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n and e 

Bob Prielipp 
Wisconsin State University 

Two of the most famous numbers of mathematics are n and e, where 
n is the ratio of the circumference of a circle to its diameter and 
e is the base for the system of natural logarithms. Since even secondary 
school students are familiar with these numbers, it might be assumed 
that many years aco mathematicians determined answers to all of their 
questions about n and e. This, however, is not the case. 

It may he of interest to note that Euler is largely responsible 
for our current use of the symbols n and e. The first appearance of 
the Greek letter n for the circle ratio seems to have occurred in 1706 
in the Synopsis Palmariorum Matheseos. or A New Introduction to the 
Mathematics by William Jones. But it was Euler's adoption of the symbol 
8 in 1737. and its use by him in his many popular textbooks, that made 
it widely known and employed. In a manuscript entitled "Meditation 
upon Experiments made recently on the firing of Canon" (Meditatio in 
Experimenta explosione tormentorum nuper instituta), probably written 
in 1727 or 1728. Euler used the letter e sixteen different times to 

represent H m d  + Ã‘)n The letter e was again employed by Euler to 
n- 

denote "that number whose hyperbolic logarithm = 1" in a letter to 
Goldbach which was written in 1731. This notation first appears in 
print in Euler's Mechanica, which was published in 173B.("Meditation 
upon Experiments made recently on the firing of Canon" was first 
printed in 1B67 in Euler's opera postuma mathematics et physica edited 
by P. H. Fuss and N. Fuss). It has been suggested that perhaps the 
symbol e was derived from the initial letter of the word"exponentia1". 
Incidentally, the symbol i for fi is another notation introduced by 
Euler, although in this case the adoption came near the end of his life, 
in 1777. 

Before presenting some open questions involving n and e, let's 
briefly review a portion of the historical backpround of these two numbers. 
We begin by recalling that an alfebraic number is a complex numher that 

satisfies an equation of the form xn t an-lxn-l + . t alx + a = 0, 

where the a{'s, i = 0, 1, ..., n - 1, are all rational numbers and n 
1 is a positive integer. Some examples of algebraic numbers are -s, 

fi, and i. (i is a root of the equation x - = 0, /:̂  is a root of 7 

x
2 - 2 = 0, and i is a root of x + 1 = 0.) A polynomial havinp leading 

coefficient 1, such as the one indicated in the definition of an algebraic 
number, is called monic. Every algebraic number a satisfies a unique 
monic polynomial equation of least degree. This uniaue monic polynomial 
of least degree is called the minimal polynomial of a. The decree 
of the minimal polynomial of a is also the decree of a. The concept 
of algebraic number is a natural peneraliyation of rational numher. 



deed, the rational numbers coincide with algebraic numbers of degree 
A complex number that is not an algebraic number is called a 

transcendental number. 

Every transcendental number is not a rational number. The preceding 
is generally stated in the form, "Every transcendental number is 
irrational." Our wording (following that of Niven) is an attempt 
to avoid the suggestion that a transcendental number must be a real 
number. Some algebraic numbers are rational numbers (2/3 and 5/8, 
for example) and some algebraic numbers are not rational numbers 
(6 and i, for example). Thus knowing that a number is not a rational 
number is not sufficient to tell us whether the number is transcendental 
or algebraic. 

It is not always a simple matter to determine if a particular 
real number is rational or irrational. However, using the standard 
infinite series expansion for e, 

I l l  
e l + ~ ~ t ~ + x +  ..., 

where n! = n(n-1) ... 2-1, a relatively simple proof that e is an irrational 
real number can be given. Suppose that e is a rational number. 

Then e = where m is an integer and n is a positive integer. Hence 

is an integer. Replacing e by its series expansion and simplifying, 
we have that 

is an integer. But 

1 t ... = - using the formula for the sum of an infinite geometric 
1 

series ~i = 1. Thus 

is a series of positive terms which converges to a positive value less 
than one and therefore is not an integer. From this contradiction 
we conclude that e is not a rational number. It can, in fact be established 
that if r is a rational number and r # 0 then er is not a rational number. 

The irrationality of n was initially proved by Lambert in 1761 
using continued fractions. Later it was also demonstrated that n2 
is irrational. This knowledge was not enough to settle the problem of 
"squaring the circle" which we will discuss in greater detail a little later. - -- .. 

In 1873. Hermite proved that e is transcendental. It has been 
reported that in that same year Hermite stated, "I shall risk nothing 
on an attempt to prove the transcendence of the number n. If others 
undertake this enterprise, no one will be happier than I at their success, 
but believe me, my dear friend, it will not fail to cost them some 
efforts." Nine years later (1882) Lindemann succeeded in demonstrating 
that it is a transcendental number. To produce his proof Lindemann 
developed an extension of the technique employed earlier by Hermite. 

Before moving on, perhaps we should note that today we know that ea 

is transcendental for any non-zero algebraic number a. 

One of the most famous problems of antiquity was "squaring the 
circle", that is, constructing a square equal in area to a given circle 
using only the methods of the straight-edge and compass. The impossibility 
of this construction was established when Lindemann proved that n 
is transcendental. For, on the one hand, all line segments that can 
be constructed from a given unit length by a finite number of compass 
and straight-edge constructions have lengths that a- algebraic numbers. 
On the other hand, given any circle, we may regard its radius as the 
unit of length, so that the circle has area n square units. Thus 
the problem of "squaring the circle" is equivalent to the problem of 
constructing a line segment of length 6 from a given unit length. 
Suppose this could be done. Then would be an algebraic number, 
and from this it would follow that n = 6 /? would be an algebraic 
number since the algebraic numbers are closed under multiplication 
(indeed, the set of all numbers which are algebraic over any number 
field F is a field). Therefore it is impossible to "square the circle". 

