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THE C. C. MACDUFFEE AWARD FOR DISTINGUISHED SERVICE 

J.C. Eaves, President,  P i  Mu Epsilon 

Fellow members of P i  Mu Epsilon, honored guests: We have come 
together  tonight f o r  many reasons but none more important than t h e  
next event on our program. 

Pres idents  of an organization such a s  ours come and go, but  
they l i v e  on, on the  back of t h e  pr in ted copies of our  Const i tu t ion 
and By-Laws. This is not t he  case with t h e  ve r i t ab le  servants  of - 
our f r a t e r n i t y .  Any in t e re s t ed  individual  can a sce r t a in  from a 
copy of  our  cons t i tu t ion  t h a t  Professor E. D .  Roe, Jr., was our 
organization's f i r s t  pres ident  ( then cal led  Director General) but 
t he re  is no reference thereon t h a t  D r .  John S te ine r  Gold, our 
honoree, served as Secretary-General with Professor Roe. It was 
during these  ea r ly  formative years of P i  Mu Epsilon t h a t  t h e  s i z e  
of an  I n s t i t u t i o n  seemed t o  be synonomous with i n t e r e s t  i n  a 
s t rong Mathematics Department and thus ,  Dr. Gold was in s t ruc ted  
t o  discourage smaller colleges when they sought information con- 
cerning t h e  p o s s i b i l i t y  of  a chapter.  

Our Const i tu t ion booklet c a r r i e s  the  names Ingold, Owens, 
Evans, Milne, Fort ,  MacDuffee, bu t  no mention t h a t  our honoree 
saw service  with a l l  of  t hese .  D r .  Gold was e l ec t ed  sec re t a ry  
i n  1927 and served continuously u n t i l  1948, t h e  longest term of  any 
e lec ted o f f i c e r .  I n  1936 he worked arduously and with inborn devo- 
t i o n  t o  r ev i se  the  cons t i tu t ion ,  placing emphasis upon qua l i ty  r a t h e r  
than s i z e  alone. He saw P i  Mu Epsilon Chapters swell  from 14 when 
he took o f f i c e  i n  1927 t o  almost 50 i n  1948 when he chose not t o  seek 
r ee l ec t ion .  

While we a l l  f i nd  it d i f f i c u l t  t o  accept t he  decis ion o f  a devo- 
ted servant  t o  s t e p  ou t ,  we must, nevertheless,  s ee  some j u s t i f i c a t i o n .  
A s  one of  the  main d r iv ing  forces  behind the  soc ie ty ,  Dr. Gold had 
seen it develop f r o m  one o r  two new chapters pe r  year,  each i n s t a l l i n g  
i t s e l f ,  preparing its own c e r t i f i c a t e s ,  paying no dues, ordering s e a l s  
from the  Director  General ( a t  I<Â per )  t o  one which required an i n i t i a -  
t i o n  ceremony usual ly  attended by t h e  Secretary,  required membership 
c e r t i f i c a t e s ,  individual ly  wr i t t en  ( i n  the  f i n e  Spencerian hand of  
Mrs. Gold), with ribbon and s e a l  af f ixed by hand. He maintained 
de ta i l ed  o f f i c e  records i n  the  centra l ized headquarters of  t he  f r a-  
t e r n i t y  from 1936 u n t i l  h i s  retirement.  During much of  D r .  Gold's 
period o f  service  t h e r e  were no nat ional  dues bu t  the head o f f i c e  
accepted donations of one o r  two do l l a r s  per  year  from each chapter 



Professor and Mrs. John S. Gold 

if t h e  chapter took the  h i n t  and vo lun ta r i l y  contr ibuted .  I n  1936 
t h e  s e a l  o f  t h e  F ra t e rn i ty  was placed i n  t h e  hands o f  t h e  Secre tary  
Treasurer General, t h e  new o f f i c e  crea ted  by t h e  combination o f  t he  
o f f i c e s  o f  Secre tary ,  Treasurer,  and Librar ian .  Each new member now 
was charged a Fee o f  25t which bare ly  covered D r .  Gold's cash out lay  
f o r  c e r t i f i c a t e ,  s e a l ,  and ribbons.  During the  few minutes we had 
together  p r i o r  t o  t h e  beginning o f  ou r  program tonight  he a l s o  r eca l l ed  
some experiences such a s  an a l l  n ight  bus t r i p  t o  c l a r i f y  a po in t ,  and 
a t r i p  on a bus which became snowbound and thus  caused him t o  r e l a y  t h e  
i n i t i a t i o n  ceremony by phone thereby accomplishing t h e  i n s t a l l a t i o n  
o f  a new Chapter. 

D r .  Gold r e l a t e s  t h a t  money was scarce  i n  t he  e a r l y  1930's and 
i n t e r e s t  i n  mathematics a l s o  lagged. I n  case some of you think t h a t  
a qua r t e r  wasn't much during those yea r s ,  I must add t h a t  it was made 
of s i l v e r  and I know some col lege  men who survived on 25 t o  30 cents  
pe r  day f o r  food and t h i s  included between meal snacks and night  caps. 
These were a l s o  the  years  during which high school p r inc ipa l s  were 
replac ing mathematics courses with manual t r a i n i n g  courses.  This was 
t r u l y ,  f o r  some, an unimaginably rough period and it is probably no 
exaggeration t o  say t h a t  except f o r  t h e  stamina,  the  perserverance,  
t h e  unforget table  b e l i e f  i n  t h e  value of recogni t ion  o f  a budding 
young mathematician, and t h e  unregre t table  devotion of many hours 
during 50 per  cent of h i s  a c t i v e ,  productive,  l i f e t ime  --we may not 
today be aware of P i  Mu Epsilon,  it having long s ince  s l ipped i n t o  
obl iv ion.  With leaders  l i k e  D r .  Gold, t h e  World of Mathematics 
scholars  was not t o  l o s e  conscious knowledge of t h i s  organiza t ion .  

To me, D r .  Gold always exemplified aptness ,  unsel f i shness ,  and 
fo re s igh t ,  i n  h i s  decis ions  f o r  t he  f r a t e r n i t y .  It was he who fo re-  
saw not  only t h e  p o s s i b i l i t y  but a l s o  t h e  necess i ty  of a na t iona l  
publ ica t ion ,  and t h i s  a t  a time bare ly  following World War 11. 

Tonight we could honor o the r s  but  none more deserving. Tonight 
we could read names from our  roll of t h e  many servants  of P i  Mu 
Epsilon,  but none more devoted. We could recount t h e  accomplishments 
of pres ident  a f t e r  pres ident  but scarce ly  a combination equals h i s  
indulgence. And f o r  humili ty he has no equal .  

D r .  Gold honors us  tonight  i n  accepting P i  Mu Epsilon's  h ighes t  
award, t h e  C .  C .  MacDuffee Award. I t  was our  i n t en t ions  t h a t  t h i s  
award say simply enough t o  anyone, "This is recogni t ion  of genuine, 
unsel f i sh  service ."  We intended t h a t  it be e legant  enough t o  grace 
t h e  f i n e s t  wal l  and d is t inguished enough t o  become a cherished poss- 
ess ion.  We know, members of P i  Mu Epsilon,  t h i s  is a t r i b u t e  t o  a 
deserving member who did  not l abo r  t h a t  he saw a medal i n  s i g h t  bu t  
f o r  t h e  promotion of those  t r u e  scholar ly  i d e a l s  he saw foremost i n  
our  organiza t ion .  

I n  recogni t ion  of t h e  contr ibut ion  Mrs. Gold has made, both i n  
shar ing h e r  husband's time with us  and f o r  t h e  uncounted hours she 
spent i n  cu t t i ng  ribbons,  l i ck ing  s e a l s ,  and applying t h a t  long l o s t  
a r t  o f  Spencerian penmanship, I am going t o  ask t h a t  she too s tand 
and share  i n  t h e  presenta t ion .  

D r .  Gold, you honor us tonight  and you both leave us  forever  
i n  your debt.  

August 29, 1967, On t h e  occasion of t h e  Annual Banquet, Toronto. 



A CONVERGENT SERIES AND LOGARITHMS IN DIFFERENT BASES - 
Ali R. Amir-MO~Z, Texas Technological College 

In this note we first study a theorem of Euclidean 

geometry and use the result in obtaining logarithms in a 
/ Y 

Fig. 1 

1. Theorem: Let Ox and Oy be two half lines and a 

be the angle between them (Fig. 1). Let A0 be a point on 

Ox. We consider points Ao, A ,  ... and Bo, B,, ... such 
that B is the foot of the perpendicular through A to Oy, 

and A ,  is the foot of the perpendicular through B to Ox. 

Let the segment O A  = a ,  the segment O B  = b ,  and the 

segment A B n  = c Then ns 

1 an' 1 b ,  ' and 
n=O n=O 

Â¡ n=O 

- are convergent for 0 < a < and 0 < a. < -. 
proof: Let an = a. Then bo = a cos a and co = a sin a. 

m 

2 . ~ h u s  s = 1 a = a(1 + cos a + .. . + c o s a  + . .. ) 
n= 0 

GO 
3 2n+la + 

T = 1 b = a(cosa + cos a + . .. + cos ... ) 
n= 0 

a cosa 
= s cosa = - 2 

sin a 

m 

R = 1 c = a sina (1 + cosa + . . . + cosna + . . . ) n n= 0 

- - a sina 
1 - cosa * 

2. Discussion: We observe that for a = 0 all three 

series are divergent. One easily sees that 

This implies that 

We may study the case a > > But it will not be very 

interesting. 

Fig. 2 

3 .  Logarithms in a base: Let us look at a sequence 

related to the series S. Choose Co on Ox and let OCO = d. 

Then we draw the perpendicular to Ox through C O  (Fig. 2). 

This perpendicular intersects Oy at Do. Now we define 

Cl, ..., C on Ox and Dl, ..., D on Oy such that the 



segment CkDk is perpendicular to Ox and the segment D C k-1 k 

is perpendicular to Oy for k = 0, 1, ..., n. Let OCi = di, 

i = 0, 1, ... . Then the sequence do, ..., d ,  ... will 
will be 

2 do = d, d sec a, ..., d secna, ... . 

Fig. 3 

In particular we are interested in the case that d = 1. 

Let h be a positive number and a base for logarithms. We 

consider a rectangular coordinate system (Fig. 3). We 

choose Co = C to be (1, 0). We construct the right triangle 

OCM such that C is the vertex of the right angle and OM = h. 
- 

Let us denote the half line through 0 and M by Oz. It is 

- clear that if a is the angle between Ox and Oz, then seca = 

h. This implies that C corresponds to (seca, O), n = 

1, 2, ... . Thus 

Here we consider points (1, O), (dl, 2), (d2, 4), ..., 
( d ,  21-11. These points are on the graph of y = logh x. 

Now if we draw CBo perpendicular to Oz and BOA., perpendicular 

to Ox and continue this way, we may obtain points with 

negative ordinates for logh x, for example (a,, -2) where 

What has been studied in this section does not give 

a very accurate approximation of logh x. Thus we shall 

add a few ideas in order to get better approximations. 

