ,  would c o n s t i t u t e  a 
c h a r a c t e r i z a t i o n  of t h e  semi-group of r e a l  func t ions?  What p r o p r t i e s  would 
c h a r a c t e r i z e  t h e  sub semi-groups? 

Proposed by SIM KAH, Unive r s i ty  of Minnesota. 

Examine, h e u r i s t i c a l l y ,  t h e  geometry of  geodesics  on a c y l i n d e r  i n  o rde r  
t o  o b t a i n  a s e t  of axioms of  inc idence  and o rde r .  Using t h e s e  axioms, 
deduc t ive ly  develop a geometry and a t tempt  t o  f i n d  models, o t h e r  than  t h e  
c y l i n d e r ,  t o  which t h i s  geometry app l i e s .  



PROBLEM DEPARTMENT 

Edi ted  by 
M. S. Klamkin, Ford S c i e n t i f i c  Laboratory 

Th i s  department welcomes problems be l i eved  t o  be  new and, a s  a  r u l e ,  
demanding no g r e a t e r  a b i l i t y  i n  problem so lv ing  than t h a t  of t h e  average 
member of t h e  F r a t e r n i t y ,  b u t  occas iona l ly  we s h a l l  pub l i sh  problems t h a t  
should cha l l enge  t h e  a b i l i t y  of t h e  advanced undergraduate and/or cand ida te  
f o r  t h e  Mas te r ' s  Degree. So lu t ions  of t h e s e  problems should  b e  submit ted  
on s e p a r a t e  s igned s h e e t s  w i th in  f o u r  months a f t e r  pub l i ca t ion .  

An a s t e r i s k  (*)  placed bes ide  a  problem number i n d i c a t e s  t h a t  t h e  problem 
was submitted wi thout  a  so lu t ion .  

Address a l l  communications concerning problems t o  M. S. Klamkin, Ford 
S c i e n t i f i c  Laboratory,  P. 0. Box 2053, Dearborn, Michigan 48121. 

PROBLEMS FOR SOLUTION 

177. Proposed by C. S. VENKATARAMAN, Sree  Kerala Varma College,  Tr ichur ,  
South Ind ia .  

I f  s is  t h e  semi-perimeter and R, r, rl , ra, and r3 a r e  t h e  circum-, 
in-, and ex- rad i i  r e s p e c t i v e l y  of  a  t r i a n g l e ,  prove t h a t  

R 2 s 3 .  
ra - rl ra r3 

A 

178. Proposed by K. S. MURRAY, New York Ci ty .  A 
Show t h a t  t h e  c e n t r o i d  Of A ABC co inc ides  wi th  
t h e  c e n t r o i d  of A A'B 'C82he= A ' ,  BB", and 
C' a r e  t h e  midpoints of BC, CA, and AB, 
r e spec t ive ly .  

B 
General ize  t o  h ighe r  dimensions. A '  

179. Proposed by DONALD SCHROEDER, S e a t t l e ,  washington. 

I t  is  w e l l  known t h a t  
3s + 4' = 5', 

loÂ + 11' + 12' = 13' + 14'. 

General ize  t h e  above by f i n d i n g  i n t e g e r s  a  s a t i s f y i n g  
m 2m 

I.. (a+k)' = (a+kIa .  
k=O k=m+l 

4 

180. Proposed by R. C. GEBHART, Parsippany, N. J. 

I n  t h e  f i g u r e ,  AB = BC and LABC = 90. The a r c s  a r e  both c i r c u l a r  
wi th  t h e  i n n e r  one being tangent  t o  AB a t  A and a t  C. 

Determine t h e  a r e a  of t h e  c re scen t .  

I r t l .  Proposed by DONALD W. CROWE, Unive r s i ty  of Wisconsin and M. S. KLAMKIN, 
Ford S c i e n t i f i c  Laboratory.  

Determine a  convex curve c i r cumscr ib ing  a  g iven t r i a n g l e  such t h a t  
1. The a r e a s  of t h e  fou r  r eg ions  (3-segments and a  t r i a n g l e )  

formed a r e  equa l  and 
2. The curve  has  a  minimum per imeter .  

SOLUTIONS 

l b 5 .  Proposed by D. J. NEWMAN, Yeshiva Univers i ty .  

Express cos  0  a s  a  r a t i o n a l  func t ion  of s in3 0  and cos3 9. 