Another outstanding contribution to the theory of transcendental 
numbers was theproof of the Hilbert-Gelfond-Schneider theorem. This 
theorem provided a solution for the seventh of Hilbe?tls famous list 
of twenty-three outstanding unsolved problems. Although the list was 
announced in 1900, it was not until 1929 that Gelfond made the first real 
contribution to the solution of the seventh problem. Additional partial 
results were obtained by Kusmin, Siegel, and Boehle, and in 1934 a complete 
proof was given by Gelfond. Shortly thereafter an independent proof 
was supplied by Schneider. The Hilbert-Gelfond-Schneider theorem states 
that if a and B are algebraic numbers. B is not a rational number, and 
a is neither 0 or 1, then any value of aB is transcendental. The hypothesis 
that "B is not a rational number" is usually stated in the form "6 
is irrational". Once again our wording is an attempt to avoid the 
suggestion that B must be a real number. In general, 
e aiogea a = e  is multiple-valued. This is the reason for the phrase 
'any value of" in the statement of the theorem. One value of i-2i = 
-2i lohi is e

n
. Hence en is transcendental. The theorem also establishes 

the transcendence of such numbers as 5 and so-called Hilbert number 
/? 

2 .  

Sometimes the Hilbert-Gelfond-Schneider theorem is stated in the 
following equivalent form: If a and B are algebraic numbers different 
from 0 and if B # 1, then loge a/log B is either rational or transcendental. 
From this form of the theorem it fol!ows that the logarithm of a positive 
rational number r to a positive rational base b # 1 is either a rational 
number or a transcendental number. This can be readily seen if one 
recalls the fact that lo%r = log r/log b. Hence if r and b # 1 are 

e e 
positive rational numbers then logbr is transcendental unless there 

exist integers m and n such that rm = bn. 

Even though over the years much information has been gathered 
concerning n and e, it is not known if nte, ne. ee, nn, or ne are 
transcendental numbers. In fact, it is not even known if any of these 
numbers is irrational. Methods of attack which will tell us more about 
the character of the five numbers listed above do not appear to exist 
at the present time. The world is waiting for some clever mathematician 
to achieve another breakthrough. 
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AN APOLOGY 

In the F a l l ,  1970 issue, page 105, Dr. Francis Regan 
descr ibed  as belonging t o  t h e  Missouri 
P i  Mu Epsilcm a t  S t .  Louis Universi ty.  

He h a s  been a s s o c i a t e d  wi th  t h e  Missouri  Gamma Chapter. 

PHI AM CURIOUS YELLOW: THE GOLDEN RATIO 

Linda Riede 
Univers i ty  o f  Denver 

A l l  of  you a r e  undoubtedly f a m i l i a r  with mv s i s t e r  o i ,  t h e  r a t i o  of  t h e  
circumference of  a c i r c l e  t o  its diameter .  Being Seminina, I am a l s o  i r r a t i o a l  
and have been accused of  going on and on. I n  defense ,  I can only argue t h a t  
I d o n ' t  repea t  myself l i k e  c e r t a i n  gentlemen I know. I f e e l  somewhat s l i c h t e d  
t h a t  p i  g e t s  s o  much a t t e n t i o n ,  while I have a s  much t o  o C f e r  -- i f  n o t  more. 
So few people t h e s e  days recopnize my inheren t  beauty and n a t u r a l  c h a m ,  m i s -  
s i n g  t h e  s h e e r  d e l i g h t  t h a t  knowinr me can b r i n e  them. I ' d  l i k e  t o  t a k e  t h i s  
oppor tun i ty  t o  b a r e l y  in t roduce  myself and t o  g ive  you a somewhat meager t a s t e  
of  my cur ious  t a l e n t s .  

Perhaps I can b e s t  descr ibe  myself geomet r ica l ly .  

I f  you l e t  6 = 1, you can e a s i l y  compute my va lue  from t h e  fol lowing equa- 

t i o n s :  -A t 1 = A 2 
A = A + I  A ~ - A - ~ = O  

A 1 

By s o l v i n g  t h e  q u a d r a t i c  equa t ion  above, one can s e e  t h a t  I am e x a c t l y  equal  

t o  1 + &- . My decimal expansion is 1.61803390 - .  I f  i n s t e a d ,  t h e  
2 

l ength  o f  A is taken  a s  1, then  B w i l l  be ny r e c i p r o c a l ;  i e . ,  l / p h i .  
Curiously,  t h i s  va lue  t u r n s  ou t  t o  be .6180339B . I= t h e  on ly  p a -  
i t i v e  number t h a t  becomes i ts own r e c i p r o c a l  by s u b t r a c t i n g  one. 

Like p i ,  I can be dressed  i n  numerous o u t f i t s  such a s  t h e  sum of an 
i n f i n i t e  s e r i e s .  Since I have simple t a s t e ,  t h e  fol lowing show o f f  mv fun- 
damental c h a r a c t e r :  

Ph i  = 1 + 1 
1 t 1  

Phi  = Tr 
q+. . . 

When I'm i n  t h e  mood, I enjoy making myself i n t o  l o v e l y  f i g u r e s  -- 
with  my r a t i o  i n t a c t ,  of course.  Two of my f a v o r i t e s  a r e  t h e  pentagram and 
t h e  golden r e c t a n g l e  ( r e c t a n g l e  with s i d e s  i n  polden r a t i o ) .  I d o n ' t  l i k e  
t o  b r a g ,  b u t  t h e  Pythagorean brotherhood adopted t h e  pentagram o r  f i v e -  
po in ted  s t a r  a s  t h e  symbol of t h e i r  o r d e r  because every  segment i n  t h i s  F i r -  

u r e  is i n  golden r a t i o  -- t h a t ' s  me -- t o  t h e  next  s m a l l e s t  s e m n t .  
The golden r e c t a n g l e  is perhaps mv most f a s c i n a t i n g  f i f u r e .  I f  you would 

l i k e  t o  c o n s t r u c t  a golden r e c t a n g l e ,  h e r e ' s  how you go about i t .  