Fig. 4 

4. Geometric means: Let a and b be two positive 

numbers denoted by the line segments AB and BC respectively 

(Fig. 4). We draw a half circle with diameter AC. Then 

we draw the line perpendicular to AC at B. This line 

intersects the half circle at M. It is quite easy to show 

that the length of BM is /a5, i .e. , the geometric mean of 

a and b. One can easily show that 

5. Refinement of the graph: Using the geometric 

construction in 4, we can obtain more points for the 

graph of y = logh x. For example, let us consider Cl and 

C2 of figure 3. To Cl and C2 respectively correspond dl = 

2 4 sec a and d2 = sec a. We construct the geometric mean of 

dl and d2. Let D correspond to this mean (Fig. 5). One 

3 
can easily see that to D corresponds (sec a, 0). We 



GENERALIZATIONS OF SEQUENCES 

William L. Reynolds 

F l o r i d a  S t a t e  Univers i ty  

INTRODUCTION: S i n c e  o u r  f i r s t  i n t r o d u c t i o n  t o  elementary c a l c u l u s  we 
have al l  been aware o f  t h e  seeming l a c k  o f  cons is tency  i n  d e f i n i n g  
l i m i t s  and convergence o f  sequences o f  r e a l  f u n c t i o n s  a s  compared wi th  
t h e  d e f i n i t i o n s  a s  a p p l i e d  t o  complex f u n c t i o n s  and f u n c t i o n s  o f  sev-  
e r a l  v a r i a b l e s .  It is w i t h  t h e  hope of  wrapping a l l  t h e s e  d e f i n i t i o n s  
up i n t o  one n e a t  package t h a t  we embark on t h i s  s tudy  o f  g e n e r a l i z a t i o n s  
o f  sequences fo l lowing  t h e  theory  o f  E. H .  Moore and H .  L. Smith. 

( 1 )  DIRECTED SETS AND NETS: Le t  u s  examine b r i e f l y  t h e  concept  o f  con- 
vergence of  t h e  r e a l  valued denumerable sequence xl, x2, xi,.. . which 

Fig. 5 
converges t o  some k .  Sure ly  each o f  u s  is f a m i l i a r  wi th  t h e  c l a s s i c a l  
" epsi lon- delta"  d e f i n i t i o n  o f  convergence, and perhaps a l s o  wi th  a 
more g e n e r a l  t o p o l o g i c a l  d e f i n i t i o n .  Let u s  p u t  a s i d e  t h e s e  d e f i n i t i o n s  
f o r  t h e  t ime  be ing  and develop a g e n e r a l  d e f i n i t i o n  involv ing  t h e  con- 
c e p t  o f  a d i r e c t e d  s e t ,  which w e  d e f i n e  a s  fo l lows .  
1.1)  D e f i n i t i o n :  A d i r e c t e d  s e t  is a nonempty s e t  N t o g e t h e r  wi th  a 

b i n a r y  r e l a t i o n  2 ( c a l l e d  t h e  d i r e c t i o n  on N) such t h a t  
a )  a 2 a f o r  each a i n  N,  
b )  a i. b and b f. c impl ies  a & c f o r  a l l  a ,  b ,  c i n  N,  and 
c )  i f  a and b a r e  elements o f  N ,  t h e n  t h e r e  is c i n  N such t h a t  

c 2 a and c 2 b .  

observe that the arithmetic mean of logh dl and logh d2 

3 
is 3. Thus the point (sec a, 3 )  is on the graph of y = 

logh x. By obtaining geometric means on the x-axis and 

corresponding arithmetic means on the y-axis, one can 

obtain more points of the graph of y = logh x. 

We w i l l  denote  t h e  d i r e c t e d  s e t  by (N, 2 )  o r  by N i f  t h e r e  is no 
confus ion ,  and we s a y  t h a t  N is d i r e c t e d  by 2 .  Obvious examples of  
d i r e c t e d  s e t s  a r e  t h e  s e t  o f  p o s i t i v e  i n t e g e r s  and t h e  r e a l s  wi th  t h e  
u s u a l  2,  and t h e  c o l l e c t i o n  of  neighborhoods o f  a p o i n t  i n  a topolog-  
i c a l  space  d i r e c t e d  by i n c l u s i o n .  
1.2)  D e f i n i t i o n :  A G i n  a space  X is a f u n c t i o n  S:N -+ X from a 

d i r e c t e d  s e t  N i n t o  a space  X .  
We w i l l  denote  t h e  n e t  s imply by S,  o r  i n  c a s e  t h e  domain and its 

d i r e c t i o n  a r e  n o t  e x p l i c i t  by (S,N, 2 ) .  We s a y  t h a t  S is & t h e  space  
X i f  S ( n )  belongs t o  X f o r  each n i n  N; S is s a i d  t o  b e  f r e q u e n t l y  i n  
a s u b s e t  A of X i f  f o r  each no i n  N, t h e r e  is n ;; no such t h a t  S(n)  

UNDERGRADUATE RESEARCH PROJECT 

Proposed by Richard V. Andree, Univers i ty  o f  Oklahoma 

Write t h e  equa t ion  

1 )  a0 + alx + . . . + anxn = 0; 
i n  t h e  form is i n  A .  S is e v e n t u a l l y  i n  t h e  s u b s e t  A i f  f o r  some no i n  N, S (n)  c A -  

f o r  each n i no. 
1 .3)  Def in i t ion :  A n e t  S i n  a space  X is s a i d  t o  converge t o  a p o i n t  

p i n  X i f  and only  i f  S is e v e n t u a l l y  i n  each neighborhood of p .  
We can  now c h a r a c t e r i z e  open s e t s  by t h e  fo l lowing  

1.4)  Theorem: A s u b s e t  U (o f  a t o p o l o g i c a l  space  X) is open i f  and 
only  i f  no n e t  i n  X-U c a n  converge t o  a p o i n t  o f  U .  ( I n  t h e  
i n t e r e s t  of  b r e v i t y  t h e  p r o o f s  o f  t h i s  theorem and o f  many o f  
t h e  fo l lowing  a r e  l e f t  t o  t h e  reader . )  

1 . 5 )  Coro l la ry :  A s u b s e t  V o f  a t o p o l o g i c a l  space  X is  c l o s e d  i f  and 
only  i f  no n e t  i n  V converges t o  a p o i n t  of  X-V. 

2 )  (aO. al, ..., a n ) - ( l ,  x ,  ...,- xn)  = 0 .  
Then t h e  problem of f i n d i n g  approximate s o l u t i o n s  t o  1 )  
may be  thought o f  a s  f i n d i n g  a v e c t o r  

3 )  ( 1 ,  x,  ..., x") 
- which approximatelv s o l v e s  7 ) .  

A r e l a t e d  ( b u t  no t  e q u i v a l e n t )  problem is t o  f i n d  exac t  v e c t o r s  
f o r  which 2) is approximately zero.  

- A very d i f f e r e n t  oroblem would be. p i v m  x, which v e c t o r s  
(a,. a,, ..., a )  make 7 )  approximately zero.  

S tudent  paper presen ted  a t  t h e  National  P i  Mu Eps i lon  Meeting i n  
Toronto,  Canada, August, 1967. I n v e s t i g a t e  t h e s e  l a s t  two problems. 



One w i l l  note t h a t ,  i n  general,  limits of  nets  a r e  by no means 
unique. The following theorem gives necessary and s u f f i c i e n t  condi- . t i o n s  f o r  uniqueness. 
1.6) Theorem: Let X be a topological  space.  Then each net  i n  X 

converges t o  a t  most one point  i f  and only i f  X is Hausdorff. 
We extend the  notion of accumulation points  t o  ne t s  by saying 

t h a t  a point  s is an accumulation point  of a net  S i f  S is frequently 
i n  each neighborhood of  s .  It is i n t e r e s t i n g  t o  compare t h i s  concept 
with t h e  de f in i t i on  of  convergence and ask under what conditions a 
net converges t o  its accumulation po in t ( s ) .  The following theorem 
es t ab l i shes  s u f f i c i e n t  conditions f o r  t h i s  convergence. 

1.7) Theorem: Let S be a ne t  i n  a space X with t h e  property t h a t ,  
f o r  each subspace A of  X,  S is eventually i n  A o r  eventually i n  
X-A (S is universa l ) .  Then S converges t o  each of its accumula- 
t i o n  points .  (Proof is immediate upon establishment of t h e  lemma: 
A universa l  net which is f requent ly  i n  a s e t  A is eventually i n  A . )  

The study of  subnets is appealing t o  one's i n t u i t i o n  and supple- 
ments the  theory of ne t s  i n  much t h e  same manner as subsequences 
supplement the  theory of  sequences. We w i l l  s t a t e  the  de f in i t i on  
of subnet and a r e s u l t i n g  theorem s t r i c t l y  a s  a po in t  of i n t e r e s t ,  
but ,  s ince  we make no use of  t he  concept i n  the  sequel,  we w i l l  not  
pursue t h e  top ic .  

1.8) Definit ion: A ne t  (T,D) is a subnet of  a ne t  (S,E) i f  and only 
i f  t h e r e  is a function N:D Â¥   such that 
a )  T = S'N, o r  equivalently T( i )  = S(N(i) )  f o r  each i i n  D ,  and 
b )  f o r  each m i n  E the re  is n i n  D with t h e  property t h a t ,  i f  

p i n, then N(p) 2 m. 

1.9) Theorem: A po in t  s i n  a space X is an accumulation po in t  of 
a net S ( i n  X) i f  and only i f  some subnet o f  S converges t o  s .  

2) FILTERS: Our second general iza t ion is somewhat l e s s  appealing t o  
those indoctrinated with notions of sequences, but  it nevertheless 
provides some i n t e r e s t i n g  theory. 

2.1) Definit ion: A f i l t e r  i n  a s e t  X is a nonempty family Ã of non- 
empty subsets  of X such t h a t  
a )  t he  in t e r sec t ion  of any two s e t s  i n  Ã contains an element of 

Ã̂ and 
b )  i f  A E Ã and A c B e X,  then B C Ã  ̂

Obvious examples of  f i l t e r s  a re  t h e  s e t  of a l l  neighborhoods of  
a point  i n  a topological  space and the  family of  a l l  s e t s  with f i n i t e  
complements i n  an i n f i n i t e  s e t .  

Convergence is of p a r t i c u l a r  i n t e r e s t ,  and we make the  following 
2.2) Definit ion: A f i l t e r  Ã is sa id  t o  converge t o  a point  x i n  a 

space X i f  and only i f  each neighborhood of x belongs t o  4. 
This de f in i t i on  makes it poss ible  t o  character ize  open s e t s  i n  

-topological spaces.  

2.3) Theorem: A subset U of a s e t  X is open i f  and only i f  U belongs 
t o  every f i l t e r  i n  X which converges t o  a point  of U. 

It  is a l s o  poss ible  t o  character ize  Hausdorff spaces by use of 
f i l t e r s ,  a s  t he  following theorem ind ica t e s .  
2.k) Theorem: A topological space X is Hausdorff i f  and only i f  each 

f i l t e r  i n  X converges t o  a t  most one point .  

