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THE AVE MOTTO  MEANING AND ETYMOLOGY

Panos D. Bardis
Professor of Sociology and Editor of Social Science
The University of Toledo, Toledo, Ohio, WA

"Sosicrates says that Pittacus,
after cutting off a small fragment,
declared that the half was niore than
the whole, "
Diopenes lLaertius, Pittacus, 75.

Ten paedeusin cae ta nathematica epispeudein: to0 sromote scholar-
ship and mathematics.

1. Ten: feminine gender, singular number, accusative (objective)
case of definite, or prepositive, article ho, he, to: the.

In his Definitions, ¥Iv, 1-6, Hero of Alexandria writes: “In pre-
senting to you as briefly as possible, 0 most illustrious Dionysius, an
outline of basic technical terms in geometry, | will take as the starting
point, and will base the entire organization on, the teaching of Euclid,
the author of Elements, dealing with theoretical geometry” (see Panos
3. Bardis, "Hero, the Da Vinci of Ancient Alexandria: His Aeolosphaera
and Other Inventions,” School Science and Mathematics, June 1965, pp.
535-542).

2. Paedeusin: feminine gender, singular number, accusative case of
noun paedeusis: culture, education, educational system, instruction,
learning, scholarship, training.

Plato states that "an excellent breeding and education, if emphasized
constantly, generates good natures in the polity™ (Republic, 42ua).

From pazs: child.

King Nestor, the military genius and garrulous Methuselah of Pylos,
said to King Diomedes of Argos, the second greatest Greek hero---after
Achilles---durinp the Trojan War: "Besides, you are so young, you could
even be ny <hild, my youngest born" (Homer, Iliad, IX, 57-58).

English words: pedagog, pedagogy (child leading), pediatrician,
pediatrics (child medicine). pedobaptism, pedocephalic pedogenesis
(introduced by Von Baer in 1828), pedology, pedomorphism, and many
others.

3. Case: conjunction: and. Also transliterated kai«

In Euclid's Elements. XIII, Scholium 1, we read the following regard-
ing Theaetetus (415-369 B.C. ), the Athenian astronomer, mathematician,
philosopher, and one of the pupils of Socrates: "In this book, namely,

the 13th, are described the so-called five Platonic solids, which,
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however, are not his, but three of the aforementioned five solids are
of the Pythagoreans, that is, the cube and the pyramid and the dodecahedron,
the octahedron and the icosahedron being of Theaetetus.”

English word: triakaidekaphobia (fear of the number 13).

4. I_a._' neuter gender, plural number, accusative case of definite
article ho, he, to: the.

The famous Cattle Problem of Archimedes (?), which the noted inventor
and mathematician of Syracuse solved in epigrams and sent to the mathema-
ticians of Alexandria in a letter to Eratosthenes, closes with these
four lines: "0 stranger, if you find out these things and add them up
in your mind, giving all the relations among these quantities, you will
depart gloriously and vieteriously, knowing that you have been adjudged
great in this kind of wisdom."

5. Mathematica: neuter gender, plural number, accusative case of
adjective mathematicus: fond of learning, mathematical.

Mathematice episteme: mathematical science.

In the Nicomachean Ethics, Aristotle asserts that, "As far as con-
duct is concerned, the basic principle coincides with the pursued goal,
which is analogous to the hypotheses (here the philosopher means prop-
sitions) of mathematics" (VII, viii, 17-18).

From manthanein: to comprehend, to know, to learn, to perceive.

Mathema: knowledge, something learned, lesson, science. Also,
mathematical science, especially, arithmetic, astronomy, geometry
(see Panos D. Bardis, " Symmentrical Consonance of Play, Rhythm, and
Harmony: An Essay on Plato's Mathematics," School Science and Mathematics,
January 1963, pp. 52-67).

English words: mathematical, mathematician, mathematics, polymath,
and so forth.

6. Epispeudein: infinitive of verb epispeudo: | hasten onward,
| promote, | urge on.

From epi and speudein.
. a. EEL preposition: by, on, over, upon, and the like.

In dealing with the Pythagorean theorem, Euclid refers to two of the
lines of the celebrated "windmill" figure with these words: "two straight
lines, namely, AG AE not lying on the same side, make the adjacent
angles equal to two right ones" TElements, I, 47).

English words: epiblast, epicalyx, epicanthus, epicardium, epicene,
epicenter, epierisis, epidemic, epidermis epididymis, and myriad others.
In mathematics: epicycloid, epitrochoid, epitrochoidal, and many more.

b. SEeudein: infinitive of verb sEeudo: I hasten, | press on, |

promote, | quicken.

Herodotus informs us that Queen Tomyris of the Massagetae sent the
following message to King Cyrus when he was marching against her king-
dom: "0 king of the Medes, cease from promoting what you are promoting"
for vou cannot know if these tasks will be for your advantage when
finished” (Histories, 1, 206).

NOTE

%#All quoted passages have been translated by the present author.
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ON NOT SEEING THROUGH THE FOREST FOR THE TREES

Prof. David C. Kay, The University of Oklahoma
(Talk presented tOo the Oklahoma Alpha chapter)

In a moment | an going to acquaint you with a problem which will
lead us quite naturally into two different fields of mathematics----
Minkowski geometry, and number theory. It is an extremely entertaining
problem, and it may actually have an application outside mathematics
which renders it particularly heart-warming. The problem is in the
form of two questions, the second of which makes sense only if the first
has a "No" answer.

Consider the xy-plane and the set of all lattice points, points
of the form {m,n) where m and n are integers. Nov imagine an infinite
forest whose trees all have the same radius, say r, and centered at the
lattice points {m,n). Now I fell the tree at (0,0) and stand on the
stump. The question is, can | see through the forest? Geometrically
of course, | an asking whether | can pass a line through (0,0) which
does not touch any circle centered at a lattice point and having radius r.

| have prepared a little sketch of the situation for r = 1/10 which
1'Il et you see. Now if we examine the problem carefully for this
case we observe several simplifying principles. One is that as | rotate
about the origin seeking a line of vision out of the forest, it is not
really necessary to consider all directions. |f | merely answer the
question for the rays whose angles with the x-axis range from 0 to
w/4, | will be able to apply that answer to all the other remaining
sectors, since the sector of rays from n/4 to 7/2 contains the reflected
image in the liney = x of that contained by the sector from 0 to n/4.
It is then obvious that, having answered the question for the first
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quadrant, | have answered the question for all quadrants. So it suffices

to consider only the sector from O to »/4 as indicated by the dotted
lines in the diagram | have given you.

Be making a few shrewd calculations, we can actually observe an
upper bound in the case r = 1/10, and it is approximately 9+8. A few
of the longer lines of vision are shown, labelled with their approximate
lengths. We may conjecture, therefore, that the answer must be "no™!
I cannot see through the forest for the trees. But might we not be
jumping to conclusions based on insufficient evidence? Wha if r is
exceedingly small and the trees in the forest are merely very skinny
toothpicks? Is it then conceivable | might see through the forest in
some carefully chosen direction? 1t is obvious that | shall be able
to seealot farther than | could when » = 1/10, but how much farther?
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The second question is, assuming that ny vision is blocked by som
tree in avery direction, what is the forthest | can see? ldeally, the
solution to both pz\oqlems would be found by obtaining an expression for
the function f(o,r) which measures the distance from_the origin to the
first tree which the liney = ox touches, if any. |f none touch we
could define f(o,r) = « for that o and that r. But when we try to
write down what we ¥row ateut £(o,r) it becomes clear that there must
be an easier way.

But the, another thought pops readily into mind. Suppose we
rephrase the question slightly. Given a liney = ox, 0<o<l, does a
lattice point (m,n) come arbitrarily close to this Ilne or closer than
r, by making some choice of the positive integers m and n? The answer
is obviously "yes" if o isrational. But suppose ¢ is irrational.

Let us ret an idea

how close the lattice
point (m,n) is from Ny
theliney = ox. W ﬂ £
can easily see that (om, ")\;J'

the difference between [
the ordinates on and n, or

|om - nf : 3

is a measure of how close
(m,n) is to y = ox. |If y O
this is less than r then the 5
liney = ox will definitely ]
be cut off bv the tree
centered at (m,n). So our
problem becomes that of choosing positive integersm and n so as to
minimize

lom - n|
where g iS an orbitrarily given irrational, 0<o<l.
As an example of the true nature of the problem, | have made a

few calculations for o =+%. Now the rational

14,142
10,000

approximates Z (which is 1.41421435...) to within .0001435,., SO

1.4142 =

lo - %| = |VZ - ig’é:§|= .0001435... but |mo -nl,
k]

the quantity we are interested in, equals .1435.... which is not very
small. Thus, closer and closer approximations t o ¢ by rational numbers

2 does not necessarily make |mo - n| small. The choice n = 99, m = 70

happens to work better for this example, for then,

n = 99, 000000,.,
=70 ¢ J2 = 98995004, . .
Imo - n| = «0.004996. ..

which gives us a difference of .005 approximately, as compared with
.143. But how can we obtain values for n and m which make this smaller
than, say 10—8?

Curiously enough this problem appears to be solved in Niven's

book "An Introduction to the Theory of Numbers® following a discussion
of Farey fractions. Perhaps you have heard of these fractions. For

each positive integer n one forms all possible fractions p/q between
zero and unity, inclusive, such that gsn, and reduce to lowest terms,
placing them in numerical order. For example, for n = 5 we have

1/2, 1/3, 2/3, 1/4, 3/4, 1/5, 2/5, 3/5, #/5, 0/1, 1/1

and placing thorn in numerical order, we have

{o/1, 1/5, 1/%, 1/3, 2/5, 1/2, 3/5, 2/3, 3/4, 4/5, 1/1}

This would be called the 5th sequence of Farey fractions. All
preceding sequences may be obtained by deleting certain fractions.
For example, the 4th sequence would be

{o/1, 1/%, 1/3, 1/2, 2/3, 3/4, 1/1}
The 3rd, and 2nd are:
{071, 1/3, 1/2, 2/3, 1/1}, fo/1, 1/2, 1/1}.

Given a positive integer n, however, | can form the nth sequence independ-.
ent of the others.

Farey fractions have a number of interesting properties which will
enable us to prove the result we are trying to obtain, namely, that

[me = n] < r for some choice of m and n.

The first of these is easily spotted from our examples®* Note that
the cross-products of numerator times denominator of two consecutive
fractions in any sequence always differ by unity. Picking a few
at random:

(1/5, 1/8) ~—cmmecem- 521 — 1-04 =1
(3/5, 2/3) wmcmmmemeee 5¢2—=30¢3z1
(2/3, 3/Y4)-—mmcmammeme 33 ="204=1

This is no accident. Recalling the rule of inequality for fractions
with positive numerator and denominator,
a c
57
we see that, since we have arranged the fractions in numerical order
for each sequence, we must minimize the difference

iff ad < bc,

-’Yi- %: bx - ay
given %. Since bx - ay is a positive integer, the least it can be is

one. Hence bc = ad = 1 if there exists a fraction in our list for
which this difference _i._s_—uni.ty. It may be that we cannot find such a
fraction, and i f we were to prove this property of Farey fractions, we
would have settled this issue. However, it may be proved, indeed from
so basic a principle as Enclid's alporithm, that we can find a fraction
with this property.

A second property, a consequence of the first, is that i f we take
three consecutive Farey fractions a/b, ¢/d, e/f then c/d = (a + e)/
(b + f). For example, consider (3/%, 2/3, 3/41. W have (3 + 3)/
S+ u4) =6/9 = 2/3. W can add to the seeming trivia of the hour by
observing that, since bc - ad = 1 and de - cf = 1, then

bc - ad = de - cf
bc + ¢f = ad + de
ce(b + £) = dla + e)

° c_ate
* s d b+ f*

Farey fractions have a bit of unexpected power, as we shall now
see. Observe that i f we plot the kth sequence of Farey fractions, since
we have contained in this list 1/k, 2/k, 3/k,... (k = 1)/k, the intervals

between consecutive fractions is less than 1/k. Consequently, any real
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number ¢ between 0 and 1 can be approximated to within 1/k by a
Farey fraction in the kth sequence. Let r > o be piven. There is a
positive integer k such that 1 < r. Let us form the kth sequence of
Farey fractions.
Choose the largest
one which is less

than or equal to — = -
a, say n/m. Nw 0 1/ 2/k 3/k n N 1
I look at the m n'
next Farey fraction
In this sequence,
call it n*/m'. | know that mn' = nm" = 1. Hence

n' _n_mn -am' _ 1

mom m'm T m'm

But by our above observation this difference cannot exceed 1/k, so

st

Hence one of m,m' must be at least as large as *k. Let us say that
m' < vYk. Observing the figure, we have, certainly,

n n' n 1 1
- o € e - = § ——— &
9 m m' m m'm— /km
Hence me - n < 1/7k
or Jmo - n| <r

That is, we have found, using Farey fractions, a lattice point (n,m)
that is closer to the line y = ox than r.

Interesting as all this is | have just shown you the wrong way to
do this problem. For there is a way to answer both questions we are
asking in the same breath. At this point Minkowski, if he were here,
would be laughing us right out of this room that we could be so inept.
If I may be allowed to paraphrase his jeering comments, they would
probably go something like "You bungling idiots! 1 can not only solve
the first question about the trees in the forest, but the second as well
and include what you said about |ms - n| being arbitrarily small, as a

corollary!"

lie would feel especially jilted because it so happens that one of
his famous theorems applies to the situation at hand. Minkowski made
some innovations to number theory by his use of convex bodies and his
study of a certain distance function. 0

IF Cis a convex curve p/
ymmetric about the origin, define

AB
d(A,B) = o v

where Al i+ the euclidean distance from [5)
A to B and OU is the euclidean
radius of C parallel to line AB.
Tho function d(A,B) turns out to be
a matric for tho plane, and one

may proceed to study the various properties this distance concept has.
Such a atudy helongs to the area of mathematics known as Minkowskian
geometry. It is clonr that if Cis any circle then our metric is
ouclldonn. Rut it I's not too hard to reason that if Cis any ellipse,
then the resulting Minkowskian geometry coincides with Euclidean geometry.
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A different sort of idea which Minkowski applied to the successful
solution of many difficult problems of number theory has come to be
known as Minkowski's Theorem:

Theorem: Given a convex set in t'e plane symmetric about one lattice
point and area greater than or equal to 4, that convex set must contain
at least two further lattice points.

To make this plausible, Minkowski reasoned as follows: Let S be
a convex body whose area is K Z 4 and centered at (0,0). Clearly we
prove the theorem if we prove that S includes at least one other lattice
point, for it will automatically contain its reflection in (0,0).
Using a mapping like x' = ax, y' = ay it is clear we may "enlarge”
S by a factor a until it just touches one other lattice point, and
its reflection in (0,0), besides (0,0). Then shrink this new set back
by a factor 1/2. The resulting set S' has an area of (a2/u)k. Let g
be translated to form a system of congruent symmetric convex sets in
the plane centred at each and every lattice point. It is clear that
these sets look something like this:
They are non-overlapping but
certain pairs will touch at
certain points. By considering 3] ot

unit squares also centered at .
each lattice point, since the |
convex sets do not completely I o
fill up the plane---there y
are certain gaps left---we
must have
— ]

aZK

gkl
That is (using k > 4)

2 * =
a 1 1 7,
T _<_-F < g or a < 1. 7

Hence, the factor by which we had to " stretch™ the original set Sso it
just touched two further lattice points was < 1,bearing witness to the
fact that it already contained them in their interior.