The r e c t a n g l e  begins  with a square ,  which is then d iv ided  i n t o  two equal  p a r t s  
by t h e  d o t t e d  l i n e  E F. Po in t  F now s e r v e s  a s  t h e  c e n t e r  of a  c i r c l e  whose 
r a d i u s  is t h e  d iagonal  F C. An a r c  of t h e  c i r c l e  i s  drawn (C G) and t h e  base  
l i n e  A D is extended t o  i n t e r s e c t  it. This becomes t h e  base  of t h e  rec tangle .  
The new s i d e  H G is now drawn a t  r i g h t  angles  t o  t h e  new base.  wi th  t h e  l i n e  
B H brought out  t o  meet it. That 's  a l l  t h e r e  is t o  i t - - o r  s o  i t  seems a t  f i r s t  
glance.  Look1 

I f  you c u t  o f f  t h e  o r i g i n a l  square ,  what remains w i l l  be a smal le r  golden 
rec tangle .  You can keep snipping of f  squares ,  l eav ing  smal le r  and smal le r  go l-  
den rec tangles .  (This is an example of  a  p e r f e c t  squared r e c t a n g l e  o f  o r d e r  
i n f i n i t y . )  

Successive p o i n t s  marking t h e  d i v i s i o n  of s i d e s  i n t o  my golden r a t i o  l i e  
on a logar i thmic  s p i r a l  t h a t  c o i l s  inward t o  i n f i n i t y ,  i ts pole being t h e  i n-  
t e r s e c t i o n  of the  two dot ted  d iagonals  i n  t h e  f i g u r e .  Of course  these  "whi r l-  
ing  squares ,"  a s  they have been c a l l e d ,  can a l s o  be whirled outward t o  i n f i n -  
i t y  by drawing l a r g e r  and l a r g e r  squares.  

I f  you p lace  t h r e e  golden r e c t a n g l e s  s o  t h a t  they i n t e r s e c t  each o t h e r  
symmetrical ly,  each perpendicular  t o  the  o t h e r  two, t h e  corners  of t h e  r e c t -  
a n g l e s -w i l l  mark t h e  12 corners  of a  r e g u l a r  icosahedron,  a s  w e l l  a s  t h e  cen- 
t e r s  of t h e  19 s i d e s  of a  r e g u l a r  dodecahedron. You see .  I do have t h e  cur ious  
propens i ty  f o r  popping up when I am l e a s t  expected. Many of you have probably 
seen me i n  ar t ,  a r c h i t e c t u r e ,  n a t u r e ,  and s o  on; b u t ,  a s  has been my usua l  
p l i g h t  i n  l i f e ,  I go unrecognized more than not .  Leonardo Da Vinci  used me i n  
h i s  f i g u r e  of S t .  Jerome. I f  you draw a r e c t a n g l e  around t h e  f i g u r e  of S t .  
Jerome, you w i l l  f ind  a golden rec tangle .  Salvador D a l i ' s  "The Sacrament of 
t h e  Las t  Supper" is pa in ted  i n s i d e  a golden r e c t a n g l e  and o t h e r  golden r e c t -  
angles  were used f o r  p o s i t i o n i n g  f i g u r e s .  Also,  p a r t  of an enormous dodeca- 
hedron f l o a t s  above the t a b l e .  The Parthenon a t  Athens f i t s  i n t o  a golden 
r e c t a n g l e  almost p r e c i s e l y .  I could g ive  you numerous e l e g a n t  examples, but  
I f e a r  my modesty would be endangered. 

While I was s t i l l  i n  my youth,  I found t h a t  I was i n t i m a t e l y  involved 
w i t h  M r .  Fibonacci  S e r i e s .  Don't judge h a s t i l y  -- we were married soon a f t e r . .  
Perhaps you have met him before .  He looks l i k e  t h i s :  (1,1,2,3,5,8.13,21, 
3 4 ,  ... ). Each term i s  t h e  sum of t h e  two preceding terms. A s  wi th  many 
married couples ,  we g e t  more a l i k e  a s  t i n e  goes on. That i s ,  i f  you take  two 
success ive  terms and form a s e r i e s  of r a t i o s  a s  fol lows -- 5/3 ,  13/8,  21/13, . - Fibonacci  approximates my value more c l o s e l y  with each succeeding 
r a t i o  i n  t h e  s e r i e s .  Yes, he knows me w e l l ,  bu t  n o t  p e r f e c t l y  -- one always 
needs t h a t  dash of mystery t o  be more i n t e r e s t i n g .  

I w i l l  c l o s e  my i n t r o d u c t i o n  wi th  one l a s t  po in t  of i n t e r e s t  t o  you 
humans. A man named Frank A. Lonc had t h e  audac i ty  t o  measure t h e  h e i g h t s  
of 65 human women and compared these  f i g u r e s  t o  t h e  h e i g h t  of t h e i r  nave ls .  
He happened t o  f i n d  me i n  t h a t  r a t i o .  I was some what embarrassed and s t i l l  
b lush  whenever I t h i n k  about it. but  then  -- I am cur ious .  

AN APPLICATION OF BOOLEA!J ALGEBRA TO FINITE TOPOLOGY 

Robert llaas 
John C a r r o l l  Univers i ty  

A topoloey is e s s e n t i a l l y  a s e t  of s u b s e t s  of a  s e t ,  closed under t h e  
opera t ions  of union and i n t e r s e c t i o n .  So too  is a Boolean a lgebra .  Thus f a r ,  
however, t h i s  r e l a t i o n s h i p  seems t o  have heen ignored.  I t  i s  t h ~  purpose of 
t h i s  paper to  begin tlie development of t h i s  connection.  This  paper w i l l  re-  
s t r i c t  i ts a t t e n t i o n  t o  f i n i t e  s e t s  which w i l l  be denoted liy X. 

A glance a t  tlie l is t  of p o s t u l a t e s  f o r  a  Boolean a lgebra ,  viewed a s  an 
a lpebra  of s e t s ,  w i l l  show t h a t  a  Boolean a lgebra  s a t i s f i e s  a l l  t h e  requi re-  
ments t o  he a topology. The only d i f f e r e n c e  between tlie two types of s t r u c t u r e  
is  t h a t  a  Boolean a l fze l~ra  conta ins  t h e  complpmpnts of a l l  of its s e t s ,  o r  i n  
t o p o l o g i c a l  terms, i t  conta ins  a l l  of i ts c losed  s e t s .  This prompts an i m-  
mediate d e f i n i t i o n :  
D e f i n i t i o n  1: A boolean topo1op.y is a topolofzy c o n t a i n i n r  i t s  closed s e t s .  
The d i s c r e t e  and i n d i s c r e t e  topologies  a r e  Boolean; s o  is V -  {0, { a ) ,  {h,c] ,  
XI, wliere x = {a .h ,c \ .  