We w i l l  say t h a t  t he  family B of  subsets  of a s e t  X is a basis 
f o r  a f i l t e r  i f  and only i f  the  co l l ec t ion  of  a l l  subsets  of  X con- 
ta in ing  s e t s  of  B is a f i l t e r  i n  X .  Clearly i f  B '  i s  a family such 
t h a t  each member of a f i l t e r  t *  contains a member of  B * ,  then B *  is a 
bas i s  f o r  t ' .  

2.5) Definit ion: A f i l t e r  Ã is sa id  t o  r e f i n e  a f i l t e r  4' i f  each 
member of e *  is a l s o  a member of t. I n  such a case t is sa id  
t o  be a refinement of  Ã ˆ  . 

2.6) e: Any refinement of a f i l t e r  converging t o  a point a l s o  
converges t o  t h a t  point .  
Accumulation points  of f i l t e r s  a r e  of i n t e r e s t  and a re  defined 

a s  follows: a point  x is an accumulation point of a f i l t e r  t i f  there  
is a refinement of 4 which converges t o  x. 

2.7) Lemma: Given a f i l t e r  Ã̂ the  following a r e  equivalent:  
=is an accumulation point  of  Ã . 
b)  There is a f i l t e r  4' which is a refinement of 4 and of Nx,  

t he  neighborhood system of x. 
c )  The in t e r sec t ion  of s e t s  (members) of t with the  s e t s  of 

Nx a r e  nonempty. 

3) RELATED PROPERTIES OF NETS AND FILTERS: I n  view of  the  c lose  s i m -  
i l a r i t i e s  of manv of the  notions of nets and f i l t e r s ,  one's f i r s t  r e -  -- - -  - 

ac t ion  is probably t o  wonder i f  t he  two objects  a r e  equivalent.  We 
w i l l  not Drove t h a t  they a r e  equivalent.  but a s  the  following theorems 
indicate ,  each net determines a f i l t e r  with s imi l a r  proper t ies ,  and 
conversely. 

I f  (S,D, >) is a ne t  i n  a s e t  X, then we w i l l  c a l l  t he  co l l ec t ion  
of s e t s  {Fn} where Fn = { ~ ( m )  1 m n; m,n E D} the  f i l t e r  bas i s  

associated with t h e  net S.  ( I t  is l e f t  t o  t h e  reader t o  show t h a t  

I F  is indeed a f i l t e r  bas is . )  Recalling the  de f in i t i on  of a f i l t e r  
bas i s ,  t h e  net S thus def ines  a f i l t e r ,  ca l l ed  the  f i l t e r  associa ted  
with t h e  net  S.  

3.1) Lemma: I f  the  net (S,D, ;) is eventually i n  a s e t  E C X ,  then E 
is an element of 4, t h e  f i l t e r  associa ted  with S. 

3.2) Theorem: I f  t h e  net S i n  the  topological  space X converges t o  a 
point  x, then t h e  f i l t e r  4> associa ted  with S converges t o  x. 

B: Recall  t h a t  S converges t o  x i f  and only i f  S is eventually 
i n  each neighborhood of  x. From the  above lemma, each neighborhood 
of x belongs t o  Ã̂ s o  Ã converges t o  x. 

Nets may be constructed from f i l t e r s  i n  t h e  following manner. 
Let Ã be a f i l t e r  i n  a space X ,  and l e t  A be the  co l l ec t ion  of  p a i r s  
(x,F) where F E Ã and x E F. We define a d i r ec t ion  on A by requir ing 
(x,F) > (y,G) i f  and only i f  F C G .  Then t h e  function S:A ->Â X defined 
by S(x,F) = x is a net i n  X ,  c a l l ed  the  net associated with the  f i l -  
t e r  e .  - 



3.3) I f  t is a f i l t e r  and F C X is a member of t ,  then t h e  ne t  
associa ted  with t is eventually i n  F. 

' Proof: Let t be a f i l t e r  and S the  net associated with 4 a s  constructed - 
above. Let F E Ã  ̂ and l e t  (y,G) be any element of  our  d i rec ted s e t  A 
( t he  domain of  S)  such t h a t  (y,G) 2 (x,F). Then G C F and y E G, s o  
S(y,G) = y is i n  F. Thus S is eventually i n  F. 

3.4) Theorem: Let @ be a f i l t e r  converging t o  a point  x i n  a space X .  
Then the  net  S associa ted  with t converges t o  x. (This is a 
d i r e c t  consequence of t h e  preceding lemma and the  f a c t  t h a t  each 
neighborhood of x belongs t o  t . )  

The suspected r e l a t i o n s  involving accumulation points  of  associa-  
ted  ne t s  and f i l t e r s  a l s o  hold,  a s  t h e  following theorems ind ica t e .  
3.5) Theorem: I f  x is an accumulation po in t  of a net S, then x is 

a l s o  an  accumulation point  of  t h e  f i l t e r  associated with S. 
Proof: Suppose x is not an accumulation point  of  4, t he  f i l t e r  -. associa ted  with the  ne t  (S,D, 2 ) .  Then the re  is some neighborhood 
N of  x and some F E Ã such t h a t  N fl F = 0 by 2.7. Recall  t h a t  
4 = { W ~ W  3 Fn} where Fn = { ~ ( k )  1 k ; n}. So f o r  some n E D ,  Fn c F, 

hence F D N = 0, and therefore  S ( j )  I? N f o r  j i  n; t h a t  is ,  S is not 
frequently i n  N ,  s o  x is not an accumulation point of S.  

3.6) Theorem: Let Ã be a f i l t e r  and S the  associated net .  I f  x is 
an accumulation point  of t, then x is an accumulation point  of 
s. 

Proof: Let N be a neighborhood of  x,  and suppose (a,F) E A ,  t he  domain - 
of S. By 2.7 ( c ) ,  F 0 N  # 0, so  f o r  b E F UN, (b,F) > (a ,F) .  Thus 
S is frequently i n  N. 

So we see  t h a t  f o r  each net i n  a space X there  is a f i l t e r  i n  
S with r e l a t ed  proper t ies ,  and conversely. This leads  us t o  bel ieve  
t h a t  any proposit ion whose proof requires  t h e  use of one of these 
objects  could be j u s t i f i e d  by appl ica t ion of the  o ther .  Published 
research tends t o  j u s t i f y  t h i s  b e l i e f .  

In  the  i n t e r e s t  of  brevi ty ,  only the  bas ic  de f in i t i ons  and 
theorems needed f o r  a cursory comparison of  nets  and f i l t e r s  have 
been given. Many more r e s u l t s  a re  known. While the  independent study 
of ne t s  and f i l t e r s  and t h e i r  comparison is in t e re s t ing  and reward- 
ing,  t h e  r e a l  challenge l i e s  i n  developing, i n  accordance with a 
conjecture of E. H .  Moore, a more general theory of  sequent ia l  notions 
of which ne t s  and f i l t e r s  a r e  but spec ia l  cases .  
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SUMMATION OF GENERALIZED HARMONIC 

SERIES WITH PERIODIC SIGN DISTRIBUTIONS 

B . J . Cerimele , Xavier University 

I n  re inforc ing t h e  idea  t h a t  a condi t ional ly  convergent s e r i e s  
depends upon t h e  presence of an  i n f i n i t e  number of  negative terms, 
one usually c i t e s  t h e  example of t h e  a l t e rna t ing  harmonic s e r i e s .  
A frequent question which a r i s e s  i n  t h i s  consideration is whether 
o the r  pa t t e rns ,  such a s  the  negation of  every t h i r d  term, might render 
the  harmonic s e r i e s  convergent. I n  t h i s  connection the  author w i l l  
d iscuss  the  convergence behavior of  a generalized harmonic s e r i e s  
having any per iodic  d i s t r i b u t i o n  of s igns .  I n  pa r t i cu la r ,  it w i l l  
be brought out  t h a t  only those  s ign  d i s t r ibu t ions  i n  which a balance 
of p lus  and minus s igns  occur i n  t h e  repeat ing s ign  block render 
the  s e r i e s  convergent. Final ly ,  a method of summing such convergent 
s e r i e s  by means of fundamental component subser ies  w i l l  be explained. 

Consider the  s e r i e s ,  which s h a l l  be ca l l ed  t h e  W-series, 
defined by 

m 

I i / ( j  + i k ) ,  
i = O  

where j and k a r e  a r b i t r a r y  pos i t ive  in t ege r s .  For j=k= l  t h i s  s e r i e s  
reduces t o  t h e  ordinary harmonic s e r i e s ,  and f o r  a r b i t r a r y  j and k 
it diverges k i t h  the  harmonic s e r i e s .  Pat terns  of s ign  d i s t r i b u t i o n  
i n  t h e  W-series which y i e l d  convergence a r e  subject  t o  the  following 
theorem, due t o  Cesaro, which imposes a necessary condition on the  
r e l a t i v e  frequency of  p lus  and minus s igns .  

Cesaro's Theorem [3,p.318]. Let p and q denote the  number of 

pos i t i ve  and the  number of negative terms respect ively  i n  t h e  f i r s t  

n terms of  a s e r i e s .  I f  t he  s e r i e s  is condi t ional ly  convergent and 

its sequence of terms i n  absolute value is monotonically decreasing, 

then l i m  pn/qn=l,  where the  l i m i t  is known t o  e x i s t  when t h e  terms 
n-xr 

a r e  of an order of magnitude not l e s s  than those of t h e  harmonic 

s e r i e s  [2,p.17]. I n  a per iodic  pa t t e rn  of s ign d i s t r i b u t i o n  Cesaro's 

theorem leads  t o  t h e  requirement t h a t  t h e r e  be a balance of plus and 

minus s igns  i n  the  cyc l i c  s ign  block. 



I n  o r d e r  t o  sum convergent W-series with a p e r i o d i c  s i g n  d i s -  

t r i b u t i o n  t h e  summability of c e r t a i n  fundamental a l t e r n a t i n g  s e r i e s  

is needed. Consider t h e  fo l lowing  a l t e r n a t i n g  s e r i e s :  
m 

W ( j ;  kl, k2)  = 1 (-111 / ( j  + qh + rk l ) ,  ( 1 )  
i = O  

where h = k l + k 2 , q = [ i / 2 1 , r = i , m o d 2 .  

Theorem: The s e r i e s  i n  ( 1 )  converges and has sum 

where 1(1 ( z )  denotes  t h e  p s i  o r  digamma f u n c t i o n  [l, p.2771. 

Proof:  That t h e  s e r i e s  i n  ( 1 )  converges is a n  immediate consequence 
of  t h e  a l t e r n a t i n g  s e r i e s  t e s t .  To genera te  t h e  sum f u n c t i o n  t h e  
terms of  t h e  s e r i e s  a r e  grouped i n  p a i r s  y i e l d i n g :  

m 

This grouped s e r i e s  can be expressed by: 

Because t h e  s e r i e s  - 
I ( x  + ih)-2 

i = O  
is uniformly convergent  f o r  x ; 1, t h e  o p e r a t i o n s  i n  t h e  above grouped 
s e r i e s  may be  permuted t o  g i v e  

- 
Noting t h a t  [l, p .285] - 

i(it(x/h)= I ( i  + ~ / h ) - ~ ,  
i = O  

one o b t a i n s  t h e  r e s u l t :  

U t i l i z a t i o n  o f  a n  i n t e g r a l  r e p r e s e n t a t i o n  o f  t h e  p s i  f u n c t i o n  [l, p.2781 
y i e l d s  t h e  fo l lowing  s p e c i a l  c a s e  which-'is r e d u c i b l e  t o  elementary 
f u n c t i o n s .  

