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"Sos i c ra t e s  s a y s  t h a t  P i t t a c u s ,  
a f t e r  c u t t i n p  o f f  a smal l  fragment,  
dec l a red  t h a t  t h e  h a l f  was niore t han  
t h e  whole ."i: 

Dioeenes L a e r t i u s ,  P i t t a c u s ,  75. 

Ten paedeusin cae  t a  nathemat ica  epispeudein:  t o  i romote  scho la r-  
s h i p  and mathematics.  

1. Ten: feminine tender, s i n g u l a r  number, a c c u s a t i v e  ( o b j e c t i v e )  
c a s e  o f d e f i n i t e ,  o r  p r e p o s i t i v e ,  a r t i c l e  &, he, to: t h e .  

In  h i s  D e f i n i t i o n s ,  Y I V ,  1-6, Hero of Alexandria w r i t e s :  " In  pre-  
s e n t i n g  t o  you a s  b r i e f l y  a s  p o s s i b l e ,  0 most i l l u s t r i o u s  Dionysius, an 
o u t l i n e  of b a s i c  t e c h n i c a l  terms i n  geometry, I w i l l  t a k e  a s  t h e  s t a r t i n g  
p o i n t ,  and w i l l  base , the e n t i r e  o r g a n i z a t i o n  on, the t e a c h i n g o f  Euc l id ,  
t h e  au tho r  o f  ~ l e m e n t r d e a l i n ~  wi th  t h e o r e t i c a l  geometry" ( s e e  Panos 
3. Bardis ,  "~e-~a Vinci  of Ancient Alexandr ia :  His Aeolosphaera 
and Other Invent ions ,"  School Science and Mathematics,  June 1965, pp. 
535-5142). 

2. Paedeusin: feminine gender ,  s i n g u l a r  number, a c c u s a t i v e  case  of 
noun paedeusis :  c u l t u r e ,  educa t ion ,  educa t iona l  system, i n s t r u c t i o n ,  
l e a r n i n g ,  s c h o l a r s h i p ,  t r a i n i n g .  

P l a t o  s t a t e s  t h a t  "an e x c e l l e n t  breedinc  and educat ion,  i f  emphasized 
c o n s t a n t l y ,  gene ra t e s  good na tu re s  i n  t h e  p o l i t y"  (Republ ic ,  b2lla). 

From paes: c h i l d .  

King Nostor,  t h e  m i l i t a r y  f e n i u s  and ga r ru lous  Methuselah of Pylos ,  
s a i d  t o  King Diomedes of Argos, i h e  second g r e a t e s t  Greek hero- - - af ter  
Achilles---durinp "ie Trojan War: "Besides, you a r e  s o  younp, you could 
even be my e, my youngest born" (Homer, I l i a d ,  I X ,  57-58]. 

Engl ish  words: pedagog, pedagogy ( c h i l d  l ead in? ) ,  p e d i a t r i c i a n ,  
~ e d i a t r i c s  ( c h i l d  medicine) .  pedobaptism, p e d o c e p h a l i c  pedogenesis  
( in t roduced by Von Baer i n  1828). pedology, pedo"orphism, and many 
o t h e r s .  

3. z: conjunct ion:  and. Also t r a n s l i t e r a t e d  5, 
I n  E u c l i d ' s  Elements. XIII, Scholium 1. we r ead  t h e  fol lowing regard-  

ing Theaete tus  (415-369 0 .  C.  ), t h e  Athenian as t ronomer ,  mathematician, 
phi losopher ,  and one of t h e  p u p i l s  of Soc ra t e s :  " In  t h i s  book, namely, 
t h e  1 3 t h ,  a r e  desc r ibed  t h e  so- ca l l ed  f i v e  P l a t o n i c  s o l i d s ,  which, 



ON NOT SEEING THROUGH THE FOREST FOR THE TREES 

P r o f .  D a v i d  C. K a y ,  T h e  U n i v e r s i t y  of O k l a h o m a  
( T a l k  p r e s e n t e d  t o  t h e  O k l a h o m a  A l p h a  c h a p t e r )  

however, a r e  not  h i s ,  bu t  t h r e e  o f  t h e  aforementioned f i v e  s o l i d s  a r e  
of t h e  Pythagoreans, t h a t  is, t h e  cube & t h e  pyramid & t h e  dodecahedron, 
t h e  octahedron & t h e  icosahedron being of Theaete tus ."  

Engl ish  word: t r i aka idekaphob ia  ( f e a r  o f  t h e  number 13 ) .  

I n  a moment I am going t o  acqua in t  you wi th  a problem which w i l l  
l e a d  u s  q u i t e  n a t u r a l l y  i n t o  two d i f f e r e n t  f i e l d s  o f  mathematics---- 
Minkowski geometry, and number theo ry .  It is a n  extremely e n t e r t a i n i n g  
problem, and it may a c t u a l l y  have an  a p p l i c a t i o n  o u t s i d e  mathematics 
which r e n d e r s  it p a r t i c u l a r l y  heart-warming. The problem is i n  t h e  
form o f  two ques t ions ,  t h e  second of which makes sense  on ly  i f  t h e  f i r s t  
has  a "No" answer. 

4.  Ta: n e u t e r  gender ,  p l u r a l  number, a c c u s a t i v e  c a s e  o f  d e f i n i t e  
a r t  i c z  ho, he, to: t h e .  

The famous C a t t l e  Problem o f  Archimedes ( ? I .  which t h e  noted inven to r  
and mathematicran of Syracuse solved i n  epigrams and s e n t  t o  t h e  mathema- 
t i c i a n s  of Alexandr ia  i n  a l e t t e r  t o  E ra tos thenes ,  c l o s e s  wi th  t h e s e  
f o u r  l i n e s :  "0 s t r a n g e r ,  i f  you f i n d  o u t  t h e s e  t h i n g s  and add them up 
i n  your mind, g i v i n g  a l l  t h e  r e l a t i o n s  among t h e s e  q u a n t i t i e s ,  you w i l l  
d e p a r t  g l o r i o u s l y  and v i c t o r i o u s l y ,  knowing t h a t  you have been adjudged 
g r e a t  i n  t h i s  kind o f  wisdom." 

Consider  t h e  xy-plane and t h e  s e t  o f  a l l  l a t t i c e  p o i n t s ,  p o i n t s  
o f  t h e  form (m,n) where m and n a r e  i n t e g e r s .  Now imagine an  i n f i n i t e  
f o r e s t  whose t r e e s  a l l  have t h e  same r a d i u s ,  s a y  r ,  and cen te red  a t  t h e  
l a t t i c e  p o i n t s  (m,n). Now I f e l l  t h e  t r e e  a t  (0,O) and s t and  on t h e  
stump. The ques t ion  is, can I s e e  through t h e  f o r e s t ?  Geometr ical ly  
o f  cou r se ,  I am ask ing  whether I can pas s  a l i n e  through (0,1) which 
does  no t  t ouch  any c i r c l e  cen te red  a t  a l a t t i c e  p o i n t  and having r a d i u s  r 

5. Mathematica: n e u t e r  gender ,  p l u r a l  number, a c c u s a t i v e  case  of 
a d j e c t i v e  mathematicus: fond of l e a r n i n g ,  mathemat ical .  

Mathematice epis teme:  mathemat ical  s c i ence .  

I have prepared a l i t t l e  ske t ch  o f  t h e  s i t u a t i o n  f o r  r = 1/10 which 
I ' l l  l e t  you see .  Now i f  we examine t h e  problem c a r e f u l l y  f o r  t h i s  
c a s e  we observe s e v e r a l  s imp l i fy ing  p r i n c i p l e s .  One is t h a t  a s  I r o t a t e  
about  t h e  o r i g i n  seeking a l i n e  of v i s i o n  o u t  o f  t h e  f o r e s t ,  it i s  not  
r e a l l y  neces sa ry  t o  cons ide r  a l l  d i r e c t i o n s .  I f  I merely  answer t h e  
ques t ion  f o r  t h e  r a y s  whose a n g l e s  w i th  t h e  x- axis  r ange  from 0 t o  
n/4 ,  I w i l l  be a b l e  t o  app ly  t h a t  answer t o  a l l  t h e  o t h e r  remaining 
s e c t o r s ,  s i n c e  t h e  s e c t o r  o f  r a y s  from n/4 t o  n/2  c o n t a i n s  t h e  r e f l e c t e d  
image i n  t h e  l i n e  y = x o f  t h a t  conta ined by t h e  s e c t o r  from 0 t o  n/4. 
It is t h e n  obvious  t h a t ,  having answered t h e  ques t ion  f o r  t h e  f i r s t  

I n  t h e  Nicomachean E t h i c s ,  A r i s t o t l e  a s s e r t s  t h a t ,  " As  f a r  a s  con- 
duc t  is concerned,  t h e  b a s i c  p r i n c i p l e  co inc ides  with t h e  pursued g o a l ,  
which is analogous t o  t h e  hypotheses  (here  t h e  phi losopher  means prop- 
s i t i o n 9  o f  mathematics" (VII ,  v i i i ,  17-18). 

From manthanein: t o  comprehend, t o  know, t o  l e a r n ,  t o  pe rce ive .  

Mathema: knowledge, something l ea rned ,  l e s son ,  s c i ence .  Also, 
mathemat ical  s c i ence ,  e s p e c i a l l y ,  a r i t h m e t i c ,  astronomy, geometry 
( s e e  Panos D. Ba rd i s ,  "Symmentrical Consonance o f  Play,  Rhythm, and 
Harmony: An Essay on P l a t o ' s  Mathematics,"School Science and Mathematics, 
January 1963, pp. 52-67). 

Engl ish  words: mathemat ical ,  mathematician, mathematics,  polymath, 
and s o  f o r t h .  

6. Epispeudein: i n f i n i t i v e  o f  v e r b  epispeudo: I has t en  onward, 
I promote, I urge on. 

From + a n d  y e u d e i n .  

.. a .  E&: p r e p o s i t i o n :  by, on, ove r ,  upon, and t h e  l i k e .  

I n  d e a l i n g  wi th  t h e  Pythagorean theorem, Eucl id  r e f e r s  t o  two of t h e  
l i n e s  o f  t h e  c e l e b r a t e d  "windmill" f i g u r e  wi th  t h e s e  words: "two s t r a i g h t  
l i n e s ,  namely, AG, AE, no t  l y i n g  on t h e  same s i d e ,  make t h e  ad jacen t  
ang le s  equa l  t o  two r i g h t  onesf9  E l e m e n t s ,  I ,  47).  

