




The C.  C .  MacDuffee Award f o r  Dis t inguished Service  

J. C.  Eaves, The Un ive r s i ty  of Kentucky 

1. In t roduc t ion :  P i  Mu Eps i lon ' s  f i r s t  r e c i p i e n t  of The C .  C .  
MacDuffee Award f o r  Dis t inguished Se rv ice  was s e l e c t e d  a t  t h e  
annual  meeting of t h e  o r g a n i z a t i o n ' s  o f f i c e r s ,  he ld  on t h e  
Corne l l  campus a t  I t haca ,  New York, September 1965. perhaps 
t h e  d i s c u s s i o n s  were somewhat prolonged b u t  t h e  unanimous choice  
t o  r e c e i v e  t h e  honor of t h e  f i r s t  such award s i n c e  i t s  adoption 
was t o  be t h e  p r e s i d i n g  o f f i c e r  a t  a l l  r e g u l a r l y  scheduled meet- 
ings ,  t h e  n a t i o n a l  p r e s i d e n t  of P i  Mu Epsi lon ,  D r .  J. Sutherland 
Frame; and he  kep t  showing up on t ime.  

Since The C.  C .  MacDuffee award is P i  Mu E p s i l o n ' s  h i g h e s t  
r e c o g n i t i o n  it was decided l a t e  i n  t h e  meetings t h a t  presenta-  
t i o n  would be  most a p p r o p r i a t e  upon D r .  Frame's r e t i r e m e n t  from 
t h e  pres idency,  t h i s  a l lowing ample t ime t o  a r r ange  f o r  t h e  ban- 
que t  and t o  l a y  adequate p l a n s  f o r  t h e  occas ion.  

It was t h e  opinion of t hose  on t h e  Governing c o u n c i l  t h a t  
t h e  award should be made " o f t e n  enough t o  be  recognized and 
seldom enough t o  be  meaningful ."  Excerpts from t h e  p r e s e n t a t i o n  
no te s  a r e  g iven  below. 

2 .  The F i r s t  P re sen ta t ion :  "Members of P i  Mu Epsi lon ,  d i s t i n -  
guished gues t s :  I n  making t h i s  p r e s e n t a t i o n  I c a l l  your 
a t t e n t i o n  t o  t h e  fo l lowing obse rva t ions .  

Las t  yea r ,  t h e  Counci lors  General ,  cognizant  of t h e  f a c t  
t h a t  t h e  awarding of The C .  C .  MacDuffee p laque  f o r  Dis t inguished 
Se rv ice  i s  P i  Mu E p s i l o n ' s  h i g h e s t  t r i b u t e  and most p r e s t i d i g i o u s  
r ecogn i t ion ,  voted t h a t ,  du r ing  t h e  p a s t  decade, t h e  most en- 
dur ing  and va luab le  proponent of i t s  cause  -- t h e  promotion of 
mathematics -- is i t s  r e t i r i n g  p r e s i d e n t .  This  group unanimously 
concurred i n  t h e  opinion t h a t  some s i g n i f i c a n t  acknowledgment 
of g r a t i t u d e  was h e r e  due and t h a t  only  t h e  C .  C .  MacDuffee 
p laque  beÂ i t s  t h i s  occas ion.  

"Our honoree i s  recognized a s  an ou t s t and ing  s c h o l a r  who 
exempl i f i e s  t r iumphant ly  t h e  t r u e  i d e a l s  of t h i s  learned s o c i e t y .  
He i s  a p p r e c i a t i v e  and product ive  of e f f e c t i v e  promotional  
a c t i o n  i n  t h e  a r e a  of mathematics.  His d e d i c a t i o n  over t h e  
p a s t  y e a r s  suppor t s  our con ten t ion  t h a t  he  posses ses  t h e  i n t e l -  
l e c t u a l  s t r e n g t h  and o r g a n i z a t i o n a l  q u a l i t i e s  embodying competent 
l eade r sh ip .  He is  a  mot iva t ing  t eache r  and an i n s p i r i n g  speaker  
who mainta ins  a  l e a r n i n g  environment f o r  h imsel f  and h i s  asso-  
c i a t e s .  These c h a r a c t e r i s t i c s  coupled wi th  the  c u r i o s i t y  of a  
r e s e a r c h e r ,  t h e  c r i t i c a l  mind of a  mathematician,  and an un- 
l imi t ed  concern f o r  a l l  a s p e c t s  of s e r v i c e  t o  P i  Mu Epsi lon  
make him worthy of t h i s  award. 
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"Here is  a  man whose se rv ice  spans nine years  a s  our 
Pres iden t  and numerous years  p r i o r  t o  t h i s  time expounding 
the  cause i n  other  c a p a c i t i e s .  He has i n s t a l l e d  almost 50% 
of our chapters ,  51 of the  120, these  including t en  alpha 
chapters .  This growth is  more s i g n i f i c a n t  when measured i n  
terms of t h e  30,000 increase  i n  membership witnessed during 
t h e  period 1951-1966. These l a s t  years  have brought an in- 
auguration of the  matching funds f o r  recogni t ion awards with- 
i n  l o c a l  chapters ,  and book awards f o r  t h e  p resen ta t ion  of 
super io r  papers .  F ina l ly ,  P i  Mu Epsilon became a  f u l l y  grown 
mathematics organizat ion when D r .  Frame i n i t i a t e d  t h e  f i r s t  
papers  sess ion  a t  the  Michigan S t a t e  meeting. 

"This man has brought encouragement t o  hundreds of pro- 
spec t ive  mathematics s tuden t s  many of whom continued t h e i r  
i n t e r e s t s  t o  become productive scho la r s .  A l l  of t h i s  has no t  
been without i t s  hardships .  Traveling the  equivalent  of near- 
l y  four  times around t h e  e a r t h  t o  see  t h a t  "Chapters g o t  t h e i r  
Char ters"  must have accounted f o r  t h e  consumption of ga l lons  
of s t a l e  cof fee ,  bou i l lon ,  undercooked egges, overcooked t o a s t ,  
a i r p o r t  delays ,  and l o s t  baggage. Surviving t h i s ,  smil ing,  is 
one blessed with to lerance and a  measure of devotion t o  se rv ice  
which would compliment any of us .  P i  Mu Epsilon s h a l l  always 
be indebted t o  him. 

I am very pleased t h a t  it f a l l s  my honor t o  present  t h i s ,  
t h e  F i r s t  C .  C .  MacDuffee Award f o r  Distinguished Service t o  one 
t o  whom I can say, "Dr. Frame, only our h ighes t  award expresses 
our s i n c e r e  apprec ia t ion  f o r  your p a s t  devotion, your prudent 
judgment, and your continued wise counsel and loya l ty .  Only 
our h ighes t  award expresses t h e  esteem with which you a r e  re-  
garded by our members. May t h i s  plaque f ind  a  prominent spo t  
i n  your home or  o f f i c e .  Take unres t ra ined p r i d e  without embar- 
rassment i n  the  message it bears ,  f o r  those  who see  it w i l l  know 
t h a t  he re in  dwells one who has pursued h i s  c a l l i n g  not  only i n  
a  superbly  success fu l  manner b u t  with unrelent ing vigor  and 
u n s e l f i s h  devotion. 

Ladies and Gentlemen: The f i r s t  r e c i p i e n t  of our h ighes t  
award, D r .  J. Sutherland Frame." 

3. The Second Presentat ion:  Ladies and Gentlemen: You have 
j u s t  been b r ie fed  on the  t r u e  s ign i f i cance  of t h e  C .  C. MacDuffee 
Award. I need not  r epea t  these  f a c t s  i n  making a  second pre- 
s e n t a t i o n  ton igh t .  

"Dr. Richard V. Andree has served our organizat ion i n  a  mul- 
t i t u d e  of c a p a c i t i e s ,  f a i t h f u l l y  br inging f o r t h  workable new 
ideas  and the  energy t o  pursue them t o  f r u i t i o n ,  t h i s  f o r  many 
years .  He has done s o  with genuine i n t e r e s t  and u n s e l f i s h  motives 
He has  been a c t i v e  i n  promoting mathematics wherever t h e  oppor- 
t u n i t y  e x i s t s  and h i s  e f f o r t s  i n  advancing Mu Alpha Theta, t h e  
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i n t e r n a t i o n a l  honor s o c i e t y  f o r  h igh  schoo l  and J u n i o r  Col lege  
mathematics s t u d e n t s  has  fed  many t o p  s t u d e n t s  i n t o  P i  MU 

Epsi lon .  It was through h i s  f o r e s i g h t  and wisdom t h a t  P i  Mu 
Epsi lon  gave suppor t  t o  Mu Alpha Theta du r ing  t h e  t r y i n g  time 
of MAT'S o r g a n i z a t i o n a l  days .  

I t  i s  no t  necessa ry  t o  p r e s e n t  t h e  achievements and success  
t h i s  a b l e  s e r v a n t  has  enjoyed i n  h i s  promotion of mathematics.  
His abundant ly  impress ive  and va luab le  p ionee r ing  ven tu res  i n  
a l l  d i r e c t i o n s  and a t  a l l  l e v e l s  a r e  w e l l  known. He seems t o  
t h r i v e  on p r o j e c t s  which promote s c h o l a r l y  s tudy  and i n v e s t i-  
g a t i o n s ,  and t h i s ,  p a r t i c u l a r l y  among t h e  young s c h o l a r s  sup- 
p o r t s  and r e i n f o r c e s  t h e  primary o b j e c t i v e s  of our  o rgan iza t ion .  
His guid ing phi losophy never seems t o  be  "We must move forward ,"  
b u t  r a t h e r ,  "We must move. Our movement w i l l  b e  forward on ly . "  

"On beha l f  of P i  Mu Epsi lon ,  t h e  Counci lors  General  con- 
c u r r i n g  unanimously, i t  is  a s t i m u l a t i n g  exper ience  t o  p r e s e n t  
t h i s ,  t h e  second such h igh r e c o g n i t i o n  t o  b e  announced, t h e  
C .  C .  MacDuffee Award f o r  Dis t inguished Se rv ice ,  t o  one who 
earned it through devo t ion  and love ,  n o t  through l abor ;  no t  by  
t h e  dangerous and damaging drudgery of a d u t y  b u t  through t h e  
p l e a s u r e  of Se rv ice  t o  Mathematics and t o  h i s  f e l l o w  man. 

"Ladies and Gentlemen, t h e  second i n d i v i d u a l  t o  r e c e i v e  
our  h i g h e s t  t r i b u t e ,  D r .  Richard V.  Andree.'' 

( a t  Rutgers ,  30 August, 1966) 



T&E STUDY OF A RECURSIVE SEQUENCE 

James Wingert, John C a r r o l l  Univers i ty  

The problem which w i l l  be discussed i n  t h i s  paper appeared 
a s  an advanced problem i n  t h e  June-July, 1965, i s sue  of the  
American Mathematical Monthly and i s  s t a t e d  a s  follows: Given 
the  following 41 terms of a sequence 1221121221221121122121121 
2211211212212211.. . , determine a simple generat ing r e l a t i o n-  
s h i p  f o r  t h i s  sequence and determine whether o r  not  the  se- 
quence i s  c y c l i c .  

Since the  f i r s t  and l a s t  elements a r e  i d e n t i c a l ,  one ob- 
vious so lu t ion  would be t o  merely keep repeat ing the  f i r s t  40 
terms. Another idea  occurred t o  me when I not iced t h a t  every 
t h i r d  term was a 2. Upon d e l e t i n g  these  2 ' s  an i n t e r e s t i n g  
p a t t e r n  appears.  12 11 12 12 11 11 21 11 1 2  11 11 12 12 11 .. . 
AS you can see ,  the re  i s  a 12 followed by a 11, two 1 2 ' s  fo l-  
lowed by two 11's. The 21 appears t o  have the  funct ion of in- 
terchanging t h e  r o l e s  of the  11's and the  1 2 ' s .  Hence t h e r e  is 
a 11 followed by a 12, two 11's followed by two 1 2 ' s .  However, 
s ince  the  l a s t  term is a 11 the  p a t t e r n  i s  broken. A sequence 
very s i m i l a r  t o  t h i s  one appeared i n  an a r t i c l e  by Marston 
Morse and GuStaV Hedlund i n  the  Duke Mathematics Journal ;  how- 
ever ,  I was unable t o  apply a l l  of i t s  p roper t i e s  t o  t h i s  case .  

The generat ing r e l a t i o n s h i p  which I have used was discover-  
ed i n  t h e  following way. I began by counting t h e  number of 
elements a s  they appeared i n  groups. There was ONE 1 ,  TWO 2 ' s  
TWO l ' s ,  ONE 2, ONE 1 ,  TWO 2'S,  ONE 1 TWO 2 ' s ,  TWO l ' s ,  e t c .  
A s  can be seen, these  numbers a r e  repeat ing the  numbers of the  
sequence. This led me t o  t h e  two r u l e s  t h a t  form the  generat ing 
r e l a t i o n s h i p .  The f i r s t  r u l e  concerns the  number of elements 
generated and the  second r u l e  concerns the  kind of elements 
generated, t h a t  is whether they a r e  1 's  o r  2 ' s .  The number of 
elements generated depends upon the  generat ing element. I t  w i l l  
generate  one o r  two elements depending upon whether it is a 1 
or  a 2. The kind of elements generated depend upon t h e  l a s t  
element generated. I f  it is a 1, t h e  next term generated w i l l  
be e i t h e r  a 2 o r  a 22. I f  the  l a s t  element generated is  a 2, 
the  term generated w i l l  be  e i t h e r  a 1 or  a 11. 

I have prepared a few examples t o  i l l u s t r a t e  t h i s .  I n  the  
f i r s t  example t h e  generat ing element is a 2, s o  two elements 
must be  generated. The l a s t  element generated is a 1. Hence, 
the  generated element is  22. I n  the  second example t h e  gener- 
a t i n g  element is a 2, the  l a s t  element generated i s  a 2, s o  the  
generated term i s  11. F i n a l l y ,  i f  the  generat ing element i s  a 1 
and the  l a s t  element generated i s  a 2, t h e  generated term is a 1. 