C o r o l l a r y .  I f  k = k = k , 

which by means o f  t h e  t ransformat ion  t = x2k becomes 

J 0 
This l a s t  i n t e g r a l  can be expressed i n  terms of  elementary f u n c t i o n s ,  
v i z  . , 

where q = [k/2], r = k ,  mod 2, j < k ,  

Table 1 provides  c losed  express ions  f o r  t h e  sums o f  some o f  t h e  
fundamental a l t e r n a t i n g  W-series . 

Because of t h e  c y c l i c  p a t t e r n  i n  t h e  p e r i o d i c  s i g n  d i s t r i b u t i o n  
f o r  a convergent  W-series it is apparen t  t h a t  such s e r i e s  can be 
decomposed i n t o  component s u b s e r i e s  of t h e  form i n  (1) ;  and moreover, 
t h e  sum of t h e  convergent W-series is g iven  by t h e  sum o f  t h e  sums 
o f  t h e  fundamental component s u b s e r i e s .  Table 2 c o n s i s t s  i n  a com- 
p i l a t i o n  o f  c losed  express ions  and approximate numerical  va lues  f o r  
t h e  harmonic s e r i e s  having convergent  p e r i o d i c  s i g n  p a t t e r n s  spanning 

The a u t h o r  acknowledges t h e  computat ional  suppor t  rendered by 
h i s  s t u d e n t  Timothy Luken. 



Table 1 

Closed Express ions  f o r  Some 

Fundamental A l t e r n a t i n g  W-series 

m 

One paramete r  s e r i e s :  W(j;k) =I ( - I ) ~  / ( j  + i k )  
i =O 

Sign  P a t t e r n  

+--+ 

+-+- 
++-- 
+ ---++ 
+--+-+ 

+--++- 

+-+--+ 

+-++-- 

++---+ 

++--+- 

++-+-- 

+++--- 

Table 2 

Summation o f  Harmonic S e r i e s  

wi th  Convergent P e r i o d i c  S i g n  D i s t r i b u t i o n s  

Refe rences  

Approximate v a l u e  

.61211 

.69315 

1 .I3197 

.23105 

.37355 

.47806 

.58864 

,83565 

.97815 

1.08266 

1.22516 

1.44025 
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A SHORTER AXIOMATIC SYSTEM FOR BOOLEAN ALGEBRA 

Leroy J. Dickey 

University o f  Wisconsin 

I n  volume 4 ,  number 6 ( t h i s  Journal ) ,  Lawrence J .  Dickson 
lists seven axioms f o r  Boolean Algebra. This l i s t  can be abbre- 
via ted .  

I .  The axioms : 
A Boolean Algebra is a s e t  X such t h a t ,  f o r  a l l  a ,  b, c ,  ... E X :  

A .  There is defined a (c losed)  binary opera t ion  ft such t h a t :  
Axioml: a n (b  U c ) =  ( a  n b) n c 
Axiom2: a ft b = b  (I a 
Axiom 3: a ("> a = a 

B .  There e x i s t s  an element I E X such t h a t  
Axiom 4: a 0 I = a f o r  a l l  a E X 

C .  There can be defined a funct ion  ' from X i n t o  i t s e l f  
such t h a t  : 
Axiom5: ( a t ) ' = a f o r a l l a ~ X  
Axiom 6: a n a '  = I' f o r  a l l  a E X 
Axiom7: a 0 b = I t - + a  0 b t = a .  

11. 
Theorem 1: Axiom 3 is a consequence o f  axioms 5,  6 ,  and 7 .  
Proof: 

Let a be any element of X .  By axiom 6 ,  a r\ a '  = 1 ' .  Hence by 
axiom 7 ,  a 0 ( a ' ) '  = a .  But, by axiom 5, ( a ' ) '  = a .  Therefore 
a n a = a .  

Theorem 2: Axioms 1 and 2 can be replaced by t h e  axiom 
Axiom 1': a n (b  0 c )  = (b  n a )  U c ,  

a s  long a s  axiom 4 is r e t a ined .  
Proof: 

Clear ly  axiom 1' is a consequence of axioms 1 and 2. Suppose 
now t h a t  axiom 1' holds.  F i r s t  we show t h a t  axiom 2 holds.  

a n b = a n  ( b f 1 1 )  by axiom 4 
= (b n a )  n I - by axiom 1' 
b n a by axiom 4 .  

Then a (7 ( b  ,q c )  = (b  a )  D c = ( a  n b)  n c ,  which shows t h a t  
axiom 1 is s a t i s f i e d .  
* 

Hence t h e  o r i g i n a l  seven axiom system can be replaced by a system 
of f i v e  axioms, namely 1'. 4 ,  5,  6, and 7. 

PRESERVING FUNCTIONS ON THE REAL LINE 

Glen Haddock and David Moon, Arkansas College, Ba te sv i l l e ,  Arkansas 

In introducing a general  theorem it is usual ly  both i n t e r e s t i n g  
and i n s t r u c t i v e  t o  examine its implication i n  r e s t r i c t e d  cases.  It 

is important t h a t  t h e  s tudent  be able  t o  i l l u s t r a t e  t he  theorem i n  a 
s e t t i n g  f ami l i a r  t o  him. There a r e  many theorems i n  mathematics which 
become q u i t e  elementary when appl ied  t o  r e s t r i c t e d  cases .  We would 
l i k e  t o  d iscuss  isometrics on t h e  r e a l  l i n e .  The notions o f  funct ion ,  
d is tance ,  composition of funct ions ,  and graphing w i l l  be i l l u s t r a t e d .  

Def in i t ion  1: The funct ion  f =  { ( x , ~ )  1 y = f ( x ) )  is an isometry i f  and 
only i f  f o r  a l l  r e a l  numbers a and b we have 1 a-b 1 = 1 f (a)-) I . 
Defini t ion  2: Let f and u be functions and l e t  F be the  funct ion  my =f[u(x)]). Then F is ca l l ed  t h e  composition ( o r  composite) 
of f upon u; t h a t  is, F is t h e  s e t  o f  a l l  ordered p a i r s  of r e a l  numbers 
( X J )  such t h a t  y = f r u ( x ) l .  

The r eade r  is r e fe r r ed  t o  reference  r l l  f o r  f u r t h e r  de f in i t i ons .  

The following theorem is bas i c  t o  t he  study o f  i sometr ics  i n  
Euclidean n-dimensional space (En). 

Basic Theorem: Every isometry i n  Euclidean n-dimensional space can be  
represented by a t  most n+l r e f l e c t i o n s  through (n-1)-dimensional space.  
(Ref. r21) 

Since use o f  t he  theorem here  is r e s t r i c t e d  t o  1-dimensional space,  
i .e . ,  the  r e a l  l i n e ,  we w i l l  use a s p e c i a l  case of t h e  Basic Theorem: 
every isometry of Euclidean 1-dimensional space can be represented by 
a t  most two r e f l e c t i o n s  throuah a po in t .  

We w i l l  d i scuss  a procedure whereby any number of r e f l e c t i o n s  can 
be expressed a s  a combination of not  more than two r e f l e c t i o n s .  Note 
t h a t  t h e  Basic Theorem merely guarantees t h e  exis tence  of such a repre-  
sen ta t ion ,  whereas t h i s  procedure w i l l  y i e l d  a method f o r  computing 
the  exact representa t ion  i n  terms o f  t he  information a t  hand. 

Theorem 1: The graph o f  an isometry of a l i n e  i n t o  i t s e l f  is a s t r a i g h t  
l i n e  having s lope  e i t h e r  t1 o r  -1. 

Proof: Since every isometry can be represented as e i t h e r  a r e f l e c t i o n  - 
through one point  o r  a r e f l e c t i o n  through two po in t s ,  we w i l l  consider 
two cases .  

Case I: Ref lec t ion  through one point .  
Suppose the  isometry is equivalent t o  a r e f l e c t i o n  through one 

point ,  say  A .  Then it follows t h a t  f(A)=A. For an a r b i t r a r y  point  
x l e t  f ( x ) = x l ;  t hen  lx-A! = I x ' - A ~ .  I t  follows t h a t  e i t h e r  (1 )  x-A = 
d - A ,  i n  which case x=x' and thus  x=A ( s ince  A is the  only f i xed  point )  
o r  ( 2 )  x-A = -(XI-A) and x '  = 2A-X. Therefore f(x)=2A-x. I t  w i l l  now 
be shown t h a t  t h e  s lope  o f  t he  l i n e  segment jo in ing (A,A) and (x.2A-x) 
is -1. The s lope  of t h i s  l i n e  segment is given by 



Since x is an  a r b i t r a r y  point  t h e  r e s u l t  follows. See Figure 1. 

FIGURE 1: Graph o f  a r e f l e c t i o n  through po in t s  A and (x,2A-x). 

Case 11: Ref lec t ion  through two points .  
Suppose t h e  isometry is equivalent  t o  r e f l e c t i o n s  through two 

po in t s  A and A i n  t h a t  order.  From the  proof of Case I we know t h a t  
1 2 

given an  a r b i t r a r y  point  x, t h e  funct ion  f(x)=2Al-x r e f l e c t s  through 

t h e  point  A .  S imi lar ly  t he  funct ion  g(2Al-x)=2A -(2A -x) r e f l e c t s  
2 1 

through the  po in t  An. Then f  [g(x) l=2A2-2A1+x is t h e  composite function.  

Now f[g(Al)]=2A2-2A +A =2A2-A,. The s lope  o f  t he  l i n e  segment jo in ing 1 1  

t h e  two points  (x,2A -2A,+x) and (A1,2A -A ) is 
2 2 1 

(2A2 - 2A1 + X)  - ( 2 A  - All x - A 
m = - --- - 1. 

x - Al x - Al 

Since the  points  x, A and A were chosen a r b i t r a r i l y ,  the  proof is 
1 2 

complete. See Figure 2. 

FIGURE 2: Composite of a r e f l e c t i o n  through B upon a r e f l e c t i o n  through A .  

Theorem 2: The graph o f  an isometry F has s lope  + l  i f  and only i f  it 
can be decomposed i n t o  two isometr ies  f  and g whose graphs have s lope  
-1. 

=: Assume t h a t  F can be decomposed i n t o  two isometr ies  f  and g 
whose graphs have s lope  -1. Then f  = {(x,y) l y = ~ - x ,  f o r  some f ixed 
point  A) and g = {(x ,y)  I y = ~ - x ,  f o r  some f ixed point  B] . Therefore 
F(x) = f ( g ( x ) )  = A - (B-x) = A - B + x. Therefore F has s lope  + l .  

Now suppose F has s lope  + l ;  then F(x) = A+x. 

Let f  = {(x ,y ; Iy=~-x ,  f o r  some fixed point  A}  and g = {(x ,y ) l  
y= -x}. Then f[g(x)]=A+x. See Figure 3.  