S o l u t i o n  by R. C. Gebhart, Parsippany, N. J. 

Since 
1. 4 COS" 0 = 3 cos 9  + cos 3 0 ,  
2. 256 cos3 9  s in 6  8  = 6 cos  0  - 8 cos  39 + 3 cos  79 - cos 98, 
3. 64 cos  9  s in6 0  = 5 cos  9  - 9 cos  39 + 5 cos  59 - cos 79, 
4. 256 c0s9 9  = 126 cos  9  + 84 cos  39 + 36 cos 59 + 9 cos  79 + COS 90 
5 -  64 cos  0  cos6 0  = 35 cos  9  + 2 1  cos  30 + 7 cos 59 + cos  79, 

cos  9  is a  l i n e a r  combination of t h e  lef t- hand s i d e s  o f  equa t ions  1-5, 
i .e . ,  cos  A a A cos3 6  + B cos3 9  s in6 9  + C cos 9  s in8 9  + D cos" 
+ E cos  0  cos6 0. 

I t  then  fol lows t h a t  
A = 2 ,  B = C = D = l ,  and E = - 2 .  

Whence, 
cos 8  = 

2 cos3 9  + (cos3 0) (s in3 9)' + (cos3 @I3 
1 - (s in3 9)' + 2 (cos3 9)' 

Also so lved  by K. S. Murray, P. Myers, and F. Zet to .  

. I .  Proposed by M. S. KLAMKIN, Ford S c i e n t i f i c  Laboratory.  

Given a  centrosyinmetric s t r i c t l y  convex f i g u r e  and an i n t e r s e c t i n g  
t r a n s l a t i o n  of it; show t h a t  t h e r e  is  only one common chord and t h a t  
t h i s  chord i s  mutual ly  b i s e c t e d  by t h e  segment jo in ing  t h e  c e n t e r s -  

So lu t ion  by t h e  proposer.  



I f  t h e  two o v a l s  i n t e r s e c t  i n  more than  two po in t s ,  
then each ova l  would c o n t a i n  a t  l e a s t  t h r e e  
p a r a l l e l  and equa l  l eng th  chords.  The l eng th  
and d i r e c t i o n  be ing  t h e  l eng th  and d i r e c t i o n  
of t h e  t r a n s l a t i o n .  Th i s  is impossible  
s i n c e  t h e  middle chord must be  l a r g e r  than  
t h e  o u t e r  equa l  ones by s t r i c t  convexi ty .  

I f  A and B denote  any p a i r  of  
centrosymmetric p o i n t s  o f  t h e  
f i r s t  o v a l  and A' and B' t h e  
corresponding p o i n t s  of t h e  
t r a n s l a t e d  o v a l  then AA'B'B 
is  a  para l le logram.  It  then  
fol lows t h a t  t h e  e n t i r e  f i g u r e  A 

(both o v a l s )  is  cen'trosymmetric 
about p o i n t  M, t h e  midpoint of  
t h e  segment jo in ing  t h e  two 
cen te r s .  S ince  D and E a r e  t h e  
only  two double po in t s ,  t hey  must 
correspond t o  each o the r ,  i . e . ,  
be  centrosymmetric wi th  r e s p e c t  
t o  M. Note t h a t  t h i s  g e n e r a l i z e s  t h e  w e l l  known r e s u l t  f o r  two 
i n t e r s e c t i n g  congruent c i r c l e s .  

Also solved by M. Wagner. 

1 6 8 ~ r o p o s e d  by JERRY TOWER, North High School ( s t u d e n t ) ,  Columbus, Ohio. 

Determine x  a sympto t i ca l ly  i f  

l o g  x = n l o g  l o g  x. 

Solu t ion  by Sydney S p i t a l ,  C a l i f o r n i a  S t a t e  Polytechnic  College.  

The given equa t ion  may b e  r e w r i t t e n  a s  

x1" = l o g  x  

whose l i m i t i n g  s o l u t i o n  is e a s i l y  seen t o  b e  x  = e. To determine x 
asymptot ica l ly ,  we l e t  x  = e ( 1  + 6 )  and assume ( t o  be  j u s t i f i e d  
subsequent ly)  t h a t  6  = 0 (1): S u b s t i t u t i n g  back i n t o  ( I ) ,  y i e l d s  

Thus, 1 
6 = el1' - 1 + O ( 2 ) .  

