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ELEMENTARY NUMBER THEORY IN CERTAIN 
SUBSETS OF THE INTEGERS, I 

BIJ C m e . n  0. A d i i o  a n d  J u l i a n  R .  KoLod 
The. C o t i e - g e -  0 6  S a i n t  ROAC 

The purpose of  t h i  paper i s  t o  s tudy some a s p e c t s  ^ f  e lementary  

number theo ry  i n  c e r t a i n  subse t s  o f  ':, t h e  s e t  o f  i n t e g e r s .  The moti- 

v a t i o n  for t h i s  s tudy  came about from d i s c u s s i o n s  i n  number theo ry  t e x t s  

i n d i c a t i n g  t h a t  t h e  fundamental therrem of  a r i t h m e t i c  does  not  hold i n  

some u b s e t s  of  Z ( s e e  [l, p 281, [2,  p 181, o r  [4 ,  p 121) .  The u s u a l  

example given i s  22, t h e  m u l t i p l e s  i f  2 ,  where " t  is  hown t h a t  2, 6 ,  

and 18  a r e  "prime" and t h a t  36 = 6 6 = 2 - 18. 

I n  elemental", textbooks  on a l g e b r a ,  d i v i s i b i l i t y  i -  u s u a l l y  r tud ied  

i n  an  i n r e g r a l  domain (commu~arive  r i n g  wi th  un i ry  and no z e r o  d i v i s o r s )  

and,  a s  is  w e l l  known, t h e  fundamental theorem does  nut always hi Id i n  

t h i ~  case  e y t h e r .  The d e f i n i t i r n .  a r e  u s u a l l y  - t a t e d  f o r  a commutative 

r i z g  and t h e  main r e s u l t s  u s u a l l y  hold i n  an i n t e g r a l  domain. :n t h i s  

paper  we make no such a l g e b r a i c  assumptions en t h e  -ub e t :  con ' de red .  

The assumptions which a r e  made a r e  more o r  l e s s  fo rced  by The f a c r  Thai- 

we need TO l i m i t   he k inds  of s u b s e r s  of Z we wish r o  consyder bur  a r e  

weak enough t i  al low a wide v a r i e t y  uf s e t s  t v  be taken i n t o  d n r i d c r a -  

t i o n .  However, our  ma!n r e - u l t s  w ' l l  be f o r  t h e  r i n g  nZ, t h e  m u l t i p l e s  

o f  some i n t e g e r  n ,  n 1. These r e s u l t s ,  however, do not  hold because 

c f  t h e  a l g e b r a i c  p r o p e r t i e s  of  nZ bu t  because t h e  primes; and i:omposites 

( a s  we s h a l l  d e f i n e  them) a r e  so n i c e l y  d i s t r i b u t e d  i n  t h e s e  s e t s .  

The au thor?  would l i k e  t o  thank t h e  r e f e r e e  f o r  h i ?  obse rva t ions  

and comments. 

1 .  PhtLw-inOJU.e,fi 

I n  look ing  a t  nZ one immediately s e e s  t h a t  t h i s  subse t  of Z i s  

c losed  under negat ion.  To d i s c u s s  d i v i s i b i l i t y  i n  s u b s e t s  of Z ,  t h i s  

is  p r e c i s e l y  t h e  r e s t r i c t i o n  we wish t o  p l a c e  on t h e  types  of  s u b s e t s  

we a r e  t o  cons ide r  (wi th  t h e  except ion t h a t  we exclude t h e  s i n g l e t o n  

s e t  ( 0 )  ). Thus i n  t h i s  paper we o n l y  cons ide r  non-empty s u b s e t s  A o f  

Z having t h e  two p r o p e r t i e s :  ( a )  A if ( 0 )  and ( b )  i f  x A ,  then -x f- A. 



Tc d e f l n a  d i v i s i b i l i t y  i n  such s u b s e t s  of Z we merely mimic t h e  

u s u a l  d e f i n i t i o n .  

Ve .&iv iL t ion :  Let x ,  y  c A ,  x # 0. We say t h a t  x  d i v i d e s  y  i n  A 

( o r  x  A-divides y )  i f  t h e r e  e x i s t s  n  e  A such t h a t  y  = nx.  

To denote  t h e  f a c t  t h a t  x A-divides y  we w r i t e  x(A)y; o the rwise  we 

w r i t e  ~ ( 4 ) ~ .  I f  A = Z ,  we adopt  t h e  u s u a l  n o t a t i o n s  x  \ y and x  1[ y .  

A s  a  r e s u l t  of  t h i s  d e f i n i t i o n  t h e  fo l lowing can be e a s i l y  v e r i f i e d :  

( 1 )  I f  1 e A ,  t hen  l ( A ) x  f o r  a l l  x i n  A .  

( 2 )  D i v i s i b i l i t y  i n  A i s  r e f l e x i v e  i f  and on ly  i f  1 A .  

( 3 )  x(A) ( -x )  i f  and only  i f  -x(A)x i f  and only  i f  -1 e A .  

( 4 )  I f  0  A ,  then 0(/)x f o r  a l l  x i n  A ,  bu t  x(A)0 f o r  a l l  non- 

zero  x i n  A .  

(5) I f  A = B and x(A)y,  t hen  x (B)y .  Thus, i f  x(A)y, t hen  x 1 y .  

On t h e  o r h e r  hand, i f  0 is t h e  s e t  of  odd i n t e g e r s ,  t hen  

x ( 0 ) y  i f  and on ly  i f  x  1 y .  

( 6 )  D i v i s i b i l i t y  i n  A need not  be t r a n s i t i v e .  For example, t a k e  

A = { 22, '3, 26, * i s } .  Here 2(A)6 and 6(A)18, bu t  2(/).18. 

Although d i v i s i b i l i t y  i n  A need n o t  be t r a n s i t i v e ,  about t h e  b e s t  

we can do  i n  t h i s  r ega rd  is r h e  fo l lowing  p r o p o s i r i o n ,  which is  e a s i l y  

v e r i f i e d .  

Lemma 1 ' :  I f  A is c losed under m u l t i p l i c a t i o n ,  then d i v i s i b i l i t y  

i n  A i s  t r a n s i t i v e .  

, 
A s  a  r e s u l t ,  d i v i s i b i l i t y  i n  )zZ is t r a n s i t i v e .  The converse of 

t h i s  p ropos i t ion  is  f a l s e  a s  we s e e  l a t e r .  

To d e f i n e  primes i n  A we aga in  mimic t h e  u s u a l  d e f i n i t i o n .  
-. 

Ve-dinLti-on: Let p  i- A .  p  # 1 i s  s a i d  t o  be prime i n  A ,  ( o r  t o  be 

an  -A-prirne ) , - 
( 1 )  i f  1 i A ,  t hen  x ( / ) ~  f o r  a l l  x i n  A o r  

( 2 )  i f  1 6  A and x(A)p,  t hen  x  = *p o r  x  = * l .  

X i s  composite i n  A if x is  nor \5 o r  * l  and is  no t  ~ r l - e  i n  A 

Thus, f o r  example, 2, 6 ,  10 ,  14;--  a r e  p r i x e  ir. 22 and t h e  primes 

i n  Z a r e  prime i n  any s e t  con ta in ing  them. More g e n e r a l l y ,  i f  p  A c B 

and P is  prime i n  B, then p  i s  prime i n  A .  The converse  i s  fa l se- - take  

4  i- 42 c 22. Note a l s o  t h a t  p  is prime i n  A i f  and on ly  i f  -p i s  prime 

i n  A ,  s o  a s  a  r e s u l t  we s h a l l  omit d i s c u s s i n g  t h e  nega t ive  primes.  

There a r e  only  two s u b s e t s  o f  Z which do no t  have primes,  namely 

{*!I and { 0, * l } .  For any o t h e r  s e t  A ,  t h e  l e a s t  p o s i t i v e  i n t e g e r  i n  

A which is  g r e a t e r  t han  one i s  always prime i n  A .  It i s  a l s o  easy  t o  

s e e  t h a t  f o r  any i n t e g e r  n  > 1, t h e r e  is  a  s u b s e t  of  Z w i th  -n and n  a s  

i t s  on ly  primes.  F i n a l l y ,  i f  pl, p 2 , - - - p  a r e  any n  d i s t i n c t  p o s i t i v e  
n  

i n  Z ,  t h e  s e t  

has  e x a c t l y  2n primes ( n  p o s i t i v e  pr imes) .  Note t h a t  d i v i s i b i l i t y  is  

t r a n s i t i v e  i n  A s o  t h a t  A s e r v e s  a s  a  counterexample t o  t h e  converse  

o f  Lemma 1. 

2. The. F u n d w n t d  T l ~ e o ~ t e m  0(1 W l u n d c  
I n  t h i s  s e c t i o n  we d i s c u s s  t h e  primes i n  nZ, t h e  fundamental theo-  

rem o f  a r i t h m e t i c  i n  nZ and make some obse rva t ions  concerning primes i n  

nZ and Z .  For t h e  remainder o f  t h e  paper  we use  FTA1 t o  mean t h e r e  

e x i s t s  a  f a c t o r i z a t i o n  i n t o  a  product  of  pr imes ,  FTA2 t o  mean t h e  f ac-  

t o r i z a t i o n  is  unique,  and FTA t o  mean both  FTA1 and FTA2. 

The FTA1 always holds  i n  a  subse t  A o f  Z o f  t h e  type considered 

e a r l i e r  ( o t h e r  than  A = { * l }  and A = [ O ,  e l } )  and t h e  proof can be pa t-  

t e r n e d  a f t e r  t h a t  g iven i n  [4 ,  p  111. We s h a l l  show, however, t h a t  

FTA2 does  not  hold i n  nZ. There a r e  proper  s u b s e t s  o f  Z f o r  which t h e  

FTA does  ho ld ;  f o r  example t a k e  A = { - - , -p2, -p,  p ,  p 2 ,  ' " ' } where p  is  

any ( p o s i t i v e )  prime i n  Z .  

There is a  simple formula f o r  t h e  primes i n  n 2 ' ( n  > 1 )  wh i l e ,  of 

cour se ,  no such formula i - 5  known to  e x i s t  f o r  t h e  primes i n  Z .  

Thio f i em 1 ' :  The p o s i t i v e  primes i n  nZ ( n  > 1 )  a r e  o f  t h e  form 

(kn + i ) n  f o r  l = 1 , 2 , . ; n  - 1 and k = 0 ,1 ,2 ; - - .  A l l  o t h e r  p o s i r i v e  

i n t e g e r s  i n  nZ a r e  composite and a r e  of  t h e  form kn2 f o r  k  = 1,2;". 

Proof: Let p  c nZ s o  t h a t  p  = mn f o r  some rn Z ,  and suppose t h a t  

p  i s  prime i n  nZ. Using t h e  d i v i s i o n  a lgor i thm ( i n  Z) we can w r i t e  

rn = kn + i ,  0 s i < n.  Nowi  = 0 i f f  p  = kn2 i f f  n(nZ)p denying t h e  



p r i m a l i t y  of  p .  Thus i f  p  is an nZ-prime, then p  = (kn + Â¥i) f o r  

i = 1 , 2 , -  - -, n  - 1. 

ThiOJLem 2 :  For any i n t e g e r  n  3 2 ,  t h e  FTA2 does  not hold i n  n2 .  

Proof: By Theorem 1, iz2(n + I ) ~  is  composite i n  nZ and is not  

uniquely  f a c t o r a b l e  s i n c e  

n2 (n  + I ) ~  = n  . [n(n + 1l2]  and 

n 2 ( n  + I ) ~  = [n (n  + l ) ]  [n(n + l ) ]  

a r e  two d i f f e r e n r  prime f a c r o r i z a t i o n s  i n  nZ. 

The fo l lowing  rheorem i d e n t i f i e s  which composires i n  nZ a r e  and which 

a r e  no t  uniquely  f a c t o r a b l e  .in nZ. F i r s t  we observe t h a t  if x is  com- 

p o s i t e  i n  nZ, we have x = kn7 by Theorem 1. We then note  t h a t  x can be 

w r i t t e n  a s  x = kiz2 = k$ where m 2 2  and n  1 k,. 

m 
T h e m  3 :  Let x be an 7x2-composite w r i t t e n  x  = kn where m Â 2  

and n 1 k. Then x is uniquely  f a c t o r a b l e  i f  and on ly  i f  k  = 1 o r  k  is 

prime i n  Z. 

Proof: Let k  = pla1p2a2. . .ppap be  t h e  unique prime f a c t o r i z a t i o n  

of  k  i n  2. Observing t h a t  k  = 1 is a  t r i v i a l  c a s e ,  we go on t o  t h e  

c a s e s  when k # 1. 

Case 1: r =1.  
m- 1 

( a )  I f  a, = 1 then  x  is uniquely  f a c t o r a b l e  a s  x = n  ( n p ) .  

( b )  I f  a, > 2,  t hen  x is no t  uniquely  f a c t o r a b l e  s i n c e  

m- 1  x = 71 (nplal ) 

a r e  two d i f f e r e n t  prime f a c t o r i z a t i o n s  o f  x i n  n2. 

c d ~ e 2 :  P a  2 .  

Then x is not uniquely  f a c t o r a b l e  s i n c e  
- - -  m-2 * x = n  (nplal )(np2'2. .p:r) 

= nm-l(nplal.. .ppa') 

a r e  two d i f f e r e n t  prime f a c t o r i z a t i o n s  o f  x i n  nZ. 

Theorem 1 al lows us t o  make t h e  fo l lowing obser-;2:~0:.~ concerning 

primes in nZ and i n  2 ;  some of  t h e s e  w i l l  be disc.:sse= i: -.ore d e ~ a i l  i n  

t h e  nex t  s e c t i o n .  

( 1 )  There a r e  i n f i n i t e l y  many primes i n  each ?&Z, a s  t h e r e  a r e  i n  

z. 
( 2 )  There a r e  n o t  a r b i t r a r i l y  l a r g e  gaps between primes i n  nZ a s  

t h e r e  a r e  i n  Z. I n  f a c t ,  t h e  gap between primes in Ãˆ i s  

e i t h e r  0  o r  1. 

( 3 )  There a r e  i n f i n i t e l y  many twin primes (pr imes  sepa ra t ed  by 

only  one composite) i n  each nZ. Moreover, t h e  twin primes i n  

nZ have t h e  form: (kn + ( n  - 1 ) )  n  and ( ( k  + DM + 1 )  . n  

f o r  k  = 0 , 1 , 2 ,  . - .  
(4 )  Given any p o s i t i v e  i n t e g e r  n ,  however l a r g e ,  nZ c o n t a i n s  ?a - 1 

consecu t ive  primes. ( I n  Z t h e  l a r g e s t  sequence of consecu t ive  

primes is  t h e  sequence 2 ,  3 . )  

3.  The AflA,t/vn&tic Function n [ X I  
L ~ T  TT ( x )  denote  rhe  number of p o s i r i v e  primes i n  A which a r e  l e s s  than  

A 
o r  equa l  t o  x e A ,  S ince  t h e  primes and composites i n  iiZ a r e  so n i c e l y  

d i s t r i b u t e d ,  we a r e  a b l e  to  o b t a i n  an  e x p l i c i t  formula f o r  t h i s  f u n c t i o n .  

I n  t h e  fo l lowing theorem, [x] means t h e  g r e a t e s t  i n t e g e r  ( i n  Z) which is  

l e s s  than o r  equa l  t o  x .  

Theokem 4 :  I f  x  = kn e. nZ, then  

n  - 1 
(kn)  = k -  [k/n] =- ( k  nz r ) + r  , 

where i n  t h e  l a s t  e q u a l i t y  k  = nq + r and 0  2 r < 7 2 ,  q = [k/x]. 

Proof', The number of  p o s i t i v e  primes i n  nZ which a r e  l e s s  than  o r  

equa l  t o  kn i s  e q u a l  t o  T - C where 

T = t h e  t o t a l  number o f  p 6 s f t i v e  i n t e g e r s  i n  ?22 which a r e  .< kn, 

and 

C = t h e  number of p o s i t i v e  composites i n  ni! which a r e  Â kn. 