Eng l i sh  words: e p i b l a s t ,  ep i ca lyx ,  ep i can thus ,  epicardium,  ep icene ,  
e p i c e n t e r ,  e p i c r i s i s ,  epidemic, epidermis  epididymis ,  and myriad o t h e r s .  
In  mathematics: e p i c y c l o i d ,  e p i t r o c h o i d ,  e p i t r o c h o i d a l ,  and many more. 

b.  Speudein: i n f i n i t i v e  o f  v e r b  speudo: I has t en ,  I p r e s s  on, I 
promote, I quicken. quadrant ,  I have answered t h e  ques t ion  f o r  a l l  quadrants .  So it s u f f i c e s  

t o  cons ide r  on ly  t h e  s e c t o r  from 0 t o  17/4 a s  i n d i c a t e d  by t h e  d o t t e d  
l i n e s  i n  t h e  diagram I have g iven  you. Herodotus informs u s  t h a t  Queen Tomyris o f  t h e  Massagetae s e n t  t h e  

fol lowing message t o  King Cyrus when he  was marching a g a i n s t  h e r  king-  
dom: "0 king o f  t h e  Medes, cease  from promoting what you a r e  promoting" 
f o r  vou cannot know i f  t h e s e  t a s k s  w i l l  be f o r  your advantage when 

Be making a few shrewd c a l c u l a t i o n s ,  we can a c t u a l l y  observe an  
upper bound i n  t h e  c a s e  r = 1/10,  and it is approximately  9 ~ 8 .  A few 
o f  t h e  longe r  l i n e s  o f  v i s i o n  a r e  shown, l a b e l l e d  wi th  t h e i r  approximate 
l eng ths .  We may c o n j e c t u r e ,  t h e r e f o r e ,  t h a t  t h e  answer must be "no."! 
I cannot  s e e  through t h e  f o r e s t  f o r  t h e  t r e e s .  But might we not  be 
j u m x t o  conc lus ions  based on i n s u f f i c i e n t  evidence? What i f  r is 
exceedingly  sma l l  and t h e  t r e e s  i n  t h e  f o r e s t  a r e  merely  ve ry  skinny 
too thp icks?  Is it t h e n  conceivable  I might s e e  through t h e  f o r e s t  i n  
some c a r e f u l l y  chosen d i r e c t i o n ?  I t  is obvious  t h a t  I s h a l l  be a b l e  
t o  s e e a l o t  f a r t h e r  t han  I could  when r = 1/10,  bu t  how much f a r t h e r ?  

f in i shed"  ( H i s t o r i e s ,  I ,  206). 

NOTE 

* A 1 1  quoted passages  have been t r a n s l a t e d  by t h e  p re sen t  au tho r .  
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The second ques t ion  is ,  assuming t h a t  my v i s i o n  is blocked by some 

t r e e  i n  every d i r e c t i o n ,  what is t h e  f o r t h e s t  I can see?  I d e a l l y ,  t h e  
s o l u t i o n  t o  both  p r o ~ l e m s  would be found by ob ta in ing  an  expres s ion  f o r  
t h e  f u n c t i o n  f ( o , r )  which measures t h e  d i s t a n c e  from t h e  o r i g i n  t o  t h e  
f i r s t  t r e e  which t h e  l i n e  y = ox touches ,  i f  any. I f  none touch we 
could d e f i n e  f ( o , r )  = - f o r  t h a t  o and t h a t  r. But when we t r y  t o  
w r i t e  down what we t'r.ow al ' ru t  f ( o , r )  it becomes c l e a r  t h a t  t h e r e  must 
be an  e a s i e r  way. 

But t h e ,  ano the r  thought  pops r e a d i l y  i n t o  mind. Suppose we 
r ephrase  t h e  ques t ion  s l i g h t l y .  Given a l i n e  y = ox, O<ocl,  does  a 
l a t t i c e  p o i n t  (m,n) come a r b i t r a r i l y  c l o s e  t o  t h i s  l i n e ,  o r  c l o s e r  t han  
r ,  by making some cho ice  o f  t h e  p o s i t i v e  i n t e g e r s  m and n? The answer 
is obv ious ly  "yes" i f  o i s  r a t i o n a l .  But suppose o is  i r r a t i o n a l .  
Let  u s  r,et an  idea  
how c l o s e  t h e  l a t t i c e  
p o i n t  (m,n) is  from 
t h e  l i n e  y = ox. We 
can e a s i l y  s e e  t h a t  
t h e  d i f f e r e n c e  between 
t h e  o r d i n a t e s  om and n, o r  

i s  a measure o f  how c l o s e  
( m . n ) i s t o y = o x .  I f  
t h i s  is l e s s  t han  r then  t h e  
l i n e  y = ox w i l l  d e f i n i t e l y  
be  c u t  o f f  bv t h e  t r e e  
cen te red  a t  (m,n). So o u r  
problem becomes t h a t  o f  choosing p o s i t i v e  i n t e g e r s  m and n s o  a s  t o  
minimize 

om - n l  

where o is a n  arbitrarily g iven  i r r a t i o n a l ,  O<o<l. 

A s  an  example o f  t h e  t r u e  n a t u r e  o f  t h e  problem, I have made a 
few c a l c u l a t i o n s  f o r  o = 6 NOW t h e  r a t i o n a l  

approximates</5"(which is 1.41421435.. .)  t o  w i th in  .0001435,.. So 

t h e  q u a n t i t y  we a r e  i n t e r e s t e d  i n ,  e q u a l s  .1435.... which is not  ve ry  
sma l l .  Thus, c l o s e r  and c l o s e r  approximat ions  t o  o by r a t i o n a l  numbers 

2- does  no t  n e c e s s a r i l y  make lmo - nl  sma l l .  The choice  n = 99, m = 70 

happens t o  work b e t t e r  f o r  t h i s  example, f o r  t h e n ,  

which g i v e s  u s  a d i f f e r e n c e  of .005 approximately ,  a s  compared wi th  

.143. But how can we o b t a i n  va lues  f o r  n and m which make t h i s  sma l l e r  

t han ,  s ay  1 0 - 7  

Curiously  enough t h i s  problem appears  t o  be solved i n  Niven's 
book "An In t roduc t ion  t o  t h e  Theory o f  Numbers" fol lowing a d i s c u s s i o n  
o f  Farey f r a c t i o n s .  Perhaps you have heard o f  t h e s e  f r a c t i o n s .  For 
each p o s i t i v e  i n t e g e r  n one forms a l l  p o s s i b l e  f r a c t i o n s  p/q  between 
ze ro  and u n i t y ,  i n c l u s i v e ,  such t h a t  q i n ,  and reduce t o  lowest terms,  
p l ac ing  them i n  numerical  o rde r .  For example, f o r  n = 5 we have 

iind p l ac ing  thorn i n  numerical  o r d e r ,  we have 

Th i s  would be c a l l e d  t h e  5 t h  sequence o f  Farey f r a c t i o n s .  A l l  
p receding sequences may be obta ined by d e l e t i n g  c e r t a i n  f r a c t i o n s .  
For example, t h e  4 t h  sequence would be 

The 3 rd ,  and 2nd a r e :  

Given a p o s i t i v e  i n t e g e r  n ,  however, I can form t h e  n t h  sequence independ- 
e n t  o f  t h e  o t h e r s .  

Farey f r a c t i o n s  have a number o f  i n t e r e s t i n g  p r o p e r t i e s  which w i l l  
enab le  us  t o  prove t h e  r e s u l t  we a r e  t r y i n g  t o  o b t a i n ,  namely, t h a t  
m a  - nl  c r f o r  some cho ice  o f  m and n. 

The f i r s t  o f  t h e s e  is e a s i l y  s p o t t e d  from o u r  examples* Note t h a t  
t h e  cross- products  o f  numerator t imes  denominator o f  two consecu t ive  
f r a c t i o n s  i n  any sequence always d i f f e r  by un i ty .  Picking a few 
a t  random: 

This  is no a c c i d e n t .  Reca l l i ng  t h e  r u l e  o f  i n e q u a l i t y  f o r  f r a c t i o n s  
wi th  p o s i t i v e  numerator and denominator,  

;< 5 i f f  ad < bc,  
d 

we s e e  t h a t ,  s i n c e  we have arranged t h e  f r a c t i o n s  i n  numerical  o r d e r  
f o r  each sequence, we must minimize t h e  d i f f e r e n c e  

b x  - a y  
Y b 

g iven  5. Since  bx - a y  is a p o s i t i v e  i n t e g e r ,  t h e  l e a s t  it can be is -b 

one. Hence bc - ad  = 1 i f  t h e r e  e x i s t s  a f r a c t i o n  i n  o u r  list f o r  - which t h i s  d i f f e r e n c e  & u n i t y .  I t  may be t h a t  we cannot  f i n d  such a 
f r a c t i o n ,  and i f  we were t o  prove t h i s  p rope r ty  o f  Farey f r a c t i o n s ,  we 
would have s e t t l e d  t h i s  i s sue .  However, it may be proved, indeed from 
s o  b a s i c  a p r i n c i p l e  a s  E n c l i d ' s  a l co r i thm,  t h a t  we can f i n d  a f r a c t i o n  
wi th  t h i s  p rope r ty .  

A second p r o p e r t y ,  a consequence o f  t h e  f i r s t ,  is t h a t  i f  we t ake  
t h r e e  consecut ive  Farey f r a c t i o n s  a / b ,  c / d ,  e / f  t hen  c /d  = ( a  t e ) /  
( b  t f ) .  For  example, cons ide r  ( 3 A ,  2/3 ,  3/41. We have ( 3  t 3 ) /  
( 5  t 4)  = fi/1 = ?/3 .  We can add t o  t h e  seeming t r i v i a  o f  t h e  hour  by 
observing t h a t ,  s i n c e  bc  - ad = 1 and de - c f  = 1, then  

Farey f r a c t i o n s  have a b i t  o f  unexpected power, a s  we s h a l l  now 
s e e .  Observe t h a t  i f  we p l o t  t h e  k t h  sequence o f  Farey f r a c t i o n s ,  s i n c e  
we have conta ined i n  t h i s  list 1 /k ,  2 /k ,  3 /k ,  ... (k  - l ) / k ,  t h e  i n t e r v a l s  

between consecut ive  f r a c t i o n s  is l e s s  than l / k .  Consequently, any r e a l  



number a between 0 and 1 can be approximated t o  w i th in  1/k  by a 
Farey f r a c t i o n  i n  tl ie k t h  sequence. Let  r > o be c iven.  There is a 
p o s i t i v e  i n t e g e r  k such t h a t  1 < r. Let  u s  form t h e  k t h  sequence of 
Farey f r a c t i o n s .  ^T? 
Choose t h e  l a r g e s t  
one which is l e s s  0 ; 
t han  o r  e q u a l  t o  4 .  I- 

a ,  s a y  n/m. Now 0 1/k  7/k 3/k n' 1 
I look a t  t h e  m B' 
next  Farey f r a c t i o n  - 
i n  t h i s  sequence, 
c a l l  it n'/m'. I know t h a t  mn' - nm' = 1. Hence 

n '  5 mn' - nm' = 1 - - 
m '  m m'm m u m  

But by ou r  above obse rva t ion  t h i s  d i f f e r e n c e  cannot  exceed 1 / k ,  s o  

1 < 1 
m'm - k . 

Hence one o f  m,m '  must be  a t  l e a s t  a s  l a r g e  a s  i/K. Let us  s a y  t h a t  
m'  s. ̂ k. Observing t h e  f i g u r e ,  we have, c e r t a i n l y ,  

Hence 

o r  

That i s ,  we have found, usinp, Farey f r a c t i o n s ,  a l a t t i c e  p o i n t  (n.m) 
t h a t  i s  c l o s e r  t o  t h e  l i n e  y = ox than  r. 