You can easily make this rigorous, but I'm sure you get the idea
Minkowski had in mind.

Well, I've kept you in suspense long enough. Hav should the forest
problem he solved? Consider a line 1 in any direction passing through
(0,0). Let a rectangle be described symmetrically about 1 as axis,
having width 2pr (twice the radius of our trees) and length 7d where d
is the distance we are seeing from (0,0) in the direction of 1. The
area of this rectangle is 7d « 2r = 4dr. By observing a circle of
radius r centered at one of the \

vertices, it is obvious * =
that our vision will be blocked by
one of the treesif . . ]

and only i f this rectangle
contains a lattice point.

Hence, if nmy vision is not P
blocked in this direction, by I #
Minkowski's theorem, the »

area of the rectangle has
to be less than or eaual
to four.




Thus '-ldr<l#ord<-:'7.
Therefore, the distance | can see in any direction does not exceed the

reciprical of the radius of the trees. It's Touche' once again by an
elementary theorem of geometry.

UNDERGRADUATE RESEARCH PROJECT

Proposed by Kenneth Loewen, Universitv of Oklahoma

Complex numbers may be described as a two dimensional
vector space over the:real numbers with multiplication given by

(a + bi)(c + di) = (ac - b)
(a + bi)(c + di) =(ac - bd) +(ad + be) i:

where a, b, ¢ and d are real numbers.
Quaternions may be defined as a two dimensional vector space
over the complex numbers with multinlication given by

(m + jn) (p + qj) = (mp - ng) + (mg + no)j:

with m, n, p, q complex numbers and i f m= a + bi then m = a - bi.
etc. It is customary to write

ij = k; so that if n=c+ di, thenm+ nj = a + bi + ¢j + dk.

In turn a Cayley algebra may be defined as a two dimensional
vector space over the quaternions with multiolication

(ut ve)(x T ye) = (ux - ¥v) + (yu + vX)e.
Here u, v, x, y are quaternions so that if uw = a * bi + c¢j *+ dk
u=a-bi-cj-dk. Order isimportant is this definition
since quaternion multiplication IS not commutative.
Question: What sort of systems arise if this process is carried
out beqginning with a specific finite field instead of the reals?

The editor solicits contributions for this deoartment. Any
problems which would be suitable undergraduate research are
welcome.

1968 NATIONAL MEETING

A two day meeting of Pi Mu Epbsilon will be held in
conjunction with the regular summer meetings of the
Mathematical Association of America and the American
Mathematical Society at Madison, Wisconsin sometime the
last week in August.

Your chapter is encouraged to nominate your best
speaker who will NOT have a masters degree by April,
1968, as a speaker for the national meeting. Nominations
should be mailed to DR RICHARD V. ANDREE, Pl MJ EPSILON,
THE UNIVERSITY OF OKLAHOMA, NORMAN, CKLAHOMA 73069.
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SME USEFUL RESULTS IN APPLICATIONS OF THE FOARR

SERIES TRANFCRM TO THE SOLUTTION OF DIFFERENCE BQUATIONS

Ray A. Gaskins, Virginia Polytechnic Institute

1. Introduction. During the past several years difference equations
have come Thto their om as a technique for problem solving in may areas
of science and engineering such as stochastic processes, electrical
engineering and engineering mechanics. It is desirahle, therefore, to
develop a systematic method for solving the various types of difference
equations which arise. Ore such method for handling a wide range of
difference equations is the power series transform.

The power series transform as a tool for solvinp difference equations
i s the discrete counterpart of the Laplace Transform which is used in
solving differential equations. The transform method of handling differ-
ence equations is superior to more conventional methods in that it is
able to handle non-horogeneous equations and equations with variable
coefficients. It is also possible to obtain directly a particular sol-
ution without first obtaining the general solution.

Equipped with a good table of transforrs and a knowledge of partial
fractions one is able to deal swiftly with complicated difference equations.

2. Partial Fractions. In order to facilitate the use of the power series
transform in solving difference equations it is essential that one be
able to resolve proper rational fractions into partial fractions. To this
end the following shortcut is introduced.

Consider the proper rational fraction N(x)/p(x), where the polynomial
N(x) is of lower order than the polynomial n(x):

N(x) _ N (x) 6=0,1 (2.1)
B (x-a)m (x2+bx+c) 6121 (x-ai) ! !

e SR Wikis IR o

= . (2.2)
L8 (x-a)* jﬂlx-aj x> +bx+c

wher e.

an-i N(x) |
P Tmoi) 1 (x24bx+c) © B (x-a,) Ix=a

m X j 1 X j
(x-ai)N(x)

B, = lim — s

3 x-»a:j (x=a)™ (xz+bx+c) 6131 (x-ai)




280
'
A and B are found by placing Ay (i=1,m) and
nj (j=1,n) in (2.2) & setting the result equal
to (2.1).
Several examples will be given in the following sections.

3. The Power Series Transform. Let {y, } represent the se-

quence (yo, Yyreee, yk,...). We define the power series
transformation of the sequence {yy} to be:
P 4
8

]
From the properties of power series we have by the ratio
test that (T.1) converges for s»s, = 1imlyg;_+1| if the limit
k

. e ko
exists.

As a shorthand notation we shall write Y(s) to denote
the closed form of the transform, while Py} will stand
for the series representation.

Consider, for example, the sequence {1} = (1,1,00e,1,004)
and its transform p{1} =-k§01/sk which has the closed form
Y{s) = 8/(s~1), for s>1.

The vower series transform is a linear operator, i,e,

P{ay, t Bz, } = AP{y, } + BP{z} (T.2)
which follows immediately from the series definition.

Consider the transform of the sequence {Yk-m}

Yy4n ne ¥Yx n 1Yk
P{¥iin! “kzo"k_s = skéogc' 'k?éo;E-n

=1Y;
= 8" (v} Lo ¢ o
8
The Laurent series p{yk) is uniformly convergent for

8>8, and is therefore a continuous function of s for that

range. It may be differentiated term by term to give:
(n) (=1) "k (k+1) 4 uu (k+n=1) y,
P (yk E gi~n i
o $=U (k1) o (ktnm1) )
5 eus Yy 1.
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Hence,
P{k (k#1) wen (ktn-1)y, } = (=178 (), (T.4)
Thus knowing Y(s), the closed form of P(yk}, we may
obtain by (T.4) many useful transforms.

EXAMRE 1. Find P{k}. Lety,=1 and n=1in (T.4).

s-

Now | et us consiger the transform of the sequence (rk}
k *r __x/s _ 8 .
P} = Lok = ey - aiw s

which converges and is a continuous function of r as well as

s for r>s>s Differentiating P(rk}n times with respect

0.
to r we obtain!

k=n
(n) ky _ 2
P} = L

k(k-l) [ (k-n+l)r
0 3

= PUK(K=1)uus (k=n+1) %70,

And since p'™ (%} = v (5) we get the identity:
(T.5)

Pik(k=1) ... (k=n+1) 2"} = a1
(s-r)

EXAMRE 2. Find p{k(k~1)}, Let n=2 and r=1 in (T.5).
Pik(k-1)} = 8/(s-1) "
With the preceeding theory and examples behind us, we
are in a position to handle the transformation of almost any
difference equation one might encounter. A table

of transforms is given at the end of section 5.

4. The Inverse Transform. Since the Laurent series repre-

sentation of P(yk) is unique, there is a one-to-one cor-
respondence between {y,} and P{y, }, hence the inverse oper-
ator pt defined such that:

PLiY(s)] = (yy)

1

is also unique. We have by (T.2) that P™~ is a linear

operator.
-1,2 2 -1
EXAMRE 3. P ~[8“/(8=1)“] = P "([8/(8=1)]
+ P s/(s-1 %)
by linearity and partial fractions. Hence
P le?/(s-1)%1 = (1 + k).
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5. Applications of the Transform to the Solutions of Dif-

ference Equations. W consider difference equations of the
type:

+ toeot A = f

20 ¥%4n * 2n-1¥k4n-1 o¥x = fx ¢ (5.1)
where a, ¢i=1,n) and £, may or may not be functions of k.
Since the difference equation is actually a sequence,
we may apply the operator P to it and obtain an algebraic
equation in ¥{s) and s. Solving for Y(s) and using partial
fractions to factor the right hand side, we apply the ope-

rator »~!

to both sides and obtain a solution for Yy o

EXAMRE 4. |In stochastic processes the usual ran-
dom walk model with absorbing barriers at
x=0 and x=a may be represented by the
difference equation Qe = P,y +99,., for
l<k<a=-1, where p is the probability of a
move one unit to the left, g=1=p, and a
is the probability that x reaches x=0 be-
fore x=a, given that initially x=k. Sub-
stituting k+l for k and applying P:
s{¥(s) - q4) = psz(Y(s)-qo-ql/s) + q¥(s);

Y(s) = ~8qp * P8+ P48 | since Xp is

ps - s2 + q
Using partial fractions with §=0,m=0,n=23
s(gq, - a/p) s{q, = 1)

1 + 1 ’
J

Yis) =
s=1 s~-q/p

PY(e)] = (qy-a/p) (1) + {q;=1){(a/p)*);

q = {qy = a/p + (q; ~ 1 (a/p ).

Letting k=a we find that since aa=0

G

1 - (a/p)? (a/p)2-1

4 absorbing, q°=1.

a a k
= M » hence qkﬂ( ) =¢ ) .

EXAMPLE 5, Let (k+1)yk+1 + (k-n)yk = 0, with y°=1, then

{T.1)
{T.2)

{T.3)

(T.4)

(T.5)

(T.6)

(T.7)

(T.8)
(T.9)

(T.10)

(T.11)

(T.12)

P{(k+l}yy 1} + plky,} = nPly,} = O/

-szv'(s) - 8Y'(s) - n¥Y(s) = 0;

~¥(s) _n_ n_,

¥isy s - s¥I°’
n

Y(g) = .“;:;11- o

But lim P{y,} = y, = limy(s),
g+o

|- e
Hence, C =y, =1 and by (?.10)

-} -
P l¥(s)] {{§)), 0fksn,

ot S o

FABLE OF HOAER SERKES TRANFORMS

SEQUENCE TRANSORM
{yy ) Y(s)
{l\yk + Bz, ) AY(s) + BZ(s)
: n-1ly
¥y 4n? s"Y(s) = Lo ;)%:n

(k(k+1)oeu (kin=l)y, ) (-1)"s"y (™) (s)

{k(k-l) sso {(k=n+l) k-n) s
nl -

(s-r)n+1
ky,
n+l ngl k
((k+n)yk+n} -8 "Y' (8) = I ??-'-'n
(rkyk) Y'(s/x)
=]
(Ey) vy (8)
Bz L) e
n (s+1)n
() } —s“
sin ke, e
w SfA 3 8° = 2wbs + w

2

k
ké}
ERACOSERY 8° « 2wbs + W

b= cos ¢ <1

8 ~ wbs , b= cos ¢ 51
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FABLE OF ROVWER SERMES TRANSFORMS (con't)

SEQUENCE TRANSECRM
(T.13) (¥<sinh ke, s , b = cosh ¢>1
o T me -

2 - Dennis Spellman, Temple University

S whs y b = cosh ¢>1

k
T2 = . 1 2
(T.14) {w'cosh ke¢} sz = owbs + w ) ) .
Several months ago L. Aileen Hostinsky of Connecticut College gave
a lecture at Temple University entittled "On Groups, Loops, and Hoops'"--
that's right 4+——  The purpose of this paper is to investigate the prop-
erties of hoops - especially a class of hoops-which we shall call hula

REFERENCE: hoops.

McFadden, Leonard, Clemens, Paul F. and Canpbell, Hugh G., I. Quasi-groups:

The Power Series Transform and Applications To Solution . X ) )
: . Definition 1: Let G be a non-empty set. Then a binary operation o
of Difference Eay » Edwards Brothers Inc., 1963. defined on G is a mapping from the Cartesian product G x G into G, |If

(a,b) ¢ GxG, its image is denoted a o b.

) Definition 2. Let G be a non-empty set on which a binary operation ©
is defined. G is a quasi-group undgr o if there exist unique solutions in

G to each of the equationsa e x = bandy o a = b where a and b are fixed
elements of G A quasi-group G isa group if and only if it has the
MATHEMATICAL CONFERENCES associative property. i.e., If and only if (aeb)ocCc=ao (b, ) for
all a,b,c ¢ G (See (1) p. 38 Theorem 1.4)
The New Mexico Institute of M ni n? and Technol ogy, Socorro Definition 3: If 6, and G, are quasi-groups, then the direct
New Mexico (enrollment about 500) has found that a mathematical - ) ) )
conference Is a good way of stinmulating interest in mathematics product of G, and G, is the Cartesian product G x G, on which a binary
anong undergraduate students. Papers are presented both by . )
students and professional mathematicians. Briefing sessions operation is defined as follows (a;,a;) o (b),b;) = {a; ¢ by,a, o b)) for
are held in connection with the conference to supp?y backgr ound

on the material presented in the conference. up to 2 hours all (al,az), (bl’bZ)E G, x G, | f Clisthe unique solution of a;, 0x = by
may be allowed for each paper.

in 6y» and c, is the unique solution of a,ex s b, in 3, then (Cl,cz)
Students from other schools attend. The first year there - ) ) ) A
were 12 papers presented and students from 12 institutions in is the unique solution of £a,, a,) e x = (b;,b,) in G;xG,. Similarly the
three states attending. Before beginning this programthe . ) o
number of students in math was very small but recently as many equation y © (a),a,) = (bl,b2) has a unique solution in G x &,. Thus,
as 24 percent of upperclassmen enrolled in the institution ) . . .
were math majors. the direct product of two quasi-groups is a quasi-group.

Definition 4: Let Gy and G2 be quasi-groups. Let f be a mapping
of N into G, Then f is a homomorphism if f(a e b) = f(a) o £(b) for

all a,b eG If the homomorphism f is a one-one mapping of Gl onto G

10
f is an isomorphism, and G_L is ismorphic to G2. In this case we write

MATCHI NG PRI ZE FUND 2

The Governing Council of Pi Mi Emsilon has approved an

increase in the maxi num anpunt per chapter allowed as a match- € * G
ing prize from $70.00 to $25.00. If your chanter presents Definition 5 Let de. b - Let g b _
awards for outstandi ng mathematical papers and students, you ELAMICTR G e NS EOGIERR AT s S RS e R

may apply to the National Office to match the ampunt spent by
your chapter--i. e., $30.00 of awards, the National Office wll
rei mburse the chapter for $15.00 etc.--up to a maxi mum of $25.00.
Chapters are urged to subnmit their best student papers to the
Editor of the Pi Mi Eosilen Journal for possible publication.

mapping of G, onto G,. Then g is an anti-ismorphism if g{a ¢ b) = g(b) °

g(a) for all a,b, € G Evidently the concipts of isomorphism and anti-

1°

isomorphism coincide if Gl and G2 are commutative.
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Definition 6: Let £ he a quasi-group. Then a ¢ G i s idenpotent i f
aoa=a.

II. Hoops

Definition 7: A non-empty set H on which a hinary operationais defined
is ahoop (or medial systerm) if the following properties are satisfied:

1) #is aquasi-group under a

H2) aoca=aforall ach
(every element of H is idempotent)

H 3) (aobya(cod) =(aocC)o (bod) for all a,b,c,d c I
the media property).