Hence the  sequence is b u i l t  up a s  follows: A 1 generates  
i t s e l f .  Since i t  is the  l a s t  element generated, the  next term 
w i l l  be e i t h e r  2 o r  22. Since i n  e i t h e r  case  the  second element 
of the  sequence i s  a 2 and s ince  a 2 generates  two elements, the  
second term generated w i l l  be 22 and we have . The second 2 

becomes t h e  l a s t  element generated and t h e  generat ing element. 
This w i l l  generated a 11 and we have 12211. The second 1 be- 

comes the  generat ing element and the  t h i r d  1 becomes the  l a s t  
element generated. This w i l l  generate  a 2 and we have 

122112' 
The t h i r d  1 becomes the  generat ing element and the  t h i r d  2 be- 
comes the  l a s t  element generated. This w i l l  generate  a 1 and 

we have .,,.,,-.,. The t h i r d  2 becomes the  generat ing element 

and the  four th  1 becomes t h e  l a s t  element generated. This w i l l  
generate  a 22 and we have 122112122. The four th  1 becomes the  

generat ing element and t h e  f i f t h  2 becomes the  l a s t  element 
generated. This w i l l  generate  a 1 and we have 1221121221' As 

you can see ,  each element i n  t u r n  becomes the  generat ing e le-  
ment, b u t  no t  every element is a l a s t  element generated. 

I n  order  t o  make the  sequence e a s i e r  t o  read I have used 
the  following code: A = 1, B = 11, c = 2, and D = 22. Now t h e  
given 41 terms begin l i k e  t h i s :  ADBCADADBCB and s o  on. This 
code was used because l e t t e r s  w i l l  generate  l e t t e r s .  An A i s  
a 1 and a 1 can generate  e i t h e r  a 1 or  a 2. Hence, an A can 
generate  e i t h e r  an A o r  a C .  A B i s  a 11 and each 1 can generate  
e i t h e r  a 1 or  a 2. Hence a B can generate  e i t h e r  a CA o r  an AC. 
Likewise a C can generate  a B or  a D and a D can generate  e i t h e r  
a DB o r  a BD. 

I have programed the  generat ing r e l a t i o n s h i p  on an LPG-30 
computer and have p r in ted  ou t  the  f i r s t  1800 terms in  the  code 
j u s t  descr ibed.  This was done i n  order  t o  g e t  some idea i f  the  
sequence would cycle .  According t o  a theorem on sequence, i f  
th ree  consecutive blocks  of l e t t e r s  can be found t h a t  a r e  iden- 
t i c a l ,  t h e  sequence is c y c l i c .  However, t h e  p r in ted  terms give 
no proof i f  t h e  sequence i s  no t  c y c l i c .  I checked t o  see  i f  
the  sequence had cycled i n  the  following way. The f i r s t  four 
l e t t e r s  of t h e  sequence were ADBC. I counted the  number of 
l e t t e r s  between each succeeding p a i r  of b locks  ADBC. Since 
the  l a s t  t h r e e  numbers a r e  16, 6, 14 (See Appendix) and they 
occur only once i n  t h i s  order ,  t h e  sequence has  not  y e t  cycled. 
I n  f a c t ,  t h e r e  a r e  numbers which a r e  progress ively  l a r g e r ,  f i r s t  
2, then 6, then 8 and f i n a l l y  a s  high a s  24. This would seem 
t o  suggest  t h a t  the  sequence i s  not  c y c l i c ,  although I have not 
been ab le  t o  prove it a s  y e t .  In  t h i s  y e a r ' s  ~ u l y - ~ u l y  i s s u e  
of t h e  Monthly a so lu t ion  t o  t h i s  problem has been published 
and the  sequence has been proven non-cyclic. 

While working on t h i s  sequence I discovered s e v e r a l  
p r o p e r t i e s  of it. 
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P roper ty  I;'! There a r e  never more than two success ive  1's 
o r  2 ' s .  

The proof of t h i s  p rope r ty  comes immediately from t h e  way 
t h e  sequence was def ined,  f o r  t h e r e  were never more than two 
elements generated a t  one t ime. Proper ty  I l eads  t o  s e v e r a l  
f a c t s  about t h e  code we have used.  There can be no double 
l e t t e r s  AA = 11 = B, CC = 22 = D, BB = 1111, DD = 2222. 
There can be  no combinations AB = BA = 111 o r  CD = DC = 222, 
s i n c e  bo th  v i o l a t e  p rope r ty  I. By t h i s  we can s e e  t h a t  an A 
and a  B must be followed by e i t h e r  a  C o r  a  D and a  C and a  D 
must be  followed by an A o r  a  B.  Since t h e  f i r s t  l e t t e r  is an 
A, a l l  odd numbered terms a r e  A ' s  o r  B 's  and a l l  even numbered 
terms a r e  C ' s  o r  D ' s .  There can be no combinations ACA, CAC, 
DBD o r  BDB because they  v i o l a t e  Proper ty  I. This  can be shown 
a s  fo l lows.  ACA = 121. Somewhere i n  t h e  sequence t h e r e  would 
have t o  be a  1 t o  gene ra te  t h e  f i r s t  1, another  1 t o  gene ra te  
t h e  2  and a  t h i r d  1 t o  gene ra te  t h e  l a s t  1. Hence t h r e e  con- 
s e c u t i v e  1 's  were necessary  t o  gene ra te  ACA and t h e r e f o r e  it 
cannot e x i s t  i n  t h e  sequence. I n  a  s i m i l a r  manner t h e  o the r  
combinations can be shown t o  v i o l a t e  Proper ty  I. 

Proper ty  II; I n  any group of  f i v e  consecut ive  elements 
t h e r e  i s  a t  l e a s t  one double ( e i t h e r  a  11 o r  a  22 ) .  

The two c o n t r a d i c t i n g  cases  a r e  i f  t h e  f i v e  elements a r e  
12121 o r  21212. A 12121 would be  w r i t t e n  a s  1cAc1 and a  21212 
would be  w r i t t e n  a s  2ACA2. Since n e i t h e r  of t h e s e  combinations 
can e x i s t  i n  t h e  sequence, t h e  p roper ty  ho lds .  

Proper ty  a: 
t h e r e  a r e  a t  l e a s t  
l e a s t  K doubles i f  

I n  any block of N consecut ive  elements 
K-1 doubles i f  N = 4K. and t h e r e  a r e  a t  
N = 4K+1, N = 4K+2, o r  N = 4K+3. 

I n  order  t o  prove t h i s  p rope r ty  I w i l l  f i r s t  show t h a t  any 
block of l eng th  4 ~ + 1  f o r  any i n t e g e r  N con ta ins  a t  l e a s t  N 
doubles .  

When N = 1 t h i s  s ta tement  is t r u e  by Proper ty  11. 

Now assume t h a t  t h i s  is  t r u e  f o r  i n t e g e r s  1 ,  2, ..., N. 
Now 4 (N+1)+1 = 4N+5 = ( 4 ~ + 1 ) + 4 .  I n  t h e  f i r s t  4 ~ + 1  elements 
t h e r e  a r e  a t  l e a s t  N doubles by hypothes is .  The l a s t  f i v e  
elements con ta in  a t  l e a s t  one double by Proper ty  11. There- 
f o r e  t h e r e  a r e  a t  l e a s t  ~ + l  doubles i n  t h e  b lock of l eng th  
4(N+1)+1. Hence, by induct ion,  t h e  p roper ty  holds  f o r  a l l  N. 

Now given a  b lock of l eng th  N e i t h e r  N = 4K, N = 4K+1, 
N = 4K+2 o r  N = 4K+3 f o r  some i n t e g e r  K. I f  N = 4K+1, then 
t h e r e  a r e  a t  l e a s t  K doubles by  what has been shown above. 
I f  N = 4K+2 o r  i f  N = 4K+3, t h e r e  a r e  a t  l e a s t  K doubles,  
s i n c e  t h e  a d d i t i o n  of one o r  two elements w i l l  no t  a f f e c t  t h e  
f i r s t  case .  I f  N = 4K, then t h e r e  must be a t  l e a s t  K- ldoubles ,  
s i n c e  4K = 4(K-1)+1+3 and t h e  f i r s t  4(K-1)+1 elements con ta in  
a t  l e a s t  K-1 doubles .  Hence Proper ty  I11 has been proven. 

APPENDIX 

The number of l e t t e r s  between success ive  b locks  of the  form 
ADBC a r e  a s  follows: 

UNDERGRADUATE RESEARCH PROJECT 

Proposed by  Paul  Samuel, South Minneapolis, Minnesota. 

I n v e s t i g a t e  problems of i n s c r i b i n g  e q u i l a t e r a l  t r i a n g l e s  
i n  a  g iven t r i a n g l e :  

(1) Can an e q u i l a t e r a l  t r i a n g l e  always be  insc r ibed  i n  a  
g iven t r i a n g l e ?  I f  not ,  under what cond i t ions?  

(2) I f  an e q u i l a t e r a l  t r i a n g l e  can be  insc r ibed  i n  a  g iven 
t r i a n g l e ,  i n  how many ways can t h i s  be  done? 

(3)  Under what cond i t ions  is  a  g iven p o i n t  P on a  s i d e  of 
a  given t r i a n g l e  a  ve r t ex  of an insc r ibed  t r i a n g l e ?  
Can P be t h e  v e r t e x  of i n f i n i t e l y  many insc r ibed  
e q u i l a t e r a l  t r i a n g l e s ?  Under what cond i t ions?  

(4) Suppose t h e r e  e x i s t s  an insc r ibed  e q u i l a t e r a l  t r i a n g l e  
wi th  P  a s  a  ve r t ex .  Can t h e  o t h e r  two v e r t i c e s  be 
determined by a  eucl idean c o n s t r u c t i o n  ( s t r a igh t- edge  
and compass i n  a  f i n i t e  number of s t e p s ) ?  

MOVING?? 

l e a s e  be s u r e  t o  l e t  t h e  P i  Mu Eosi lon Journa l  
now! Send your name and complete new address  
i t h  z i p  code t o :  P i  Mu Epsi lon Journa l  

Department of Mathematics 
The Unive r s i ty  of Oklahoma 
Norman, Oklahoma 73069 



238 
MATRICES' OF SYMMETRIES AND REDUCTION FORMULAS This is obtained through the matrix multiplication 
Ali R. Amir-Moez, Texas.Technological College 

A symmetry or reflection with respect to a line through the 
origin or the origin itself introduces interesting techniques 
for reduction formulas in trigonometry. In this note we would 
like to give a few examples. 

1. Definitions notations: We shall choose a rectangu- 
lar coordinate system. Each vector A has its beginning at the 
origin. To each vector corresponds an ordered pair (5,~). Some- 
times we write the row matrix (xy) for this vector. A linear 
transformation f on the plane is a function whose domain is the 
set of vectors in the plane and its range is a set of vectors 
in the plane such that 

where C is a real number [I]. This means that f transforms a 
sum of two vectors to the sum of 
their transforms and a multiple 
of a vector to the same multiple 
of its transform. Indeed a good 
example is symmetry (reflection) 
with respect to a line through 

Vp 
0 Fig. 1 

the origin (Fig. 1) . We observe 
that the symmetrical of a vector A with respect to the line OP 
is f(A) = 13, where 13 has the same length as A and the line AB 
is perpendicular to OP. The reader may verify that a symmetry 
is a linear transformation. 

2. Matrix of a linear transformation: There are two unit 
vectors (1,O) and (0,l) respectively on the x-axis and on the 
y-axis. If 

then we define 

a / 521 -22 

to be the matrix of f with respect to the given coordinate 
system. We shall not go into the idea of a product of two 
linear transformations and corresponding matrix product. For 
more information we refer the reader to [l]. The transform of 
a vector means 

f(xty) = (xt,y') - 

Indeed, this is the same as the set of equations 

To verify this we observe that 

(5.y) = x(l,O) + y(0,l) 
and 

Thus 

3. Matrices of symmetries: In general the matrix of a 
symmetry may not be very interesting. But one observes that if 
a vector is on the axis of symmetry, then it is transformed in- 
to itself. If a vector is perpendicular to the axis of symmetry, 
then it is transformed into its negative. We shall discuss a 
few examples. 

I. Symmetry u respect to the x-axis: Here one observes 
that (1,O) is on the axis of symmetry and (0,l) is perpendicular 
to the axis of symmetry. Thus the matrix of this transformation 
is 

11. Symmetry respect to the angle bisector of the 
first quadrant: Here a simple geometric observation (Fig. 2) 
implies that 

f(l,O) = (0,l) - 
and 

f (0,l) = (1,O). - 
Thus the matrix of this symmetry is 

Fig. 2 
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IfI. Symmetry with r e s p e c t  t o  t h e  o r ig in :  The symmetrical 
of any vector  wi6h r e s p e c t  t o  t h e  o r i g i n  i s  i t s  negat ive .  Thus 

t h e  matrix- of t h i s  symmetry i s  

4 .  Appl ica t ion to r educ t ion  formulas: Let  u s  look f o r  
cos(-L) and &(-L) i n  terms of func t ions  of L. It is c l e a r  - 
t h a t  t h e  vec to r  (=[-L] ,*[-t] ) i s  t h e  symmetrical of  
(cos t ,  s i n  t )  wi th  r e s p e c t  t o  t h e  x- axis.  Thus 

cos  [-:I & [-L]) = (cos t s i n  t) (_ 

= (cos t - s i n  t )  

Therefore  E [-L] = cos  t and * [-L] = - - s i n  L. 
n n 

Next we look f o r  =(- 2 - L) and *(- - L) i n  terms of 
n 2 n 

func t ions  of L. Here t h e  vec to r  (E[T - t ]  , &[T - L ] )  i s  

symmetrical of (cos t ,  s i n  t )  with  r e s p e c t  t o  t h e  angle  b i sec-  
t o r  of t h e  f i r s t  quadrant .  Thus 

/ o  1'1 

= ( s i n  t cos t ) .  

n 
This  impl ies  t h a t  = ( g  - L) = s i n  t and &(T - L) = cos  t .  