I t  is  c l e a r  t h a t  T = k. A s  we saw i n  Theorem 1, t h e  composites i n  nZ 

a r e  of  t h e  form kn2, Now t h e  composites i p  nZ which a r e  l e s s  than  o r  

equa l  t o  kn a r e  : n2,  2n2, 0 * , [k/iz] n2.  Thus, C = [k/n]- 

I n  Z ,  t h e  r a t i o  n (x ) /x  can be i n t e r p r e t e d  i n  two ways': 

( 1 )  a s  t h e  number o f  p o s i t i v e  primes which a r e  Â x compared t o  x, o r  

( 2 )  a s  t h e  number of  p o s i t i v e  primes which a r e  5 x compared t o  

t h e  number o f  p o s i t i v e  i n t e g e r s  which a r e  < x. 



O f  course  t h e s e  two meanings a r e  t h e  same, and it i s  well-known t h a t  

l i m  v ( x ) / x  = 0  . 
_C-Ã -̂c 

However, i n  nZ t h e  above meanings a r e  d i f f e r e n t  s i n c e  t h e  f i r s t  g i v e s  t h e  

r a t i o  IT nz(kn) /kn and t h e  second g i v e s  t h e  r a t i o  n ( k n ) / k .  I n  t h e  nZ 

next  theorem we examine t h e  two l i m i t s  a r i s i n g  from t h e s e  r a t i o s .  

The.on.ew 5:  For a  f i x e d  n > 1 

TT nZ - 
( 1 )  l i m -  - -  

k- k 

Proof: Let  q = [ k / n ] .  From 

nz kn l i m  - = 
k-m k 

Theorem 4 

l i m  + 
k-xa 

The proof o f  (2) fo l lows  from ( 1 ) .  
T ^(fen) nz(kn)  

We observe  t h a t  f o r  a  f i x e d  n ,  0  < i i m  kn < l i m  < 1 
k-xa k* 

and t h a t  f o r  l a r g e  n ,  l i m  v n z ( k n ) / k n  is near  z e r o  whi le  I i m  n (kiz)/k 
k-xa n2 

k-r- 

i s  near  cne.  

2 .  The. AluJLIma^cc Fundore4 T [ x )  and o 1x1 
" I n  t h i s  s e c t i o n  we d i s c u s s  t h e  fo l lowing two f u n c t i o n s :  

~ ( x )  = t h e  number of  p o s i t i v e  d i v i s o r s  of  x i n  A , 

o ( x )  = t h e  sum of  t h e  p o s i t i v e  d i v i s o r s  of x I n  A .  A 

I n  2, one normally e s t a b l i s h e s  formulas  f o r  t hese  fu~? l , : . n -  by f i r s t  

t a k i n g  x a s  prime, t hen  x a s  a  power of a  prime, and :.-.en shows t h e  above 

f u n c t i o n s  a r e  m u l t i p l i c a t i v e  [ f (mn)  = f(m) f (1 :  .-Â¥he 7 and n r e l a r i v e l y  

prime] s o  t h a t  one can r e l y  on FTA2 t o  o b t a i n  t h e  formulas  f o r  composites.  

Since  f a c t o r i z a t i o n  is  n o t  unique i n  nZ, t h i s  p rocess  w i l l  not  work. I n  

t h e  fo l lowing approach we s e e  t h a t  t h e s e  f u n c t i o n s  a r e  " near ly"  m u l t i p l i -  

c a t i v e  i n  nZ. We first e s t a b l i s h  t h e  formulas  f o r  powers o f  n and then  

f o r  composites.  C l e a r l y ,  i f  x is  prime i n  nZ, t hen  T ( x )  = 0  = a ( x ) .  
nZ nZ 

We saw b e f o r e  t h a t  i f  x is composite .In EZ, we can w r i t e  x = knm where 

m Â 2  and n 1 k .  

m m-1 
Lemma 2: I f  x = n

m
, t hen  ~ ~ ~ ( n  ) = m - 1 and o nZ (nm) = nr. 

r=1 
m - 1  Proof: The p o s i t i v e  d i v i s o r s  o f  nm i n  nZ a r e  n,  n< n 3,  ' - ' , n 

and t h e  formulas  fo l low e a s i l y .  

Tke.okem 6 :  I f  x = knm 
where m Â 2  and n ) k ,  t hen  

m 
~ ( k n  ) = ( m  - 1 )  ~ ( k )  = T (nm) ~ . ( k )  nZ 

Proof: Each d i v i s o r  o f  k m u l t i p l i e d  by n i s  a  d i v i s o r  of  x .  Each 

d i v i s o r  of  k m u l t i p l i e d  by n2 i s  a  d i v i s o r  of  x .  Induc t ive ly ,  each d i -  

v i s o r  o f  k m u l t i p l i e d  by n m - 1  is a  d i v i s o r  o f  x .  Since k does  not  

have n a s  a  f a c t o r  n e i t h e r  do  t h e  d i v i s o r s  of  k and so  t h e  d i v i s o r s  

named above a r e  a l l  d i s t i n c t .  Moreover, t h e s e  a r e  a l l  t h e  p o s i t i v e  d i -  

v i s o r s  o f  x .  Since  each row c o n t r i b u t e s  T ( k )  d i v i s o r s  o f  x and s i n c e  z 
t h e r e  a r e  m - 1 rows, t h e r e  a r e  t h e r e f o r e  ( m  - 1 )  ~ , , ( k )  d i v i s o r s  o f  x 

Li 

i n  nZ. To f i n d  a Z ( k n m )  we merely add up t h e  d i v i s o r s  i n  each row. The 

sum c f  t h e  j t h  row i s  n3 o Z ( k ) .  Summing t h e  m - 1 rows g i v e s  t h e  mid- 

d l e  e q u a l i t y .  Lemma 2  g i v e s  t h e  l a s t  e q u a l i t i e s  i n  t h e  two formulas .  

I n  a  f u t u r e  paper we s h a l l  d i s c u s s  i n  nZ t h e  no t ions  of  g r e a t e s t  

common d i v i s o r ,  r e l a t i v e  pr imeness ,  and E u l e r ' s  f u n c t i o n  ifi(x). 
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A NESTED PRIME NUMBER 
MAGIC SQUARE 

Reverend V i c t o r  Feser  o f  S t .  Ambrose Church, S t .  Louis ,  has  po in ted  

o u t  an example o f  a 1 3  x 1 3  n e s t e d  magic squa re  c o n s i s t i n g  e n t i r e l y  of  

prime numbers.^- (See i n  t h i s  connection t h e  a r t i c l e  "1-lagic Squares 

Within Magic Squares" by Joseph Moser, t h i s  J o u r n a l ,  5 ,  No. 8 (Spring 

1973) ,  p .  430.)  Each sma l l e r  square  cen te red  a t  5437 i s  a l s o  a magic squa re ,  

l b o m  t h e  Rec rea t iona l  Mathematics J o u r n a l ,  No. 5 (October 1961) ,  p. 28. 
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NICENESS OF THE SOCLE AND A CHARACTERIZATION 
OF GROUPS OF BOUNDED ORDER 

by S. U. TcLU.ey1 
U u t V i n  Kentnckq Univm'Ltq 

A c l a s s i f i c a t i o n  r e s u l t  ( t h a t  t e l l s  when o r  how two a l g e b r a i c  sys-  

tems a r e  o f  t h e  same k ind)  i s  one o f  t h e  most d e s i r e d  r e s u l t s  i n  t h e  

s tudy  of any a l g e b r a i c  system. One o f  t h e  most no tab le  c l a s s i f i c a t i o n  

theorems is  t h a t  o f  U l m  [ l o ] ,  which c l a s s i f i e s  countable  reduced a b e l i a n  

primary groups i n  terms o f  a s e t  of numerical i n v a r i a n t s .  Th i s  c l a s s i -  

f i c a t i o n  us ing  t h e  same i n v a r i a n t s  has  been extended t o  a much l a r g e r  

c l a s s  of  a b e l i a n  p-groups,  t h e  c l a s s  o f  t o t a l l y  p r o j e c t i v e  groups ,  i n  

t h e  work of Nunke [g], H i l l  [5] ( s e e  G r i f f i t h  [3]) ,  and Crawley and 

Hales [l]. 

H i l l  in t roduced t h e  concept o f  " nice  subgroup" and e s t a b l i s h e d  t h e  

c h a r a c t e r i z a t i o n  o f  a t o t a l l y  p r o j e c t i v e  group a s  a reduced p-group t h a t  

c o n t a i n s  "enough" n i c e  subgroups.  Moreover, H i l l  was a b l e  t o  show t h a t  

t h e  c l a s s  o f  t o t a l l y  p r o j e c t i v e  groups is t h e  l a r g e s t  r easonab le  c l a s s  

o f  reduced primary a b e l i a n  groups t h a t  can be c l a s s i f i e d  by t h e i r  U l m  

i n v a r i a n t s .  

~f G is  an a b e l i a n  p-group (p  prime) and n i s  a non- negative i n t e g e r ,  

t hen  G [ ~ ]  denotes  t h e  subgroup o f  G c o n s i s t i n g  of  a l l  e lements  having 

o r d e r  l e s s  than  o r  equa l  t o  pn; ~ [ p ]  i s  c a l l e d  t h e  s o c l e  of  G. In  t h i s  
n 

paper  a necessary  and s u f f i c i e n t  cond i t ion  is  found f o r  G[p ] t o  be  a 

n i c e  subgroup of t h e  reduced a b e l i a n  p-group G ( s e e  Theorem 1 ) .  Th i s  

c o n d i t i o n ,  t o g e t h e r  wi th  t h e  r e s u l t  o f  H i l l  [4], l e a d s  t o  t h e  cha rac te r-  

i z a t i o n  o f  a reduced bounded p-group a s  a reduced p-group i n  which a l l  

subgroups a r e  n i c e  ( s e e  Theorem 4 ) .  

Pfie^Mn.inCm.&'i 

A l l  groups i n  t h i s  paper a r e  assumed t o  be a d d i t i v e l y  w r i t t e n  r e -  

duced a b e l i a n  p-groups.  (A p-group is one i n  which a l l  e lements  have 

o rde r  equa l  t o  a power of  t h e  prime p . )  A group G i s  a d i v i s i b l e  group 
- ~ ~ 

l ~ h e  au thor  wishes  t o  acknowledge t h e  h e l p  of  K .  D .  Wallace i n  w r i t i n g  
t h i s  paper .  



J f  f or  each x E G and each posi t ive integer n ,  there e x i s t s  y  E G w c h  

that  x  = ny. A reduced group i s  me which contains no (nonzero) d i v i s i -  

b l e  subgroups. (Clearly the element 0 i s  d i v i s i b l e  by every posi t ive 

integer n ,  since 0 = no . )  Now l e t  G be a p-group for the prime p .  For 

each ordinal a ,  we de f ine  inductively a subgroup paG as follows: 

pG = { p x  1 x E G I ;  pY+G = p(pYG); i f  y i s  a l i m i t  ordinal pYG = n pG.  
K Y  

We thus have a descending chain o f  subgroups 

G = p G  2 z P a G  =p% 2 . 
Note i n  particular i f  n i s  a posi t ive integer and x F pnG\pnlG then x 

i s  d i v i s i b l e  by pn i n  G but x  1s not d i v i s i b l e  by pn+l i n  G .  I f  x  i s  

d i v i s i b l e  by pn for every posi t ive integer n ,  then x E puff where u i s  

the  f i r s t  i n f i n i t e  ordinal and x i s  said t o  have i n f i n i t e  height i n  G.  

In general, the element x  i s  said t o  have p-height a i n  G ,  and we set 

h ( x )  = a ,  i f  x E p a ~ \ s p a + l ~ .  I f  x  E paG for each ordinal a then h ( x )  = = 
G G 

where - > a for each ordinal a.  Since 0 e paG for  each ordinal a ,  

h G ( d  = 
The following fundamental properties are eas i l y  established.  Let 

G be a p-grcup with x,y E G .  I f  h ( x )  # hG(y )  then hG(x + y )  i s  the  

smaller o f  the two heights .  I f  h  ( x )  = hG(y )  then hG(x + 9 )  S h G ( x ) .  G 
A homomorphism cannot decrease height;  tha t  i s ,  i f  f i s  a homomorphism 

a+1 
from G i n to  G ' ,  then hG(x)  5 h G , ( f ( x ) ) .  I f  paG = p G ,  then pBG = paG 

for 6 > a and paG i s  a d i v i s i b l e  group. I f  G i s  a reduced p-group, 

there must be an ordinal y such that  pYG = { 01. The leas t  such ordinal 

y i s  called the  length o f  G and i s  denoted by \ ( G )  = y. A bounded group 

i s  a torsion group for which there e x i s t s  a f i n i t e  upper bound t o  the  

set  o f  orders o f  a l l  elements. That i s ,  there e x i s t s  a positive integer 

n such that  nx = 0 for every x i n  the  group. Alternatively,  G i s  a 

bounded group i f  there e x i s t s  a posi t ive integer n such t ha t  nG = 0. 

A subgroup A o f  the group G Is a niee subgroup o f  G i f  and only i f  

for a l l  a.  We note tha t  the subgroup A o f  G i s  nice i f  and only i f  for 

each x E G there e x i s t s  some a E A such that  hGIA(x + A )  = hG(x + a ) .  

The following characterization, given by H i l l  [ s ] ,  w i l l  be u t i l i z e d :  

Theohan A :  The subgroup A o f  a p-group G i s  a nice subgroup o f  G 

i f  and only i f  each coset x  + A contains an element x  + a that  has 

p-height i n  G which i s  maximal among the  elements o f  the  coset x  + A .  

An immediate consequence o f  the  above theorem i s  the  fact  tha t  any 

f i n i t e  subgroup is nice.  

Theorem 1 :  Let G be a reduced abelian p-group and n a posi t ive in-  

teger .  Then G [ p n ]  i s  nice i f  and only i f  \ ( G I  Â u. 

Proof: Suppose n i s  an arbitrary but fixed posi t ive in teger ,  G[yn] 
i s  a nice subgroup o f  G ,  and that  A(G) > ID. Consider t he  descending 

chain o f  subgroups 

G 3 pG 2.. . 3  pmff 3 . .  . 3  pWG 3 pu+'$ 3 . .  . . 
u+1 

Since A ( i 7 )  > u ,  puf f  # { 0 1  and there e x i s t s  x  e p̂ G - p G ,  x  # 3 .  Note 

the  height o f  x  i s  u .  Thus for the  posi t ive integer n there e x i s t s  an 
n element y  i n  G such that  x  = p y .  Moreover, for each posi t ive integer m 

x  E p n + m ~  = pn(pmG) 

n and hence there e x i s t s  x  E pmG Such that  X = p xm. NOW m 
n p ( x  - y )  = pnxm - pny = x - x = 0 

so x - y E G[pn] and thus m 

x  + ~ [ p " ]  = y + G[pn] . m 
Since G[pn] i s  n i ce ,  the  coset y  + G[pn] contains an element y  + a o f  

n maximal height. Hence hG(y + a )  S hG(y + g )  for each g E G[p 1 .  Since 

x E y + G [ p n ] ,  h  ( y  + a )  > h ( x  ) 2 m for each posi t ive integer m .  Thus 
m G G m 

hG(y + a )  S u.  Now observe tha t  since a e G[pn], p a  = 0 and there fore  

pny = pnY + pna. T ~ U S  

n  = h ( x )  = h (pny)  = h (pny + pna) = h ( p  ( y  + a ) )  2 ID + n ,  
G G G 

which i s  absurd. (Indeed, h ( p x )  2 h ( x )  + n holds i n  general.) Thus i f  
G G 

G[pn] i s  nice then \ ( G )  < u for each posi t ive integer n .  I f  \ (GI  < u ,  

then the  se t  consisting o f  a l l  ordinals which serve as heights  o f  e le-  

ments o f  G i s  f i n i t e  and consequently any s e t  o f  elements o f  G must con- 

t a i n  an element o f  maximal height .  In part icular,  G[pn] i s  nice for each 

non-negative integer n .  Now suppose \<.G) = u and G[pn] i s  not n ice .  Then 
n 

there e x i s t s  an element x  e G such t ha t  x  + G[p ] does not contain an 

element o f  maximal height .  (Note: x  t G [ p n ] ,  for  otherwise x + ( - x )  = 0 

E x + G [ p n ]  and 0 i s  a member o f  x  + G[pn] o f  maximal height .  ) For each 



a 7 r  ~[p"] ,  t h e r e  e x i s t s  an  element a E G[pn] such t h a t  hG(x + a )  < hG(x + z). 
Consequen:ly f o r  each p o s i t i v e  i n t e g e r  N t h e r e  e x i s t s  a e G[pn] such t h a t  

h ( x  + a )  > N. I f  a E G[pn] then pn(x + a )  = p x  and hG(pnx) = 

hG(pn(x + a ) )  2 hG(x + a ) .  Thus hG(6 'x )  7 hG(x + a )  f o r  each a E G[pE] 

and consequent ly  hG(pnx) > N f o r  each p o s i t i v e  i n t e g e r  N. T h e r e f r r e  

pnx f 0 and hG(pnx) > ID, c o n t r a d i c t o r y  t o  t h e  assumption t h a t  A(G) = ID. 