FIGURE 3: Decomposition of an isometry with s lope  +1 i n t o  two r e f l e c t i o n s .  

Theorem 3; The composite of two isometries whose graphs have s lope  
-1 and + 1  is an isometry whose psraph has s lope  -1. 

Proof: Let f  = { ( x , y ) I y = ~ - x ,  f o r  some fixed point  A) and g = {(x ,y)I  
-, f o r  some f ixed point  B } .  Then f[g(x)]=A-(B+x)=A-B-x and has 
s lope  -1; a l s o  grf(x)l=B+A-x and has s lope  -1. See Figure 4 .  



FIGURE 4: Composition o f  an isometry with s lope  -1 upon an isometry with s lope  + l .  

Theorem 4: The composite of two isometrics whose graphs have s lope  
+1 is an isometry with s lope  + l .  

Proof: Assume f and g a r e  two funct ions  whose s lopes  a r e  + l .  Let 
~ ( X , ~ ) [ ~ = A + X ,  f o r  some fixed point  A} and E = { ( X , ~ ) ~ ~ = B + X ,  f o r  
some f ixed point  B}; then F(x) = f[g(x)l=A+B+x whose s lope  is + l .  

A method w i l l  now be given f o r  f inding the  image o f  an a r b i t r a r y  
point  x under a f i n i t e  number of r e f l ec t ions .  Let f  be t h e  funct ion  

obtained by r e f l e c t i o n  through n points  A1,A2,*..,An i n  t h a t  order .  

Y = Z ( A ~ - A ~ + A ) - X } .  

In  genera l ,  f o r  n-even, f  is obtained by induction,  f i r s t  r e f l e c t -  
n 

ing  through the  point  whose coordinate is A +A +A+...+A followed by 
1 3 n -1 

a r e f l e c t i o n  through the  point  whose coordinate is A +A +A +...+A . 
2 4 6  - .  

I f  n is odd, then f  is obtained by a r e f l e c t i o n  throu* t h e  point  

whose coordinate is given by (A +A +A +--*+A ) - (A +A +A +---+A ). 1 3 5  2 4 6 n-1 

References : 
. 1. School Mathematics Study Group, Elementary Functions, Yale University 

Press.  
2. L. M. Blumenthal, Theory and Applications o f  Distance Geometry, 

Oxford University Press ,  1953. 

A FUNCTIONAL APPROACH TO THE 

SINGULARITIES OF PLANE CURVES - 
Richard J. Bonneau 

College of t h e  Holy Cross 

The problem o f  studying plane curves and t h e i r  s i n g u l a r i t i e s  
has in t r igued t h e  men of mathematics f o r  cen tu r i e s .  However, t h e  
necess i ty  of working with poorly-behaved funct ions ,  t h e  parametri- 
za t ions  o f  t hese  curves,  o f t e n  quickly dampened t h e  adventuresome 
s p i r i t s  o f  many a would-be a lgeb ra i c  geometer. Many attempts have 
been made t o  avoid t h e  use o f  such i l l- behaved representa t ions  of 
plane curves.  This paper w i l l  d i scuss  a method employed by Hass ler  
Whitney i n  a more general  ana lys i s  of t h e  s i n g u l a r i t i e s  of maps 
f o r  En i n t o  Em (1 ) .  

Es sen t i a l l y  t h i s  method reduces t o  s eve ra l  c lear- cut  s t e p s .  
F ' r s t ,  an inves t iga t ion  is made o f  a smooth map f  from E i n t o  
E ,  t o  determine its Jacobian J ( X , ~ ) .  Second, determine t h e  curve 
( o r  curves) C ,  c a l l ed  t h e  general  fo ld  of f ,  i n  t h e  pre-image space 
f o r  which t h e  Jacobian vanishes; i .e . ,  J(x,y)=O, f o r  a l l  po in t s  
(x,y) on C. Third,  form the  image f ( c ) ,  a curve i n  t h e  image space,  
and examine it f o r  poss ib le  s i n g u l a r i t i e s .  Fourth, i f  the  image of 
t h e  general  f o l d  possesses s i n g u l a r i t i e s ,  analyze t h e  general  fo ld  
i n  t h e  pre-image space near t he  inverse  image o f  t h e  s ingu la r i t y .  
It is t h i s  l a s t  s t e p  which w i l l  y i e l d  important information about 
t h e  curve with s i n g u l a r i t i e s .  

The crux o f  t h i s  procedure is: given a curve with s i n g u l a r i t i e s ,  
does t h e r e  e x i s t  a map whose po in t s  of vanishing Jacobian map i n t o  
t he  given curve? This ques t ion  is a s  y e t  unanswered, but  t h e  moti- 
vat ion  of t h i s  paper l i e s  i n  demonstrating how the  above method can 
be e f f e c t i v e  i n  studying curves and t h e i r  s i n g u l a r i t i e s .  

I .  INTRODUCTION 

2 Let f:E -Ã  ̂ E be a smooth mapping; i .e . ,  possessing c ntinuous 
p a r t i a l s .  Associated with each vector  V i n  E and p i n  E ,  t h e r e  is 
a unique vector  Dvf(p), given by 

This represents  t h e  d i r ec t iona l  and magnitudinal change i n  t h e  values 
of f  a s  one t r a v e l s  through p i n  t h e  d i r ec t ion  o f  V .  



Considering,  f o r  f i x e d  p and f ,  D f ( p )  a s  a n  o p e r a t o r  on t h e  s e t  v Proof:  The r e s t r i c t i o n  o f  @ i n  t h e  hypothes i s  r e q u i r e s  t h a t  i ts  - 
t angent  v e c t o r  f o r  every  t c o i n c i d e  wi th  t h e  v e c t o r  f u n c t i o n  V(p), 
whenever p = @ ( t ) .  of v e c t o r s  i n  E2, it can e a s i l y  be  shown t h a t  t h e  o p e r a t o r  D f ( p )  is v 

2 a c t u a l l y  a l i n e a r  t r a n s f o r m a t i o n  from E i n t o  E . I f  V is g i v e n  by 

( a , b )  wi th  r e s p e c t  t o  some co- ord ina te  system ( x , y ) ,  we have 

By hypothes i s ,  D@ = d@/dt  maps e l  i n t o  V(p): and Df maps 
V(p) i n t o  Dvf(p). Thus t h e  composite map D ( f @ ) ( t )  = &!(ft)(t) 

maps el i n t o  Dvf(p);  i . e . ,  equa t ion  ( 7 )  has  been proven 

Now, l e t  us s u b s t i t u t e  t h e  f u n c t i o n  F(p) = D f ( p )  i n t o  t h e  
above r e s u l t s .  Then, 

Fur ther ,  we can  assume f t o  be  g i v e n  by component f u n c t i o n s ,  

u 2 ,  where ul,u2: E *  E l .  Then t h e  fo l lowing  r e l a t i o n s h i p  between 

t h e  D-operator f o r  vector- valued f u n c t i o n s  and f o r  rea l- va lued  func-  Thus, g iven  t h e  c o n d i t i o n s  o f  t h e  hypothes i s ,  t h e  tangent  and 
" acce le ra t ion"  v e c t o r s  can be  simply d e s c r i b e d  i n  terms o f  t h e  
D-operator, a f a c t  which w i l l  p l a y  a major r o l e  i n  t h e  coming 
developments. 

t i o n s  ho lds .  

11. SINGULARITIES 

D e f i ~ i t i o n :  Let f:R < E2 + E2 be a smooth mapping where R is open 
i n  EL. Then we s a y  f i s  r e g u l a r  a t  p i f  

Thus, t h e  process  of  f i n d i n g  d e r i v a t i v e s  of  vector- valued f u n c t i o n s  
can be  reduced t o  t h a t  o f  f i n d i n g  t h e  d e r i v a t i v e s  o f  its correspond-  
i n g  component f u n c t i o n s .  

(9) Dvf(p) # 0 f o r  V #  0 .  
Combining equa t ions  ( 2 )  and ( 3 )  above, we a r r i v e  a t  t h e  fo l lowing  

e v a l u a t i o n  o f  t h e  D-operator o f  a f u n c t i o n  f = (ul,u2): What t h i s  means geomet r ica l ly  is t h a t ,  i n  any d i r e c t i o n ,  t h e  d i r e c-  
t i o n a l  d e r i v a t i v e  a t  p is non-zero, i n d i c a t i n g  t h a t  a t  f ( p ) ,  t h e r e  
e x i s t s  a non-zero image of  V. 

From t h i s  d e f i n i t i o n ,  we f u r t h e r  def ine :  

D e f i n i t i o n :  I f  f is smooth and f is not  r e g u l a r  a t  p.  t h e n  f is 
s a i d  t o  b e  s i n g u l a r  a t  p.  

Assume now t h a t  we have f i x e d  co- ord ina te  systems ( x , y ) ,  ( u , v )  
i n  R and f ( R )  r e s p e c t i v e l y .  The Jacobian  o f  a map f is given by 

Let  @ ( t )  be a smooth parametrized curve  i n  E;. This  maps t h e  
r e a l  l i n e  E1 i n t o  some s u b s e t  o f  t h e  r e a l  p lane  E . For t h i s  curve ,  
we d e f i n e :  

D e f i n i t i o n :  If f:R + E is  a smooth mapping such t h a t  f ( x , y )  = 
( u ( x , y ) , v ( x , y ) ) ,  t h e n  t h e  Jacobian  is where e l  is t h e  u n i t  v e c t o r  i n  E1 and D is considered a s  an o p e r a t o r  

over  a r e a l  valued f u n c t i o n .  The above d e f i n i t i o n  of t h e  tangent  
v e c t o r  c o r r e s p o ~ i d s  t o  t h e  i n t u i t i v e  concept  of  t a n g e n t .  I t  is a very 
s p e c i f i c  example o f  t h e  d e f i n i t i o n  (11 ,  where f is def ined  by f ( x , y )  
= @(XI f o r  a l l  y .  Geometrical ly,  J ( p )  r e p r e s e n t s  t h e  expansion ( o r  c o n t r a c t i o n )  f a c t o r  

of  t h e  maopine f a t  t h e  p o i n t  p .  From t h e  above d e f i n i t i o n s  o f  
r e g u l a r  and s i n g u l a r  p o i n t s ,  it can e a s i l y  be shown t h a t  p is a 
r e g u l a r  o r  s i n g u l a r  p o i n t  of  f accord ing  a s  J ( p )  # 0 o r  J ( p )  = 0.  

Lemma 1. Let f be a 2-smooth mapping, f:E2 + E2, V(p) be a smooth vec- 
=unction i n  E2 and @ a 2-smooth curve i n  E2 such t h a t :  

D e f i n i t i o n :  Let f be a ?-smooth mapping. We say  p i n  R is a good 
p o i n t  i f  e i t h e r  J ( p )  # 0 o r  DJ(p) # 0. 

Here, DJ(p) r e f e r s  t o  t h e  f u n c t i o n  D J ( ~ ) : E ?  + E1 where DJ(p)(V) = 
D , , J ( ~ ) .  Thus, p is good i f  e i t h e r  J ( p )  # 0 o r ,  i f  J ( p )  = 0,  e i t h e r  

t h e  c o n d i t i o n  t h a t  t h e  s i n g -  
s e n s e  t h a t  t h e i r  Jacobians  

The above d e f i n i t i o n  merely a s s e r t s  
u l a r  p o i n t s  o f  f be well-behaved i n  t h e  
vanish i s o l a t e d l y .  where p = + ( t ) .  