Boolean topologies  a r e  a p a r t i c u l a r l y  simple type,  which s i n c e  they a r e  

Boolean a l g e b r a s  a l l  conta in  a convenient number ( 2 )  of open s e t s .  To convert  
an a r b i t r a r y  f i n i t e  t o p o l o g ~ . t o  a lioolean one, i t  w i l l  be necessary e i t h e r  
t o  add ( r e d e f i n e  a s  open) closed s e t s  t h a t  a r e  not open, o r  t o  remove open 
s e t s  t h a t  a r e  no t  c losed .  I n  e i t h e r  case ,  tlie c losed  s e t s  of d i e  topology 
must r e c e i v e  some a t t e n t i o n .  
Lemma 1: The c losed  s e t s  of a  f i n i t e  topology 3" form a topo1op.y. 
Proof: fi and Y. a r e  c losed .  F i n i t e  unions and i n t e r s e c t i o n s  of c losed  s e t s  - 
a r e  c losed .  S i n c e I  is f i n i t e ,  only t h e s e  f i n i t e  c a s e s  a r e  r e l e v a n t  t o  t h e  
d i scuss ion .  
D e f i n i t i o n  2: Tlie topo1op.y formed by t h e  closed s e t s  of tlie f i n i t e  topo1op.y - 
J is c a l l e d  the  complementary t o p o l o ~ v  t o y ,  and denotedI" .  

S ince  i n f i n i t e  unions of c losed  s e t s  do not n e c e s s a r i l y  y i e l d  closed s e t s ,  
t h e  above lemma is not  t r u e  f o r  a l l  i n f i n i t e  topolof ies .  This  i s  tlie main 
reason  why t h i s  paper is r e s t r i c t e d  t o  t h e  f i n i t e  ones. 

Severa l  verv  easy r e s u l t s  w i l l  he lp  t o  l i n k  these  new i d e a s  t o  t h e  more 
u s u a l  topolo*ica l  concepts .  
Propos i t ion  1: J" is a Boolean topology i f f y  -7'. 
Propos i t ion  2: 0" is connected i f f  7 and 3" have only ft and X i n  common. . 
Propos i t ion  3: T i s  a door space i f f  every subse t  of X is  i n  T o r  J'. 
Propos i t ions  1 and 2 t o ~ e t h e r  i n d i c a t e  how verv disconnected a Boolean topologv, 
i n  &ich  every open s e t  i s  closed,  must be. 

As is  w e l l  known, t h e  s e t  of topologies  on X forms a complete l a t t i c e  under 

t h e  opera t ions  v and fl.' An a r b i t r a r y  topology can be made Boolean by com- 
b i n i n a  i t  w i t h  i ts  complementary topology under e i t h e r  of these  opera t ions :  
Theorem 1: Z v 3 " i s  t h e  c o a r s e s t  Boolean topology f i n e r  than J'(or 3"). 
Proof: -T^'J1 is t h e  topology having a s  subbas is  t h e  open s e t s  of 3' and 'V, s o  
i t  is c e r t a i n l y  f i n e r  than e i t h e r .  Since a l l  topoloc ies  under cons idera t ion  

~ u g u n d ~ i ,  Topology, p. 91. 



a r e  f i n i t e ,  a n  ex tens ion  of t h e  d i s t r i b u t i v i t y  laws a l lows  the  usua l  subbas is  
. c h a r a c t e r i z a t i o n  t o  be reversed t o  say  t h a t  T w J '  has  a s  open s e t s  a l l  f i n i t e  

i n t e r s e c t i o n s  of a l l  f i n i t e  unions of open s e t s  from T o r y .  Hence i f  G i s  
an open s e t  of ? v y ,  G - g #  Gm, where t h e  Gm a r e  open i n  T o r  3'.  By 

DeMorgan's laws, X - G  - X- 2 1 G - y(X- jJ G )  - 1 g (X - G I ,  which is  

i n  7+7' s i n c e  X-  G is  open i n T  o r  7'. Therefore 3~0'' i s  Boolean. Any 
run 

Boolean topology f i n e r  t h a n 7  conta ins  a l l  t h e  open s e t s  of '3, c o n t a i n s  a l l  
open s e t s  of3"' s i n c e  it i s  Boolean, conta ins  a l l  unions and i n t e r s e c t i o n s  of 
such s e t s  s i n c e  i t  is a topology, and consequently w i l l  be f i n e r  than3dI ' .  
The s ta tement  f o r  3" may be proved s i m i l a r l y .  
Theorem 2: 3"N.T' is t h e  f i n e s t  Boolean topology c o a r s e r  t h a n J ( o r  O"). 
Proof: JDT i s  a topology c o a r s e r  than  T andCT'. I f  G is open i n  JIl3'. i t  
i s  open i n  0' and 1', s o  X - G is open i n  3"' and 7, s o  X -  G i s  open i n  Tfi'Y'. 
ConsequentlyYrD" conta ins  a l l  of i t s  c losed  s e t s ,  and thus  is Boolean. I f  
G is any s e t  i n  a  Boolean topology c o a r s e r  t h a n r ,  G and X -  G a r e  i n T ,  o r  
G is  i n  both 1 and'3'.  s o  G is open i n  ?nY. Hence 7W i s  the  f i n e s t  Boolean 
topology c o a r s e r  t h a n V .  Since 7" - T, t h e  s i m i l a r  argument proves t h e  
statement f o r  0". 