Thus i f  A(G) 5 ID, G[pn] is  a n i c e  subgroup of t h e  reduced p-group G. 

A topology may be in t roduced on a reduced p-group G by l e t t i n g  t h e  

subgroups { p n ~ } , z < I D  se rve  a s  a b a s i s  f o r  t h e  neighborhoods of  ze ro .  Th i s  

topology is  c a l l e d  t h e  p-adic  topology. With t h i s  topology,  G is  Haus- 

d o r f f  i f  and only  i f  G has  no e lements  of  i n f i n i t e  he igh t  and a subgroup 

H of G is  c losed  i n  G i f  and only  i f  G/H i s  wi thout  elements of  i n f i n i t e  

h e i ~ h t  . I n  [4], H i l l  e s t a b l i s h e d  t h e  fo l lowing  c h a r a c t e r i z a t i o n  f o r  

d i r e c t  sums o f  ~ y u l i c  groups.  

The.oaem 2 :  Let G be a primary group wi thout  e lements  of  i n f i n i t e  

he igh t .  Then G i s  a d i r e c t  sum of  c y c l i c  groups i f  (and ir-nly i f )  t h e r e  

e x i s t s  a c o l l e c t i o n  C of  subgroups of  ~ [ p ]  such t h a t :  

( i )  each memb.?r of C is  c losed  i n  G, 

( i i  ) L; is  a member o f  C,  

( i i i )  t h e  group union i n  G of  any c o l l e c t i o n  of subgroups belonging 

t o  C aga in  belongs t o  C ,  

+ i s  c o u n t a b l e ,  =hen ( i v )  i f  S E C and i f  T 5 G [ ~ ]  is  such t h a t  - s 
t h e r e  exist.: S r  e C Â¥suc t h a t  S r  2 S + T and S'/S i s  coun tab le .  

S ince  hG(x + h )  S hClH(x + H) f o r  a l l  h E H, it fo l lows  from Theo- 

rem A t h a t  t he  c losed  subgroups o f  t h e  p-adic topology a r e  i n  f a c t  n i c e  

subgroups of  G i f  C is  wi thout  e l e m e n t s o f  i n f i n i t e  he igh t .  Moreover, 

i f  G is a p-group wi thout  e lements  of  i n f i n i t e  he igh t  t hen  a subgroup H 

of  G is  c losed  i f  and on ly  i f  H is  a n i c e  subp.roup of  G .  By u t i l i z i n g  - - -  
Theorem 1, we may r e s t a t e  Theorem 2 a s  fo l lows .  

Theofi.em 2 ' :  Let C be a primary group.  Then G is a d i r e c t  sum of 

c y c l i c  groups i f  and only if  t h e r e  e x i s t s  a c o l l e c t i o n  C o f  subgroups o f  

G[p] such t h a t :  

( i )  each member of  C is a n i c e  subgroup of  G, 

( i i )  0 is a member of C ,  

(iii) che group union i n  G of  any c o l l e c t i o n  o f  subgroups belonging 

t o  C a g a i n  belongs t o  C ,  

( i v )  i f  S E C and i f  T 5 ~ [ p ]  i s  such t h a t  - is coun tab le ,  t hen  

t h e r e  e x i s t s  S' E C such t h a t  S' 3 S + T and Sr/S is coun tab le .  

The fol lowing example of  a d i v i s i b l e  group s h a l l  p l a y  an  important  

r o l e  i n  ou r  remaining development. The r e a d e r  i s  r e f e r r e d  t o  Kaplansky 

[6] o r  Fuchs [2] f o r  f u r t h e r  p r o p e r t i e s  and d i s c u s s i o n  o f  d i v i s i b l e  groups .  

Let  p be a f i x e d  prime, and l e t  P denote  t h e  a d d i t i v e  group o f  t h o s e  r a -  

t i o n a l s  whose denominators a r e  powers of  p .  We denote  t h e  q u o t i e n t  group 

P/Z by ~ ( p ) ;  it i s  understood t h a t  a d d i t i o n  t a k e s  p l a c e  modulo one. 
00 

S ince  Z(p ) i s  a primary group, a l l  of i t s  e lements  a r e  d i v i s i b l e  by any 

i n t e g e r  prime t o  p .  On t h e  o t h e r  hand, it i s  c l e a r  t h a t  every  element 

of ~ ( p )  can be d iv ided  by a r b i t r a r y  powers of p.  P u t t i n g  t h e s e  two con- 
flB 

d i t i o n s  t o g e t h e r  we have t h a t  Z(p ) is  a d i v i s i b l e  group and we f u r t h e r  

emphasize t h a t  a d d i t i o n  is  modulo one. 

00 

Lemma 2 : Z(p ) is an  epimorphic image of @ Z(pk). 
k <  ID 

Proof. For each p o s i t i v e  i n t e g e r  n ,  t h e  element 1/pn gene ra t e s  a 
00 

c y c l i c  subgroup o f  Z(p ) having o r d e r  pn. Hence t h e r e  e x i s t s  a homomor- 

phism ( i n  f a c t  isomorphism) o f  ~ ( p )  on to  < l / p n > .  By t h e  u n i v e r s a l  prop- 

e r t y  o f  d i r e c t  sums, it fo l lows  t h a t  t h e r e  e x i s t s  a homomorphism o f  

z (pk)  on to  ~ ( p " ) .  
k < i i >  

Lemma 3 :  Let G be  an  unbounded reduced p-group. I f  G is a d i r e c t  
00 

sufi o f  c y c l i c  groups then  Z(p ) i s  an  epimorphic image of  G. 

fimf: Let  G = @ z(pna) f o r  some o r d i n a l  r where {naIaCr  is an un- 
a < r  

bounded s e t  o f  p o s i t i v e  i n t e g e r s  such t h a t  na 5 n B  i f  a < 6. Consider 

@ z (pk) .  Since  { n }  is  unbounded, f o r  each k we may choose a, < r , 
k<ID 

ak i {aili<.,, such r h a r  a > k. Hence f o r  each k ,  r h e r e  e x i s t s  a homo- 
n -k 

morphism o f  Z(p a,) on to  Z(p 1. Let  G '  = @ Z(pnak).  By t h e  u n i v e r s a l  
k < h i  

p rope r ty  o f  d i r e c t  sums t h e r e  e x i s t s  a homomorphism V of  G' on to  @ Z(pk) .  
k < a )  

S ince  G' is  a d i r e c t  summand o f  G ,  t h e r e  e x i s t s  a homomorphism, p ,  of G 

on to  Gf.  Thus p o f  is a homomorphism of  G on to  @ Z(pk) ,  and by Lemma 2 
k<ID 



m 
it fo l lows  t h a t  Z(p ) is  an  epimorphic imape of  G. 

Theohem 4 :  Let  G be a reduced p-group. Then G i s  a bounded group 

i f  and on ly  i f  each subgroup o f  G is  a n i c e  subgroup o f  G. 

Proof: I f  t h e  group G is  bounded then  A(G) < ls i .  Hence any s e t  of  

e lements  has  a n  element o f  maximal h e i g h t  which impl i e s  t h a t  every  sub- 

group i s  n i c e .  Assume t h a t  every  subgroup of  G is  n i c e .  T h i s  i m p l i e s ,  

by Theorem 2 '  w i th  C t h e  c l a s s  of  a l l  subgroups o f  ~ [ p ] ,  t h a t  t h e  group 

G is a d i r e c t  sum o f  c y c l i c  groups .  Then G is  e i t h e r  bounded o r  unbounded. 

I f  G is  bounded we a r e  f i n i s h e d .  Assume G is  unbounded. Then by Lemmas 
m 

2 and 3 t h e r e  e x i s t s  an  epimorphism from G on to  Z(p 1, say  Y : G ->Ã z (pm) .  

Note Ker Y # { 0) and i s  a d i v i s i b l e  group ( s i n c e  z ( p m ) ) .  
Ker Y Ker Y 

Let  x i Ker Y ;  t hen  - = h ( x  + Ker Y) > hG(x + k )  f o r  any k E Ker Y .  - 
Ker Y 

Thus Ker Y is n o t  a n i c e  subgroup o f  G which is  a c o n t r a d i c t i o n  o f  ou r  

hypothes is .  Hence i f  each subgroup o f  G is  a n i c e  subgroup o f  G then  G 

i s  a bounded group. 
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USE OF MATRICES I N  THE FOUR COLOR PROBLEM 

b y  Ualu i l  tU.noti 
P o Q t e . c l ~ ~ c  11~tULu-te. of, NW Yohk 

The f o u r  c o l o r  problem has  f a s c i n a t e d  mathematicians and laymen f o r  

  he p a s r  100 y e a r s .  Notwithsranding r h e  massive r e sea rch  i n  t h i s  a r e a  

and r h e  rampanr growrh o f  graph ~ h e o r y ,  o f  which map c o l o r i n g  i s  a sub- 

f i e l d ,    he f o u r  c o l o r  problem remains unsolved t o  t h e  p resen t  day. The 

r e a d e r  may wish t o  c o n s u l t  Marshall  [ l l a n d  May [5] f o r  a h i s t o r i c a l  ac-  

count o f  t h e  s u b j e c t .  

The f o u r  c o l o r  problem may be s t a t e d  with t h e  a i d  of t h e  fo l lowing  

two d e f i n i t i o n s :  

Oef,.b%&ion 1 :  A f i n i t e  c o l l e c t i o n  h! = { R . }  of  c losed s u b s e t s  o f  
i. 

E  ̂ having t h e  p r o p e r t i e s  

1 )  each R .  has  p o s i t i v e  a r e a ,  

2) Ri n i n t R  = $ f o r a l l i  and j ,  i # j ,  
3 

and 

3 )  each R. i s  a homeomorphic image o f  t h e  u n i t  circle, 

i s  c a l l e d  a map; t h e  Rijqs a r e  c a l l e d  r e g i o n s .  

More r e f i n e d  d e f i n i t i o n s  can be given us ing  t h e  concept of p lana r  

graphs;  s e e  Ore [3], T u t t e ' s  d e f i n i t i o n  i n  Harary [4]. 

Uef , i . f ion  2 :  A w i t - c o l o r i n g  of  a map is  a f u n c t i o n  a s s i g n i n g  

t o  each r e g i o n  R. e a c o l o r  a suah t h a t ,  f o r  a l l  j # in,  i f  
1- o io' 

3R n 3R i s  a s e t  o f  p o s i t i v e  measure then  c # a 
1-0 3 io j ' 

The c e n t r a l  ques t ion  is: Given a map M u h a t  is  t h e  minimum number, x,,, 

of c o l o r s  which is  r e q u i r e d  t o  wel l- color  t h e  map? Obviously,  i f  t h e  

map has  n r e g i o n s ,  xM 5 n;  however we can do much b e t t e r  t han  t h i s .  I n  

f a c t ,  a s  seen i n  Ore [6], f o r  any map h! 

X\,( 5 . 
We may now ask :  Is it p o s s i b l e  t h a t  f o u r  c o l o r s  a r e  s u f f i c i e n t  t o  wel l -  

c o l o r  an  a r b i t r a r y  map h!? An obviously  r e l a t e d  ques t ion  is: Can we con- 

s t r u c t  a counterexample which cannot be wel l- colored wi th  f o u r  c o l o r s ?  



Amazingly, n e i t h e r  o f  t h e s e  appa ren t ly  s imple  ques t ions  has  y e t  been an- 

'zwered, and t h i s  is what c o n s t i t u t e s  t h e  s o  c a l l e d  Four Color Problem. 

I n  t h i s  paper we d e f i n i t e l y  do not  so lve  t h e  f o u r  c o l o r  problem, 

bur simply o f f e r  a  new approach TO r h e  problem. To every  map as s ign  a  

region- region marr ix  H = [ a .  .] a s  de f ined  a s  fo l lows :  
1-3 

acj = 1 i f  3R. n 3R. i s  a  s e t  of  p o s i t i v e  measure ,  = 3 
aij = 0 i f  aR. n 3R. is  a  s e t  o f  ze ro  measure,  

T-3 

For a  map wi th  n r e g i o n s  t h e  matr ix  H w i l l  be n x n and, a s  ind ica t ed  

l a t e r ,  it c o n t a i n s  c e r t a i n  informat ion concerning t h e  map. (Th i s  no t ion  

is s i m i l a r  t o  t h a t  involved i n  a  g e n e r a l  graph when one c o n s t r u c t s  t h e  

s o  c a l l e d  adjacency ma t r ix . )  I t  fo l lows  d i r e c t l y  from t h e  d e f i n i t i o n  

t h a t  : 

1 )  The marr ix  a s s o c i a t e d  virYi any map is symmetric. 

i i )  The d iagona l  e n t r i e s  must be ones .  

iii) A column cannot c o n s i s t  e n t i r e l y  of zeroes .  

I v )  In  any row t h e r e  a r c  a t  l e a s t  two non-zero e n t r i e s .  

Proper ty  ( i )  impl i e s  t h a t  we need t o  s tudy  only  t h e  upper t r i a n g u l a r  

ma t r ix .  An example fo l lows.  

FIGURE 1 

In the  map i l l u s t r a t e d  i n  F ig .  1, we have 

y(3Rl n 3Rl) > 0,  a l l  = 1, 
-. 

y(aRl n 3R2) > O., a ; ?  = 1, 

u(aRl n > 0, a13 = 1, - - -  v(aRl n 3R4) = 0, a 1 4  = 0, and so forth. - 
Hence t h e  m a t r i x  a s s o c i a t e d  wi th  t h i s  map is  

The upper t r i a n g l e  i s  

1 1 1 0 1  

1 1 1 1  

I 1 1  

1 1  

1 .  

The ma t r ix  can be  r ead  a s  fo l lows:  Region 1 touches  r e g i o n s  2 ,  3 ,  5 b u t  

n o t  4 ( read row 1 a c r o s s ) ;  r eg ion  3  touches  r eg ions  4 ,  5 ( r e a d  row 3 

a c r o s s )  and r e g i o n s  1, 2 ( r ead  column 3 ) .  

S ince  t h e  numbering o f  t h e  r e g i o n s  i n  t h e  c o l l e c t i o n  f.1 is a r b i t r a r y ,  

we can use  d i f f e r e n t  numberings. Th i s  induces  d i f f e r e n t  ma t r i ces .  There 

a r e  i n  f a c t  n!  " d i f f e r e n t"  ma t r i ces  f o r  a  g iven map. I f  H o  is  any p a r t i -  

c u l a r  m a t r i x ,  t h e  remaining n! - 1 matr :ces  a r e  c a l l e d  d e r i v a t i v e s  o f  H o ;  

symbol: anr: - any d e r i v a t i v e  o f  H n .  

We a r e  now ready t o  d e f i n e  an  equivalence  r e l a t i o n  between maps. 

The fol lowing is  e a s i l y  seen t o  be an  equivalence .  

Ve/,.in^tion 3: hf l  "i. h19 i f  t h e  s e t  of  d e r i v a t i v e s  of  a  ma t r ix  of  

M I  co inc ides  wi th  t h e  s e t  of  d e r i v a t i v e s  of  a  ma t r ix  Hi o f  /.la. 

Obviously a  necessary  c o n d i t i o n  f o r  two maps t o  be equ iva len t  is  

' t h a t  t hey  have t h e  same number of  r e g i o n s .  On t h e  o t h e r  hand, two maps 

M I  and hf-; being homeomorphic is s u f f i c i e n t  t o  i n s u r e  M I  hf;. For exam- 

p i e ,  t h e  two maps given i n  F ig .  2 a r e  equ iva len t  and consequent ly  a r e  

considered t o  be i n d i s t i n g u i s h a b l e .  

FIGURE 2 

The converse ,  however, is no t  t r u e ,  a s  F ig .  3  shows. These two naps  a r e  

equ iva len t  ( a s  can be seen by w r i t i n g  o u t  t h e  4! = 24 ma t r i ces  a s s c c i a t e d  

wi th  each map) bu t  a r e  no t  homeomorphic, s i n c e  i n  t h e  sec0r.t 7-22 

3Rz n 3R4 # 4 .  