We f u r t h e r  define f  t o  be good i f  every point  o f  domain i s  good. 

Example: Consider f (x ,y )  = ( x 2 , ~ ) .  Then, J (x ,y)  = 2x, Jx(x ,y)  = 2, 
J (x,y) = 0 .  Thus, J  # 0 except where x  = 0, i n  which case,  J x  # 0. 

Y 
A s  an example of a  function which is not good, consider t h e  map 

f  given by f (x ,y )  = ( ( x - ~ ) ~ , ~ ) .  I n  t h i s  case ,  J (x ,y)  = 3 ( ~ - 4 ) ~ ,  

J (x,y) = 6(x-4), J (x,y) = 0 .  We see  t h a t  J  # 0 except where x  = 4, 
x  Y 

i n  which case both J  and J  a r e  both 0.  I f  R is taken t o  be t h e  
Y 

r e a l  plane E ~ ,  then f  is not a  good funct ion  a s  any point  with t h e  
form (4 ,y)  is not good. However, i f  WP r e s t r i c t  t h e  domain R so a s  
not t o  include any por t ion  o f  t h e  l i n e  x  = 4, f  w i l l  then be a  good 
funct ion .  

We may now prove an important r e s u l t  f o r  our development: 

Lemma 2: Let f  be good i n  R.  Then t h e  s ingu la r  po in t s  of f  form 
smooth curves i n  R .  

Proof: I f  p  is s ingu la r ,  J ( p )  = 0, and DJ(p) # 0. By the  imp l i c i t  
funct ion  theorem, t h e  so lu t ions  o f  J ( p )  = 0 near p  l i e  on a  smooth 
curve. 

Definit ion: The smooth curves i n  R along which t h e  Jacobian vanishes 
a r e  ca l l ed  the  general  fo lds  of f .  

a m p l e :  1. Let f (x ,y)  = ( ~ ~ - 1 2 x , ~ ) .  Then, t he  Jacobian J (x ,y )  = 

3x2-12, and t h e  general  fo lds  a r e  given by the  smooth curves ( l i n e s )  
x  = +2. 

3  
2. Let f (x ,y )  = (xy-x ,y) .  I n  t h i s  case ,  J (x ,y )  = y-3x 

2  

and t h e  genera l  f o l d  is a s  shown i n  Figure 1. 

FIGURE 1 

.. 
The primary f a c t  t o  remember about t h e  genera l  fo ld  is t h e  

Jacobian funct ion  vanishes a t  every point  of t he  smooth curve. 
These po in t s  map i n t o  t h e  " i r regular"  po in t s  i n  t h e  image space f (R) .  
Now, l e t  f  be 3-smooth and good i n  R .  Also, l e t  p  be a  s ingu la r  

. p o i n t  of f  and @ ( t )  any parametrization o f  t he  general  fo ld  through 
p  such t h a t  @(0)  = p. Using d f /d t  t o  mean d / d t ( f @ ) ,  we def ine:  

Definit ion: p  is a  f o l d  po in t  of f  i f  

(10) d f / d t  # 0 a t  p; 

p  is a  cusp point  i f  

Thus, i n  example 1 above, a l l  s i ngu la r  points  of f  a r e  fo ld  po in t s ,  
while i n  example 2, t he  point  (0,O) is a  cusp point  and a l l  o the r  
points  on the  curve y  = 3x2 a r e  fo ld  points .  

The condition o f  being fo ld  o r  cusp po in t s  t i e s  i n  in t imate ly  
with the  s i n g u l a r i t y  o f  po in t s  o f  t h e  image f(C) o f  t h e  general  f o l d ,  
a s  condition (11) is none o the r  than the  d e f i n i t i o n  of a  s ingu la r  
point  f o r  t h e  curve f @ ( t ) .  

From the  above d e f i n i t i o n ,  it can e a s i l y  be proven t h a t :  

A .  p is a  fo ld  po in t  i f f  the  image of C-near  p  is smooth with 
a  non-zero tangent a t  p. 

B.  p  is a  cusp po in t  i f f  t he  tangent vector  a t  p  is zero,  but 
becoming non-zero a s  we move away from p on C.  

A s  a  consequence o f  B ,  it is evident  t h a t  t he  cusp po in t s  o f  f  a r e  
i so l a t ed  along C ,  implying t h a t  t h e  corresponding s ingu la r  po in t s  of 
f(C) a r e  a l s o  i so l a t ed .  Note t h a t  t hese  theorems must and can be 
proven t o  be independent of parametrization o f  t h e  general  fo ld  C .  

Definit ion: p  is an exce l l en t  point  o f  f  (assumed good) i f  it is 
e i t h e r  regular ,  f o ld  o r  cusp. f  is exce l l en t  i f  a l l  po in t s  o f  its 
domain a r e .  

Now l e t  us assume a  3-smooth co-ordinate system about p  and a l s o  about 
f ( p ) .  I f  we def ine  a  vector  valued function V(p) by 

then, 

Since J ( p )  maps i n t o  E ,  then the  above equation implies t h a t  t he  vec- 
t o r  V(p) is tangent t o  t h e  general  f o l d  C a t  each s ingu la r  po in t  of t h e  
curve. 

Using the  above deductions with any fo ld  of f ,  we can f i n d  a  
parametrization of C s o  t h a t  equation (1 )  holds.  Then, invoking 
Lemma 1, with f  assumed good, we have: 

(13) p  is a  f o l d  po in t  i f f  Dvf(p) # 0, 

(14) p  is a  cusp point  i f f  Dvf(p) = 0 and DvDvf(p) # 0. 

We have now reduced t h e  determination f o r  t h e  s i n g u l a r i t i e s  of t h e  
image curve f(C) t o  ca l cu l a t ions  performed only i n  t h e  image space.  
This enables us t o  determine whether t he  image curve possesses s ingular -  
i t i e s  without knowing its a c t u a l  form. The key point  of t h i s  theorem 
l i e s  i n  t he  need t o  prove t h a t  t he  funct ion  under discussion is 
ac tua l ly  exce l l en t .  



1II.STRUCTURE NEAR SINGULAR POINTS 

Up t o  t h i s  point ,  a t t e n t i o n  has centered on t h e  behavior of  
points  ac tual ly  on the  general fo ld;  i .e. ,  the  s ingu la r  points .  We 
now wish t o  r e l a t e  these  points  t o  points  i n  t h e i r  two-dimensional 
neighborhoods. 

Assume f t o  be an  excel lent  map. For a given p i n  R, l e t  V '  = 
Dvf(p) be a mapping from the  s e t  of  vectors  V i n t o  E~ such t h a t  

IVI = 1. Since the  Df(p) opera tor  is l i n e a r  (Section I ) ,  the  above 
r e s t r i c t i o n  is not prohibi t ive .  Then, def ine  R '  t o  be the  s e t  of 
points  p i n  R such t h a t  the  s e t  { V  = ~ ~ f ( p ) }  has a t  l e a s t  two non- 
equal elements. 

Since the  map f is excel lent ,  f o r  any p i n  R ' ,  t he re  e x i s t s  a 
unique p a i r  of  vectors  V and -V f o r  which the  quant i ty  I v '  1 = l ~ ~ f ( ~ )  1 
is a minimum. Geometrically t h i s  means t h a t  f o r  a l l  points  p i n  R , 
t h e r e  e x i s t s  a d i r ec t ion  i n  which f va r i e s  the  l e a s t .  I n  t h i s  sense,  
we can assign a vector  t o  each p i n  R '  and t h i s  y i e lds  a system of  
smooth curves throughout R' .  

Definit ion: The smooth curves defined above a r e  ca l led  the  curves 
of minimum Df. Figure 2 i l l u s t r a t e s  t h i s  concept. 

FIGURE 4 

FIGURE 2 

In  Figure 4, p is a fo ld  point  while the  point  p is a cusp 
point of  f .  2 

Assume f t o  have a cusp point  a t  p. Let 

Now, l e t  C be a general fo ld  of f .  I f  a curve of  minimum Df cu t s  
C a t  a pos i t i ve  angle,  then f o r  the  tangent vector  V(p), DVyp)f(p) # 0 

and p is a fo ld  point .  However, l e t  us assume t h a t  C is tangent-.to 
the  curve of minimum Df a t  the  point  p. Since V(p) may now be con- 
s idered a s  the  tangent vector  t o  C a t  t he  point  p, by equation (131, 
p is not a fo ld  point.  P is thus a cusp point ,  because f was assumed 
excel lent .  I t  is t h i s  l a s t  c r i t e r i o n  which is extremely useful  i n  
determining the  s ingu la r  points  of  f(C). 

From the  above de f in i t i on ,  we have immediately t h a t ,  i f  p is i n  
R1 and V # 0, then Dvf(p) = 0 i f f  p is a s ingu la r  point  and V is tan-  
gent t o  the curve of  minimum Df a t  p. This follows s ince  0 is the  
minimum poss ible  value f o r  lDvf(p) I .  This is i l l u s t r a t e d  i n  Figure 3. 

p Singular 

Since f is excel lent ,  V* # 0. Since D,,f(p) = 0 ,  DVf(pt) is approxi- 

mately i n  the  d i r ec t ion  of Â±V f o r  p '  near p on C. I t  then follows 

t h a t  %f(p)  is a multiple of  V* f o r  a l l  W. A s  we move along C 

through the  point  p, DVf(p1) changes from a negative t o  a pos i t i ve  

multiple of V* and thus  V(pl) cu t s  t h e  curves o f  minimum Df i n  opposite 
senses on each s ide  of  p. Therefore the  curves o f  minimum Df ly ing  
on one s i d e  of  C cu t  C on both s i d e s  of  p. We c a l l  t h i s  s i d e  o f  C. 
the  upper s ide ,  and the  other ,  the  lower s ide .  The f igu res  5 and 6 
exemplify t h i s  concept, f o r  both the  pre-image space and the  image 
space. 
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Curves o f  * Lower S i d e  

General  Fold. Cusp a t  p.  
FIGURE 5 

Image o f  g e n e r a l  f o l d  and o f  box about  cusp p o i n t  shown. 
FIGURE 6 

The image of  C c l e a r l y  has a cusp a t  f ( p ) ,  point ing,  i n  t h e  d i r e c t i o n  
- of -V*. For any v e c t o r  W n o t  t angent  t o  C a t  p ,  Dwf(p) is a p o s i t i v e  

o r  nega t ive  m u l t i p l e  of  V* according a s  W p o i n t s  i n t o  t h e  upper o r  
lower s i d e  of C. 