Theorems 1 and 2 show t h a t  any topology 3" can be expanded o r  cont rac ted  
t o  a Boolean topology by tak ing  v o r  (1 wi th  T'. I f  3" is  a l ready  Boolean, 
then by Propos i t ion  1.3' -T1 ,  and e i t h e r  procedure w i l l  l e a v e 3 u n c h a n g e d .  
More g e n e r a l l y  than t h i s ,  V o r  D of any two Boolean topolo  i e s  w i l l  be Boolean. 
Theorem 3: I f  Tl and 3"' a r e  l3oolean, so  a r e  Tlvy2 and y1&. 
Proof: I f  G i s  open i n  31v7'2, then a s  i n  t h e  proof of Theorem 1, G - Q C ,  

- - . - .. . -. 
where G w i l l  be open i n  'Yl or  T2, and X u G  - 1 $(X-Grun), open i n  y l v 3  

run 
s i n c e  5 and 7 a r e  Boolean. I 

I f  G is i n  bo th  7. and ?,, s o  i s  X k G .  

The d i s c r e t e  and i n d i s c r e t e  topologies  a r e  Boolean, s o  t h e  above theorem 
shows t h a t  t h e  s e t  of Boolean topologies  of X forms a n  a l g e b r a i c a l l y  complete 
s u b l a t t i c e  of t h e  l a t t i c e  of a l l  t o p o l o ~ i e s  of X. 

The c o l l e c t i o n  of a l l  topolop,ies of X can be d iv ided  i n t o  t h e  non-Boolean 
ones, a h i c h  occur i n  complementary p a i r s ,  and t h e  Boolean ones, which a r e  s e l f -  
complementary. The number of f i n i t e  topologies  of X w i l l  then have t h e  form 
2k + b, where b is the  number of Boolean topologies.  b can be determined a s  
fo l lows  : 
Theorem 4: The number of Boolean topologies  wi th  n elements is  equa l  t o  t h e  
number of p a r t i t i o n s  of a  s e t  of n elements. 
Proof: It w i l l  be  shown t h a t  each such p a r t i t i o n  determines,  and i s  determined 
by a Boolean topology. 

Let  P be a p a r t i t i o n  of t h e  s e t  X, and l e t  0' be t h e  topology having the  
s e t s  of P a s  a  b a s i s .  I f  G is  a n  open s e t  of 0, i t  i s  t h e  ( f i n i t e )  union of 
some of t h e  s e t s  of P. Let  H be  t h e  union of t h e  s e t s  of P no t  contained i n  
G. Since t h e  sets of P form a b a s i s ,  H is open. Since they a r e  exhaust ive,  
G U H - X. Since they a r e  pa i rwise  d i s j o i n t ,  G D 11 = 0. Hence H - X - G ,  
0" c o n t a i n s  i t s  c losed  s e t s ,  s o  0' is Boolean. 

Conversely, assume t h a t O " i s  Boolean. Since i t  i s  f i n i t e ,  i ts  open s e t s  
- c a n  be ordered i n t o  p a i r s  G and X -  G .  G and X "-GI form a p a r t i t i o n  of X .  

* 

Gl D G ,  (X-GI) D G2,  Gl f l  (X - G2), and ( x ^  G^)  D (X -G2)(some may be 

empty and can be neglec ted)  form a p a r t i t i o n  of X. I f  Al, ..., A is a par t -  
m 

i t i o n  of x, SO is n G~ ,..., A~ n G ~ ,  n (x- G ~ )  ,..., Am n (x-Gn). 
- Proceeding i n  t h i s  manner, T d e t e r m i n e s  a p a r t i t i o n  of X. 

Each p a r t i t i o n  of X determines a Boolean topology, and each Boolean 
topology determines a p a r t i t i o n .  It can be  seen  t h a t  each of these  de te r-  
minations i s  unique. Therefore t h e  number of p a r t i t i o n s  and Boolean top- 
o l o g i e s  i s  t h e  same. 
Coro l la ry  4-1: There a r e  a s  many Boolean topologies  on X a s  t h e r e  a r e  

2 equivalence r e l a t i o n s  among t h e  elements of X . 
Proof: Every p a r t i t i o n  determines an equivalence r e l a t i o n  and conversely.  - 

One reason  t h a t  t h e  Boolean topologies  a r e  u s e f u l  is t h a t  they have a 

wel l- charac te r ized  number of e l e m e n t s ~ 2 ,  where m < n, t h e  number nf elements 

i n  X. Theorems 1 and 2 g ive  uniquely t h e  Boolean topologies  " c loses t"  t o  7. 
I t  is of i n t e r e s t  t o  s tudy t h e  number of open s e t s  of 3" i n  r e l a t i o n  t o  i t s  
a s s o c i a t e d  Boolean topologies.  
D e f i n i t i o n  3: The number of open s e t s  of f i n i t e  t o p o l o ~ y  3'is denoted by //(3). 
D e f i n i t i o n  4: The c o e f f i c i e n t s  of f i n i t e  topology y a r e  t h e  numbers c and 

d given by 2' - C(J r) 3"). 2 = #(O' '/ 3'). Some consequences of t h e s e  def-  
i n i t i o n s  a r e  contained i n  t h e  fol lowing theorem. 
Theorem 5: I f  c  and d a r e  t h e  c o e f f i c i e n t s  of 7, and X has n elements, then: 

1 )  l ; c < d < n  

2) c  - d i f f  3' is  Boolean 

3) c  0 1 i f f  7 is connected 

4)  c  - n i f f  T is  d i s c r e t e  

5) d - 1 i f f  T i s  i n d i s c r e t e  

6) 3"' has t h e  same c o e f f i c i e n t s  c  and d. 
Proof: 1 )  1fl3" is f i n e r  than t h e  i n d i s c r e t e  topology, and obviously 
G e r  than 7" T', which i s  c o a r s e r  than  t h e  d i s c r e t e  topology. 

2) I f  T i s  Boolean, '5 - 3" (Propos i t ion  1) .  and 3 fl T' - 7 D'3' - T - 
3- v 3- - 1'd T' . I f  c  = d,  then s i n c e  0" fl 3" i s  i n  g e n e r a l  c o a r s e r  than 
'7 v F, Tflp ='fv'p. 3' is c o a r s e r  than  TvJ1 , s o  it is c o a r s e r  than  Tn^', 
which impl ies  t h a t  every s e t  open i n  3" is open i n  both 3 and 3"', s o  0'is Boolean. 