2  

Indeed, one can o b t a i n  many o t h e r  formulas s i m i l a r l y .  For 
example, f o r  func t ions  of n - t and II + t we r e s p e c t i v e l y  
use  t h e  symmetry wi th  r e s p e c t  t o  t h e  y- axis and t h e  symmetry 
wi th  r e s p e c t  t o  t h e  o r i g i n .  

[ I ]  A.  R. Amir-Moez, Matr ix  Techniques, Trigonometry, and 
Analyt ic  Geometry, Edwards Brothers ,  Inc . ,  Ann Arbor, 
Michigan, 1964. 

THE PYTHAGOREAN THEOREM 

Dana W. Alien,  Univers i ty  of California-Davis 

CONSTRUCTION 

Consider t h e  c i r c l e  (AB) 
wi th  d iameter  AB. Choose an 
a r b i t r a r y  p o i n t  C on t h e  c i r -  
cumference and c o n s t r u c t  t h e  B 
chords AC and CB. Since t h e  
v e r t e x  of angle  ACB is on t h e  
circumference and t h e  s i d e s  
a r e  subtended by a  diameter 
of  t h e  c i r c l e ,  angle  ACB i s  a  r i g h t  angle .  Therefore  
ACB is  a  r i g h t  t r i a n g l e .  

t r i a n g l e  

Using CB a s  a  diameter,  c o n s t r u c t  t h e  c i r c l e  (CB). C a l l  
D t h e  p o i n t  a t  which c i r c l e  (CB) i n t e r s e c t s  AB. Const ruct  CD, 
which is a  chord of c i r c l e  (CB) . Tr iang le  CDB is then a  r i g h t  
t r i a n g l e .  

S imi la r ly ,  us ing AC a s  a  d iameter ,  c o n s t r u c t  c i r c l e  (AC) , 
which i n t e r s e c t s  AB a t  D ' .  Po in t s  D and D '  co incide ,  f o r  

angle  CDD' is  a  r i g h t  angle  and s o  is angle  CD 'D .  Since t h e  sum 
of t h e  i n t e r i o r  angles  of t r i a n g l e  CDD' i s  equ iva len t  t o  two 
r i g h t  ang les ,  angle  DCD' is  0'. Consequently, D co inc ides  wi th  
D ' .  Therefore ,  t r i a n g l e  ADC is  a  r i g h t  t r i a n g l e .  

Since t h e  sum of t h e  i n t e r i o r  ang les  of a l l  t r i a n g l e s  i s  
equ iva len t ,  we have: 

/ CAB + /_ ABC + / BCA = / ACD + / CDA + / DAC 

= / CDB + /_ DBC + / BCD. 

And /_ ACB = /_ ADC = / CDB because each i s  a  r i g h t  angle .  

Therefore  

/ CAB + / ABC = / ACD + / DAC = / DBC + /_ BCD. 

Since / CAB co inc ides  wi th  / DAC and 
/ ABC co inc ides  wi th  / DBC, 

/ ABC = / ACD and / CAB = / BCD. 



Theref ore 
/_ CAB = /_ DAC = /_ BCC and /_ ABC = /_ DBC = /_ CBD. 

Consequently the triangles ACB, ADC, and CDB are similar, and 

AB: BC : AC: : AC: CD: AD: : DB: C B :  CD. 

1 
Let A(ACB) = 7 AC BC (the area of triangle ACB) , and let 

n 2 
A(AB) = z(AB) (the area of circle (AB) ) . 

From the similarity of the triangles ACB, ADC, and CDB: 

- - - - AB AC BC AB AC BC and - - - - - 
AC AD CD' CB CD BD 

Therefore, 
A(-) - A(AC) - A(CB) 
A(ACB) A(ADC) A(ACB) ' 

or A(-) : A(AC) : A(CB) : : A(ACB) : A(ADC) : A(CDB) . 
Since A(ACB) = A(ADC) + A(CDB) , it follows immediately that 

A(-) = A (AC) + A (CB) . 
Multiplying this last equation by \ we have 

2 2 
(-1 = (AC) + (CB) , 

and the proof is complete. 

This method of proof may easily be extended to include the 
construction of all regular polygons on the sides of a right 
triangle; to show that the sum of the areas of the two polygons 
constructed on the legs of the right triangle is equal to the 
area of the polygon constructed on the hypotenuse. The use of 
a circle is the most general solution and as such involves a 
more intimate set of relationships. 

THE FUNDAMENTAL THEOREM OF ALGEBRA 

Paul J. Campbell, University of Dayton 

In elementary courses in algebra the theorem that has be- 
come known as the Fundamental Theorem of Algebra is usually 
stated without proof. The proof is first encountered in an in- 
troductory course in complex variables after the development of 
a considerable number of concepts and theorems. 

One advantage of the following proof of the Theorem is that 
an understanding of the proof requires only the most elementary 
knowledge of complex numbers and their vector representations. 
The proof, however, does make use of the concepts of "bound," 
infimum," and "cluster point," and serves as an example of 
the application of the techniques they engender. Consequently, 
the level of the proof is approximately that of beginning ad- 
vanced calculus. 

Gauss in 1799 was the first to offer a correct formal proof 
of the Theorem. His predecessor Jean LeRond D'Alembert (1717 - 
1783) , however, gave an incomplete proof; and it is by means of 
the lemma devised by and named after D'Alembert that the 
Theorem will be proved. The general approach may be found in 
Huntington's paper [Z], but a great deal of restructuring and 
simplification has been effected. The proof of D'Alembert's 
Lemma is essentially the one outlined in [I]. 

We begin with a basic definition: 

Definition: A function f is a pol~nomial of degree n if and 

only if f(z) = a  zn + --â + a z + a where for all i, a is 
n 1 0' i 

a complex constant, and a # 0. The following is a statement 
n 

of the theorem we shall prove: 

THEOREM (The Fundamental Theorem of Algebra): If f is a poly- 
nomial of degree n > 0 whose domain is the set C of all complex 
numbers, then there exists a c in c such that f (c) = 0. 

We note that no polynomial equations may be solved in the 
proof, explicitly or implicitly. This fact would seem to pre- 
clude the use of the modulus function, 

which assumes a positive solution to the polynomial equation 

2 2 2 
z - (a + b )  = O .  

The proof of the existence of such a solution is established in- 
dependently of the Theorem in, for example, Fulks' Advanced 
Calculus (p. 53). With its foundation thus assured, we will 
use the modulus function freely in the proof. 
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* I  
The proof requ i res  t h r e e  lemmas; we assume f o r  each of them 

the  same hypotheses concerning Â t h a t  we use i n  the  s ta tement  
of the  Theorem. 

Lemma 1: w(z) = 1 f  ( z )  1 is continuous.  -- 
Proof: we assume from elementary complex v a r i a b l e  theory t h a t  
f  is a  continuous funct ion of z .  Then we need only show t h a t  
t h e  modulus of a  continuous funct ion is continuous.  Let an 

â > 0  be given. Then, s i n c e  f  i s  continuous, f o r  any given 
z  t h e r e  e x i s t s  a  8 > 0  such t h a t  1 f  ( z )  - < â whenever 
0 

( 2 - 2 1  < 6 .  But i l f ( Z )  - f(Zo)ll < IÂ£(Z - f ( Z o ) 1  n S O  

t h a t  I l f (z)  - f(zo)l1 < whenever 1 z  - z  o  1 < j . Hence, 

w = If I is continuous. 

Lemma 2: I f  z is  a  subset  of c and W ( Z )  is a  bounded s e t ,  then 
Z i s  bounded. 

Proof: Suppose, on t h e  contrary ,  t h a t  z is unbounded. This 
means t h e r e  e x i s t s  a  sequence f z i ] ,  zi i n  'Z f o r  a l l  i, such 

t h a t  f o r  every M > 0  t h e r e  e x i s t s  a  p o s i t i v e  in teger  m such 
t h a t  1 z (  > M. Consider w(z) : 

13.1 
Let A = maximum - , and l e t  P  be any p o s i t i v e  number. Then 

O<i<n an t  

i f  M is  g r e a t e r  than the  l a r g e r  of 2nA and 2p/lanI, the re  e x i s t s  

an m such t h a t  1 2 1  > M and 

1 1  
Hence, l ( 1  + ... ) I  > 1 - y = y ,  s o  

1 n  
W ( Z I  > 1.1  ~ " ( $ 1  2 (5) 1 an! [ ~ P / I  an!]  

Thus, f o r  any given P the  sequence w ( z . )  has a  term g r e a t e r  

than P. Therefore,  W ( Z )  i s  unbounded, contrary  t o  hypothesis.  

Lemma 3: (D'Alenibert8s Lemma) IÂ Â £ ( a  # 0, then the re  e x i s t s  
an h  such t h a t  [ Â £ (  + h)l < I f ( a ) I  . 

Proof: We w r i t e  out  Â £ (  + h) i n  order  of increasing powers 

of ht Â £ (  + h)  = Â £ ( a  + am + + + anh
n

, where A, B, 

e t c . ,  may depend on a  bu t  do not  depend on h,  and where 
l < m L n  and A # O .  

Now, h  i s  determined by two parameters: i t s  modulus, and i ts  
argument, s o  t h a t  

h  = 1 hl exp i [arg (h) ] . 
We w i l l  r e s t r i c t  lhl and a rg (h)  s o  t h a t  I f  (a  + h)l < If (a)l . 
The r e s t r i c t i o n s  are :  

(1) 0  -, lam! < lf(a)I # 0  

B 
a  

(2) 1 -  h  + + -" hn-"') < 1 
A 

( 3 )  arg(Ahm) = arg [ f  ( a )  I + ll , o r  
1 

arg  (h) = ;l"""g[f(a) I + n - arg  ( A )  1. 

The left-hand s i d e s  of the  f i r s t  and second r e s t r i c t i o n s  a r e  
both moduli of polynomials i n  h; by Lemma 1,  they a re  continuous 
funct ions  of h .  The two of them a r e  both 0  a t  h  = 0,  and the  
two right-hand s i d e s  a r e  both cons tan t s .  Hence, t h e r e  e x i s t  r, 

.L 

and r such t h a t  i f  I hi < r ,  the  f i r s t  r e s t r i c t i o n  is s a t i s -  
2  

f i e d ,  and i f  I hi.' r 2 ,  t h e  second one is. Therefore,  choose r 
0 

t o  be the  l e s s e r  of r and r .  Then i f  lh l  < r both re-  
0' 

s t r i c t i o n s  a r e  s a t i s f i e d .  

Fig.  2  shows how the  t h r e e  r e s t r i c t i o n s  accomplish t h e i r  
goa l  of keeping If ( a  + h)l < 1 f  (a)l . 
The f i r s t  c i r c l e  i s  drawn with 
the  o r i g i n  a s  i ts  cen te r  and 
rad ius  1 f  (a)l  . The cen te r  of 
the  second c i r c l e  is the  p o i n t  
represent ing the  sum f  ( a )  +Ahm, 

f  ( a )  e and i t s  rad ius  i s  l ~ h ~ ! .  The 
t h i r d  r e s t r i c t i o n  e s t a b l i s h e s  

Fig .  2  t h a t  t h i s  po in t  l i e s  on t h e  l i n e  
through the  vector  from the  o r i-  
g i n  t o  the  po in t  r epresen t ing  

Â £ ( a )  the  f i r s t  r e s t r i c t i o n  assures  us t h a t  the  second c i r c l e  
i s  contained within  the  f i r s t .  F ina l ly ,  the  second r e s t r i c t i o n  
makes it mandatory f o r  t h e  po in t  r epresen t ing  f (a+h)  = Â£(a)+  m 
+ A  t o  l i e  wi thin  the  inner  c i r c l e ,  and 2 f o r t i o r i  wi thin  t h e  
ou te r  one. But the  rad ius  of the  ou te r  c i r c l e  i s  ) f ( a ) l  ; hence, 
any h  s a t i s f y i n g  the  t h r e e  r e s t r i c t i o n s  ( t h a t  i s ,  any h  on the  
open segment marked i n  Fig .  1 w i l l  a l s o  s a t i s f y l f  (a+h)l < If ( a ) ]  . 
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A t  l a s t  wet come t o  t h e  main argument. 

Proof of th6 Theorem: Contrary t o  the  conclusion of the  theorem, --- 
suppose t h a t  f o r  a l l  z it is  t r u e  t h a t  w(z) = If (z)l -, 0. Let 
A = in f  (w). There a r e  then two conceivable cases:  

(a)  w > ~ f o r a l l z ,  or  

(b) There e x i s t s  a c such t h a t  w(c) = A.  

In  h i s  attempt t o  prove t h e  Theorem, D'Alembert f a i l e d  t o  r e a l i z e  
the  p o s s i b i l i t y  of Case ( a ) .  

case  (a) : w > A f o r  a l l  z.  - 
Using the  d e f i n i t i o n  of A, we cons t ruc t  a sequence of 
values f w  ) a s  follows: 

n 
(a )  Choose B > A .  

(b) By t h e  d e f i n i t i o n  of A a s  infimum, t h e r e  e x i s t s  
a z such t h a t  

1 

(c)  By hypothesis ,  e q u a l i t y  i s  impossible,  s o  

(d) Using w a s  a new B, i t e r a t e  the  process t o  ob- 

t a i n  a monotone decreasing sequence ? w  J con- n 
verging t o  A. 

Consider t h e  corresponding sequence f z  n 1 .  
A + B  

(a )  A < w .: 7 f o r  a l l  n implies t h a t  f z  1 is n 
bounded f o r  a l l  n (Lemma 2 ) .  