I n t e r e s t i n g  a s  a l l  t h i s  is I have j u s t  shown you t h e  wrong way t o  
do t h i s  problem. For t h e r e  i s  a way t o  answer both  ques t ions  we a r e  
a sk ing  i n  t h e  same b r e a t h .  A t  t h i s  p o i n t  Minkowski, i f  he were h e r e ,  
would be  laughing u s  r i g h t  o u t  o f  t h i s  room t h a t  we could b e  s o  i n e p t .  
I f  I may be allowed t o  paraphrase  h i s  j e e r i n p  comments, t h e y  would 
probably RO something l i k e  "You bungl ing i d i o t s !  I can n o t  on ly  s o l v e  
t h e  f i r s t  ques t ion  about  t h e  t r e e s  i n  t h e  f o r e s t ,  b u t  t h e  second a s  w e l l  
and inc lude  what you s a i d  about  !ma - nl beinp: a r b i t r a r i l y  s m a l l ,  a s  a 
c o r o l l a r y !  " 

lie would f e e l  e s p e c i a l l y  j i l t e d  because it s o  happens t h a t  one o f  
h i s  famous theorems a p p l i e s  t o  t h e  s i t u a t i o n  a t  hand. Minkowski made 
Â¥lom innovat ions  t o  number t h e o r y  by h i s  use  o f  convex bod ie s  and h i s  
-.turiy o f  a c e r t a i n  d i s t ance  func t ion .  

I 0 
I F  C is a convex curve 

ymmetric about t h e  o r i g i n ,  d e f i n e  
AB 

d(A,B) * o,, 

whom All I f  t h e  euc l idean  d i s t a n c e  from 
A t o  R and 0U is t h e  euc l idean  
r ad ius  o f  C p a r a l l e l  t o  l i n e  AB. 
Tho func t ion  rt(A.0) t u r n s  o u t  t o  be 
a mot r i c  f o r  t h o  p l ane ,  and one 
may proceed t o  s tudy  t h e  va r ious  p r o p e r t i e s  t h i s  d i s t a n c e  conc rp t  has .  
Such a a tudy belongs  t o  t h e  a r e a  o f  mathematics known a s  Minkowskian 
geometry. I t  I s  c l o n r  t h a t  i f  C is any c i r c l e  t hen  o u r  m e t r i c  is 
oucl ldonn.  Rut i t  I s  no t  t o o  hard t o  reason t h a t  i f  C is any e l l i p s e ,  
then t h e  resulting Minkowskian geometry co inc ides  wi th  Eucl idean geometry. 

A d i f f e r e n t  s o r t  of i dea  which Minkowski a p p l i e d  t o  t h e  s u c c e s s f u l  
s o l u t i o n  o f  many d i f f i c u l t  problems o f  number theo ry  has  come t o  be  
known a s  Minkowski's Theorem: 

Theorem: Given a convex s e t  i n  t l e  p lane symmetric about  one l a t t i c  
po in t  and a r e a  g r e a t e r  t han  o r  equa l  t o  4 ,  t h a t  convex s e t  must con ta in  
a t  l e a s t  two f u r t h e r  l a t t i c e  p o i n t s .  

To make t h i s  p l a u s i b l e ,  Minkowski reasoned a s  fol lows:  Let S be 
a convex body whose a r e a  is K i . 4  and cen te red  a t  (0,O). C lea r ly  we 
prove t h e  theorem i f  we prove t h a t  S inc ludes  a t  l e a s t  one o t h e r  l a t t i c e  
p o i n t ,  f o r  it w i l l  au toma t i ca l ly  con ta in  its r e f l e c t i o n  i n  (0.0).  
Using a mapping l i k e  x '  = ax ,  y '  = ay it is c l e a r  we may "enlarge" 
S by a f a c t o r  a u n t i l  it j u s t  touches  one o t h e r  l a t t i c e  p o i n t ,  and 
its r e f l e c t i o n  i n  ( 0 , 0 ) ,  bes ides  (0 ,0 ) .  Then s h r i n k  t h i s  new s e t  back 
by a f a c t o r  1 /2 .  The r e s u l t i n g  s e t  S' has  an a r e a  of ( a 2 / 4 ) ~ .  Let  S' 
be  t r a n s l a t e d  t o  form a system of concruent  symmetric convex s e t s  i n  
t h e  plane cen t r ed  a t  each and every l a t t i c e  po in t .  I t  is c l e a r  t h a t  
t h e s e  s e t s  look something l i k e  t h i s :  
They a r e  non-overlapping bu t  
c e r t a i n  n a i r s  w i l l  touch a t  1 1 . -  - - . . - - - . 
c e r t a i n  p o i n t s .  By cons ide r ing  
u n i t  squa res  a l s o  cen te red  a t  
each l a t t i c e  p o i n t ,  s i n c e  t h e  
convex s e t s  do n o t  completely 
f i l l  up t h e  plane--- there 
a r e  c e r t a i n  gaps left---we 
must have 

That is (us ing  k > 4 )  

Hence, t h e  f a c t o r  by which we had t o  " s t r e t ch"  t h e  o r i g i n a l  s e t  S s o  it 
j u s t  touched two f u r t h e r  l a t t i c e  p o i n t s  was < 1,bearing wi tnes s  t o  t h e  
f a c t  t h a t  it a l r eady  conta ined them i n  t h e i r  i n t e r i o r .  

You can e a s i l y  make t h i s  r i g o r o u s ,  b u t  I ' m  s u r e  you g e t  t h e  i d e a  
Minkowski had i n  mind. 

Well,  I ' v e  k e p t  you i n  suspense  long enough. How should t h e  f o r e s t  
problem he solved? Consider  a l i n e  1 i n  any d i r e c t i o n  pas s ing  throurh 
(0 ,0 ) .  Let a r e c t a n g l e  be desc r ibed  symmetr ical ly  about  1 a s  a x i s ,  
havinp, width 2 r  ( tw ice  t h e  r a d i u s  o f  o u r  t r e e s )  and l en f lh  7d where d 
is t h e  d i s t a n c e  we a r e  s e e i n g  from (0,0) i n  t h e  d i r e c t i o n  o f  1. The 
a r e a  o f  t h i s  r e c t a n g l e  is 7d 7 r  = 4dr .  By observing a c i r c l e  o f  
r a d i u s  r cen te red  a t  one o f  t h e  
v e r t i c e s ,  it is obvious 
t h a t  o u r  v i s i o n  w i l l  be blocked by 
one o f  t h e  t r e e s  i f  
and on ly  i f  t h i s  r e c t a n g l e  
con ta ins  a l a t t i c e  po in t .  
Hence, i f  my v i s ion  is n o t  
b locked i n  t h i s  d i r e c t i o n ,  by 
Minkowski's theorem, t h e  
a r e a  o f  t h e  r e c t a n g l e  has  
t o  be l e s s  t han  o r  e a u a l  
t o  fou r .  



Thus  

Therefore, the distance I can see i n  any direct ion does not exceed the  
r e c i p r i c a l  of t h e  radius of the  t rees .  I t ' s  Touche' once apain by an 
elementary theorem of reometry. 

UNDERGRADUATE RESEARCH PROJECT 

P r o p o s e d  b y  Kenneth  Loewen,  U n i v e r s i t y  o f  Oklahoma 

Complex numbers may b e  d e s c r i b e d  a s  a  t w o  d i m e n s i o n a l  
v e c t o r  s p a c e  o v e r  t h e ~ r e a l  numbers  w i t h  m u l t i p l i c a t i o n  g i v e n  by 

( a  + b i )  (c  + d i )  = ( a c  - b )  

( a  + b i )  ( c  + d i )  = ( a c  - b d )  + ( a d  + b e )  i :  

w h e r e  a ,  b ,  c  a n d  d a r e  r e a l  numbers .  
Q u a t e r n i o n s  may b e  d e f i n e d  a s  a  t w o  d i m e n s i o n a l  v e c t o r  s p a c e  
o v e r  t h e  complex  numbers  w i t h  m u l t i n l i c a t i o n  g i v e n  by 

w i t h  m, n ,  p ,  q complex  numbers  and  i f  m = a + h i  t h e n  ii = a - b i  
etc. I t  is c u s t o m a r y  t o  w r i t e  
i j  = k; s o  t h a t  i f  n = c + d i ,  t h e n  m + n j  = a + b i  + c j  + d k .  
I n  t u r n  a C a y l e y  a l g e b r a  may b e  d e f i n e d  a s  a  two d i m e n s i o n a l  
v e c t o r  s p a c e  o v e r  t h e  q u a t e r n i o n s  w i t h  m u l t i o l i c a t i o n  

( u  + v e )  ( x  + y e )  = ( u x  - v v )  + ( y u  + vx-)e. 

H e r e  u ,  v ,  x ,  y a r e  q u a t e r n i o n s  so t h a t  i f  u = a + b i  + c j  + d k  
ii = a - b i  - c j  - d k .  O r d e r  i s  i m p o r t a n t  i s  t h i s  d e f i n i t i o n  
s i n c e  q u a t e r n i o n  m u l t i p l i c a t i o n  i s  n o t  c o m m u t a t i v e .  

Q u e s t i o n :  What s o r t  o f  s y s t e m s  a r i s e  i f  t h i s  p r o c e s s  i s  c a r r i e d  
o u t  b e q i n n i n q  w i t h  a s p e c i f i c  f i n i t e  f i e l d  i n s t e a d  o f  t h e  r e a l s ?  

The e d i t o r  s o l i c i t s  c o n t r i b u t i o n s  f o r  t h i s  d e o a r t m e n t .  Any 
p r o b l e m s  w h i c h  would  b e  s u i t a b l e  u n d e r g r a d u a t e  r e s e a r c h  a r e  
welcome. 

1 9 6 8  NATIONAL MEETING 

A two d a y  m e e t i n q  o f  P i  Mu E n s i l o n  w i l l  b e  h e l d  i n  
c o n j u n c t i o n  w i t h  t h e  r e g u l a r  summer m e e t i n g s  o f  t h e  
M a t h e m a t i c a l  A s s o c i a t i o n  o f  Amer ica  and  t h e  Amer ican  
M a t h e m a t i c a l  S o c i e t y  a t  Madison ,  W i s c o n s i n  somet ime t h e  
l a s t  week i n  A u g u s t .  

Your c h a p t e r  i s  e n c o u r a g e d  t o  n o m i n a t e  y o u r  b e s t  
s p e a k e r  who w i l l  NOT h a v e  a m a s t e r s  d e g r e e  b y  A p r i l ,  
1 9 6 8 ,  as a s p e a k e r  f o r  t h e  n a t i o n a l  m e e t i n g .  N o m i n a t i o n s  
s h o u l d  b e  m a i l e d  t o  DR. RICHARD V. ANDREE, P I  MU EPSILON, 
THE UNIVERSITY OF OKLAHOMA, NORMAN, OKLAHOMA 73069.  

SOME USEFIIL PESIILTS IN APPLICATIONS OF VIE POWER 

SERIES TRANSFORM TO THE SOLllTInN OF DIFFERENCE EQUATIONS 

Ray A. Gaskins, Virginia Polytechnic I n s t i t u t e  

1. Introduction. Durinp the past several  years difference equations 
have come i n t o  t h e i r  own as a techniqae f o r  problem solvine in many areas 
of  science and engineering such as s tochas t ic  processes, e l e c t r i c a l  
engineering and engineering mechanics. I t  i s  desirable,  therefore,  t o  
develop a systematic method f o r  solving the  various types of difference 
equations which a r i s e .  One such method f o r  handling a wide range of 
difference equations i s  the power s e r i e s  transform. 