1 
S ince  el1' = 1 + O(;), ou r  p rev ious  assumption is j u s t i f i e d  and t h e  

d e s i r e d  asymptot ic  behavior  is given by  

x = el+l,n + ,,(I _a) = e  ( l+ l /n )  + 0 (-5 . 
Also solved by Paul J. Campbell, K. S. Murray and F. Zet to .  
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169. Proposed by JOE KONHAUSER, Un ive r s i ty  of  Minnesota. 

From an a r b i t r a r y  p o i n t  P  (no t  a  v e r t e x )  of  an  e l l i p s e ,  l i n e s  a r e  
drawn through t h e  f o c i  i n t e r s e c t i n g  t h e  e l l i p s e  i n  p o i n t s  Q and R. 
Prove t h a t  t h e  l i n e  jo in ing  P t o  t h e  po in t  of  i n t e r s e c t i o n  of t h e  
t angen t s  t o  t h e  e l l i p s e  a t  Q and R is  t h e  normal t o  t h e  e l l i p s e  
a t  P. 

E d i t o r i a l  Note: The proposer  no te s  t h a t  h e  does  not  know t h e  source  
of t h e  problem and he  has  no t  been a b l e  t o  l o c a t e  it i n  any o f  t h e  
books he  h a s  examined. 

So lu t ion  by s. Schuster ,  Un ive r s i ty  of Minnesota. 

s = QR i s  t h e  p o l a r  o f  S. Then 
B' 

t)(PT,US),- and M(QP,QT;QU,QS) 
i s  a  harmonic s e t  o f  l i n e s .  The 
p r o j e c t i v i t y  (def ined by t h e  con ic )  
between t h e  l i n e s  on Q and t h e  
l i n e s  on P makes t h e  correspondences: 
Q P - P B ' ,  Q T - m ,  Q U- P R ,  Q S - P Q .  .'. a (PB',  ,;PR, PQ) . ~ u t  s i n c e  
LA 'PQÂ¥SLB'PR we have PT i PB'. 
Other i n t e r e s t i n g  p r o p e r t i e s  of  t h e  
f i g u r e  a re :  

BB' i PQ, AA' L PR , 
A'B i BS and B'A i AS . 

Also solved by Paul Myers and t h e  proposer.  

E d i t o r i a l  Note: ~t would be  of  i n t e r e s t  t o  supply  a  nonpro jec t ive  
proof.  

170. Proposed by C. S. VENKATARAMAM, S ree  Kerala varma College,  India .  

Prove t h a t  a  t r i a n g l e  ABC is  i s o s c e l e s  o r  r ight- angled i f  

(1)  a3 cos  A + b3 cos  B = abc. 

The s o l u t i o n s  by Paul J. Campbell, Un ive r s i ty  of  Dayton, and Marilyn 
Mantel, Un ive r s i ty  of Nebraska were e s s e n t i a l l y  i d e n t i c a l  and a r e  
g iven a s  follows: 

Replacing cos  A and cos  B by t h e  law of cos ines ,  i .e. ,  
ba + c? - aa 

2bc , cos  B = 
aa + c? - ba 

cos A = 2ac ' 

(1)  reduces  t o  ( a f t e r  some a l g e b r a i c  manipula t ions)  

(aa + bÂ - c? ) (aa - ba la = 0, 

which impl i e s  t h e  d e s i r e d  r e s u l t .  

Sydney S p i t a l ,  C a l i f o r n i a  S t a t e  Polytechnic  Col lege  and t h e  proposer  
use t h e  p r o j e c t i o n  formula 

a  cos  B + b cos A = C 



t o  ob ta in  
(aa - b a )  (to cos  B - a  cos  A) = 0 

which impl i e s  t h e  d e s i r e d  r e s u l t .  

Also solved by H. Kaye, P. Myers, M. Wagner and F. Zet to .  

171. Proposed by MURRAY S. KLAMKIN, Ford S c i e n t i f i c  Laboratory.  

For 0  < 0 < v/2 ,  it is  w e l l  known t h a t  t h e  i n e q u a l i t y  

y > cos* 0  

ho lds  f o r  m = 1. What is t h e  s m a l l e s t  cons tan t  m f o r  which it 
ho lds?  

So lu t ion  by  t h e  proposer.  