(b) Therefore,  f z  ) has a t  l e a s t  one c l u s t e r  po in t  c n 
(Bolzano-Weierstrass Theorem). By d e f i n i t i o n ,  
every neighborhood of c contains  an i n f i n i t e  
number of p o i n t s  of f z  ?.  n 

Consequently, s ince  w i s  continuous (Lemma l), every 
neighborhood of w(c) contains  an i n f i n i t e  number of 
po in t s  of f w  1. Hence, w(c) i s  a c l u s t e r  po in t  of n 

f w  j .  
' n -  

Inasmuch a s  f w  ] possesses a l i m i t ,  however, the  c lus-  n 
t e r  p o i n t  must be the  l i m i t  point :  i . e  ., w(c) = A.  
This r e s u l t  c o n t r a d i c t s  our supposi t ion t h a t  w '> A 
f o r  a l l  z .  case  (a )  is  impossible; Case (b) must 
hold.  

Case (b ) :  There e x i s t s  a c such t h a t  w(c) = A. - - 
Suppose A > 0. Then according t o  Lemma 3 (DtAlembert 's) ,  
t h e r e  e x i s t s  a z such t h a t  

0 

w ( z )  : w(c) = A, 

con t ra ry  t o  the  d e f i n i t i o n  of A a s  infimum. 

Therefore,  A = 0. Then w(c) = 0, which is  t r u e  i f  and 
only i f  f ( c )  = 0. 

I should l i k e  t o  express my thanks t o  D r .  Ralph Ste inlaqe 
f o r  h i s  he lp  and encouragement. 
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AN r t h  ROOT ALGORITHM 

Charles Edwin Hulsar t ,  Jr . , Wesleyan University 

THEOREM. Let r ,  xl, A, be p o s i t i v e  r e a l  numbers such t h a t  

0 .: A I/I : X I #  and r > 1. Then the  sequence f x . }  defined by 

1 
x i+l - -  - [ (r-1) xi + +I converges t o  A l l r .  Moreover, 

x 
i 

- 1  i I xi+l - A ̂ I < (-1 I x l  - A 1/r 1 , i = 1 ,2  ,... . 

Proof. Let u = A .  We f i r s t  show t h a t  x '-. u implies 
i 

xi+l > u, f o r  i = 1 , 2 , .  . . . Assume t h a t  f o r  some in teger  k. 

we have X. U .  

1 r 
- u = - [ (1-1) \ + 
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Now 0 < - < 1. For 0 < x < 1, define the function f to be 
% d r-1 

such that f(x) = x
r - rx + (r - 1) . Then f(x) = r (x - 1) < 0 ,  

on 0 < x <  1. f(0) = r - 1 >  0. f(1) = O .  Thus f(x) > 0 
for all x on 0 < x < 1, and the inductive step follows from the 
continuity of f. Since x > u, we conclude that xi > u, 
i = 1,2, ... . 

We now show that the sequence converges to u. 

Hence 0 < u < -  - < x < x 2 < x  , and so fx. ) converges. 

Let the limit of [xi] be L. 
,- 

1 u- 
L = lim x = lim - [(r-l)xi + XI 

i+m i+l i - ~ m  x i 

1 r 
u 

L = - [ (r-1) L + - 
-11 

so that L = u
r . r 

L 

But 0 < u < L. 
1/r Therefore, L - u  = A  . 

Finally, 

Therefore, 

, 1  
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FORMAL POWER SERIES OVER A COMMUTATIVE RING WITH IDENTITY 

James W. Brewer, The Florida State University 

I. INTRODUCTION. 

Let R be a commutative ring with identity. In the study of 
abstract algebra, a basic object of study is the ring of poly- 
nomials in one indeterminate X over R. This ring is denoted by 
R[X]. This paper provides the definition and some basic results 
concerning a generalization of the concept of a polynomial ring. 
The notation here is rather standard. We use c for "is a 
member of," < for "is a subset of," < for "is a proper subset 
of," and 1 for the identity of the ring R. 

11. DEFINITION OF R [ [XI ] . 
Consider sequences of elements of R of the following type, 

(ri)?o. Let S denote the set of all such sequences. For 

m 
a = [ri)zo, ! s ]  i=o(. a = p if and only if ri = s i' 
i = 0,1,2,---. 

For a and fl as above, a + 0 = Y = ft i 1- i=O where t i = 

i = 0,1,2,---, and a fl = IU 1- i- i=O where u = 
i 

It is straightforward to verify that S is a commutative 
ring with identity [1,0,0, . . . \  under + and . It is obvious 
that the mapping 9 from R into S defined by $(r) = ir,0,0, ... l 
is an isomorphism and therefore induces an imbedding of R in S. 
If for r Â R we identify r and the sequence fr,O,O,...l and 
if we denote by X the element f0,1,0,0, ...) of S, then we may 
easily see that any element a = fa )- of S may be represented 

i i=O 
uniquely in the form a + a x + 

0 1 + anxn + . It is this 

representation of a with which we most commonly work. Further, 
it is clear from this representation of the elements of S that 
S > R[X]; that is, any polynomial f (X) â R[X] is merely a 
member of S all of whose coefficients are zero from some point 
on. It is this fact that motivates the notation. S is usually 
denoted R[ [XI ] and we call R[[X] ] the ring of formal power 
series in one indeterminate X over R. The elements of R[[X]] 
are called the formal power series or simply power series. 

Remark: For r = 2, the theorem yields Newton's well-known 

square root algorithm. 
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~ e f i n i L i o n .  I f  , ' a  = 2 rix C R[[X]] and i f  a # 0, by t h e  

o r d e r  of a we mean t h e  s m a l l e s t  nonnegative i n t e g e r  k  such t h a t  
r # 0 .  The o rde r  of 0  is no t  de f ined .  I f  a has  o rde r  k ,  we 

s h a l l  c a l l  rk t h e  l ead inq  c o e f f i c i e n t  of a  . 

111. SOME ELEMENTARY PROPERTIES OF R [ [XI ]  . 
3.1. P ropos i t i on .  R[[X]] is an i n t e g r a l  domain i f  and on ly  i f  
R i s .  

Proof .  I f  R[ [XI ]  has  no z e r o  d i v i s o r s ,  then  R , R[ [XI ]  a l s o  
h a s  none. Conversely,  l e t  a  , f l  e R [ [XI ]  - ( 0  l . Let  t h e  lead- 
l ead ing  c o e f f i c i e n t  of a b e  a  and t h e  l ead ing  c o e f f i c i e n t  of 

n  
f l  b e  bm. Since R is an i n t e g r a l  domain a  b  # 0. But a  b  n  m n  m 
i s  t h e  l ead ing  c o e f f i c f e n t  of  a(3- . Hence, a f t #  0 .  Thus 
R[ [XI ]  i s  an i n t e g r a l  domain. 

3.2. Remark. The corresponding r e s u l t  is a l s o  t r u e  of R[X]. 

Proof.  The same arguments apply .  - 
3.3. P ropos i t i on .  An element a = Z r i x i  is a  u n i t  of  

R[[X]] i f  and only  i f  r is a  u n i t  of R .  
0 

Proof .  Reca l l  t h a t  b  is  a  u n i t  of R provided t h e r e  e x i s t s  an 
element c  Â R such t h a t  bc  = 1. Now i f  a is a  u n i t  of  R[[X] ]  
it is obvious t h a t  r is a  u n i t  of R s i n c e  a a  u n i t  of R[[X]] 

0 
means t h e r e  e x i s t s  f t  c R[ [XI ]  , f l  = so + s x  + - - - ,  such t h a t  

a f l  = 1, and t h i s  e q u a l i t y  imp l i e s  r s = 1; t h a t  i s ,  r is a  
0 0 0 

u n i t  of  R .  

For t h e  converse ,  suppose r is a  u n i t  of R .  Then t h e r e  
e x i s t s  an element s â R such t h a t  r s = 1. We proceed in-  

0 0 0 

d u c t i v e l y  t o  d e f i n e  a  s eq  w 
(sily=O 

i n  such a  manner t h a t  

s r = 1 and such t h a t  = 0  f o r  i = 1 . 2 , - - - .  We 
0 0 

-1 - 

have def ined s = r . Having def ined s s --â 
0' 1' , S we o  o  n-1' 

wish t o  d e f i n e  s s o  t h a t  s r + s r + --â + s a  = 0 .  Thus n  n n  n - 1 1  o  n  
d e f i n e  s = -r-I (Sn-lrl + a * s  + s r ) .  Then so ,  s --â n  o  n  1' , s n  
s a t i s f y  t h e  r equ i r ed  cond i t ions .  Now f l  = s + s X + R[[X] ]  

0 1 
and by t h e  choice  of s i t s ,  a fl  = 1 s o  t h a t  a  is  a  u n i t  of  R[[X]] . 
3.4. Remark. a = r  + r l X + - - -  + rnxn 6 R[X] is a  u n i t  of 

0 

R[X] i f  and on ly  i f  r is a  u n i t  of R and r i ,  1 _ i _ n, is 
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D e f i n i t i o n .  Let  R b e  a  r i n g  and A, an i d e a l  of  R .  By a  b a s i s  S  
f o r  A, we mean a  subse t  S  of A such t h a t  each element b  â A i s  
e x p r e s s i b l e  a s  a  f i n i t e  sum of t h e  form rlsl + r2s2 + - - -  + r s  

n  n  
where r --â , r n  â R, and s , --â , s e S. We w r i t e  A = (S) . I f  

n  
S  is  a  f i n i t e  s e t ,  we say  t h e  i d e a l  A i s  f i n i t e l y  gene ra t ed .  I f  
each i d e a l  A of  R is f i n i t e l y  genera ted ,  R i s  s a i d  t o  be  a  
Noetherian ring. 

3.5. P ropos i t i on .  R  is Noetherian i f  and on ly  i f  R[[X]] is.  
No formal proof w i l l  b e  p re sen ted .  The proof i n  one d i r e c t i o n  
i s  easy .  I f  R[[X]] is Noetherian then t h e  mapping from R[[X]] 
o n t o R d e f i n e d b y  $ ( a )  = r  where a = r  + r X +  --â â ‚ ¬ R [ [ X ]  

0' 0 1 
is  a  homomorphism of R[[X]] on to  R .  But a  homomorphic image 
of a  Noetherian r i n g  is Noetherian.  Hence, R is Noetherian.  A 
proof t h a t  R Noetherian impl i e s  R[[X]] i s  Noetherian may be  
found i n  [2; 501 . 
3.6. Remark. P ropos i t i on  3.5 remains v a l i d  wi th  R[[X]] replaced 
throughout by  R[X]. One h a l f  of t h i s  r e s u l t  i s  t h e  ce l eb ra t ed  
H i l b e r t  b a s i s  theorem and t h e  o t h e r  h a l f  may be  proved u s i n g  t h e  
above argument. 

It is w e l l  known t h a t  i f  R i s  a  f i e l d ,  R[X] is a  Euclidean 
domain i n  t h e  terminology of [4 ] ,  and a s  such i s  a  p r i n c i p a l  i- 
d e a l  domain (PID); t h a t  is, an i n t e g r a l  domain wi th  i d e n t i t y  i n  
which each i d e a l  is genera ted  by a  s i n g l e  element.  For R[[X]] 
we have t h e  following: 

3.7. P ropos i t i on .  Let  R be  a  f i e l d .  Then t h e  s e t  of a l l  i d e a l s  
of R [ [ X I I  is ~ R [ [ X I I ,  ( X I ,  (x2) ,  .--  , (0)  ] and t h e  i d e a l s  of  
R[[X]] a r e  r e l a t e d  a s  follows: R [ [ x ] ]  > (x) Â¥ (x2) > Â¥ ( 0 ) .  

Proof .  I t  is obvious t h a t  each of t h e  i d e a l s  l i s t e d  is  indeed 
an i d e a l .  Le t  A b e  any non-zero i d e a l  of R[[X]],  and choose 

a A, a of minimal o r d e r .  Suppose a = rkX  ̂+ r k 1  *+I + ... = 
k  

X (rk + rk+lX + --â ) .  Since R is a  f i e l d ,  P ropos i t i on  3.3 imp l i e s  

t h a t  r + r k+lX + --â i s  a  u n i t  of R [ [XI ]  ; t h a t  is  a  = 2- c, 

â a  u n i t  of  R[[X]].  Therefore  X^ = a * â ‚  C A .  Thus (A < A .  

converse ly ,  l e t  f l  = a x n  + â A. a was o f  minimal o rde r  among 
A, 

a l l  members of A.  Hence, n  _ K. Thus, f l  = X ^ ( S X " " ~  + - - - )  

(x? , and A 1 (2) . This  proves t h e  f i r s t  a s s e r t i o n ,  whi le  
t h e  second is  obvious.  

D e f i n i t i o n .  An i n t e g r a l  domain wi th  i d e n t i t y  i n  which t h e  i d e a l s  
a r e  l i n e a r l y  ordered i s  c a l l e d  a  va lua t ion  w. 
3.8. Coro l l a ry .  I f  R is a  f i e l d ,  R[[X]] is a  v a l u a t i o n  r i n g .  

n i l p o t e n t ;  t h a t  i s ,  t h e r e  e x i s t s  n  a  p o s i t i v e  i n t e g e r ,  such i t  
t h a t  r? i = 0. The proof of t h i s  r e s u l t  is omitted sinceR[X] 

i s  no t  t h e  p r i n c i p a l  t o p i c  of i n v e s t i g a t i o n  h e r e .  ~t is  worth 
no t ing  t h a t  t h i s  r e s u l t  d i f f e r s  cons ide rab ly  from 3.3. 
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3.9. corollary. ';If R is a field, R[[X]] is a PID. 

Proof. Obvious. 

Let R be a Unique Factorization Domain (UFD) in the sense 
of [4] . Then it is well known that R[X] is also a UFD. That 
the corresponding result is not true for R[[X]] was shown by 
Samuel [3]. However Krull has shown in [1;780] that the fol- 
lowing result is true. 