FIGURE 3 

Given two equ iva len t  maps, i f  we wel l- color  one map and a s s i g n  a  

numbering t o  t h e  second map such t h a t  t h e  ma t r ix  t h u s  generated i s  equa l  

t o  t h e  ma t r ix  used t o  c o l o r  t h e  f i r s t  map (we show below how t h i s  is  

done) ,  t hen  we au tomat i ca l ly  have wel l- colored t h e  second map. Hence t h e  

chromat ic  c h a r a c t e r i s t i c s  o f  maps belonging t o  t h e  same equivalence  c l a s s  

a r e  t h e  same. For t h i s  r eason  we have on ly  t o  s tudy  t h e  equivalence  

c l a s s e s  of maps, which is  equ iva len t  t o  t h e  s tudy  of  t h e  a s s o c i a t e d  ma- 

t r i c e s ,  o r  i n  p a r t i c u l a r ,  any one o f  t h e  a s s o c i a t e d  ma t r i ces .  

The equivalence  r e l a t i o n  in t roduced above reduces  t h e  number of  

maps i n  E~ having n  r e g i o n s  t o  a  f i n i t e  number o f  equivalence  c l a s s e s .  

The number o f  equivalence  c l a s s e s  f o r  maps wi th  n  r e g i o n s  i s  bounded by 
l / 2 n ( n - 1 )  

(use  p r o p e r t i e s  ( i i ) ,  ( i i i ) ,  ( i v )  o f  t h e  region- region m a t r i x ) .  

The f u n c t i o n  f a s s o c i a t i n g  t h e  region- region ma t r ix  t o  a  map i s  a  func-  

t i o n  i n t o  t h e  s e t  of  symmetric ma t r i ces .  I t  w i l l  be seen l a t e r  t h a t  t h e  

ma t r ix  

1 1 1 1 1 1  

1 1 1 1 1  

1 1 1 1  

I l l  

1 1  

1 

has  no pre- image; f o r  i f  it has  a  pre- image, it would r e q u i r e  7 c o l o r s  

t o  we l l- co lo r  it, b u t ,  a s  we have i n d i c a t e d ,  a:,,, 5 5 f o r  any map M .  

Now we in t roduce  a  technique t o  wel l- color  a  map us ing  t h e  a s s o c i -  

a t e d  ma t r ix  wi thout  any r e f e r e n c e  t o  t h e  a c t u a l  map i t s e l f .  We have a l r eady  

s t a t e d  t h a t  we need i n v e s t i g a t e  onlv  t h e  upper t r i a n g u l a r  matrix--one can 

c o n s t r u c t  t h e  t r i a n g u l a r  ma t r ix  by determining,  f o r  a  p a r t i c u l a r  r e g i o n  

i , t h e  r e g i o n s  wi th  ass igned i n t e g e r  greater o r  equa l  t o  i, which have 

a  common border  wi th  r e g i o n  i. The wel l- color ing procedure is a s  fo l lows:  

Suppose t h a t  we make t h e  f i r s t  r e g i o n  o f  c o l o r  A .  We then  "multiply" t h e  

f irst  row by A .  For t h e  preceding ma t r ix  map o f  Fig .  1 we would o b t a i n  

A A A O A  

1 1 1 1  

I l l  

1 1  

J . .  

Now i n v e s t i g a t e  t h e  second ( i t h )  r e g i o n .  We a r e  allowed t o  make t h e  sec-  

ond ( i t h )  r e g i o n  o f  t h e  same c o l o r  A  a s  t h e  f i r s t  r e g i o n  ( t h e  same c o l o r  

a s  t h e  (i - l ) s t ,  ( i  - 2)nd-0-2nd,  1st r e g i o n s )  ONLY i f  t h e  second ( i t h )  

column does not  a l r e a d y  con ta in  c o l o r  A  ( c o l o r  of  (i - l ) s t ,  ( i  - 2)nd- - -  
e t c . )  We s e e  we cannot  u s e  c o l o r  A  f o r  t h e  second r e g i o n  s i n c e  t h e  sec-  

ond column a l r e a d y  has  A  i n  I t ;  we must u se  a  d i f f e r e n t  c o l o r ,  s ay  B ,  

and hence "multiply" t h e  row by B. We g e t  

A A A O A  

B B B B  

I l l  

1 1  

Continuing t h i s  p rocess  we f i n a l l y  o b t a i n  

A A A O A  

B B B B  

c c c  

Note t h a t  i n  row f o u r  we can use  c o l o r  A  a g a i n ,  s i n c e  t h a t  column does  

no t  a l r e a d y  con ta in  A .  This  means t h a t  r e g i o n  1 w i l l  be made c o l o r  A ;  

2, B ;  3 ,  C; 4 ,  A ;  5 ,  D .  I f  we now go back t o  t h e  a c t u a l  map, we s e e  t h a t  

it i s  wel l- colored.  WI 
FIGURE 4 



Oe;(i&on 4 :  The c o h a t i . o n  of  a ma t r ix  is t h e  assignment o f  a 

l a b e l  L (a . . )  t o  every  non-zero element a of  t h e  ma t r ix .  
M t'j 

Vedin&ion 5: An n x n ma t r ix  iM wi th  a c o l o r a t i o n  i s  iwrrnaz i f  

1 )  f o r  a l l  i ,  1 5  i 5 n, L(a. } = L(a. . )  f o r  a l l  non-zero e lements  
I t  It 

"it ' 
2 )  f o r  a l l  j, 1 5 3 < n ,  L(a . .) # Ua ) f o r  a l l  non-zero e lements  

33 ti 
at., t <  3 .  

Theohem 1 :  Let H be some ma t r ix  a s s o c i a t e d  wi th  a map M. Then f.1 

is wel l- colored i f  and on ly  i f  H i s  normal. 

Proof: Let  t h e  matr ix  be normal; t h e  c o l o r  on t h e  d i agona l  is d i f -  

f e r e n t  from any c o l o r  i n  t h a t  column. Consider a . . .  The f a c t  t h a t  a i l ,  
33 

a 3 ,  a j ,  ..., ajj a r e ,  s ay ,  1 's  means t h a t  t h e  ( j t h )  r eg ion  touches  t h e  

Ist, 2 n d , - - - ,  ( j  - 1 ) s t  r e g i o n ;  but  by hypothes is  t h e  c o l o r  o f  t h e  j t h  

r e g i o n  is  d i f f e r e n t  from t h a t  of  t h e  l s t ,  2 n d , - - . ,  ( j  - l ) s t  r e g i o n ,  con- 

t iguous  TO it. This  be ing  t r u e  f o r  a l l  columns impl i e s  r h a ~  r h e  map i s  

wel l- colored.  

Conversely,  l e t  t h e  map be wel l- colored.  Then any r e g i o n  j i s  su r-  

rounded by r eg ions  wi th  c o l o r s  d i f f e r e n t  from t h a t  of  t h e  r e g i o n  j. Give 

an a r b i t r a r y  numbering t o  t h e  map and a l s o  w r i t e  down a l e t t e r  symbol f o r  

t h e  c o l o r  i n  t h e  a p p r o p r i a t e  r eg ion .  Now c o n s t r u c t  t h e  a s s o c i a t e d  ma t r ix ,  

bu t  i n s t e a d  of  0 ' s  and l ' s ,  p u t  0 ' s  and t h e  l e t t e r  of  t h e  c o l o r .  Say t h a t  

t h e  (uncolored)  ma t r ix  is  of t h e  form 

1 1 1 0 - 0 . 1  1 

1 1 1 - e . 1  1 

1 1--.1 1 

By hypo thes i s  a l l  r e g i o n s  around r'egion 3, say J' = 3 ,  have d i f f e r -  

e n t  c o l o r s .  Th i s  means t h a t  t h e  e n t r i e s  i n  column j ,  have d i f f e r e n t  

c o l o r s  (by c o n s t r u c t i o n  of  t h e  m a t r i x ) .  So t h e  ma t r ix  w i l l  be o f  t h e  

form 

1 1 A 0 - - - 1  1 

1 B 1."1 1 

C 1- - -1  1 

and hence by t h e  m u l t i p l i c a t i o n  p r i n c i p l e  

A A A 0"'A A 

B B B"-B B 

c C - - - C  c 
and it is  normal ( t h e  argument above being t r u e  f o r  a l l  columns). 

A ques t ion  of  cons ide rab le  importance i s  i f  t h e  map is  wel l- colored 

wi th  t h e  minimum p o s s i b l e  number o f  c o l o r s .  Obviously,  normal i ty  does  

no t  imply t h a t  t h e  map i s  wel l- colored wi th  t h e  minimum number o f  co lo r s ;  

t h e  converse Is however t r u e .  I n  o r d e r  t o  wel l- color  wi th  minimum number 

of  c o l o r s ,  every  t ime we g e t  t o  a new row we must i n v e s t i g a t e  t o  s e e  i f  

we can use  aga in  c o l o r s  a l r e a d y  used.. Sometimes we w i l l  have a choice  

of  two c o l o r s  ( a l r eady  used)  l ead ing  t o  a d i f f e r e n t  number o f  t o t a l  c o l o r s  

used. I n  any c a s e  t h e  ma t r ix  w i l l  be  normal. Example: 

A A O O A  A A 0 0 A  

B O B S  B O B B  

A A A B B B  

c C A A 

P c 
( 4  c o l o r s  needed) ( 3  c o l o r s  needed) 

Th i s  does  no t  p re sen t  a problem, however, s i n c e  I n  a p p l i c a t i o n  of t h i s  

procedure t o  t h e  f o u r  c o l o r  problem we suppose t h e r e  e x i s t s  a ma t r ix  wi th  

n + 1 columns, r e p r e s e n t i n g  t h e  s m a l l e s t  map h! i n  E? r e q u i r i n g  f i v e  c o l o r s .  

I f  we can f u s e  t o g e t h e r  two r e g i o n s  i n  such a way t h a t  t h e  r e s u l t i n g  n x n 

m a t r i x  (map) s t i l l  r e q u i r e s  5 c o l o r s ,  we achieve a c o n t r a d i c t i o n  s i n c e  

II was t h e  s m a l l e s t  such map; hence no such map could e x i s t .  Of cour se ,  

we a l r e a d y  know t h a t  n has  t o  exceed 40. See Ore and Stemple [?I.  To 

t h a t  end we p resen t  (wi thout  p roof )  t h e  fo l lowing  theorem. 

Theohem 2 :  Let ?.I be a map, /f i ts  matr ix .  Let  R ,  R t"S two con- s 
t i guous  r eg ions  ( L e .  a = 1) and assume j > a. Let  A!' be a map iden-  

CV 
r i c a l  wi th  1.1 excep t  t h a t  t h e  r eg ions  R and R a r e  combined. Let H '  be a 3 
a ma t r ix  obta ined a s  follows: 

1 )  "Add" t h e  corresponding e n t r i e s  o f  row j I n  H to  row a i n  H a s  

fo l lows:  1 + 0 = 0 + 1 = 1, 0 + 0 = 0 ,  1 + 1 = 1. 

2) "Fold" t h e  J'th column a t  e n t r y  a +  Then: 

a )  "Add" ( a s  above) t h e  corresponding e lements  of  t h e  unfolded 

p a r t  t o  t h e  e n t r i e s  o f  t h e  a column 



b) "Add" (as  above) t h e  corresponding elements of e he folded 

p a r t  t o  the  a row. 
and f i n a l l y  

1 1  1 1  1 

1 1 1 1  

1 1 0  

1 1  

1 

It should be noted t h a t  even though one row and one column disap- 

peared, t h i s  fusion "swallows up" zeroes i n  t h e  remaining rows and col-  

umns. The presence of more one's tends t o  increase t h e  number of co lors  

needed t o  normalize t h e  matrix. Hence t h e  proof of t h e  following con- 

jec ture ,  a s  ind ica ted  e a r l i e r ,  would solve t h e  four  color  problem. 3 )  A l l  o ther  rows and columns of H remain unchanged. 

Then t h e r e  e x i s t s  a numbering of t h e  regions of hf'  such t h a t  t h e  matrix 

of M'  is exact ly H'. Conje.&tu~e.: Given an n + 1 matrix which requi res  a minimum of 5 

co lors  t o  be normalized, then t h e r e  e x i s t s  one fusion of regions such 

t h a t  t h e  r e s u l t i n g  n n matrix requ i res  5 co lors  t o  be normalized. 
E X :  Fuse region 2 and region 4 i n  map M below: 

The above, and t h i s  we be l ieve  is  t h e  meri t  of t h i s  paper, is  void 

of any geometric concept and c o n s t r a i n t :  Given a matr ix which requi res  

5 l e t t e r s  t o  be normalized, fuse two rows ( i n  t h e  sense of t h e  preceding 

theorem -- without reference t o  geometry) such t h a t  t h e  r e s u l t i n g  matrix 

s t i l l  requ i res  5 l e t t e r s .  The e f f o r t s  of t h e  author toward s e t t l i n g  t h e  

above conjecture have not  y e t  produced s a t i s f a c t o r y  r e s u l t s .  
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EULER'S CONSTANT AND EULER'S e 

The sequence {a defined by 

n 
a  = x $-:nn 

i=1 

can be shown to converge by demonstrating that the zequence is (1) de- 

creasing and ( 2 )  bounded below by 0. The value of this limit is often 

referred to as E u Z e r ' s  constant. Another constant associated with Euler 

is e. Euler introduced e to represent the base of the natural logarithm. 

One of the familiar properties of e is the following inequality: 

( A )  
1 i 1 i+1 

(1 + 7 )  < e < (1 + 7) , i = 1, 2, 3, . - - .  
The purpose of this note is to show that by using (A), one can show that 

the above sequence ( a  1 is convergent. 
n 

Since by (A) 

1 n+1 
e < ( 1 + - )  , 

then : 

so that the sequence { a  n is decreasing for all n. 

Since also by ( A )  
1 i 

(1+-) < e ,  

then : 

Thus, the above is greater than n, so we have 

and the sequence {a n } is bounded below by 0 for all n. 
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PARTIAL DIFFERENTIATION ON A METRIC SPACE1 

by  RoAeann t:\o^L&Uo 
S v t o n  HaU. U~uvvui.Uy 

The "metric d i f f e r e n t i a b i l i t y "  of  funct ions between a b s t r a c t  metric 

spaces is  a  r e l a t i v e l y  new and undeveloped f i e l d  of mathematics. The 

met r ic  der iva t ive  of a  funct ion with r e a l  domain was first defined i n  

1935 by W .  A .  Wilson (See [ 2 ] ) .  In 1971, E.  Braude a r r ived  a t  t h e  same 

d e f i n i t i o n  a f t e r  having researched t h e  t o p i c  independently. Unlike h i s  

predecessor, Braude sought t o  develop h i s  concepts of metr ic  d i f f e r e n t i -  

a b i l i t y  f o r  funct ions with a b s t r a c t  metr ic  domains, In t h i s  paper we 

explore the  idea of p a r t i a l  d i f f e r e n t i a t i o n  f o r  funct ions defined on t h e  

ca r tes ian  product of two metr ic  spaces. 

PaJvtioJi cii.f.f.e~~e.ivU.â i.on on a mvUu.c Apace 

Let f  be a  function from a  metr ic  space (X,s) i n t o  a  metr ic  space 

( Y , t )  and l e t  b  X. f  is  s a i d  t o  be m e t r i c a l l y  d i f f e r e n t i a b l e  a t  b  i f  

b is  not d i s c r e t e  and i f  a  r e a l  number f ( b )  e x i s t s  with t h e  property 

t h a t  f o r  every E > 0 ,  a  pos i t ive  number 5 can be found such t h a t  i f  

s ( x t ,  b )  < 6 ,  s ( x V ,  b )  < 6 and x '  # x " ,  then 

The asse r t ion  " f :  X -* Y  is met r ica l ly  d i f fe ren t iab le"  means t h a t  f  i s  

met r ica l ly  d i f f e r e n t i a b l e  a t  every point  of  X. (See [ 2 ] . )  

Proceeding almost d i r e c t l y  from t h e  d e f i n i t i o n  of t h e  metr ic  deriv-  

a t i v e  is  t h e  d e f i n i t i o n  of t h e  metr ic  p a r t i a l  der iva t ive .  Let f  be a  

funct ion from a  metr ic  space ( X x Y , p )  i n t o  a  metr ic  space (Z,p ' )  and l e t  

( x , ~ )  be an element of XxY f o r  which every open b a l l  containing ( x , y )  

contains  an element ( x l , y )  with x' # x ;  f  has a  m e t r i c  p a r t i a l  d e r i v a -  

t e  with respec t  t o  x  a t  ( x , y )  i f  a  rea-1 number / ( x , y )  e x i s t s  with t h e  

property t h a t  f o r  every n > 0 ,  a  pos i t ive  number 5 can be found such t h a t  

i f - p ( x l ,  x )  < 6 ,  p ( x r ' ,  x )  < 6 and x t  # x u ,  then 

'one of  severa l  papers produced a s  a  r e s u l t  of a  research pro jec t  funded 
by t h e  Research Corporation under t h e  C o t t r e l l  College Science Program, 
grant  number c-205/308, di rec ted  by Professor E m  3.  Braude, Seton Hall  
University. - .  