The power s e r i e s  transform as a tool  f o r  solvinp difference equations 
i s  the  d i sc re te  counterpart of  the  Laplace Transform which i s  used in  
solving d i f f e r e n t i a l  equations. The transform method of  handling d i f fc r -  
ence equations is superior  t o  more conventional methods in  t h a t  i t  i s  
able t o  handle non-hoirogeneous equations and equations with variable 
coefficients .  I t  i s  a l so  possible t o  obtain d i rec t ly  a par t icu la r  sol-  
ution without f i r s t  obtaining the general solut ion.  

Equipped with a good tab le  of  t ransfonrs and a knowledge of par t ia l  
f rac t ions  one i s  able t o  deal swi f t ly  with complicated difference equations. 

2. P a r t i a l  Fractions. In order t o  f a c i l i t a t e  the use of  the  power s e r i e s  
transform in  solving difference equations it is essen t ia l  t h a t  one be 
able t o  resolve proper ra t iona l  f rac t ions  i n t o  p a r t i a l  f rac t ions .  To t h i s  
end t h e  following shortcut  i s  introduced. 

Consider the  proper ra t iona l  f rac t ion  N(x)/D(x), where the polynomial 
N(x) i s  of  lower order than the  polynomial Dfx): 

where. 
,m-i 

Ai = - N (XI I (m-i) I (x2+bx+c) ' ,al (x-a x=a 



A and B a r e  found hy p lac ing  A (i=1,m) and 1 

B. ( j = l , n )  i n  ( 2 . 2 )  F, s e t t i n g  t h e  r e s u l t  equal  
3 

t o  (2.11. 

Severa l  examples w i l l  be given i n  t h e  fol lowing sec t ions .  

3. The Power S e r i e s  Transform. L e t  (yk)  r e p r e s e n t  t h e  se-  

quence (yo, y,,..., yk, ... 1 .  We d e f i n e  t h e  power s e r i e s  

t rans format ion  of t h e  sequence (yk)  t o  be! - Yk 
'{yk' a k h 0 ~  (T. 1) 

I 

From t h e  p r o p e r t i e s  of  power s e r i e s  we have by t h e  r a t i o  

k + 1  t e s t  t h a t  (T.1) converges f o r  s>so = 

e x i s t s .  

A s  a shorthand n o t a t i o n  we s h a l l  w r i t e  Y ( s )  t o  denote 

t h e  c losed  form of t h e  t ransform, whi le  P(yk)  w i l l  s t a n d  

f o r  t h e  s e r i e s  represen ta t ion .  

Consider, f o r  example, t h e  sequence ( 1 )  = (1,1,...,1,...) 

and i t s  transform P(1)  =kzol/sk which has t h e  c losed  form 

Y ( s )  = s/(s-i) , f o r  s>l. 

The Dower s e r i e s  t ransform is a l i n e a r  o p e r a t o r ,  i .e .  

P(Ayk + Bzk) = AP(yk) + BP(zk) (T.2) 

which fol lows immediately from t h e  s e r i e s  d e f i n i t i o n .  

Consider t h e  t ransform of t h e  sequence (yk+,,) - ^k+n ^k n-lyk 
p ( ~ k + n '  " k h 0 ~  S E X O F  - k Z 0 ~ - n  

The Laurent s e r i e s  P(yk)  is  uniformly convergent f o r  

s>so and is  t h e r e f o r e  a cont inuous func t ion  of  s f o r  t h a t  

range. I t  may be d i f f e r e n t i a t e d  term by term t o  g ive :  

n a (-1) "k (k+1) . . . (k+n-1) y, 
sk-n 

Hence, 

P(k (k+l)  . . . (k+n-1) y k )  = (3).  (T.4) 

Thus knowing Y ( s ) ,  t h e  c losed  form of p{yk), we may 

o b t a i n  by (T.4) many u s e f u l  t ransforms.  

EXAMPLE 1. Find P(k) .  L e t  yk=l  and n = l  i n  (T.4). 

k 
Now l e t  us  cons ider  t h e  t ransform of  t h e  sequence ( r  1 

k 

which converges and i s  a continuous func t ion  of r a s  w e l l  a s  
k 

s f o r  r>s>so. D i f f e r e n t i a t i n g  P ( r  In t imes wi th  r e s p e c t  

t o  r we obtain!  - k (k-1) . , . (k-n+l) rkmn 

= P(k (k-1) . . . (k-n+1) rk-"), 

And s i n c e  P ' ~ )  ( r k )  = Y'") (s) we g e t  t h e  i d e n t i t y :  

EXAMPLE 2. Find P(k(k-1) ). Let  n=2 and r5l i n  (T.5). 
3 

P(k(k-1) 1 = s / ( s - ~ )  . 
With t h e  preceeding theory  and examples behind us ,  we 

a r e  i n  a p o s i t i o n  t o  handle t h e  t rans format ion  of  almost  any 

d i f f e r e n c e  equa t ion  one might encounter.  A t a b l e  

of t ransforms is  given a t  t h e  end of  s e c t i o n  5. 

4. The Inverse  Transform. Since t h e  Laurent s e r i e s  repre-  

s e n t a t i o n  of P(yk)  is  unique, t h e r e  i s  a one-to-one cor-  

respondence between (yk)  and P(yk) ,  hence t h e  i n v e r s e  oper- 

a t o r  P def ined  such tha t !  

P - ^ Y ( ~ ) I  = (yk)  

is  a l s o  unique. We have by (T.2) t h a t  P-I i s  a l i n e a r  

opera tor .  

EXAMPLE 3. P-I [s2/(s-1) 2 ]  5 P-I [s / ( s - l )  1 

+ P-I [s/(s-1)  2 l  

by l i n e a r i t y  and p a r t i a l  f r a c t i o n s .  Hence 

~ - ~ [ s ~ / ( s - l ) ~ ]  5 ( 1  + It). 



5. Applicat ions of the Transform t o  t h e  So lu t ions  of  Dif- 

ference  Equations. We cons ider  d i f f e r e n c e  equa t ions  of  t h e  

tYpc 8 

where a i < i = l , n )  and f k  may o r  may n o t  be func t ions  of  k. 

S ince  t h e  d i f f e r e n c e  equa t ion  i s  a c t u a l l y  a  sequence, 

we may apply t h e  o p e r a t o r  P t o  it and o b t a i n  an a l g e b r a i c  

equa t ion  i n  Y(s) and s. Solving f o r  Y ( s )  and us ing  p a r t i a l  

f r a c t i o n s  t o  f a c t o r  t h e  r i g h t  hand s i d e ,  we apply t h e  ope- 

r a t o r  P t o  both s i d e s  Ad o b t a i n  a  s o l u t i o n  f o r  yk. 

EXAMPLE 4. I n  s t o c h a s t i c  processes  the usua l  ran- 

dom walk model w i t h  absorbing b a r r i e r s  a t  

x=0 and x=a may be represen ted  by t h e  

d i f f e r e n c e  equa t ion  qk = pqk+l f o r  

l ~ k ~ a - 1 ,  where p i s  the p r o b a b i l i t y  of  a  

move one u n i t  t o  t h e  l e f t ,  q=l-p, and qk 

i s  t h e  p r o b a b i l i t y  t h a t  x  reaches x=0 be- 

f o r e  x=a, given t h a t  i n i t i a l l y  x=k. Sub- 

s t i t u t i n g  k+l  f o r  k  and applying P: 

Using p a r t i a l  f r a c t i o n s  wi th  6=0,m=O,n=2: 
â  - q/p) + s ( q l  - 1) , 

y b )  a 
9-1 

J 
s-q/e 

L e t t i n a  k=a we f i n d  t h a t  s i n c e  a  =0 

But l i m  P{yk) = yo = limy (s), 
s- s- 

Hence, C = yo = 1 and by (T.10) 

l y  I ( (9 1, 04kSn, 

Yk = (El. 

TABLE OF POWER SERIES TRANSFORMS ---- 
SEQUENCE TRANSFORM 

(T.ll) (wksin k@) 
w sin Ã 

k (T.12) (W cos  k + )  



TABLE OF POWER SERIES TRANSFORMS (con't) ---- 
SEQUENCE TRANSFORM 

k (T.14) (w cosh k+) 

s , b = cosh #>1 

s2 - 2wbs + w2 

sL - wbs , b = cosh +>1 
s2 - 2wbs + w 2  

REFERENCE : 

McFadden, Leonard, Clemens, Paul F. and Campbell, Hugh G., 
The Powe- and To 
of Difference E a u a t u ,  Edwards Brothers Inc., 1963. 

The New Mexico Institute of Mining and Technology, Socorro 
New Mexico (enrollment about 500) has found that a mathematical 
conference is a good way of stimulating interest in mathematics 
among undergraduate students. Papers are presented both by 
students and professional mathematicians. Briefing sessions 
are held in connection with the conference to supply background 
on the material presented i n  the conference. Up to 2 hours 
may be allowed for each paper. 

Students from other schools attend. The first year there 
were 12 papers presented and students from 12 institutions in 
three states attending. Before beginning this program the 
number of students in math was very small but recently as many 
as 24 percent of upperclassmen enrolled in the institution 
were math majors. 

MATCHING PRIZE FUND 

The Governing Council of P i  Mu Ensilon has approved an 
increase in the maximum amount per chapter allowed as a match- 
inq prize from $70.00 to $25.00. If your chanter uresents 
awards for outstanding mathematical papers and students, you 
may apply to the National Office to match the amount spent by 
your chapter--i. e., $30.00 of awards, the National Office will 
reimburse the chapter for $15.00 etc.--up to a maximum of $25.00. 
Chapters are urged to submit their best student papers to the 
Editor of the Pi Mu Eosilon Journal for possible publication. 

ON HULA HOOPS 

Dennis Spellman, Temple Un ive r s i ty  

Seve ra l  months ago L. Ai leen Hostinsky o f  Connect icut  Col lege gave 
a l e c t u r e  a t  Temple Un ive r s i ty  e n t i t t l e d  "On Groups, Loops, and Hoops"-- 
t h a t ' s  r i g h t  -! The purpose o f  t h i s  paper is t o  i n v e s t i g a t e  t h e  prop- 
e r t i e s  o f  hoops - e s p e c i a l l y  a c l a s s  o f  hoops-which we s h a l l  c a l l  hula  
hoops. 

D e f i n i t i o n  1: Let G be a non-empty s e t .  Then a b ina ry  ope ra t ion  o 
def ined  on G is a mapping from t h e  Car t e s i an  product  G x G i n t o  G. I f  
( a , b )  E GxG, i t s  image is denoted a 0 b. 