3.10. Proposition. ~f R is a PID, R[[X]] is a UFD. 

All of the above results are known. There remain, how- 
ever, many open questions involving power series. For example, 
a characterization of zero divisors and nilpotent elements of 
R[[X]] has not been given. Also, many results known to the 
author could not be presented here, either for the sake of 
brevity or for the level of presentation. ~ l l  the results con- 
tained in this paper were solved by the author as exercises in 
a course on commutative algebra. To the instructor of this 
class, Dr. Robert W. Gilmer, I am deeply indebted both for en- 
couragement and aid in writing this paper. 

REFERENCES 

1. Krull, W., Beitraqe Arithmetik kommutativer 
Inteqritsbereiche Potenzreihenringe, Math. zeitschr., 
Vol. 43 (19381, pp. 768 - 782. 

2. Nagata, M., Local Rinqs, Interscience publishers Inc., 
New York, 1962. 

3. Samuel, P., On Unique Factorization Domains, Illinois Journal 
of Mathematics, Vol. 5 (l96l), pp. 1 - 17. 

4. Zariski, 0. and Samuel, P., Commutative Algebra, Vol. 1, 
D. Van Nostrand Company Inc., Princeton, 1958. 

NATIONAL MEETING IN AUGUST 1967 

Each chapter is encouraged to nominate either a deleqate or a 
speaker for the National Pi Mu Eusilon "leeting to be held in 
conjunction with the international meetinq of the 'lathematical 
Association of America in Toronto, Canada, August 28-30. lQ67. 

Apply at once to national headquarters for travel funds for your 
delegate ($75 maximum) or speaker ($150 maximum). It is important 
that your best student speaker he given an opportunity to raarticioate 
in this meetinq and that YOUR chapter be reoresentea. tirite: Dr. 
Richard V. Andree, Pi Mu Epsilon, The University of Oklahoma, Norman, 
Oklahoma 73069. 

A SHORT AXIOMATIC SYSTEM FOR BOOLEAN ALGEBRA 

Lawrence J. Dickson, Seattle University 

The purpose of this paper is to set forth and explain a 
set of seven axioms for Boolean Algebra, to prove that they are 
equivalent to the ordinary axioms, and to show that the three 
axioms which peculiarly characterize the Boolean Algebra -- the 
axioms of complementation (union is defined by means of the 
complement) -- are independent. 

Axioms, Definitions, Basic Theorems 

A Boolean Algebra is a set X such that, for all a,b,c, ... E X: 

A. There is defined a (closed) binary operation 
such that: 

Axiom 1: a A (b A c) = (a A b) A c 
Axiom 2: a A b = b A a -- 
Axiom 3: a A a = a 

B. There exists an element I â X such that 

Axiom4: a A  I = a V a Â £  -- 

(Intersection) 

(Associative) 
(Commutative) 
(Idempotent) 

(Identity) 

C. There can be defined a function .' (Complementation) from X 
to itself such that: 

Axiomz: (a')' = a V a 6 X 
Axiom 5: a A a' = I' v a â x 
Axiomz: a b = 1 ' 4  a A b' = a. 

Three definitions are in order to clarify matters: 

Def. 1: a s b  : a A b  = a  - (Inclusion) 

Def. 2: a U b = (a' A b')' -- (Union) 
(This definition of union is merely a rephrasing 
of DeMorgan laws.) 

Def.3: 0 = 1' - ("null set") 

Three basic theorems will now be presented to complete the pic- 
ture. (Here and hereafter, when a theorem has a very straight- 
forward and trivial proof, I will save space by omitting the 
proof. ) 

THEOREM 1 (Uniqueness of I): At most one element of X 
satisfies the property of 1 (Axiom 4). 

THEOREM 2 (Uniqueness of complementation): ~t most one 
function!from X to X can be defined satisfying 
Axioms 6 and 7. 

Proof: Let ' and * be two such functions. Then for any 
a 6X, 0 = a A a' = a l A  a = a A a* = a * ~  a, and therefore, 
a' A a* = a' A a* a' = a*, which implies a' = a* by 
commutativity. 



THEOREM 3 (0 '4s "smal les t"  element): 0 0_ a V a ?. X.  
Proof: 0 n a = a n 0 = a n ( a n  a ' )  = (a  n a)  n a '  = 
a n a '  = 0. 

We can now explain  t h e  meaning of t h e  seven axioms. The 
f i r s t  th ree  axioms a r e  e a s i l y  shown t o  be equivalent  t o  the  
assumption t h a t  X i s  a p. o. s e t  (where a < b H a b )  with a 
g l b  f o r  every f i n i t e  subset  (g lb  f a , b )  = a fl b ,  e t c  .) . The 
four th  axiom says t h a t  X has a g r e a t e s t  element under t h i s  p. o. 
The l a s t  th ree  axioms imply X has a smal les t  element (THM 3 ) ,  
and s t a t e  t h a t  X can be divided i n t o  p a i r s  (of complements) 
such t h a t ,  not only do t h e  elements of such a p a i r  not meet 
( i . e . ,  they a r e  "as  incomparable as  possible":  t h e i r  g r e a t e s t  
and only lower bound is 0, a lower bound of everything) ,  b u t  
each member of t h e  p a i r  contains  everything i n  X t h a t  does not 
meet t h e  other .  

Proof of Equivalence with the  Ordinary Axioms 

F i r s t  we w i l l  show t h a t  the  ordinary axioms imply the system 
given above. 

THEOREM 4: Axioms 1 - 7 and Defini t ions  1 - 3 a r e  t r u e  i n  
any system which s a t i s f i e s  the  ordinary axioms 
of Boolean Algebra. 

Proof: Axioms 1 - 6 and Defini t ions  1 - 3 a r e  a l l  statements 
or rephrasings of c e r t a i n  of the  ordinary axioms of Boolean 
Algebra. And Axiom 7 is implied by the  d i s t r i b u t i v e  law: 
a n b = 0 + a f l b 1  = ( a n b ' )  U ( a n b )  = a n  ( b l U b )  = 
a n ~ = a .  

Now we w i l l  show t h a t  t h e  implicat ion runs the  other  way a l so .  
The only r e a l  d i f f i c u l t y  is with the  d i s t r i b u t i v e  laws. 

A. Axioms of Intersect ion:  These a r e  given, as  Axioms 1 - 4 
and 6. 

B. Axioms of Union: 

THEOREM 5 ( ~ S s o c i a t i v e ) :  a U (b U c )  = (a  u b )  U c 
Proof: a U(b  U c )  = a U (b '  n cl)' = ( a '  0 ( b l  n c')")' = 
( a '  fl (b '  n c l ) ) '  = ( ( a 1  n b t ) n  c l ) '  = ( ( a l n  b l ) "  n c l ) '  = 
( a l n  b b ' ) ' u  c = ( a U  b) U c .  

THEOREM 6 (Commutative) : a U b = b U a .  

THEOREM 7 (Idempotent) : a U a = a .  

THEOREM 8 ( I d e n t i t y ) :  a U 0 = a .  

THEOREM 9 (Complement) : a u a '  = I .  

THEOREM 10 (Property of I ) :  a U I = I .  

, 1  
255 

C .  The Dis t r ibu t ive  Laws: These tu rn  out t o  follow from Axiom 7: 

THEOREM 11 ( F i r s t  d i s t r i b u t i v e  law) : a fl (b U c)  = ( a  fl b) U ( a  fl c)  
Proof: We w i l l  proceed by s t e p s .  

Lemma 1: a fl (a  fl b ) '  = a fl b l .  
Proof: 0 = ( a n  b) n ( a n  b ) '  = a n (b n ( a n  b ) ' )  

= (a  n (a  n b) I) n b 

,'.a n (a  n b ) '  n a n  b '  = a n  a n ( a n  b ) ' n  b 1  

= (a  n ( a n  b ) ' )  n b '  

= a n ( a  n b ) ' .  

~ u t O = a n O = a n ( b ' n b )  = a n a n b l n  b 

= ( a n  b ' )  n ( a n  b )  

. . a  n ( a n  b ) ' n  a n b '  = a n  a n b ' n  ( a n  b ) '  

= (a  n b ' )  n ( a n  b ) '  = a n  b l .  

.-. a n ( a  b )  ' = a n b '  . 
Lemma 2: ( a n  b) u ( a n  b l )  = a .  
Proof: ( ( a n  b )  U ( a n  b l ) ) '  = ( a n  b ) '  n ( a n b ' ) '  - 

= ( a n  b ) '  n ( a n  b ' ) '  n (a n b ) '  

= (a  n b ) '  n (a  n b ' ) '  n (a  n b " ) '  

= (a  n b )  n (a  n b l )  ' n (a  n ( a  n b ' )  I )  

= (a  n b )  n (a  n b ' )  n (a )  

= ( a ' n  a n  b ) '  n ( a '  n a n b l ) '  n a '  

= (0 n b) ' n (0 n b ' )  ' n a '  = (0) ' n (0) n a '  

I n I n  a '  = a 1 .  

:. (a  n b )  u (a  n b ' )  = ( ( a  n b )  n (a  n b l )  I )  = ( a 1 )  = a .  

Proof of Theorem: -- 
i )  a n ( ( a  n b ) '  n ( a n  c ) ' ) '  = a  n (a n (a  n b ) ' n ( a f l c ) ' ) '  

= a n  ( a n  ( b ) ' n  ( c ) ' ) '  = a  n ( b ' n  c ' ) '  = a  n ( b  u c ) .  

i i )  a '  n ( ( a  fl b) ' n (a  fl c) ' )  = a '  n ( a 1  fl ( a  n b) 'n(anc)  I )  

= a '  n ( a '  n ( a '  n a n b )  ' n ( a '  n a c )  ' )  

= a '  n ( a '  n 0 '  n 0 ' ) '  = a '  n ( a ' ) '  = 0. 

i i i )  a n ( b u  c)  = b n  (b u c ) ) u  0 = [ a n ( ( a  n b ) ' n ( a n c ) ' ) ' ]  U 

[a '  n ( ( a  n b ) '  n (a  n c ) ' ) ' ]  = ( ( a  n b ) '  n ( a  n c ) ' ) '  

= (a  n b) u (a n c )  . QED 
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THEOREM 12 (hecond d i s t r i b u t i v e  law): a U (b  n c )  = (a U b ) n ( a  Uc) . 
proof: a u (b  n c )  = ( a '  n (b n c )  I )  ' = ( a 1  n (b '  U c ' ) )  ' 

= ( ( a '  u b ' )  U ( a '  u c ' ) ) '  = ( ( a  U b ) '  u ( a  U c ) ' ) '  

= ( ( a  u b ) "  n (a  U c )  " ) "  = ( a  u b )  n ( a  u c )  . 
D. P roper t i e s  of Inclusion and Complementation: These a r e  l i s t e d  

below, though they habe been mentioned before .  They have 
been proven, o r  t h e i r  proofs a r e  t r i v i a l .  

THEOREM 13 (de Morgan's Laws): a )  ( a  n b )  ' = a '  u b '  

b) ( a U b ) ' = a l f l b ' .  

Note 1 (extreme elements): v a ? X, a )  0 <3 a 

b) a 5 1  

THEOREM 14 ( p a r t i a l ,  order ing)  = V a ,b ,  c â X, 

a )  a s a  

b )  a 5 b A  b s c + a G c  

c )  a ~ b , ,  b ~ a + a = b .  

Independence of t h e  Complementation Axioms 

The examples given here  t o  prove independence a r e  a l l  subsets  
of power s e t s  which a r e  closed under f i n i t e  i n t e r s e c t i o n ,  and 
which contain  t h e  I d e n t i t i e s  of t h e i r  r e spec t ive  power s e t s .  
Hence they s a t i s f y  Axioms 1 - 4. 

THEOREM 15 (Independence of Axiom 5) :  Axioms 1 - 4, 6, and 
7 do not imply Axiom 5. 

Proof: Let X = f O , a , I ]  where 0 = @, a = f l j ,  and I = f l , 2 ] .  
Define I '  = a *  = 0 A 0 '  = 1. Axiom 6 i s  seen t o  be  s a t i s -  
f ied ;  and s o  i s  Axiom 7, because x tl y = 0 * x = 0 o r  
y = 0 f o r  x , y  e X. ~ u t  Axiom 5 obviously must f a i l ,  f o r  - '  
is no t  1-1. 

THEOREM 16 (Independence of Axiom 6) :  Axioms 1 - 5 and 7 
do not  imply Axiom 6. 

Proof: Let x = (0,1) u [L  : N ?  z ) ,  where 0 = @ ,  z = t h e  
s e t  of a l l  in tegers ,  I =  and L = [n â z:n N ) .  

N 
Define I '  = 0, 0 '  = 1, and LA = LN V N Â Z. Axiom 5 i s  

obviously s a t i s f i e d .  Axiom 7 i s  s a t i s f i e d ,  because 
a , b â  X A  a n b  = O + a  = O  o r b  = O .  But Axiom6 is no t  
s a t i s f i e d :  L n LA = LN # 0 V N C Z.  N 

THEOREM 17 (Independence of Axiom 7 ) :  Axioms 1 - 6 do no t  
imply Axiom 7. 

proof: Let x = [ 0 , 1 , a , a 2 , a , a 4 ? ,  where 0 = @, I = f l , 2 , 3 , 4 ] ,  
and ai = [ i } .  
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Define 0 '  = 1, I '  = 0, and a! = a Inspect ion shows 
(5- i) ' 

both Axiom 5 and Axiom 6 s a t i s f i e d ,  b u t  Axiom 7 i s  not  -- 
e.g., a, h a2 = 0, b u t  al n a; = al  n a3 = 0 / al. 

Reference 

Allendoerfer and Oakley: P r i n c i p l e s  of Mathematics. 

PROBLEM DEPARTMENT 

Edited by 
M. S. Klanikin, Ford S c i e n t i f i c  Laboratory 

This department welcomes problems bel ieved t o  be new and, 
a s  a r u l e ,  demanding no g r e a t e r  a b i l i t y  i n  problem solving than 
t h a t  of t h e  average member of t h e  F r a t e r n i t y ,  b u t  occasional ly  
we s h a l l  pub l i sh  problems t h a t  should chal lenge t h e  a b i l i t y  of 
t h e  advanced undergraduate and/or candidate f o r  the  Master ' s  
Degree. Solut ions  of these  problems should be submitted on 
separa te  signed shee t s  wi thin  four  months a f t e r  pub l ica t ion .  