I p f ( f ( x ' ,  Y ) ,  W ,  Y )  - ^ y )  < , 
p ( ( x f ,  Y ) ,  ( x " ,  y ) )  I 

and f  has a  metr ic  p a r t i a l  der iva t ive  with respec t  t o  y  a t  ( x , y )  i f  

every open b a l l  containing ( x , y )  contains an element ( x , y r )  with y  # y 1  
T 

and a  r e a l  number f ( x , y )  e x i s t s  with t h e  property t h a t  f o r  every E > 0 ,  
Y 

a  pos i t ive  number 5 can be found such t h a t  i f  p ( y r ,  y )  < 5, p ( y r r ,  y )  < 6 

and y r  # y " ,  then 

A P ( ( x ,  y r ) ,  ( x ,  y 1 ! ) )  y  

'I It  follows from the  work of Braude i n  [1] t h a t  t h e  der iva t ive  of f  

with respect  t o  x i n  the  case X  = Y = Z = R ,  where p ( ( x ,  y ) ,  ( x l ,  y ' ) )  = 

[ ( x  - x ' ) ~  + ( y  - y ' ) 2 ] 1 / 2 ,  a n d p ' ( z ,  a ' )  = \ a  - 2 ' 1 ,  i s  equal t o  t h e  ab- 

so lu te  value of t h e  ordinary p a r t i a l  der iva t ive  of  f  with respect  t o  x .  

Simi la r ly ,  t h e  metr ic  p a r t i a l  der iva t ive  of f  with respec t  t o  y  i n  t h i s  

case is equal t o  t h e  absolute value of the  ordinary p a r t i a l  der iva t ive  

with respect  t o  y .  

The Cauchy-Riemann equations a r e  an important c r i t e r i o n  f o r  t h e  

d i f f e r e n t i a b l i l i t y  of a  funct ion from R' i n t o  R ~ .  A necessary and suf-  

f i c i e n t  condition f o r  f ( x  + i y )  = U ( x ,  y )  t W ( x ,  y )  t o  be d i f f e r e n t i a b l e  

is  t h a t  Ux(x, y )  = V  ( x ,  y )  and U ( x ,  y )  = - V x ( x ,  y )  together  with the  
Y  Y  

continui ty of U U  V x ,  and V  where Ux and V  a r e  t h e  p a r t i a l  der i \ -  
x '  y' Y  x  

a t i v e s  of U and V  with respec t  t o  x,and U and V  a r e  the  p a r t i a l  deriv- 
Y  9 

a t i v e s  of U and V  with respect  t o  y .  The following theorems give condi- 

t i o n s  analogous t o  t h e  Cauchy-Riemann equations which a r e  necessary but 

not s u f f i c i e n t  f o r  a  funct ion f  t o  be met r ica l ly  d i f f e r e n t i a b l e .  

The-o'iem 7 : Let X be a  metr ic  space .with metr ic  p  and l e t  g  be the  

metr ic  on XxX defined by 

g ( ( x ' ,  y ' ) ,  ( x" ,  y " ) )  = C p ( x f ,  x"̂ + p ( y f ,  ~ " ) 2 1 1 ' * .  

Furthermore, l e t  f :  ( x q , g )  Â¥ ( X x X , g )  with f ( x ,  y )  = ( U ( x ,  y ) ,  V ( x ,  y ) )  

where U ,  V :  XxX -*Â X. I f  f  i s  metr ical ly  d i f f e r e n t i a b l e  a t  ( x ,  y )  and 

U ,  U ,  V ,  and V  e x i s t ,  then +, y)' t <(x ,  y ) 2  = { ( x ,  y ) 2  + ( ( x ,  Y ) ~ .  
Y  

P r o o f :  Since t h e  quant i ty  

g ( f ( x l ,  y ' ) ,  f i x " ,  ?/")I 
g ( ( x l ,  y ' ) ,  ( x " ,  y " ) )  

g e t s  a r b i t r a r i l y  c lose  t o  f ( x ,  y )  f o r  (x ' ,  y ' )  and ( x r l ,  y") s u f f i c i e n t l y  



c lose  t o  ( x Y  y )  it can be s a i d  t h a t  t h e  quant i ty  

g ( f ( x f y  g ) *  f ( x f f y  9 ) )  

g ( ( x t y  y ) Â  ( x f f y  9 ) )  

g e t s  a r b i t r a r i l y  c lose  t o  f ( x y  y )  f o r  x f  and x f f  s u f f i c i e n t l y  c lose  t o  

x. Thus 

I n  order  t o  extend t h e  ideas of Theorem 1 t o  a b s t r a c t  metr ic  spacesy 

it is necessary t o  introduce t h e  following lemma. 

L m a  1 :  Let ( X ,  p )  be a metr ic  space a d  l e t  h be such t h a t  (1 )  

6:RtxR+ + RtY ( 2 )  h ( 8 ,  t )  = 0  i f  and only i f  8 = t = O y  ( 3 )  h ( b + C Â  e +  f ) s  

h ( b p j  t and (4) i f  a  s b  a n d =  5 d y  then h ( a Y c )  S h ( b , d ) .  
t 

Furthermorey l e t  g be a mapping from XXX i n t o  R  defined by 

g ( ( x f y  y f ) y ( x f f y  y f f ) )  = h ( p ( x f y  x f f ) y  p ( y f y  y f f ) ) .  

Then g  i s  a metr ic  on XxX. 

P r o o f :  We make t h e  following observations: 

(1 )  The domain of g is  ( X x X ) x ( X x X ) .  

( 2 )  The range of g is a subset  of [ O y  -1. 

( 3 )  The following is  t rue :  
( a )  g ( ( x f ,  y f I y  ( x f ,  y  

= h ( C Â  c )  = D Y  

The r e s t r i c t i o n s  placed on g  and h  by t h e  preceding lemma allow 

f o r  a  more general  statement of Theorem 1. 

T h t o t m  2 :  Let ( X ,  p )  be a metr ic  space, and l e t  h  be a continu- 

ous funct ion of Rt x R' i n t o  R+ s a t i s f y i n g  t h e  condit ions on h  of Lemma l y  

a s  well  a s  t h e  condit ions h ( a ,  0 )  = a ,  h ( O y  b )  = b y  and c h ( a ,  b )  = 

h ( c a ,  c b )  f o r  every c ,  a ,  and b  i n  R'. Let g  be the  metric on XxX de- 

f ined  i n  Lemma 1 by g ( ( x f ,  y f ) ,  ( x f f ,  y f f )  = h ( p ( x f ,  x f f ) ,  p ( y f ,  y f f ) .  Then 

f o r  every metr ical ly  d i f f e r e n t i a b l e  function f:  ( X x X ,  g )  + ( X x X ,  g )  given 

by f ( x y  y )  = ( V ( x ,  y ) ,  V ( x ,  y ) )  f o r  which <, < Â  < y  and ( e x i s t ,  

h ( < ( x y  y ) ,  thy y ) )  = h ( { ( x y  y I y  {(x, y ) ) .  



= l i m  h p ( U ( x f ,  y ) ,  U ( x f f y  y ) )  p ( V ( x l ,  Y ) ,  v(xrrY Y ) )  

xr+ x p ( x f y  xrr l  p ( x f ,  x r 9  I 

= h(<(x,  y ) ,  < (xy  y ) ,  

s ince h i s  continuous and the  two l im i t s  e x i s t  by hypothesis. Similarlyy 

The above theorem gives necessary but not s u f f i c i e n t  conditions for  de- 

termining t he  metric d i f f e r e n t i a b i l i t y  o f  a function. 

R m d  1 :  Theorem 1 i s  a special case o f  Theorem 2 i n  which 

h ( s ,  t )  = 482 t 152. The function h s a t i s f i e s  the  conditions o f  Lemma 1 :  

(1)  h: Rt x Rt + Rt 

( 2 )  h ( s y  t )  = i s 2  t t r=  0 i f  and only i f  s = t = 0 

( 3 )  The following statements are equivalent for any b ,  c ,  e and f 

- ,  h(b  t c ,  e t f )  2 h ( b ,  e l  t h ( c y  f ) .  

(4) I f  a 2 b a n d  c 2 d y  then a2 t c 2  5 b 2 t d z y  and S O  -5 

/b2 t d2 ( i . e .  h ( a ,  c )  2 h ( b ,  d l . )  

R Q J I I C V L ~  2 :  Now consider the  function h :  R' Rt -+ R' defined by 

h ( s ,  t )  = max(sy t ) .  

( a )  Since h-I ( a  b )  = ( a  b 1 x ( a ,  b)  for every open interval  (a  b) 
i n R t ,  and h - l [ o y  b )  = C O Y  b )  x L O ,  b )  for every A > C y  h i s  continuous. 

( b )  h s a t i s f i e s  the conditions o f  Lemma 1 :  

( 1 )  h :  Rt x Rt - + R t  

( 2 )  max(s, t )  = C i f  and only i f  s = t = c 

( 3 )  h ( b ,  e )  t h ( c ,  f )  = max(b, e )  t max(c, f )  2 b t c .  

Similarly,  h ( b ,  e )  t h ( c ,  f )  2 e  t f .  

Thus, h ( b ,  e )  t h ( c ,  f )  >max(b  t c y  e t f )  = h ( b  t c ,  e t f ) .  

(I+) a 2 b and c 5 d imply max(ay c )  2 max(by d l .  Nowy 

c(max(a, b )  ) = max(ca, c b )  since "d 2 kl' and "cd > ck" are 

equivalent for c 2 0 .  The equations h ( a ,  0 )  = a and 

h ( n ,  b )  = b are clear.  

Applying Theorem 2 t o  the  function h o f  Remark 2 gives t he  follow- 

ing r e s u l t .  

Coko.&by: Let X be a metric space with m e e i c  p and l e t  g be the  

metric on X x X  given by g ( ( x r ,  y r ) ,  ( x r r y  y r r ) )  = m a x @ ( x l ,  x r r ) ,  p ( y r ,  y r r ) l .  

Furthermore, l e t  f :(XxX, g )  + ( X x X ,  g )  with f ( x ,  y )  = (U(x ,  y I y  V ( x y  y ) )  

where U,V : X x X  -+ X and <, <, l?, and # e x i s t .  I f  f i s  metrical ly  
Y 

d i f f e rea t iab l e  a t  ( x ,  y )  then 
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I t  i s  an elementary fac t  t ha t  h i s  continuous. The equations h ( a ,  0 )  = a 
t 

a d  h(Oy b )  = b are clear.  Finallyy i f  c 6 R then for any ( a ,  b )  i n  

R' x R t Y  ch (a ,  b )  = c /a2  t b2 = / (caI2  t (cbI2  = h b a ,  c b ) .  



A SUGGESTION FOR ENJOYABLE READING 

Profes so r  20ber t  k!. P r i e l i p p  of  t h e  Un ive r s i ty  o f  k!isconsin, Oshkosh, 

h ighly  recommends t h r e e  r e l a t i v e l y  l i t t l e  knobm books t o  Journal r eade r s .  

Fantas ia  Mathematics, assembled and e d i t e d  by C l i f t o n  Fadiman, Simon 

and Schus te r ,  I n c . ,  New York, 1958 (Paperback) .  Noteworthy s e l e c t i o n s  i n  

t h i s  c o l l e c t i o n  of s h o r t  s t o r i e s  and poems a r e :  

( a )  Young Archimedes, by Aldous Huxley -- t h e  d i f f i c u l t i e s  faced by 

a  young T t a l i a n  peasant  boy who seems t o  be a  mathematical gen ius .  

( b )  The Devil and Simon Flagg, by Arthur Porges -- a  mathematical 

ve r s ion  o f  Stephen Vincent Benet ' s  The Devil and Daniel Vebster. 

( c )  --And He Bui l t  a Crooked House, by Robert A. Heinle in  -- unusual  

phenomena i n  a  house having dimension higher  than  t h r e e .  

( d )  A Subuay Named Moebius, by A, J. Deutsch -- s t r a n g e  t h i n g s  happen 

t o  t h e  Boston subway when t h e  Boylston s h u t t l e  i s  i n s t a l l e d .  

The Mathematical  Magpie, assembled and e d i t e d  by C l i f t o n  Fadiman, 

Simon and Schus te r ,  I n c . ,  New York, 1962 (Paperback).  Choice s e l e c t i o n s  

i n  t h i s  anthology a r e :  

( a )  The Lau, by Robert 14. Coates -- u n l i k e l y  even t s  become t h e  r u l e .  

( b )  The Appendix and the Spectacles ,  by Miles J. Brown, i.1.U. -- a  

mathematician uses  t h e  f o u r t h  dimension t o  g e t  even wi th  a  bank p r e s i d e n t .  

( c l  The Nine Bi l l ion  Names of God, by Arthur C .  Clarke  -- Tibeton 

monks t r y  t o  use  a  computer t o  s e t  down a l l  t h e  p o s s i b l e  names of  God. 

( d )  Milo and the Mathemagician, by Norton Zus te r  -- t h e  adventures  of  

a  l i t t l e  boy and a  dog (who t i c k s )  i n  Di.gitop01is. 

' 
Whom the  Gods Love (The S to ry  o f  E v a r i s t e  G a l o i s ) ,  by Leopold I n f e l d ,  -- + - 

McGrZw-Hill Book Company, I n c . ,  New York, 1948 -- t h e  moving s t o r y  of  a  

young mathematical genius  who i s  caught up i n  t h e  s t r u g g l e  f o r  a  new French 

r e p u b l i c  i n  t h e  days  a f t e r  Napoleon's d e f e a t  du r ing  t h e  r e i g n  of  t h e  Bour- 

bons,  H i s  f a t h e r  commits s u i c i d e ,  h i s  mathematical accomplishments go 

unrecognized dur ing  h i s  l i f e t i m e ,  and a t  age twenty he is k i l l e d  i n  a  d u e l  

r e s u l t i n g  from a  love a f f a i r  p l o t t e d  by h i s  p o l i t i c a l  enemies. 

WELCOME TO NEW CHAPTERS 

The Journal extends  i ts welcome t o  t h e  fo l lowing  new chap te r s  o f  

P i  Mu Epsi lon which were r e c e n t l y  i n s t a l l e d :  

ALABAMA EPSILON a t  Tuskegee I n s t i t u t e ,  i n s t a l l e d  by Houston T. 

Karnes, Council  P res iden t .  

CALIFORNIA IOTA a t  t h e  Un ive r s i ty  o f  Southern C a l i f o r n i a ,  i n s t a l l e d  

by J.C. Eaves,  p a s t  Council  P res iden t .  

GEORGIA GD4MA a t  Armstrong S t a t e  College i n s t a l l e d  A p r i l  2  197Q 

by Houston T. Karnes. 

ILLINOIS EPSILON a t  Northern I l l i n o i s  Un ive r s i ty ,  i n s t a l l e d  by J.  

Suther land Frame, p a s t  Council  P r e s i d e n t .  

ILLINOIS ZETA a t  Southern I l l i n o i s  Un ive r s i ty ,  i n s t a l l e d  June ly  

1973 by Houston T. Karnes. 

KENTUCKY BETA a t  Western Kentucky U n i v e r s i t y ,  i n s t a l l e d  by J . C .  

Eaves. 

LOUISIANA MPPA a t  Louis iana  Tech, i n s t a l l e d  May 9 ,  1973 by Houston 

T. Karnes. 

MICHIGAN DELTA a t  Hope Col lege ,  i n s t a l l e d  by J. Suther land Frame. 