3) This  fo l lows  immediately from Propos i t ion  2. 
4 )  I f  J i s  d i s c r e t e ,  s o  i s  T ,  and consequently s o  is !T n?'. Hence 

c - n, s i n c e  t h e  d i s c r e t e  topology has 2 open s e t s .  I f  c  - n, is 
d i s c r e t e ,  s o  3' which is f i n e r  than 3' n3"* i s  a l s o  d i s c r e t e .  

5 )  I f  T is i n d i s c r e t e ,  s o  i s  7, hence s o  is 0'~31, and d = 1. I f  
d = 1, TvT' is i n d i s c r e t e ,  and 7 which is c o a r s e r  than  % 3" is a l s o  
i n d i s c r e t e .  

6)  0 - d y  -T' v 3". and ?fly' -7' v 3'". 
The e f f e c t  of 4 o r  n on t h e  # f u n c t i o n  is descr ibed  i n  t h e  next  theorem. 3 

Theorem 6: I f  Jl and 3. a r e  two f i n i t e  topologies  on X, then ('(3) + #('T..) 

#(p 3) + #(TI n x , ) .  

h e r e  a r e  consequently 1.2.5, .5, and 87 Boolean topologies  w i t h  1, 2, 
3, 4, and 5 elements r e s p e c t i v e l y .  It may be noted t h a t  i n  t h e  f i r s t  four  
c a s e s ,  except  f o r  a  minor c o r r e c t i o n  f a c t o r  of 0, 0,  1, and 5 (= (n-1): - 1 ?) 
t o  be s u b t r a c t e d ,  t h a t  t h e  total number of topologies  w i t h  n elements equa ls  
n: t i m e s  t h e  number of Boolean topologies  wi th  n elements. 

s i m i l a r  formulas r e c u r  throughout mathematics when a measure is de- 
f i n e d  on t h e  elements of a  l a t t i c e .  For ins tance ,  P(A) + P(B) - P(A U B) 
+ P(A f l  B) i n  p r o b a b i l i t y  theory,  o r  dim V + dim W = dim (V + W) + dim (V n W). 
The t r i a n g l e  i n e q u a l i t i e s  of a n a l y s i s  a l s o  a r e  of a  r e l a t e d  form. 



Proof: A l l  the  open s e t s  of 3. w i l l  be counted i n  v 5).  A s e t  i n T 2  - 
. but no t  i n  5 w i l l  a l s o  he counted i n  / ' q  4 T,). S e t s  open i n  bo th  3. and 

3'-, which a r e  counted twice on tlie l e f t  s i d e  of t h e  i n e q u a l i t y  a r e  a l s o  .. 
counted twice on t h e  r i r h t  because they a r e  i n  xfl x. 

L Â£ 

F u l l  e q u a l i t y  w i l l  occur i n  Theorem 6 i f  a l l  t h e  s e t s  of 3" -l y2 happened 
a l r e a d y  t o  be open i n  e i t h e r  3 o r  T2. Two s u f f i c i e n t  condi t ions  f o r  t h i s  

a re :  1 )  one topolory is  f i n e r  than t h e  o t h e r ,  s o  t h a t ^  simply g i v e s  t h e  
f i n e r  one; 2 )  one topology is a door space,  and t h e  o t h e r  is i t s  complement 
( see  Propos i t ion  3 ) .  

L e t t i n g  3 "  = 3" and T2 = i n  t h e  theorem g i v e s  tlie fol lowing c o r o l l a r y ;  

Coro l la ry  6-1: 2/-'(7) < 2' + 2 ,  where c and d a r e  t h e  c o e f f i c i e n t s  of 3'. 
Proof: /)(T) - O C T ) ,  2'- #0-n3,), zd = / 1 ( 7 v 3 - > ) .  

This  c o r o l l a r y  is  important  because i t  g ives  a c e r t a i n  amount of s t r u c-  
t u r a l  information about  a r e n e r a l  f i n i t e  topology. For example, i f  J' is  not  
d i s c r e t e ,  then by p a r t s  1 and 4 of Theorem 5, c  < n, whi le  d < n, s o  c < n-1, 

d ; n, and 2/1(3^ ; 2"-' + 2". o r  HCS) ; 3 ~ 2 " - ~ .  This  means t h a t  only t h e  

d i s c r e t e  topology has more than 3/4 of t h e  s u b s e t s  of X. The r e s u l t  can be 
genera l ized :  
Theorem 7: I f  3 is  n o t  Boolean, then  /t(<n ; 3/4#( '3 ' - /0")  3 /40  zd. 
Proof: By p a r t s  1 and 2 of Theorem 5, c  < d,  o r  c  < d-1. From Corol la ry  fi-1, - 

Various f u r t h e r  conclusions can be  obtained f o r  s p e c i a l i z e d  topologies .  
For example, i f  !J is connected, Theorem 5 p a r t  3 shows c 0 1, and Coro l la ry  

6-1 becomes / l a  < 1 + zd-' < 1 + zn-'. I f  r i s  a door space,  then  t h e  d i s-  
cuss ion  a f t e r  Theorem 6 shows t h a t  d = n and t h e  i n e q u a l i t y  of Coro l la ry  6-1 

is an exac t  e q u a l i t y ,  s o  If(% = 2'- + zn-' ; 2"-l + 1. Combining t h e s e  two 

r e s u l t s ,  a l l  connected door spaces have fV) = 2"-' + 1. 
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UNDERGRADUATE RESEARCH PROPOSAL 

John E. Wetzel 
Univers i ty  o f  I l l i n o i s  a t  Urbana-Champaign 

- - -  It is n o t  d i f f i c u l t  t o  s e e  t h a t  f o r  each A > ir - 2 t h e r e  is an open, 
simply-connected subse t  of  t h e  c losed  u n i t  disk whose c losure  conta ins  a 
c i r c l e  o f  r a d i u s  r f o r  each r, 0 r 1, and whose a r e a  is l e s s  than  
A. Is t h e r e  such a s e t  with a r e a  e q u a l  t o  n - 2 ?  A r e  t h e r e  such s e t s  
wi th  s m a l l e r  a r e a ?  What is t h e  l e a s t  such a r e a ?  