Theorem 1. Ifl1lis ahooq, then for all a,b,c e H
1) ao (hoc) = (ao2h)e (a®c) and

2} (aobh)oc = (acc)o (boc)
(the right and left self-distrihutive laws).

Proof of (1):
ao (hoc) = (aca)e (boc) by (H 2
= (aob)o (aoc) by (11 3).
(2) can he proven similarly.
(i) An example of a hoop is the set K of real numhers on which a binary
operation is defined as the arithmetic mean i.e., if a,b ¢ X, then aob=

_3_*2 = .;.34(1-_)5

(ii) W still have a hoop i f we change the hinary operation into a
weighed arithmetic mean, i.e., if Wy and w, are positive real numbers,

. wla+w2h ] W
then we can define aob= T ——s+ (1- )b
LR W1+w2 Wl+w2 .

¢ shall prove these assertions later (in greater generality). Another
example of a hoop is the singleton Hﬁﬁ) on which the hinary operation is
defined hy eoe=e. Such a hoop is called trivial. V¢ note that a trivial
hoop is also a group and satisfies the following properties:

E) there exists e ¢ H such that eo.x=xae=x for all x ¢ H and
A) (aob)ec=ae(boec) for all a,b,c e H.

Theorem 2 Nb non-trivial hoop satisfies properties (E) or (A).

Proof: Let Hbe a hoop and a & H.
Let e € H be an identity element.

ae a=a by (H 2)

and ao e=a by hypothesis

Both a and e satisfy the eﬂuatlon a ox=a,
o a=e

Since a was arbitrary, H-{e}.
Hence, no non-trivial hoop satisfies (E).
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A hoop H satisfying (A) is a group since (H 1)
and (A) are satisfied simultaneously.

~H has an identity element.

&H is trivial.

Hence, no non-trivial hoop satisfies (A).

Definition 8 T = {R : Risaring with unity 1 # 0},

Definition 9: Let R ¢ I, a e R is medial in R provided:
~— 1 aisinvertible and
2. ¥ = l-aisinvertible.
We note o is medial in R if and only if a is medial in R. If Rys Ry, €T,

then their direct sum Rl [} Rz is an clement of I'. Moreover, if al and

a., arc medial in R and R, respectively, then ("l’ a2) i's medial in Fl L]

2

. = - - -1 -1 o
R, since (a]. uz) L (o, 1,02 l) and (al. 02) = (3'1 > . (Dir-

St
ect sums are discussed in (1) pp. 61-62, 77 ahelian groups, (2) pp. 17-18
rings).

Definition 10: Let R ¢ f. Let a he medial in R and let M he a
module over R, M(“) is the system .(*, ) where the binary operation is

defined by a o h = aa + &b for all a, h ¢ M, (*odules are discussed
in (1) pp. 145-147). V& are now prepared to state our chief result.

Theorem 3: Let R ¢ T, Let a he medial in R, and let M he a module

over R, Then N(“) i's a hoop.

Proof: Let a, h ¢ M(®),
Consider the equation a o _x = h.

this translates into aa + ax = h,
We mey verify by direct substitution that

— -1 — -1

x=z{(a T b-a ~ aa)isasolution.
— - —_ — -1
aa+u(ulh-alua):cm+uah - ne aa
=pa +h - aa
= b,

i ° x =h.
Suppose X and x, are any solutions of a
Thena © x; = hada © x, = b.
B o X =ac° X

& aa + ax, = aa + X

1 2
.'.uxl ax,
o7 lax, =5l ax
1 2
A -
NX] = XZ

Thus the solution of a 0 X = b is unique.
Similarly, there exists a unique solution of y ¢ a = h

\'.M(u) satisfies (it 1).
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" Let ae nt®

a ©a=ona+oa

(o + a)a
= la
= a
:,M(u) satisfies (H 2). Let a, h, ¢, d ¢ M(u)
(aoh o0 (cod =ala oh +alc o d)
= a(aa + ab) + o(ac + ad)

uza t aoh + a0 ¢ +Ezd

Rearranging terms and regrouping, we have

(aep) o (c o d) = (aza + Fac) + (awh + 32d)
a& = ®a because

u(l-u)=u-az=(1-u)u

a(a o b) o (¢ o d) = (a’a + omc) + (Gah + 5°d)

"

afoa + ac) + a(ab + ad)

afa oc) + a(b o d)
= (a o ¢) o (h o d)
Finally M(“) satisfies (H 3) and is a hoop.
definition 11: Let R e T,
ar) = (M(“) = M iS an R-module and a is medial in R}. A hoop Il iS a
hula hoop if11 ¢ R%r Q(r). Ve have a simple corollary to theorem 3.

Corollary 4 If R e T and M(“) e A(R), then the identity mapping

M(u) h M(G) is an anti-isomorphism.

proof: Leta, beM Let M® o, o) and (W . ™ ..

if(a © b) = i(aa + wh)
= 0a + ob
=oh + Ea
=h - a
= i(b) . i(a).
I f M(u) = H(;) is commutative, then the identity mapping is just the

identity isomorphism, (iii) For example the additive group K of real
numbers iS a module over the ring K of real numbers, and 1/2 is medial

in X, The commutative hoop K(u) = K("" s <(1/2) is just the one we met
before in example (i). (iv) Consider the four element field F
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(See (3) pp. 158-159 Example 2).

a+bz=1; a_l = b and b-l -a. .'.F(a), F(b) e F). Let's

denote the hoop operations of F(a) and F(b) by e¢ and % respectively.
Then x © y = ax + by and x #y = bx + ay. F(a) and F(b) are non-
commutative since 0o 1=1% 0=a-+ 0+bs+s 1=>band

l o0=0%1=a+1+bs 0=a,
Naw consider the mapping f: }'(a) - r(b) defined by f(x) = x2. e

can look at the multiplication table of Fto write out f explicitly.

_h
coro
+ ++ ¥
- O o+O

(b)

(a onto F .

We note that f is a one-one mapping of F
f(x o y) = f(ax + by)

s (ax + by)2

= a2x2 t 2abxy t ):>2y2

= a2x2 tO0t b2y2 since F is of characteristic 2.

Lf(x o y) = a’? + bzy2

= bx2 + ay2

bE(x) + afly)
s £(x) & £(y)

Hence, f is an isomorphism, and the non-commutative hoops rﬁ) and

F(b) are isomorphic. However, hula hoops come in anti-isomorphic

pairs which in general need not be isomorphic. (v) For example

2(2), Z(u) € n(Z5) where 2g denotes the integers moduld 5.

2+ 4 =1; 271 = 3 ana w7t = u,

Lemma 5: Zg2) # Z(‘;.)
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Proof: Let h= Zgz) > Z(s“) be an arbitrary homo-

morphism. V¥ denote the hoop operations of

Zéz) and zg“) by e and #* respectively.
h(O o 1) =h(2° 0+ 4° 1)
h(4)
1. &h(07 o 1) = h(d)
But h(0 o 1) h(0) # h(l}

#h(0) + 2h(1)
uh(0) + 2h(1)
uh(0) + 2h(1)
h(2 * 0+ 4 * u)

2. ah(0 o 1)
3. =h(#)
Nw h(O o 4)

h(16)
(1)
4. ~h(0 o u) = h(1)
But h(O o &) = h(0) # h(u)

uh(0) + 2h (&)
5 &h(0 o u) uh(0) + 2h(u)
6. “h(1) uh(0) + 2h(u)
Subtracting (3) from (6) we get
7. h(1) - h(u) = 2h(u) = 2h(1)
8. &3h(1) = 3h(u)

T I R T L R R T A A ||

9. Multiplying (8) by 371 (=2) we have h(1) = h(n) +
Joh is not one-one.

. o(2) (4)
But h: 25 - 25

(%)
5

was an arbitrary homemorhhism.
N zgz) oz

If Hand K are hoops, then the direct product H x K isreadily seen to
be a hoop also. It is easily seen that if Ml is a module over Rl and

M, is a module over Ry, then the group g M, is a module over the
ring Rl L] R2 where the scalar multiplication is defined hy

()‘1’ R2) (al, a
and all (al, a,) e M

2) = (Alal, ).2a2) for all ()«1, )«2) € R, 8 R,
1 8 M.

Theorem 6: Let Rl’ R2 e T, Mial) € de), and Mz(ui’) 3 n(Rz)- Then
Ml(nl) X M2(°2) = (Ml ] M2)(ul’ l"2’). Thus, the direct product of
two hula hoops is a hula hoop.

Proof: Let (al, 52)’ (bl' by) be elements of the cartesian

product My % L First let's consider them as elements of

Ml(ul) x Mé(u'z) and denote the hoop operation by o .
Then (a,, a,) ® (bl, b)) =(a e b, a, © b,)

= = 1 =

= (“lal + alBl’5252 + °2b2)'

Nw let's consider (al, a2) and (bl, bz) as elements of

(Hl 8 MZ)((ul' a2)) and denote the hoop operation by * .

Then (a,, a,) + (b}, b)) = (a), a,) (al, az) + (a], “2)(bl=b2)

is commutative if and only if 2 isinvertible and a = 27~,
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= (ul, 02) (al, a2) + (;1, 32) (bl, b2)
1 _2b2)

= (aja, + E'lbl, a3, + E'zbz).
o (a;, a)) o (by, b)) = (a,, ay) * (b, b))

= (3)a), apa)) + (apb

for arbitrary (al. a2), (bl, b2) €M x M.
L (ag) (a,) _ ((a,, a,))
-aMlle22-(H10H2) 1° 72

4 M

Ifin theoreme—”.Rl = R2 = Rand ay = a =a, then the group ML 2

is a module over ® as well as over R % R scalar multiplication being

defined by A(al, a2) z (Aal, Aaz) forall A ¢ Rand all (al, 52) £

M, o M. In the same spirit as above, it is easily seen that
(Ml 8 M2)(°) : (Ml ] Mz)((a’ “”. Hence, we have the following
corollary.

Corollary 7: If R el and Ml(“), M2(“) € f(R), then Ml(°) x u (@

2
- (a)
= (Ml [} M2)

Definition 12: Let R be a ring and M a module over R
AMM) = {de R A = Ofor all x ¢ M}.

A(M) is non-empty since 0 is always a member; furthermore. A(M) is
easily seen to be an ideal in R which we shall call the M-annihilator in
R (ldeals are discussed in (2) pp. 21-26, and simple rings are discussed

in (2) pp. 38-39). This definition allows us to give a simple character-
ization of commutative hula hoops.

(a)

Theorem 8: If Re rand M(u) e AR), then M is commutative if and

only if a = al=2a -1) ¢ A(M),

Proof: Necessity: M(u) isS commutative.

a o0 0=0 eaforallachH,

aca+tac-0=aD+a+a

aa = aa
0a - aa=0
(a-a)a=0 forallaeM
Sufficiency: a = o e A(M)
(a-%a= (a- @b (=0) forall a, b e u®
aatab = abt ma

ae b=zbo a foralla,b:M(u)

(a)

M is commutative.

(a) (a)

¢ P(R), and A(M) = {0} then, M
1

Corollary 9 If Rer, M
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Proof: M 2 is commutative if and only if
-1
2a - 1 ¢ A(M) = {0}. Moreover, a=2 if and only

if 2a -1 = 0.

(o) e Q(R), then

is commutative if and only is 2 is invertible and a= 2'1.

Corollary 10: If R e I is simple, # # {0}, and M
M(u)
Proof: A(M) isan ideal in R Since R issimple we
must have either A(M) = {0} or A(M) = R. Pick
aeM,af0 (Recal ¢ {o]).
1°* a=a¢#0
Wal £ A(M)

~% A(M) = {0} and in view of corollary 9 the proof is completed.
(vi) In the ring K of real numbers 2 has inverse 1/2. The commutative

hoop K(l/2) appears in examples (i) and (iii). .

(vii) Let the module N over the ring K ¢ K be the abelian group

K K on which scalar multiplication is defined by

(, w (a, a2) = ( Xal, Xaz) for all (A, ) ¢ K 8 Kandall (al, a2) €

N. A(N) = { (0, u) :we Kl .
The reader may verify that NC(L/2, %) 5 5 commutative member of

a(k 8 K) for all x ¢ K - {0, 1}.
(viii) 29 is a non-simple ring since 329 = {0, 3, 8} is a non-trivial

prober ideal. The group Zg is a module over the ring Zg, scalar multi-

plication coinciding with ring multiplication in zg. A(Zg) = {0},

The reader may verify that 29(5) is a commutative member of B(Zg).

(ix) F(a) of example (iv) is non-commutative since 2(=0) is not invertible.
(x) 25(2) of example (v) is non-commutative since 271 .3 2 If

Rel and M(u), N(“) e g(R) where M and N are isomorphic modules over R,

(a) (o)

then it is an easy consequence that M i s isomorphic to N
The converse of this statement is not true. (1/2, 1/2) is medial in

Ke K. (172, 1/2) + (1/2,1/2) = (1, 1); (172, 1/2)™" = (2, 2).

(xi) Let M be the module K & K in which scalar multiplication coincides
with ring multiplication and is denoted (A,u )} {a;, a,). (xii) Let

N be the module of example (vii}, and |et scalar multiplication be
denoted by (A, u) x (a;, a) . Clearly n¢2/2, vz, §((2/2, e
Lemma 11: M # N.

Proof: Let h: M * N be an arbitrary homomorphism,
and let h((1,1)) = (hl’ h2).

n((2, 1)) = h((2,1)+ (1,1))
= (2, 1) x h ((1, 1))
: (2, 1) x (hy, b))

: (2h), 2h))
1. ~h((2, 1) = (2h), 2h,)
Nw h{(2, 2)) = h((2, 2) . (1, 1))

(2, 2 x h((1, 1))

(2, 2) x (hl’ h2)

= (2hl, 2h2)

2. &%h((2, 2)) = (2h,, 2h))

1' 72
3. <h((2, 1)) = h((2, 2))

»+ h is not one-one.
But h: M > N was an arbitrary homorphism.
M AN

Although we do not have a converse to our result, we do have a

partial converse as a consequence of the next theorem. W shall need
the following lemma

() ¢ (S), Hisa hoop, and f: H + N(B)

Lema 12: If Se P, N
i s an isomorphism, then g: H =+ N(B) defined by g(x) = £(x) - d isan
isomorphism for all d ¢ N.

Proof: Lety, ¢ N(B).

Since f is onto, there
exists xg ¢ H such that £(x,) = Y, + d.
GHEXe) = (yo +d) -4 = y,.

A Qg isonto.

Suppose g(xl) = g(xz)

f(xl) -d = f(xz) - d

f(xl) = f(x2)

Xy : x, since f is one = one.
S8 IS one-one.
1 g(a eb) = f(a obd)-d

2. gla) o g(b)= (f(a) - d) o (f(b) -4d)

g(£f(a) ~d) + B(£(b) -4)

"

(pf(a) + Bf(b)) - (g + B) d

f(a) o £(b) - d

f(a o b) -d since f is a homomorphism.

e gla o b)

gla) 0 g(b) and g is indeed an ismorphism.

@, oery, N8

Theorem 13: If RS er, M e a(s), and Mla) _ (B)

2913
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t
then - N where #* and 8" are the additive groups of the modules
M and N respectively.

LN N(B) be an isomorphism.