An a s t e r i s k  (*) placed beside  a problem number ind ica tes  
t h a t  t h e  problem was submitted without a so lu t ion .  

Address a l l  communications concerning problems t o  
M. S. Klamkin, Ford S c i e n t i f i c  Laboratory, P. 0.  Box 2053, 
Dearborn, Michigan 4812 1. 

PROBLEMS FOR SOLUTION 

187. Proposed by R. C .  Gebhardt, Parsippany, N. J. 
A semic i rc le  ACB i s  constructed,  
a s  shown, on a chord AB of a 
u n i t  c i r c l e .  Determine t h e  chord 
AB such t h a t  t h e  d i s t ance  OC 
is  a maximum. 

188. Proposed by Waldemar Car l  Weber, Univers i ty  of I l l i n o i s .  
For any two r e a l  numbers x and y with 0 < x < y, 
v e r i f y  the  following procedure f o r  adding on a s l i d e  
r u l e  using the  A, S, and T s c a l e s .  F i r s t  s e t t i n g  of 
s l i d e :  

opposi te  x 

T 1 1  s e t  r i g h t  index 1 read angle 9, 0<9< 7^4 
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Setond s e t t i n g  of s l i d e :  

A 11 opposi te  x  1 read x+y 

S 11 s e t  angle 9 I opposi te  r i g h t  index 

189. Proposed by Leon Bankoff, Los Angeles, Ca l i fo rn ia .  
I f  A, B, C, D, E, F, and G 
denote t h e  consecutive 
v e r t i c e s  of a  r egu la r  
heptagon, show t h a t  CD i s  
equal t o  h a l f  t h e  harmonic A 
mean of AC and AD. @: c 

190. Proposed by Joseph Arkin, Suffern,  N. Y. 
I f  w, v, t, n,  u, q, k ,  and r a r e  d i s t i n c t  non-zero in- 
t e g e r s ,  f ind i n f i n i t e l y  many s o l u t i o n s  t o  t h e  
diophantine equation 

8 4 4 4 8  
w

4
+ v

4
+ t

4
+ n  = u  + q  + k  + r  

where w, v, u, and q  a r e  each a  hypotenuse of some 
Pythagorean r i g h t  t r i a n g l e .  

191. Proposed by Stanley Rabinowitz, Polytechnic I n s t i t u t e  of 
Brooklyn. 

Let P  and P'  denote po in t s  i n s i d e  rec tang les  ABCD and 
A ' B ' C ' D ' ,  r e spec t ive ly .  I f  PA = a + b,  PB = a + c, 
PC = c + d ,  PD = b + d, P'A' = ab, P'B' = ac,  PIC' = 
cd, prove t h a t  P'D' = bd. 

SOLUTIONS 

155. Proposed by William J. LeVeque, Univers i ty  of Michigan. 
Two mountain climbers s t a r t  together  a t  t h e  base  of a  
mountain and climb along two d i f f e r e n t  paths  t o  t h e  sum- 
m i t .  Show t h a t  it is  always poss ib le  f o r  the  two 
climbers t o  be a t  t h e  same a l t i t u d e  dur ing the  e n t i r e  
t r i p  (assuming each path  has  on it a  f i n i t e  number of 
l o c a l  maxima and minima) . 
E d i t o r i a l  e: The proposer notes t h a t  the  problem is  
not  o r i g i n a l  with him and he does no t  know the  o r i g i n a l  
proposer.  

Solut ion by the  proposer.  
With no l o s s  i n  g e n e r a l i t y ,  each path  may be regarded a s  
a  plane polygonal path  connecting t h e  o r i g i n  and t h e  po in t  
( 1 , 1 ) ,  e n t i r e l y  contained i n  t h e  u n i t  square and having 
one o r d i n a t e  f o r  each absc i s sa .  Suppose f i r s t  t h a t  t h e  
ends a r e  t h e  only p o i n t s  of the  paths  a t  he igh t s  0 o r  1. 

Represent one such path ,  P ,  i n  an ( x ,  y)-plane, and t h e  

o the r ,  p2, i n  an ( x ,  y)-plane. For each y  with 0  ^_ y < 1 ,  
1 1 

t h e r e  i s  a  f i n i t e  s e t  of values x  ( y ) ,  x2 (y) , * * .  of x 
1 

1 
1 

f o r  which (xi (y)  ,y )  i s  on P ,  and a  corresponding s e t  of 
2  2  1 2 

values x .  (y) of x  . p l o t  a l l  the  po in t s  ( x  ( Y )  , x j  ( Y )  ) f o r  
I 

a l l  combinations of i and j ,  and f o r  a l l  y,  i n  an 
1 2  

(x , x  )- plane, thus  determining a  p o i n t  s e t  S. S  l i e s  - 
1 

e n t i r e l y  i n  the  open square 0  / x .' 1, 0 x 1, ex- 
cep t  f o r  t h e  two po in t s  (0,O) and ( 1 , l )  on it. Two 
climbers a r e  a t  the  same he igh t  on the  two paths  i f  and 
only i f  t h e i r  pos i t ions  give  a  p o i n t  of S,and the  prob- 
lem reduces t o  showing t h a t  S  contains  an a r c  connecting 

1 2  
(0,O) and ( 1 , l )  i n  the  (x  , x  )- plane. 

1 2  
Any po in t  i n  t h e  closed u n i t  square U i n  t h e  ( x  , x  ) -  

plane determines unique pos i t ions  on t h e  two paths .  I n  
p a r t i c u l a r ,  t h e  p o i n t  (1,O) p laces  one climber a t  t h e  top,  
t h e  o the r  a t  t h e  bottom; t h e  po in t  ( 0 , l )  g ives  the  reverse  
p o s i t i o n s .  An a r c  connecting (1,O) and ( 0 , l )  r epresen t s  
a  r e c i p e  f o r  g e t t i n g  one man down t h e  mountain while the  
other  ascends it; obviously, under any such p r e s c r i p t i o n ,  
t h e  climbers a r e  a t  t h e  same he igh t  a t  some i n s t a n t .  
That i s ,  any a r c  i n  U connecting ( 0 , l )  and ( 1 , O )  i n t e r-  
s e c t s  S. It follows t h a t  S  connects boundary po in t s  of U, 
and hence connects t h e  only two poss ib le  boundary po in t s ,  
(0,O) and ( 1 , l )  . 

I f  one (o r  both) of the  paths  has s e v e r a l  po in t s  a t  
he igh t  0, it can be modified s l i g h t l y  s o  a s  t o  have minima 
a t  d i s t i n c t  he igh t s  very c l o s e  t o  0  ( c l o s e r  than any of 
t h e  o the r  minima except the  beginning p o i n t ) ,  and a  s i m-  
p l e  con t inu i ty  argument shows t h a t  the  lowest minimum can 
again be dropped t o  0,  then the  next lowest, e t c .  The 
case  of s e v e r a l  maxima of height  1 can be handled s i m i l a r l y  

161*. Proposed by Paul Sch i l lo ,  SUNY a t  Buffalo.  
It is conjectured t h a t  the  smal les t  t r i a n g l e  i n  a rea  which 
can cover any given convex polygon has an a rea  a t  most 
twice t h e  a rea  of t h e  polygon. 

E d i t o r i a l  e: This is  a  known r e s u l t  and is given i n  
H. G .  Eggleston, Problems i n  Euclidean Space, Pergamon, 
N. Y., 1957, p .  156: 
"Theorem G: Let be a  convex s e t .  Then every tr i-  
angle circumscribing F is of a rea  g r e a t e r  than or  equal 
t o  twice t h a t  of F i f  and only i f  r i s  a  parallelogram." 
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177. Proposed bpiC. S. Venkataraman, Sree Kerala Varma co l l ege ,  
Tr ichur ,  south India  . 
I f  s is t h e  semi-perimeter and R, r ,  rl, r 2 ,  and r a r e  

t h e  circum-, in-, and ex- radi i ,  r e spec t ive ly ,  of a  tri-  
angle,  prove t h a t  

Solut ion by Stanley Rabinowitz, Polytechnic I n s t i t u t e  of 
Brooklyn. 
We s t a r t  with the  known inequa l i ty ,  R > 2r ,  with e q u a l i t y  
i f  and only i f  t h e  t r i a n g l e  i s  e q u i l a t e r a l .  I t  i s  a l s o  
known t h a t  rrlr2r3 = K where K i s  the  a rea  of the  tri- 

angle ( see  N.  A.  Court, College Geometry, p. 79) . Since 
a l s o  K = rs, we have rr r r = r2s2. F i n a l l y ,  

1 2 3  
! 

R 2  2  s 2 - 
2 ^ - = -  - 

r r r r r  
1 2 3  

Also solved by H. Kaye (Brooklyn, N.  Y.), Paul Meyers 
(Phi ladelphia ,  P a . ) ,  M. Wagner (N.Y.C.) , F. Zet to  (Chicago, 
111.) and the  proposer.  

178. Proposed by K. S. Murray, Ann Arbor, Michigan. 
Show t h a t  t h e  centroid  of A,-, 
t r i a n g l e  ABC coincides  with 
t h a t  of t r i a n g l e  A ' B ' C '  where 
A ' ,  B '  , and C 1  a r e  the  mid- 
po in t s  of BC, TO, and 55, 
respec t ive ly .  Also, genera l i ze  
t h e  r e s u l t .  B 

A '  
Solut ion by Stanley Rabinowitz, Polytechnic I n s t i t u t e  of 
Brooklyn. 
Since A B ' A ' C '  is a  parallelogram, AA' b i s e c t s  B ' C ' .  Hence 
AA'  is a  median of both t r i a n g l e  ABC and A ' B ' C ' .  Hence 
the  medians of both these  t r i a n g l e s  meet a t  the  same po in t .  

Generalization: Let A , Al,  A2, . . . , be the  v e r t i c e s  
0 

of an r-simplex and l e t  B be the  centroid  of the  (r-1)- 
i 

dimensional f ace  opposite Ai, i = 0,  1 ,  . . . , r .  Then the  

centroid  of the  r-simplex with v e r t i c e s  Bo, ..., Br i s  

the  same a s  the  centroid  of the  o r i g i n a l  r- simplex. 

Proof: We use the  following f a c t s .  The medians of an 
r-simplex meet a t  the  centroid  and t h i s  p o i n t  i s  
l / ( r+l)  of t h e  way up from the base .  [A median of an r- 
simplex is  a  l i n e  going from a ver tex t o  the  cen t ro id  of 
the  opposi te  face . ]  Therefore po in t s  B i ,  B;, . . . , B' form r 

an r-simplex homothetic t o  the  o r i g i n a l  one. Therefore 
median B B '  is a l s o  a  median of the  medial r-simplex s ince  

0  0 

it passes  through the  centroid  of the  r-simplex formed by 
Bo, B i ,  B i ,  ..., B;. So both s e t s  of medians meet a t  the  

same po in t .  Hence t h e  r-simplex and i ts  medial simplex 
have t h e  same cen t ro id .  

~ d i t o r i a l  e: There i s  a  s t i l l  f u r t h e r  genera l i za t ion  
and it i s  e a s i l y  es tab l i shed  by means of vec to rs .  A l -  
though t h e  genera l i za t ion  holds f o r  an n-dimensional s i m-  
plex,  we only i l l u s t r a t e  it f o r  n  = 3. Let z, 2, ?, and 
A 

D denote four l i n e a r  independent vec to rs  from some o r i g i n  
0 t o  the  four  v e r t i c e s  A, B, C, and D, respec t ive ly ,  of 
the  te t rahedron.  Its centroid  i s  then given by 
(X" + 2 + (? + 5) /4 .  we now consider another te t rahedron 
whose four v e r t i c e s  l i e  on the  four  faces  of our i n i t i a l  
te t rahedron and a r e  given by 

where r , s , t  > 0.  The centroid  of t h i s  l a t t e r  t e t r a-  
hedron coincides  with t h a t  of the  i n i t i a l  one. I f  we l e t  
a l l  the  weights r ,  s,  t ,  be equal,  we ob ta in  the  pre- 
vious r e s u l t .  

Also solved by Paul Meyers (Phi ladelphia ,  Pa . ) ,  p h i l i p  
Trauber (Brooklyn College) , M. Wagner (N.Y .C.  ) , G .  Weeks 
(San Francisco, C a l i f . )  and the  proposer.  

179. Proposed by Donald Schroeder, S e a t t l e ,  Washington. 
I t  is  we l l  known t h a t  

Generalize the  above by f inding in tegers  a  s a t i s f y i n g  

Solut ion by Michael F. Brunner (no l i s t e d  address ) .  
Squaring out  and summing, we obtain  the  equation 

a2 - 2am2 - 2m3 - m2 
= 0 .  

Whence, 
a  = m + m ( m  + 1). 

E d i t o r i a l  e: Charles Ziegenfus, Madison College, 
Vi rg in ia ,no tes  t h a t  the  problem with so lu t ion  occurs a s  
No. 550 i n  t h e  Nov., 1964, Mathematics Magazine. 