NEWTON AND THE DEVELOPMENT OF THE CALCULUS 

Thomas R. Bingham 
S t a t e  Univers i ty  of New York College a t  Fredonia 

This paper is intended t o  g ive  a b r i e f  ske tch  o f  S i r  I s a a c  Newton's r o l e  
i n  t h e  development of t h e  ca lcu lus .  I n  o r d e r  t o  a p p r e c i a t e  Newton's r o l e  some- 
what b e t t e r ,  a  s h o r t  d e s c r i p t i o n  o f  e a r l i e r  h i p h l i g h t s  i n  t h e  development of  
t h e  c a l c u l u s  w i l l  be given. D e t a i l  w i l l  be kept  a t  a  minimum because of t h e  
scope and complexity o f  t h e  s u b j e c t .  A cursory f i a n c e  a t  t h e  ce lebra ted  p r i -  
o r i t y  controversy with Leibniz w i l l  a l s o  be o f f e r e d .  

D. E. Smith lists f o u r  s t e p s  i n  t h e  development o f  t h e  c a l c u l e s :  The Greek 
"method of  exhaustion": t h e  method of i n f i n i t e s i m a l s  o f  Kepler and Caval ie r i :  
f l u x i o n s ,  t h e  method of Newton; and t h e  method of  l i m i t s ,  a s  used i n  t h e  

p r e s e n t  day .L 
The Greek method of exhaust ion developed i n  t h e  5th cen tury  B.C. The f o u r  

paradoxes of  7-eno o f  Elea (495-435 B.C.) l e d  t o  a cons idera t ion  o f  i n f i n i t e -  

s i m a l l y  s m a l l  magnitudes.' The germ of t h e  exhaust ion method was introduced 
by t h e  Sophis t .  Antiphon ( c .  430 B.C.). C r e d i t  f o r  developing t h i s  method t o  
its most usefu l  form is u s u a l l y  given t o  Eudoxus (400-355 B.C.). 

According t o  W .  W .  Rouse B a l l ,  Eudoxus' method "depends on t h e  propos i t ion  
t h a t  ' i f  from t h e  g r e a t e r  of two unequal  magnitudes t h e r e  be  taken more than  
its h a l f ,  and f r o m  t h e  remainder more than its h a l f ,  and s o  on,  t h e r e  w i l l  a t  

l ength  remain a magnitude l e s s  than t h e  l e a s t  of  t h e  proposed magnitude. l w 3  

This method allowed t h e  Greeks t o  s i d e s t e p  t h e  use o f  i n f i n i t e s i m a l s ,  which 
use  was quest ioned by Zeno. The method was r i g o r o u s  b u t  awkward. Polygons 
whose boundary and a r e a  were success ive ly  l e s s  from t h e  curve were i n s c r i b e d  

and circumscribed about t h e  curve t o  f i n d  t h e  a r e a  bounded bv it. 4 
According t o  Smith. "It is t o  Archimedes himself  ( c .  225 B.C.) t h a t  we 

owe t h e  n e a r e s t  approach t o  a c t u a l  i n t e g r a t i o n  t o  be found among the  Greeks.lt5 
H i s  method cons is ted  roughly of  drawing t r i a n g l e s  under a  curve such t h a t  t h e  
sum of t h e  a r e a s  o f  two t r i a n g l e s  equa ls  1 / 4  t h e  a r e a  of  an i n s c r i b e d  t r i a n f l e .  

He then  repea ted  t h i s  process with s m a l l e r  t r i a n g l e s  whose sum was ( 1 / 4 )  of  
3 t h e  o r i g i n a l  t r i a n g l e ,  then (1 /4)  , e t c .  "He a r m e d  t h a t  by r e p e a t i n g  t h i s  pro- 

c e s s  i n d e f i n i t e l y  ( i n  imagination) t h e  p a r a b o l i c  segment would approach 'as  

n e a r  a s  one wished' t o  ' e x h a ~ s t i o n ' . " ~  This process u t i l i z e d  t h e  modern concept 
of  a  sum o f  an i n f i n i t e  s e r i e s ,  a  concept unknown t o  t h e  Greeks. 

Although t h e r e  was some a c t i v i t y  i n  t h i s  a r e a  o f  mathematics i n  t h e  y e a r s  

fo l lowing  ~ r c h i m e d e s ,  t h e  next  e r e a t  achievement was by Bonaventura C a v a l i e r i  
(1598-16471, who ( inf luenced  by Johannes Kepler (1571-1630) and h i s  problem of 
determining t h e  volume of wine b a r r e l s .  i n  which he used a "rude k ind  o f  i n t e -  - 

g r a t i o n " )  developed h i s  "method of  i n d i v i s i b l e s" .  I n  t h i s  method, a  s o l i d  is 
regarded a s  being made o f  s u r f a c e s ,  a  s u r f a c e  made up of  l i n e s ,  a  l i n e  made o f  
p o i n t s ,  i n  each case " these component p a r t s  being t h e  u l t i m a t e  p o s s i b l e  elements 

i n  decomposition o f  t h e  m a g n i t ~ d e . " ~  To f i n d  volumes, a r e a s ,  o r  l e n g t h s ,  t h e s e  
" i n d i v i s i b l e s"  must be summed (an i n f i n i t e  sum o f  i n f i n i t e s i m a l s ) .  