(@) , (B

Proof: Let Q : M
Then by lemma 12, ¥ : M defined by
¥(x) = Q (x) - Q (0) is also an isomorphism, and
¥(0) = Q(0) - q(0) = 0. Moreover, since Y is a hoop
ismorphism, it is a one-one mapping of the set
M onto the set N.
1. ¥a % ¢ 0) = ¥(aa Ik t 30)

= ¥(x)
2. walx o 0) = ¥a ) o ¥(0)

=) o 0

: B¥a™Ix) + F 00

= B‘l’(n-lx)
3. BY (u-lx) = ¥(x)
4 ¥aYx) = 8 lw(x) for all x ¢ 0.

Similarly ¥(g ~Xx) = 6 “Lu(x) for a1l x ¢ M.
Since ¥ is a one-one mapping of M onto N, it suffices
to show that ¥ is a group homorphism.

Let a,b ¢ mt.

¥(a t b) = ¥(ae"ta * 3@ L

b)

: ¥(ata o A1)

= vata) o ¥@ )

s 8l va) o 7w

= 8871 w(a) © 77 7T win)
=¥(a) t ¥(b)

vt o s an ismorphism.
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PROBLE! DEPARTMENT
U Edited by
M, §. Klankin, Ford Scientific Laboratory

Thi s department wel comes probl ens believed to be new and, as a rul e,
demandi ng no greater ability in problemsolving than that of the average
nenber of the Fraternity, but occasionally we shall publish problens that
shoul d chal | enge the advanced undergraduat e and/or candi date for the
Master's Degree. Sol utions of these problens shoul d be submitted on
separat e si gned sheets within four nonths after publication.

An asterisk () placed beside a probl emnunber indicates that the
probl emwas subm tted without a solution.

Address all communi cations concerning problems to M S Kl ankin,
Ford Scientific Laboratory, P. O. Box 2053, Dearborn, M chi gan 48121.

PROBLEMS FCR SCLUTI ON

192* Proposed by Oystein Ore, Yale University. Al brecht Durer's fam
ous etching "Mel ancholia" includes the magi c square

16 3 2 13

The boxed-in nunbers 15-14 indicate the year in which the picture
was drawn. How nmany other 4 x 4 nagic squares are there which he
I coul d have used in the sane way?

v 193. Proposed by WIlliamH Pierce, General Dynamcs, El ectric Boat
Di vi si on.

Two ships are steaming along at constant velocities ﬁcourse and
speed). If the notion of one ship is known conpletely, and if

only the speed of the second shig i s known, what is the m ni mum
nunber of bearings necessary to be taken by the first ship in order
to determ ne the cqurse {%onst antu) and raﬂ%e (ti n% dependent\l of
the second shi p? ven this requi site nunber' of bearings, show
how t o det erm ne the second ship's course and range.

Editori al Note:

Thi s probl emwas suggest ed by probl em186 whi ch was gi ven erron-
eously. See the comment on 196 (this issue).

194. Proposed by J. M Gandhi, University of A berta.
Show t hat the equation

&Y - yy-x




195.

196.

197.

198.

199.

181.
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has no solutions in integers except the solutions (i) x tl, y = £1,
(ii) x = 3, y = 9.

Proposed by Leon Bankoff, Los Angeles, California. M
Math. Mag. (Jan. 1963), p. 60, contains
a short paper by Dov Avishdom, who asserts C
without proof that in the adjoining
N
O
".
A K/B

in the box has a cylindrical hole of
length .25 centimeters drilled straight
through its center. The bearings are then melted together with a loss of 4%

diagram, AN = NC + CB. Give a proof.
during the melting process and formed into a sphere whose radius is an integral
number of centimeters. How many bearings were there originally in the box?

Proposed by R C. Gebhart, Parsippany, N. J.

What is the remainder i f x*%° is divided
by ®2 - 3x + 27

Proposed by Joseph Arkin, Nanuet, N. Y.

A box contains (1600 u2 + 3200)/3 solid
spherical metal bearings. Each bearing

Proposed by Stanley Rabinowitz, Polytechnic Institute of Brooklyn. A semi-
regular solid is obtained by slicing off sections from the corners of a cube.
It is a solid with 36 congruent edges, 24 vertices and 14 faces, 6 of which are
regular octagons and 8 are equilateral triangles. |f the length of an edge of
this polytope is e, what is its volume.

Proposed by Larry Forman, Brown University and M. S. Klamkin, Ford Scientific
Laboratory.

Find all integral solutions of the equation Vox ¥ Y+ o = y =z

SOLUTIONS

Proposed by D. W. Crowe, University of Wisconsin and M. S. Klamkin, Ford
Scientific Laboratory.

Determine a convex curve circumscribing a given triangle such that

1. The areas of the four regions (3 segments and a triangle) are equal and

2. The curve has minimum perimeter.

Solution by the proposers. Condition (2) is irrelevant. The only convex
figure satisfying (1) is a circumscribed triangle whose sides are respectively
parallel to the sides of the given triangle. Our proof depends on the known

Lenma® The area of any inscribed triangle in a given triangle cannot be smaller
than each of the other three triangles formed. Consider a convex curve that is
not a triangle and draw the three lines of support at the vertices.

R

Q

% For a projective proof of this lemma and other references, see M. S. Klamkin
and D. J. Newman, the Philosophy and Applications of Transform Theory, SAM
Review, Jan. 1961, p. 14.
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Since 1 = I, = 12 = I (in area), each of the triangles ABR, BCP, and G\Q would
have greatet ared thad A%C contradicting the lemma  The case of two parallel
support lines is also ruled out easily by area considerations.

Proposed by Gabriel Rosenberg, Temple University.
Prove that an odd perfect number cannot be a perfect square.

Editorial Note: Although Euler established the more general result that every

odd perfect number must be of the form p 2+t k2 where p 1S a prime of the

form Un+l, the above problem was given since it has an elegant solution in
addition to the fact that there was a shortage of proposals.

Solution by H. Kaye, Brooklyn, N. Y.

If N is an odd perfect square then

1. The sum of its divisors = 2N,

2. The number of its divisors, each being odd, must also be odd since except
for YN, the divisors occur in pairs d and N/d.

This gives a contradiction since the sum of an odd number of odd numbers is ot..

Also solved by Paul J. Campbell (University of Dayton), Paul Myers (Philadelphia,
Pa.), Bob Prielipp (University of Wisconsin), Stanley Rabinowitz (Polytechnic
Institute of Brooklyn), Dennis Spellman (Temple University), M. Wagner (New York,
N. Y.), F. Zetto (Chicago, Illinois) and the proposer.

Proposed by R Penney, Ford Scientific Laboratory.
| f

ro(rlr2 + ryrat r3r1) =0,

rl(ziTrZ +rgry - r2r3) =0 ,
rz(r0r3 + rgrq - r3r1) =0,

r3(rr + r.r yeo,

o1 " Tot2 T 172
Show that at least one of the quantities Tl a7y vanishes.

Solution by Stanley Rabinowitz, Polytechnic Institute of Brooklyn.
If none of the r's vanish, then the expressions in the parenthesis must vanish.
These conditions may then be written as

(1) l/rq + l/::~2 + 1/, = 0,
(2) /v, + Ury = Ury ,
(3) 1/:-3 + 1/:-l = 1/z~0 y
() 1/rl + l/r2 ] l/ro .

Adding up (2), (3), and (4) and using (1) gives 3/2‘0 = 0.which is impossible.
Hence, at least one of the r's must vanish.

Editorial dote: This problem has arisen in the proposer's paper, "Geometrization
of a Complex Scalar Field. 1. Algebra,”™ Jour. of Math. Physics, March 1966,

pp. 479-48l. It also follows that at least 2 r's must vanish. The problem can
be extended to any number of variables, e. g., for 5 variables we would have:

o,

ro(rlrar3 * TpTST) 4 TOT rb'rlre)

-rl(ror2r3 + TgTsT), * Ty T - rerjrh) =0

L
(o]
~

re(rorjru * TRy + TTyTy - rarurl) =
rj(rorurl * TGE Ty TNpTy - rhrlra) =

- =0 s
ru(rorlr2 + TgRpTs * o5ty rll'zr})
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184.

18.

Editorial Note:

It follows in a similar fashion as before that at least two of the r's must vanish.

Also solved by Paul J. Campbell (University of Dayton), Mario E. Ettrick
(Brooklyn, N. Y.), R. C. Gebhart (Parsippany, N. J.), Theodore Jungreis (New

York University), Bruce ¥. King (Burnt Hills, N. Y.), Edward Lacher (Rutgers
university), Paul Myers (Philadelphia, Pa ), Charles ¥, Trigg (San Diego, Calif.),
F. Zetto (Chicago, 111.) and the proposer.

Proposed by Alan Lambert, University of Miami.
Find a parametric representation for transcendental curve given by the equation

y x

X -y [

Solution by Bruce W. King (Burnt Hills, N. Y.) and Peter Lindstrom (Union College).

Let y = xt. Then since ylogx = xlogy
we have, tlogx = logxt
or x o WMy 8/ (81)
Editorial Note: This parametric representation was already known to Euler. |t

can also be used to determine all rational solutions of the above equation.
Also solved by R C. Gebhart (Parsippany, N. J.) H Kaye (Brooklyn, N. Y.),
Stanley Rabinowitz (Polytechnic Institute of Brooklyn, F. Zetto (Chicago, Ill.)
and the proposer.

Proposed by A. E. Livingston and L. Moser, University of Alberta.

Given: f(n) =f(@+3) , n=1212, ... y

£(1)

1 , % f(n)n-=0
1
Find £(2).
Solution by R. C. Gebhart (Parsippany, N. J.).

Starting from the known summations,

cosnx _ _ x sinnx _1T-x
g = = -ln2sin 7 , g_ — = 5 .
we can obtain the particular sums
1,1 1 l 1 il
(l) l-5+ sty - t e s e = ———
I )
5'7°8 3 /3
1.1 1.1 1 1n3 ™
2 l-=+ - + = - = e e = == — .
( ) 3 E 6 7 9 + 5 +6/3'

Nor multiply (1) by -a and (2) by -b.
This will give the initial series if
=£(2), bv=2(3) ,
a+b+1=0 ,

o, /3, M ). o .
3/3 N 2 6)

Whence,
£2(2) = 143/ 3 1n3

m-3/3 1n3

A more direct way of summing these type of series would be to
use generating functions which lead to the evaluation of definite integrals.

then

and

Similarly,

1 xh—E
a(x) =§+7-J:-_+ +'3E:é—

Gx) =142 +oen 000 i:’;:m
c(1) = J'l l-x:mdx

o 1-x
m):ﬁg*gd ey

1-x

1Q1) = I ?‘_Q-’_._l

pun, § f@)_ limit {f(l)G(l) + £(2)8(2) + f(5)I(l)}

1l n

L

In oilier to have convergence,

and then

Since £(1) =
previous results.

£(1) + £(2) + £(3) = o |

2
J‘lf(l+f2)x+f3x ax = 0 .
1-

1, we have two linear equations in £(2) and £(3), leading to the

Another way of solving the problem is via the function

% _(_l-

Here, we consider the more general problem of summing

where r,s

As .
{ § s g L
ra+l rn+2 ro+s ¢

are rational and r> 0, L<S=r.

For convergence, it is necessary and sufficient that

and

we obtain

Since ¥(x)

A thy kA = O
e PR 1 1{¢(b+n+1)-w(b+1)}

Uit (yam) - ¥(n)} = s

n -

§ = -gE1 Ady (% + 1)/1-

is known explicity for rational x, the series can

also be explicitly evaluated.
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186.

.

|
In ﬁd.rticular 5

-— = - - — ¥

W{B) = Y 5!,035 /.

#;2— = -Y__Bzogj.____ B $(1) = -
(.3) 2 23 ( )

Using these results on our original problem, we find that

§(1)-¥(1/3)
¥(1)-¥(2/3)

Also solved by the proposers.

£(2) =

Proposed by Lt.
Laboratory.

™o ships are steaming along with constant velocities. W is the minmum
number of bearings necessary to be taken by one ship in order to determine the
velocity of the other ship? Given this requisite number of bearings, show hew

to determine the other ship's velocity. (|t is assumed that range-finding
equipment is either non-existent or non-operative).

Joned-Bateman, USCG. and M. S Klamkin, Férd Scientific

Solution by William H. Pierce, General Dynamics, Electric Boat Division.
Under the assumption that both ships are proceeding at constant velocities 2.
(courses and speeds), then no number of bearings taken by one ship can determine

the velocity of the other ship. To fee this, let the parametric coordinates of
the two ships be denoted by

!

a, + vlt cos el s ¥y = bl & vltsme.l. ,

3.
x2 = 5.2 + vztcose2 s y2 -_-'b2 + vatmee
Then it follows easily that the following family of target ships will generate
the same bearings as the target ship above with respect to the first ship:
x) =ab tvitose) 5 VY, = b+ Vét sine;
where
o = v %
8} = )\(a,2 al) +a, 5, by = Alb, bl) tby
'
1 T -
vjcose) = )\(vacose2 vlcosel) +vjcos0,
1 t _ -
visinej = )\(vasine2 vlsinel) + vysine,
Editorial Note: See problem 193, this issue for a corrected version of this
problem.
5.
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BOCK _REVIEWS

Edited by

Roy B. Deal, Oklahoma University Medical Center

By Sze-Tsen Hu, Holden-Day, Inc., San Franeisco,
California, 1967 .

A comprehensive, but readable, beginning graduate level introduction to
Real Analysis, following the CUM recommendations with some optional
material. It treats the fundamentals o topological spaces, metric
spaces, topological linear spaces, including Hilbert spaces "studied
leisurely in a single section,"” measures and integrals, including
Daniell integrals and. Haar measure, and brief, but modern, introduc-
tions to differentiation and distributions.

Exercises in Mathematics. By Jean Bass, Academic Press,
1933. xii + 557 pp., $1E.75.

A valuable collection of carefully worked out problems in real and complex
analysis, ordinary and partial differential equations, and various aspects
of applied mathematics.

A Hilbert Space Problem Book.
Princeton, Nev Jersey, 1967.

Inc., Nav York,

By Paul R. Halmos, Van Nostrand Co., Inc.,

A unique collection of problems and solutions of varying levels of
difficulty designed to illustrate the "central techniques and ideas of

the subject. The user of this book should have some knowledge of general
topology, real and complex analysis, linear topological vector spaces,
including Hilbert spaces, and real and. complex analysis. The first one
hundred and forty pages li st the problems with brief historical and
mathematical comments and a few definitions. The next 22 pages give hints
to the solutions and the last 185 puges give fairly complete solutions.

Differential Geometry. By Louis Auslander, Harper and Rown, Nav York, 1967.

A fine modern treatment of classical differential and global geometry
for the advanced undergraduate or first year graduate with two years
of calculus and one year of modern algebra. Prerequisite of algebraic
topology i s skillfully avoided. An interesting feature is the treat-
ment of matrix Lie groups instead of abstract Lie groups.

Boundary Value Problems of Mathematical Physics.
MacMillan Co., Riverside, Nav Jersey, 1967.

By lvar Stakgold,

For the graduate students in applied mathematics, engineering, and physical
sciences, with advanced calculus and elementary complex variables, this
first of two volumes on linear boundary value problems i s an excellent in-
troduction to the study of Green's Functions, including the theory G
distribution, and eigenfunction expansions in linear integral equations
and. the spectral theory of second-order differential operators.
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9.

10.

2.

13.

Addition Theorems. By Henry B. Man, John Wiley, Inc.,
x1i + 113 pp.,

Nav York, 1965,
<75, 15.