D e f i n i t i o n  2. Let G be  a non-empty s e t  on which a binary o ~ e r a t i o n  o 
is def ined.  G is a quasi-group under o i f  t h e r e  e x i s t  unique s o l u t i o n s  i n  
G t o  each o f  t h e  equa t ions  a 0 x = b and y 0 a = b where a and b a r e  f i x e d  
e lements  o f  G. A quasi-group G is a group i f  and on ly  i f  it has  t h e  
a s s o c i a t i v e  p rope r ty .  i.e.. i f  and on ly  i f  (a o b )  o c = a o ( b  c )  f o r  
a l l  a , b , c  e G. (See ( 1 )  p. 38 Theorem 1 .4 )  

D e f i n i t i o n  3 :  I f  Gl and G a r e  quasi- groups ,  t hen  t h e  d i r e c t  2 

product of G and G is t h e  Car t e s i an  product  G x G2 on which a b ina ry  
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o p e r a t i o n  i s  de f ined  a s  fol lows (a l ,a2)  o ( b  b ) = ( a  o bl,a2 0 b2)  f o r  1' 2 

a l l  ( a l , a2 ) ,  ( b , b ) e  G x G .  I f  C i s  t h e  unique s o l u t i o n  o f  a, o x = 
1 b1 

i n  GI, and C i s  t h e  unique s o l u t i o n  o f  a 2  o x = b i n  9- t hen  (Cl,C2) 

is t h e  unique s o l u t i o n  o f  <al, a o x = ( b , b )  i n  GlxG2. S i m i l a r l y  t h e  
2 

equa t ion  y o (a l ,a2)  = ( b  1 2  , b  has  a unique s o l u t i o n  i n  G x G .  Thus, 

t h e  d i r e c t  product  of two quasi- groups is a quasi- group. 

D e f i n i t i o n  4: Let G and G be quasi- groups. Let f  be a mapping 1 2 

o f  G i n t o  G .  Then f is a homomorphism i f  f ( a  0 b )  = f ( a )  0 f ( b )  f o r  

a l l  a , b  e GI. I f  t h e  homomorphism f is  a one-one mapping o f  Gl onto  G2 ,  

f  is an  isomorphism, and G is ismorphic t o  G .  I n  t h i s  c a s e  we w r i t e  
1 

Gl = G 2" 

D e f i n i t i o n  5: Let  Gl and G2 be quasi-groups. Let g be a one-one 

mapping o f  Gl on to  G .  Then g is a n  anti- ismorphism i f  g ( a  0 b )  = g ( b )  0 

g ( a )  f o r  a l l  a,b, E G .  Ev iden t ly  t h e  c o n c i p t s  o f  isomorphism and a n t i -  

isomorphism co inc ide  i f  G and G a r e  commutative. 
1 2 



Defini t ion 6: Let he a  quasi-group. Then a  e G i s  idenpotent i f  

a o  a=a. 

Defini t ion 7: A non-empty s e t  tl on which a  binary operat ion a  i s  defined 
i s  a hoop (o r  medial systeir) i f  t h e  following proper t i e s  a r e  s a t i s f i e d :  

11 1) 11 i s  a  quasi-group under a  

I 1  2) a  Oa=a f o r  a l l  a  e 11 
(every element of H i s  idempotent) 

tl 3) ( a  a h )  a  ( c  o d) = ( a 0  c) 0 (bo  d) f o r  a l l  a,h,c,d e I I  
( the medial property) .  

Theorem 1: I f11  i s  a  hooq, then fo r  a l l  a ,h ,c  E H 

1) a 0  (hat) = ( a 0 h ) O  (sac) and 

?) ( a o h ) o c =  ( a o c ) o ( b o c )  
(Kie r i g h t  and l e f t  s e l f - d i s t r i h u t i v e  laws). 

Proof of ( I ) :  

a  fh 0 c) = (a  0 a) o  (b a  C) hy (H 2) 

(2) can he proven s imi la r ly .  

( i )  An example o f  a  hoop is t h e  s e t  K o f  r e a l  numhers on which a  binary 

operation is defined a s  t h e  a r i thmet ic  mean i .e . ,  i f  a,b e K, then a o h =  

( i i )  We s t i l l  have a  hoop i f  we change t h e  hinary operat ion i n t o  a  
weighed a r i t h n e t i c  mean, i . e . ,  i f  w and w a r e  p o s i t i v e  r e a l  numbers, 1  

wla+w h 2 = "1 then we can def ine  aob= - - + (1- - 
w1 + w2 w + w2 w1 + w2 . 1 

We s h a l l  prove these  asse r t ions  l a t e r  ( i n  g rea te r  general i ty) .  Another 
example of  a  hoop i s  t h e  s ing le ton  H= > on which t h e  binary operat ion is 
defined hy e  oe=e.  Such a  hoop i s  c a x e d  t r i v i a l .  We note t h a t  a  t r i v i a l  
hoop i s  a l s o  a  group and s a t i s f i e s  t h e  following proper t i e s :  

E) t h e r e  e x i s t s  e  E tl such t h a t  e  o.x=x a e=x f o r  a l l  x  E H and 
A) ( a o b )  Â ¡ c = a o ( b ~ c  f o r  a l l  a,h.c e H. 

Theorem 2: No non- t r iv ia l  hoop s a t i s f i e s  p roper t i e s  (E) o r  (A) .  

Proof: - Let H be a  hoop and a  e H.  
Let e  e H be an i d e n t i t y  element. 
a  0 a=a 
and a a  e=a 

ffl 2) 
by hypothesis  

Both a  and e  s a t i s f y  t h e  equation a  ox=a. 
2. a=e by (H 1) 

Since a  was a r b i t r a r y ,  H={e>. 
Hence, no non- t r iv ia l  hoop s a t i s f i e s  (E). 

A hoop H s a t i s f y i n g  ( A )  is a group s i n c e  (H 1 )  
and (A) a r e  s a t i s f i e d  simultaneously. 
-.H has an i d e n t i t y  element. 
,\H is t r i v i a l .  
Hence, no non- t r iv ia l  hoop s a t i s f i e s  ( A ) .  

Defini t ion 8: r = (R : R is a r i n g  with un i ty  1 # 0 ) .  

Defini t ion 9: Let R E .r. a  E R is medial i n  R provided: 
1. a is i n v e r t i b l e  and 
2. '5'= 1-a is i n v e r t i b l e .  

He note a is medial i n  R i f  and only i f  a  is medial i n  R. I f  Rl, R ,  E .r, 

then t h e i r  d i r e c t  sum R C R i s  an clement of  I". Moreover, i f  a  1  and 

a2 a r c  medial in R and R respec t ive ly ,  then (al ,  a  ) i s  medial in  Pl 0 
2 2 
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R s ince  ( a l ,  a ) " '  = (al  , and = %-I). (Dir- 2  

e c t  sums a r e  discussed in (1) pp. 61-62, 77 ahel ian groups, (2) pp. 17-18 

r i n g s ) .  

Defini t ion 10: Let R E r. Let a  he medial i n  R and l e t  M he a  

module over  R. M" i s  the  system .(", ? )  where t h e  binary operation i s  

defined by a  o h = a a  + ah fo r  a l l  a ,  h  e V.  (b'odules a r e  discussed 
i n  (1) pp. 145-147). We a r e  now prepared t o  s t a t e  our ch ie f  r esu l t .  

Theorem 3: Let R e T. Let a  he medial in  R, and l e t  M he a  module 

over R .  Then V" i s  a  hoop. 

Proof: Let a, h  e - 
Consider the  equation a  a  x = h. 
t h i s  t r a n s l a t e s  i n t o  a a  + nx = h. 
We may v e r i f y  by d i r e c t  s u b s t i t u t i o n  t h a t  

= ( r l  b  - r1 ma) is a so lu t ion .  

-1 - -1 - -1 
aa + a(; h  - a aa) = aa + Z h - aa aa 

Suppose x, and x a r e  any so lu t ions  of  a  0 x = b. 
2 

Then a  o xl = h and a  0 x2 = h. 

.-.XI = x2 

Thus t h e  so lu t ion  of  a  o x = b i s  unique. 
Similar ly,  t h e r e  e x i s t s  a  unique so lu t ion  of y 0 a h. 

I'.M  ̂ s a t i s f i e s  (I1 1). 



I Let a e  

a o a = a a + a a  

= a. 

:,M̂  s a t i s f i e s  (11 2) .  Let a ,  h, c ,  d E 

(a o h) o ( c  o d) = a ( a  o h) +;(C o d)  

= a ( a a  + ah)  + a ( a c  + ad)  

= a2a + adh i a n  c + a d  

Rearranging terms and regrouping,  we have 

( a  0 p )  0 ( c  o d) = (a2a + anc)  + (aah + a d )  
a?i = 3 a  because  

= a (aa  + dc)  + ;(ah + ad)  

F i n a l l y  s a t i s f i e s  (H 3) and i s  a hoop. 

d e f i n i t i o n  11: Let R E I'. 

!)(I?) - (M-) = M is  an R-module and a is medial i n  R l .  A hoop I1 i s  a 

h u l a  hoop i f 1 1  c IJ Q(R).  We have a s imple  c o r o l l a r y  t o  theorem 3. 
Re r 

Coro l l a ry  4: I f  R E and M ^  E 0 (R) ,  then t h e  i d e n t i t y  mapping - 
i: M ^  + M ^  is an anti- isomorphism. - 

Proof: Let a ,  h c M. Let M ^  = (M, o ) and M ^  = (M, . ). - 
i ( a  0 h) = i ( a a  + ah)  

= i (b) . i ( a ) .  - 
I f  M ' ~ )  = is commutative, t hen  t h e  i d e n t i t y  mapping i s  j u s t  t h e  
i d e n t i t y  isomorphism. ( i i i )  For  example t h e  a d d i t i v e  group K o f  r e a l  
numbers i s  a module o v e r  t h e  r i n g  K o f  r e a l  numbers, and 1/2 i s  medial 

- 
i n  K. The commutative hoop = K c a y  = ^\Â¥1'2 i s  j u s t  t h e  one we met 
be fo re  i n  example ( i ) .  ( i v )  Consider  t h e  f o u r  element f i e l d  F 

(See ( 3 )  pp. 158-159 Example 2 ) .  

a t b = 1 ;  a ' l = b a n d b "  = a .  :.F ( a )  , F^ e SKF).  ~ e t ' s  

denote  t h e  hoop o p e r a t i o n s  o f  F a  and F ' ~ )  by 0 and * r e s p e c t i v e l y .  

Then x O y = ax t by and x ft y = bx t ay .  F ' ~ )  and F ' ~ )  a r e  non- 

commutative s i n c e  0 0  1 = 1 *  0 = a S  0 t b .  1 = b a n d  

1 o 0 = 0 * l = a .  l t b .  0 = a .  

Now cons ide r  t h e  mapping f :  F ' ~ )  Â¥ F ' ~ )  de f ined  by f ( x )  = x2. We 

can look a t  t h e  m u l t i p l i c a t i o n  t a b l e  o f  F t o  w r i t e  ou t  f e x p l i c i t l y .  

o + o  
1 + 1  

f a + b  
b + a  

( b )  We note  t h a t  f is  a one-one mapping o f  F ' ~ )  on to  F . 
f(.x 0 y )  = f ( a x t  by) 

= (ax t by) 
2 

= a2x2 t 2abxy t bZy2 

= a2x2 t 0 t bZy2 s i n c e  F is o f  c h a r a c t e r i s t i c  2, 

2 2  2 2  .'.f(x y )  = a x t b y 

2 2 = bx t ay  

= b f ( x )  t a f t y )  

= f t x )  * f ( y )  

Hence, f is an isomorphism, and t h e  non-commutative hoops r a n d  

F ' ~ )  a r e  isomorphic. However, hula  hoops come i n  ant i- isomorphic  

p a i r s  which i n  g e n e r a l  need not be isomorphic. ( v )  For example 

Z ,  z") e " Z )  where Z denotes  t h e  i n t e g e r s  modulo 5. 