NEBRASK.4 BETA a t  Creighton Unive r s i ty ,  i n s t a l l e d  A p r i l  25, 1973 by 

R-V .  Andreey Council  Secre tary- Treasurer .  

PENNSYLVANIA MU a t  t h e  Un ive r s i ty  o f  Scranton,  i n s t a l l e d  by E i l een  

L. Poian i ,  Councilor.  

SOUTH CAROLINA BETA a t  Clemson Unive r s i ty ,  i n s t a l l e d  March 27, 1973 

by Houston T. Karnes. 



LOCAL CHAPTER AWARDS WINNERS 

The Journal i n a d v e r t e n t l y  omit ted  t h e  3LIFSRNIA ETA (Yn ive r s i ty  of 

San ta  C la ra )  r e p o r t  o f  t h e i r  annual  awards i n  t h e  l a s t  i s s u e .  The Award 

f r r  Excellence f o r  1973 was p resen ted  t o  

K&tn A.  !8foncta, 

and t h e  George W. Evans 11 lrlemo~ial Prize f o r  h i g h e s t  p l ac ing  i n  t h e  

William Lowell Putnam Mathematical Competit ion was r ece ived  by 

Pad N .  lbcqua 

K d U t t n  h i .  V d y .  

The winner o f  t h e  Freshman Mathematics Prize f o r  1973 way 

Jme~ L. Hahna. 

A FRIENDLY REMINDER 

We a r e  no longe r  p r i n t i n g  t h e  long i n i t i a t e  lists i n  t h e  Journal, 

b u t  we do p r i n t  t h e  names o f  those  who have d i s t i n g u i s h e d  them- 

s e l v e s  i n  mathematics i n  t h e i r  l o c a l  chap te r s .  PLEASE SEND US THE 

NAMES OF YUL'R AWARDS WINNERS and l e t  your excep t iona l  chap te r  mem- 

b e r s  ( o r  l o c a l  s t u d e n t s )  w i l l  r e c e i v e  t h e  r e c o g n i t i o n  they  deserve .  

I n  connect ion wi th  t h i s 7  remember t h a t  t h e  Na t iona l  Of f i ce  can 

supply  you wiyh impress ive  award c e r t i f i c a t e s .  Write t o :  

R.  V .  Andree 
Sec re t a ry- Treasu re r 7 P i  Mu Epsi lon 
601 Elm Avenue, Room 423 
The Unive r s i ty  o f  Oklahoma 
Norman, Oklahoma 73069 

NO ANNUAL MEETING THIS  SUMMER 

Because t h e  annual  summer meeting o f  t h e  Mathematical Associa t ion 

of America w L 1 1  n o t  be h e l d  t h i s  y e a r ,  P j  Yu Epsi lon a l s o  w i l l  no t  have 

i t s  meeting. The Council  urges  a s  many l o c a l  chap te r s  a s  poss iL le  t o  

make p l a n s  t o  send d e l e g a t e s  t o  r e g i o n a l  meetings o f  t h e  llAA i n  t h e i r  

a r e a  i n s t e a d .  Many o f  t h e s e  r e g i o n a l s  i nc lude  s e s s i o n s  f o r  undergraduate  

pape r s ,  s o  be aware o f  t h i s  oppor tunl+y f o r  your members. 

PROBLEM DEPARTMENT 

This  department welc~~mes pr~blems  believed t o  be new and, as  a ru l e ,  

demanding no greater ab : l i t y  i n  problem solving than t ha t  of  the average 

member of  the  Fraterni ty .  Occasionally we shall  publish problems t ha t  

should challenge the a b i l i t y  c f  the advanced undergraduate OP candidate 

fcr the 1.laster's Degree. q?d problems displaying novel and elegant 

methods of  so lu t ion  are a l so  acceptable. Proposals should be accompanied 

by solut ions,  i f  ma i l ab l e ,  and b3 an2 information t ha t  w i l l  a s s i s t  the 

ed i tor .  

Solutions should be submitted on separate sheets  containing the 

nme  and address of the  solver and should be mailed before the  end of 

November 1974. 

Address a l l  commun<cations ccncerning problems t o  D r .  Leon Bankoff, 

6360 Wilshire Boulevard, Los Angeles, Cali fornia 92$48. 

P r o b l e m s  f o r  S o l u t i o n  

314. Pkopo~td by J .  A .  H .  Hunta, Totonto, Canada. 

Show t h a t  

s in '  ~ t 5 '  - $ ln2  15' =-  s i n  80' 
,% 0 

s i n L  3C - sin; l o o  s i n  30' 

315. Pkopohtd by C h d u  (0. T k L g g ,  Sun Vitgo,  C&6oh~ia. 

9ne type  o f  p e r p e t u a l  ca l enda r  c o n s i s t s  of two whi te  p l a s t i c  cubes 

r e s t i n g  on a  t i l t - b a c k  base .  On each f a c e  of each cube i s  a  s i n g l e  

d i g i t .  The d i g i t s  a r e  s o  d i s t r i b u t e d  t h a t  t h e  cubes can e x h i b i t  any 

d a t e  from 0 1  t o  3 1  on t h e i r  f r o n t  f a c e s -  

CouLd t h i s  t ype  of  ca l enda r  be cons t ruc ted  i f  a  base of  numeration 

smaLler than  t e n  were employed? 

316. Pmpobtd by Zazou K d z ,  Btu&y Ha&, C&6ohnia. 
I f  ynu were maror~ned on a  d e s e r t  i s l a n d  wi thout  a  c a l c u l a t o r  o r  

~ l h l e c  c f  trig-,nometr:: f u n c t i o n s ,  how would yc,u gv about determining 



which is  g r e a t e r :  
- 1 

2 t an - ' ( f i  - 1 )  o r  3  t a n - ' ( l / ~ )  + t a n  ( 5 ' 9 9 )  ? 

31 7. Phopobed by t k e  E&oh 0 6  t k e  PhobLem Depa,ttinent. 

A r e c t a n g l e  ADEB is  cons t ruc t ed  e x t e r n a l l y  on t h e  hypctenuse AB o f  

a  r i g h t  t r i a n g l e  ABC ( F i g .  1 ) .  The l i n e s  CD and CE i n t e r ~ e c t  t h e  l i n e  

AB i n  t h e  p o i n t s  F and G r e s p e c t i v e l y .  a) If DE =  AD^, show t h a t  

A G ~  + F B ~  = A B ~ .  b )  I f  AD = DE, show t h a t  F G ~  = AF GB. 

FIGURE 1 

31 8. Paopob ed by R.  Ro biiaon Rome, Sacmne~do ,  Ca f i~va iua .  

Two equa l  c y l i n d r i c a l  t a n k s ,  Tank A abcve Tank B ,  have e q u a l  o r i -  

f i c e s  i n  t h e i r  f l :>ors ,  capab le  o f  d i s c h a r g i n g  water  a t  t h e  r a t e  o f  1 3 f i  

g a l l o n s  p e r  minute ,  where h i s  t h e  dep th  o f  water  i n  f e e t .  A t  10:2,, a.m. 

Tank B is  empty and water  1 s  19  f e e t  deep i n  Tank A ,  a s  d i scha rge  beg ins .  

A t  noon Tank A is  J u s t  emptied,  What was t h e  maximum dep th  i n  Tank B ,  

and when ? How deep i s  t h e  water  i n  Tank B a t  noon, and when w i l l  it 

be s r q t y ?  - 
31 9. Paopobed by Pao6e~boa 1.1. S.  LongueA-Uiggi~a, Catnb~dge,  

England. 

Let  A ' ,  B ' ,  Ci be  t h e  images o f  a n  a r b i t r a r y  p c i n t  i n  t h e  ? i d e s  

BC, C A ,  AB o f  a  t r i a n g l e  ABC. Prove t h a t  t h e  4 c i r c l e s  AB ' : ' ,  B C 1 t ! ' ,  

CA 'B '  , ABC a r e  a l l  concur ren t .  

320. Paopv~cd by H .  S. !.I. Cvxcteh, Tc to i~ t v ,  Ca~lada. 

Prove t h a t  t h e  p r o j e c t i v i t y  A B C X  BCD ( f o r  4 c o l l i n e a r  p o i n t s )  is  

o f  t h e  pe r iod  4 i f  and on ly  i f  H(AC,  BD). 

321 . Pavpobcd by Nob~nv King, RdcLgh, N v ~ t h  C c ~ ~ f i ~ t a .  (Dedicated 

t o  . t /~e tnctnvag 0 6  Lco Lfvbm) . 
According t o  b ier ten ' s  Theorem 

where y deno te s  E u l e r ' s  c o n s t a n t ,  (9.57721 ... )  an^ where t h e  product on 

t h e  l e f t  is  t aken  over  a l l  primes n o t  exceeding n ,  (See Hardy and W i g h t ,  

The Theory of Numbers, p ,  351 01- Trygve N a g e l l i s  Introduction t o  h n b e r  

Theory, p. 298) .  Can you e s t i m a t e  

322. Paopobed bg Jack Gm~unke.L!, Foku t  Hi.L& High School, NCW 

Yoak, 

It  i s  known t h a t  t h e  r a t i o  o f  t h e  pe r ime te r  o f  a  t r i a n g l e  t o  t h e  

sum o f  i t s  a l t i t u d e s  is  gpea te r  t han  o r  e q u a l  t o  2/&. (See American 

,Vathematical i.IonthZy, $roblem E  lk27 ,  1961, pp. 296-297). Prove t h e  

s t r o n g e r  i n e q u a l i t y  f o r  the i n t e r n a l  ang le  b i s e c t o r s  t t and t : 
a' b 

e q u a l i t y  holding i f  and on ly  i f  t h e  t r i a n g l e  i s  e q u i l a t e r a l .  

323. Paopvbed by David L .  Sdhmnan ,  Lob A n g e h  , CaLL6omua. 

C a l l  p l ane  cu rves  such a s  t h e  c i r c l e  o f  r a d i u s  2, t h e  square  o f  

s i d e  4 ?  o r  t h e  6 x 3  r e c t a n g l e  i n  F i g ,  2  bornetrfc  i f  t h e i r  pe r ime te r  

ts numerica l ly  equa l  t o  t h e  a r e a  t hey  e n c l o s e .  \!hat is  t h e  maximum a r e a  

that can be  enclosed by a n  i s o m e t r i c  curve?  

FIGURE 2 



" 
324. Ptopohed b y  R. S .  L u t \ m ,  U ~ u w m L t q  0 6  [ U ~ C O I I . ~ ~ I I ,  J a n c ~ w L U e ,  

W h c o n h i n .  

Evaluate  

325.  Ptopohed b y  C l ~ u t L u  (0. Th,igg, Salt V i e g o ,  C d i 6 o t 1 u a .  

Show t h a t  t h e r e  i s  only  one t h i r d- o r d e r  magic square  x i t h  p o s i t i v e  

prime elements and a magic cons tan t  of  267. 

S o l u t i o n s  

292. [ S p r i n g  19731 Ptopobed b y  Jack  Gut6u1tk& F o h u f  H ~ Y A  High 

S c h o o l ,  F h l u n g ,  Nu Y o t k .  

I f  pe rpend icu la r s  a r e  ccnst ruc-ed a t  t h e  p o i n t s  of  tanFen(:y c f  t h e  

i n c i r c l e  g f  a t r i a n g l e  and extended outward t o  e q u a l  length:, t hen  t h e  

i o i n s  of  t h e %  endpoints  form a t r i a n g l e  pe r spec t ive  wi th  t h e  given tri- 

ang le .  

S o L C L o n  b y  C h y f o n  W .  Dodge, U n i w ~ d y  0 6  !.faine at Oho110. 

FIGURE 3 

t h e  incircle touch s i d e s  BC, CA, AB o f  t r i a n g l e  ABC a t  p o i n t s  

X, Y, Z, ( s e e  Fig.  3 )  and l e t  t h e  o t h e r  ends  of  t h e  cons t ruc ted  equa l  

pe rpend icu la r s  be P, Q, R ,  r e s p e c t i v e l y .  I t  i s  w e l l  known t h a t  p o i n t s  

A ,  B, C and X, Y ,  Z a r e  i n  pe r spec t ive  a t  t h e  Gergonne p o i n t  f o r  t r i a n -  

g l e  ABC. But a l s o  t r i a n g l e s  XYZ and PQR a r e  i n  pe r spec t ive  a t  po in t  I, 

t h e  i n c e n t e r  f o r  tr iangle-ABC. I t  is  a l s o  known t h a t  pe r spec t ive  is  

t r a n s i t i v e ;  t h a t  s i n c e  t r i a n g l e s  ABC and XYZ a r e  i n  pe r spec t ive  and tri- 

a n g l e s  XYZ and PQR a r e  i n  p e r s p e c t i v e ,  t hen  t r i a n g l e s  ABC and PQR a r e  

i n  pe r spec t ive  .also.  

A.00 holwed b y  ZAZOU KATZ, B e w d y  H i L h  , C d i 6 o h n i a ,  and f h e  
Ptopoh WL. 

P t o b l m  EcLLtotlh NoZe 
TWO r e c e n t  t e x t s  desc r ib ing  t h e  Gergonne p o i n t  and o t h e r  no tab le  

p o i n t s  o f  t h e  t r i a n g l e  a r e :  ( 1 )  David C. Kay, Cozzege Geometry, Hol t ,  

Rinehar t  and Ninston, I n c . ,  1969; ( 2 )  Clayton W .  Dodge, EucZidean Geome- 

t r y  and Transformations,  Addison-Wesley Publ ishing Company, I n c . ,  1972. 

293. [ S p r i n g  19731 Phopohed b y  Lau K o t ~ m L i ,  !.10hgafl s m e  C o l l e g e ,  

W n o t e ,  hfmy&znd. 

Prove t h a t  N = 531Â° + is  d i v i s i b l e  by 78. 

1 .  S o L u t i o ~ t  b y  R. R o b i m o n  Roiue, Saucamento,  C d i 6 o t l u a .  

Since 53 * -l(mod 6 )  and 103 : l(mod 6 ) ,  we have 5 3 l U 3  E (-1)lo3(mod 6 )  

: -l(mo6 6 )  and 1 l(mod 6 ) .  

Alsc ,  s i n c e  53 : l(mod 13)  and 103 : -l(mod 131, we have 531Â° ! 

l(mod 13)  and 1 0 3 ~ ~  5 -l(mod 1 3 ) .  

Hence N is d i v i s i b l e  by both  6 and 1 3 ,  which a r e  r e l a t i v e l y  prime. 

Therefore  fi is d i v i s i b l e  by 6 . 13 = 7B. 

S.i.m& h o W o ~ u  w m e  o d i m e d  b y  MERYL J. ALTABET, &onx,  N .  Y.; 
RAYMOND E. ANDERSON? ! . lo~tta~ta S t a t e  U n i w m i A y ,  B o z a n a ~ ~ ,  !.lo&na; DONALD 

CASCI ,  Rltodt Zh.f!.und C o l l e g e ,  Phowidence, R l ~ o d e  Z h h n d ;  RICHARD A .  G I B B S ,  

F o a  L a u d  C o l l e g e ,  Quha~tgo ,  C o l o m d o ;  DONNELLY JOHNSON, hlajoh, USAF, 
A h  Fohce ZnhLLtuLe 0 6  T e c h ~ ~ o L o g y ,  Fahbot11,  Oluo; BRUCE .LOVETT y R u L g ~  

C o l l e g e  N u  B h u ~ t ~ w i c k ,  N .  J . ;  T .  E.  MOORE, L V L L ~ ~ ~ L U & V L  SXuAe C o l l e g e ,  

W d g  watm, !.lab. ; THERESA PRATT, N .  E a f o n ,  blab. ; PAOLO R A N A L D I  , 
A h o ~ ,  Oluo; MICHAEL SCHWARZSCHILD , PoLyfechnic  71%+fi't&te o 6 BhookLyn. 

11. S o L C L o n  b y  C l M u  (0. Th,igg, S u n  V i e g o ,  C d i 6 o t n i a .  

Examining t h e  congruences of  531Â° and 1 0 3 ~ ~  f o r  t h e  moduli 3 ,  I+, 



7: 1 3  and 25, it is  seen t h a t  N  i s  d i v i s i b l e  no t  on ly  by 78 = 2(3)(13)  

b u t  a l s o  by any combination o f  t h e  f a c t o r s  2 ' ,  3 ,  5', 7 ,  and 13.  