Also solved by J. H. Cozzens ( K e t t e l l e  Associates,  Pa . ) ,  
R .  W. Feldman (Lycoming College,  Pa . ) ,  E .  Johnson (Univer- 
s i t y  of South Caro l ina ) ,  0. Marrero (Miami, F l a . ) ,  P .  Myers 
(Phi ladelphia ,  Pa . ) ,  R .  p r i e l i p p  (Univers i ty  of wisconsin) , 

S. Rabinowitz (Polytechnic I n s t i t u t e  of Brooklyn), G .  Weeks 
(San Francisco, C a l i f . )  and t h e  proposer.  
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180. Proposed by -R.  C. Gebhart ,  Parsippany, N. J. 
I n  t h e  f i g u r e ,  AB = BC and 
angle  ABC = go0. The a r c s  
a r e  bo th  c i r c u l a r  wi th  t h e  
inne r  one being tangent  t o  

a t  A and a t  C. Deter- 
mine t h e  a r e a  of t h e  c r e s c e n t .  A C 

Solut ion by B.  W. King, Burnt Hi l l s -Ba l l s ton  Lake High 
School, N. Y. B 
Let  r denote t h e  r a d i u s  
of t h e  c i r c l e  determined 
by a r c  AC and 0 denote 
i t s  c e n t e r .  I t  fo l lows 
t h a t  ABCO i s  a square  and 
t h a t  t h e  r a d i u s  of  semi- 
c i r c l e  ABC i s  r/Â¥>/? 
Then, a r e a  of semkcirc le  
ABC = n r 2 / 4 ,  a r e a  of seg- 
ment bounded b a r c  and 
chord AC = ll c q 4  - r2/2.  
F i n a l l y ,  t h e  a r e a  of t h e  c r e s c e n t  is 

W. W. Wallace (Wisconsin S t a t e  Un ive r s i ty )  i n  h i s  s o l u t i o n  
no tes  t h a t  s i n c e  t h e  a rea  of t h e  c r e s c e n t  equa l  s t h a t  of tri-  
angle  ABC, it fol lows t h a t  t h e  sum of t h e  a r e a s  of t h e  two 
smal l e r  segments AB and BC equals  t h e  a rea  of t h e  s e c t o r  
AC . 
Also solved by J. H. Cozzens ( K e t t e l l e  Associa tes ,  P a . ) ,  
R .  C .  Gebhardt (Parsippany, N.  Y . )  , G .  Jacobs (2 s o l . )  
(Temple U n i v e r s i t y ) ,  G .  Mavrigian (2 s o l . )  (Youngstown 
U n i v e r s i t y ) ,  S. Rabinowitz (Polytechnic  I n s t i t u t e  of Brook- 
l y n ) ,  P. Trauber (Brooklyn Co l l ege ) ,  M. E. Votypka (John 
C a r r o l l  Un ive r s i ty ) ,  M.  Wagner (N.Y.C .) , F. z e t t o  (Chicago, 
111.) and t h e  proposer .  
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Kenneth David Shere 
David Lewis Squier  
~ h y l l i s  K. Boyajian Spain 
Catherine Leigh Stephens 
Neal Weiler S t o l t z f u s  
David Turkowski 
William R. Veatch 
Grace Sui-Kwan Yan 

Howard D. P e i s s  
Steve .T. Wiersma 

Michael A. Narcowich 

Paul R. Rider 
Larry A. Sachs 
Gregory J. Samoluk 
K i m  D. Saunders 
Alfred R. Schmidt 
Clarence P. Sousley 
Larry E. Thomas 
Robert E. Wattleworth 
Gordon P. West 

I N D I A N A  DELTA, Indiana S t a t e  Univers i ty  

K r i s t i n e  Aqgert 
Rhonda Lynn Anderson 
Carolyn Baker 
Sammy Ba l l  
Linda A. Baumunk 
James Bayless 
Kathleen Biqwood 
Je ra ld  Blemker 
Jonathan Brooks 
S a l l y  J. Buell  
L i l a  Burton 
Jane  M. Casper 
Ping-tung Chang 
Kenneth Clapp 
Hope Liechty  
Nonna Marshall  
Larry Jon Massa 
Vernon C. McDonald 
Donna McLeish 
Michael J. Meyers 
James Mitchel l  
D r .  Vesper Moore 
Geraldine Nardi 
Joyce Newel1 
Vicki Olson 

Joe Crick 
Norma Culp 
T e r i  J. Dodson 
Helen Draper 
Marvin Duerstock 
P a t r i c i a  E l l i o t t  
D r .  Roger E l l i o t t  
Kenneth W. Erdle  
D r .  James F e j f a r  
James L. F l e t che r  
J an i ce  Forney 
Richard Gardiner 
Linda George 
Deanne S. G e t t l e  
Richard Pe the l  
Roseann Peyronet 
Tom P i t t s  
Carol P r u i t t  
Mary Jane  Rains 
Robert Rector 
Jane A. Rohrer 
Sandra Shonk 
William Sondgerath 
Hugh D. Spurgin I1 
John F. S t a rns  

LOUISIANA BETA, Southern Univers i ty  

Cha r l i e  Hampton Hubert LaMotte 
Leoneita Holland Bobbie McNairy 
Sherman Hoston Nodie Monroe 
Glo r i a  Jean Johnson Archie Ricard 
Ea r l  Jones ,  Jr. Avenelle Richardson 

LOUISIANA EPSILON, McNeese S t a t e  College 

Freder ick  Anderson Gwen Gibson 
James Bourgeois Kenneth Hambrick 
Sonja E l l zey  Thomas Johnson 
Bonnie F i she r  Peggy Kalna 
Theresa For tenberry  Larry Landry 

D r .  P h y l l i s  Graham 
Guy Hale 
Sandra A. Halstead 
Gerald Harshany 
Richard E.  Heber 
Ronald W .  H e r l i t z  
Ray Hoffhaus 
Ta-Chzan Hsu 
William Jones 
D r .  Robert Kellems 
Lou Anna Kimsey 
Nicholas Kira  
Jean R. Lansaw 
Marilyn Jane  Law 
Stephen Stefancik  
William T. S t r inge r  
Charles Thatcher 
Alan L. Tweedy 
Suzanne D. Venable 
Tom Venable 
Jack C. Volkers 
Charlene Weaver 
Alden West 
James White 
D r .  E a r l  Zwick 

Helen Ruth Sampey 
Horace Smith 
Car l  Eugene Solomon 
I s i a h  Warner 

Wesley Harold Martin 
Sharon Myers 
Roy G. Pennington 
J e s  Stewert  
R. S. Young, Jr. 

LOUISIANA ZETA, Univers i ty  of Southwestern Louisiana 

Nolan J. Alber t  
A. Frank Arceneaux, Jr. 
Sandra F. Annond 
Cynthia J. B a i l l i o  
Richard I. Baldock 
Annette M. Bienvenu 
D r .  T. L. Boullion 
James R. C lou t i e r  
Daniel C u r t i s  
George P. DesOnneaux 

Warren D. Dowd, Jr. 
Kimmey H. Ferney 
Rodney J. Gannuch 
Guy H. George 
Thomas L. Gooch 
Lee H.  Hayman 
J u l i u s  P. Langl inais  
Margaret M. LaSalle 
Ea r l  J. L a t i o l a i s  
DR. Zeke L. Lof l in  

DR. J. C. McCampbell 
Eddy J. Milanes 
DR. James R. Ol iver  
Rod D. Pease 
Stephen L. S c h i l l e r  
G. Cort  S t e inhor s t  
Jack D. Testerman 
Robert L. Vincent 
Kenneth J. Winningkoff 
D r .  Wilbur C. Whitten 

MASSACHUSETTS ALPHA, Worcester Polytechnic I n s t i t u t e  

Gregory Richard Blackburn David Warren Loomis Noel Marshall  P o t t e r  
Francis  Alan Gay 
J o e l  Bruce Kameron 

Leonard Eugene Odell ,Jr .Walter Irwin Wells 
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MASSACIIUSETTS BETA; Col leqc  of t h e  F c l v  Cross 

Paul  T. Audette Gerald J. B u t l e r  T'lomas J. Lada 
Alf red  A. B a r t o l u c c i  Thomas F. Ceci l  John D. ' IcInernev 
Raymond L. B i t t e r e r  Joseoh  3. D i r r  Pau l  r. 'ic'lamee 
P e t e r  A. B l o n i a r z  Josenh C. Honkins Dennis J. Skchan 
Richard J. Bonneau C a r l  ?. S n i t z n a q e l  

NEW MEXICO BETA, New l e x i c o  I n s t i t u t e  of  f i n i n g  and Tcchnoloqy 

Donald W. Beaver 
Lar ry  R. Bennet t  
Ca lv in  R. B r a u n s t e i n  
G a i l  1. Clough 
~ a u l  A. Dcju 

J u d i t h  E. Eidc! 
LeRoy N. Fii'e 
P a t r i c i a  1. Evans 
James J. F o r s t e r  
' l a r t i n  S. F r i b e r q  
Joan  11. Kastnor 

F r e d e r i c k  E. Kastner  
Richarc" r. Lanqlo is  
Rain?. '1. 'Ici'iehce 
Tor F. 'leclrano 
yen C. Sukanovich 

MICHIGAN ALPHA, Michigan S t a t e  U n i v e r s i t y  

Michael Owen Alber t son  
Rodger Norman Alexander 
George Michael Antrobus 
James Louis  Arbuckle 
V i r g i l  Wayne Archie  
Herman Joseph  Arends 
Robert  James Arnold 
Linda Marie Barnes 
Al len  J a y  Beadle 
P h i l l i p  Leland B i c k e l  
Donald John Black 
Michael  Matthew Broad 
Richard Webb C a r p e n t e r  
Douglas A l f r e d  Cenzer 
Hyla Marie C l a r k  
Will iam Leroy Davis 
David Lee Dean 
David Alb in  D e W i t t  
Sammy C a r l  Ewing 

S teven  C h a r l e s  F e r r y  
Gera ld  Max F l a c h s  
J a n e t  Spencer Foley  
Bryce D. F r a n k l i n ,  Jr. 
C. S c o t t  F u s e l i e r  
Michael Thomas Gale 
Barbara Ann G i s l e r  
Jane E l a i n e  Gray 
Michael Edward G r o s t  
Donald W. Hadwin 

Donna E l a i n e  H i l l  
C a r o l  Ann Hoover 
J e n n i f e r  J. J u d i n  
Caro l  Theresa  Kasuda 
Stephen Reynolds Lange 
F r e d e r i c k  P. Lawrence 
Ar thur  Richard Lubin 
D a r r e l l  Lee Mach 
Will iam Dale McConnell 

Ruth Adele Mazorana 
Nancy J a n e  Nunn 
Mary J o s e p h i n e  R i l e y  
Richard Alan Ros tha l  
F r a n c i s  H .  S c h i f f e r  
Sara  C e l e s t e  Shaw 
Dennis Randal l  Smith 
John Peyton Speck 
Susan l a r g a r e t  Speer  
Carolyn J e a n  Spencer 
Richard Joseph  S t a n d r e  
Alan C r a i g  S t i c k n e y  
Ralph Haeger T o l i v e r  
John Will iam VanKirk 
Linda Lea Wal te r  
Gera ld  Edward Will iams 
C o r n e l i a  Marie Yoder 
Kay E l l e n  Younq 
C a r o l a  Ann Comins 
Lynn Shelby Robertson 

NEW YORK BETA, Hunter  Col leqe  

E s t h e r  S e f a r a d i  
Rene S i e q e l  
Caro le  S l a t e r  
E l i z a b e t h  S t011  
Robert  Toth 
P a t r i c i a  Tomasiewicz 
~ a r r i e t  Vermont 
P e t e r  V'einer 

~ a r j o r i e  Axelrod 
George B e r t l e s  
Prof .  Edward Boylan 
Karen Bruckner 
JO Ann Gemelaro 
Mari lyn Goodman 
J u d i t h  Kantorowitz 
John Landry 

Ronald Lautmann 
Kon-Yinq Lee 
S h e r r i l l  Mirsky 
J u d i t h  Moreines 
Sandra O r n s t e i n  
Myra J e a n  P r e l l e  
Sandra Sanders  
Audrey Schneidcnnan 

NEW YORK GAMMA, Brooklyn Col lege  

Zachary Abrams Judah F r a n k e l  
p h i l i p  Ancona Douglas G a b r i e l  
David Cohen Toby Goldman 
Michael Dalezman N e i l  Goodman 
Paul  Denner Alan Kaufman 
Lar ry  F i l l e r  Nosup Kwak 

C h a r l e s  Prenner  
J u d i t h  Roths te in  
Raymond Shapi r0  
Sheldon S tone  
N e i l  Wetcher MINNESOTA BETA, C o l l e g e  o f  S a i n t  C a t h e r i n e  

Barbara J e a n  Harr ing ton  K r i s t i n e  Medved Barbara J e a n  Robidou 
Marina C h r i s t i n a  Ho Suzanne E l i z a b e t h  Melin Kathleen Maureen Scanlan  
Sharon Lee Mathias J u d i t h  Frances  Revering 

NEW YORK DELTA, New York U n i v e r s i t y  

Sholom L. Schwartz 
Paul  S t e l e r  
Robert  Sussman 
Margaret  B .  Ullmann 

Dennis S. Cal lahan  Paul  D. Magr ie l  
Emanuel George C a s s o t i s  S a r a  Sank 
Louis  Granoff  P e t e r  S c h l a l f e r  

MISSOURI ALPHA, U n i v e r s i t y  o f  Missour i  

Wesley G. Adams 
Robert  W. Ader 
V i r g i n i a  Ara ta  
Caro l  Bakker 
John R. W. Ba les  
Loren D. Baugher 
Douglas Bensinger 
James L. Brown 
Richard L. C a s t o r  
David L. Day 
Dean F. Gassman 

Kenneth B. Gordon 
John H. Hausam 
James P.  Hea 
L e s l i e  H. He ise  
Will iam W. Johnson 
Will iam J. Kagay 
Gera ld  C. ~ i u  
Mike Marsha l l  
P h i l i p  L. Owen 
Robert  A. P a r r  
George S. Poehlman 

John Rea 
Lar ry  F. Rice 
Richard N .  R ichards  
Tony J. R o l l i n s  
Barry Sanders  
M a r j o r i e  L. S lankard  
Al f red  N. Smith,  I11 
Lawrence A. Smith 
Mary I r e n e  Solon 
Caro l  S t a l z e r  
Alvin E. Wendt 
Richard K .  Wertz 

NEW YORK EPSILON, S t .  Lawrence U n i v e r s i t y  

J e a n  Gay Armagost Mary Joan  Case Peqgy Linda Spurqeon 
Alyne G. B u t l e r  Jill Louise Gleason Linda I r e n e  S t a c h e c k i  
P h y l l i s  Ann Bothwell  Dorothy E l i z a b e t h  Jones  