2 + 4 = 1 ;  ~ - ' = 3 a n d 4 ' ~ = 4 .  

 emm ma 5: Z^ 5 ~ ( 4 ?  



proof".et h= 2 i 2 )  + 2" be an a r b i t r a r y  hmo-  - 
morphism. We denote  t h e  hoop ope ra t ions  of 

Z(2) and 2' by 0 and * r e s p e c t i v e l y .  
5 

h(O o 1 )  = h(2 0 t 4 1 )  
= h(4)  

1. ;.h(O' 0 1 )  = h(4)  
But h(0 0 1 )  = h ( 0 )  * h ( l )  

= 4h(0) t 2 h ( l )  
2. +;h(O a 1 )  = 4h(0)  + 2 h ( l )  
3. .%h(4) = 4h(0)  t 2 h ( l )  
Now h(O 0 4 )  = h(2 ' 0 t 4 4 )  

= h(16)  
= h(1)  

4. .',h(O 0 4 )  = h ( l )  
But h(O o 4 )  = h(0)  * h(4)  

= Uh(0) t 2h ( 4 )  
5. ,'.h(O o 4) = Uh(0) t 2h(4) 
6. .Â¥.h(l = 4h(0)  t 2h(4) 
Sub t rac t ing  ( 3 )  from ( 6 )  we g e t  
7. h (1 )  - h(4)  = 2h(4) - 2 h ( l )  
8. :.3h(l) = 3h(4)  

9. Mult iplying (8 )  by 3'' (=2)  we have h(1)  = h(4)  9 Â¥* h is not  one-one. 

But h: Z? "* was an a r b i t r a r y  hmomorjihism. 
5 

I f  H and K a r e  hoops, t hen  t h e  d i r e c t  product  H x K is r e a d i l y  seen t o  
be a hoop a l s o .  I t  is e a s i l y  seen t h a t  i f  Ml is a module ove r  Rl and 

M2 is a module over  R2, then  t h e  group 'fl 0 M is a module over  t h e  
2 

r i n g  Rl R where t h e  s c a l a r  m u l t i p l i c a t i o n  is def ined by 2 

and a l l  ( a ,  a 2 )  c M 0 M .  

Theorem 6: Let Rl, R2 e l', ~ ( ~ 1 )  1 e rfRl), and ~ ~ ( ~ 2 )  e (l(R-1. Then 

M ^ l )  x ~ ~ ( ~ 2 )  = (Ml 8 M2)("l' '2). Thus, t h e  d i r e c t  product o f  

two hula  hoops is a hula  hoop. 

Proof: Let (a l ,  a 2 ) ,  (bl,  b ) be elements  o f  t h e  Car t e s i an  - 2 

product M,x M2.  F i r s t  l e t ' s  cons ide r  them a s  e lements  of 
- - 

M l a 1  x ~ ( ~ 2 )  and denote  t h e  hoop ope ra t ion  by o . 
Then ( a ,  a 2 )  0 (bl, b2)  = (al 0 bl, a 2  0 b2)  

= ( a a 1  t a 1 1 ' 2 2  b a a + Â¡,b2) 

Now l e t ' s  cons ide r  (a l ,  a,) and ( b ,  b )  a s  e lements  o f  

(MI 0 ~ ~ ) ( ( ~ 1 '  " 2  and denote  t h e  hoop ope ra t ion  by . - 
Then (al,  a 2 )  (bl,  b2) = (al,  a 2 )  (a l ,  a 2 )  t (a l ,  a2)(bl ,b2)  

I f  i n  theorem (FRl = R2 = R and al = a =a , t hen  t h e  group M 1 @ M2 

is a module over  R a s  we l l  a s  over  R 8 R,  s c a l a r  m u l t i p l i c a t i o n  being 

def ined by ^ (a l ,  a 2 )  = Oa1, Aa2) f o r  a l l  A e R and a l l  (a l ,  a )  c 

Ml 9 M 2 .  I n  t h e  same s p i r i t  a s  above, it is e a s i l y  seen t h a t  

(Ml 9 M , ) ( ~ )  = (M, 8 M2)(("' a ) ) .  Hence, we have t h e  fol lowing 

c o r o l l a r y .  

Def in i t ion  12: Let R be a r i n g  and M a module over  R. 
A(M) = h e  R: Ax = 0 f o r  a l l  x e MI. 

A(M) is non-empty s i n c e  0 is always a member; fur thermore.  A(M) is 
e a s i l y  seen t o  be an i d e a l  i n  R which we s h a l l  c a l l  t h e  M-annihilator i n  
R. ( I d e a l s  a r e  discussed i n  ( 2 )  pp. 21-26, and simple r i n g s  a r e  d i scussed  
i n  (2 )  pp. 38-39). This  d e f i n i t i o n  a l lows us  t o  g i v e  a simple cha rac te r-  
i z a t i o n  o f  commutative hula  hoops. 

Theorem 8: I f  R E r a n d  M") E MR), then  M ( ~ )  is commutative i f  and 

on ly  i f  a - a (=2a  -1) e A(M). 

Proof: Necessity: M ( ~ )  is commutative. - 
a o 0 = 0 o a  f o r  a l l  a e M .  

Suff ic iency:  a - a E A(M) 

( a  - ;)a = (a-  a l b  (=0)  f o r  a l l  a ,  b e M ^  

a a  + a b  = a b  + ;a 

a o b = b o a f o r  a l l  a.b c M ^  

M(Â¡ is commutative. 

Coro l l a ry  9: I f  R e r ,  M ^  e B(R), and A(M) = (0 )  then ,  M )̂ 

i s  commutative i f  and on ly  i f  2 is i n v e r t i b l e  and a = 2-l.  



Proof: M
a  is commutative i f  and only i f  - 

-1 
2a - 1 e A(M) = (0 ) .  Moreover, a = 2 i f  and only 

h((2,  1 ) )  = h((2.11-  (1,111 
= (2 ,  1 )  x h ( ( 1 ,  1 ) )  
= (2,  1 )  x ( h ,  h )  

= ( 2 h ,  2 h )  

1. :.h((2, 1 ) )  = ( 2 h .  2 h )  

Now h( (2 ,  2 ) )  = h( (2 ,  2 )  (1,  1 ) )  

Corol lary 10: I f  R e r is simple, 14 # (01, and M") E R(R), then 

M ( ~ )  is commutative i f  and only is 2 i s  i n v e r t i b l e  and a =  2 " .  

Proof: A(M) is an i d e a l  i n  R. Since R is simple we - 
must have e i t h e r  A(M) = ( 0 )  o r  A(M) = R .  Pick 

a E M ,  a # 0. (Recal l  M # ( 0 ) ) .  

', A(M) = ( 0 )  and i n  view of coro l l a ry  9 t h e  proof is completed. 
( v i )  In  t h e  r i n g  K of r e a l  numbers 2 has inverse 1/2. The commutative 

' * Â  h is not  one-one. 
But h! M + N was an a r b i t r a r y  homorphism. 

.Â¥.  f N. 
hoop K ( " ~ )  appears i n  examples ( i )  and ( i i i ) .  
( v i i )  Let t h e  module N over t h e  r i n g  K @ K be t h e  abe l i an  group 
K K on which s c a l a r  mul t ip l i ca t ion  is defined by 

( A , p )  ( a ,  a )  = ( > a ,  A a )  f o r a l l  (1, u )  e K 9 K a n d a l l  ( a ,  a )  E 

Although we do no t  have a converse t o  our r e s u l t ,  we do have a 
p a r t i a l  converse a s  a consequence of t h e  next theorem. We s h a l l  need 
t h e  following lemma. 

Lemma 12: I f  S E F', N ( ~ )  e Q(S), H is a hoop, and f :  H + N^ 

i s  an isomorphism, then g:  H + N") defined by g (x)  = f ( x )  - d is an 
A(N) = ( ( 0 ,  u)  : u e K).  

The reader  may v e r i f y  t h a t  N l 2  ) )  is a commutative member of 

R(K Ã K) f o r  a l l  x e K - (0,  1 ) .  
( v i i i )  Z is a non-simple r i n g  s ince  3Z9 = (0,  3 ,  6 )  i s  a non- t r iv ia l  9 

isomorphism f o r  a l l  d e N. 

Proof: Let yo e N"). Since f is onto,  the re  - 
prober idea l .  The group Z9 is a module over t h e  r i n g  Z9, s c a l a r  mult i-  

p l i c a t i o n  coinciding with r i n g  mul t ip l i ca t ion  i n  Z9. A ( Z )  = (0 ) .  

The reader  may v e r i f y  t h a t  z ~ ( ~ )  is a commutative member of B(Z9). 

(ix) F ' ~ )  of example ( i v )  is non-commutative s ince  2(=0) is not i n v e r t i b l e .  

( x )  2 " )  of example ( v )  is non-commutative s i n c e  2-I = 3 # 2. I f  

R E r and M"), N ' ~ )  e n(R)  where M and N a r e  isomorphic modules over R, 

then it is an easy consequence t h a t  M '  is isomorphic t o  N u .  

e x i s t s  xe e H such t h a t  f ( x o )  = Yo t d.  

,: g is onto.  

Suppose g(xl)  = g(x2)  

= x2 s ince  f is one - one. 
The converse of  t h i s  statement is not t r u e .  ( l / 2 ,  1 /2 )  i s  medial i n  

.*g is one-one. 
1. g(a o b) = f ( a  o b) - d 
2. g ( a )  o g(b)=  ( f ( a )  - d)  o ( f ( b )  -d) 

( x i )  Let M be t h e  module K 0 K i n  which s c a l a r  mul t ip l i ca t ion  coincides 

with r i n g  mul t ip l i ca t ion  and is denoted (A ,v ) (a,, a 2 ) ,  ( x i i )  Let 

N be t h e  module of example ( v i i ) ,  and l e t  s c a l a r  mul t ip l i ca t ion  be 

denoted by (A, u )  x (al,  a ) .  Clearly M ( (1 /2 ,  1 / 2 ) )  ^ .,((1/2, 1 / 2 ) )  

= f ( a  o b )  -d s ince  f is a homomorphism. 
Lemma 11: M # N. ,' g ( a  0 b )  = g ( a )  o g (b)  and g is indeed an ismorphism. 

( a )  = ( 6 )  Theorem 13: I f  R,S e r ,  M(') e R(R), N(') e R(s) ,  and M , , 
Proof: Let h: M * N be an a r b i t r a r y  homomorphism, - 
and l e t  h ( ( 1 , l ) )  = ( h ,  h ) .  



then M = N where M and N a r e  t h e  a d d i t i v e  groups of t h e  modules 
M and N r espec t ive ly .  

Proof: Let Q : M ^  + N(') be an isomorphism. 

Then by lemma 12, f : M ^  -+ N") defined by 

Y(x) = Q ( x )  - Q ( 0 )  is a l s o  an isomorphism, and 

Y(0) = Q(0) - Q(0) = 0. Moreover, s ince  Y is a hoop 

ismorphism, it is a one-one mapping of t h e  s e t  

M onto t h e  s e t  N.  

1. Y(a^x o 0) = ~ ( a a ' l x  t Fo) 

= Y(x) . 

2. 'i'(a-lx o 0) = ydi'lx) o Y ( O )  

= ~ ( a ^ x )  o o 

= ~ ~ ( a - ~ x )  + B 0 o 

= Bv(a--'-x) 

3. BY (a'^x) = Y(X)  

4. ~ ( a ' l x )  = 6'S'(x) f o r  a l l  x e M .  