S o U o n ~  t ecogn i z ing  tL.4 e & e a i o n  0 6  t h e  ptopobed ptobLan W J L ~  

0 6 6 e ~ d  b y  CLAYTON W .  DODGE, U ~ u u m L t y  0 6  !.laine and by D A V I D  L .  S I L V E R -  

MANy Lob A n g d u ,  C&6otni.a. 

111. S o U o n  by  Funk.  h!U5bhn0 and Almk. Yank.ouich, J u n i o u  at V t u d  

U n i u u u d y ,  P h d k d d p h i a ,  P e n ~ u y L u a n h .  

Expansion of (78 - 2 5 ) l L 3  and (78 + 25)53 by t h e  binomial  theorem 

shows t h a t  each term c o n t a i n s  a  f a c t o r  of  78 t x c e p t  (-25)1' '3 and w3. 
There fo re ,  i f  2sS3 - 25173 is  d i v i s i b l e  by 78 then  s o  is  N. Rewrite 

2553 - ;51:,3 a s  - (25)53(255c - I ) ,  which equa l s  - ( 2 ~ ) ~ ~ ( 6 2 5 ~ ~  - 1 ) .  It 

is known t h a t  (62sZ5  - 1 )  i s  d i v i s i b l e  by (L25 - 1 )  = ? x 78. Therefore  

78 d i v i d e s  2sS3 - 2 5 l o 3  and a l s o  531Â° + 1 0 3 ~ ~ .  

0 t h ~ ~  6 o U o 1 u  inuoLving t h e  b i n o m i d  t l ~ e o t u t i  tuem o66ehed by  

HYMAN CHANSKY, U v u u m L t y  06 AImyLand; STANN CHONOFSKY, W o t c a , t a  PoLy- 

t e c h n i c  1 n A U u t e ,  W o t c a t m ,  b lab. ;  J A C K  GIAMMERSE, LOLLLLLUVIU S m e  

U n i u w L t y ,  LWon Rouge, Louh iana;  PETER A .  LINDSTROMy G e n u e e  Co~mnuni- 

t y  CoUege ,  LWauia ,  NU Yo tk ;  T .  PAUL T U R I E L ,  SUNY at !3ing\mntob1, N ~ u  

Yotk;  CHARLES W. TRIGG, Sun Diego, C&dot~%iu; and t h e  Phoj20.4U~. 

Comment 

G e n e r a l i z a t i c n s  of t h e  problem were subm!tted by Theodore J ~ n ~ ~ e i s ,  

Brooklyny New York and by Bob P r i e l i p p ,  Univ*rs i ty  of  \ l i sconsin  a t  Osh- 

kosh: I f  p = a m  + 1 = a  n  - 1 and q = aqm - 1 = a,,n + 1, and p and q 
1 2 

a r e  odd, it is  found t h a t  pq * 8 is  d i v i s i b l e  by 2mn. 

294. [ S p r i n g  19731 Ptopobcd by CMu [U. Th,Lgg, Sun Diego, CULL- 

6otni.a. 

I n  F ig .  4 show t h a t  ABC3 is a  squa re .  

Comment by Chy . ton  W .  Dodge, U n L u m i A y  06  !.lalne at 0to110, 

The s o l u t i o n  of  t h e  analogous problem f o r  nes ted e q u i l a t e r a l  tri- 

a n g l e s  appeared i n  t h e  November 1970 i s s u e  of  t h e  f.Jathematics 14aqaaine, 

Problem 754, pages 280-281. Comment by K, R, S. S a s t r y ,  Xakele, Ethio-  

p i a ,  i n  t h e  November 1971 i s s u e  i n d i c a t e s  t h a t  t h e  method of t h e  s o l u t i o n  

by 1-Iichael Goldberg holds  f o r  any r e g u l a r  polygon. Hence it holds  f o r  

a  squa re ,  proving problem 294. 

S o L u L i o ~ u  tume & ~ o  0 6 6 a e d  by  ZAZOU KATZ, B e u d y  H&, Caf i6o t1ua;  

ALFRED E. NEUMAN, A L p h  D&a F m t e m L t y ;  R. ROBINSON ROWE, S a m m e n t o ,  
CaL i t jo t~ua;  and .the Ptopob u. 

295. [ S p r i n g  19731 Ptopobed b y  / b l m a y  S .  K ~ J I I ~ ~ J I ,  Fotd S c i e 1 t t i 6 . L ~  
Labotatoty  , U e m b o t n ,  !.liclugan. 

Determine an equa t ion  of  a  r e g u l a r  dodecagon ( t h e  extended s i d e s  

a r e  not  t o  be inc luded) .  

S o U o n  by ,the Ptopob a. 
The equa t ion  

N 
lanx - b,?\ + [cnyn - dnl>  = A 

n = l  

r e p r e s e n t s  a  4N-gon. By symmetry we t r y  

lx - 11 + :x + 11 + lg - 11 + l y  + 11 + ~ ( 1 x 1  + Iy ! )  = A . 
Afte r  sane  e lementary  c a l c u l a t i o n s ,  

a = 5-  1 >, = 2 ( 2 +  6) . 
296. [ S p r i n g  19731 Ptopobed b y  SOLOIIIOII  (t!. GoLo~nb, U ~ u u e m L t y  0 6  

S O U Z ~ I ~ I I  Ca l56o t1ua ,  Uejmdmeld  0 6  E L e c t ~ ~ L c d  E ~ t g i n e d n g .  

1 )  Combine 2 ,  5 ,  and 6 t o  make f o u r  2 ' s .  

2 )  Combine 2 ,  5 ,  axd 5 t o  make f o u r  4 ' s .  

3 )  Combine 2, 5 ,  and 6  to make four  5's. 

4)  Combine 2 ,  5 ,  and 6  t o  make f o u r  7 ' s .  

5 )  Combine 1, 5 ,  and 6  t o  make f o u r  7 ' s .  

SOLULLOII by  ChmLeb (U. T f i g g ,  SUII Diego, C u &  6 o t 1 u a .  

In  g e n e r a l ,  

6 + 2 -  5 = 3 = ( a + a + a ) / a ;  

2(6 - 5 )  = 2  = a / a  + a / a  = 6 + 1 - 5; 

2  + 5  - 6  = 1 = ( a / a ) ( a / a )  = a a / a a  = a / a  + a - a  = aa/aa = l ( 6  - 5) ;  

6 - 5 - ! 2 = O = a / a - a / a = a + a - a - u = a a - a a = a a - a a =  

6 - 5 = 1 ;  
FIGURE 4 



where a i s  any p o s i t i v e  d i g i t ,  i nc lud ing  2 ,  4 ,  5  and 7 .  (The qymb51 !x 

i n d i c a t e s  sub- fac to r i a l  x. For example: !l = 0, !2 = 1, and !=, = 4 4 . )  

A t t en t ion  i s  c a l l e d  t o  t h e  s o l u t i o n  o f  Problem E861, American Math- 

ematical Monthly, January 1950,  page 3 5 ,  where Vern Hoggatt and Len b1r:ser 

show t h a t  every  i n t e g e r  may be expressed by us ing  p a ' s  and a  f i n i t e  

number of  ope ra to r  symbols ( inc lud ing  log )  used i n  h igh school  t e x t s ;  

p > 3  and a > 1 a r e  i n t e g e r s  

For o t h e r  r e p r e s e n t a t i o n s  where a has  a  s p e c i f i c  va lue ,  space  i s  

conserved by f i r s t  l i s t i n g  c e r t a i n  non-negative i n t e g e r s  wi th  t h e i r  r e -  

p r e s e n t a t i o n s  by 2 ,  <, and 6.  Namely: 

There a r e  many a l t e r n a t e  s imple  r e p r e s e n t a t i o n s  of  t h e s e  i n t e g e r s  

by 2 ,  5 ,  and 6 ,  a s  w e l l  a s  r e p r e s e n t a t i o n s  o f  many o t h e r  i n t e g e r s .  

1 )  The f c l lowing  r e p r e s e n t a t i o n s  us ing  f o u r  2 ' s  can be matched 

a g a i n s t  t h e  p rev icus  r e p r e s e n t a t i o n s  us ing  2 ,  5 ,  and 6: 

1; = ( 2  + 2)!2 - 2  1 6  = ( 2  + 2 ) ( 2  + 2 )  

2 )  A l l  o f  t h e  i n t e g e r s  i n  l ) ,  except t h o s e  marked by an  astsr?s:k 

( * ) -  can be r ep resen ted  p rope r ly  by r ep lac 'hg  each 2 wi th  \&* Other 

r ep resen ta tTons  by f o u r  4 l s  a r e :  

7 = 4 + 4 - 4 1 4  24 = ~ ( 4 )  + k + % 

8 = ( 4  + 4 ) ( 4 / 4 )  32  = 4 ( 4 ) ( 4 ) / &  

9 = 4 + 4 + 4 / 4  4 0  = 4 b ~ ~ / (  . k )  - 
1 2 = 4 + 4 + f i + f i  4 2  = 4 ( 4 ) / ( i c )  7 t'z 

$5 = 4 ( 4 )  - 414 44 = 4 ( 4 ) / ( . k )  + 
1 6 = 4 + 4 + 4 + 4  64 = ( 4  + k ) ( f i  * u) 

3 )  Some r e p r e s e n t a t i o n s  of  c e r t a i n  of  t h e  i n t e g e r s  In  :he 5 : ~ s ~  

l i s t  g iven above bu t  us ing f o u r  5 l s  a r e :  

3  = 5  - ( 5  + 5115 2 0 = 5 A 5 - 5 ~ 5  

6  = 515 + sm 24 ( 5 ) ( 5 )  - 515 

7  = 5  + 45 - 515 2 5  5 5 ( 5 ) ( 5 / 5 )  

9 = 5 + 5 - 5 1 5  26 s (5)(5) + 515 

10  = ( 5  + 5 ) ( 5 / 5 )  30 = 5 ( 5  * 5/51 

11 = 5  + 5  + 515  

15 = ( 5 ) ( 5 )  - 5  - 5  

4 )  Some r e p r e s e n t a t i m s  of  c e r t a  

list given above but  u s ing  fou r  7?s a  

u = 7717 - 7  

7 = 7 + 7 - J i m  

9 = ( 7  + 7 ) / 7  + 7  

13 = 7  + 7  - 717 

J,5 = 7  + 7  + 717 

B = 7717 + 7  

Uslng match s t l c k s  o r  l & w t h p ? ~ J t ~  



Using too thp icks  and r e a r r a n z i n g :  

Ncte: I n  each of  t h e  f i v e  c a s e s ,  t h e  t h r e e  u n l i k e  d i g i t s  have been com- - 
bined s o  a s  t o  equa l  t h e  sum o f  t h e  f o u r  l i k e  d i g i t s .  

PhobLem E d d o h ' b  Cornmeld 
The mul t i t ude  o f  s o l u t i o n s  l i s t e d  belowy i n  some c a s e s  d u p l i c a t i n g  

r e p r e s e n t a t i o n s  a l r e a d y  l i s t e d  i n   trig^'^ s o l u t i o n ,  d i s p l a y  t h e  ingen:ous 

v a r i e t y  accomplished by t h e  fo l lowing s o l v e r s :  CLAYTON W. DODGE, UnL- 

u m . L t q  o#  ;.Iaine a,t Oh0n0; JOAN INNES, ch&ighton UnLwui~ .L ty ,  Omaha, 

Nebhuh ka; RICK JOHNSON, B m o u g b  c o h p o ~ o n ,  W h i n g t o n ,  N .  C. ; BRUCE 

LOVETT, R d g m  C o U q e ,  Nuu B J L U I ~ ~ C ~ ,  N .  J . ;  J I M  METZy S p h i n g d i e L d ,  

IL&no.Lh; T. E. MOOREy W d g e ~ u a t m  S t a t e  C o U e g e ,  Eit idgui~2.m. ! . l a ~ a -  

c h u m ;  BOB PRIELIPP,  T h e  U n L u m L t y  06 W.Lhconhin, Obhfzo~h; R. ROBIN- 

SON ROWE, S a w e n t o ,  C&6oh1&; and t h e  P h c p o ~ m .  

T h e  p o t p o u m i  06 ~ o . f d L o n h  b u b m i t t e d  b y  t h e  a b o v e - m w d  AOLLJW .Lh a 
6 o U o m  : 

1 )  2 ~ 5 + 6 = 2 - 2 ~ 2 * 2 = ~ ~ * ~ ~  

6 / 2 + 5 = 2 + 2 + 2 + 2  

256 = [ ( 2 2 ) 2 1 ~  ; 2 ( . 5  6 ,  = 2 + 2 + 2 +. : = 2A + 2:  

152161 = -1-6:/5] = 2  t 2  + 2  t Z , 
where b racke t s  I n d i c a t e  t h e  g r e a t e s t  i n t e g e r  f u n c t i o n .  

297. [ S p r i n g  19731 P t o p o ~ e d  b y  R o g m  E. KueL, Kunha C i t y ,  
i l i ~ b o d .  

A t r a f f i c  engineer  is  confronted wi th  the  prob:em of  connect ing 

two non- para l l e l  s t r a i g h t  roads  by an 5-sha7ed curvs: formed by a r c s  z f  

two equa l  t angen t  c i r c l e s ,  one tangent  t o  t h e  * : r s ?  road d t  a  s e l e c t e d  

po in t  and t h e  o t h e r  touching t h e  second road  a -  a  cave-. ? ~ i n t .  

FIGURE 5 

1 )  & t e r m h e  t h e  r a d i u s  of  t h e  e p a l  c h l e ~  s y n t h e t ~ c a l l y ,  zr2g- 

e#dmet r i ca l ly  w a n a l y t 3 c a l l y .  

2)  I f  t h e  f e e  l e n d s  i t ~ e l f  ta an Ew$idean c ~ n S r u c t i o 3 ,  b x  

M u l d  Hhe g6 about $ t ?  

PhobLem E d d o h ' ~  Note  

Because o f  t h e  e h p l e # t y  and d y f f h ~ l t y  o f  t h i s  p r o b l m  :he dead- 

l i n e  f o r  cons ide ra t ion  of  s o l u t i o n s  is hereby entende? TO !-io*.*e&r 30, 

1974. A s y n t h e t i c  s o l u t i o n  would be p a r t i c u l a r l y  welcore.  

298. [ S p r i n g  19731 Phopobed b y  P a d  Ehdzh, Budc~pe&, 

J a n  hfq&ebL, U b u w m L t y  06 CoLohadc, B O ~ ~ L Y L ,  Cob.tadu. 

b o v e  t h a t  
1 

1 )  l i m  ; ( 6  t 3 6  + - - .  + n&) = 1, 
n- 

1 g) l i m  ; (nl'lOg + n  
n- 

SoluLLon b y  Vonn&y J .  J O ~ I I U O I ~ ,  h f a j c ~ t ,  WZ, 
Buhe, Ohio.  

Let E > 0 be given.  Using L ' F o s ~ i ~ ~ l ' s  

Thus, t h e r e  is  a  f u n c t i o n  hf( E )  so  ?hzz 
n  H 

u i m  ]L> 1 nl'k - I] < 5 i+ 
k=2 



t hen  

< l o g ( 1  +:) and nl'k < 1 +; . 
Also observe  t h a t  

= 2 l o g  n  1 / 2  

n l / Z  112 ' 

s o  i f  

t hen  

E E E 
c - + - + - =  E a s r e q u i r e d .  3 3 3  

A b o  boLved bq .tllc P & o p o b m ,  

299, [Spr ing 19731 Pfiopobed bq Uciv.Ld L. S . Z v e m t t a ~ ~ ,  (Uu.t Lob 

Angdeb,  C a & ~ o & ~ u a ,  - - 4  -- On t h e  back of  an  envelope you s e e  t h e  r e s u l t s  of an  i n t e r r u p t e d  

game by two p l a y e r s  whom you know t o  be t i c - t a c- t o e  e x p e r t s ,  I t  is  

gene ra l ly  recognized t h a t  t h e  e x p e r t  nevgr p u t s  h imself  i n t o  a  puten- 

t i a l l y  l o s i n g  p o s i t i o n  and always wins i f  h i s  opponent g i v e s  him t h e  

oppor tun i ty ,  T h e ~ e  a r e  2 X 's  and 2  0 ' s  on t h e  diagram. I t  i s  impos- 

s i b l e  t o  deduce whose move it is. Neglect ing symmetry, what is  t h e  

p o s i t i o n ?  

