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Introduction 

There a r e  a number of f raudulen t  schemes c u r r e n t l y  operat ing i n  
t h e  na t ion  today which have f leeced  many unsuspecting vict ims of t h e i r  
l i f e  savings,  homes, and o ther  possessions.  

While, i n  genera l ,  f raud  is a d i f f i c u l t  charge t o  prove, it is  
i n t e r e s t i n g  t o  note t h a t  t h e r e  a r e  c e r t a i n  s a l e s  r a c k e t s  where mathema- 
t i c s  can be u t i l i z e d  t o  e s t a b l i s h  fraud.  

In  one such case ,  NORMAN vs .  W O U D  WIDE DISTRIBUTORS, E., [I], 
a r e f e r r a l  p lan ,  mathematical evidence was submitted by t h e  author i n  
behalf of t h e  p l a i n t i f f  which played a s i g n i f i c a n t  p a r t  i n  obtaining 
a convict ion of t h e  fraudulent  par ty .  

I n  t h e  c i t a t i o n  of t h e  appeal of t h e  case  before t h e  Superior  
Court of Pennsylvania, it was noted t h a t :  

"The r e f e r r a l  plan was a fraudulent  scheme based on an operat ion 
s i m i l a r  t o  t h e  recur ren t  chain l e t t e r  r a c k e t .  It is one of many s a l e s  
r a c k e t s  being c a r r i e d  on throughout t h e  nat ion which is giving publ ic  
o f f i c i a l s  se r ious  concern ( s e e  a r t i c l e  of Wall S t r e e t  Journa l ,  page 1, 
October 10,  1963). The p l a i n t i f f s  introduced evidence t o  show t h a t  a t  
t h e  end of 20 months of opera t ion ,  it would r e q u i r e  17 t r i l l i o n  salesmen 
t o  c a r r y  on a r e f e r r a l  program l i k e  World Wide described t o  t h e  p l a i n t i f f s . "  

Although t h e  mathematical problem is a fundamentally simple one, it 
is another demonstration of t h e  kinds of  i n t e r e s t i n g  but  simple problems 
t h a t  o f t e n  occur i n  mathematics. 

Background of t h e  boblem 

A company adver t i sed  a s p e c i a l  "advert is ing plan" a s  fol lows:  f o r  
every name submitted by an ind iv idua l  - who is a member of i ts family 
plan - it w i l l  pay $5.00 t o  both p a r t i e s  ( t h e  r e f e r r e r  and t h e  one 
r e f e r r e d )  i f  t h e  re fe r red  person l i s t e n s  t o  a presen ta t ion  by one of its 
salesmen. In  a d d i t i o n ,  t h e  company w i l l  pay $40.00 i f ,  a f t e r  t h e  presen- 
t a t i o n ,  t h e  person whose name was submitted bought an item from t h e  
company. 

In  order  t o  p a r t i c i p a t e  i n  t h i s  "plan", t h e  ind iv idua l  f i r s t  had 
t o  purchase an item from t h e  company (presumably t o  e s t a b l i s h  "good 
f a i t h ." )  This item was usua l ly  e i g h t  hundred t o  a thousand d o l l a r s  
above t h e  usua l  market p r i c e .  However, t h e  company assured ind iv idua ls  
t h a t  t h e r e  need not  be any concern about t h e  meeting of t h e  monthly 
f inance  charges. Indeed! they theorized t h a t  not  only would t h e  i n i t i a l  
surcharge be recouped but  a l s o  a p r o f i t  of t h r e e  o r  f o u r  thousand d o l l a r s  
would be r e a l i z e d  by p a r t i c i p a n t s  i n  t h e  plan.  

A s  ind ica ted  i n  t h e  c i t a t i o n ,  it can be demonstrated mathematically 
t h a t  t h e  company could not  h i r e  enough salesmen t o  even begin t o  car ry  
ou t  such a program. 
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correspondence concerning subscriptions and advertising should be addressed to 
the PI MU EPSILON JOURNAL, 1000 Asp Avenue, Room 21 5, The University of 
Oklahoma, Norman, Oklahoma 73069. 



- 
Mathematical Formulation of t h e  Problem 

We w i l l  l e t  t denote t h e  time. 

For each p o s i t i v e  i n t e g e r  n ,  l e t  tn denote n u n i t s  of t ime,  and 
In t h e  i n t e r v a l  of  time between t 1  and tn. 

For n > 1, define t h e  fol lowing:  

plan 

-...a 

* 

an = t h e  number of people seen during In. 

cn = t h e  number of people t o  be seen during I ,  i. e .  these  
people have agreed t o  l i s t e n  t o  a salesman's p resen ta t ion .  

rn = number of  names submitted during In_l n > 2.  

sn = t h e  number of s a l e s  during In; so = number of c h a r t e r  members. 

un = number of  rn unable t o  be seen during I due t o  inadequate 
s a l e s  s t a f f .  

xn = number of people i n  t h e  plan a t  tn. 

y = number of salesmen needed a t  t , .  

p = number of people t h a t  can be seen by each salesman per u n i t  
of  time. 

r = average number of people r e f e r r e d  by each new member of t h e  
plan f o r  t h e  f i r s t  u n i t  of t ime only.  

The fol lowing s impl i fy ing  assumptions a r e  made: 

'Â¥ 
- is cons tan t ,  and 5 is constant  
'n an 

Cn 
W e l e t  - = y  and 3 = Z .  

rn an 

Under t h e  assumption t h a t  names were s e n t  i n  by members of t h e  
f o r  t h e  f i r s t  month only,  t h e  fol lowing problems were posed: 

(A) Find e x p l i c i t l y  sn, xn,  and yn when u = 0 f o r  a l l  n > 1. 

This means we a r e  asking f o r  t h e  number of people i n  t h e  
plan and t h e  number of salesmen needed a t  t and t 1  
respec t ive ly  i f  t h e r e  a r e  enough salesmen t o  cover each lead .  

(B) Find sn, x ,  and y e x p l i c i t l y  i f  t h e r e  e x i s t s  K ,  an i n t e g e r ,  

and t h e r e  e x i s t s  p E R such t h a t  0 < u < 1, K > 1 and 

"n - = u f o r  n-1" > K ;  
cn 

u = 0 f o r  n < K.  

Problem (B) makes allowance f o r  t h e  f a c t  t h a t  t h e r e  is a l a g  
between h i r i n g  and t r a i n i n g  of salesmen. Hence only a c e r t a i n  propor- 
t i o n  of those who should be seen w i l l  be seen during a given t ime period.  

Problem (B) makes allowance f o r  t h e  f a c t  t h a t  t h e r e  is a l a g  
between h i r i n g  and t r a i n i n g  of salesmen. Hence only a c e r t a i n  propor- 
t i o n  of those  who should be seen w i l l  be seen during a given time 
period.  

Solution of t h e  problems 

We r e a d i l y  observe t h a t  

(A*) 

( 1 )  a = yn p f o r  n a. 1; and 

I un-l t rysn-l f o r  n-1 2 K > 1; 
(2)  cn = 

r y s l  f o r  n S K;  

( 3 )  sn = SZ = ynpZ f o r  n 2. 1; 

( 4 )  xn = xn-l + sn; 

Solving t h e  recurs ion  formula ( 4 ) ,  we obtain 

For n 5 K ,  we have cn = (un = 0) whence sn = cnZ = r y Z ~ ~ - ~  by 
(3)  and ( 2 ) .  

Le t t ing  a = ryZ and so lv ing  t h i s  recurs ion  r e l a t i o n ,  we obta in  

sn = anso f o r  n i K .  Hence 

cn = ryoin-lso from ( 2 )  (n i K); 

ryan-'so 
Yn = - from (11,  (n 5 K ) ;  and 

P 

For n > K ,  

-"Â = u, whence 
cn 

( 6 )  (1-n)cn = an = ynp from ( 5 ) .  

Subs t i tu t ion  of (2)  and (3)  i n  (5). y i e l d s  

"Ktn = " ~ + n - 1  ' ̂~ + n - l  - ' ~ t n p  

= u 
" ~ t n - 1  - ' ~ t n  f o r  n > 1. 

Ktn-1 ' z 



The so lu t ion  of t h i s  recurs ion  formula is 

Combining ( 2 )  and ( 7 )  produces 

a s  a-1 "-1 
( 8 )  cK+n =A t -  1 sK+i f o r  n 2 1 .  

Z i=l 

From (61, 

Now u t i l i z i n g  t h e  f i r s t  formula i n  (A") and l e t t i n g  0 = (1-p)asK = 

= (l-plaK+lso; and if. = ( a - D ( l - p ) .  We have 

n-1 

(9)  
0 

Y + ,  = 3 + if. iil~Ktl f o r  2 1- 

Using ( 9 )  we can c a l c u l a t e  yK+n f o r  t h e  few values of n.  We obtain:  

This seems t o  imply t h a t :  

We prove (10) by induction.  I t  is s u f f i c i e n t  t o  prove t h a t  

- 
The following prel iminary r e s u l t  can be proved using standard tech-  

- niques,  e .g . ,  induction o r  Pasca l ' s  t r i a n g l e .  Let ^Ck denote t h e  - 
liiiiomial c o e f f i c i e n t  n! k!(n-k)!. 

n-1 - 

(11) 1 i-lCk = n-lCktl f o r  a11 n 2. 
i = k + l  

Using (91, we have: 

n-1 i-1 
C if.k) [by our induction hypothesis1 'Ktn = 6 Joi-1 k 

= -  ;z ( 1 +  ~ ~ ~ ( ~ ~ ~ + 1  1 
i-lcj if.k+l) Cupon interchanging 

summations1 

n-1 
k = Ã 1 n-lCkif. [by changing t h e  index and s i n c e  n-lCo = 11 

PZ k=0 

= -"- ( 1  + i ( i ) " ;  which completes t h e  proof 
PZ 

To f i n d  s ,  we use ( 3 )  and (10) t o  obtain:  

(12) sKtn = 6 ( 1 +  if.ln-I f o r  n 2 1. 

To f i n d  xn,  we use (4*) and (12) t o  ob ta in :  

0 aK+lso = 5 +if.ln-'-9 f o r  n 2 K s i n c e  - = - 
a- 1  if. a- 1 

The so lu t ion  t o  (B) is summarized by: 

Theorem: Let a  = ryZ, 0 = ( l - ~ ) a ~ + ~ s ~ ,  and if. = ( a - l ) ( l - p ) .  

Then t h e  so lu t ion  t o  problem (B) is given by: 

ryan-Iso 
f o r  n $ K ;  

y  = number of salesmen = (-)n-K-l f o r  n > K.  



f o r  n S. K; 
sn = number of s a l e s  = 

~ ( l + i t . ) ~ ^ - ~  f o r  n > K. 

Applicat ion and H i s t o r i c a l  Notes 

Problem (A) is t h e  mathematical prototype of t h e  problem posed 
by t h e  P l a i n t i f f ' s  lawyer. However, t h e  author f e l t  t h a t  it would 
be d i f f i c u l t  t o  prove fraud with t h i s  because t h e r e  was not  enough 
time allowed f o r  t r a i n i n g  of salesmen, allowing backlog, t r a n s m i t t a l  
of information,  dupl ica te  r e f e r r a l s ,  and o t h e r  adminis t ra t ive  problems. 
Problem (B) was posed by t h e  author t o  allow f o r  t h i s .  

A s t rong  mathematical case  is made by s e t t i n g  

p = 27 ( t h i s  assumes a salesman works everyday except Sunday but  
is only ab le  t o  see  one prospective c l i e n t )  

K = 0,  p = 1 / 2  ( t h i s  assumes an immediate backlog, a f t e r  t h e  f i r s t  
day, of 1/2 of a l l  prospective c l i e n t s  unable t o  be seen each month). 

y = 1 / 2 ,  Z = 1 / 3  ( t h i s  assumes t h a t  only 1 /6  of t h e  people who saw 
t h e  presen ta t ion  joined t h e  program). 

r = 15 ( t h i s  assumes t h a t  an average of only 15 names was submitted 
by each new member of t h e  p lan) .  

so = 1 (only 1 member i n  t h e  plan when t h e  company began). 

Under these  very weak assumptions, t h e  company would need 5,397,000 
salesmen a f t e r  only 24 months. For completeness, o t h e r  values of t h e  
parameters a r e  i l l u s t r a t e d  below. 

I n  a l l  cases p = 27, K = 

For p = 1/2 ,  r = 30, y = 

0,  so = 67.5, and n = 24. 

112, z = 1/3 ;  y2,+ = 1,764,983,987,500; 

1 /3 ,  z = 1/4 ;  y = 2,353,437,500,000. 
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LENS SPACES AS COSET SPACES 

Robert L. Devaney 
College of  t h e  Holy Cross 

1 ,  In t roduc t ion .  A topologica l  group is simultaneously a topologica l  
space and an a b s t r a c t  group whose group opera t ions  ( t h e  i d e n t i t y  map, 
inverse  map, e t c . )  a r e  continuous on t h e  space. Some well-known examples 

1 of topologica l  groups a r e  R under addi t ion  and S under complex mult i-  
4 p l i c a t i o n .  I t  is  easy t o  v e r i f y  t h a t  S ,  t h e  u n i t  sphere i n  R , is 

a l s o  a topologica l  group when t h e  group operat ion is defined t o  be 

quaternion mul t ip l ica t ion .  The group s t r u c t u r e  on s can a l t e r n a t i v e l y  
be described by complex coordinates:  

3 s = ((Z1,Z2) 1 Zi E c, lZ1l2 + Iz2 l2  = 11 

3 
Then t h e  m u l t i p l i c a t i o n  i n  S becomes 

- - 
(z1.z2)(z3,z4) = ( z z 3  - z2z4, Z Z 4  + z2z3) 

3 where ( z  z ) and (z3,z4) a r e  a r b i t r a r y  po in ts  of S and where ii 1' 2 
denotes t h e  complex conjugate of  z . .  We w i l l  r e f e r  t o  t h i s  p a r t i c u l a r  

group l a t e r .  

Let X be a topologica l  group and l e t  A be any subgroup of X. 
Let X/A denote t h e  s e t  of a l l  l e f t  ( o r  r i g h t )  cose ts .  X/A becomes 
a topologica l  space when t h e  quot ien t  topoloey is  induced on it, and 
X/A is then c a l l e d  a c o s e t  space. Note t h a t  X/A is a topologica l  group 
i f f  A i s  a normal subgroup of X. 

A broad brancn of topologica l  group theory d e a l s  with t h e  a c t i o n  
of a group on a topologica l  space. A group G "acts" on a space X i f  
each element of t h e  group is a homomorphism of X. I f  x E X ,  we say 
t h e  homomorphism g E G has a f ixed  poin t  a t  x i f  e(x )  = x. G a c t s  
f r e e l y  on X i f  each g E G (g  # i d e n t i t y  map) has no f ixed  poin ts .  

For any x E X ,  one d e f i n e s  t h e  o r b i t  of x a s  t h e  s e t :  

These o r b i t s  decompose X i n t o  equivalence c l a s s e s ,  t h e  equivalence 
r e l a t i o n  being x-y i f f  t h e r e  e x i s t s  a g E G such t h a t  g (x)  = y.  The 
topologica l  quot ien t  space obtained under t h i s  r e l a t i o n  is denoted 
X and is c a l l e d  an o r b i t  space of X. G 



I f  X is a topologica l  group and a e X ,  t h e  map La: X + X given 

by L ( x )  = ax f o r  each x E X is e a s i l y  shown t o  be a homomorphism - 
of X f o r  each a.  Such a map is c a l l e d  a l e f t  t r a n s l a t i o n  of X. Let 
X/A be a r i g h t  cose t  space. Associate with each a e A t h e  l e f t  t rans-  
map L : X + X. I t  is c l e a r  t h a t  t h e  s e t  G of a l l  such maps forms a 
groupathat  is isomorphic t o  A .  And s i n c e  each element of  G is a homo- 
morphism of X ,  it follows t h a t  G a c t s  on X. For any x E X ,  t h e  o r b i t  Gx 
contains t h e  same elements a s  t h e  cose t  Ax. I n  t h i s  manner, it is  
c l e a r  t h a t  every r i g h t  ( o r  l e f t )  cose t  space of X is a l s o  an o r b i t  
space of X. 

2. Lens Spaces. A Lens Space is an o r b i t  space obtained by a c e r t a i n  
3 

a c t i o n  of  a f i n i t e  group on S . Let Z be t h e  group of  i n t e g e r s  under 
P 

addi t ion  modulo p. For any choice of r e l a t i v e l y  prime i n t e g e r s  p and 
3 

q ( p  > q ) ,  consider  t h e  a c t i o n  of  Z on S given by 

g . (z  1 1  , z  2 ) = (wiz 1' wiqz2) 

where ( z  , z  ) e s3, i E Z and w = pth pr imi t ive  r o o t  of  un i ty .  
1 2  P' 

For each choice of p and q ,  we c a l l  t h e  o r b i t  space r e s u l t i n g  from 
t h i s  a c t i o n  L(p,q), a Lens Space of type  (p,q) .  

Note t h a t  t h e  s e t  

P = {(Wi,0) 1 (Wi,0) c s3, w = pth r o o t  of  11 
3 3 

is a subgroup of S . Consider t h e  l e f t  cose t  space S /P. Clear ly ,  
any l e f t  cose t  (zl,z2) P conta ins  exac t ly  t h e  elements of  t h e  o r b i t  

of (z ,  ,z,) i n  L(p,p-1) s i n c e  

7 

where w1 is t h e  complex conjugate of  wl. In  a similar fash ion ,  we 
3 

can show t h a t  t h e  r i g h t  cose t  space S /P is L(p , l ) .  

These cons idera t ions  lead t o  some i n t e r e s t i n g  quest ions.  Can 

each L(p,q) be obtained a s  a cose t  space of s a s  v e i l  a s  an o r b i t  
space? More genera l ly ,  when is a n  o r b i t  space of  a topologica l  group 
a l s o  a cose t  space? The fol lowing theorems provide an answer t o  t h e s e  
quest ions.  

. Theorem 1: Let X be a topologica l  group and l e t  G be any group a c t i n g  -- - - -  f r e e l y  on X t o  form t h e  o r b i t  space XG. I f  each g e G 
d. 

a c t s  by l e f t  ( o r  r i g h t )  t r a n s l a t i o n ,  then X = X/Gl, where 

Gl is t h e  o r b i t  of  t h e  i d e n t i t y  (=1)  of  X. 

Proof: We f i r s t  show t h a t  G i s  a subgroup of X. Let 1)1: G Â¥ X - 

be given by 1)1(g) = g ( l )  f o r  each g e G. C lear ly ,  <li maps 
GontoG.. L e t g ,  g e G ,  a n d s u p p o s e g  ( x )  = a x ,  g2(x)  = b x  

1 
f o r  some a ,  b e X and a l l  x E X .  We have 

hence <li is a homomorphism. I f  g # g then a # b and 

s o  1)1 is 1-1. Hence we haveG w G .  Thus, G i s  a subgroup of 
1 

X .  