I V .  SUMMARY 

Considering t h e  u l t i m a t e  problem o f  t h i s  procedure,  namely t h a t  
o f  " revers inc"  t h e  process  involved,  t h e  a u t h o r  and h i s  a d v i s o r ,  
P r o f e s s o r  V. 0 .  McBrien, spent  much t ime a t tempt ing  t o  o b t a i n  a n  appro- 
p r i a t e  map which would y i e l d  t h e  curve  y2 = x + x . The a n a l y s i s  o f  
t h i s  p a r t i c u l a r  problem l e d  us t o  a more complex one involv ing  t h e  
s o l u t i o n s  o f  p a r t i a l  d i f f e r e n t i a l  equa t ions .  However, h e r e  a g a i n ,  
devoted r e s e a r c h  might w e l l  open t h e  doors  t o  many problems h e r e i n  
encountered.  
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NATIONAL MEETING 

Pi Mu Epsilon will meet in conjunction with 
the Mathematical Association of America on August 
27-28, 1968, at the University of Wisconsin in 
Madison. Members are urqed to plan to attend 
these association meetings, as well as those of 
Pi Mu Epsilon, and take advantage of the opportunity 
to hear outstanding mathematicians. 

The Annual Banquet for Pi Mu Epsilon members 
and their guests will be held at 6 p.m. on Tuesday, 
August 27, in the East Dining Room of the Wisconsin 
Center. Tickets may be obtained for this dinner at 

8 the registration desk; price is $2.90 per plate. 

I There will be the usual breakfast on Wednesday, 
August 28, and members will go through the cafeteria 
line between 8:00 and 8:30 a.m. and take their trays 
across the hall to the Plaza Room for an informal 
meeting and get-together. 

All chapters are urqed to submit applications 
for speakers as soon as possible. Applicants must 
be members of Pi Mu Epsilon who will not have 
received the Master's Degree by April 15th. Travel 
reimbursement will be paid by the National Office 
to a maximum of $150. Delegates' travel will be 
paid to a maximum of $75. Every chapter should plan 
to be represented at Madison this summer. Will 
your chapter be there? 



A PRELIMINARY EXAMINATION OF 

ROUND-ROBIN TOURNAMENT THEORY 

Charles A .  Bryan 

John Carrol l  University 

1. We begin round-robin tournament theory with two e s s e n t i a l  con- 
cepts:  a f i n i t e  s e t  of points  V = {o, 1, ... n-1) and a s e t  of  
ordered p a i r s  D C VxV. With these  two concepts we formulate a 
number of de f in i t i ons .  
Directed Graph: a f i n i t e  s e t  of points  V and a s e t  of ordered 

pa i r s  D C VxV. 
Complete, Asymmetric Diagraph: f o r  every p a i r  of  points  i and j 

i n  V,  ( i , j ) c  D i f f  ( j , i )<D.  . . 

i is adjacent from j i f f  ( j , i ) ~ ~ .  
i is ad'acent t o  j i f f  ( i , j )eD.  
The of i is the  ca rd ina l i ty  of {j 1 ( i , j  )ED). 

Example: 

2 

v = 0,1,2} 
D = I (0 ,1) ,  (1,2),  (0,2)] 
In  t h i s  case  1 is adjacent from 0 and 0 is adjacent t o  1. The 
score  of 0 is 2. 

2. We give th ree  appl ica t ions  of  round-robin tournament theory. 
0-1 

3^ ' 2 
Game Interpre ta t ion:  Every playe* iy rep resen ted  by a point and 
each game is represented by a l i n e .  Each player plays every other  
p layer  once. In  t h i s  tournament we have four  p layers .  Player 1 
plays player 2 and defeats  him. The arrow on the  l i n e  always points  
i n  t h e  d i r ec t ion  of t h e  defeated player .  - -.. 

*. 
Preference Interpre ta t ion:  This in t e rp re t a t ion  is used i n  psychology 
and the  s o c i a l  sc iences .  There is a subject  who is asked t o  choose 
between objects  i n  a method of paired comparisons. Thus t h e  points  
now represent objects .  Thus i n  the  example we have objects  2 and 3 

- .  and the  subject  has chosen object  2.  The arrow always points  i n  
t h e  d i r ec t ion  of  t h e  object  not chosen. 

Dominance Interpre ta t ion:  This in t e rp re t a t ion  is used i n  biology. 
Each point  represents  a p a r t i c u l a r  t r a i t ,  cha rac te r i s t i c ,  o r  species .  
The arrow always points i n  t h e  d i r ec t ion  of the  t r a i t  which is 
overcome. 

3. Now we move i n t o  the  theory i t s e l f .  
Definit ion: A tournament T = (V.D) is a complete, asymmetric 

diagraph . 
Example: . 

A poss ible  tournament would be the  following: 
V = {0,1,2,3} 

T: 
D = {(0,1),  (2,O). (3,0),  (2,1),  (3,2),  (1,3)} 

There is another way of  represent ing the  same tournament. So f a r  
we have used a graphic method. For the  tournament above t h e  graph 
would be: 

A second method of  is by a matrix.  Let 
T be t h e  matrix represent ing the  tournament T. Then t. - =  0 o r  1 

11 

and t..= 1 i f f  ( i , j )cD.  
11 

(Here the  sco re  of  i is t h e  sum of elements i n  row i of the  matrix. Ed.) 

4. Let us now proceed t o  examine t h e  score sequences f o r  tournaments. 
Theorem 1: A sequence of n non-negative in tegers  -- so, ..., s 

may be considered a s  t h e  score  sequence of  a n-1- 

tournament i f f  t he  following two conditions a r e  
f u l f i l l e d  : 

n-1 
1. I si = S, n(n-1) 

0 
2. I f  k is any pos i t ive  in teger  l e s s  than n, then 

Example : 
V = {0,1,2,3) 



We check t o  make s u r e  t h i s  s c o r e  sequence s a t i s f i e s  o u r  two c o n d i t i o n s .  

Suppose k = 3 .  
2 3 = 1+1+2= 4 > " i3) (2)=  3 

Thus, t h i s  s c o r e  sequence s a t i s f i e s  o u r  two c o n d i t i o n s .  

5. To f u r t h e r  examine t h e  n a t u r e  o f  s c o r e  sequences a program was 
w r i t t e n  t o  feed  back t h e  p o s s i b l e  s c o r e  sequences f o r  n e q u a l  t o  
t h e  i n t e g r a l  v a l u e s  up t o  30. However, t h e  number of  s c o r e  sequences 
p o s s i b l e  f o r  even  r e l a t i v e l y  s m a l l  n tu rned  o u t  t o  be s o  l a r g e  t h a t  
t h e  General E l e c t r i c  215 computer's work was te rmina ted  a f t e r  n = 1 0  
had been computed. 

The fo l lowing  theorem was used i n  w r i t i n g  t h e  program. 
Theorem: Le t  T be  a tournament wi th  s c o r e  sequence <So, . Sn- lÃ 

such t h a t   so^ slS ... <. sn_l. Then every  s c o r e  s a t i s f i e s  

t h e  i n e q u a l i t i e s  +(k-1) sk < >s(n+k-2). 

Some o f  t h e  r e s u l t s  o f  t h e  program a r e  t a b u l a t e d  below. 
Score  Sequences Obtained From t h e  Program: 

Sequences 

- -As is immediately seen ,  every n h a s  a p e r f e c t  h i e r a r c h i a l  s c o r e  s e -  
'quence f o r  one o f  i ts  s c o r e  sequences.  I n  t h i s  p e r f e c t  h i e r a r c h y ,  

t h e  wors t  p l a y e r  d e f e a t s  no one ,  t h e  second wors t  p l a y e r  d e f e a t s  
on ly  t h e  worst  p l a y e r  and s o  on.  This  is i n d i c a t e d  i n  t h e  s c o r e  
sequence by a sequence such a s  <0,1,2>. 

A t a b u l a t i o n  o f  t h e  number o f  p o s s i b l e  s c o r e  sequences f o r  
v a l u e s  o f  n from 1 t o  9 is g iven  below. 

n Number of s c o r e  sequences 

2 1 

3 2 

4 4 

5 9 

6 22 

7 59 

8 

9 
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NEED MONEY? 

The Governing Council  o f  P i  Mu Eos i lon  announces a 
c o n t e s t  f o r  t h e  b e s t  e x p o s i t o r y  paper  by a  s t u d e n t  (who 
has  n o t  y e t  r ece ived  a  mas t e r s  degree)  s u i t a b l e  f o r  pub- 
l i c a t i o n  i n  t h e  P i  Mu Eps i lon  J o u r n a l .  

The fo l lowing p r i z e s  w i l l  be q iven  

$ 2 0 0 .  f i r s t  p r i z e  

$ 1 0 0 .  second p r i z e  

$ 5 0 .  t h i r d  p r i z e  

p rov id ing  at l e a s t  t e n  pape r s  a r e  r ece ived  f o r  t h e  c o n t e s t .  

I n  a d d i t i o n  t h e r e  w i l l  be a  $ 2 0 .  p r i z e  f o r  t h e  b e s t  
paper  from any one c h a p t e r ,  p rov id ing  t h a t  c h a p t e r  submits  
a t  l e a s t  f i v e  papers .  



PROBLEM DEPARTMENT 

Edited by 

M. S. Klamkin, Ford S c i e n t i f i c  Laboratory 

This department welcomes problems believed t o  be new and, a s  a 
r u l e ,  demanding no g rea t e r  a b i l i t y  i n  problem so lv ing  than t h a t  o f  
t he  average member o f  t h e  F ra t e rn i ty ,  but occas ional ly  we s h a l l  pub- 
l i s h  problems t h a t  should challenge the  a b i l i t y  o f  t h e  advanced under- 
graduate and/or candidate f o r  t h e  Master's Degree. Solutions o f  these  
problems should be submitted on separa te  signed shee t s  wi th in  fou r  
months a f t e r  publ ica t ion .  

An a s t e r i sk (* )  placed beside a problem number i nd ica t e s  t h a t  t h e  
problem was submitted without a so lu t ion .  

Address a l l  communications concerning problems t o  M. S. Klamkin, 
Ford S c i e n t i f i c  Laboratory, P. 0. Box 2053, Dearborn, Michigan 48121. 

PROBLEMS FOR SOLUTION 

200*. Proposed by Helen M. Marston, Douglas College. 
The ar i thmet ic  i d e n t i t i e s  

suggest t he  problem of f inding %gene ra l  so lu t ion ,  i n  pos i t i ve  
i n t ege r s ,  t o  t he  equation 

In  p a r t i c u l a r ,  how many p a i r s  of pos i t i ve  i n t ege r s  (b , c )  with 
b < c s a t i s f y  t he  l a t t e r  equation i f  a = 21? 

Proposed by R.C.  Gebhardt, Parsippancy, N. J .  
Out of t h e  nine d i g i t s  l , 2 , 3 ,  ..., 9, one can const ruct  9! d i f f e r e n t  
numbers, each of nine d i g i t s .  What is t h e  sum of t hese  9! 
numbers? 

Proposed by Leon Bankoff, Los Angeles, Ca l i fo rn i a .  
Let I ,  0 ,  H ,  denote t h e  incenter ,  circumcenter, and or thocenter ,  
respect ive ly ,  o f  a r i g h t  t r i a n g l e .  Find angle HI0 given t h a t  
AH10 is i sosce l e s .  

Proposed by Stanley Rabinowitz, Polytechnic I n s t i t u t e  o f  Brooklyn. 
Let P denote any point  on t h e  median AD of AABC. I f  BP meets AC 
a t  E and CP meets AB a t  F, prove t h a t  AB = AC, i f  and only i f ,  
BE = CF. 