This little book on additive theory of sets in number theory and more

general Abelian groups or semi groups affords one of the best oppor-

tunities for the interested reader with a 1imited background, such as a

course in modern algebra and a minimal introduction to number theory,

to follow some recent, important research results in mathematics.

Information A Scientific American Bogk. By W. H. Freeman and Co., San 16.
Francisco, California, 1966, 21d p., 52 illustrations, 15 plates, Cloth-

bound $5.00, Paperbound $2.50.

A collection of the faclnating series of articles appearing in the
September, 1966 Scientific American on the state of the computer art and
its' impact on society.

Numbexs ane |deals.
California, 1965.

By Abraham Robinson, Holden~Day, Inc., San Francisco,

A very elementary introduction to algebraic number theory with its own
introduction to modern algebra in a small book that could be studied,
for example, by freshman honor students in mathematics.

Applied Cambinatorial Mathematics. Hiited by BMwin F. Beckenback, John
Wiley, Inc., Nav York, 1964, xxi T 591 pp., $13.50.

A collection of eighteen chapters by outstanding mathematicians,

covering a wide variety of aspects of this muct recently emphasized 1.
aspect of mathematics. Varying levels, generally from advanced calculus

on are required to seriously study the articles.

2.
Mathematical Logic. By Stephen Cole Kleene, John Wiley, Inc., Nav York,
1967.

3.
A junior (also written for juniors) addition of the author's famous
"Introduction t o Metamathematics" which should, prone to be one of the most
popular books on the subject for Mathematics majors.

b,
Bvotutterrof Mathematical Thought. By Meschkowski, Holden-Day, Inc.,
San Franciso, California, Tﬁ?}ﬁs pp., $5.95.

He
This book, translated from the German, i s an interesting discussion
"about" the foundations of mathematics for a wide range of readers in
both interest and level of background. 6.
Geometric Programming. By Duffin, Peterson and Zener, John Wiley, Inc.,
New York, 1967, xi + 278 pp., $12.50. T.

Although the material was collected for use in solving engineering design

problems, and many examples are given, many readers, interested in 8.
optimization problems such as generalization of linear programming

problems, would, find this a profitable book to study.

9.
The Theory of Gambling and Statistical Loegic. By Richard A. Epstein
Aederic b Prese, Inc., New YOk, 1967, xiii T 485 pp., $10.00. ’

10.

A scholarly treatise on gambling with many thought-provoking ideas on a
wide variety of subjects as well as some interesting mathematical results
in probability theory and game theory for readers at about the advanced
calculus level of mathematical maturity.
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A Second Caurse In Camplex %g;@is. By William A Veech, W. A. Benjamin,
Incsy Nav York, 1967, ix + 245 pp., $8.75.

A very good book for those with an elementary course in complex varables
and general topology who would like fundamental grounding in some im-
portant aspects of the subject including the prime numbers theorem.

Plane Geomury and 1ts Groups. By Guggenheimer, Holden-Day, Inc., San
Francisco, California, 1967.

Although the generation of motions by reflections i s classic, this
treatment and selection of topics has such a modern flavor that many
students of today will find it interesting and profitable to pursue.
Foundations of Mechanics. By Ralph Abrabam, W. A Benjamin, Inc., New
York, 1967, ix ¥ 290 pp., $14.75.

This i s truly a foundations text. It is based on a series of lectures
directed primarily at physicists at the graduate level, but the mathe-
matical background i s so well presented that it might also serve as an
excellent introduction for mathematics majors to a modern treatment of
differential manifolds, vector and tensor bundles, and integration on

manifolds. The study of celectial mechanics contains very recent basic
results.
NOTE:  All correspondence concerning reviews and all books for

revi ew shoul d be sent to PROFESSOR ROY B. DEAL, UN VERSITY CF
OKLAHOVA MEDI CAL CENTER, 800 NE 13th STREET, OKLAHOVA CI TY,
OKLAHOVA 73104.

BEOOKS RECEIVED FOR REVIEW

Topological Vector Spaces and Distributions By John Horvath, Addison-
Wesley Publishing Co., Inc., Reading, Mass, Vol. ., 1966.

Computer Progremming and Keilated Mathematics By R V. Andree, John
Wiley, Inc., New York, 1967, 281 DPs, 36.50.

Abstract Theory of Groups By 0. U. Schmidt, Translated from the Russian
By Fred Holling and J. B. Roberts, Blited by J. B. Roberts, W. H. Freeman
and Co., San Francisco, California, 1966, 17k pp., $5.00.

NaligaRH stributien THAGYet&, LRO Sarieognd KivesbysNpshirgsiNsod. Van
. X reomeTt. . .
kipear SR & §:,WaoBrieshere+aig) App). Widh Van Nostrand and Co,
Set Theo% and the Nurbe Systems By May Risch Kinsolving, International
Textboo ., oScranton, Pemn.
ALYyTlC ueamet:
MeglehtAuGa1 Tfornia, 19%5,By Paul A. White, Dickenson Publishing Co., Inc.,

Introduction tQ Modern Abstract Algebra By David M. Burton, Addison-
b4

ey Publishing Co., Inc., Re 8ay 1967.
Abstract Algebra By Chih-Hah Ssh, Academic Press, Inc., Nav York, 1966,
x1i1 + 335 pp., $9.75.
11 By A |. Markushevich,

Theory of Functions of a Complex Variable
Translated from the Russian ichard A. verman, Prentice-Hall, Inc.,

Englewood Cliffs, N J., xii + 329 pp, $1200.
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12.

13.

14,

15.

16.

17.

18.

19.

21,

t

Theory Of Functions of a Complex Variable Vol. IIT By A |. Markushevich,
Translated fromthe Russian Ey Richard A Silverman, Printice-Hall, Inc.,
Englewood diffs, N. J, 1967, xi + 355 pp., $12. %

Introductionto Real Analysis By Casper Goffman, Harper and Row, New
York, 1966.

Vectors, Fense+s €l Groups By Thor A Ble and Jonas Lichtenburg, W A
Benjam n, Inc., New YOrk, 7.

Functions of One and Several variables By Thor A Bak and. Jonas Lichtenburg,
W A Benjamin, Inc., New York,

Series, Differential Equations and Compl ex Functions w A Benjanmin, Inc.,
New York;

Introduction t o Probability and Statistics
worth Publishing Co.,
text, $11.35 trade.

By Williem Mendenhall, Wads-
Belmont, California, 1967, xiii + 389 pp., éS 50

By Donovan A Johnson and Geral d R.
Belmont, California, 196/, viii

!
Guidel ines For Teaching Mathematics
Rising, Wadsworth Publishing @, Inc.,

+ 439 pp., 6.5
Introduct ory Gecmetry: An Informel Approsch Brooks/Cole Publishing @,
Belmont, Uﬁfornfa, 196f xii + 238 pp., $7.50.

Stationary and Rel ated Stochastic Processes By Harold_Cramer and M R
Teadbetter, JONN Wl ey, —Inc,, New York, 1967, P J3,215

Combinatorial Methods IN the Theory of StochaStic Processes
Takac, John Wiley, Inc., New York, 1987, xi T 255 pp., $12.75.

First Order Mathematical Logic
ublishing Co., am, 1ass.,

By Lajos

%geé_ngelo Margaris, Blaisdell

NOTE All correspondence concerning reviews and all books for
review should be sent to PROFESSOR ROY B DEAL, UNIVERISTY CF
CKLAHOVA MEDICAL CENTER, 800 NE 13th STREET, CKLAHOMA CITY,
CKLAHOMA 73104.

NEED MONEY?

The Governing Council of Pi Mu Epsilon announces a contest
for the best expository paper by a student (who has not yet
received a masters degree) suitable for publication in the
Pi_ Mu Epsilon Journal.

There will be the following prizes
$200 first prize
$100 second prize
$50 third prize
providing at least ten papers are received for the contest.
In addition there will be a $20 prize for the best paper

from any one chapter, provided that chapter submits at least
five papers.

LN TI ATES

ALABAMA ALPHA, University of Al abanma

Elaine E. Alexander
Ronald A Atkinson
Charles A Barnes
Bettye D. Bergen
John G. Bland, Jr.
Robert C Bradl ey
Ceci| W Bridges
Marion A Cabaniss
Patrick A Callahan
Donald A Canpbel |
Viayne Heath Causey
Edward A, Childs, Jr.
Ronal d Janes Cornutt
Robert w. Cowden

Hel en D. Darcey
Carol yn parden

Sheil a Anne Denholm
Ral ph 0 Doughty
El eanor Ann Fitts
Joyce G n Fox

?/ E Garrett
Billy Gene G bbs
Eugene F. d ass
Charles H Gunselman
James P. Hayes, Jr.
Nevin Jul i an Henson
Seth J. Hersh
John E. Holleman
James O Howel |
John W Howerton
M chael J. Huggins
Margret E Ingram

ALABAMA BETA, Auburn University

Carolyn H Adkins
Robert s. Barnes
Phyllis S Boozer
Di anne Burgess

Lee r. Christian

Ruby Dean

Susan A Donnell
Harold E Dowler
Janet S Farris
Martha L Graves
Lawence M Gorham

ALABAMA GAMWA, Sanford University

Sharon_Blice

Larry T. Bolton

E Delilah Carter
Barbara P Chandl er
Floyd L Christian
Richard H Collier
Janice E Cox

Wyne B. Faul kner
Ernest G. Garrick
Charles A Greathouse

Rober t B Hal |
CareY . Herring
Charlotte Jarrett
M Carol yn Keyees
Dorothy C King
Phyllis I. Laafsch
Chester R. Killy
Di anne Crews McDaniel
V\a?/ne K. Meshejian

en B. Mller

ARI ZONA ALPHA, University of Arizona

H Bradford Barber
Aris E Dameani
Robert E Darwin

Jack M Keamler
James |. Leong

ARRANSAS ABPHA, University of Arkansas

John R. Bass

Janmes P. Dougl as
Russell H Ewing
Jerry A Jenkins

Janmes P. Luette

Jerrel D. Martin
Susan N McManus

CALI FORNI A ALPHA, University of California

Nguyen Huu Anh
David J. Bailey
M Kenneth Bates
John p. Billings
Soni a Minn Bl oom

Charles R. Bosworth
Jeanne |.  Brown
Patrick M Brown
Edgar Col eman

Lois Ann Chaffee

Claud James |rby
Janes R. Jackson
Dani el J., Jobson
George Thomas Jones
Haim Kaspi

Emogene Kni ght
Saksiri E. Kridakorn
Jerry Kenneth Lew s
Jimmie R. Lindsay
Larry B. MDonal d
Robert Lee Manasco
Linda K Mandul ey
Janet Louise Mate

Li anna D. Mulligan
M chael Terry Newton
Charles M. rth, Jr.

Laura Johnston

G enda M Jones
Steven G. Joseph
Judy A Kennedy
Lynne M el ke

Rex K. Rainer, Jr.

Stanley W. Milwee
Karen ‘Anne Monroe
Teresa Ann Morgan
Sarah €. Mrris
Hel en B. Mirphree
Abdul A Naf oosi
WIlliam . Powel |
Jarrett Richardson
Wayne Shaddi x

Any Sue Sins

Catherine E Parry
J. Byron McCormick

Dal e B. Nixon

Van o Parker

M chael A Plunkett
Mauer D. Schwartz

Chang- Shing Chen
Richard 3. Cl asen
Carol Grace Cook
Arthur A Duke
Maxi ne Eltinge
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Robert R. Parker
Jonat hon Raffield
Fred A Roberson

G nger Sue Roberts
Robert L Robinson
Enmily Jean Sabo
Mary V. Schorn
Linda Carole Smth
Wlliam B. Snith
Billy C Tankersley
Her man E. Thomason
Donald G Turner
Claudia E Vookl es
James L. Whitson

Li nda Howel | Wse
Ronal d Lee wWooten
James Addi son Wi ght,

Frank P. Ramsey, Jr.
Beverly J. Upchurch
Patricia F villafana
Phillip A Wallace
Stephanie 3. Wallace

Shera Lynne Thackery
Barbara” E Thonpson
Martha C Thorpe
Rex G. Walker
Marjorie Watson
Judy L Wells

Ed Wheel er

John F  whirley
Aubrev H, White
~rend: Pl Yarne1
Letitia G Yeager

M chael J. Merchant
Richard E Rothschild

Gay R. Reid
Richard R. Schurtz
Mavis A Upton

John March Gardner
David B. Gaul d
Bernard A Glassman
Jerrold M. Gold

N Grossman

Jr
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Young Koan- Kwon .
M chael King-Ming Lai
Richard Lew s
wickham Low

A Hales

Thomas L Henderson
Barry Connick Howard
Kei th Joseph
Jeffrey Asch Karas Victor Marfoe

Martha R. Katzin Yashaswi ni Deval Mttal
Mel i ssa Knaﬁp Hadi . Mistafa

Don Krakowski Sanmuel p. Oman

Ni chol as Perceval - Price j\gt hur _Tashi ma

CGabriel s. Sal zman
u, Kurt Schol z

Donal d J. Secor
Charles B. Sheckells
Hiroshi Shi nada
Herbert siegel
Daniel A Stock

CALI FORNI A zETA, University of California at Riverside

Brian W Bauske
Donald P_ Brithinee
Vallace P. Brithinee Abr aham Dykstra
Robert Earle Carr Wlliam A Fanner
Al fred James Del ay Sheryl . Hanpton

Lynnette Rosalie Daroca
Janmes Dunbrack

CALI FORNI A ETA, The University of Santa Clara

Leonard Kl osi nski
Thomas Kropp
Bruce McLemore

CGeral d Alexanderson
Karel pe Bouvere
Sherrill Ford

coLorapo GAMMA, United States Air Force Acadeny

Robert J. Barnum Ronald L Rerchner
Charles L denents Peter L Knepell
Mchael N Glea Edward €. Land, II
Edward A Greene, II Frederick K af son
Joseph Hasek Howard L Parris, Jr.