Now, f o r  any gi E G, we have 

f o r  any x e X and some ai E Gl. Hence G = Glx f o r  a l l  

x,  where G x is a cose t .  We induce t h e  same quot ien t  
1 

topology on X and X/Gl and thus ,  X = X/G 
1. 

Our u l t imate  g o a l  is t o  prove Theorem 1 i n  t h e  opposite  d i r e c t i o n .  
To do t h i s ,  we need t h e  fol lowing lemma: 

Lemma: Let Y be any Hausdorff Topological space. I f  f ,  g: Y + Y - 
a r e  continuous, then t h e  s e t  of coincidences of f and g 
is closed.  

Proof: - Let C = f y  E Y 1 f ( y )  = g ( y ) l ,  and l e t  C' be t h e  complement 
of C i n  Y .  Let x e C'. Let A be an open neighborhood o f  
f ( x )  and B an open neighborhood of g ( x ) .  Choose A and B 

1 such t h a t  A n  B = 1)1. Then f ( ~ )  and g- (B) a r e  open 
1 

neighborhoods of x. Hence f - ( ~ )  n g- (B) is open and 
non-empty. However, 

Hence C' is an open s e t .  Thus C is closed.  

Now we a r e  i n  a p o s i t i o n  t o  prove: 

Theorem 2: Let G be a f i n i t e  group a c t i n g  f r e e l y  on a connected, -- 
Hausdorff topologica l  group X .  I f  X = X / M  ( t h e  r i g h t  coset  

G 
space) f o r  some subgroup M of  X ,  t h e  G a c t s  by l e f t  t r a n s l a t i o n .  
Furthermore, M = G 

1. 

Proof: - Choose any x E X. The o r b i t  G conta ins  exac t ly  t h e  elements 
of t h e  cose t  Mx. Fix g E G. Clear ly ,  g (x)  = m x f o r  some 

m E M. We must show t h a t  g ( y )  = m g  f o r  g y  e X. 



Consider t h e  s e t  

Let M :  X + X denote t h e  t r a n s l a t i o n  map given by M ( y )  = m y  

f o r  a l l  y E X .  By t h e  above lemma, t h e  s e t  of coincidences 
of g and M i s  closed.  Clear ly ,  t h i s  s e t  i s  exac t ly  S . 

g .mx 
I f  S # X ,  then t h e r e  is a z E X such t h a t  g ( z )  # m z. 

E tmx  

But s i n c e  G = Mz t h e r e  must e x i s t  an m E M ,  m # m 
Z X '  

such t h a t  g ( z )  = m z. Let S = ( y  E X 1 g (y)  = m y )  
R ,mz 

C lear ly ,  t h i s  s e t  is a l s o  closed.  

In  such a fash ion ,  we can decompose X i n t o  a f i n i t e  
number of closed s e t s  of t h e  form S one f o r  each m e M .  

g.mY 
We have 

s i n c e  g is  a homomorphism. Furthermore, 

f o r  a l l  m and m i n  M ,  m # m y , ,  s i n c e ,  i f  t h i s  were not  
Y Y '  Y 

t r u e ,  we would have 

g ( x )  = m x = m 
Y y f X  

an obvious imposs ib i l i ty .  

Thus, we have X covered by a f i n i t e  number of d i s j o i n t  
closed s e t s .  But s i n c e  X is connected, t h i s  is impossible. 
Hence, SESm = X f o r  some m E M .  Therefore, g is  a t r a n s l a t i o n  

map. 1 n t h e  same manner, we can show t h a t  a l l  of G a c t s  
by l e f t  t r a n s l a t i o n .  Then, invoking Theorem 1, we have 
X/M = X = X/G which f o r c e s  M = G 

G 1 1- 

Remark: This  same theorem holds t r u e  i f  we assume t h a t  X / M  i s  a 
l e f t  cose t  space. Then, however, G a c t s  by r i g h t  t r a n s l a t i o n  
and we must modify t h e  proof accordingly.  

- 
3,  Ap l i c a t i o n  t o  Lens Spaces. We can now use these  theorems - t o  answEr t h e  q u e z i G f  whether o r  no t  L(p,q) is a cose t  space of 

-S3 when q # 1, p-1. We f i r s t  prove: 

Lemma : 
3 

Let Z a c t  on S t o  form L(p,q) i n  t h e  u s u a l  manner. - P 
When q # 1, p-1, Z does not  a c t  by t r a n s l a t i o n .  

P 

Proof: - Assume g E Z P a c t s  by l e f t  t r a n s l a t i o n .  Then t h e r e  is  

3 
an (x.y) E S such t h a t  

3 
f o r  any (zo,zl) E S . Solving t h e  coordinate equations 

simultaneously f o r  x and y ,  we have: 

i 2 
x = w 1zol2 t wlqIzlI 

y = z0z1~w1~ - wl) 
3 

Let (z2 ,z3)  E S . We must have: 

S u b s t i t u t i n g  ( 1 )  and ( 2 )  f o r  x and y ,  we f i n d :  

2 - 
w i z 2 = (wi1z012 t wlq]zll )z2 - z3zozl(wiq - wi) 

2 
wiqz3 = iWi 1 t w" Izll )z3 - -t2vl(wiq - wi) 

(wiq - W1)Z2Z3 = (w"1 - w^z0z1 

Since q # 1, (wLq - wi) is non-zero, and ( 5 )  y i e l d s  

Now, (zo,zl) and (z2 ,z3)  a r e  a r b i t r a r y  po in ts  of S ,  and 

3 
therefore ,  ( 6 )  must be an i d e n t i t y  on S . This is c l e a r l y  
impossible, and we have a cont rad ic t ion .  Thus we see  t h a t  

3 
Z does no t  a c t  by l e f t  t r a n s l a t i o n  on S . 

3 
The proof t h a t  Z does not  a c t  on S by r i g h t  t r a n s l a t i o n  

P 
depends on t h e  f a c t  t h a t  q # p-1, and is e n t i r e l y  s i m i l a r  
t o  t h e  argument above. 

Invokinr Theorems 1 and 2, it fol lows t h a t  L(p,q) is not  a cose t  

space of s when q # 1, p-1. 



A GENERALIZATION OF SUBNET WITH SOME RESULTING IMPROVEMENTS 
I N  MOORE-SMITH CONVERGENCE THEORY 

George Benkart and Douglas W. Townsend 
Ohio S t a t e  Universi ty 

Section 1. Introduction.  

This  paper is intended t o  improve t h e  theory of  Moore-Smith 
Convergence by genera l iz ing  t h e  d e f i n i t i o n  of subnet. We begin by 
examining some short-comings of t h e  presen t  Moore-Smith theory of con- 
vergence. Given a n e t  S, it is poss ib le  t o  cons t ruc t  i n  a n a t u r a l  way 
a f i l t e r  dependent on S. From t h i s  f i l t e r  a second n e t  T may be constructed.  
While S may be shown t o  be a subnet of  T, T i n  genera l  is not  a subnet 
of S, even though S and T generate t h e  same f i l t e r  (See example 3 ) .  
Also, given n e t s  S and T defined on t h e  same d i r e c t e d  s e t ,  T may equal  
S on a l l  but  one element of t h e  d i r e c t e d  s e t  and still not  be a subnet 
of S (See example 1 ) .  These l i m i t a t i o n s  i n  t h e  theory i l l u s t r a t e  t h e  
need f o r  a new d e f i n i t i o n  of subnet. 

The new d e f i n i t i o n  w i l l  genera l ize  t h e  c l a s s i c a l  d e f i n i t i o n  of 
subnet. I t  w i l l  have t h e  advantage of  preserving t h e  c l a s s i c a l  theorems, 
while e l imina t ing  t h e  above disadvantages. I t  w i l l  a l s o  y i e l d  t h e  
following powerful r e s u l t :  

Given n e t s  S and T, and f i l t e r s  ts and tT constructed from them, 

tqc tT implies T is a subnet of S under t h e  new d e f i n i t i o n .  I n  addi t ion ,  - - 
t h i s  r e s u l t  w i l l  provide an easy method f o r  f ind ing  a common supernet  f o r  
n e t s  S and T. 

Section 2. Def in i t ion  and genera l iza t ion  of subnet. 

Throughout t h e  remainder of  t h e  paper, un less  otherwise s p e c i f i e d ,  
l e t  us assume t h a t  S is a n e t  from t h e  d i r e c t e d  s e t  &, <I i n t o  t h e  
topologica l  space X ,  and T is a n e t  from d i r e c t e d  s e t  6, <<1 i n t o  
X. F i r s t ,  before presenting a genera l iza t ion  of subnet, we review t h e  
c l a s s i c a l  d e f i n i t i o n  of subnet .  

DEFINITION 1: T is a subnet of S i f  and only i f  t h e r e  is a func t ion  
. N mapping E i n t o  D such t h a t  - -  - - - *  i )  f o r  each n E D t h e r e  e x i s t s  p e E 

.. such t h a t  p << q implies n < N(q) and 
i i )  T = S N. 

REMARK I: Notice condit ion ( i i )  r e q u i r e s  t h a t  TLEJ <=. SU . 

Consider now t h e  fol lowing genera l iza t ion  of subnet which we w i l l  
c a l l  an a-subnet. 

DEFINITION 2: T is an a-subnet of S i f  and only i f  given n 
O E D  

t h e r e  e x i s t s  N mapping E i n t o  D and t h e r e  e x i s t s  p e E such t h a t  p << q 
implies n < N(q) and S 0 N(q) = T(q). 

It fol lows from t h i s  d e f i n i t i o n  t h a t  a subnet  is an a- subnet. The 
converse, however, is not  necessar i ly  t r u e .  

EXAMPLE 1: Let R be t h e  s e t  of r e a l  numbers with t h e  usua l  topology, 
and l e t  Z be t h e  s e t  of n a t u r a l  numbers d i r e c t e d  by t h e  r e l a t i o n  < . 
Define S(n)  = n f o r  a l l  n e Z, and T(1) = 1, T(n) = n f o r  a l l  n E Z 
such t h a t  n > 1. T is not  a subnet of S, but  T is  an a- subnet of S. 

PROOF: Assume T is  a subnet of S. Then T[Z] 5 S[Z] (by remark 1 )  - 
and t h u s  {n, 1 )  Â {n) which is a cont rad ic t ion .  Therefore T is not  
a subnet of S. To show T is  an a-subnet of S, l e t  no e Z, and def ine  

N mapping Z i n t o  Z by N(n) = n. Now l e t  p = no t 2. I f  p < q then 

N(q) = q p 2 no. Also, S(N(q)) = S(q)  = n. However s i n c e  q ; no + 2 > 1, 

T(q) = n. Then (S 0 N)(q) = T(q). Hence T is an a- subnet of S. 

Section 3. C l a s s i c a l  Theorem Preserved. 

The subsequent c l a s s i c a l  theorems remain v a l i d  when "subnet" is  
replaced by "a-subnet". 

THEOREM I: I f  T is an a-subnet of  S and S is eventually i n  
A Â X ,  then T is eventua l ly  i n  A .  

PROOF: S is eventua l ly  i n  A implies t h e r e  e x i s t s  no e D such - 
t h a t  f o r  a l l  m E D s a t i s f y i n g  no < m ,  S(m) e A .  Since T is an a-subnet 

of S, f o r  no t h e r e  e x i s t s  an N mapping E i n t o  D and a p e E such t h a t  

p << q implies no < N(q) and (S 0 N)(q) = T(q).  But no < N(q) implies 

S(N(q)) E A and thus  T(q) e A, Therefore, f o r  a l l  q e E such t h a t  
p << q,  T(q) E A. Hence T is eventually i n  A .  

THEOREM 2: I f  T is 
T converges t o  x. 

a-subnet and converges then 

PROOF: This fol lows d i r e c t l y  from Theorem 1 and t h e  d e f i n i t i o n  - 
of convergence. 

THEOREM 3: x is a c l u s t e r  po in t  of S i f  and only i f  t h e r e  e x i s t s  
an a-subnet T of S such t h a t  T converges t o  x. 

PROOF: The s u f f i c i e n t  condit ion w i l l  be a c o r o l l a r y  t o  Theorem 1, 
w h i l e t h e n e c e s s a r y  condi t ion  w i l l  be obtained by observing t h a t  t h e r e  
e x i s t s  a subnet of S converging t o  x,  hence an a-subnet. 



Section 4: New Results .  

I n  addi t ion  t o  these  theorems, using t h e  d e f i n i t i o n  of a-subnet, 
one can prove s e v e r a l  r e s u l t s  which a r e  no t  v a l i d  f o r  subnets .  To 
prove these  r e s u l t s  we introduce t h e  concepts of f i l t e r s  constructed 
from n e t s  and of n e t s  formed from f i l t e r s :  

Given a n e t  S, eS = {F E X 1 S is eventually i n  Fl can be shown 

t o  be a f i l t e r  . 
Given a f i l t e r  9, a ne t  S may be constructed i n  t h i s  way: 

ill 
Define Dill = {(F,x)  1 F e ill, x e Fl and a r e l a t i o n  <, by (F,x) < (G,y) 

i f  and only i f  F 3  G. D is a d i r e c t e d  s e t .  Define S mapping D 
9 9 

i n t o  X ,  by S ( F , x )  = x.  Clear ly ,  S  is a ne t .  
9 

I n  t h e  same manner a n e t  S can be constructed from a base B 
B 

of  a f i l t e r .  With these  prel iminary r e s u l t s  we now have t h e  t o o l s  
t o  prove: 

THEOREM 4: 9 9 implies T is an a-subnet of  S. s-  T 

PROOF: Let n E D,  and e e E. To d e f i n e  N mapping E i n t o  D ,  
l e t  u s t i n g u i s h  two cases:  

Case 1 )  I f  t h e r e  e x i s t s  an m e D,  n < m ,  such t h a t  
S(m) = T(e) then N(e) = m .  (any choice w i l l  do.)  

Case 2) I f  no t ,  d e f i n e  N(e) = n. 
Now l e t  u s  d e f i n e  D = {m E D 1 n < m ]  and F = s [Dl. 

It fol lows t h a t  F e i l l ,  and s i n c e  ill Â 9 ,  F e ilT. Hence T is s 
eventua l ly  i n  Fn Therefore t h e r e  e x i s t s  p E E such t h a t  p << q implies 

T(q) E F .  But s i n c e  F = s [ D ~ ,  T(q) = S(mo) f o r  some mo E D ,  n < m 
0' 

Thus, case  1 a p p l i e s  and N(q) = m where n < m ,  and S(N(q)) = S(m) = T(q). 
Hence T is an a-subnet of S. 

Using Theorem 1, one can v e r i f y  t h a t  t h e  converse of Theorem 4 
is a l s o  t r u e .  

EXAMPLE 2: Let us assume t h e  same hypothesis  a s  i n  example 1. 
Then 9 = ( F G  X 1 S is eventua l ly  i n  F l  = {F Â X 1 IT e F). Clear ly  

i f  F e then F e i l l  s i n c e  f o r  a l l  n > 1, T(n) = n e F. Therefore 

i l l sÂ But, a s  shown i n  Example 1, T is not  a subnet of S. However 

T is an a-subnet of  S. Before proving  a number of c o r o l l a r i e s  t o  
Theorem 4, l e t  u s  genera l ize  t h e  notion of  equivalence of n e t s .  

-- - DEFINITION 31 S and T a r e  a- equivalent  i f  and only i f  S and 
* T a r e  a-subnets of each o ther .  

COROLLARY 1: I f  i l l  = eT, then S and T a r e  a- equivalent .  

PROOF: This is immediate from Theorem 4. - 
COROLLARY 2: If  t h e  ne t  S y i e l d s  t h e  f i l t e r  \ which i n  t u r n  

y i e l d s  t h e  n e t  S9 = T, then S and T a r e  a- equivalent .  
s 

PROOF: One can v e r i f y  t h a t  % = <1_, t h e  f i l t e r  constructed from - 
t h e  n e t  T. Thus from Corollary 1. S  and T a r e  a- equivalent .  

EXAMPLE 3: This example w i l l  show t h a t  t h e  above c o r o l l a r y  is 
not  t r u e  f o r  subnets .  Let S be t h e  ne t  mapping fz. <1 i n t o  R defined 

by S(n) = 1/2" and assume SY = T is a subnet of S. Thus T I D  s 1 Â ~ [ d  . 
But S is eventua l ly  i n  5, 2\ = F. Hence F e Ys and t h e  p a i r  (F, 2 )  E D @ s . 
T(F, 2)  = 2 which implies 2 e S[Z] o r  2 e {1/2" 1 n = 0,  1, 2, . . . I  
which is a cont rad ic t ion .  Therefore T is not  a subnet of S .  

COROLLARY 3: I f  B and C a r e  bases f o r  t h e  f i l t e r  9 ,  then SB = S 

and S = T a r e  a- equivalent .  

PROOF: It  can be proved t h a t  S  y i e l d s  t h e  f i l t e r  9 which equals  - 
9. Also t h e  f i l t e r  i l l  constructed from t h e  n e t  T equals  9.  Therefore 

eS = and by Corollary 1, S and T a r e  a- equivalent .  

COROLLARY 4: I f  S and T a r e  n e t s  mapping t h e  same d i r e c t e d  s e t ,  
[D, <I i n t o  X ,  and i f  t h e r e  e x i s t s  p E D such t h a t  f o r  a l l  q e D where 
p < q ,  S(q) = T(q) ,  then S and T a r e  a- equivalent .  

COROLLARY 5: Given n e t s  S and T i n t o  t h e  same topologica l  space 
X ,  t h e r e  e x i s t s  a n e t  R i n t o  X such t h a t  S and T a r e  a-subnets of R .  

PROOF: Let 9 = i l l ^  illT. 9 i s  a f i l t e r ;  thus  a n e t  R can be - 
constructed from it. One can demonstrate t h a t  t h e  f i l t e r  \, formed 

from t h e  n e t  R ,  equa ls  9. Therefore <li- and 9 C 9 ,  implying R-  

t h a t  S and T a r e  a-subnets of  R .  
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A NECESSARY AND SUFFICIENT CONDITION 

FOR CONVERGENCE OF INFINITE SERIES 

T. L. Leavi t t  

A c l a s s i c a l  necessary condit ion f o r  t h e  convergence of an i n f i n i t e  
s e r i e s  

m - 

(namely, an + 0 a s  n + -1 f a i l s  t o  show t h e  divergence of t h e  harmonic 
s e r i e s  

" 1  I - .  
k=ln  

When examining general ized convergence f o r  i n f i n i t e  s e r i e s ,  we usua l ly  
encounter CesSro summability (See [I], [21, and C31) a s  prime a l t e r n a t i v e  
I f  one looks c lose ly  a t  t h e  d i f fe rence  between ordinary and CesSro con- 
vergence, a necessary and s u f f i c i e n t  condit ion f o r  ordinary convergence 
is found, y ie ld ing  i n  p a r t i c u l a r ,  a s t ronger  necessary condit ion f o r  
convergence (one showing t h a t  t h e  harmonic s e r i e s  d iverges) .  