Let u s  number t h e  boxes i n  t h e  t i c- t a c- t o e  a r r a y  a long each row 

from l e f t  t o  r i g h t  u s ing  1 t o  9, Thus t h e  f i r s t  column i s  1-4-7. Of 

t h e  2 X's and 2 O 's ,  it i s  c l e a r  t h a t  : 

1. lio mark ( s a y  X) can occupy box 5 ,  s i n c e  then  a  l i k e  mark i s  

ad jacen t  t o  it, so t h e  oppos i t e  mark (0) must complete t h a t  row o r  column 

o r  d i agona l ,  The l a s t  0  cannot now be placed so  t h a t  a  win cannot be 

fo rced  i n  some way. 

2. No two l i k e  marks a r e  symmetric t o  box 5 ,  s i n c e  then  a  l i k e  mark 

i n  box 5 would win o r  obse rva t ion  1 would be v i o l a t e d .  

3 ,  The same mark ( say  X) cannot appear i n  two ad jacen t  c o r n e r s  

( say  1 and 3 ) ,  s i n c e  then  0  must occupy box 2 and some o t h e r  box t h a t  

would enab le  0  t o  win i f  he p l ays  nex t .  

4. The same mark ( say  X) cannot appear  i n  two middle-of-an-edge 

squa res  (such a s  2 and B o r  2 and 4 )  without v i o l a t i n g  obse rva t ion  2 

( a s  i n  boxes 2  and 8 )  o r ,  i f  we assume X ' s  i n  boxes 2 and 4 ,  t hen  0  must 

occupy t h e  corner  (box 1 )  between t h e  X's and ano the r  box ( e i t h e r  6 o r  

8 )  t o  prevent  X from v~inning wi th  box 5 ,  But then  0 can win wi th  box 9 .  

5 .  The same mark (say X) cannot occupy two ad jacen t  squa res  ( say  1 

and 2 ) ,  s i n c e  then t h e  o p p o s i t e  mark would have t o  complete t h a t  POW o r  

column ((2 i n  box 3 )  and ano the r  box, enabl ing 0  t o  win i f  he moves f i r s t ,  

6. Thus each mark occupies  one co rne r  and one middle-of-an-edge 

box (such a s  1 and 6 )  t h a t  i s  oppos i t e .  There a r e  f o u r  c a s e s .  

I f  X l i e s  i n  1 and 6 and U i n  2 and 9 ,  t hen  X i n  4  f o r c e s  a  win f o r  

x * 
I f  X lies i n  1 and 6  and 0 i n  2 and 7 ,  t hen  X i n  5 f o r c e s  a  win f o r  

x. 
I f  X i s  i n  boxes 1 and 6 and i f  0 i s  i n  4  and e i t h e r  3 or 9,  t hen  

expe r t  p lay  w i l l  produce a  t i e  i n  a l l  ca ses .  

Hence we have two d i s t i n c t  s o l u t i o n s  t o  t h e  problem* e i t h e r  of which 

could have been on t h e  envelope: 



ALAO so l ved  by R I C K  JOHNSON, W i b n h j t o n ,  N. C..; ZAZOU KATZ, 

HeC.E.s, CatC.&o,z~ua; and t h e  Pzoposc-z. 

300. [Spr ing 19731 Ptoposcd bg the. Piobic in EdL to ,~ .  

I t  can  be  shown w i t h  d i f f i c u l t y  t h a t  i f  t h e  o p p o s i t e  a n g l e s  

skew q u a d r i l a t e r a l  a r e  e q u a l  i n  p a i r s ,  t h e  o p p o s i t e  s i d e s  a r e  a l s o  e a u a l  

i n  p a i r s .  (The r e w a r d  o f  i n s t a n t  i m m o r t a l i t y  i s  o f f e r e d  t h e  s o l v e r  who 

can  p r o v e  t h i s  w i t h o u t  d i f f i c u l t y ) .  I f  t:!o o p p o s i t e  s i d e s  o f  a  ske:.! 

q u a d r i l a t e r a l  a r e  e q u a l  and t h e  o t h e r  two u n e q u a l ,  i s  it p o s s i b l e  t o  

have one p a i r  o f  o p p o s i t e  a n g l e s  e q u a l ?  

I. S o L t L o n  by Ctay.tun W. 'Dodge, l . l i t ivt, ' t~.Lty o f  !:la-i,ne. at (h.oiio. 

The answer is  "yes."  We make u s e  o f  t h e  "ambiguous" c a s e  S S A  f o r  

congruence  o f  t r i a n g l e s .  L e t  ABC be  a n v  o b t u s e  t r i a n g l e  w i t h  o b t u s e  

a n g l e  a t  B and w i t h  s i d e  A B  g r e a t e r  t h a n  s i d e  BC ( F i g .  6 ) .  V!ith c e n t e r  

B swing a n  a r c  o f  r a d i u s  BC t o  c u t  s i d e  AC a g a i n  a t  E .  Then t r i a n g l e s  

ABC and ABE a r e  n o t  c o n g r u e n t  b u t  s a t i s f y  t h e  S S A  c o n d i t i o n .  C o n s t r u c t  

t r i a n g l e  BCD (on  s i d e  B C )  c o n g r u e n t  t o  t r i a n g l e  EBA.  Now f o l d  t h e  p a p e r  

a l o n g  l i n e  BC. Then t h e  skew q u a d r i l a t e r a l  ACDB h a s  a n g l e s  A and  D 

e q u a l ,  s i d e s  A B  and CD e q u a l ,  and s i d e s  AC and ED u n e q u a l .  

IT. S o L - U o n  by Zazou Ka t s ,  B w e ~ - C y  H,(Â¥Â£.C Caf -L^o~ i~C.a ,  

C o n s i d e r  t h e  annexed f i g u r e ,  i n  which c h o r d s  CD and A B  a r e  p a r a l l e l  

( F i g .  7 ) .  I t  is c l e a r  t h a t  a n g l e s  DCB and DAB a r e  e q u a l  and t h a t  C B  = AD. 

i f  t r i a n g l e  CDB is  h i n g e s  a b o u t  DB and C i s  l i f t e d  from t h e  p l a n e  o f  t h e  

f i g u r e ,  we o b t a i n  a  skew q u a d r i l a t e r a l  i n  v h i c h  t h e  a n g l e s  a t  C and A 

r e m a i n  e q u a l ,  t h e  o p p o s i t e  s i d e s  BC and AD a r e  e a u a l ,  and t h e  o p p o s i t e  

s i d e s  CD and A S  a r e  u n e q u a l .  

FIGURE 6 FIGURE 7 

AÂ£i ~ o t u e d  biy ALFRED E. NEUMAN, ( In A Â £ p  V&a Fra.tfyi.iM^iy, Nw 

Voftk, and by NOSMO KING, Ra ie i gh ,  N. C. 

P r o b t m  Ed. i tot14 Note. 

R e a d e r s  i n t e r e s t e d  i n  si 'ew q u a d r i l a t e r a l s  w i l l  f i n d  s o l u t i o n s  o f  

t h e  i n t r o d u c t o r y  theorem on p a g e s  1026  and 1027 o f  t h e  November 1973  

i s s u e  o f  t h e  A m e r i c a n  M a t h e m a t i c a l  M o n t h l y ~ s o l u t i o n s  t o  Q u e s t i o n  B-5 

o f  t h e  Wi l l iam Lowel l  Futnam I i a t h e m a ! i c a l  Compet ' t ion h e l d  on  December -, 
1 9 7 2 ) .  

301. [Spr ing 19731 Proposed by Neat Jacob&, &ionx, N. V .  

( L o r r e = t e d ) .  O n e- f i f t e e n t ! .  c a n  be e x p r e s s e d  i n  " dec imals"  ir .  manv 

ways, f o r  example,  a s  .0421 i n  b a s e  Â ¥ ; i g h t  o r  as , 013  i n  b a s e  f i v e .  ..hrw 

* h a t  ' n  any  b a s e  n ,  t h e  "decima-" f o r  o n e - f i f t e e n t h  w i l l  have n:, more 

t h a n  f e u r  r e c u r r i n g  d i g i t s .  

Sotu,Uon by Vonn&Uy J .  John&on, h l a j o t ,  USAF, W ~ L g d - t - P a A t m c ~  A^': 

Fotce. B a e . ,  Oluo.  

The representat is-.n ' - ' f  1 "15 a s  a  "decimaJ " f ; x p r e s s i ' , n  t o  b a s e  ). , 
( n  = 2,  3 ,  4 ,  ' '  ,) e i t h e r  t e r m i n a t e s  o r  h a s  a  r e p e a t i n g  b l o c k  f :enz-. 

1, 2 ,  o r  4. T  pr:ive t h : s ,  ' t  is  s u f f i ~ i e n t  t o  show t h a t  t h e r e  i s r - 
p e a t i n g  b l o c k  Â¥. l e n g t h  4.  Also  it is s u f f i c i e n t  t o  show t h a ^  1- : 

2, 3 ,  4;-', t h e n  1 5  d i v i d e -  n ( n 4  - 1 )  s i n c e  ". n ( n 4  - l ) Â ¥ ' l r  = : .- 

K = f a . / n z  w i t h  0 2 a .  n ,  t h e n  - 2  - - - 

i s  s e e n  t o  r e p r e s e n t  a  number i n  "decimal"  b a s e  ti wi" . : 

l e n g t h  4 d i g i t s ;  and 

T comple te  t h e  p r o o f  t h a t  1 5  d i v i d - -  

p = 3 and f o r  p  = 5 ,  p d i v i d e ?  e ' " t h e r  i ? 

f ~ c i e n t t o  show f o r p  = 3 ,  5  t h a t i f a -  -. . 
is  a m u l t i p l e  o f  p :  t h u ~ . ,  l4 - 1 = : ' - 

215. 

A h  hoiue.d by RICHARD A. GIBES,  - - '  - 
ado; BOB P R I E L I P P ,  The. U i z t v m l  A -  

A&? . h o t \ } ~ ~ i  no ted  the. ~t t -L 'spt i~."  & . . 



Pto6uhofi P/u-eL+p c^ited the T e a c h v ~ ' ~  !,lanuat 6o/i Excurs ions  I n t , -  

llathemat'vos by Beck, W.~ichefi  and Cfiowe, pp, 2 7 1  -272.  Gibbh no-tid tlie 

genvLoJL fiuuJU 6ound .in 8. 1.1. S t w a t t ,  l.laanite.a.11 1962, p. 234. 

3 0 2 .  [Spring 1 9 7 3 1  Pfiopmed by Vauid L. SU.vvman, We-it Loi Angde-i, 

CaH.6ofii'u.a and U.6te.d E .  Ne.wnan, l.lu Aiplia VeUa Ffiatvt~wLy, New Yufik. 

A t a ~ ~ - ~ t r y  i ?  hung on a wa l l  s o  t h a t  i t s  upper edge is  a un.l*.. an? 

i t s  lower edge b unit; ,  above t h e  o b s e r v e r ' s  eye- leve l .  Show tha:  i n  

o r d e r  ti i .b ta in  t h e  mcct f a v ~ r a b l e  view t h e  observer  should s tand a t  a 

d i s t a n c e  /ab from t h e  waL:. 

I .  Sotu^ion by R .  Robire~on Rowe., Sac~.ame.nto, Catif,otiua. 

I n  Fig.  8 ,  AB i s  t h e  t a p e s t r y  on w a l l  ABC and tht? 2b:-erver'r i-y'-' : -  
a t  I a t  a d i s t a n c e  of I C  = d from t h e  w a l l .  Tor t h e  most f avorab le  view, 

ang le  AIB = 9 should be a maximum. 

rt = AIC - BI,* = t a n l a / d  - t a n l b ' d  

= t a n 1  d ( a  + b )  

d"- a b  

Since 1.' ' s  l e s s  than go0,  it :an be maximized by maximizing i t s  

t angen t ,  and hence by maximizing i t s  t angen t  d iv ided  bv ( a  - b ) .  Let -  

t i n g  F ( d )  = d / (d2  + a b ) ,  we o b t a i n  F t ( d )  = ( a b  d- ) ' ( d -  + a b l 2  = ,,, 

whence a b  - d 2  = , ,  and d = Â¥/IS 
Comment by Pfiobiem Editofi 

While t h i s  s o l u t i o n  i s  c o r r e c t  i n  theo ry ,  t h e r . '  a r e  p r a c t i c a l  l i m -  

i t a t i o n s .  A s  C approaches B, b and d approach zero  and 1 approaches 90' 

Thus, i f  a = 4 and b = .01,  we f i n d  t h a t  d = .2 and even a myopic obser-  

v e r  would g e t  a jaundiced view. 

:onst ruct  t h e  c i r - l e  t h r w g h  t h e  t o p  and t h e  b c - t t ~ m  pf t h e  t a p e s t r y  

dnd tangent  t .  t h e  eye- leve l  l i n e  of t h e  . .bserver ( F i g .  9 ) .  The po in t  

of  c r n t a c t  .f  t h e  c i r c l e  wit: ,  t h e  l i n e  i s  t h e  optimum p c q i t i o n .  For a l l  

p o i n t s  on t h e  l i n e  : ' u t ~ i d e  t h e  c i r c l e ,  t h e  t a p e s t r y  subtends  a sma l l e r  

ang le  than  a t  'he r o i n t  f  Â¥'-angency Hence t h e  d i - t a n c e  from t h e  w a l l  

is  /ab. 

E. ANDERSON, Montana State U ~ u u c u i t q ;  ROBERT C . GEBHARDT, Hopatcong , 
N. J . ;  JOHN M. HOWELL, Lct^fyiock, CaU&ofiiua; DONNELLY JOHNSON, W/u.gld- 

Patt&uon A^A Fome Bale, 0l~t.o; G. MAVRIGIAM, Youngh.town State U ~ u u ~ ~ l L t y ;  

BOB P R I E L I P P ,  The. U ~ ~ i u m L t y  0 6  W-iiicoiu-in, O~Itko^h; DAN SCHOLTEN, Wutey- 

an U i h m L t y .  AAio hotved by the  Pfiopoh&u U A - C I I ~  &if\vthe,tic ge.ome^iy. 

Pfiobiem EcLUtofi'ii Cotnmc~vt 

I t  is  hard t o  f i n d  an elementary c a l c u l u s  t e x t  t h a t  has  not  used 

;om<- v a r i a n t  o f  t h i s  problem. Howell gave t h e  r e f e r e n c e s  t o  H. L. H a r t ' s  

Ana ly t i c  Geometry and Calculus ,  p .  265, problem #47 and t o  Smal l ' s  Ana- 

l y t i c  Geometry and Calculus ,  p. 301, problem # 3 .  The geometric v e r s i o n  

can be found i n  an  a r t i c l e  by J.  H .  Butchar t  and Leo Hoser, publ ished i n  

t h e  September-December 1952 i s s u e  o f  S c r i p t s  I'lathematica. An ex tens ion  

of t h e  geometr ic  t r ea tmen t  may be found i n  problem E1128, pages 184-185 

of t h e  Amev'oan Mathematical Monthly , !larch 1955. Bob P r i e l i p p  c a l l e d  

a t t e n t i o n  t o  t h e  a r t i c l e  "How t o  Break a Window Without Calculus" ,  bv 

John H .  Hughes i n  t h e  January 1974 i s s u e  of  The Mathematics Teacher. 
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AVAILABLE ON REQUEST ONLY 

The index t o  Volume 5 of t h e  J o d  w i l l  be prepared f o r  mai l ing 

wi th  t h e  F a l l  1974 i s s u e ,  b u t  only i n s t i t u t i o n a l  s u b s c r i b e r s  (such a s  

l i b r a r i e s )  w i l l  r e c e i v e  t h e  index au tomat i ca l ly .  I f  you a n t i c i p a t e  t h e  

need f o r  t h e  index o r  would l i k e  t o  have one p l e a s e  l e t  u s  know. Write 

E d i t o r ,  P i  I'iu Epsi lon 
601 Elm Avenue, Room 423 
Unive r s i ty  o f  Oklahoma 
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FRATERNITY KEY-PINS AVAILABLE 

?old  key-pins a r e  a v a i l a b l e  a t  t h e  Na t iona l  . , f f i r e  a t  t h e  

s p e c i a l  p r i c e  o f  $5.0; each ,  p o s t  p a i d  t o  anywhere !n t h e  

:n::ed S t a t e s .  
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and the. appfiohate. date. o f ,  t i le.  JiH^-fct.cuLLon. 
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Unive r s i ty  o f  Oklahoma 
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