S imi la r ly  Y ( F  '^XI = 6 "YCX) f o r  a l l  x e M .  

Since Y is a one-one mapping of  M onto N ,  it s u f f i c e s  

t o  show t h a t  Y is a group homorphism. 

Let a.b e Mt. 

'!(a t b)  = ~ ( a a ' l a  + EF '^b) 

= Y o a -'b) 

= ~ ( a ^ a )  o Y ( F  b)  

= BI 'Ma) o B ~ ( b )  

= ~ 6 - l  Y(a) t IB ~ ( b )  

='+'(a) t Y(b) 

Y : M  + Nt is an ismorphism. 
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PROBLEM DEPARTMENT 

Edited by 

U. S. Klamkin, Ford Scientific Laboratory 

This department welcomes problems believed to be new and, as a rule, 
demanding no greater abiISty in problem solving than that of the average 
member of the Fraternity, but occasionally we shall publish problems that 
should challenge the advanced undergraduate and/or candidate for the 
Master's Degree. Solutions of these problems should be submitted on 
separate signed sheets within four months after publication. 

An asterisk (* )  placed beside a problem number indicates that the 
problem was submitted without a solution. 

Address all communications concerning problems to M. S. Klamkin, 
Ford Scientific Laboratory, P. 0. Box 2 0 5 3 ,  Dearborn, Michigan 48121. 

PROBLEMS FOR SOLUTION 

192.* Proposed by Oystein Ore, Yale University. Albrecht Durer's fam- 
ous etching "Melancholia" includes the magic square 

The boxed-in numbers 15-14 indicate the year in which the picture 

I was drawn. How many other 4 x 4 magic squares are there which he 
could have used in the same way? 

w 193 .  Proposed by William H. Pierce, General Dynamics, Electric Boat 
Division. 

Two ships are steaming along at constant velocities (course and 
speed). If the motion of one ship is known completely, and if 
only the speed of the second ship is known, what is the minimum 
number of bearings necessary to be taken by the first ship in order 
to determine the course (constant) and range (time-dependent) of 
the second ship? Given this requisite number of bearings, show 
how to determine the second ship's course and range. 

Editorial Note: 

This problem was suggested by problem 186 which was given erron- 
eously. See the comment on 196 (this issue). 

194. Proposed by J. M. Gandhi, University of Alberta. 
Show that the equation 



has  no s o l u t i o n s  i n  i n t e g e r s  except  t h e  s o l u t i o n s  ( i )  x = '1, y = * l ,  
( i i )  x = 3,  y = 9. 

195. Proposed by Leon Bankoff, Los Angeles, C a l i f o r n i a .  
Math. Mag. (Jan.  19631, p. 60 ,  c o n t a i n s  
a s h o r t  paper  by Dov Avishdom, who a s s e r t s  
wi thout  proof t h a t  i n  t h e  a d j o i n i n g  
diagram, AN = NC t CB. Give a proof .  

196. Proposed by R. C. Gebhar t ,  Pars ippany,  N .  J .  / 
What is t h e  remainder i f  xlOO i s  d iv ided  

by x2 - 3x t 2? 

197. Proposed by Joseph Arkin, Nanuet, N. Y. 

A box c o n t a i n s  (1600 u t 3200)/3 s o l i d  
s p h e r i c a l  metal  bear ings .  Each bea r ing  
i n  t h e  box has  a c y l i n d r i c a l  h o l e  o f  
l eng th  .25 cen t ime te r s  d r i l l e d  s t r a i g h t  
through its c e n t e r .  The bea r ings  a r e  t hen  melted t o g e t h e r  w i th  a l o s s  o f  4% 
dur ing  t h e  me l t ing  p rocess  and formed i n t o  a sphe re  whose r a d i u s  is an i n t e g r a l  
number o f  cen t ime te r s .  How many bea r ings  were t h e r e  o r i g i n a l l y  i n  t h e  box? 

198. Proposed by S tan ley  Rabinowitz, Po ly t echn ic  I n s t i t u t e  o f  Brooklyn. A semi- 
r e g u l a r  s o l i d  is obta ined by s l i c i n g  o f f  s e c t i o n s  from t h e  c o r n e r s  of a cube. 
It is a s o l i d  w i th  36 congruent edges ,  24 v e r t i c e s  and 14 f a c e s ,  6 o f  which a r e  
r e g u l a r  octagons  and 8 a r e  e q u i l a t e r a l  t r i a n g l e s .  I f  t h e  l e n g t h  o f  an edge o f  
t h i s  polytope i s  e ,  what is its volume. 

199. Proposed by Larry Forman, Brown Unive r s i ty  and M .  S. Klamkin, Ford S c i e n t i f i c  
Laboratory. 
Find a l l  i n t e g r a l  s o l u t i o n s  of t h e  equa t ion  'mt 3m = z , 

SOLUTIONS 

181. Proposed by D. W. Crowe, Un ive r s i ty  o f  Wisconsin and M .  S. Klamkin, Ford 
S c i e n t i f i c  Laboratory. 
Determine a convex curve c i r cumscr ib ing  a g iven  t r i a n g l e  such t h a t  
1. The a r e a s  o f  t h e  fou r  r eg ions  ( 3  segments and a t r i a n g l e )  a r e  equa l  and 
2. The curve has  minimum pe r ime te r .  
So lu t ion  by t h e  proposers .  Condi t ion ( 2 )  is i r r e l e v a n t .  The on ly  convex 
f i g u r e  s a t i s f y i n g  ( 1 )  is a c i rcumscr ibed t r i a n g l e  whose s i d e s  a r e  r e s p e c t i v e l y  
p a r a l l e l  t o  t h e  s i d e s  of t h e  g iven  t r i a n g l e .  Our proof depends on t h e  known 

Lemma* The a r e a  o f  any in sc r ibed  t r i a n g l e  i n  a g iven  t r i a n g l e  cannot be s m a l l e r  - 
t han  each o f  t h e  o t h e r  t h r e e  t r i a n g l e s  formed. Consider a convex curve t h a t  is 
no t  a t r i a n g l e  and draw t h e  t h r e e  l i n e s  o f  suppor t  a t  t h e  v e r t i c e s .  

For a p r o j e c t i v e  proof  o f  t h i s  lemma and o t h e r  r e f e r e n c e s ,  s e e  M. S. Klamkin 
and D. J. Newman, t h e  Philosophy and App l i ca t ions  o f  Transform Theory, SIAM 
Review, Jan. 1961,  p. 14. 

Since  1 = I1 = I2 = 1 ( i n  a r e a ) ,  each o f  t h e  t r i a n g l e s  ABR, BCP, and CAQ would 
have g r e a t e r  a r e a  than  AABC c o n t r a d i c t i n g  t h e  lemma. The case  of two p a r a l l e l  
suppor t  l i n e s  is a l s o  r u l e d  ou t  e a s i l y  by a r e a  cons ide ra t ions .  

182. Proposed by G a b r i e l  Rosenberg, Temple Un ive r s i ty .  
Prove t h a t  an  odd p e r f e c t  number cannot be a p e r f e c t  squa re .  

E d i t o r i a l  *: Although Eu le r  e s t a b l i s h e d  t h e  more g e n e r a l  r e s u l t  t h a t  every 

odd p e r f e c t  number must be of t h e  form p'tatl k where p i s  a prime o f  t h e  

fnm 4n+l ,  t h e  above problem was g iven  s i n c e  it has  an  e l e g a n t  s o l u t i o n  i n  A-- 

a d d i t i o n  t o  t h e  f a c t  t h a t  t h e r e  was a sho r t age  of p roposa l s .  

So lu t ion  by H. Kaye, Brooklyn, N .  Y.  
I f  N i s  an odd p e r f e c t  squa re  then  
1. The sum o f  its d i v i s o r s  = 2N, 
2. The number of its d i v i s o r s ,  each being odd, must a l s o  be odd s i n c e  except  

f o r  / N ,  t h e  d i v i s o r s  occur  i n  p a i r s  d and N/d. 

Th i s  g i v e s  a c o n t r a d i c t i o n  s i n c e  t h e  sum o f  an  odd number o f  odd numbers is OL... 

Also so lved  by Paul  J. Campbell (Un ive r s i ty  o f  Dayton), Paul  Myers ( P h i l a d e l p h i a ,  
Pa . ) ,  Bob P r i e l i p p  (Un ive r s i ty  o f  Wisconsin),  Stanley Rabinowitz (Po ly t echn ic  
I n s t i t u t e  of Brooklyn), Dennis Spellman (Temple U n i v e r s i t y ) ,  M .  Wagner (New York, 
N.  Y.), F. Z e t t o  (Chicago, I l l i n o i s )  and t h e  proposer .  

183. Proposed by R. Penney, Ford S c i e n t i f i c  Laboratory. 
I f  r ( r r  t r r t r r ) = O ,  

0 1 2  2 3  3 1  

r ( r r  + t o r 3 - r r ) = O ,  1 0 2  2 3 

r ( r r  t r r  - r r ) = O ,  2 0 3  0 1  3 1  

r ( r r  t r 0 r - r r ) = O ,  3 0 1  1 2  

Show t h a t  a t  l e a s t  one o f  t h e  q u a n t i t i e s  r0 , r , r2 , r3  vanishes .  

So lu t ion  by S tan ley  Rabinowitz, Polytechnic  I n s t i t u t e  o f  Brooklyn. 
I f  none o f  t h e  r 's  van i sh ,  t hen  t h e  expres s ions  i n  t h e  p a r e n t h e s i s  must vanish .  
These c o n d i t i o n s  may then  be w r i t t e n  a s  

( 1 )  1/r t 1 / r  t 1 / r  = 0 , 1 

( 2 )  1 / r  + 1 / r  = l/ro , 

( 3 )  1 / r  t l/rl = l/ro , 

( 4 )  1/r 1 t 1 / r  = l/ro . 
Adding up (2 ) .  (31,  and ( 4 )  and us ing ( 1 )  g i v e s  3 / r0  = 0.which is impossible .  
Hence, a t  l e a s t  one o f  t h e  r 's must vanish .  

E d i t o r i a l  E: This  problem has  a r i s e n  i n  t h e  p r o p o s e r ' s  paper ,  "Geometrization 
o f  a Complex S c a l a r  F i e l d .  I. Algebra,"  Jour .  o f  Math. Phys i c s ,  March 1966, 
pp. 479-481. It a l s o  fol lows t h a t  a t  l e a s t  2 r 's must vanish .  The problem can 
be extended t o  any number o f  v a r i a b l e s ,  e .  g. ,  f o r  5 v a r i a b l e s  we would have: 



I t  follows i n  a s imi la r  fashion a s  before t h a t  a t  l e a s t  two of t h e  r's must vanish. 
Also solved by Paul J .  Campbell (University of Dayton), Mario E. E t t r ick  
(Brooklyn, N.  Y.), R. C. Gebhart (Parsippany, N.  J . ) ,  Theodore Jungreis (New 
York University), Bruce W. King (Burnt H i l l s ,  N. Y.), Edward Lacher (Rutgers 
un ivers i ty ) ,  Paul Myers (Philadelphia,  Pa. 1, Charles W. Trigg (San Diego, Cal i f .  1, 
F. Zetto (Chicago, 111.) and the  proposer. 