We make t h e  following conventions. 

" m 

The symbol I uk = A(C-1) is read:  I uk is CesSro summable t o  A 
k = l  k = l  

We note a l s o  t h a t  An is t h e  average of t h e  f i r s t  n p a r t i a l  sums. 

- The main theorem follows.  
s,. ...- 

*THEOREMl. u k = A w A n + A  and 7 ? + O a s n + - .  
k = l  k = l  

A proof of ( 1 )  and (2)  may be seen i n  [3] page 311 but we provide one 
here f o r  completeness. (1 )  Let e > 0 and choose N(e) = N s o  t h a t  
n 2 N implies Isn[ < e .  For such n ,  

5 !!! +[^Iâ‚ 

where M is chosen t o  s a t i s f y  ISj 1 5 M f o r  a l l  j. Taking l i m i t s  a s  
n + - we f i n d  An + 0 a s  pred ic ted .  (2)  Suppose Sn + A and def ine  

u i  = ul ; A ,  and u t  k = uk f o r  k -. 1. Then i f  S,!, = ul; and 
k = l  

A t  = & I s' 
n n , s = Sn - A  and A' = An - A whereby 

k = l  

(By ( 1 )  above 

Al te rna t ive ly  

s 
( 3 )  I f  Sn + A ,  2 + 0. Since,  by (2) .  An + A .  Sn + $ - An + 0.  A 

quick check shows t h a t  

Thus 

For t h e  converse, suppose A + A and 7 2 - 0 .  Clear ly ,  
k = l  

An-l + A whereby ( A  - A _ )  -* 0 a s  n + -. However, A n - 'n-1 = 

3 - . since + 0 ,  2 + 0 a s  wel l .  The i d e n t i t y  
n n 



shows t h a t  
sn + A.  

The condit ion y 3 -+ 0 becomes necessary f o r  convergence 
k = l  

diverges.  Actually,  t h e  condit ion y 3 + 0 implies an + 0 s o  t h a t  
k = l  n 

our necessary condit ion is s t ronger  than t h e  c l a s s i c  one. 

Therefore,  un -+ 0 s i n c e  

EXAMPLE 2. f (- l)kt l  diverges even though it is CesSro summable 
k = l  

( S  = 1 i f  n is odd, S = 0 i f  n is even while A -+ 1/21. One can draw, 

i f  he wishes, t h e  conclusion t h a t  y k- -& 0 .  In  f a c t ,  
k = l  

- does not  converge a t  a l l .  This example, coupled with 
k = l  
Theorem 1, shows t h a t  CesAro summability is  s t r i c t l y  more genera l  than 
ordinary convergence. 

m 

EXAMPLE 3. Conventional means t e l l  us t h a t  1 uk = 
k=1 

converges. The sum is  not  e a s i l y  found, however. I f  one examines A n ,  i n  
an inductive fash ion ,  he f i n d s  t h a t  An = 1/2" and therefore  An + 0.  There- 

f o r e  we may conclude t h a t  f kA = - 1 
2 '  

k=2 2k - 
An i n t e r e s t i n g  quest ion r e f l e c t i n g  t h e  promise of much "crank-type" 

work is:  I s  t h e r e  a condit ion simpler  than An + A t h a t ,  when coupled 
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UNDERGRADUATE RESEARCH PROPOSAL 

Proposed by Jack Hardy 
Universi ty of  Oklahoma 

Calculus 

I n  elementary ca lcu lus  t h e r e  a r e  many e q u a l i t i e s  involving 
i n t e g r a l s  and d e r i v a t i v e s  which a r e  t r u e  under q u i t e  genera l  condit ions.  
I n  some of t h e s e  c a s e s  it is p o s s i b l e  t o  rep lace  an i n t e g r a l  ( / ) 

with a sum ( 7 ) and a d e r i v a t i v e  (d/dx) with a d i f f e r e n c e  (A), and 

t h e  new e q u a l i t y  w i l l  a l s o  be t r u e .  

For example, l e t  m and n be i n t e g e r s ,  m < n,  and f ( i )  be a r e a l  
number f o r  i = m, m + 1, ..., n.  Define a func t ion  Af a s  fol lows:  
Af(m) = 0, and A f ( i )  = f ( i )  - f ( i  - 1 )  f o r  i = m + 1. .... n. Then 

which is analogous t o  t h e  well-known e q u a l i t y  

Pro jec t  

Inves t iga te  t h e  e q u a l i t i e s  which r e s u l t  from interchanging t h e  

symbols 1, d/dx, and t h e  symbols 7 ,  A i n  some formulas of  ca lcu lus  

and i n f i n i t e  s e r i e s .  Is t h e r e  an analogue t o  Taylor 's  Formula? 

.,. . - n kuk 

* with t h e  necessary condit ion I Ã‘ -+ 0 ,  a f fords  a necessary and suf -  
k = l  

f i c i e n t  condit ion f o r  convergence? ( I t  is easy t o  show t h a t  3 -+ 0 
is not s u f f i c i e n t . )  - k = l  



We want to find the coefficients A, B, C, and D such that 

APPROXIMATION OF AREAS UNDER CURVES. 

Kenneth A. Leone 
Michigan State University 

A simple approach to the approximation of areas under curves in 
the Cartesian plane is the trapeziodal rule,,wi$ch approximates the 

curve by a straight line. If Ax = x' - x, ]~f(x)dx s 
l/2Ax(f (x) + f (x + Ax)). 

In matrix form, we want to solve the system of equations: 

Another approximation, which can be found in many elementary 
calculus tests is Simpson's Rule, which seeks to approximate the curve 
by a section of a parabola, or section of a 2nd degree polynomial curve. 

Taking Ax = l/2(x1 - x), /:If cX)dx s 1/3Ax(f (x) + 4f (x + Ax) + f (x +2Ax)). This system has the unique solution A = l ,  B =3, C =  3, D=l. This 
means that P3(-Ax) + 3P3(0) + 3P3(Ax) + P3(2Ax) = 

10a(~x)~ t 8b(~x)~ t 4cAx t 8d. (Eq. 11) 
What is interesting about these formulas is that they are derived 

by integrating the unique polynomial of degree n which passes through 
n+1 given points without actually finding the polynomial. Given n+1 
points, a rule can be found by setting up n+1 equations and solving. Substituting this expression into equation (11, we get 

1:: P(x)dx = ;AX(P(-AX) + 3P3(0) t 3P3(Ax) + P(2Ax)). This expres- 
Approximation by third degree polynomial. We are not concerned with 

the actual polynomial, but onlyabout values of the function at regularly 
spaced intervals, so we shall shift our fitted polynomial to a convenient 
place near the origin and carry out calculations there. 

sion is exact for P a polynomial of degree 3 or less. If we now make 
the approximation that P3(x) f(x) in the interval (x, XI), and 
Ax = (xt - x)/3, and substitute the exact expressions P3(-Ax) = f(x), 
P3(0) = f(x + Ax), Pg(Ax) = f(x + 2Ax), P3(2~x) = f(x + 3 ~ x )  = f(x1), 

we have f X d x  ;~f(x) t 3f(x + Ax) + 3f(x t 2Ax) + f(xl)). 

Approximation nth degree olynomial. We now present the genepal 
solution, as far as stating the general system of equations and showing 

Fig. 1 that the solution is unique. 

Let Pn(x) = a. t alx t a2x
2 + -.. t anxn. 

2 3 
l~x~n(x)dx = a x + a x /2 t a2x I3 t ..- t anxntl/ntl 1:" 

0 1 

n2 nt1) = Ax(a n t a Ax- t a2(~x12 ;3 t . . *  t an(bxln -& 
0 1 2  

. (  

Now, Pn(0) = a ;  

P (Ax) = a. t a Ax + a2(~x)* t . - *  t an(~xln; 1 

P (2Ax) = a t a12Ax + a222(~x)2 + ... t an2n(~x)n; 

Let P3 = ax3 + bx2 + cx + d. Then (See Fig. 1 above) 

2 
= AX(~O~(AX)~ + 8b(Ax) + 4cAx + Ed). (Eq. I) 

s,. - 
3 - Now P (-Ax) = f (-Ax) = -a(Ax) +  A AX)^ - cAx + d; 

3 

P3( 0 )  = f(0) = d ;  
2 2 

P (nAx) = a + a nAx t a2n (Ax) t . - -  t annn(~xIn 
0 1 

We now want to find nt1 coefficients such that 

3 2 P3(Ax) = f(Ax) = a(Ax) + b(Ax) + cAx + d; . . 
3 2 

P3 (2Ax) = f (2Ax) = 8a(Ax) + 4b (Ax) + 2cAx + d. 



nt1 
t  AX)" ---- . (See Eq. 111.) 

Substituting for Pn(0), P(Ax), P (nAx), and rearranging the 

equation into nt1 equations in powers of Ax (or coefficients ail, we 
have : 

b a  t b a  t b a  +..*+bnaoza0n 
0 0  1 0  2 0  

b a Ax t b2a12Ax t b3a13Ax t + b a nAx = a Axn2/2 
1 1  n 1 1 

2n3 
b^(~x)~ t b2a222(~x)2 t b3a233(~x)2 t t b n a 2 n2(~xl2 = a22(Ax) y 

ba(~x)" t b2an2"(~x)" t -.- t bnannn(ix)" = an(~x)nnntl/n+l. 

We now have a system of nt1 equations in nt1 unknowns, bo, b ,  " '  

which can be simplified to: 
bn 

b t b t  b 2 +  b t - - - t  b = n ;  

2 
b t 2b2 t 3 b  t t n b  = n /2; 1 

b, t 2\ + 32b3 t + n2bn = n3/3; 

Or in matrix form: 

For the solution to be unique, we want the determinant of the large 
coefficient matrix to be non-zero. Observation shows that it is a 
Vandermonde determinant, with value 

n 
v (x.-xi) = (1-0)(2-1)(2-0)(3-2)(3-1)(3-0) . . *  (n-0) = v k! > 0. 

l ~ i <  j <n ' k=l - - - -  .. 
Therefore, this system of equations has a unique solution. 
Editors Note: Since a Vandermonde matrix is ill conditioned for solv- 
ing systems of equations this technique is not an efficient method for 
computer evaluation of integrals. It turns out that breaking up into 

- smaller subsets of points and using a low degree polynomial approxima- 
tion often gives more accurate results because of the errors introduced 
in inverting the large matrix. 

Summing up the general formula, we have 

boPn(0) t blPn(Ax) t b2Pn(2Ax) t -.. t b n P n (nAx) = 

a n  t al(~x)n2/2 + a ( ~ x ) ~ n ~ / 3  t t an(~x)nnntl/ntl. Substituting into 

equation 111, making the approximation f(x) Pn(x), and letting 
Ax = (x' - x)/n, we arrive at the general formula, 

f(x)dx = x(bof(x) t blf(x t Ax) + b2f(x t 2Ax) t - - -  t bnf(xt)). 

For n = 4, we have the result, 

f:'f(x)dx = <̂(7f(x) t 32f(xt Ax) t l2f(xt 2Ax) t 32f(x+ 3Ax) t 7f(xt)). 
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demanding t o  g r e a t e r  a b i l i t y  i n  problem solving than t h a t  of t h e  average 
member of t h e  F r a t e r n i t y ,  but  occasionally we s h a l l  publish problems t h a t  
should challenge t h e  a b i l i t y  of t h e  advanced undergraduate o r  candidate 
f o r  t h e  Master's Degree. Solut ions should be submitted on separa te ,  signed 
s h e e t s  and mailed before March 21, 1970. 

Address a l l  communications concerning problems t o  Leon Bankoff, 
6360 Wilshire Boulevard, Los Angeles, Ca l i forn ia  90048. 

PROBLEMS FOR SOLUTION 
-9 

222. Proposed by Jack Garfunkel, Forest  H i l l s  High School, Flushing, N .  Y .  

In  an acu te  t r i a n g l e  ABC,  angel  b i s e c t o r  BTl i n t e r s e c t s  a l t i t u d e  A H 1  i n  
D .  Angle b i s e c t o r  CT2 i n t e r s e c t s  a l t i t u d e  BH2 i n  E, and angle b i sec tor  
AT3 i n t e r s e c t s  a l t i t u d e  CH3 i n  F. Prove 

223. Proposed by Solomon W .  Golomb, Universi ty of So. C a l i f . ,  Los Angeles. 

I n  t h e  f i r s t  oc tan t  of 3-dimensional space,  where x g 0,  y 2 0 ,  z 2 0,  
i d e n t i f y  t h e  region where t h e  following "associat ive law" holds:  

x ( ~ z )  = (xY)z. 

224. Proposed by Charles W .  Trigg,  San Diego, C a l i f o r n i a .  

In  t h e  following cryptari thm, each l e t t e r  represen ts  a d i s t i n c t  d i g i t  
i n  t h e  decimal s c a l e :  

8 ( M A D A P E ) = 5 ( A P E M A D ) .  
I d e n t i f y  t h e  d i g i t s .  

225. Proposed by Wray G .  Brady, Universi ty of Bridgeport. 

Show t h a t  any proper f r a c t i o n ,  a /b ,  can be wr i t ten  a s  t h e  product of 
f r a c t i o n s  of t h e  type n / ( n t m )  f o r  f ixed  m .  

226. Proposed by B. J .  Cerimele, North-Carolina S t a t e  Univ. a t  Raleigh. 

Derive a formula f o r  t h e  n- th order a n t i d e r i v a t i v e  of f ( x )  = I n  x .  

- 2 2 7 .  Proposed by R. Sivaramkrishnan, Govt. Engineering College,  Tr ichur ,  - South Ind ia .  

I f  ~ ( n )  denotes t h e  number of d i v i s o r s  of  n ,  and ~ ( n )  t h e  Moebius 
func t ion ,  Drove t h a t  

. . 
with e q u a l i t y  i f  and only i f  n is a prime. 

228. Proposed by Charles W .  Trigg,  San Diego, Cal i forn ia .  

In  t h e  decimal system, 1122 is a mul t ip le  of 1" t 2" and contains no 
d i g i t s  o ther  than 1 and 2. Also, 3312 is a mul t ip le  of  l5 t 25 t 35 

I and contains no d i g i t s  o ther  than 1, 2 and 3 ,  and conta ins  each of 
these  d i g i t s  a t  l e a s t  once. Do comparable mul t ip les  e x i s t  f o r  
15 t 25 t 35 t 45 and l5 t 25 t 35 t b5 t 55? 

1 229. Proposed by C a r l  L. Main, Shorel ine Community College, S e a t t l e ,  Wash. 

Let Al and A2 be tangent  u n i t  
c i r c l e s  with a common ex te rna l  
tangent  T. Define a sequence 
of c i r c l e s  recurs ive ly  a s  f o l -  
lows: 1 )  C1 is  tangent  t o  T, 
A 1  and A;; 2) Ci is tangent  
t o  C ~ _ I ,  A1 and A 2 ,  f o r  i=  2, 
3 ,  ... . 
Find t h e  a rea  of t h e  r e g i o n y  Ci. 

1 T 

230. Proposed by Murray S. Klamkin, Ford S c i e n t i f i c  Laboratory. 

Determine a s i n g l e  formula t o  represen t  t h e  sequence {An), n = 1, 2, 
3 ; - - ,  where 

APn+l = Bnl* 

and where t h e  (Bnr), r = 1, 2, * . * ,  p a r e  p given sequences. 

231. Proposed by David L. Silverman, Beverly H i l l s ,  Ca l i forn ia .  

a )  What is  t h e  smal les t  c i r c u l a r  r i n g  through which a r e g u l a r  t e t r a -  
hedron of u n i t  edge can be made t o  pass? 

b) What is  t h e  r a d i u s  of t h e  smal les t  r i g h t  c i r c u l a r  cy l inder  through 
which t h e  unit-edged r e g u l a r  t e t rahedron  can pass? 

Solvers a r e  inv i ted  t o  genera l ize  t o  t h e  o ther  P la ton ic  s o l i d s .  

SOLUTIONS 

205. ( F a l l  1968) Proposed by C. S. Venkataraman, Tr ichur ,  So. Ind ia .  

ABC and PQR a r e  two e q u i l a t e r a l  t r i a n g l e s  with a common circumcenter 
but d i f f e r e n t  circumcircles.  PQR and ABC a r e  i n  opposite  senses.  
Prove t h a t  AP, BQ, CR a r e  concurrent. 

Solut ion I by C. W .  Dodge, Universi ty of Maine. 

Introduce complex coordinates s o  t h a t  one t r i a n g l e  has v e r t i c e s  
1, A and A ^ ,  and t h e  o ther  has v e r t i c e s  6 ,  Q\,  and 6A2 where A 
= (- 1  t i / 3 ) / 2 .  Observe t h a t  A3 = 1, \ = A 2 ,  and A-2 '=  A ,  
where Z denotes t h e  complex conjugate of z .  



Obtain t h e  formulas 

from Eves' A Syrvey of Geometry, v o l .  2, pp. 180 and 186, t h e  f i r s t  
being an equation f o r  t h e  l i n e  through t h e  complex poin ts  a and b,  
and t h e  second being a necessary and s u f f i c i e n t  condit ion f o r  t h e  
t h r e e  l i n e s  having equations ekz + fkZ + gk = 0 ,  (k = 1, 2, 3)  t o  
be concurrent .  

Since t h e  f i r s t  equation above becomes 

(a  - S)z  + ( b  - a ) z  + (ab - ab)  = 0 ,  

t h e  t h r e e  l i n e s  through t h e  appropr ia te  v e r t i c e s  a and b a r e :  

( 1  - EA2)z + (@A - l ) Z  + (6A2 - 8 A )  = 0 through 1 and 8 A ;  

(A2 - 6 ) z  t ( 8 -  A)E + (6A - 9A2) = 0 through A and 8 ;  

(A - 6 ~ ) z  + (9A2 - A2)^ + ( 6  - 6) = 0 through A 2  and @ A 2 .  

For these  l i n e s  t o  be concurrent  we must have 

By adding each of t h e  l a s t  two rows t o  t h e  f i r s t  row, we obta in  a 
f a c t o r  of A ^  + A + 1, which = 0,  i n  t h a t  row. The theorem follows.  