204. Proposed b M. S. Klamkin, Ford S c i e n t i f i c  Laboratory. 
I f  a = k, n = 0,1,2 ,... , a = Â¥̂ Ã f i n d  

n+ l  

l i m i t  " 

x + 4  x - 4  

E d i t o r i a l  Specia l  cases  o f  t h i s  problem occur i n  R .  E. 
Johnson, F. L. Kiokemeister, Calculus with Analytic Geometry, 
3rd Edi t ion ,  Allyn and Bacon, Boston, p. 74. 

SOLUTIONS 

187. Proposed by R .  C.  Gebhardt, Parsippany, 
N. J .  A semici rc le  ACB is constructed,  
a s  shown, on a chord AB of a u n i t  
c i r c l e .  Determine t h e  chord AB 
such t h a t  t h e  d i s t ance  OC is a 
maximum. 

Solut ion  by M. S. Klamkin, Ford Sc i en t i f i cLabbra to ry .  For OC 
t o  be a maximum f o r  a given length  chord AB, OC w i l l  have t o  be 
perpendicular t o  AB. This follows immediately from the  t r i a n g l e  
inequal i ty :  

OC = OD+DC = 0D+DCt > O C ' .  

NOW i f  OD = ^a , 
BD = DC = /I-a . Thus. 

Whence, OCmax= fi , occurr ing  f o r  a = 1/2.  

Al ternat ive ly ,  i f  L DOB = 8, then 

OC= s i n 8  + cos6 = fi sin(e+n/4).  For a maximum, 8 = n/4. 

Also solved by David W .  Erbach, University o f  Nebraska; Bruce 
W .  King, Burnt Hi l l s- Bal ls ton  Lake High School; Paul Myers, 
Phi ladelphia ,  Pennsylvania; Stanley Rabinowitz, Polytechnic 
I n s t i t u t e  of Brooklyn; Dennis Spellman, New York University;  
1. Wagner, New York Ci ty ;  and F. Zetto,  Chicago, I l l i n o i s .  

E d i t o r i a l  note: A l l  t h e  so lu t ions  except Spellman's used calcu-  
l u s  t o  ob ta in  t he  maximum. King a l s o  noted t h a t  a t  t he  maximum, 
t h e  chord AB subtends a r i g h t  angle a t  0. 

188. Proposed by Waldemar Carl  Weber, University of I l l i n o i s .  
For any two r e a l  numbers x and y with o < x $ y ,  ve r i fy  t h e  
following procedure f o r  adding on a s l i d e  r u l e  using t h e  A ,  S, 
and T s ca l e s .  



F i r s t  s e t t i n g  o f  t h e  s l i d e :  

A 1 1  opposite y 1 opposite x 

T 1 s e t  r i g h t  index read angle 6, 0 < 6 C */'+ I 
Second s e t t i n g  of t h e  s l i d e :  

Solution by R.  C.  Gebhardt, Parsippany, N .  J. 
The S ( s ine )  and T(tangent)  s c a l e s  on a s l i d e  r u l e  a r e  normally 
intended f o r  use with t h e  C and D s ca l e s .  Using them with t h e  
A s c a l e  involves t h e  square roo t s  o f  t h e  numbers employed, a s  
i l l u s t r a t e d  below. & I n  t h e  f i r s t  s t e p  o f  the  procedure, 6 = a r c  t a n  - . 

6 A 

r In  t he  second s t e p ,  0 = a r c  s i n  2 . 
/z 

read x + y 

opposi te  r i g h t  index 

A 

S 

Therefore, a r c  t a n  5 = a r c  s i n  Â¥Â . ^ ^z" 

opposite x 

s e t  angle 6 

From the  r i g h t  t r i a n g l e  i n  t he  f i gu re ,  
it now follows t h a t  z = x + y. 6 
Also solved by Albert Good, University of Cal i fornia ,  San 
Diego; H .  Kaye, Brooklyn, N. Y . ,  Paul Myers, Phi ladelphia ,  
Pa., Stanley Rabinowitz, Polytechnic I n s t i t u t e  of Brooklyn; 
and t h e  proposer. 

E d i t o r i a l  note: Good notes i n  h i s  so lu t ion  t h a t  it is necessary 
t o  use t h e  proper ha l f  of t h e  A s c a l e  and t h a t  t h e  method w i l l  f a i l  
i f  t h e  number of d i g i t s  of y exceeds t h e  number o f  d i g i t s  o f  x by 
more than one. 

189. Proposed by Leon Bankoff, Los Angeles, Cal i fornia .  p 
I f  A,B,C,D,E,F, and G denote t h e  
consecutive ve r t i ce s  o f  a r egu la r  
heptagon, show t h a t  CD is equal t o  
ha l f  t h e  harmonic mean o f  AC and 
AD. 

Solut ion  by Stanley Rabinowitz, Polytechnic I n s t i t u t e  o f  
Brooklyn. By the  law o f  s ines ,  CD, AC, and AD a r e  propor t ional  

. . t o  s i n  n/7, s i n  2n/7, and s i n  3n/7. Since 

357 

1 - s i n  2n/7 + s i n  3n/7 - s i n  2n/7 + s i n  3n/7 A+-- 
s i n  2n/7 s i n  3n/7 s i n  2n/7 s i n  3n/7 - 2 s inn/7  cosn/7 s i n  3n/7 

- s i n  2n/7 + s i n  3n/7 1 1 
s i n  2n/7 + s i n  4n/7 ' sinn - ' 

I 1  1 - CD = + ~7 ; '  which was t o  be shown. 

Solution by C.  W .  Trigg, San Diego, Cal i fornia .  

I n  the  f i gu re  /. EAD = 
L DAC = /_ CAB = 0 ,  
AB = BC = CD = DE = x ,  
A C =  y,  A D =  AE = z ,  
and BH is t h e  -1 b i sec to r  
of AC. I n  AABC, cos 
6 = y/2x. In  AACD and 
AADE , 

2 
y + z2 - 2yz cos 6 = 

2 x
2 = z2 + z2 - 22 cos6. 

Whereupon, 

y2 - z2 = 22 (y-2) ~ 0 ~ 6  = 
(y-z)(zy/x).  Then s ince  
y # z ,  x = yz/(y+z).  

Also solved by Steven Ferry,  Michigan S t a t e  University;  Edgar 
Karst ,  University of Arizona; H .  Kaye, Brooklyn, N .  Y. ;  Gregory 
Wulczyn, Bucknell University;  F. Zet to ,  Chicago, I l l i n o i s ;  
and t h e  proposer. 

191. Proposed by Stanley Rabinowitz, Polytechnic I n s t i t u t e  of 
Brooklyn. Let P and P' denote po in t s  i n s ide  t h e  r ec t ang le s  
ABCD and A ' B ' C ' D ' ,  r espect ive ly .  I f  PA = a+b, PB = a+c, 
PC = c+d, PD = b+d, P'A' = ab, P'B' = ac ,  P'C' = cd, prove 
t h a t  P'D' = bd. 

Solut ion  by Helen Marston, Douglas College. 

FIGURE 1 FIGURE 2 



Since PA t PC = atbtc+d = PB t PD, P must l i e  on each of two 
e l l ipses  having major axes of length atbtc+d and foci  a t  A and C ,  
B and D ,  respectively. Hence there are  four possible positions 
f o r  P (or  one, should atbtctd = AC) and e i ther  a = d or  b = c ,  
f r o m  which it follows t h a t  P'D' = bd. 

Less Interestingly, we can use the Pythagorean theorem on Figure 

Subtracting, we obtain (b-c)(a-d) = 0 and e i ther  a = d o r  b = c 
as  before. 

Also solved by David W .  Erbach, University of Nebraska; Albert 
Good, University of California, San Diego; H .  Kaye, Brooklyn, 
N. Y. ;  Charles W. Trigg, San Diego, California; Cornelia Yoder, 
Michigan State  University; and the proposer. There was also one 
unsigned solution. 
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1. Convex Polytopes. By Eiranko Gmbaum with the cooperation of Victor 
n e e ,  M. A. Perles, and G. C. Shepard, In te rs ta te  Publishers, A Division 
of John Wiley and Sons, New York, New York, 1967, xiv + 456 pp., $18.75. 

A comprehensive account of the  recent his tory and resu l t s  i n  t h i s  important 
aspect of modern geometry which could, seve e i ther  as  a reference f o r  some- 
one working i n  t h i s  f i e l d ,  as  a text f o r  courses a t  many levels  from the  
advanced undergraduate l eve l  up, or as an excellent source f o r  an advanced 
undergraduate student with adequate dilligence t o  bring himself t o  the  
current f ron t ie r s  i n  an interest ing subject. 

23 Ine u a l i t i e s  By Oved Shisha, Academic Press, Inc., New York, New York, 
19 7 x iv  + 360 pp., $18.00. +-- 
This is the preceding~ of a symposium held a t  Wright-Patterson Air Force 
h e ,  Ohio, August 19-27, 1965, and consists,  essent ial ly ,  of the  one- 
hour lectures presented there by an Imposing collection of outstanding 
mathematicians. Many branches of algebra, geometry, and applied mathe- 
matics a re  covered and the levels  of d i f f i cu l ty  and prerequisites vary 
considerably. 

3 .  Difference Methds f o r  lhitial-Value Problems. Second =tion Robert 
D. Richtmyer and K. D. Morton, Interscience Publishers, a Mvision of 
John Wiley and Sons, New York, New York, 1967, xiv + 405 pp., $14.95. 

In t h i s  revision of a book copywrited i n  1957, there is  even a greater 
attempt t o  bridge the  gap between the  highly theoret ical  analysis of 
p a r t i a l  d i f fe ren t ia l  equa t ions and the solutions obtained by users with 
modern machine algorithms. Although most Pi Mu Epsilon readers w i l l  
f ind parts  of the book very d i f f i c u l t  those who a re  rea l ly  interested 
i n  the  application of p a r t i a l  d i f fe ren t ia l  equations and/or t h e i r  numer- 
i c a l  solutions w i l l  f ind a r i ch  source of fundamental ideas. 

- Probabilit  Measures on Metric S aces By K. R. Parthasarathy, Academic 
press , ~nc., ~ e w  ~ o r k ,  ~ e w  ~ork, x i  + 276 pp., $12.00. 

Although the  subjects covered seem somewhat sophisticated, a reader with 
a minimum knowledge of measure theory and general topology w i l l  f ind an 
accessible interest ing collection of resu l t s  on probability dis t r ibut ions 
and. l i m i t  theorems i n  metric spaces, as well as convolutions i n  loca l ly  
compact Abelin groups and Hilbert spaces. 

5 .  Complex b f b e r s  i n  Geometr By I. M. Yaglom, Academic Press , Inc., 
New York, New Y o r k , d i  + 243 pp., Clothb-, $7.50 , Paperb-, 
$4.25. 

This book is divided i n t o  sections with the intent  t o  make various parts  of 
the subject of in te res t  t o  top high school students, undergraduate mathe- 
matics majors, as well as  junior high and high school teachers. It is 
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