184. Proposed by Alan Lambert, University of Miami. 
Find a parametric representat ion f o r  transcendental curve given by the  equation 

x" = yx . 
Solution by Bruce W. King (Burnt H i l l s ,  N .  Y.) and Pe te r  Lindstrom (Union College). 
Let y = x t .  Then s ince  ylogx = xlogy 

we have, tlogx = logxt 

o r  = t l / ( t - l )  and = t t / ( t - l )  

Edi tor ia l  Note: This parametric representat ion was already known t o  Euler. I t  
can a l s o  be used t o  determine a l l  r a t i o n a l  solut ions of the  above equation. 

Also solved by R. C.  Gebhart (Parsippany, N.  J . )  H. Kaye (Brooklyn, N. Y.), 
Stanley Rabinowitz (Polytechnic I n s t i t u t e  of Brooklyn, F. Zetto (Chicago, 111.) 
and t h e  proposer. 

185. Proposed by A. E. Livingston and L. Moser, University of Alberta. 

Given: f (n) = f(n+3) , n = 1,2, . . . , 

Find f (2) .  

Solut ion by R. C. Gebhart ( ~ a r s i p p a n ~ ,  N. J. ). 

S t a r t i n g  from t h e  known summations, 

2 cos n x  s i n n x  IT-x 
= -1n2sin 2 , E - 

1 n  1 =7 , 

we can obtain t h e  p a r t i c u l a r  sums 

Nor mult iply (1) by -a and (2) by -b. 

This  w i l l  give t h e  i n i t i a l  s e r i e s  i f  

a = f ( 2 ) ,  b = f ( 3 )  , 

Whence, 

Edi tor ia l  Note: A more d i r e c t  way of  summing these type of s e r i e s  would be t o  
use generat ing functions which lead t o  t h e  evaluation of  d e f i n i t e  in tegra l s .  

I f  

t h e n  

and 

Similarly,  

l i m i t  
B u n ,  5 9 = , , {f(l)G(l) + f(2)H(l)  + f(3)1(l)} 

I n  oilier t o  have convergence, 

f ( l ) + f ( 2 ) + f ( 3 ) =  0 , 
and then 

Since f ( 1 )  = 1, we have two l i n e a r  equations i n  f ( 2 )  and f ( 3 ) ,  leading t o  t h e  
previous resu l t s .  Another way of solving the  problem is v i a  the  function 

Here, we consider t h e  more general  problem of summing 

where r,s a r e  r a t i o n a l  and r > 0, 1 < s 5 r. 

For convergence, it is  necessary and s u f f i c i e n t  t h a t  

J L + % + . - .  +As = 0 . 

and 

we obtain 

= - i  j = l  A $ ( $ + l >  3 . 
Since $(x) is known e x p l i c i t y  f o r  r a t i o n a l  x, t h e  s e r i e s  can 

a l s o  be  e x p l i c i t l y  evaluated. 



$(I) = -y - ;.(og3 -2 J $ ( l )  = -Y . 
2 /3 

Using these resul ts  on our or ig inal  problem, we f ind  tha t  

Also solved by the  proposers. 

186. Proposed by L t .  Joned-Bateman, U.S.C.G. and M. S. Klamkin, Ford Scientif ic 
Laboratory. 
Two ships are  steaming along with constant velocit ies.  What i s  the minimum 
number of bearings necessary t o  be taken by one ship in order t o  determine the 
velocity of the other ship? Given th i s  requisite number of bearings, show hob 
t o  determine the other sh ip ' s  velocity. ( I t  i s  assumed that range-finding 
equipment is e i ther  non-existent o r  non-operative). 

Solution by William H .  Pierce, General Dynamics, Electric Boat Division. 
Under the assumption tha t  both ships are  proceeding a t  constant velocit ies 
(courses and speeds), then no number of bearings taken by one ship can determine 
the velocity of the other ship. To fee t h i s ,  l e t  the parametric coordinates of 
the two ships be denoted by 

Then i t  follows easily that  the following family of target ships w i l l  generate 
the same bearings as the target ship above with respect t o  the f i r s t  ship: 

Xg = + vg ta sgg  , y '  = b '  + v ' t  s i n e '  
2 2 2  2 

where 

Editorial  Note: See problem 193, t h i s  issue fo r  a corrected version of t h i s  
problem. 
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BOOK REVIEWS 

E d i t e d  by 
Roy B. Deal ,  Oklahoma U n i v e r s i t y  Medical  C e n t e r  

1. EXements of Real Analysis. By Sze-Ben Ikl, Holden-ky, Inc., San bancisco,  
California, 1967. 
A comprehensive, but readable, beginning graduate level  introduction t o  
Real Analysis, following the C U M  recommendations with some optional 
material. It t r ea t s  the fundamentals of topological spaces, metric 
spaces, topological l inear  spaces, including Hilbert spaces "studied 
le isure ly  in a single section," measures and integrals,  including 
Daniel1 integrals and. Haar measure, and br ief ,  but modern, introduc- 
tions t o  differentiation and distributions.  

2. Exercises in Mathematics. Ey Jean Bass, Academic Press, Inc., New York, 
wi+ k57 pp., $14.75. 

A valuable collection of carefully worked out problems i n  r ea l  and complex 
analysis, ordinary and pa r t i a l  d i f ferent ia l  equations, and various aspects 
of applied mathematics. 

3 .  A Hilbert Space Problem bok .  Ey Paul R. Hahas, Van Nostrand Co., LC., 
Princeton, New Jersey, 1967. 

A unique collection of problems and solutions of varying levels of 
d i f f i cu l ty  designed t o  i l l u s t r a t e  the  "central techniques and ideas of 
the subject. The user of t h i s  book should have some knowledge of general 
topology, r e a l  and complex analysis, l inear  topological vector spaces, 
including Hilbert spaces, and r ea l  and. complex analysis. The f i r s t  one 
hundred and for ty  pages l i s t  the  problems with br ief  h i s to r i ca l  and 
mathematical comments and a few definit ions.  The next 22 pages give hints 
t o  the  solutions and the l a s t  185 p q e s  give f a i r l y  complete solutions. 

4. Differential  Geometry. By Louis Auslander, Harper and Row, New York, 1967. 

A f i ne  modern treatment of class ica l  d i f ferent ia l  and global geometry 
f o r  the  advanced undergraduate or f i r s t  year graduate with two years 
of calculus and one year of modern algebra. Prerequisite of algebraic 
topology i s  sk i l l fu l ly  avoided. An interesting feature i s  the  t rea t-  
ment of matrix Lie groups instead of abstract  Lie groups. 

5. Mundary Value Problem6 of Mathematical Physics. By Ivar Stakgold, 
MacMillan Co., Riverside, New Jersey, 1967. 

For the graduate students i n  applied mathematics, engineering, and physical 
sciences, with advanced calculus and elementary complex variables, t h i s  
f i r s t  of two volumes on l inear  boundary value problems i s  an excellent in- 
troduction t o  the  study of Green's Functions, including the theory Of 
distribution,  and eigenfunction expansions i n  l inear  in tegra l  equations 
and. the spect ra l  theory of second-order d i f ferent ia l  operators. 



Addition Theorems. By Henry B. Mann, John Wiley, Inc., New York, 1965, 
x i  + U3 pp.7$8.75. 

Ih i s  l i t t l e  book on additive theory of s e t s  i n  number theory and more 
general Abelian groups or semi groups affords one of the best  oppor- 
tuni t ies  f o r  the  interested reader with a l h i t e d  bac&round, such as a 
course i n  modern algebra and a minimal introduction t o  number theory, 
t o  follow some recent, important research resul ts  i n  mathematics. 

Information A Scient i f ic  American Book. By W. H. Freeman and Co., San 
Francisco, California, 1966,218- i l lus t ra t ions  , 15 d a t e s ,  Cloth- - .  . - 
bound $5.00, ~aperbou& $2.50. 

A collection of the faclnating ser ies  of a r t i c l e s  appearing i n  the 
September, 1966 Scient i f ic  American on the s t a t e  of the computer art and 
i t s '  impact on society. 

Nunbere and Ideals. By Abraham Robinson, Holden-Cay, Inc., San Francisco, -- 
California, 

A very elementary introduction t o  algebraic number theory with i t s  own 
introduction t o  mdern algebra i n  a small book t h a t  could be stuiiied, 
f o r  example, by freshman honor students i n  mathematics. 

Applied Combinatorial Mathematics. DUted by Etlwir~ F. Beckenback, John 
Wiley, Inc., New York, 1964, %xi + 591 pp., $13.50. 

A collection of eighteen chapters by outstanding mathematicians, 
covering a wide var ie ty  of aspects of t h i s  much recently emphasized 
aspect of mathematics. Varying levels,  generally from advanced calculus 
on are  required t o  seriously study the  ar t ic les .  

Mathematical L a i c .  By Stephen Cole KLeene, John Wiley, Inc., New York, 
1967. 

A junior (a lso  writ ten f o r  juniors) addition of the  author's famous 
"Introduction t o  Metamathematics" which should, prone t o  be one of the most 
popular books on the subject f o r  Mathematics majors. 

Evolution of Mathematical Ih  -- 6 y h t .  By &schkowski, Holden-Day, Inc., 
San Pranciso, California, 19 5 155 pp., $5.95. 

This book, translated from the German, i s  an interesting discussion 
"about" the  foundations of mathematics f o r  a wide range of readers i n  
both in teres t  and level  of background. 

Geometric Pr ramm By Duffin, Peterson and Zener, John Wiley, Inc., 
~ e w  i&&%!78 pp., $12.50. 

Although the  material was collected f o r  use in solving engineering design 
problems, and many examples are  given, many readers, interested i n  
optimization problems such as generalization of l inear  programming 
problems, would, f ind  t h i s  a profitable book t o  study. 

Ihe Theoq of Gambli and S t a t i s t i c a l  Lcgic. By Richard A. Epstein, - 
Academic P r ~ s d N e w  York, 1967, x i i i  + 485 pp., $10.00. 

A scholarly t r ea t i s e  on gambling with many thought-provoking ideas on a 
wide var ie ty  of subjects as  well  as  some interesting mathematical resul ts  
i n  probabili ty theory and game theory fo r  readers a t  about the advanced 
calculus level  of mathematical maturity. 

A Second Course In  C --- By William A Veech, W. A. Benjamin, 
Inc . , New York, ~6f??? =$8.75. 

A very good book f o r  those with an elementary course i n  complex varables 
and general topol-y who would l i k e  fundamental grounding i n  some im- 
portant aspects of the  subject including the  prime numbers theorem. 

Plane Geometr and Its Grou s By Guggenheimer, Holden-Day, Inc., San - 
Francisco, c a k i ~ n ~  & 
Although the  generation of motions by reflections i s  classic,  t h i s  
treatment and selection of topics has such a modern flavor t h a t  many 
students of today w i l l  f ind  it interesting and profitable t o  pursue. 

Foundations g Mechanics. By Ralph Abraham, W. A. Benjamin, Inc., New 
York, 1967, ix + 290 pp., $14.75. 

Ih i s  i s  t r u l y  a foundations text.  It i s  based on a ser ies  of lectures 
directed primarily a t  physicists a t  the graduate level,  but the  mathe- 
matical background i s  so well presented tha t  it might also serve as  an 
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