Solution I1 by t h e  Problem Edi tor .  A 

Let BQ, CR i n t e r s e c t  a t  T. Since 
angles BOA and QOR a r e  equa l ,  we have 
angle BOQ = angle AOR. Hence t r i a n g l e s  
BOQ and AOR a r e  congruent, and BQ = AR. 
S imi la r ly ,  BQ = AR = CP and BP = CR = AQ. 
Hence t r i a n g l e s  ABQ, BCP, CAR a r e  con- 
gruent .  From t h e  e q u a l i t i e s  

< ABT - BT-sinABT = BT-sinBCP - BT-BP - < BTP - - 
< ATC CT-sinTCA CT.sinPBC CT-PC < TPC 

it follows t h a t  A ,  T, P a r e  c o l l i n e a r  ( s ince  
AT and TP c u t  BC i n  t h e  same poin t ) .  

Also solved by Jack Garfunkel, Forest  H i l l s  High School, Flushing, 
N.  Y . ;  Murray S. Klamkin, Ford S c i e n t i f i c  Laboratory; V .  V .  Rao 
(South I n d i a ) ;  P h i l l i p  Singer,  Michigan S t a t e  Universi ty;  Gregory - Wulczyn, Bucknell Universi ty;  and t h e  proposer. 

206. ( F a l l  1968) Proposed by Charles W .  Trigg,  San Diego, Cal i forn ia .  

I d e n t i f y  t h e  p a i r  of consecutive t h r e e- d i g i t  numbers each of which 
is equal  t o  t h e  sum of t h e  cubes of  its d i g i t s .  

Solut ion by C .  L. Sabharwal, S t .  Louis Universi ty.  

Let a ,  b ,  c and a ,  b ,  ( c  + 1 )  denote t h e  d i g i t s  of t h e  consecutive 
numbers. Then 

a3 + b3 + ( c  + I ) ~  = lOOa + lob  t c + 1 

a3 t b3 + c3 = lOOa + lob  + c .  

Subt rac t ing ,  we obta in  3c(c + 1 )  = 0,  t h e  only v a l i d  s o l u t i o n  of 2 
which is c = 0. Then a3 t b3 = lOOa + l o b ,  o r  ( a  + b ) ( a 2  - a b  + b ) 
= lO(10a + b ) .  The unique so lu t ion  of t h i s  equation is  b = 7 ,  a = 3 ,  
and t h e  required numbers a r e  370 and 371. 

Also solved by J .  Neil  Aronowitz, Brooklyn, N .  Y . ;  J e a n e t t e  Bickley, 
S t .  Louis, Missouri; Dermott A .  Breault ,  Cambridge, Mass.; R. C. 
Gebhardt, Parsippany, N.  J . ;  Walter J .  Johnston, Redondo Beach, 
C a l i f . ;  Bruce W .  King, Adirondack Community College,  Murray S. Klamkin, 
Ford S c i e n t i f i c  Laboratory; Howard Koenig, Brooklyn, N .  Y.; Robert W .  
P r i e l i p p ,  Wisconsin S t a t e  Universi ty;  P h i l l i p  Singer,  Michigan S t a t e  
Universi ty;  Daniel C. White, Universi ty of Santa Clara;  Gregory Wulczyn, 
Bucknell Universi ty;  and t h e  proposer. 

E d i t o r i a l  Note. Breault  submitted t h e  program and output  from a 
PDP - 8/S computer, showing t h a t  t h e r e  a r e  four  3- dig i t  i n t e g e r s  equal 
t o  t h e  sum of t h e  cubes of t h e i r  d i g i t s .  They a r e  153, 370, 371 and 
407, a r e s u l t  a l s o  given by t h e  proposer. P r i e l i p p  supplied t h e  f o l -  
lowing re fe rences :  1 )  Solution of Problem E 1810, The American Mathe- 
mat ica l  Monthly, March, 1968, p. 294. 2) P. K.  Subramanian, "On 
Bases and Cycles", Mathematics Magazine, May-June 1968, pp. 117-123. 

207. ( F a l l  1968) Proposed by Charles W .  Trigg,  San Diego, Cal i forn ia .  

Find a t r i a n g u l a r  number of t h e  form abcdef i n  which def = 2 abc. 

Solution by t h e  proposer. 

I f  a t r i a n g u l a r  number n(n + 1 ) / 2  = abcdef = abc(1002) = abc(2)(3)(167),  
then e i t h e r  n o r  n + 1 is  a mul t ip le  of 167, and whichever is even is  a 
mul t ip le  of 4. Furthermore, s i n c e  def = 2 abc,  100200 < abcdef < 499988, 
s o  447 < n < 1000. There a r e  only t h r e e  mul t ip les  of 167 within t h i s  
range: 501, 668, and 835. Hence t h e r e  a r e  only two t r i a n g u l a r  numbers 
meeting t h e  c r i t e r i a :  

Aso0 = 125250 and Agg8 = 223446. 

(We note t h a t  4 does not d iv ide  834 nor does 6 d iv ide  836). 

Also solved by Dermott A .  Breaul t ,  Cambridge, Mass.; R. C. Gebhardt, 
Parsippany, N.  J . ;  Stephen Mueller, Oshkosh, W i s . ;  Dan White, Santa 
Clara Universi ty;  and Gregory Wulczyn, Bucknell Universi ty.  

208. ( F a l l  1968) Proposed by Thomas Dodson, Hexham, England. 

Where must a man stand s o  a s  t o  hear simultaneously t h e  r e p o r t  of a r i f l e  
and t h e  impact of t h e  b u l l e t  on t h e  t a r g e t ?  

Solution by C. W.  Dodge, Universi ty of  Maine, Orono. 

Since a hyperbola is t h e  locus of po in ts  t h e  d i f f e r e n c e  of whose d i s -  
tances  from two f ixed  poin ts  ( t h e  f o c i )  is a cons tan t ,  and s i n c e  i n  t h i s  
case t h i s  constant  is t h e  d i s tance  sound t r a v e l s  i n  t h e  time it takes  
t h e  b u l l e t  t o  reach t h e  t a r g e t ,  it follows t h a t  he must s tand  on t h a t  
branch of t h e  hyperbola nearer  t o  t h e  t a r g e t  (but  hopefully not  a t  t h e  
v e r t e x ) .  



" Also solved by Richard B a l l ,  Dufur, Oregon; R. C .  Gebhardt, Parsippany, 
N.  J . ;  Murray S. Klamkin, Ford S c i e n t i f i c  Laboratory; Carl  L. Main, 
Shorel ine Community College, S e a t t l e ,  Washington; Stephen Mueller, 
Oshkosh, Wisconsin; P h i l l i p  Singer,  Michigan S t a t e  Universi ty;  and t h e  
proposer. 

E d i t o r i a l  Note. The statement of t h e  problem does not  r e s t r i c t  t h e  locus 
t o  t h e  plane p a r a l l e l  t o  t h e  ground. Consequently t h e  locus could be any 
one of t h e  i n f i n i t e  number of a x i a l  s e c t i o n s  of t h e  more general  hyper- 
boloid of revolu t ion .  

209. ( F a l l  1968) Proposed by R .  C. Gebhardt, Parsippany, New Jersey .  

A t  each play of a  game, a  gambler r i s k s  1/x of h i s  a s s e t s  a t  t h e  moment 
What must be t h e  odds s o  t h a t ,  i n  t h e  long r u n ,  he j u s t  breaks even? 

Solution I by Marc Kaufman, Mountain View, C a l i f .  

The problem is incomplete a s  s t a t e d .  It is a l s o  necessary t o  spec i fy  
t h e  p r o b a b i l i t i e s  involved i n  t h e  game. I f  we consider  a  simple two- 
s t a t e  game, with t h e  probabi l i ty  of  winning a t  each play a cons tan t ,  
p(0 2 p 2 l ) ,  then t h e  proper payoff f o r  a  wager of  s is  s / p ,  o r  1 / p  
f o r  1, t h e  so- called " f a i r  odds". I f  t h e  f r a c t i o n  of t h e  s t a k e  be t  a t  
each play is a constant  x(0 s x 2 11,  and i f  t h e  payoff f o r  winning is 
r f o r  1, we w i l l  solve f o r  r a s  fol lows:  

We note t h a t  i f  t h e  s take  before any play is S,  then t h e  new s t a k e  
a f t e r  l o s i n g  is S ( l  - x ) ,  and a f t e r  winning is  S ( l  - x )  + S(rx)  = 
S ( l  - x + r x ) .  So t h e  s t a k e  remaining a f t e r  a  s e r i e s  of m b e t s  is S 
t imes m f a c t o r s ,  where t h e  f a c t o r  is ( 1  - x) f o r  a  l o s s  and ( 1  - x + r x )  
f o r  a  win. Since mul t ip l ica t ion  is  commutative and a s s o c i a t i v e ,  it is 
c l e a r  t h a t  only t h e  number of  wins and l o s s e s  is  s i g n i f i c a n t ,  not t h e  
0rÃˆd~rÃ 

For an i n i t i a l  s t a k e  of one u n i t ,  we can formulate t h e  expected s t a k e  
a f t e r  n b e t s ,  En, a s  fol lows:  

i n- i E = ! .& ( p  q ](I - x + r x l i ( 1  - x)n-i 
i = o  

where we a r e  summing over a l l  poss ib le  sequences of  exac t ly  n wins and 
l o s s e s .  The number of sequences containing exac t ly  i wins is n!/i!(n-i)! 
and p lqnl  i s  t h e  p r o b a b i l i t y  of having exac t ly  i wins and (n - i )  l o s s e s .  

This  can be recognized t o  be a simple binomial expansion, s o  

Re-arranging terms,  

En = [ (p  + q ) ( l  - x )  + p r x j n  

I f  we a r e  t o  break even i n  t h e  long r u n ,  l i m  En must equal  1, but t h e  only 
n+ - 

way t h i s  can happen is f o r  1 - x + prx = 1. 

Solving f o r  r we obta in  pr  = 1 o r  r = 1 / p ,  giving us t h e  not  t o o  s u r p r i s i n g  
r e s u l t  t h a t  we w i l l  ne i ther  win nor l o s e  i n  t h e  long run i f  t h e  game is f a i r .  
By " f a i r  odds" is  meant a  r e t u r n  of "r f o r  l", where p r  = 1 def ines  r ,  and 
p is t h e  p r o b a b i l i t y  of winning each play.  Thus, i n  a  coin t o s s ,  p = 1/2  
and r = 2 f o r  1; i n  " f a i r"  r o u l e t t e ,  p = 1/36 and r = 36 f o r  1. 

Solution I1 by John M .  Howell, Los Angeles Ci ty  College. 

I f  a  gambler's wealth a t  t h e  start is a ,  and he wagers 1/x of h i s  wealth 
a t  each p lay ,  then t h e  amount of money he has a f t e r  n p lays ,  i n  which he 
has won w t imes ,  is:  

A(n,w) = a ( l  + l / x l w ( l  - l / x ) " " .  

I f  t h e  probabi l i ty  of winning a po in t  is p (and l o s i n g  is q = 1 - p ) ,  t h e  
p r o b a b i l i t y  of w winners i n  n t r i a l s  i s :  

Then t h e  expected value of  h i s  wealth a f t e r  n plays is: 

which is equal  t o  a  i f  and only i f  p = 1/2.  So i f  t h e  expected value of 
h i s  wealth is t o  be equal  t o  h i s  i n i t i a l  wealth,  p must be 1/2.  

Also solved by Murray S. Klamkin, Ford S c i e n t i f i c  Laboratory, and t h e  
proposer, who pointed out  t h a t  i f  t h e  gambler r i s k s  1 /2  h i s  a s s e t s  on each 
play,  he would need 631 wins aga ins t  369 l o s s e s  a t  even odds i n  order t o  
j u s t  break even. 

E d i t o r i a l  Comment. A r e l a t e d  problem is considered i n  Martin Gardner's 
a r t i c l e  on Random Walk i n  t h e  Mathematical Games Section of t h e  S c i e n t i f i c  
American, May 1969. It is shown t h a t  i f  a  gambler plays continuously,  
always s tak ing  1/x of h i s  c a p i t a l  i n  an even wager, he is c e r t a i n  t o  l o s e  
i f  h i s  l o s s e s  and wins a r e  equal .  Whitworth (Choice and Chance, Prop. 
LXVIII) considers t h e  same ques t ion ,  with t h e  odds not necessar i ly  even but  
" fa i r" .  Other p e r t i n e n t  remarks on t h i s  quest ion may be found on pages 225 
and 235 of Whitworth's Choice and Chance. 

Solomon W .  Golomb supplied a re fe rence  t o  "The Theory of Gambling and 
S t a t i s t i c a l  Logic", by Richard A.  Eps te in ,  Academic Press ,  1967, pp. 58-59. 
There it is s t a t e d  t h a t  i f  a  gambler r i s k s  a f i n i t e  c a p i t a l  over a  l a r g e  
number of plays i n  a game with constant  s i n g l e- t r i a l  p r o b a b i l i t y  of win- 
ning,  l o s i n g ,  and t y i n g ,  then  any and a l l  b e t t i n g  systems lead u l t imate ly  
t o  t h e  same value of  mathematical expectat ion of ga in  per  u n i t  amount 
wagered. 

Other re fe rences  may be found i n  t h e  above-mentioned a r t i c l e  by Martin 
Gardner . 

210. ( F a l l  1968). Proposed by Leon Bankoff, 
Los Angeles, Ca l i forn ia .  

Three equal  c i r c l e s  a r e  inscr ibed  i n  a 
semic i rc le  a s  shown i n  t h e  adjoining d i a-  
gram. How is t h i s  f i g u r e  r e l a t e d  t o  one 
of t h e  better-known proper t ies  of t h e  
sequence of Fibonacci numbers: 



Solution by C. W .  Dodge, Universi ty of  Maine. 

Draw t h e  r a d i u s  OP (of length r )  of t h e  l a r g e  c i r c l e  t o  t h e  po in t  
P of tangency of t h e  lef t- hand small  c i r c l e .  I t  passes through t h e  
cen te r  C of t h a t  small  c i r c l e .  Let T be t h e  po in t  of  contac t  of 
c i r c l e  C with t h e  given diameter of l a r g e  c i r c l e  ). Let t ing  t h e  
rad ius  of  c i r c l e  C be 1, CT = 1 and OT = 2. Also OC = r - 1, s o  
22 + l2 = ( r  - 1 I 2 ,  whence r = 1 + 6. Thus t h e  r a d i u s  of t h e  l a r g e  
c i r c l e  is t o  t h e  diameter of t h e  small  c i r c l e  a s  ( 1  + >^)/2,  t h e  
"golden r a t i o "  and t h e  l i m i t i n g  value of t h e  r a t i o  f _-/fn of two 
successive Fibonacci numbers. 

Also solved by t h e  proposer. 

211. ( F a l l  1968) Proposed by Leonard B a r r ,  Beverly H i l l s ,  Ca l i forn ia .  

It is known t h a t  t h e  sum of t h e  d i s t a n c e s  from t h e  incenter  I t o  
t h e  v e r t i c e s  of  a t r i a n g l e  ABC cannot exceed t h e  combined d is tances  
from t h e  or thocenter  H t o  t h e  v e r t i c e s .  [*. a. Monthly, 1960, 
695; problem E 13971. Show t h a t  t h e  reverse  inequa l i ty  holds f o r  
t h e i r  products ,  namely t h a t  AH-BH'CH 5 AI-BI-CI. 

Solut ion by proposer. 

From t h e  i d e n t i t y  r = 4R sin(A/2)sin(B/21sin(C/2) and t h e  r e l a t i o n  
I H ~  = 2r2 - 4R2 cosAcosBcosC, we g e t  

with e q u a l i t y  when I H  vanishes,  i. e . ,  when t h e  t r i a n g l e  is equi- 
l a t e r a l .  

Since AI-BI'CI = 64R3 sin2(~/2)sin2(~/2)sin2(c/2) and AH-BH-CH = 
8R3 cosAcosBcosC, it follows t h a t  AI-BI-CI 2 AH-BH-CH. 

UNSOLVED PROBLEMS SECTION 

The F a l l  1968 and t h e  Spring 1969 i s s u e s  of t h i s  Journal  l i s t e d  
unsolved problems from i s s u e s  da t ing  back t o  1952. We a r e  pleased t o  
r e p o r t  t h a t  s a t i s f a c t o r y  s o l u t i o n s  have been submitted f o r  problems 
37, 50, 65, 73, 83, 91, 102, 111, 128 and 166. Problems 48, 120, 136 
and 144 a r e  t h e  only unsolved problems remaining t o  challenge t h e  
ingenuity of  our so lvers .  Indeed, t h e  comments on problem 48, published 
i n  t h e  Spring 1958 i s s u e ,  could very well  be considered a very adequate 
treatment of t h e  problem thus  reducing t h e  unsolved l is t  t o  t h r e e .  

We wish t o  thank a l l  p a r t i c i p a n t s  who cooperated i n  our program of 
bringing a l l  s o l u t i o n s  up t o  da te .  Some of t h e  s o l u t i o n s  a r e  given 
below and t h e  remainder w i l l  appear i n  t h e  Spring 1970 i s s u e .  

SOLUTIONS 

50. ( F a l l  1952) Proposed by Pedro P iza ,  San Juan,  Puerto Rico. 

Prove t h a t  t h e  i n t e g e r  2n + 1 is  a prime i f  and only i f ,  f o r  every 

value of r = 1,2,3,  -. -[GI, t h e  binomial c o e f f i c i e n t  (:: E] is 
d i v i s i b l e  by 2r + 1. 

1. Assume 2n t 1 prime. We have 

n + r  
( n  - r ) I  = (21- + 

+ 

Also 

(n - r ,  2r + 1 )  = (n - r ,  2r + 1, 2n - 2r)  
= (n - r ,  2r + 1, 2n - 2 r ,  2n + 1 )  = 1, 

s o  t h a t  2r  + 1 I f o r  r c n.  

2. Let 2r  + 1 1 I f o r  1 < - r < - G. Assume 2n t 1 composite. Then 

(f t)  2n + 1 = pm, 

where p is prime, p 5 /2n. Put p = 2r + 1. Then r 2 /n/2, so  
t h a t  by hypothesis p ] I .  But, by ( f t )  , 

1 
n - r  = ,(m - D p  

and t h e r e f o r e  
p Â¥) (n + r ) ( n  + r - 1 )  ( n  - r + 1 ) .  

This c o n t r a d i c t s  p 1 I .  

Also solved by Gregory Wulczyn, Bucknell Universi ty.  

(Apr i l  1954) Proposed by Martin Schecter ,  Brooklyn, N.  Y.  

Prove t h a t  every simple polygon which is not  a t r i a n g l e  has a t  l e a s t  
one of i ts diagonals  l y i n g  e n t i r e l y  i n s i d e  it. 

Solution by Charles W .  Trigg,  San Diego, Cal i forn ia .  

A simple polygon has s t r a i g h t  s i d e s  with no poin ts  i n  common except 
t h e i r  endpoints  and no two v e r t i c e s  a t  a p o i n t ,  t h a t  i s ,  it is  n e i t h e r  
crossed nor compound. 