CONNECTI CUT ALPHA, University of Connecticut
Donal d Bleich

Jane chapitis
Sandra Duchnok

Joseph Adamski
El i zabeth Baer
Bruce Barrett

DI STRICT OF COLUMBI A Al pha, Howard University

Hayford A Alile
Cleo L Bentley
Mhamed A Bilal
MIlicent s. Carter
Marie A O oyd

Laura E Farley
John A Harris
WIliam A Hawkins
Janes A Jackson
Beverly A Jacques

DI STRICT OF COLUMBI A BETA, Georgetown University

Robert Baldwin
Joseph A Ball
Charles Byrne
Maureen Castle
El roy W Eckhardt
Andrew G ekas

Thomas P. Haggerty

Deni se Huet —

El eanor Christine Iorio
Janes Jenkins

Svetoza Kurepa

John B. Manning

John Dale Harris
Davi d George Hazard
Judith Marie Janes
Kent p. Mason
Kenneth Lee Molnar
Robert Nornman Reber

Russel | Meredith
Ri chard Schwei ckert
Denni s Smolarski

Arthur R. Mller
Eugene A Rose, III
Jeffrey E Schofield
Robert” Rue

Craig C squier

John Kuzma
Li nda Musco
Gail Perry

Cornel J. Rigby
WlliamH JOnes
Timothy Q Oateju
Fred o, Price
Linda M Raiford

Janes Menagan
Lar.r¥ Panasci
Marilyn J, Power
Donal d J. Propst
Kennard W Reed
St ephen M. Sol dz

DI STRI CT OF COLUMBI A GAMMA, Geor ge Washington University

Sarah D. Barber Arthur H Gardner
Ti not hy Boehn Jerry W. Gaskill
Richard Epstein Stephen Z Kahn

Ruth p. Koi dan
Linda K Larsen
Thierry Liverman

mes Thonpson
Edward Tur ner
Leonard D. Weisberg
Nor man Wi ss
Ellen L. Wng
Kenneth J. wong
Virgini a_zvonkovich
Leon M Traister

Geg W Scragg
Panel a Kay Sierer
Suzanne Snith
M chael J. Stimson
Julianne Tracy
Robert Janes vrtis

Irving Sussman
Charles Swart
Kat hl een Welana

John J. Watkins, Jr.
Gary N Wiedenmann

Donal d R. Windham

Nol a Reinhardt
Judith Rosenberg
Sharon Sl uboski

Pericles D, Stabekis
Sudershan K Vadehra
Quinton E \Worrel |
James T Yeh

Mary Helen Sullivan
M chael 3. Sullivan
Lewi s Suski ewi cz
John Tallman
Edmond Vil | ani

Kent Mnichiello
Randy Ross
David A Schedl er

FLORI DA ALPHA, University of M ani

Marilyn Bexrman
Harvey L Bernstein
Jeffry Ben Fuqua

Habib H Jabali
WlliamF Kern
Jeanne Eve Melvin

FLORI DA BETA, Florida State University

CGary L Al derman
WIiTiamWalton Alfred
Wyne Curtis Barksdale
John M Bow i ng
Charles M Bundrick
Tanya A Connor
WIliam R. Crowson

Leila E Donahue
Martin J. Fischer
Mary Ellen Gaston
Charles W Jernigan
Dougl as Jul i an Jones
Robert E Lorraine
Mary Loui se M ner

FLORI DA EPSILON, University of South Florida

LaRay E GCeist
Peter T. Laseau

|1 gee Mon

3EORGIA ALPHA, University of Georgia

Susan Ceral d

John P Hol nes

CGEORG A BETA, Ceorgia Institute of Technol ogy

E. H. Brownlee
D. N Davis

Ruth Brady
Ronal d 3. Dal e
Roberta S Hager

ILLINO' S DELTA, Southern

Johnny M_ Brown
John r. Crede

Aalt D. Daltonstraat
John R, Graef

R. E Einziger
J. T GIlI

Janice E. Hunter
Edwin H Kaufman, Jr.
Marie S Ludmar

Il1inois University

Melvin p. Hall
Robert Kohn
James L Mazander
Abr aham Mazl i ach

ILLINO S GAMVA, DePaul University

Gerhard Perschke

INDIANNA BETA, |ndiana University

Anne Marie Hocker

I NDI ANA DELTA, Indiana State University

Phillip W Bogan
Bi |l Fisher

Ms. Charles Flory
Julia Hamilton
Nor bert Johnson

Davi d Keusch
Janes R. Mayrose
Ronal d L Melbert
Goria Kay Norton
Ceral d Pearson

W liam Frank Page
Ceof frey L. Robb
Vaughn D. Rockney, Jr.

John A More

Dani el J. Mundrick
Sam s. Narki nsky
Brian R. 0'Callaghan
Susan E_ Richardson
Kermit Rose

Thomas G Parish

p. FE Jackson
W. G. Kelley

WlliamP. Mech
Edward B. Nof fsinger
Balram S. Rajput

Rodney R. O dehoeft
Jane Pi nkst af f
Lawence E Prichard
CGeorge Richards

John Robert Rhoades
Judith Ann Sharpe
Cerald Slack
Artemese E Snmith
Bar bara Spangl e
Mnnie M Tashi ma
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Juan Luis Sanchez
Kenneth M Sinon

Richard W Ross
Yai chi Shi nohar a
Ilko P._ Shul han )
James Richard Snotryeki
Bennett M. Stern

Lee WIlianms

Harriet C Seligsohn

J. O Scardina
J. H. Schummers
Y. 8., Yen

St ephen M. Tayl or
Constance L Thonpson
WlliamL Young

Dale G. Roedi
Richard R. Setzekorn
M chel B. Sanmokhi ne
Qoria E Thurston

Larry Tredway

Jim Trenper

Tommy Tonl i nson
Emmitt Tyler

Lee Vercoe .
Tinothy D. Voorhies
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| NDI ANA GAMVA, Rose Polgtechnic Institute
LOUI SIANA GAMMA, Tul ane University

Dade H Badtk:e Earl E. Creeknore Alan F Hoskin Thomas George Schul tz
Herbert R. Bailey Charles H Divine Robert E Janes Gholam Ali Semsarzade’ El i zabeth Ford Mary Ann Lemle: Brenda M. Robinson
Karl W Beeson Randal | E Drew Gary Roy Johnson CGeorge R. Scherfick “]Eegryﬁiklegand Kennet h Goldberg Jongt han x,eviny Christine Robinson
John D. Borst M chael J. Hanley Terrence M. Joyce Robert W Wal den Jessi ca Aucoin R chard J. Gonzalez Paul E Livaudais M chael P Ssaizan
WIlliam R. Brown G Felda Hardynon W/ liam p. Schindel Russel| A zimmerman Claudia G Avner Charles E Gow william McCue, Jr. Ross Serold
Don Barrvs Eat rici angeene Col Ki ndGC Ngmod, Jr. ge:ilglr SeSII-\ngeS\rmn
i i Bruce Bagule rances es char enney

| OMA ALPHA, lowa State University Vayne 5:?,“ L Thomas W. %imbrell Stots B. Reele ‘]Rayn})nd L 1W;I ker

: q K1i! Ni col a Ricciuti ocel yn Weinberg
Sudhir Aggarwal Dean E Harvey David P. Meyer David W Porter E;?{“y( g;rgg:r;e;nan éﬁ{gPyn KSE‘,':‘::, Roslyn B. Robert John C y Woodward
Robert F. Baur Gregory E Hutchinson Alan pD. MlTler James A Schuttinga Ms. Joan copping James M. Laborde
Robert E Bonnewel | Dean O. Keppy Loren K Mller Al bert b. Sherick )
M chael M Burns Thomas B. Leffler M chael G Milligan El ai ne B. Vance
Janes F. Frahm Steven R. LeMett Eugene J. Mck Harol d R. Warner, Jr.
David M Gustafson Jerry Malone Judi th K Noordsy Dennis A Wtts SeliGlaa e O Ee HE Gl G
John s. Hartman Roy MeLuen Mary s. Pickett James L. Wo Terry Franks Theodore Laftin Genn J. Rejean Ronal d Shirley

Peter Leathard
KANSAS ALPHA, University of Kansas
LOUI SI ANA ZETA, University of Southwestern Louisiana

éhll e? Leon Anbl er \'ngse %u hCha\ arrﬁ Martin R, Holmer Sue Meredith
ar|l es J. Bangert ry Rut urc Lee Martin Hubbell Jeff s. Nichols . Ray Coneau, Jr. Linda A Loo Matt hew D, Peffarkorn
Martin R. Bebb Barbara Ann Crow Joseph R. Jacobs Kat hi e Phillips r&cgﬁglz;eAW aﬁlx-lrgg R Cooper g Anne B. Mcca:\pbell Janes J. Phillips
David L Bitters Jerald P. Dauer David A Kikel Richard E Suweet Lewis E Batson Robert W. Hamm ' Ceci| H. McGregor Gospard T. Rizzuto
Sara Ann Bl Janes W, Frane Kurt L Krey M chael C_ Rasnussen John C  Bel | ossie J. Huval Robert E. Mooney Constance D. Watler
Paul W. Boc Ned G bben Donal d E Kruse Louis A _Tal man Grace A Bl anchard Rose M. Lillie John C Peck
John W Boushka Edward ¢! Gordon Maria Y. C Liu Emil G. Trott, Jr.
Ronal d R. Brown Danille L Harder Judi th Magnuson Roger K Al exander
M chael Sterling Cann John D. Harris Dave Mcclain MAI NE ALPHA, University of Maine
) . Karen Kristine Anderson  Stephen Eric Godsoe Martha Ann Parr Madeline C Soucie
KANSAS BETA, Kansas State University Barry M chael Begamny Gary Leroy Goss Joanna 5. perry william L Soule, Jr.
Mary~ Ann _Car son Jane Rachelle Huard St ephen M. Perry William Franklin Stearn
John H. Brand II R. Phillip DuBois Davi d D. Kreuger Rose K Shaw Dorothy Rose Dobbi ns Thomas Peter Hussey Carl Henry Rasmussen Wl fred Paul Turgeon
Anna_Bruce Joseph Arimja El ukpo Raj a Nassar Darrol H Timmons G ayton W. Dodge Thomas Childs Jane Sandra Joyce Rogers Hel en P Whitten
Patricia A Buchan Gary D. Gabriel son Marvin C Papenfuss Jerry D. \theel er Meriel F  Duckett Carroll E Merrill effrey Cole Runnels Janet Marie Viger
John (Chang-Ho) Chu John David Hartman Thomas K Pl ant M cha Yadin Saily Ann Emery Vvan Mourdian ?’ anyer Clover Jane Wllett
Terry J. Dahlquist Y. O. Koh Ranjit S. Sabharwal Shel enyahu Zacks Elizabeth D. Giusani
Arthur Dale Dayton Loui s D. Kottmann °
LOUI SI ANA ALPHA, Louisiana State University Lt (LD et CANCEIB 7 C A IIET
ANNR ’ Butrus G Basryaji Paul G lbert O enmens Gai| Laura Lage Ral ph P. Pass III
Wlliam F Beyer Judy M. Dyson Jimmie J. McKim Gail . Rusoff John Gerald Belt Robert L Epstein Rosel yn Lowenbach Tergi Sue Pierce
Thomas C Blesch Morgan C Eiland WIliam H. McMillian Florence M Sistrunk Anne Bernstein Ellen J. Feinglass Alan M Mat hau Rhoda Shaller
David M Bock Daniel J. Fourrier Stuart E Mlls Ray C. shipley W1 liam Edward Caswel | Marianne T. Hill ohn Wyne Mbligo . Sue El |en, Stiefel
Joan J. Capana Patricia A Fults Ronald H Oetting Edwin A Snith Gary Robert Catzva Paul Don Yong Hong ruce 1t.more ar ki nson Naricy f
Robert P Cifreo Charles R. Guin Paul |. Pedroso Carol sessums Bryant Stewart Centofanti Fred Jacobson
Mat t hew B. Collins Andr ew J. Hlargooa James E Phillips Harold 3. Toups
Howalrd 8. Davis Eacl w. Home Carlton W Pruden Ernestine Watson
Stanley J. DeMoss Floye 0. Howard Owen D, Roberts Ronnie E Zammit i i
Charles N Dyer Thomas V. McCauley Keith N Roussel MASSACHUSETTS ALPHA, Wocester Pol ytechnic Institute
George M. Banks i ytne NHalFabricius A&ndre&v ﬁntht]).ny Lels(ick Ri ch%rdsArthHr Snay
i i Ceorge R. Bazinet er ton Gunter Olszews Leo T. Sprecher
LOUI SI ANA BETA, Southern University Wrren Bentley Mar k Hubel bank M chael R. Paige John P. van Alstyne
Janes Altemus Isiah Myore Dan V. Snedecor Arthur Turnar John F. Cyranski Ronald B Jadoin
Janes Handy Kathleen Morris
MASSACHUSETTS BETA, Col | ege of the Holy Cross
PO RO I o he=stenptouisiianapealiieoe Daniel G Dewey Vincent O. McBrian Patrick Shanahan
Jﬁdith Ann Al ston Pﬁarl Ja Gebauer Sandra Kay Morere David Edward Thonas
Thomas Lynn Dieterich Shar on aire Hein Naomi Barbara Richardson Harvey L. Yarborough
James Russel | Dupuy Karen Raye Kistrup Donna L Schilling g E M NNESOTA ALPHA,  Carleton Col | ege
Bruce L. Anderson Ral ph W_Carr John W Gage Eric s. Janus

David R. Barstow Janice C arke Jeffrey H Hoel Frank M Markel
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J. Paul Marks
Thomas L. Moore

Stephen R. Savitzky
Edward F. Schlenk

MINNESOTA BETA, College of St. Catherine

John R. Chuchel

sr. Cecily Debelak

MISSOURI ALPHA, University of Missouri

Rose Marie Ahee
Trudie Akers
Bonita J. Allgeyer
Manouchehr Assadi
Paul w. Barker

Stephen Baudendistil

Jane Brightwell
Chi Keng Chen

Javad Sirus Chitsaz

Sally Clayton
John A Criscuolo
Phillip Embree
Max Engelhardt

MISSOURI GAMMA, St.
Theodore €. Appelbaum

J. Frank Armijo
Lynn M. Bartels
Mary G Barton
Yvonne Bauer

Sister M. Luke Bauman

David N. Becker
Sandra Bellon

Peter C. Bishop
James P. Boyer
Aurelia Brennan
Axel F. Brisken

Catherine P. Browman

Kathryn A Cross
Dela Jean Doerr
Mary Donnelly
Thomas J. Douglas
Robert J. Dufford
Jeanne Edwards
Dennis M. Elking

Ronald D. Eulinger
Ed W. Gray

Robert B. Griffiths
Leland R. Hensley
Robert A Harris
James R. Houx. Jr.
Henry B. lvy, Jr.

Christopher W. Jones

John E Jones

Harvey L. Johnston, Jr.

Franklin Kahl
Larry Livengood
Larry J. Logan

Louis University

Francine Endicott
Eugene A Enneking

Mrs. Eugene A. Enneking

Valerie Erickson
Julia E Fusiek
Sue Ellen Goodman
John W. Green
Veronica Grob
Marjorie E Hicks
Eileen M. Hurd
Felix 0. Isibor
Thomas |verson

Anthony Karrenbrock, Jr.

William D. Keeley
Catherine Kestly
Diane Kennedy

J. Stephen Kenn

: edy
Sister M. Ronald Kozicki

Douglas J. Kuhlmann
Patricia A Laffoon

MONTANA BETA, Montana State University

Fred J. Balkovetz

Kathleen M. Brownell

Roger L. Brewer
Eugene A. Enebo

William J. Haley
John #W. Hemmer
David P. Jacobson
Karen McNeal

NEBRASKA ALFHA, University of Nebraska

Gary W. Ahlquist

Claude Bolton, Jr.
John E Boyer, Jr.
Thomas Louis Burger
Richard L. Chiburis

Thomas Wesley Copenhaver

Daniel E Crawford
Thomas B. Cunningham
Wendell Dam

Robert N. Daweon

Edwin D. Scott
Timothy 1. Wegner

Carol Opatrny

Sandra Meinershagen
Larry Metz

Elizabeth Am Miller
Edward J. 0'Dell

Ronald W. Oxenhandler

Robert W. Ramsey
Dan Rea

Jacqueline Roberts
D. M. Robinson
Walter J. Rychlewski
Husaini Saifee

Bill Sangster

Jerry Schatzer

David R, Lammlein
Thomas Madigan
Margaret A Lynn
Mary Anmn MeClintock
Joe T. McEwen
Margie McNamee
Elizabeth Anmn Meyer
Am K. Miller
Linda K. Montani
Ernest R. Moser
Robert Murdock
Katherine V. Murphy
Janet Nelson

Lawrence W. Oberhausen

Ellen O'Hara
David Pisarkiewicz
ancy C. Poe

N
Mary Louise Radersdorf

Maureen Rafter
Donna Rizzuti
Michael J. zlatic

Spencer E Minear
John B, Mueller
Judson L. Temple

Larry Dean Eldridge
Stephen Ray Gold
Larry E Groff
Linda E. Hanme
Allen Lee Harms

May G Whitaker
Barbara L. Whitten

Carol Scrivner
Larry Smarr
Robert H. Smith
John B. Spalding
Roy G. Stuerzl
Lynn Walley

Gary Walling
Thomas F. Walton
Samuel R. Weaver
Edward West
Elaine Wyett
Steven W. Yates
Greg Ziercher

James J. Ruder
Joseph E Snyder
Francis E Sehm, Jr.