I t  fol lows from t h e  power s e r i e s  expansions t h a t  m ^$. We now show 

t h a t  it s u f f i c e s  t o  have m = - , i .e . ,  

s i n a  0  t a n  0  > O3 . 
Since t h e  1.h.s. and t h e  r .h .s .  of (1) a r e  equa l  a t  0  = 0,  it 
s u f f i c e s  t o  show t h a t  t h e  d e r i v a t i v e  of  t h e  1.h.s. is g r e a t e r  t han  
t h e  d e r i v a t i v e  of  t h e  r .h.s.  of  ( I ) ,  i .e . ,  

(2) 2  s i n a  0  + tana 0  > 30' . 
Simi la r ly  t o  e s t a b l i s h  ( 2 ) ,  it s u f f i c e s  t o  show 

4 s i n  0  cos  0  + 2 t a n  0  seca 0  > 60 , 

4 cos  20 + 2 sec4 o + 4 tana o seca 6  > 6 . 
(4) fo l lows s i n c e  it can b e  r e w r i t t e n  a s  

Sydney S p i t a l ,  C a l i f o r n i a  S t a t e  Polytechnic  Col lege ,  e s t a b l i s h e s  t h e  
above r e s u l t  by  showing t h a t  

l o  0  c s c  0 )  
-1" = ;o; s e c  0  

is monotone dec reas ing  on (0,77/2] and then  t h e  d e s i r e d  minimum 
value  of m is  given by  

l i m i t  m(0) = . 
0 - 0  

3  

Also solved by  Paul  J. Campbell, H. Kaye, Paul Myers, and Ricky Pollack. 

BOOK REVIEWS -- 
Edi t ed  by 

Roy B. Deal, Oklahoma S t a t e  Un ive r s i ty  

General Theory g Funct ions  I n t e q r a t i o n .  By Angus E. Taylor.  New York, 
B l a i s d e l l  Publ ishing Company, 1965. x v i  + 437 pp., $12.50. 

A r a t h e r  thorough se l f- con ta ined  t r ea tmen t  of c e r t a i n  a s p e c t s  of a n a l y s i s ,  
b a s i c a l l y  concerned wi th  t h e  development of Lebesgue measure, then t h e  
Lebesque i n t e g r a l ,  followed by  t r ea tmen t  of t h e  Danie l1  i n t e g r a l  and then 
measure, e s t a b l i s h i n g  t h e  i n t e r- r e l a t e d n e s s  of t h e  two, and providing t h e  
necessary  t o p o l o g i c a l  background i n  t h e  beginning with many i n t e r e s t i n g  
r e l a t e d  concepts  such a s  s igned measures, LP spaces ,  v e c t o r  valued func t ions  
of bounded v a r i a t i o n ,  and S t i e l t j e s  i n t e g r a l s  developed throughout.  

Prelude t o  Analys is .  By Paul C. Rosenbloom and Seymour Schuster .  Englewood -- 
C l i f f s ,  New Jersey, Prent ice- Hal l ,  1966. x i x  + 473 pp. 

A unique textbook i n  which a  v a s t  number of important  mathematical concepts  
a r e  s k i l l f u l l y  woven i n t o  pre- calculus  ma te r i a l ,  u s ing  a  v a r i e t y  of peda- 
gog ica l  techniques  t o  e s t a b l i s h  t h e s e  concepts  a t  an e lementary  l e v e l .  It 
does not  con ta in  trigonometry,  however, a s  t he  au thor s  f e e l  t h a t  t h i s  should 
be  developed by t h e  use of ca l cu lus .  

A Concept of Limits .  By Donald W. Hight. Englewmd C l i f f s ,  New J e r s e y ,  - 
Prent ice- Hal l ,  1966. x i i  + 138 pp., $3.95. 

A b r i e f  b u t  r a t h e r  complete t r ea tmen t  of t h e  elementary theorems of l i m i t s  
of r e a l  sequences and r e a l  func t ions  wi th  some h i s t o r y  and many examples and 
e x e r c i s e s  designed t o  l ead  t h e  r e a d e r  with a  h igh school  a lgebra  and t r i g o-  
nometric background t o  a  thorough unders tanding of  t h e  fundamental concepts.  

Linear  S t a t i s t i c a l  In fe rence  and i t s  Appl ica t ions .  By C. Radhakrishna Rao. 
New York, John Wiley, 1965. x v i i i  + 522 pp., $14.95. 