I f  no diagonals  a r e  t o  be i n t e r i o r ,  each e x t e r i o r  angle must be < 180'. 
Consider t h e  broken l i n e  A1A2 - - -  A n _ l  f o r  which every angle on one s i d e  
of  t h e  l i n e  is < 180Â° Now i f  a polygon is completed on t h i s  l i n e  by add- 
ing another ver tex  An(n >. 41, then i f  t h e  a foresa id  angles  a r e  not  t o  
become i n t e r i o r  angles ,  t h e  jo in  AIAn_l  and An must l i e  on opposite  s i d e s  
of t h e  broken l i n e .  But then t h e  e x t e r i o r  angles a t  A l ,  An-1 ,  and An a r e  
> 180Â and t h e  jo ins  of A 2 ,  A 3 ,  . - - ,  An_2 t o  An a r e  i n t e r i o r  diagonals .  

(Apr i l  1954) Proposed by Victor  Thebault ,  Tennie, Sar the ,  France. 

Construct t h r e e  c i r c l e s  with given c e n t e r s  such t h a t  t h e  sum of t h e  powers 
of  t h e  c e n t e r  of  each c i r c l e  with r e s p e c t  t o  t h e  o ther  two is t h e  same. 

Solution by C. W .  Dodge, Universi ty of Maine, Orono. 

Let t h e  c i r c l e s  have c e n t e r s  A ,  B ,  C and r a d i i  a ,  b ,  c .  Let BC, C A ,  AB 
denote t h e  d i s tances  between these  c e n t e r s .  Since t h e  power of B with 
respec t  t o  c i r c l e  A ,  f o r  example, is BA^ - a 2 ,  we have 

BA2 - a2 + B C ~  - c2 = A B ~  - b2 + A C ~  - c2 = c A 2  - a2  + C B ~  = b2,  

s o  A B ~  - c2 = B C ~  - a2  = C A ~  - b2. 

Choose a convenient value f o r  one of t h e  r a d i i ,  say c .  By r i g h t  tri- 
angles,  then a and b a r e  r e a d i l y  constructed.  Thus t h e  f i r s t  c i r c l e  i s  
completely a r b i t r a r y  s o  long a s  i ts r a d i u s  is l a r g e  enough t o  make AB^ - 
l e s s  than B C ~  and l e s s  than C A ~ .  

Solut ion by Leonard C a r l i t z ,  Duke Universi ty.  

Put n + r  n + r 
1 . L - r )  = ( 2 r  1. 
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Edited by 

Roy B. Deal, Oklahoma University Medical Center 

A Survey of Finite Mathematics By Marvin Marcus, Houghton, Mifflin 
Company, Boston, Mass., 1969, ix + 485 pp., $9.50. 
An excellent elementary introduction to a variety of currently popu- 
lar topics in the social and biological sciences, such as; stocastic 
processes, combinatorics, linear programming, game theory and Markov 
chains with the necessary background material and elementary mathe- 
matics, probability theory, and linear algebra. 

Theory and Examples of Point-Set Topology By John Greever, Brooks/Cole 
Publishing Co., Belmont, California, 1968, x + 130 pp. 
Provides at an elementary level most of the topology necessary for a 
thorough understanding of analysis from elementary calculus through 
real variable theory. 

Topological Spaces By Claude Berge, The Macmillan Company, New York, 
N. Y., 1963, xiii + 270 pp. 
This is seemingly not well known that this fine book has been trans- 
lated and that it contains, in addition to the introductory material 
on topological spaces, an excellent introduction to convexity and 
topological vector spaces. 

How to Use Groups By J. W. Leech and D. J. Newman, Barnes and Noble, 
Inc., New York, N. Y., 1969, 133 pp., $5.25. Also available in paper 
at $3.50. 

This facinating little book provides, by many examples, a wide variety 
of applications of group theory and physics. A reader with some 
knowledge of modern physics and very little or no knowledge of group 
theory will enhance both considerably by working through it. 

Theory of Finite Groups By Richard Brauer and Chih-Han Sah, W. A. 
Benjamin, Inc., New York, N. Y., 1969, xiii + 263 pp., $12.50. 
An edited volume of research papers from a symposium on finite groups, 
of primary interest to research mathematicians and advanced graduate 
students working in group theory. 

Rings and Modules By Paulo Ribenbein", John Wiley and Sons, Inc., New 
York, N. Y., 1969, vii + 162 pp., $12.95. 
A modern well-organized presentation of some of the important founda- 
tional topics from the theory of rings and modules. 

Introduction to the Theory of Categories and Functors By I. Bucur and 
A. Deleanu, John Wiley and Sons, Inc., New York, N. Y., 1969, x + 224 
pp., $13.50. 

Now that category theory is a full-fledged subject in its own right, 
it is fitting to have an introductory book on just this subject. It 
seems that the authors have also accomplished their dual purpose of 
providing that information on the subject which "every mathematician 
should know. " 

8. Algebra By Saunders MacLane and Garrett Birkhoff, The Macmillan Co., 
New York, N. Y., 1968, xix + 598 pp. 

Apparently the transposition of authors from the order in their classic 
text is designed to "tell us something'; as the comprehensive revisions 
and additions reflect the outstanding contributions of Saunders MacLane 
in the pioneering work, and growth to maturity, of category theory, as 
well as his concomitant interests in modules and tensor products as 
these subjects have evolved to becoming foundational in the structures 
of Algebra. 

9. Algebraic K-Theory By Hyman Bass, W. A. Benjamin, Inc., New York, N.Y., 
1968, xix + 762 pp. $12.50. Also available in paper at $5.95. 

A comprehensive tome, basically "modulo a first year algebra course," 
of this subject which like category theory grew up in algebraic topo- 
logy and is now a subject in pure algebra with its development being 
of much interest to homotopists. 

10. Tensor Analysis on Manifolds By Richard L. Bishop and Samuel I. 
Goldberg, The Macmillan Co., New York, N. Y., 1968, viii + 280 pp. 

A completely modern clearly exposited introduction to tensor analysis 
with some applications and the necessary background material to allow 
advanced calculus as a sufficient prerequisite. 

11. Foundations of Differential Geometry, Volume 2 By S. Kobayashi and 
K. Nomizu, John Wiley and Sons. Inc., New York, N. Y., 1969 xv + 470 
pp., $17.50. 

This book, along with volume 1, provides a rigorous comprehensive 
survey of the fundamental definitions and theorems of differential 
geometry. 

12. Introductory Computer Methods and Numerical Analysis By Ralph H. 
Pennington, The Macmillan Company, New York, N. Y., 1968, xi + 482 pp. 

The emphasis is on the use of high speed computers, providing instruc- 
tion in machine language programming, FORTRAN, and flow charting, in 
the straight forward problems of numerical analysis. 

13. An Introduction to the Approximation of Functions By Theodore J. 
Rivlin, Blaisdell Publishing Company, Waltham, Massachusetts, 1969, - 
viii + 150 pp., $7.50. 
Advanced calculus is a prerequisite but the book has been kept at the 
same level and rigor with the emphasis on theorems which are useful in 
practical computational methods. 

14. Computational Solution of Nonlinear Operator Equations By Louis B. 
Ball, John Wiley and Sons, Inc., New York, N. Y., 1969, viii + 224 pp. 
$14.95. 

At a level just beyond real and complex variables this book presents 
a well-written discussion on the concepts and techniques for solving 
some of the large variety of non-linear equations on finite and in- 
finite dimentional vector spaces which occur in modern applied mathe- 
matics. 

15. Error Correcting Codes By Henry B. Mann, Editor, John Wiley and Sons, 
Inc., New York, N. Y., 1968, ix + 231 pp., $7.95. 



The proceedings of a symposium on e r r o r  c o r r e c t i n g  codes c o n s i s t i n g  
of  e leven  papers  concerned wi th  resea rch  i n  a l g e b r a i c  coding theory 
and r e l a t e d  a r e a s  of a l g e b r a  and combinatorial  theory.  

16. Induced Representat ions of Group and Quantum Mechanics By George W. 
Mackey, W. A. Benjamin, Inc. ,  New York, N. Y., 1968, v i i i  + 163 pp., 
$8.50. Also a v a i l a b l e  i n  paper  a t  $4.95. 

"This volume con ta ins  a s e t  of  l e c t u r e s  t h a t  were given a t  t h e  Scuola 
Normale, P i s a ,  i n  A p r i l  1967. Addressed t o  mathematicians and physi-  
c i s t s ,  these  l e c t u r e s  d e a l  wi th  t h e  n a t u r e  of t h e  theory of induced 
r e p r e s e n t a t i o n s  and i ts a p p l i c a t i o n  t o  quantum mechanics." 

17. L inear  Operators  f o r  Quantum Mechanics By Thomas F. Jordan,  John Hi ley  
and Sons, Inc. ,  New York, N. Y.,  1969, x + 144 pp., $7.50. Also 
a v a i l a b l e  i n  paper  a t  $4.95. 

An i n t e r e s t i n g  account a t  t h e  f i r s t  yea r  g radua te  l e v e l  of t h e  mathe- 
mat ics  of  l i n e a r  o p e r a t o r s  s p e c i f i c a l l y  p e r t i n e n t  t o  quantum theory,  
w r i t t e n  i n  t h e  s p i r i t  of von Neumann's book. 

18. Calculus of Var ia t ions  By John C. Clegg, John Wiley and Sons, Inc . ,  
1969, i x  + 190 pp., $4.00. 

This  l i t t l e  volume covers  an amazing range o f  t o p i c s  a t  t h e  pos t  ad- 
vanced c a l c u l u s  l e v e l  on t h e  c l a s s i c a l  of  v a r i a t i o n s .  

19. Amost P e r i o d i c  Funct ions By C. Corduneanu, I n t e r s c i e n c e  Publ i shers ,  
New York, N. Y . ,  1968, x + 237 pp., $13.50. 

A l u c i d  survey of t h e  s u b j e c t  with i n t e r e s t i n g  h i s t o r i c a l  n o t e s  and 
a b ib l iography  of 704 e n t r i e s .  Real and complex func t ion  theory 
wi th  a l i t t l e  knowledge of  Banach spaces  and topo log ica l  groups should 
be a p r e r e q u i s i t e .  

20. General ized I n t e g r a l  Transformations by A. H. Zemanian, I n t e r s c i e n c e  
Publ i shers ,  New York, N. Y., 1968, x v i  + 300 pp., $16.00. 

Some r e a l  and complex func t ion  theory s u f f i c e  f o r  t h i s  s tudy of  t h e  
g e n e r a l i z a t i o n s  of t h e  c l a s s i c a l  t ransforms (Laplace, Mell in ,  e t c . )  
t o  Schwartz d i s t r i b u t i o n s  and genera l i zed  func t ions .  
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NEW CHAPTERS OF PI MU EPSILON 

Texas Gamma 
145-1969 

Marian Pugh, Dept. of  Mathematics, 
P r a i r i e  View A & M College, P r a i r i e  View 77445 NEW INITIATES 

New York Upsilon 
146-1969 

Mrs. S h i r l e y  Hockett, Dept. of Mathematics, 
I thaca  College, I thaca  14850 ALABAMA ALPHA. University of Alabana 

Lucia Reed Adass Car l  George Davis 
Juan Carlos Araaburu llancy Belle Deaman 
' l i l ton  Vance Balch Joe  Lynch E l l i s .  111 
Parela Farc ia  Barber Mildred Marie Ennis 
Andrew Lacev Boggess Darry Allen Ferpuson 
John Bowlin. Jr. Mary Jane  Ferwson 
Janes  Pat r ick  Bowisan Bruce Wayne Fowler 
' a r t i n  Louis Brannon Deborah H o e  Francis 
Jenny Ann Breeden Willia? C. Friday 
Ja'aes E. Brown, IV Thoiaas M.  Galloway 
Guesna Gary Bush Willian F. Garner 
John Paul Cabri Georeia S. Gasparovich 
David C a n t r e l l  Judi th  Diana G r i f f i n  
Suzanne Car ter  Richard Wavne Hall 
Leonard Hup,h Caveny Helanie Gai l  Ha-mand 
Linda Marie Chambers B i l l y  Wayne Harvell 
Kenneth Wendell Chancey C l i f f o r d  Jackson Hataway 
Beverly Diane Clark Rebecca Gai l  Haynie 
John Brian Cl i f ford  Janes ' l ichael Heard 
Willian Joseph Cook Carolvn F. Hereford 
Frederick S. Crown, J r .  Charles Heal Hines 
P a t r i c i a  Ann C r u n ~ t o n  Kenneth Clayton Hinton 
P a t r i c i a  E. Culbcrt Beverlv A .  Hol l in~sworth  
Walter Perry Culwell Sandra Kay Home 
David Paul Currie David 'iurry Huff 
Willian Cumbie, J r .  Panela Mary Hunble 
J m e s  S. Daniel Stephen Paul Humael 

Darre l l  Anthony Hynel 
John E. Jackson, Jr. 
Lana Dawn Johnson 
Mary Elaine Johnson 
Randall D. Jones 
Richard T. Kennedy 
TO-CTY D. Kilgore 
Charles L. Larrinore 
Charles M.  Law 
Judy Cla i re  Layton 
Joyce Loo Lee 
John K. Madison 
Jaaes  Marler, J r .  
Margaret Ruth Marty 
P r i s c i l l a  Mason 
John Watts Haynor 
Joe Perrv HcCrary 
Claudie McDonald 
Donald McGlaaery 
Anthony HcWhoster 
Ronald Musselnan 
Janes O t i s  tl ichols 
Loren Cook Owcnsby 
Diane Ostner P e t t y  
Gi lber t  P l o t t ,  I11 
Larry Edward Powell 
Hugh D. P r i c k e t t  

Judy Ann Prince 
Russe l l  C. Reeves 
Adrian Ringland, 111 
P a t r i c i a  A. Roberts 
George R. Ross 
Heal P. Rowell, J r .  
Stephen Russel l  
S i l v i a  Sandlin 
Linda Rae Schnell 
Rebecca Snalley 
Beverly Ann Sni th  
Howard Sni th  
John L. Stensby 
Willian Sul l ivan 
Willian T i p l e r  
P a t r i c i a  Tomes 
Thomas Thrasher 
Willian T r u s s e l l  
Daniel Vanderpool 
Ann Walkley 
James Washburn, J r .  
Donna Lyn Weber 
Mary Pate Whitson 
Peggy Jane Whitt 
Gai l  Whittenstein 
S i l a s  T. Wrizht 

North Carolina Epsilon C. A. Church, Jr., Dept. of  Mathematics, 
147-1969 Universi ty of  North Carolina,  Greensboro 27412 

C a l i f o r n i a  Theta 
148-1969 

Dr. Benedict Freedman, Dept. of  Mathematics, 
Occidental  College, Los Angeles 90041 

New J e r s e y  Zeta 
149-1969 

Dr. Mabel Dukeshire, Dept. o f  Mathematics, 
F a i r l e i g h  Dickinson Universi ty,  Teaneck 07666 

New York Chi 
1969 

John Therrien,  Dept. of  Mathematics, 
S t a t e  Universi ty College, Albany 12210 

PRIZE WINNERS 

The Governing Council of  P i  Mu Epsilon is repea t ing  its c o n t e s t  
f o r  t h e  bes t  expos i tory  paper by a s tudent  (who has  no t  y e t  received a 
masters  degree)  s u i t a b l e  f o r  publ ica t ion  i n  t h e  P i  Mu Epsilon Journal .  

The fol lowing p r i z e s  w i l l  be given: 
ALABAMA GAMMA, Sanford University 

Linda G. Alverson S h i r l e y  A. Edwards 
Lavinia Daniel 

Sandra J a r r e t t  Glenda Thorpe 

$200. f i r s t  p r i z e  
$100. second p r i z e  

$50. t h i r d  p r i z e  
ARIZONA ALPHA. Universitv of Arizona 

Larry V. Allen Roberta Ferry 
Elizabeth C. Berni Arjun K. Gupta 
Roy G. Davis Anthony R. Livineston 
Donna Dot 

Hark L. Olsen 
Jacquel ine  Rique L. Pot teneer  Pederson 

Les l ie  D. Schultz 
Kav Tonamichel 
Y .  B. Otto Wong 
Rebecca L. Zier  

providing a t  l e a s t  t e n  papers a r e  received f o r  t h e  contes t .  

I n  a d d i t i o n  t h e r e  w i l l  be a $20. p r i z e  f o r  t h e  b e s t  paper from any 
one chapter ,  providing t h a t  chapter  submits a t  l e a s t  f i v e  papers. 

ARIZONA BETA. Arizona S t a t e  University 

Franklin P. Abshire Mary Sue Gordon 
Donald J .  Berp, Guy C. Hayden 111 
Robert D. C l i f t o n  Gerald M .  Hirata 
Gary L. Dillon 

Becky L. Johnson 
J e f f  R. Mackev 
Kathleen Mitchell 

Kathrvn C. T a n s  
Ross Thoason 
Mary Whetton 
Eva Ruth Wolicki 

The winners f o r  papers submitted between August 1967 and J u l y  1968 
were : 

$200. Daniel  Putnam--"An Eas ie r  Condition than T o t a l  Boundednesst8, 

$100. Jerome N. Katz--"An I n t e r e s t i n g  Mapping o f  Two Fields" , 

$50. Dennis Spellman--"On Hula Hoops". 

The winners f o r  papers submitted between August 1968 and J u l y  1969 were: 

CALIFORNIA ALPHA. Univer Â ¥ s i t  of Cal i fornia  

Robert Janes  Baddorf 
Peter  B. Bandurian 
Lawrence Bass is t  
Shei la  Marie Beardo 
John A .  Bocrger 
Dale H. B o ~ ~ , s  
David W .  Bradley 

Kichael Glowalla 
S t u a r t  Goodgold 
Alan Green 
tlichael Guillen 
Rona 11. Giurkcwitz 
Yacov Y .  Haines 
J e f f r e y  F. Harmann 
John Q. Hearne 
Ben Hecht 
Walter Killenann 
Ivan S. Ickovi tz  
Wendy S. I sh ida  
Allen Edward Izu 
Gary J .  Jason 
Marie L. Kaufnann 
Richard A .  Keith 
Paul F. Klenbeck 

Kenneth J .  Kopecky 
Lynn Kuo 
Hasse L. Kvist 
Ronald La" 
Lawrence E. Lewis 
Dennis S. Long 
Bob Lynn 
Yuc-Pok Mack 
Richard HcBride 
Donald McLaughlin, J r .  
Robert L. Mil ler  
Kerry O'lteal 
El len  D. Payan 
Cheryl Perry 
San Pierce  
Helvyn Rappaport 
B r i p i t t e  Rolfe 

Jim Edward Schafer 
Mark J .  S c h i l l e r  
Carol L. Schottland 
Larry L. S c o t t  
Joseph A. Sgro 
Adrian Tang Shun-on 
John L. Sprung 
Carolyn St r ickland 
David Stronp, 
Michael Tanburro 
Roberta Thmas 
J o s e  Antonio Varcas 
I r v  Kal Wendel 
J a n i s  Weyhrauch 
Stanley Winternan 
S a l l y  Yamshi ta  
J a n e l l e  Yancey 
Robert Zi f f  

.- .. 
George Brown 
Robert Buck 
Richard E. Buller 
Dennis B. Cohen 
Charles P. Crowley 

Robert L. Devaney--"Lens Spaces a s  Coset Spaces", 

Michael Kopkas--"Partial Sums of Cer ta in  I n f i n i t e  S e r i e s  of  
Polygonal Numbers", 

Georgia Benkart and Douglas W. Townsend--"A General izat ion 
of  Subnet". 