Jaroslaw Sobieszczanski

Warren F. Speh

Joel J. Tannenholz
Brian C. Terncey
Nancy Anne Tlapek
Patrick L. Trammell
Lourdes Triana

Benjamin H. Ulrich, Je.

Joseph C. V.

Gayle Vincent

Robert J. Walsh
Barbara A. Waschek
John G. Weber

Marie A Werkmeister
William €. Wester
Steven R.

Mary Joan Woods
James R. Wyrsch

Edward A  Teppo
William J. Weber
Larry R. Wedel

Jean Marie Kimes
Alan Lee Larson
John S. Lehigh, Jr.
Ronald Eugene Lux
Normaen L. Meistrik

Vernon Lee Pankonin
Marvin Rowher

Donald Joe saal
Robert John Schmucker

James Louis Morley I1
Terry A. McKee
Dennis A Novacek
Donna Novotny

Dale Osborn

H&#V HAMPSHIRE ALFHA, University of Nev Hampshire
Robert G. Leavitt

Robert Ludwig
Michael A Minor

Herman J. Gitschier
Carolyn Gorski
Joan A. Kearney
Marie LaFrance

NBVADA ALFHA, University of Nevada

Michael Paul Ekstrom
William B. Jacky

Jerry lvan Blair
Douglas M. Colbart

NEV JERSEY GAMMA, Rutgers Collage of South Jersey

Orhan H. Alisbah
Jonathan C. Barroen
Robert H. Barron
Leonard N. Bidwell

Karen T. Cinkay
Jesse P. Clay

Joseph R. DeMeo
Ellen H. Fenwick

NEV MEXICO ALFHA, Nev Mexico State University

Jim Olin Howard
Michele Kravitz
David W. LeJeune

Danne E Coiling
Charles P. Downey
Bernard F. Engebos
Neal Hart

Elden H. Steeves
James Robert Stork
Janice M. Strasburg
Joel Richard swanson

Charles G. McLure
Michael C. Malcolm

George B. Phalen

Thomas H. Lambert
Erwin McPherson, Jr.

Richard M. Harris
Claire C. Jacobs
Mary T. Kondash
Leon P. Polek

David T. Lindsey
Darrel Lotz

Dennis R. Mamn

NEV MEXICO BETA, Nav Mexico Institute of Mining and Technology

Russell E Erbes

Lawrence E Fields
Frederick €. Frank
Charles D. Glazer

Lawrence Lake
Richard W. Lenning
Nicholas dJ. Nagy
Thomas A Nartker

NEV YOX ALPHA, Syrocuse University

Walter w. Carey
Thomas B. Clarke
Anthony Culmone
Peter M. Danilchick
Hai Hong Doan
Alexander J. Donadoni
Anne Leslie Drazen
Joann Faconti
Rosalind F. Friedman
Shari Frankel

Marilyn L. Freedman
Halfon N. Hamaoui
Donna L. Hirst
Wallace F. Jewell, Jr,
Frederic H. Katz
Michael Kreiger
Robert A Krell
Judith Ellen Ladwig
Alexander J. Lindsey

NEV YOXK BETA, Hunter College of The Cuny

Norbert Moelke
Diane Peshler
Shlomo Piontkowski

Dennis Callas
Rose Am Gatto
Dianne Milstein

Paul M. Perry
Robert B. Piro
Ronald b. Reynolds
Linda N. Sharp

Robert W. Lissitz
Meryll Lizan
Joseph E. Parisi
Michael R. Pike
Carolyn A Quine
Charles D. Reinsuer
Henry E Riger
John” A Roulier
John p. Schoenfeld

Linda Schiffmsn
Carol Jane Shevitz
Leopoldo Toralballa
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Paul C. Tangeman
Joseph E Tyer
Keith Willis
Reginald Lee Wyaitt

John L. Sanborn
Leon R. Tessier

Joane Wakefield

Richard Ross Oliver
Larry Anthony Rosa

Alice C. Prutzer
Frank G. Ross
Robert D. Turkelson

Elmo LaMont Palmer
Dave Peercy
Tamy V. Ragland

Surendra Singh
Henry L. Stuck
James W. Tyree, Jr.
Dennis E Williams

Steven Schulman
James Short

Peter M. Silvaggio
Richard €. Sims
Robert L. Smith
Joel M. Tendler
Richard Tuacione
Emily Willer

David G. West

Alice Whittemore
William Xanthos
Martin Zuckerman
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NEV YOXK GAMIVA Brookl)’/n College

Moshe Augenstein
Robert Chalik
Joseph Chesir

Carl cirillo
Barbara R. Comisar
Aaron Drillick
Hsrmsnn Edelstein
Martin Edelstein
Benjamin Fine

NEW YORK EPSILON, St.

Joyce P. Gurzynski

Sheldon J. Finkelstein

Allen M. Flusberg

Marilyn S. Frankenstein

David Freedman

Marc M. Friedlander
Sylvia Gelb

Sonja M. Gideon
Lois Goldstein
Seymour N. Goldstein

Lawrence University

Thomas C. Little

NEW YORK LAMBDA, Manhattan College

John Alini

biego X. Alvarez
Andrew Arenth
Richard Basener
Alfred Buonaguaro
Jerry Carey
Gerard Chingas
Frank Cioffi
David Concis

Lawrence Cox

Frank Dotzler
Joseph Femia
Alphonse Fennelly
Thomas Finn

James F. Garside
Thomas Heenan
Raymond Huntington

NEW YO NU, Nev York University

Rostom Dagazian
Frederick Fein
William Gesick

Nancy Makiesky
Richard McNulty
Melvin Melchner

NEW YO XI, Adelphi University

Pasquale Arpaia
Lynne Bensol
Richard Bentz
Dorothy Bergmann
Philip Bookman
Douglas Braz

Alan Chutsky
Penelope D'Antonio
Joseph Dunn
Bernard Eisenberg

Robert Eldi

Doris Fleishman
Geoffrey Goldbogen
Michael Gorelick
Whitni Harris
Susan Herman
James Holwell
Alan Hulsaver
Robert losue

John Kruckeberg

NEW YOXK OMICRON, Clarkson College of Technology

William Richard Franics

Harold King, Jz.

Dale Kreisler

NEV YOX RHO, St. John's University

Theresa M. Boyd
Donald R. Coscia
Sister Anne Daniel

Gerald s. Korb
Dennis J. Korchinski
John C Lumia

NEW YO 9GMA, Pratt Institute

Lawrence Adams
Gerald A Aiello
Francis Atkins

William Bell
Ray L. Bieber
Gordon Brookman

Keith Narrow

Brian Hingerty
Mayer M. Jacobovitz
Margarita Jimenez
Allen Lipman
Dennis €. Lynch
Kenneth Mandelberg
Judith R. Markowitz
Irane L. My

Robert J. Sokol

Michael A Infranco
Fred Ipavich
Christopher Kuretz
David Lee

Steven Lincks
Francis J. Martin
John Menick

Kevin M. O'Brien

Mary Shiffman
Karen Sidelmsn

Steven Levinson
Trueman MacHenry
Hubert Mador
Boris Mitrohin
Vladimir Morosoff
Steven Pflanzer
Barry Reed
Martin Rudolph
Judith Russell

Frank J. Lambiase

David J. Nolan
Diana M. Paternoster
Patricia L. Sabatelli

Jeffrey Bromberg
Frank Corredine
Rudolf Diener

Michael L. Ruchlis
Harry Rutman
Albert Schon

Ellen N. Schultz
Israee Sendrovic
Janet Spitzer
Susan L. Tirschwell
George Weinberger
Morris 2yskind

Daniel Q'Donnell
Robert E. Padian
Peter Savino
Robert Sciaffino
Vincent Sgroi
John Slowik
Victor C. Stasio
Fred Szostek

Joseph Tosto
| raj Yaghoobia

Gsspar Schweiger
Benedict Scott
Robert Silverstone
John Stevenson
Harry Strauss
Janet Tierney
Marian Weinstein
Arthur Whelan
Stuart Wiitamak

Phillip Wwashburn

Beatrice J. Sette
Cristiano Steidler
Marty Triola

Mary Ellien
William Erny
Stanley Finger

Richard Freedman
Peter M. Gabriele
Dennis J. Holovach
Frank James Jordan
John Kiely

NCRIH CARCLINA ALFHA, Duke

Ware Botsford

Don W. Brown
Marshall Checket
Jack Davis

Peggy Erlanger
Katharine K. Flory
Harvey S. Gotts
Thomas A Harris
Corinna Head

Masako Kitatani
Drew Koschek
John Majewski
Fred Mallen
David Matos

University

Michael D. Holloway
Jeff Kay

Freddy Knape
Cheryl Kohl

Robert Lees

Cathy Losey

Dennis H. Matthias
Linda McKissack

James Markowsky
Norman Pearl
Steven Pincus
Michael Potter
Philip Rossomando

Grady Miller
Martha Moore
Gwynne Orm8by
Pat palmer
Lucy Roberts
Jerome Saks
Richard Scott
Leslie Stanford

NCORTH CAROLINA GAMMA, North Carolina State University

Joby M. Anthony
James A Blalock
Gary M. Brady
Dinnis L. Carroll

NORIH DAKOIA ALFHA, North Dakota State University

Patricia M. Beauchamp

Curtis R. Bring
Charles L. Comstock
Kenneth L. Daniels
Kenneth M. Ehley
Edward D. Elgethun
Edward D. Eustice
Wayne W. Fercho
Doris M. Fisher
Charles R. Friese
Betty L. Frigen
Vernon L. Gallagher
Carol J. Gellner

Ted R. Clem

Michael L. Kelly
Richard P. Kitson
James D. McAdams

Max 0. Gerling
Jeanne M. Glasoe
Dale J. Haaland
Richard 6. Haedt
william R. Haugen
Amelia R. Hoffman
David L. Hoffman
Martin 0. Holoien
Lynn H. Jennings
Caye M. Johnson
Clar Rene Johnson
Jerrel W. Johnson
Keith W. Johnson

OHIO BETA, Ohio Weslayan University

Stephen D. Clements
Barbara S. bs
Marjorie E Ferster
William N. Grunow

Marjorie J. Ingram
James E Jewett
Gregg W. Johnson
Susan E. Jones

OHIO DELTA, Miami University

Michael F. Adolf
Candy L. Anthony
rose C. Antunes
James E. Brockhouse

Robert R. Chandler
Michael B. Dille
Linda 3. Fritz

E James Gumn

OHIO GAMMA, University of Toledo

William Victor Backensto

Richard €. Bell
Donna Bellmaier
Roberta Boszor

Iris Elizabeth Coffman

Alan Roy Cohen

Paul Richard Collier
John Gerald Duda
James Earl Geisert
Persis Amn Giebel
James Anthony Grau
Ray A Grove

Joseph A Middleton
Tam L. Murdock
Wilbert L. Murphy

Paul L. Juell
Donald J. Lacher
Thomas J. Lien
Russell E. Long
Kenneth A Losee
Quentin D, Lundquist
Bruce C. MacDonald
Cheryl M. McDougal
Dalton D. Meske
Terrance E Nelson
Estelle R. Neuharth
Donovan M. Olson
John F. Ovrebo

Sherri-Ann Lancton
Edward McClellan
lda Eckler Pugh
Leslie A Rodgers

Dale E McCunn
Jerry L. Pittenger
Richard D. Selcer
Helen M. Smith

Lawrence Irvini Hill, Jr

Wendell C. Hul
James E. Kittle
Richard E. Knausr
Denise Amn Krauss
Martin Peter Kummer
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Robert Schular
David Silberman
Richard Straka
Mak Steiner
Robert Vetter
Cameron Woxd

Ron stafley
Ed Sullivan
Bill Taylor

Mary E Thrall
Robert S. Tremlett
William Waterfield
Charles Whits

Ken Young

Frederick Nagle
Douglas M. Tennant

William W. Wilfong, Jr

Marcia L. Parker
Westly Parker
Lyle R. Paton
Harold Paulsen

A. Allan Riveland
Carol Rudolph
Franklyn Schoenbeck
Jeff M. Siemers
Madeleine Skogen
R. Valborg Smith
Larry A. Wurdeman
Trudy A Westrick

Lev H. Walters
Susan K. Woerner

Peggy Wurzburger

Lawrence A. White
Marilyn H. Zanni

.Thomas G La Pointm
James E. Livingston
Msnikant Lodaya
Cathay M. McHenry
Lawrence E, Mlinac
fobert Pollex
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Gerald Lee Babbitt
Louise Ann Rideout

SN

Steven It. Selman

Richard N Snydar -

OHIO EPSILON, Kent State University

Roger Barnard
Susan Brakus
Michael Cleckner
Vittoria Consentino
Joel Edelman
Donald Federchek
Karen Fisher

Carol Qorrer
Linda Frye

Robert B, Good, Jr.
Jean Hannah

Susan Hay

Gary Holues
Marilyn Kirschner

OHIO ZETA, University of Dayton

Neil A Bitzenhofer
Dennis M Conti
Charles J. DeBrosse
Daniel F. Dula
Robert C. Forney
Bernard J. Galiley

Kenneth M. Herman
Mary H. Kalafus
Joseph W Keim
Naney C. Koch
Jeffrey A Linek

OHIO ETA, Cleveland State University

Douglas s. Bouck
David Cheyfitz
Ralph Gigante
Joanne Hart

H Rich‘ard Hutber
James Reed Kesssll
Phillip Kramer
David M Lawis

OHIO I0TA, Denison University

Janet Atkinson
Richard Bedient
Margaret Enke
Susan Hardy

Marilyn Knox
Stephen H Kriebel
Richard C. McBurney
Richard Harper Meeks

OKLAHOMA ALPHA, University of Oklahoma

Steve Abney
Clarence H. Best
Dale T. Bradshaw
John W Byrne
Thadeus Calinson
Lelia Chance
James Chapman
Jimmie W Choate
Mary E. Coates

Steven Doughty
J. Rodney Grisham
Gary Hensler
David Hughes
Jack Johnson
David Kay

Sidney W Kitchel
Ruth A Loyd
Cecil M. MecLaury

OKLAHOMA BETA, Oklahoma State University

James L. Alexander!
Charles M Baker
Peter Chevng

William Joseph Davis
Terry Eastham

OREGON ALPHA, University of Oregon

Michael Arcidiacono
Norman Beck

Carlos Berkovics

Robert Bohac

Thomas Tenney

Eunice Krinsky
Nancy Lyons
Ann Mallett
Richard Mathias
Myra Patterson
Theresa Recchio

Charles A. Merk
Maureen Morrison
Robert A. Nero
Edward Neuschler
Paul E. Peters

Darrel Allen Nixon
Thomas M Pechnik
Vincent T. Phillips
Gerald H. Rosen

Paul David Neidhardt
Margaret Price
Janice Shilcogk

George Mitchell
George Morrow
James S. Muldownay
David 0. Nielsson
John Norris
Joanne Patterson
Paul 11 Powell
Morris E. Rill
Thomas J. Sanders