Perhaps t h e  most comprehensive modern t r ea tmen t  o f  s t a t i s t i c a l  theory and 
methods a v a i l a b l e ,  t r e a t i n g  a n a l y s i s  of var iance ,  e s t ima t ion ,  l a r g e  sample 
theory,  s t a t i s t i c a l  i n fe rence ,  m u l t i v a r i a t e  a n a l y s i s  wi th  many f a c e t s  of 
t h e  modern fundamental concepts  of  each, and a  r a t h e r  thorough t r ea tmen t  
of mathematical p r e r e q u i s i t e s  such a s  v e c t o r  spaces ,  i nc lud ing  H i l b e r t  
Spaces, p r o b a b i l i t y  and measure theory,  and necessary  exce rp t s  from ana lys i s .  
It presupposes a  mathematical ma tu r i ty  a t  about t h e  advanced c a l c u l u s  l e v e l  
and some knowledge of  e lementary  s t a t i s t i c a l  t heo ry  and methods. 

Vector Analysis.  By Barry Spain.  Pr inceton,  New Je r sey ,  Van Nostrand, 1965. 
i x  + 114 pp., $5.95. 

A b r i e f  b u t  thorough t r ea tmen t  of t h e  mathematics of c l a s s i c a l  v e c t o r  a n a l y s i s  
from a  c l a s s i c a l  po in t  of  view wi th  a  b r i e f  i n t roduc t ion  t o  c l a s s i c a l  t e n s o r  
a n a l y s i s ,  omi t t ing  a l l  a p p l i c a t i o n s .  



Topoloqical  S t r u c t u r e s .  By Wolfgang J. Thron. New York, Hol t ,  Rinehar t  and 
Winston, Inc. ,  1966. x + 240 pp. 

A modern se l f- con ta ined  t r ea tmen t  of gene ra l  topology, wi th  h i s t o r i c a l  and 
mot ivat ion remarks, which proceeds from a very  e lementary  i n t r o d u c t i o n  t o  
some r a t h e r  d i f f i c u l t  advanced theorems i n  twenty- three b r i e f  chap te r s .  
Although t h e  book is b r i e f ,  t h e r e  i s  an e x c e l l e n t  b ib l iog raphy  and enough 
d i f f i c u l t  b u t  important  theorems and e x e r c i s e s  t o  warrant  a y e a r ' s  s tudy.  
I n  a d d i t i o n  t o  t h e  c l a s s i c a l  t o p i c s  of gene ra l  topology, t h e r e  a r e  modern 
t r ea tmen t s  of q u o t i e n t  spaces ,  n e t s ,  f i l t e r s ,  uniform spaces ,  proximity  spaces ,  
t o p o l o g i c a l  groups, and paracompactness and me t r i za t ion .  

In t roduc t ion  t o  Basic  For t r an  P r o q r a m i n g  Numerical Methods. By William 
Prager. 

Based on l e c t u r e  no te s  prepared f o r  a one-semester cour se  f o r  s t u d e n t s  of 
app l i ed  mathematics wi th  l i m i t e d  mathematical background, cover ing For t r an  
programming wi th  a p p l i c a t i o n s  t o  computing wi th  polynomials, i n t e r p o l a t i o n ,  
quadrature ,  s o l u t i o n  of  equa t ions  and i n t e g r a t i o n  of o rd ina ry  d i f f e r e n t i a l  
equat ions .  

A l b e r t  E i n s t e i n  and t h e  Cosmic World Order. By Corne l ius  Lanczos. New York, 
Wiley- Interscience, 1965. v i  + 139 pp. 

An outgrowth of a p u b l i c  l e c t u r e  s e r i e s  a t  t h e  Un ive r s i ty  of  Michigan 
i n  t h e  s p r i n g  of 1962 c a l l e d  "The Place  o f  A lbe r t  E i n s t e i n  i n  t h e  Hi s to ry  Of 
Physics ,"  w r i t t e n  by one of  t h e  ou t s t and ing  mathematics e x p o s i t o r s  and a 
former a s s o c i a t e  of  E ins t e in .  

Modular Arithmetic.  By Burton W. Jones. 

An e x c e l l e n t  book f o r  secondary schoo l  t eache r s ,  ou t s t and ing  h igh  school  
s tuden t s ,  o r  f o r  c o l l e g e  s t u d e n t s  who might wish t o  use  it a s  an  e lementary  
secondary r e fe rence  on modular systems. 
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Hans F. Weinberger. A F i r s t  Course i n  P a r t i a l  D i f f e r e n t i a l  Equations a 
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