Hah Suey Dea 
Loraine Dell 'osso 
Gary Alan Enp,el 
Alan L. Forkosh 
Richard Lee Frey 



CALIFORtlIA ETA. University of Santa Clara 
DISTRICT OF COLUMBIA ALPHA, Howard University 

. Willian A. Barker I1 Carl H. Havn, S.J. 
Barbara A. Dineen Willian L. Honzlk 
tlicholas A. Goodnan Kenneth E. Hesson 
Michael H. Hardie Robert E. Hupf 
Gail 0. Harrinpton 

Robert J. Kleinhenz 
David E. Logothetti 
Dennis N. Monahan 
Richard L. tluccitelli 

Robert W. Owens 
T. Jean Pederson 
Donald M .  Redrand 
James R. Scherzin~.er 
Kenneth G. Stevens 

Ethel Sultana Andrews Linda Bernadette Dodson Raj K. Malhotra 
Stanford Coleman Marearita Dolore Valerie Oldwine 
Sarah Elizabeth Conward Thonas H. Lawson Lesa Pennineton 
Sandra J. DeLoatch 

John F. Pressley 
Daniel Morris Smith, Jr. 
Cochurattil Daniel Thomas 
Carrie Waltherer 

DISTRICT OF COLUMBIA GAMMA, GeorBe Washineton University CALIFORNIA GAMHA, Sacranento State Colleee 

Michael Cook 
John Cowan 

Fred Frishman 
S. W. Greenhouse 

Philip Liveman 
Robert McClenon 
John W. Helone 
Hueh Pettigrew 

Karen Petticrew 
Susan Provisor 
Myron A. Schloss 
Hedayat Yassaimaibodi 

Ron Berndt Janes Irwin 
Theresa Black Michael L. Lee 
Toni L. Cox Robert C. MacLoed 
David C. lleavilin Kenneth M. McKinstPv 

Stanley Miyao 
William T. Morrow 
Ben Mulkv 

Patricia L. Ouinn 
Garth Rustin, Jr. 
Edward Shoemaker 
Hueh Halters 

Janes R. Duncan Sidney J. Hamon 
Muriel Easterline Richard Litkowski 
Mary Anne Frey 

CALIFORNIA THETA, Occidental College 
FLORIDA ALPHA, University of Miani 

Behrooz B. Aehevli 
Marjorie A. Asnussen 
Patricia A. Badyrka 
Dr. Mabel S. Barnes 
Steven D. Braitbwait 
Robert A. Connors 
Clinton B. Cotter 
John J. Crawford 
DP. Benhanin 11. Culley 
Kathy A. Daviess 
Kenneth 0. Denson 

Gilbert W. Fellinchan 
Robert J. Franz 
Benedict Freednan 
Nathan C. Gates 
Randall A. Hawkins 
Dale J. Hockstra 
Ian D. Hutcheon 
Glenn A. Knickrehn 
Dovle D. Knieht 
Ronald K. Kreuzenstein 

Dr. Lawrence Larnore 
Andrew R. Larson 
Mary L. Layman 
John H. LeFever 
David G. HcMenanin 
Frank J. Mar~ctan 
Dr. Charles R. Miers 
Douelas I. Morean 
Dr. Joan R. Moschovakis 
Jeffrey J. Olson 

Marilyn L. Pierce 
Lucio Pietrantonio 
Russell A. Reece 
Mr. Thomas Robertson 
Randall D. Saylor 
Dr. Tinothy D, Sanders 
Willian A. Scott 
Dr. Charles W. Seekins 
David Sohm 
Dr. Kenneth E. Swick 
Christopher N. Synodis 

Ivan Hajor 
Warren J. Miller 
Jabri Nachaat 

Alicia 14. Otazo 
Oscar Vila 
Gerald Man-Li T. C, Welcon Wu 

Georee Adams John K. Hardinr 
tlcuyen BaHien Lee Huntinc 
Willian M. Coertnik Sheldon Kerper 
Frank Espinel 

FLORIDA BETA. Florida State University 

Kenneth R. Ridlehoover 
Cheryl L. Scott 
Robert D. Turner 
Douelas E. Whitten 

Richard D. Bogry Diane E. Crooke 
John C. Bohanine Caroline A. Dean 
Marearet G. Braswell Luis J. Escajeda 
Gene Karearet Caoney Willard F. Hunt, Jr. 
Janes F. Croft, Jr. 

Robert H. Inple, Jr. 
Brenda E. Jones 
Charles A. Kumner 
Ted Lane 

CALIFORNIA ZETA, University of California 

FLORIDA EPSILON, University of South Florida David Kenneth Andes Theresa tiarie Caulfield 
Roger Lvnnwood Barker Jeffrey Alan Curnines 
Ron Janes Bieniek Robert Steohen Dehn 
Sanford Anthony Bolasna Donald Edward Grodecki 
Christopher Lee Bowian 

Bettv Jo Harris 
Galen Ralph Hunsicker 
!<ark E. Hathews 
Larrv Eueene Miller 

Hark Root Morris 
Russell Everett Nelson, Jr. 
Hark Andrew tlewbold 
Kathleen June Stein 
Louis Michael Yacer 

Patricia Guidrv 
John Frank Johnson 
Kurt 0. Kine 
Marparet McComick 
Robert Lanier Patrick 

Lois Atkinson Reinhart 
Hufh Jerone Sconyers 
Gerhard H. Stoop-lan 
Michael 0. Varner 

Adelbert B. Bottcher Roberta E. Dilocker 
Sherry Brinaco-be tiarie Louise Donnerbere 
Richard A. Brost Richard D. Dunlap 
Patricia X. Carroll Edward D. Eliasberg, Jr. 
J a m s  F. Charles Jerrv H. Griffin COLORADO ALPHA. University of Colorado 

FLORIDA GAMHA. Florida Presbvterian College Rhonda W. Prinack 
Donna R. Prull 
Sandra S. Reed 
Diane Wacener 
Herbert K. Weldon 

Jill Bachrach Gail A. Carpenter 
Robert C. Bean Rebecca C. Chapman 
Frank W. Burton R. Richard Dailey 
Janice L. Bwkit tleiko Hirakawa 
Ann L. Bvrne 

Nancy J. Martin 
Max A. Miller 
Dale 11. Bugler 
Leslie C. Power 

Sandra A. Romie Ronnie L. Gross 

GEORGIA ALPHA. University of (SeorKia 

Uaoii R. Bennett Mary S. Fort 
Susan Boren Patricia A. Hillhouse 
Gail A. Brown Annis E. Humphries 
Martha J. Daniel Catherine A. Key 
Donald T. Ethington Lois J. Knybel 
Lewis T. Farmer I11 Ellice P. Martin 

Charles C. Miao 
Patricia A. Rhoades 
Mary G. Rogcrs 
Janes E. Ricks. Jr. 
Betty B. Snith 
Eva B. Tavlor 

Tina L. Thaaes 
Sinesio Villanueva 
Helen P. Watkins 
Linda J. White 
Maxine woo 
Helen F. Wren 

COLORADO BETA, University of Denver 

Karen Lindstroi 
J. Paul Myers, Jr. 
Larry R. tlichoalds 
George S. Postma. Jr. 
Enilie K. Rainey 
Albert E. Ritter 

Robert E. Sloan 
Jeanette F. Stroud 
Terry1 L. Turner 
Ruth Ann Unzicker 
Caryn L. Woodson 

Margaret A. Alire Robert W. Fish 
Charran L. Blaisdell Herbert J. Greenbcre 
Barbara A. Bluh Kathlea A. Kilgore 
Winifred Bunch Ella E. Kinr 
Patsy S. Dixon Jeanne M. LaBandt 
M. John Farrow Janes M. Leathers GEORGIA BETA. Georeia Institute of Tcchnoloev 

Wavne S. Call John M. Finn Robert L. Horton Bruce Kent Richard 
COLORADO GAMMA, US Air Force Academy 

ILLINOIS ALPHA, University of Illinois Hichael Allan Blackled~eFred Federici, Jr. 
Monty Dale Coffin Guy Spence Gardner 
Robert Crawford Steven Gipeenwell 
Robert Culhertson Rodney Thoaas Gwyn 
John DeZonia John H. Haselton 
Sidney DuBois J a m s  Lloyd Hein 

Willian T. Hodson 111 Joel Mercer HcKean 
Karl Thnnas Hutchinson Willian Albert Orth 
Donnelly Janes Johnson Stephen Scott Page 
Michael Joseph Konvalinka Robert W. Schaefer 
Robert Brian Lopert Leon A. Hittwer 

Allan Russell Wylie 

Jeffrey Schultz 
Deanna L. Stern 
David A. Suber 
Raj K. Vohra 
Chane-Yean Wanp, 
Pvne Wane 

Joseph A. Blanco nichael R. Gershon 
Weldon E. Bliss Beverley B. Getzcn 
Donald E. Brewer Thorns C. Guebert 
John P. Deluca Linda K. Jones 
Robert A. Ferguson Marparet E. Kiburz 
David 'Â¥1 Furuto Jacqueline R. Lewis 

Keith D. Haclaurv 
Robert E. Olson 
Rodney W. Reiper 
David L. Reiner 
Peter 8. Reynolds 
Alan S. Robertson COBtIECTICUT ALPHA. University of Connecticut 

ILLINOIS BETA. llorthwestern Universitv Jack P. Brin Christopher Duckenfield 
Bettv J. Clifford Yusif S. Farsakh 
Karen R. Dawson Gerald A. Fisher 

. Williai 0. Dixon Gary H. Ford 
Iielvvna D. Drucker Donna 'I. Frederick 

& 

DELAWARE ALPHA, University of Delaware 

P a d  K. Tong Kuok Anthony J. tleves 
Alexander 'iarkons Arsine Rustipian 
Louis !lcrcuri Loretta K. Siith 
Richard S. 'ionteonerv Janet Tceeuarden 
Jeffrey Hozzochi Richard H. Wynan 

Janice Dufresne Albert J. Karan - .Linda Garraway Stephen Koffler 
Claire T. Gaiszler 

Bruce 'I. Binpan Lew H. llathan Thomas R. Tarallo 

ILLItlOIS DELTA. Southern Illinois University 

larv Barker Roeer Williar Hood 
a r y  Ellen Dehnert Lily Koe 
Ronald L. Famcr Rose Koe 
Allen F. Gossnann Kenneth Law 
Shirley Hickan Yoshitaka Ilakapawa 

'!ai Fern Seid 
Mai Lon Seid 
Charles Philip Shcdd 
Carol S. Slocun 

Hau Trail 
Donald Way 
Ralph W. Wilkerson 
Anita H. Wotiz 

Cheryl L. Boyle Carolyn Goff 
Robert F. Chandler Stephen Grotzinger 
Bonntc Calvin Dorothy Helm 
Terri Cornwell Diana Herschel 

Jeffrey R. Kroll Vicky Refkams 
Diana V. Lanbdin Pamela 0. Sinpson 
Donna Laux Haureen Thackrey 
Beverly Lutz Mary 11. Wanamaker 
Victoria Hichalik Richard Wissinp. 
Annette Ratzenber~er Ericka Witnauer 

Laura Louise Stott 

Stephen K. Zcrayan 



Ill 

LOUISIANA G m .  Louisiana State University 
INDIANA BETA. Indiana University 

Pamela V. Sniley 
Kenneth J. Stucke 
David C. Tatum 
Janes Thoapson 
Carl Weatherton 
Janes E. W a y  

Grey R. Barr Arnold Finkleman 
Janes M. Bordyn Glenn B. Foreman 
Linda Carpenter Andre George 
Kenneth A. Cogen Jerone Guidry 
Benton Dupont Harvey L. Mall 
Paul Fajgenbaum Mark S. Klenpner 
Donald J. Paler Julian I. Landau 

Susan P. Levin 
William K. HcCord 
Carla A. Monroe 
John M. Onofrio 
Linda A. Otis 
J. Maurice Pilie 
L. Ridgway Scott 

Renata Anne Baird Dennis Deeter 
Alan P. Blackwell Karen L. Edwards 
Cora Ann Brunton Richard D. Hart 
Beverly Jean Cairnes Jean Lynn Hostetler 
Karen I. Carpenter Denise Lee Melton 
Lee Alan Cochard 

Ann Elizabeth Pauley 
Margaret Ruth Pipott 
Elizabeth Rose Siela 
Jean Sikora 
Ernest A. Snyder 

Daniel Edward Taylor 
Madeleine L. Tewes 
Charles M. Tomes 
Mary Christine Trauner 
Cassie Lue Younp 

INDIANA DELTA, Indiana State University MAINE ALPHA. University of Maine 

Loretta A. Abbott Phyllis K. Gilley 
William B. Allard Carol T. Hogg 
Rebecca A. Gehrke Bill D. Howard 
John G. Gilley Nancy A. Huher 

John Lannan 
Sister Aeries Joan Li 
Roberta R. Marshall 
John A. Roberts 

Linda M. Rossiter 
Frank Tsui 
Linda E. White 

Ann L. Blanchette Elwood K. Ede 
Shirley G. Bloon Carol A. Flewelling 
Jacqueline L. Boisvert Alan P. Hallee 
Linda S. Chapaan Donna L. Hathaway 
Alfred C. Darrow, Jr. John R. Heath 
John J. Dranchak Constance C. Kallock 
Ronald E. Dyer Nancy A. McKeone 

Dawn M. McLean 
Linda A. Millet 
Diana M. Pelletier 
Linda R. Pellican 
Caroline Plunner 
Darrel R. Quiroby 
Frederick W. Robie 111 

Ronald B. Scott 
Lawrence G. Sirois 
Jennifer E. Smith 
Dean G. Souke 
Alan D. Taylor 
Janet A. White INDIANA GAMMA. Rose Polytechnic Institute 

Thonas Albert Dehne Stephen B. Gwin 
Steven Crain Goble John L. Heller 

Richard Way Moulton 
K. David Seabrook 

Charles E. Towne 
MARYLAND ALPHA, University of Haryland 

IOWA ALPHA, Iowa State University Jeffrey S. Rosen 
Christine J. Rossi 
Anita Sager 
Luke E. Schallineer 
James Paul Seawell 

Marlene Siavitz 
Bruce D. Springer 
Arthur W. Stetson I1 
Jean S. Willis 
David L. Winslow 
Charles M. Z i m e m a n  

Russell D. Brown Brenda Joyce Latka 
Linda Ciabatoni Ross Lenet 
Michael R. Eddy Marilyn Lewis 
Nancy Hurtt James E. Mathia 
Marilyn L. Jager Steven Hugh Mudrick 
Gail Eldridge Kiesel 

David F. Anderson 
Marcus J. Bendickson 
John H. Bentz 
Robert 0. Berkland 
Jeane M. Black 
Myron W. Coppock 
Kenneth R. Crouse 
Kenneth L. Davis 
David E. Daywitt 

John H. Dickens 
Marilvn K. Dimitt 
Janes A. Dodds 
Hark W. Fleninp. 
Hunh G. Frank 
Hark E. Galev 
Robert L. Gutnann 
Donald Z. Harbert 
Michael J. Mawley 

Wayne E. Jones 
Brent D. Johnston 
Normn W. Kelley 
James M. L c m e  
Joel L. Meloh" 
Thomas W. Mitchell 
Robert B. Nebereall 
Ted F. Newton 

Michael J. Ransm 
Carlsan K. S-lith 
Nan Chi Tran 
Tony T. Tschopp 
Stephen B. Vardenan 
David E. Waeoner 
Roger L. Wainwrieht 
Charles G. Wells 
Douglas E. Wood 

MASSACHUSETTS ALPHA. Worcester Polytechnic Institute 

Janes L. Schwinz 
Donald L. Sharp 

Richard W. Deland John F. Malley 
Roger E. Dennison William D. Parent 
George M, Islai 

John 0. Tarpinian 
Alan P i  Zabarsky 

KANSAS ALPHA. University of Kansas 
MASSACHUSETTS BETA, College of the Holy Cross 

Sheldon Adelberg Francis P. Ford 
Hanan S. Bell Gerd H. Frisks 
Joseph Arthur Elv, Jr. Robert Keith Garrett 
Beverlv Sue Clark Martha Lou Hamonson 
Clarence Classen Douglas A. Hensley 

Kenneth K. Hickin 
Margaret Ruth Laidig 
Georne W. Livingston 
Darrel E. Reed, Jr. 
Martha J. Scott 

William M. Scrucgs 
Donald R. Sinnson 
Michael L. Swafford 
Gary L. Turner 
Julia T. Wharton 

Janes A. Boesen Jacques E. DuBois 
Robert J. Cimprich Donald T. Ferris 
John M. DeCiccio Michael D. Jeans 
Thoaas J. Dougherty Kevin J. Leary 

Thooas G. Marullo 
Peter J. O'Neill 
Robert Podolak 
Timothy B. Shea 

Robert Melvin J. C. Taws Stokes 

Mark L. Thivieme 

KANSAS BETA, Kansas State University MICHIGAN ALPHA, Michigan State University 

Kent C. Bates Grecorv W. Hardin 
Jack L. Decker Chen-June Hsu 
Laura M. DiSanto Elizabeth M. Hutcheson 
Virgil V. Feerer Fuanglada R. June 

Donald W .  Lang 
Lauren Lananer 
Sung-May Hsu Lee 
Wendell Lee Lillich 

Stephen R. S a w e  
G. R. Slishnan 
Robin Anne Thoaas 
William J. M. Thonas 
Kane S. Yee 

Donna Lee Wicklund 

MICHIGAN BETA, University of Detroit 

Kathryn R. Anderson Jasbir Guliani 
Susan J. Bienkowski Edward Hawrot 
Albert F, Collier John R. Kender 
Stephen M. Grimley Thoaas W. Klamo 

Rosanne E. Kurasi 
Maureen A. Lahiff 
Walter K. Michaluk 
Janet L. Patteeuw 

SF. Teresa Reid 
John W. Salidd 
Audrey Spisak LOUISIANA ALPHA. Louisiana State University 