NEW YORK ETA, S t a t e  U n i v e r s i t y  of  New York a t  B u f f a l o  

Richard J. A l e r c i a  
V i c t o r  A l t e r  
Leona L. Barback 
C a r l t o n  Max Barren 
J a c q u e l i n e  M. Bonsper 
David John Corr igan  
George T. Georgantas 
Sandi  Lynn Goldman 
Mar jor ie  C l a r a  G r i t z k e  
Nina R. Hawes 

Joseph  Hoffman 
John E. Kohl 
Richard Krager 
John K .  Luedeman 
S c o t  Evan Moss 
J e f f r e y  Perch ick  
J u d i t h  E. Perch ick  
Joanne p i e c z y n s k i  
Paul  R. ~ e i n s t e i n  
J u d i t h  Rhona Reiss  

P h y l l i s  S h a p i r o  
Ar thur  Tim Sher rod  
Michael J a v  S h r e e f t e r  
T e r r y  Saraswath i  H. S t a n q e r  Subbiah 

Caro l  Marie Trautman 
Kei th  Turner  
Per ron  Dana V i l l a n o  
J a c l y n  Zash 
Roger zessis 

Rutqers  NEW JERSEY ALPHA, U n i v e r s i t y  

Mason G. B a i l e y  Gera ld  L. Kuschuk 
M a n  E. Berger Jacob Loescr 
John F i e l d  David L. M i l l e r  
Lawrence P. Horowitz Robert  C. ' t i l l e r  
Robert  C. J e n n i n g s  Richard Ostuw 

James L. Rissman 
Richard H. S e r a f i n  
Thomas A. S o t t i l a r o  
Robert  J. Wybraniec 
H i l t o n  E. 7eoo 

NEW JERSEY BETA, Douglass C o l l e g e  J e a n  Hoffman Dorothy Schechter  

P a t r i c i a  Ann Arnold 
Joan  Fay Atkin 
Margaret  Lee B e r e r  
Frances  M. Binkowski 
Barbara Buhl Borromeo 
Nancy Ruth B u l l  
Kathleen Corkery 
Jeanne  E n g l i s h  
Lynn Al i son  Inkpen 

Andrea C l a i r e  J o l l e y  
Marion Kerner 
Ruth Lee K l e i n  
Rachel J. Lanqer 
Adrienne N. l a r d e r  
Helen Marston 
Armida J. Marucchi 
Rose E l l e n  Maucione 
Katheryne McConnick 

J u d i t h  Ann Mozzo 
D r .  S y l v i a  Orqe l  
G e r a l d i n e  A. P e l l a c k  
D r .  Samson Rosenzweig 
Roberta Ann S h i e l d s  
Paula  C. Vanderbeek 
J a n e t  Marie Wedberq 
Caro l  E. Yorke 



NORTH CAROLINA GAMMA, ~ b r t h  C a r o l i n a  S t a t e  U n i v e r s i t y  
NEW YORK'IOTA, po ly<echnic  I n s t i t u t e  o f  Brooklyn 

Stephen Hunt Brown Noel Reed H a r t s e l l  Joseoh  Wayne Pace 
Lawrence A r t h u r  C u l l e r  Will iam F. Horton C h a r l e s  J a c k  Washam I11 
Ronald Dabbs Marlene Moore J e f f r e y s  Rebecca Ann Wilson 
Robert  Edward Dungan Richard Lee Keefer  

John J. Benson Joseph  S. Fryd Erwin Lutwak 
Ronald K. Brand Leonard J. Gray Raymond Mauro 
I r a  H.  Cohen Bruce A. Hurwitz Ronald V. Pada l ino  

C h a r l e s  N. P r i v a l s k y  
OHIO DELTA, Miami U n i v e r s i t y  

NEW YORK KAPPA, R e n s s e l a e r  P o l y t e c h n i c  I n s t i t u t e  

Nazanin Bahramian 
Stephen C. B e l l  
Will iam L. Crawford 
Ann Caro lyn  Davis 
Danie l  J. Deiqnan 
L e s l i e  L. Durland 
Robert  M. F r y  
John M. H a r t l i n g  
J e f f r e y  A. Hoffer  

P r e n t i c e  L. House 
Joseph  W. Kennedy 
Michael H. Kenyon 
James W. Kimnach 
Karen Lou K i n g z e t t  
Kaye F. Koenig 
Sharon G. K o l t e r  
James R. Morrow 
Char lene  J. Neyer 

Dianne K.  O l i x  
E a r l  M. Pogue 
Dorothy L. Rowe 
Ani ta  M. Schaffmeyer 
Sandra M .  Spaqnola 
T e r r y  A. S t i t h  
Mary C. Tabor 
Margaret  Ann Uhl 

Ralph Norman Baer Ar thur  M. P a r l e y  C h a r l e s  Bar r  P r o h e r t  
Ronam R. Beresk in  Will iam Edward Lorensen Frank James T a n z i l l o  
Andrew Joseph  Dwyer Bar ry  D.  Nussbaum 

MEW YORK MU, Yeshiva Col lege  

~ h l o m o  A. Avpel Jacob  Ben-Zion Gross 
Richard Auman Samuel Kohn 
David Marc Benovitz Euqene Korn 
Wallace Goldberg Myles Robert  London 

Leonard Presby 
Aaron Rabin 
Shalom Reuvan Rackovsky 
Alan Sidney Rockoff 
Leonard Tr ibuch  

OHIO ETA, Cleve land  S t a t e  U n i v e r s i t y  

James E. Svarovsky James W. Dyche Mary Ann F i l l  
Frank J. L i d  NEW YORK N U ,  New York U n i v e r s i t y  

David L e s l i e  Fleming ~ h r r e n  Robert  Janowi tz  
Richard David Greene Kathleen B. L e v i t z  
Br ian  Paul  Hota l ing  C h a r l e s  R o l l i  

OHIO THETA, Xavier  U n i v e r s i t y  Steohen Silverman 
Michael 7umoff 

Robert  C. S t runk  
Joseph  M. Th ie rauf  
Rev. Robert  Thul ,  S.J. 

M a r t i n  Brown Donald Grace 
B r o t h e r  Dennis C a r l  Robert  J. Honkomp 
James V. Cox P a u l  0.  K i r l e y  NEW YORK X I ,  Adelphi  U n i v e r s i t y  

Michael Mulryan 
Harold Norton 
Michael Orleck 
Robert  Payton 
Edmund P r i h i t k i n  
Paula  Schimmel 
Nick Smernoff 
D r .  Donald S o l i t a r  
Gary Te l feyan  
S a l  T e s s i t o r e  
Nancy Van Scoy 
h e r a l d  Weins te in  

Murray Bar r  
Seymour Berg 
Wal te r  Blumberg 
Neoptolemos Cleopa 
Robert  Cohen 
Grant  D u f f e r i n  
F lorence  E l d e r  
Harvey F inberg  
J e r r o l d  F i s c h e r  
C h a r l e s  G a r f i e l d  
D r .  D. Hammer 

Mari lyn Heinr ich  
Ronald Hirshon 
Alan Hulsaver  
Erwin J u s t  
Will iam Kane 
D r .  A. K a r r a s s  
Harry K r i s t y  
Joyce L e s l i e  
M r s .  E. Lowrie 
Danie l  Marcus 
V a l e r i e  McEnaney 

OHIO LAMBDA, John C a r r o l l  U n i v e r s i t y  

Theodore A. Linden,  S.J. 
J e r r y  W. Mar t in  
Ronald A. Mozeleski 
Leonard W. Rinqenbach 

R o s a l i e  A. Andrews Sandra A. Cervenak 
Carmen Quentin A r t i n o  Thomas E. C i c i a r e l l i  
C h a r l e s  A r t h u r  Bryan Donald R. C o l l i n s  
Kathryn V. Campbell Richard A. Guin ta  

OKLAHOMA BETA, Oklahoma S t a t e  U n i v e r s i t y  

Linda Chesnut t  Tony Jaronek  
Al lan  Edmonds Linda Koehler 
J e f f r e y  Glasgow Max McKee 
Ann Habeger James P a t t o n  

Marsha Ray 
John Thobe 
T e r r y  Vance 
Ron Walker 
Al lan  Woodruff NEW YORK OMICRON, Clarkson  Col lege  o f  Technoloqv 

David Boss Michael A. Gra jek  
Richard Bar ry  F i s c h e r  E r i c  Kevin Poysa 

Bernard F r e d e r i c k  Schutz  Jr 
Luther  Gaylord Weeks 

OREGON ALPHA, U n i v e r s i t y  o f  Oregon 

Robert  Eugene Dressier F o r r e s t  A l l e n  Richen John Hooker S c h u l t z  
NEW YORK RHO, S t .  J o h n ' s  U n i v e r s i t y  

OREGON BETA, Oregon S t a t e  U n i v e r s i t y  
L u c i l l e  S. A s c i o l l a  
D r .  W i l l i e  R. Ca l lahan  
Michael F. Campbell 
Linda Marie C a t t i  
John Anthony Chiaramonte 
Caro l  Davatzes 
William K. Dugan, Jr. 
George James Gipp 

Brendan Harr inq ton  
Caro l  Lynn Keefe 
P a t r i c e  K i s t n e r  
Bruce D. Leon 
Raymond A. l a r u c a  
John Pagano 
Mar t in  P e r e s  
Kath leen  Anne P e t e r s o n  

Michael S. P e t i l l o  
Diana r.  P o s s i d e l  
F lorence  D. Rozniak 
L i l i a n  S t e f f e n s  
E l v i r a  Suros  
C h r i s t i n e  .Wasiluk 
Thomas L. Weiqand 

Gera ld  Lee Black 
John Cleve land  
J o e l  Davis 
Martha Louise F u e s s e l  
Rober t  Edgar George 

Roger Gray 
Gary Georqe Grimes 
James R. H a r r i e s  
Roger Hunt 
Clay Robert  K e l l e h e r  

Theodore G. Lewis 
Lar ry  James Meeker 
Wen-Ninqhsieh 
Clyde C. S a y l o r  
Will iam L. S t u b k j a e r  
Wal te r  A. Yungen 

PENNSYLVANIA BETA, Bucknell  U n i v e r s i t y  
NORTH CAROLINA BETA, U n i v e r s i t y  of  North C a r o l i n a  

p r o f .  Alphonse Baartmans 
Caro l  L. Bateman 
Ronald Benjamin 
Alan J. B i l a n i n  
Henry G.  Bray, Jr. 
Barbara  Cas tagnero  
Ronald A. Chadderton 
Barbara A. C r o c k e t t  
Br ian  J. Donerly 
Will iam C. Enunitt, Jr. 
Roland W. Garwood, Jr. 
Linda A. Ger tz  

Mi l ton  R. Gr inberq  
Timothy B. Hackman 
James R. Hartman 
J a n e  C. Henninqsen 
Thomas R. Hoffman 
Paul  W.  Marvin 
Susan A. Meyers 
Leonard S. Reich 
Douglas S.  Richardson 
Will iam G. Robey, Jr. 
Margaret  A. Rogers 
Michael d. S a r i s k v  

John T. S e n n e t t i  
Kathryn M. S e t z k e  
David R. S t o l l  
James 0. Stevenson 
David H .  Wal te rs  
Dennis E. Whitney 
Reorqe W. Wil l iams 
Har ley  W. Wilson 
C h r i s t o p h e r  B. Winkler  
David P. Wolper 
~ i l l i a m  G. Woods I11 

Nancy Baker 
George D. Bame 
Alyce Dianne Blankenship 
Richard E. B r e s s l e r  
Will iam F. Burch I11 
Kathar ine  Cannon 
David Chung 
Richard Long C l i n e  
C h a r l e s  D. Cunningham 
Kent Paul  Dolan 
D a r r e l l  Drum 
Margaret  Gee 
Thomas Handley 

C r a i g  W. ~ a r r i n q t o n  
Brenda Herman 
Will iam Hobgood 
Carolyn Hochanadel 
Kathy Kerr iqan  
Conrad Mar t in  
Diannc IcDonald 
Harold McFaden 
Sandra Mercy 
V i r g i n i a  McMillan 
Barbara Moser 
Sue Nottingham 
Yumiko Nozaki 

Joyce Olson 
Sandra Reqionale 
G a i l  Savage 
David Sewel l  
Robert  Shock 
Ani ta  Somers 
Will iam I?. Stragand  
Steohen Swearinqen 
Emory Underwood 
Michael Varn 
Barry Westerland 
Robert  M. Young 



PENNSYLVANIA DELTA, Pennsylvania S t a t e  Univers i ty  

Murray F. Campbell George H. Johnson William F. S h i v i t z  
Chr is topher  M. Clayton Frank P. Miller John A. Thomchick 
P h i l i p  B. Gingrich Pamela J. Olson Richard J. Wallat  
Jean A. Grube Richard A. Sankovich Edward R. Whitson 
John S. J a r e c k i  John C. S c i o r t i n o  Dennis P. Zocco 

PENNSYLVANIA ZETA, Temple Univers i ty  

Anna M. c a v a l i e r e  
Barbara R. Davis 
Joseph A. Gascho 
Arnold K. Gash 
Ela ine  Gold 

Glenn Goodhart 
Mady Hochstadt 
Helen Leibowitz 
Dale Love 
Martha MacDuffee 

P a t r i c i a  Moccia 
Robert A. Monzo 
Diana Moyer 
Richard L. Mucci 
Hope Welsh 

PENNSYLVANIA THETA, Drexel I n s t i t u t e  of Technology 

Robert C. Busby Dennis R. Kletzinq Stephen J. Nelson 
Carol Chavooshian Harold ~ u c h i n s k y  Edward Pikus 
David P. Hatton Samuel McNeary E r i c  ~ l o y d  Vic to r  

J o e l  Zumoff 

SOUTH CAROLINA ALPHA, Univers i ty  of South Carolina 

Stephen A. Burger Larry M. Erns t  
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