Benny Evans
Sister Ann Mark

David S. Browder
Theodore Burrowes

Maryann Wojciechowski

Richard Shoop
Howard Silver
Karen Sloan
Barbara Swingle
Robert Wasson
Linda Weiler

Thomas Santner
James A. Schoen
Roger Steinlage
Inez Young
Barbara zimmerman

Roger sofo
Lawrence M Tausch
Keith N Ward

Bruce M Shuman

Arthur Staddon
Clair Wvichet

H. P. Sankappanavar
Gerald D. Smetzer
Tom Trevathan
Melissa Uhlenhop
Lonnie Vance

James Wantland
Harold Wiebe
Ellinor Wiest

Larry J. Yartz

Donald R. Porter
Rodney Schultz

Robert Cedergreen
Chung Hai Chang

Judy Puller
Robert S. Garnerec
Ronald Grisell
Dennis lleckman
Donald G. Hoffard
Dean Hayashida
Kuo~Cheng Hsieh
Mei-Lee Hsieh

Wei Ching Chang

Mark Christie

Jih Jiang Chyu
Elizabeth Ann Clifton
David S. Cohen
Clifford Comisky
Larry Cowan

Winston Dean

Jerry Eagle Walter E. Isler
Gordon Evans Ben J. Jones
David L. Fis Paul C. Kang

h
Harold Fitzpatrick

OREGON pETA, Oregon State University

James R. Hagan
Arthur D. Hudson
Shirley D. Hudson
Francis C. Hung
John R. Jacobson
Michael L. Johnson
John Leonard
Lewis Lum

Kenneth #. Anderson
DiaomasRM.AB eiyey

Scott A Beuvais
David G. Bennett
David A. Butler

Robert D. Erwin

James N Ilaek

OREGON GAMMA, Portland State College

Richard David Ball
James M Braun

Kent Hale Byron
Troy J. Downey

PENNSYLVANIA BETA, Bucknell University

David L. Ackermann
Frank Arentowicz, Jx.
Jeffrey C. Barnett
wWilliam B. Bertholf
George B. Brinser
Samuel E. Clopper, Jr.
Barbara D. Cloyd

Phillip R, Dantini
Sylvia A. Gardner
Thomas L. Hotslen
Judith A. Jacobson
Peter J. Johansson
Barbara A. Mattick
Vivian K. McDonough

PENNSYLVANIA DELTA, Pennsylvania State University

Richard L. Atkinson
Clifford Bastuscheck
Carl Beiswenger
John Bobick
Lawrence Dunst
George Frick

Harold W Galbraith

Barbara Gross
James Harvey

Lee Hively

Terry Ann Landers
Kenneth S. Law, Jr.
John Russell Mashey
Albert Lehman, Jr.

PENNSYLVANIA THETA, Drexel Instite of Technology

Alan Goldin
Richard E. Myers

Norman E. Auspitz
Frank Gamblin

John P. Keating
Gary Kolstoe
Bruce Link

Eugene C. McKay
Sister Andrea Nenzel
William Peterson
James Phillips
Gerald Saunders
Jonathan Stafford
Evan Simmons
Robert #. Tarr

Michael McDonald
Sue Ann McGraw
Byran F. MacPherson
Carol G. Mauratt
Danny M Nessett
Marshall E. Noel
Steven F. Rafoth
Alan T. Richards

Loren P. Hotchkiass
Larry G. Meyer

James R. McSkimin
Louis J. Moraytis
Brian R. Mund

Ned W Polan
Jeffrey B. Press
Allan J. Reichenbach

Kathy Sue Meyer
Douglas D. Nagy
Ronald Lloyd Nave
William G. Parsons
Dianne Faye Quigg
Marilyn E. Reed
Harry R. Scholz

David P. Peters
Richard E. Russel

31§

Way@e Tengks

Gregory Tye

James R. Tye
Ronald Wagoner
Milton Wannier
Judith E. Weinberq
Nick Wengreniuk
Leslie Wilson
James Yu

Barbara Zeller

Larry W Sasser
Harvey W Schubothe
Carole Anne Settles
Marbaret E. Shay
Marion M Stalnaker
Mary J. Taylor

Neil H. Tokerud
Susan M. Woerndle

Joyce Schlieter

Stephen W. Riddell
David A. Robbins
Robert G. Simons
Christopher Schell
Robert Taylor
Mark Torrence

Nelson L. Seaman
Franklin P. Shulock
Ted Sims

Allan K Swett
Dennis Torretti
Sandra M., Zeiler

Judith E. Sisson
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FENNSYLVANIE IOTA, Villanova University

Murray Adelman
Emil Amelotti
Nicholas P. Augelli
Robert E Beck
Joseph E. Brennan
James 0. Brooks
Leo P. Comerford
John F. D'Arcy

Richard A Derrig
Robert DeVos
William H. DeLone
Thomas Dougherty
Armand |nnocenzi
Richard L. Irvine
Shelley M. Kan
Michael Makynen

RHIE IS AND ALFHA, University of Rhode Island

Herbert P. Adams
Harry Aharonian, Jr.
Grace Am Beinert
Sandra Am Campo
Judith Anne Carroll
Carole Carlsten

Joyce Davidson
Ubiratan D'Ambrosio
Leo A Dextradeur
Normen J. Finizio
Cheryl Anne Gerry
Dennis M. Haggerty

RHODE IS AND BETA, Rhode Island College

Clancy P. Asselin
Bryan L. Barnes
Judith A Bruno
Katherine J. Camara
Joyce Collins

Frank B. Correia
Michael DiBattista
Julie A Fidrych
Edward T. Ford

SUTH CARCLINA ALPHA, University of South Carolina

Celia Lane Adair
Ronald E Bowers
Willys Brotherton
Alpheus Burner
William Burns
Linda M. Chatham
Dean Fabrick
Dugenia Felkel

Francis P. Ford
Edmund B. Gamea
Vamord Guernon
Henry P. Guillotte
Ronald Hamill
Nancy L. Humes
William E lde
David Lancaster
Marie L. LaPrade

David J. Frontz
Robart L. Hart
Peter D. Hoffmann
Della Hicks

Michael D. Hymen
William S. Jacobs
Eileen B. Kilpatrick

SUTH DAKOIA ALFHA, University of South Dakota

Joan Dawn Anderson
Larry M. Bartz
Donald Ray Benz
Mary Grace Birgen
Edward W. Bohlman
Judy Kay Brouwer
Maurice Don Cady
Judy D. DeGarlais

Alyn N. Dull

Faryl Foster

James F. Fox

John Hall

Cheryl Marie Hone
Cynthia Amn Jensen
Stephen E Jones
William J. Kabeisman

TENNESSEE ALFHA, Memphis State University

Gail D. Clement
Carolyn A. Cothran
Ada J. Culbreath
Betty L.

Ronald L. Foster
Dorothy A. Heidbrink
James D. Holder
Jerry A Matthews

Walter H. Marter
Robert J. McDevitt
Joseph R. McEnerney
Francisco Migliore
Michael J. Mruz
Lawrence Muth
Joseph Perfette
Leon C. Robbins, Jr.

Constance A Magner
Susan Nadeau

Gregory P. Niedzwecki
Richard W. Palczynski
Alicia Parente
Phyllis A Pella

George A Lozy
Raynor Marsland, Jr.
Am Maynard
Kathleen 4. McLee
Katherine M. Morgan
John Nazarian
Patrick J. O'Regan
Constance Pasch

Ada D. Kirkman

Gary D. LaBruyere
Alonzo Layton

0. William Lever
Cynthia S. Lytle
Lorrin F. Martin
Gerald H. Morton

Sally Sai Gan Lau
Mary Agnes Lundburq
Kathleen E McMinemee
Roy F. Myers

Jung Ja Park

Moma Redmond

Elaine Rietz

Ronald L. MeCalla
Henry H. Nabors
John L. Pell

Ben F. Prewitt

Lucien R.

August A. Sardinas
Robert L. Smith
David Sprows
Joseph A Strada
James Vincenzo
John E 2urad

John Francis Ryan
Lynne Helen Stewart
Sally Taylor

M. L. Verrecchia
Robert A Wilkinson
Doris E Wise

Linda L. Read
Mariano Rodrigues
Arthur F. Smith
Elaine Sobodacha
Robert Steward
Thomas H. Sullivan
Gertrude M. Tessier
Phillip M. Whitman

Paul H. Pinson
Virginia Am Reeves
Betty Ann Shannon
John H. Sigler
Edith Smoak

John J. Smoak, Jr.
Philip Stowell

Shirley Jean Schempp
Gary Clinton Stamann
Alan Thorson

Thomas Tucker

David Vlasak

Gerald Winckler
Virginia Mae Witt

Charles E Stavely
Nancy C. Tice

TEXAS ALFHA, Texas Christian University

Benjamin M. Adams
Hull Belmore
Lillas K. Berzsenyi

Ray Joel Chandler
J. Chandler

Roy r
Charlotte E Dickerson

TEXAS BETA, Lamar State College of Technology

John S. Bagby
Georgia A. Farr

UAH ALAHA, University of

Robert Lee Askew
George Cleo Barton
Shirl M. Breitling
Lorin W. Brown

A Earl Catmull
Gary James Clark
Eva A. CrangYe
Gerald L. Despain
Sharon Lee Doran

Muriel B. Huckaby
May Am F. Mathews

Utah

Thompson E Fehr
Robert M. Flegal
Richard w. Fuller
Robert Gordon
Neils H. Hansen
Joseph H. Harris
Paul W. Heaton
Kenneth E Hooton
Wayne R. Jones

UTAH BETA, Utah State University

W Ming Chen

Robert Michael Harris

Dale M. Rasmuson

VIRGINIA BETA, Virginia Polytechnic Institute

Margie C. Clevinger
John A Cornell
Daniel Denby

Ralph Curtis Epperly
Samuel V. Givens

Steve J. Lahoda

Gene Lowrimore
William T. MeClelland
Jerry Moore

Glenda Gayle Pace

WASHNGICON BETA, University of Washington

Alan Aronson
Sandra Burroughs
Peter W. Cole
Gael A Curry
Bradley ¢. Fowler
Patricia J. Gale

WASHNGTON GAVVA = Seattle

William Alan Ayres

WEST VIRGINIA ALFHA, West

Robert Allen
John Atkins
Sally Beile
Donald Beken
Larry Brumbaugh
Joseph Cartisano
Richard Cerullo
Charles Cochran

Glenn Goodrich
Clifford G Hale
Ronald L. Hebron
Merrilee K. Helmers
Sidney L. Hendrickson
Ken R. Hinkleman

University

Gail Marie Harris

Virginia University

Barbara Conaway
James Cottrill
Alyson Crogan

A B. Cunningham
Sara Debolt

Paul Deskevich
Joy B. Easton
Roger Flora

Jeanne M. Ericson
Russell Floyd
James Fugate
Steven D. Hitt

Wanda L. Savage

Michael Dennis Julian
William €. King

John P. Larb

Roger G. Larson
Marilyn Kay Latham
Barbara Jean Laucher
N. Wayne Lauritzen
David Payne
Alexander Peyerimhoff

Frank Wang

Marion R. Reynolds, Jr.
John Rogers

Robert Snider

George T. Vance

Gary R. Houlahan
Paul Joppa
Janet Lamberg
Susan McbDougall
Heidi J. Madden
Gary F. Martin

May Am Hindery

Celesta J. Gardner
Margaret H. Garlow
Henry W. Gould
William K. Hale
Kathryn Heller
James B. Hickman
Franz X Hiergeist
John w. Hogan

?

Nazem M. Marrach
Charles W. Mastin
Donald F. Reynolds
H. Edward Stone

Johnny D. Walker

Walter Reid

Robert J. Rich

Don K. Richards
George W, Shell
David A Simpson
Glen Kerr Tolman
Allen L. Tuft
Sheldon F. Whitaker
William A Williams

Ka Tak Wag

Carlton R. Wine
John A. Wixson
Thomas Woteki
Mary Sue Y ounger

George J. Nett
Arthur Pearson
Charles J. Schleqel
Michael D. Smeltzer
Richard Waggoner

Michael G. Severance

Florence Hunter
James M. Handlan
Margaret Kirtley
John Klemm
Tze-fen Li

Stephen Lipscomb
Brenda McFrederick
Betty L. Miller




318

' Dawn R. Shel key

' John S Skocik
Joseph K Stewart
WIIiam Stewart

David Moran
Wlliam C Nordai
I. D. Peters
John Perrine

Sanmuel Swal | ow
Ronal d Tomaschko
Ann Trunp

Ronal d Vento

M. L. Vest

Ronal d virden
Dorothy Watt
Stanl ey Wearden

Deborah seltz Mary Squire

W SCONSIN ALPHA, Marquette University

Lynn Reppa Peter Stockl | ausen

Kat hl een McElligott
Anthea Smith

Sharon Parrot

Jon Davis
Ronal d Jodat

NEW CHAPTERS OF PI_MJ EPSI LON
——————————

ALABAVA GAMVA Prof. W|lliam Peeples, Jr.,, Dept of Math, Sanford
125- 1967 Uni versity, Birmngham 35209

CALI FORNI A ETA Prof. L FE Klesinki, Dept of Mth.,
129- 1967 of Santa Cara, Santa Ol ara 95053

MASSACHUSETTS BETA Prof. Daniel G. Dewey, Dept of Math, Collage of the
122- 1967 Holy Cross. Worcester 01610

NEW JERSEY GAMVA Prof. Claire C Jacobs, Dept of Math, Rutgers Col | eqe
131- 1967 of South Jersey, camden 08102

NEW MEXI CO BETA Prof. Merry M Lomanitz, Dept of Math, New Mexico
124- 1967 Inst. of ning & Technol ogy, Socorro 97801

NEW YORK SI GVA Prof. A B. Finkelstein, Dept of Math, Pratt Institute
132- 1967 of Brooklyn, Brooklyn 11205

NORTH DAKOTA ALPHA Prof. Martin O Hol oi en, Dept of Math, North Dakota
127- 1967 State University, Pargo 58102

PENNSYLVANI A | OTA Prof. James O. Brooks, Dept of Math, Villanova
130- 1967 University, Villanova 19085

The University

RHODE | SLAND BETA Dr. Frank B. Correia, Dept of Math, Rhode Island
128- 1967 State Col | ege, Providence 02908

TENNESSEE ALPHA Prof. Henry L. Reeves, Dept of Math, Menphis State
126- 1967 Uni versity, Menphis 38111

VEST VIRG N A ALPHA R - Vrdin
123-1967 B Erape, X \Blesaeias. Bepk © . weat Virginia

BACK | SSUES AVAI LABLE
Because of special reprinting, ALL back issues of the Pi

Mu Epsilon Journal are now available. This is your chance
to conplete your set.
VOLUME |,

ndex
ndex

VOLUME 2, NUMBERS 1 - 10
VOLUME 3, NUMBERS 1 - 10
VOLUME 4, Nunbers 1 = 7 (conplete)

conpl ete
conpl ete

NUMBERS 1 = 10 %conpl ete§ + | ndex
+ |
+ |

PRICE:. fifty cents (50¢) each issue; indexes are free.

SEND REQUESTS PEE-PAID TQ  Pi M Epsilon Journal
Depar t ment of Mat hematics
The University of Okl ahoma
Nor man Okl ahoma 73069