Myrtis J. Abshire 
David G. Adam 
Audrey C. Balentine 
Rita P i  Baragona 
Kenneth P. Beyers 
Gaylene V. Danford 
Richard S. Dunn 
Sandra L. Eason 

John A. Gonzales 
Sister Marie A. C. 
Charlotte G r i ~ s  
Patrick M. Guidry 
George D. Gunn 
Henry L. Hebert 
Carol E. Keller 
Dana S. Kemp 

Donald D. Kraii 
Grenier Lettie C. Lanp 

Garrett R. Lynch 
Antoine G. Malek 
Ronald C. McCain 
Raynond J. Puieh 
Mary S. Rix 
Gerard0 Salazar 

Sandra L. Shivers 
William E. Smith 
Sylvia I. Sparks 
John F. Wade 
Janes T. Wafer 
Beverly K. Wales 
Carl T. Younc 
Rodrigo J. Zapata 

MINNESOTA ALPHA. Carleton College 

Ten 0. Videen 
Charles H. West 
Genevieve H. Yue 

William 0. Allendoerfer Robert W. Davidson 
Wallace A. Arneson Priscilla C. Hensel 
Beverly J. Bailey M. Claire Matthews 
Priscilla R. Burbank Margaret V. Palm 

Laurence R. Peterson 
Robert A. Raines 
Stephen H. Shuller 
Daniel P. Stubbs 

MINNESOTA BETA, College of St. Catherine 
LOUISIANA BETA, Southern University 

Sr. Nora Mary Allard Jo Linda Kutcher 
Mary E. Gerger 

Jacqueline C. Hannerin~ Joan M. Maritz 
Dr. Benjamin L. Martin Sharon H. Sheman Maxine White 

LOUISIANA DELTA. Southeastern Louisiana Colleee - 
Carolyn M. Farris Any Esther Hoover Thonas Spangler, Jr. 
Willian C. Hamer John E. Seeeer, Jr. Peggy B. Wells 
Sandra Sue Holden -- - - 
-LOUISIANA EPSILON, HcHeese State College 

MINNESOTA GAMMA, Macalester College 

Carol Ann Amstrong Hans Genberg 
Carey Carlson Allan Kirch 

Richard Krahulec 
Richard Mussloch 

Raymond Streeter Paul M. Riens 
Marion L. Rumel 

MISSISSIPPI ALPHA, University of Mississippi 

Terrel L. Alfood Betty H. Dees 
Deborah Anann Patricia Magan 
Stephen Anann Wilbur Hamlin, Jr. 
Janes R. Arnett Susan E. Ladner 
Tillio J. Avaltroni, Jr. Lester W. Jones 
Panela Butts Fred McDonnell 
Noel A, Childress Shelby W. McKay 

Jinny Nanney 
Lura Netherton 
Judith Oakes 
Dean Priest 
Steven Saway 
Siegfried Shalles 
Russell Stokes 

Mark Tew 
Donald Thompson 
Howell Todd 
Tocny Vinson 
Dorothy Ward 
Robert White 

Gloria A. Abshire Brenda F. Broussard Corinna M. Goehring 
Cathy A. Anastasia David L. Edwards Georce H. Gott 
Albert W. Bore1 Shelia D. Ellzey Arnold J. Granger 
Bess R. Brooks 

Carolyn M. Hebert 
Rudolph Keycrease 
Thomas D. Morgan 
Michael T. Roberts 

, LOUISIANA ETA, Nicholls State College 

Dennis M. Duet Robert E. Jukes Francis G. Patin 
Gillis Guidry. Jr. 

Claude Songy, 111 



MISSOURI ALPHA, University of Missouri 

Don Allen Ronald G. Greenwald 
Larry Bade Robert C. Hoops 
Jerry D. Barnes Edward J. Kaufmann 
Th-s W. Bcdine Tom Knobloch 
Duane L. Bierwirth Teresa Loehr 
Shannon D. Cave John M. Logan 
Greg Cleveland Dennis A. Maasen 
William H. Cloud. Jr. John L. Marshall 
Steve Coates David R. Maupin 
Melvin R. Cotton Kenneth Ray Hitchum 
Sally Curd Kenneth C. Moffett 
Janet Davis 

HEW JERSEY BETA, Douglass College 

Marie Hirsch 
Ellen R. Kay 
Kimberly Kern 
Kathleen L. Kraner 
Grace Morizio 

Moreen A. Hurray 
Sharon A. Slavinski 
Marcia J. Solkoff 
Ethel M. W h a  
Susan J. Zeek 

Elaine Mogelnicki 
Steven L. McAllister 
Donald W. McCann 
Stephen L. McGinness 
Dale E. McNabb 
Willian B. Orcutt 
Marilyn Parey 
Larry J. Prather 
Paul Rahaoeller 
James R. Rudy 
Steve Sanders 

Richard N. Schaefer 
Thmas Skinner 
Dale Sterline 
Patricia K. Steinbach 
John Teague 
Michael Watkins 
Gary Weinreich 
Robert D. Wilson 
John W. Woods 
Khalil M. Zahr 
Ronald Zingrich 

Carol- L, Berg Linda A. Farrington 
~athr:m R. Boucher Sandra L. Frederick 
Linda S. Brown Janet R. Gocdkind 
Joan C. Capezzuto Diane E. Grier 
Linda A. Casacci Deborah A. Hamilton 
Leigh C. Decker 

HEW JERSEY DELTA. Seton Hall University 

Anthony Podolski 
Joseph Raich 
John Dckay 
 lice Vigerstad 

Frank Adorna Michael Fisher 
Joseph Boland Athanasios Golianopoulos 
~ichael D'Ambrosa Ronald Infante 
Kevin Farrell 

Nick Iovino 
John Kane 
Daniel M. Plirrish 

MISSOURI GAMHA, St. Louis University 
HEW JERSEY EPSILON, Saint Peter's College 

Korita Azopardi 
Joanna Barton 
Cheryl Jean Bates 
Barbara Beier 
Atlaw Belilgne 
Charley LeRoy Beltz 
Paul Chester Bien 
Burnell Bisbee 
Deloris Coy Boecklen 
Robert P. Brandeweide 
William E. Breher 
James B. Bristol 
David Brcdtrick 
Michael Brcdtrick 
Cheryl Buse 
Tseng Chang 
Lawrence W. Conlon, SJ 
Sr. Monica K. Cmwell 
Harold T. Cruthis 
Daniel T. Cusimano 
Thomas L. Dauer 
Mary Anne Deutsch 
Janes R. Dowd 
Joan DuBuque 
Barbara Dulick 
John R. Ernst 
John Faulhaber 
Joseph D. t'errario 
Andrew C. Fiore 

Roger S. Fisher 
Judy Fitzgerald 
Kevin Edward Flanagan 
Barbara Fleischer 
James J. Folk1 
Gerard T. Forget, Jr. 
Paul E. Frey 
Lynn Barry Fricke 
Mary M. Furderer 
Tate N. Haase 
Sr. Marian Hart 
Larry J. Hayman 
Ruth Ann Hell 
Jades L. Hickerson 
Robert Hollerbach 
Nancy Mary Hug 
Sr. Rita Huhman 
Andrew Jackson 
Elaine Jacquin 
Jeffrey W. Johnson 
Larry Johnson 
Judith Ann Johnston 
Jerry Leonard Jung 
Sr. Rosemarie Kleinhaus 
Patricia Kochoann 
William K. Kotnuycr 
Judith A. Kral 
Lawrence S. Lamson, Jr. 

Sr. Linda Laury, CSJ Robert A. Richter 
John David Leech Albert M. Rogers, Jr. 
Robert John Leibrecht B. Diane Roy 
Judith P. Leonard Surinder K. Sabharwal 
Rev. James J. Lesyna Phillip A. Sanger 
Ernest Lester Lockwocd Ann E. Schabert 
Richard J. Lucas, SJ Anna Mae Schick 
Margaret Lynch John J. Schwob 
Michael J. Maloney Ann Marie Seibel 
Mary R. Hanley Barbara Sertl 
Jane Martin Michael J. Shea 
Joseph Cyril McBryan Moaeph M. Shepherd 
Virginia McDonald Timothy J. Shramek 
Edward Lee Metcalf Elizabeth Spalding 
Hary Kay Moriarity Jane F. Stoverink 
Virginia Carol Mueller Joan M. Stuhhann 
Sr. Marcia Murdock, CSJ Hartha Thccnason 
Marcella Nahm Marikay Thmpson 
Paul Michael Neunuebel Michael J. Tierney 
Barbara Noftsinger Joseph P. Trost 
Sr. Rosemary 0ellerniann.CPPS Dehar E. Valine, Jr. 
Robert Joseph Orlando Jake Vandergeest 
Kathryn V. Palan Mario Carlos Vidalon 
Sr. M. C. R. Paulie, CSJ Edward J. Walsh, SJ 
Walter J. Pavlicek Robert P. Wankua 
Dale Wayne Peimann William L. :ieber 
Carol M. Purcell Bernard Wolzenski 
Patricia Joan Real Donald F. Woolley 

Ann Elizabeth Wynne 

David Jageman 
John Jordan 
Patricia Kane 
Joseph Klein 
John Kutney 
Mary Anne Maher 

Kevin Mitchell 
Frances Madel 
carol Potyrala 
Ling Tsou 
William Vasquez 
John West 

Philip Anbrosini Gary Damiani 
Kathleen Bald Charles Godino 
Doreen Bourgoin Jady G. Handal 
jane Hansen Butler William Hanlon 
James B. Collins James Hollywood 
Walter Coppinger Clyde M. Huber 

NEW MEXICO ALPHA, New Mexico State University 

Donna L. Sucaers Fred W.B. Carraher Sherry A. Donohoe 
Joseph H. Die1 

NEW MEXICO BETA. New Mexico Institute Of Mining 6 

Mark Evans 

Technology 

Dave A. Heroan 
David Mendez 
D. Dan Rabinowitz 
Aniran Roffnan 

zubair A. Saleem 
Gary N. Sargent 
Alexis Shlanta 
Richard Upchurch 

~ h m i s  R. crone11 Joe Hardy, Jr. 
Charles Culp Millet Harrison 
Daniel Dunbar Reiner Haubold 
Gale E. Farmer Calvin Hedgeran 

HEW YORK ALPHA, Syracuse University 

Robert Lewis Hoyer 
Eup.ene Jackson 
Karolyn Lowe 
Phillip Ncrbel 
Mary Alice Nuttall 

Thomas Jeffrey Powers 
Arthur Purnell 
Richard Riesenfeld 
Joyce Roberts 
Jeffrey Shapiro 
Carol Jean Winchell 

Edgar Bierdeman Lynette Gutcho 
Bayard Bigelow 111 Marcia Woolf Haise 
Arthur Buckland noise Haraaoui 
Maureen Chiappe Geoffrey Hellman 
Kenneth Clark, Jr. Janes H. Hinch 
philip Friend 

NEW YORK BETA, Hunter College of CUNY 
MONTANA ALPHA, University of Montana 

Veronica Lichan Vincent Marina 
Carol T. Swill Rosemarie Bove 

Esther Cantor 

NEW YORK CHI, State 

Patricia M. Coyle 
Paul A. Bengston Thomas W. Dufresne 
Doris L. Blair Gary J. Dunford 
William Caswell James Gow 
Rodney D. Churchwell Maxine Ann Green 

NEVEDA ALPHA, University of Nevada 

Gerald E. Hmstad 
Howard Hunt 
Aquilla M. Kunz 
Steven A. Norwick 

Loween Ella Peterson 
Diane E. Hitter 
Marllee Shockley university of New York 

Violet Larney 
Judith Liff 
Robert Luippold 
John Lynch 
Thonas MacGregor 
Sally Malik 
Joseph Marion 
Kaye Marron 
George Martin 
Carol Ann Miller 
Karen Miller 
Herbert Oakes 
Cherie Pash 

Joan Ann Penton Peckhan 

Patricia Price 
Joan Prymas 
Ernest Ranucci 
William Stenzler 
John Therrien 
Rosalie Valvo 
James Donald VandeVeUe Wilken 

Carol Wohleenuth 
Jeanne Wolfe 
Loretta Yetto 
~ichard Zipper 

Susan Allen 
Vincent Anoras0 
James Babcock 
Kathleen Bartnick 
Cynthia Becher 
Diane Benninger 
Michael Burke 
Clinton Carpenter 
Nina Chavin 
Elanine Clementz 
Everett Colman 
Haryanne Cunninghan 
Alan Davis 
Russell Dimke 

Paula Ewens 
Mary Fisceglie 
Hary Gallage 
Marcuerite Gryzwacz 
Jane Haag 
Kathleen Hardisty 
Darrell Jeffers 
Allen Jones 
William Jones 
Betty Ann Jordan 
Kristina Kloepfer 
David Laiosa 
June Lapides 

Olan W. Allen, Jr. Lawrence C. Dicknann 
Memill P. Allen Cynthia Z. Gail 
~aneh A. Blink George Kazonich 
Jackson B. Y. Chin David N. Keller 

Harvey W. Lanbert Jacqueline C. Roush 
Sansa A. Morse Larry L. Sankovich 
S-el Potter. I11 Roberta R. Sharp 
Roberta Richter 

NEW HAMPSHIRE ALPHA, University of New Hampshire 

Dennis L. Couture Allen R. Hudson 
Christine Craigin Judy Johnson 
Richard Dobens Theodore Merrill 
April C. Doyle Thoaas Moore 
Donald Finkey 

Gary Philippy 
Joan Raffia 
Nancy Rathbone 
Linda Richter 

Barbara Stierli 
Laurence Upton 
Stephen Wakefield 
Susan Whitcomb 
Richard Wilson 

NEW YORK DELTA. New York University 
NEW JERSEY ALPHA, Rutgers University - - - 

""John W. Adams Jeffrey M. Geman 
David R. Brandman Samuel L. Greitzer 
Martin P. Cohen Gerald L. Jones 
Joseph J. Comfort 

Renato G. Alden Norman Darden 
Jack Bamne Joseph L. Dunn 
Mary Margaret Bland Emily Eisenberg 
Carl Carpenter Giacinto Grieco 
Elizabeth Conant Julian Kadish 

Bernard H. Kane 
Diane E. Harks 
Thomas Uoscovics 
Joshua Proschan 
Adbeel Quinones 

John J. Ronan 
Dennis Sandier 
Betty Schneideman 
Kent Seinfeld 
Bernee Stmm 

Richard C. Kimble Richard J. Taranto 
Joel M. Moskowitz Michael G. Vesta, Jr. 
Stephen Persche Hui-Kwang Wane 

HEW YORK EPSILON, St. Lawrence University 

William Barnard Robert Frederickson 
Patricia Callahan Bruce Gardner 
Nancy Everson Madeleine Gardner 

Donald F. Marion 
Janet L. Massoni 
Martin R. Hurray 

Ann Pahenberg 
Howard Walter 
Karen Wetterhahn 



HEW YORK GAMMA, Brooklyn College NORTH CAROLINA ALPHA, Duke University - Howard Bryks Samuel Erdstein 
Robert Erano Ronald Goldstein 

Nancy Keapler 
Harold Kornbluth 

Lawrence Scholnick Edward Britton Mary L. Getz 
James R. Cochran Gerald McCarthy 
Richard M. Draffin Richard Manners 

Harlan Priour 
Allen Suit 
Clarence Thooas 

Th-s Linda Wulf Witt 

HEW YORK IOTA, Polytechnic Institute of Brooklyn 
NORTH CAROLINA DELTA, East Carolina University 

Ed Barnas Gary Bogosian 
Paul Berner Paul Fecher 
Melvyn Bernstein Albert Feuer 

Theodore Levine 
William Sakal 
Alan Sultan 

Charles Hinkaty 
Ralph Johnston 
Sheldon Kaufman 

Judy M. Barnes 
Mac Forest Basnight 
Eleanor Bramley 
Ann Bridenstine 
Robert Carawon 
Jeanette Carter 
Mary Clark 
Doyle Daughtry 
Lynn Deaton 
Judson Duffee 
Rhenda Ellis 

John Freeman, Jr. 
Ella Susan Gibson 
Anne Gidley 
Betty Graybeal 
Allan Hale 
David Hancock 
Evans Harris, Jr. 
T o m y  Houston 
Carol Johnson 
Yvonne Jordan 

Becky Lawrence 
Suzanne Leggett 
Charlotte Helton 
Becky Hodlin 
Dorothy Moore 
Joyce Mozingo 
Charlotte O'Neal 
Phyllis Pearson 
Bonnie Peele 
Joan Pfeifer 

Radford Reel 
John David Renegar Ridge 

J i m y  Robinson 
Donald Rose 
Narlena Roue 
Hargarette Smith 
John Thonas, Jr. 
Steven Weisanan 
Barbara Whitley 
Floyd Wwdard 

NEW YORK KAPPA: Polytechnic Institute 

Robert McNaughton 
Gloria Potter 
David Schop 

Merlin Utter 
Linda Wells 
Francis Wood 

Susan E. Alten Jane Gilbert 
Jerome Fand George Harrison 
Jeffrey Feibeloan Peter Israel 

NEW YORK LAMBDA. Manhattan College 

Robert Andersen Frank Di Meglio 
Janes Callahan Gerard Kruger 
Christopher Caselli 

John Harrison 
Corrado Quintiliani 

Edward Timko 
Lawrence Wink NORTH CAROLINA EPSILON, University of North Carolina 

Kathryn Adams Mary Evans 
Prances Bennett Donald Farlow 
June Bowers Betty Garner 
Dr. C.A. Church, Jr. Margaret Hanlet 
Phyllis C o r a  Donna Hollis 
Linda Crooks Nancy Inarm 

Nancy Kelly 
Janice Lewis 
Ellen Lichtman 
Phyllis PÃ§rriÃ 
Linda Rapp 
Shirley Sinpson 

Karen Sprinkle 
Kenneth Truitt 
Jane Tyndall 
Shirley Watson 
Gail Wmble 

NEW YORK NU, New York University 

Stephen Bello Martin Dunain 
Mark Brower Lawrence Priedhoff 
William Bertiger Bruce Fraidowitz 
Barton Cobert Ronald Leight 

Frank McNee 
David Miller 
Wendell Petersen 
David Presberg 

Michael Reilly 
Robert Thaler 
Steven van der Veen 

NORTH CAROLINA GAHMA, North Carolina State University 
NEW YORK OMICRON, Clarkson College of Technology 

Henry Blake Janes Cox. Jr. Shen-Tong Lew 
Charles Britt, Jr. Hatice Cullingford Charles Midgette 
Richard Clark C. W. Kitchens, Jr. Jane Pickard 
Nopvin Clontz 

John Proni 
Margaret Stubblefield 
Carl Hike, Jr. 
Jacquelin Young 

Wayne Bialas L. Greer Cox 
Bob J. Blodgett Benjamin Funk 
Stephen Champagne John Ladik. Jr. 

Theodore LoPresti 
Myron Melnyk 
Marianne Smith 

Carol Wendt 
Winfield Wetherbee 

NORTH DAKOTA ALPHA, North Dakota State University HEW YORK PHI, State University College 

Sandra Caloren Milton Ferreira 
Gayle Carroll Christine Fischer 
William Cavanaugh Hector B. Foisy 
Velda Chanberlain Nancy Goetz 
Judy Dasno Dennis Hadlock 
Diane Dewoat Elner Haskins 
Marilyn Facenda 

Christine Huebner 
Carrol Kline 
Daniel Kocan 
Joanne Kubinski 
Judith Mathews 
Charles HcWilliams 

Sue Ann Molz 
Diane Schoonerman 
Mark Smith 
Charles L. Smith 
Clarence Stephens 
Wanda Youngs 

Gregory Binkley Ronald Johnson Gilbert Nelson 
Julie Bosch Olaf Helhouse Linda Nelson 
Barbara Elness Donald Meyers Louise Pugh 
Betty Grootwassink Robert Mikkelsen Stella Schnabel 
Ferdinand Haring 

Elizabeth Sletten 
Allen Starr 
Penny Stauffacher 
Mary Woytassek 

OHIO BETA, Ohio Wesleyan University 

NEW YORK PI, State University College Philip Anrein John Gamhausen Susan Nackowiak 
Sandra Anderson Ann-Marie Gegley Merrill Marsh 
James Benham Sandra Hartley Linda Ode11 
Wesley Cosand Michael Holmes Paul Odenwelder 
Carl Frederick, Jr. Dorothy McLaughlin Karen Pyke 

Kerry Shanklin 
Diane Smith 
Steven Watson Jean Miller 

David Stewart 
Thomas Bingham Christine Green 
Linda Eldred 

Deanna Kalinowski 
Walter Whitehouse 
Robert Wolpert 

NEW YORK TAU. Lehman College of CUNY 
OHIO DELTA, Hiani University 

Ellen Needle 
Alice Pisani 
Julie Raphael 
Roberta Roth 
Dorothy Salvia 
Larry Santora 

Julie T. Bony Godfrey Isaacs 
Shih-kuo Chow Seymour Hayden 
Robert Conti Robert Horowitz 
Melvin Fittine Boris Kachura 

Joseph Lewittes 
Sun-Fu Lo 
Mary Mahoney 
Virginia .Marcuccilli 
Gerald HcCombs 
Audrey Muchnick 

Randy Demaline Diane Heiloann Lanny Piper James Robertson. Jr. 

OHIO EPSILON, Kent State University 
~udith ~adonniex Diane Kaufman 
~irginia Glendon Keitha Landy Th-s H. Atkinson Deborah Eiben 

Gerald Beckwith David Ferry 
Jane Benedetto Margaret Gehlke 
Ronald Blackstone Caren Heacock 
Andrea Cullen Joan Hugh 
G e m  Deering Albert Kares 
Peter Dollive Christine Kotula 
Frederick Dull Sandra Magyar 

Vincent Mattock 
William Mease 
Edward Mills 
Susan Mottice 
Carolyn Robson 
Bonnie Ross 
Diane Schmidt 
Rollin Shank 

Everett Swift 
James Telatnik 
Barbara Wallace 
Linda Weaver 
James Wieter 
Beverly Williams 
Mary Zdrayje 
Mary Zurko 

HEW YORK UPSILON, Ithaca College 

Marcia Ascher Karen Chapoan 
Jon Baskerville John Ernisse 
Ellin Brody Joan Falchetti 
Robert Bryan Sister Barbara Foos 

Margaret Gessaman 
Nancy Hickey 
Shirley Hockett 
FXleda Holley 

Kay Moore 
Jean Spitzer 
Linda Steams 
Carleton Worth 

HEW YORK XI, Adelphi University OHIO GAMMA, University of Toledo 

Judith Andresen James DeLuca - -Thomas Ansart Illlimn Diskin 
*Robert Barager Martha Dykes 
Carol Blauvelt Nancy Preni 
Elliot Bird Mark Geller 
Mary Carlino Leslie Gilbert 
Lisa Cresci Sherry Green 

Janet Greenhouse 
William Hutzler 
May Krauthamer 
Joseph Laguerra 
Alexander Lapinski 
Martha Harohn 
Janice Miller 

Ecoett Mulrine 
Mary Osip 
Gabriella Ratay 
Ida Sussman 
Gilda Tawfik 
Nancy Taylor 
Richard Zanghi 

Donald Anthony Philip Fiske Peter MacEwan 
Ronald Black Dennis Hinkle Maureen Meyers 
John Clark John Kellenneier Andrew Nard 
Karen Csen~eri Phyllis Iaskey M n  Chuks Obi 

Richard E. Sot 
H. Wcstcott Vayo 
Gene Gong Woo 

OHIO ETA, Cleveland State University 

Michael Abrams George Berendt Paul Gerber 
Keith Annbruster Robert Broske Donald Nicklaa 
Lionel Bartram 

Gustave Schoone 
Rosalyn Schrank 
Albert Weigand 



PENNSYLVANIA DELTA, Pennsylvania State Univei OHIO IOTA, Denison University 

Steven C. Shimp 
Timothy Shouvlin 
Samuel Wheeler 

Danielle Applegate 
Diane Asnis 
Paul Bechtel 
Thomas Buchwalter 
Robert Budd 

John Garhamer, Jr. 
Chester Gasowski 
Clyde Gingrich 
William Hall 
Jeffrey Mancock 
Stephen Hartline 
John Hewes 
Paul Hossler 
Gary Ikliri 
Gary H e  
Robert Jones 
Richard Kandziolka 
Brian Kent 
Shirley Kunkel 
Norman Lomas 
Jean NacGregor 

William HcGreehan 
James McKay 
Kenneth McKenna 
Clare McKeon 
LeRoy Mink 
David Hussar 
Susan Newconb 
Frederick No11 
Robert No11 
Mary Ronald O'Neil Pacanowski 

Anthony Pagano 
Van Stanley Parsons Pawlowski 

Donald Petraitis 
David Quieg 

Kenneth Rogers 
Frederick Banner 
Daniel Schurnsko 
Thomas Smith 
Jeffrey Snare 
Carol Snyder 
Kenneth Spactanan 
William Sperati 
Grace Stenchcomb 
Yeong-Long Su 
Jack Sulger 
Benjamin Sunderland 
John Urenko 
Frank Valenzuela 
Fletcher Wicker 
Stelios Zanakis 

7 Gerald R. Ayres James Gaerner 
Susan Baranovic Trevor F. Gamble 
Janes F. Baskin Roderick Grant 
Sue Campbell Jeffrey Jalbert 
Frances Dornett John Jamieson 
Thomas S. Forker Geoffrey Jewett 

Linda Koerner 
Hary Kowaski 
Lee E. Larson 
Thonas MacLeay 
Jay McNeill 
Eugene Schmidt, Jr. 

Ronald Winters 
Joseph Woodworth Kenneth Burrell 

Robert Chanin 
Diana Childs 
David Cohen 
Ruth Colistro 
Charles Colony 
Ray DeLevie 
Kathleen Dudek 
Ernest Enscore 
John Felgendreger 
Patrick Fell 
Terry Ferrar 

OHIO HU, Ohio University 

Christina Allison 
Thonas Barber 
Cathie Bolen 
Craig Bonar 
Linda Bournival 
Marlane Bufwack 
Jonathan Chasnan 
Cynthia Cook 
hone Thanh Dao 
Wayne Dilling 
Sinetta Eakin 
Mary Eubank 
Terry Fearn 

OHIO ZETA, University c 

Susan Franz 
Diana Gifford 
Timothy Golian 
John Hanneken 
David Hargraves 
Foy Hester. Jr. 
Dale Huggins 
John Jevec 
Hernan Kalifon 
Kenneth Knore 
Robert Kolbe 
David Ladd 
Brenda Law 

if Dayton 

Craig Love 
Andrew Martin 
Clarence Martin 
Gregory Maust 
Michael McCarty 
John Montfort 
Mary Lou Morella 
Lynnette Olson 
Karen Owens 
Donald Pittenger 
Joan Presley 
Helen Poon 
Hua Dan Quyen 

Paul Reischnan 
Edward Sabo 
Carolyn Saunders 
Harolyn Saunders 
Kenneth Scott 
Joan St- 
Ronald Stam 
Tran Cong Thang 
Vu Due Thane 
Gerald Wallineford 

PENNSYLVANIA ETA, Franklin 6 Marshall College 

Thomas Wilson- 
Barry Wyeman Lawrence Aunent Paul Lancaster 

David Cacka Bruce Line 
Gordon Prager 
Jeffrey Shaub 

Ernest Wittenbreder 
Nelson Zindell 

PENNSYLVANIA ZETA, Tenple University 

Carole Levy Mark Sikowit 
Estelle Lichtenstein Russell Tobi 
Aron Mandelbaun David Toof 
John Morris Donna Waldec 
Roslyn Seltzer 

Robert Aglira Joyce Green 
Renee Bresler Robert Kaplan 
Louis Broad E. Guy Kaplan 
Mrs. Roslyn Epstein Rachel Kozuch 
Vireinia Fiumara Genni Lento 

Janes Becker Gail DeFord 
Lawrence Beher Gary Eck, S.M. 
Frederick Burkhart 

Michael Luthnan 
Kathryn O'Conner 

Richard Olson 
Joseph Santher 

OKLAHOMA ALPHA, University of Oklahoma 

RHODE ISLAND ALPHA, University of Rhode Island Duane Abbey 
Sterlin Adams 
Stephen Adkins 
Robert Balsters I11 
Donna Calhoun 
William Center 
Robert Culbertson 
Jerry Cupps 
William Denny I1 
John Dosser 
Janice Ebv 

Charles Forth 
Guy Fowler 
Joseph Freivald 
Lawrence Galvin 
Clifton Gary 
Sidney Graham 
John Green 
Roger Greider 
Thonas Hamel 
Thmas Hand 
Cathie Harris 

Marjorie Jarchow 
Donald Josephson 
Martha Joyce 
Edwin Lane 
Edward Lindsay 
Thonas Luccock 
David Mendahl 
Robert Massey 
Conway Merrett 
Clyde Nunley 
Robert Patterson 
James Price 

Dorothy Rutherford 
Charles Scanlo" 
Mary Schallhorn 
Dan Shaw 
James Shepherd I11 
Val Shirley 
Gary Thessing 
Thomas Thorapson 
Steve Troutman 
Marquis Warner 
Janet Weaver 
Charles Williams 
Lyle Work 

Robert Allen Dilip Datta Myra Hiller 
Ronald Blythe Guy Davis, Jr. Anilchandra Kayande 
Robert Bates Hary Ann Haczynski Joni Kilbrrg 
Paul Cofoni Isabel Harford Angela Lepore 
Michael Crusie, Jr. 

RHODE ISLAND BETA, Rhode Island College 

Audrey Andrade Gertrude Croke 
Janice Beaucaffe Susan Hartman 
Judy Blair 

SOUTH CAROLINA ALPHA, University of South Carolina 

Casinir Borowski, Jr. Hary Cottinghaa 
Errol1 Collins Connie Hudson 

SOUTH DAKOTA ALPHA, University of South Dakota 

Hilman Anderson Albert Purer 
Monte Anderson Patricia Hawthorne 
Evelyn Aronson Me1 Heer 
Curtis Card Margaret Hclt 
Richard Carlson Robert Herren 
Sunanda Choudhuri Lanny Hoffsan Williaa mier 
Charles Clark Robert H o b  Donald Killer 
Wade Ellis Inge Howe Roland Nepodal 
Russell Evenson Rebecca Ives Earl Ockonga Dale Powers 
Wanda Fischer Clair Johnson Curtis Olson Carolyn Sort 
Michael Fjordback Janes Jorgenson Debra Olson Joseph Whittwre 
Robert Freng 

TENNESSEE ALPHA, Memphis State University 

William  ber ridge I11 Terry Herdman 
Phyllis Faw 

OKLAHOMA BETA. Oklahoia State University 

Kenneth Hyatt Richard Lanpe Lora Noltensneyer Joseph Potts 

OREGON ALPHA, Univel 

Nan Abendroth 
Abdullah Al-Moajil 
Kenneth Alraquist 
Janes Anderson 
Robert Brownhill 
Lyle Buerkle 
Susana Rubio Burns 
Howard Byerly 
Nabil Chandour 
Siok Giok Chya 
Luther Conover 
Jefferson Cox 
Corinne Craft 
Celine Dorner 
Daniel Dunsing 

*sity of Oregon 

C. Arthur Eddy 
Michael Franek 
Gregory Fredricks 
Renter Gjerde 
Anthony Cheung-yan Ha 
Kathryn Halfen 
David Hall 
Laura Hanpson 
Jana Harris 
Leonard Heath 
Larry Jellison 
Alice Kaseberg 
Gordon Keane 
Jo Ellen Krause 
Kwok-Yin Kwan 

Donald Schpeiner 
Kay Shrode 
Thmas Sites 
Lynn Slingerland 
Steven S-er 
Molly Stafford 
Robert Swank 
Yuko Takeo 
Ronald Tonpkins 
Virgina Tupper 
Ray Virgin 
Wu-shyonj Wei 
Janet Wheeler 
Elizabeth Wyckoff 
Vincent Yen 

Dean McIntire 
Mary Hellish 
Donald Ness 
J. F. Nebma"" 
Stephanie Nielsen 
Elizabeth Oberg 
Williaa Payne 
Margaret Pendleton 
M. Edward Pettit. Jr. 
Sister Zita Poelzer 
Ronald Prielipp 
Alan Richards 
Markham Robinson 
Martha Ryall 
Roger Schieve 

Mary Adkins Carolyn Fry 
William Akin Margaret Hmpton 
John Biegs John Hill 
Margaret Branch Sandra Huddleston 
Gary Bray James Karas 
Charles Echols Henry Kellun 
Judith Eiland 

Melody Kennon Nark Melmse 
Wanda Lemonds Dana Simons 
Chuan-Chiao Liu Gary Stone 
David Hashburn Bert Warbington 
Benjamin Mau John Weigel 
Emily McClintoch Janes Wood 

- :O&GON GAHMA, Portland State College 

James Crawshaw Richard Neman Sidney Scott 

PENNSYLVANIA ALPHA, University of Pennsylvania 

Douglas Lenat N. Adam Rin Theodore Roman Philip Yasskin 



TEXAS ALPHA, Texas Christian University 

. Robert Blitz Any Huang 
Barbara Bostwick Phillip Jones 
Gail Brooks Wayne Kreger 
Randall Clark Elizabeth Lee 
MW Dowdy Suzanne HcGill 

UTAH ALPHA, University of Utah 

Steven Andreasen Hark Donahue 
Floyd Bewhout David Enbley 
Larsen Boyer Karen Espe 
Judith Burton William Galbraith 
Scott Carter JoAnn Gerstner 
David Delquadro Louise Glade 
Craig Dixon 

VIRGINIA BETA, Virginia Polytechnic Institute 

Dorothy Amey Charles Correia 
Jesse Arnold John Crigler 
Lamy Burnette Cynthia Crump 
Emily Button Charles Dean 
Richard Carnlchael William Dusenberry 
Allen Cannody W. Michael Gentry 
Mervyn Copeland 

WASHIHGTON ALPHA, Washington State University 

Virginia McKenzie 
David Mueller 
E. L. Perry, Jr. 
Donald Pigg 
Robert Price 

James Huefner 
David Jones 
Lynn Mabey 
Robert Haughan 
John Pratt 
Jonathan Rubin 

Barry Griffin 
Thonas Jones 
James Hassey 
Robert McCoy 
Georee Mistretta 
John Overbey I1 

Morton Slater 
Phillip Slaughter 
Jerooe Thmpson 
John Wallis 
Arthur Wenger 

T. Shinohara 
Carl Stockacp 
Dean Taylor 
Bill Walker 
J. Roger Walters 
Richard Wintch 

Prudence Rank 
Julia Smith 
Cathy Soisna 
John Stavropoulos 
Robert Todd 
P. Douglas Williams 
Ronald Wright 

Hartha Adams 
H. Burner 
Kun Chang 

Gary Frisvold 
Herbert Goodwin 
John Griffin 

Ramesh Gupta 
Carolyn Siaki 
Susan Stance 

WASHINGTON BETA, University of Washington 

Ronald Hudson Hark Porter H. Steven Procter 
JoAnn Marie Morse 

WASHINGTON DELTA, Western Washington State College 

Beverly Stover 
Kenneth Whiting 

Clifford Stinson 
Su-Fen Yang 

Dale Behrens Walter Fraser 
Elizabeth Behrens Dick Hearsey 
Christine Benedyk Janes Heavey 
Herman Bouma Eugene Ingoglia 
Barbara Chalice Raynond Lewis 
Don DesBrisay Leo Kaki 

WASHINGTON EPSILON. Gonzaga University 

Robert Barth 
Gerald Bercurn 
Hichael Berry 
Hark Castner 
Patricia Davis 

Walter Davis 
Kenneth Gabilordo 
Bernard Halloran 
Donna Hansen 
Albert Hayek 

WEST VIRGINIA ALPHA, West Virginia University 

Phyllis McLau~hlin 
Marie Meyer 
Ralph Mill 
Robert O'Connell 
Claude Paradis 
Robert Parrish 

Heinz Ratzlaff 
Grace Rice 
Thonas Smircich 
John Theis 
Pat Timlick 

Kenneth Hennens 
Nary Henry 
Carl Jacobsen 
Jeffrey Jones 
William Lehr 

~ e v e r l ~  ~inger 
Dwayne Boyce 
Melvin Breakiron 
David Carder 

Barbara Creel Mary Grimes 
Stephen Currier, Jr. Dora Hennen 
Darrell Gandee Susan Linpert 
Helen Gladwell Wilna Loudin 

WISCONSIN ALPHA, Ha-uette University 

Harilynn Blank 
William Campbell 

Therese D m 1  
Nancy Laning 

Stephanie Manka 
Eugene Schlerth 

Constance McCall 
Michael McComack 
Janes Patterson 
Robert Sullivan 
Richard Sutliff 

Bruce Olaf 
Robert Sulek 
Edward White 
T h m s  William 

Mary Uszler 

YOUR BADGE - a triumph of skilled and highly trained Balfour 
craftsmen isa steadfast and dynamic symbol in a changing world. 

Official Badge 
Official one piece key 
Official one piece key-pin 
Official three-piece key 
Official three-piece key-pin 

WRITE FOR INSIGNIA PRICE LIST. 

O F F I C I A L  J E W E L E R  T O  P I  MU E P S I L O N  