There was now a f l u r r y  of a c t i v i t y  i n  t h i s  a r e a ,  t h e  most important  s t e p s  
being taken by P i e r r e  Fermat (1601-1665). John Wall is  (1616-1703). and Newton's 

t e a c h e r ,  Isaac Barrow (1630-1677). 10 



Fermat has  been c r e d i t e d  with t h e  invent ion  of  c a l c u l u s  by t h e  eminent 
mathematician, Joseph Lagrange, because " in h i s  method Re maximis e t  minimis 
he equa tes  t h e  q u a n t i t y  of  which one seeks t h e  maximum o r  t h e  minimum t o  t h e  
express ion  of t h e  same q u a n t i t y  i n  which t h e  unknown is increased  by t h e  i n-  

determinate quantity."11 He then causes r a d i c a l s  and f r a c t i o n s  t o  d i sappear  
and t a k e s  t h i s  q u a n t i t y  t o  zero .  While t h i s  is c e r t a i n l y  p a r t  of t h e  c a l c u l u s  
and d i d  in f luence  Newton, it is no more " the ca lcu lus"  than  C a v a l i e r i ' s  summing 
of i n d i v i s i b l e s  is i n t e g r a t i o n .  

Wall is  developed t h e  l i m i t  concept and performed many u s e f u l  i n t e g r a t i o n s .  
He c rea ted  t h e  l i m i t  concept "by cons ider ing  t h e  success ive  va lues  o f  a  f r a c t i o n  
formed i n  t h e  s tudy  of  c e r t a i n  r a t i o s ;  t h e s e  f r a c t i o n a l  values, s t e a d i l y  approach 
a l i m i t i n g  va lue ,  s o  t h a t  t h e  d i f f e r e n c e  becomes l e s s  than  any ass ignable  one 

and vanishes when t h e  process is c a r r i e d  t o  i n f i n i t y . " 1 2  
Barrow was t h e  f i r s t  t o  r e a l i z e  t h a t  d i f f e r e n t i a t i o n  and i n t e g r a t i o n  were 

i n v e r s e  operat ions.13 H i s  g r e a t  achievement, a t  l e a s t  a s  f a r  a s  i n f l u e n c i n g  
Newton, was what we now c a l l  "Barrow's d i f f e r e n t i a l  t r i a n g l e" .  (See ~ ~ ~ e n d i x .  

Figure 1 ) .  This  t r i a n g l e  has an important  use i n  ~ i c t u r i n g  t h e  x- axis  a s  
being " in  motion" o r  " in f lux" . Because of  t h i s ,  J. M. Childs s a y s ,  
" Isaac  Barrow was t h e  f i r s t  i n v e n t o r  o f  t h e  I n f i n i t e s i m a l  Calculus:  Newton 
r o t  t h e  main i d e a  o f  it from Barrow by persona l  communication: and Leibniz  
was a l s o  i n  some measure indebted t o  Barrow's work." 

Newton was c e r t a i n l y  influenced bv Barrow. However, n e i t h e r  Fermat 
n o r  Barrow can be c r e d i t e d  with d i s c o v e r i n r  t h e  c a l c u l u s ,  no m a t t e r  how 
c l o s e  they  may have come. Barrow used peometrical  no t ions  and had no 

n o t a t i o n s  f o r  f i r s t  and h i g h e r  der iva t ives .15  Nei ther  man had a complete 
system which would s u f f i c e  f o r  d i f f e r e n t i a t i o n  and i n t e r r a t i o n  of  a l l  curves 
and not  j u s t  a  number (however l a r g e )  o f  s p e c i a l  cases .  I t  was t h e  wide 
range o f  a p p l i c a t i o n s ,  along with a n o t a t i o n  and f e n e r a l  method, t h a t  
c o n s t i t u t e d  t h e  d i scovery  of  t h e  c a l c u l u s .  It was n o t  an a c c i d e n t ,  even 
though e a r l i e r  men had come more o r  l e s s  c l o s e  t o  t h e  discovery.  I t  
requi red  a g r e a t  d e a l  o f  p a t i e n c e ,  thought ,  and i n s i g h t  t o  develop a 
method s o  genera l  and u s e f u l  a s  t h e  c a l c u l u s  from a s e t  o f  f a c t s  and methods 
r e l a t i n g  only t o  s p e c i f i c  cases .  The only  " acc identa l"  f e a t u r e  involved 
is t h a t  Newton and Leibniz discovered t h e  method independentlv wi th in  t e n  
y e a r s  o f  each o t h e r .  The accomplishments o f  n e i t h e r  man is lessened  because 
o f  t h e  f a c t  t h a t  c e r t a i n  s p e c i f i c  p a r t s  had been i n  use  before.  

When ~ e w k  was at Camhridre i n  166H. he had l i t t l e  mathematical 

background.16 He l a t e r  t o l d  t h e  s t o r y  o f  buyinp; an a s t r o l o e v  book. Because 
he could no t  understand t h e  diagrams i n  i t ,  he consul ted  Eucl id ' s  Elements 
f o r  he lp .  He regarded Greek ceometrv a s  s e l f- e v i d e n t  and turned  t o  
Descar tes '  Geometric, no t  an easy  book. However, " there  can be no  doubt 
t h a t  Newton's read ing  o f  Descartes"Geometrie'. . .  was h i s  kev t o  t h e  

reaches o f  h i g h e r  mathematics." l7 He a l s o  s t u d i e d  Barrow and Wal l i s ,  h e i n r  
" p a r t i c u l a r l y  d e l i g h t e d  with Wal l i s '  Ari thmetic o f  I n f i n i t i e s ,  a  t r e a t i s e  

f rought  wi th  r i c h  and v a r i e d  surge st ion^." Newton solved t h e  problem o f  - - -  
<xpanding ( 1  - x2) l", l9 which Wal l i s  could n o t  do and i n  t h e  process  
developed h i s  Binomial Theorem. 

Newtnn a l s o  s t u d i e d  Format's m e t h o d o f  drawing t a n r e n t s  t o  curves 
and admitted h i s  indebtedness t o  Fennat. A s  a  s t u d e n t  o f  Barrow. he learned  
t o  use Barrow's d i f f e r e n t i a l  t r i a n e l e .  which became h i s  s t a r t i n e  p o i n t  

f o r  developing h i s  c a l c u l u s .  
21 

Another i n f l u e n c e  on Mewton was Kenler ' s  Law. "nr which he needed 

a ~ o w e r f u l  mathematical t o o l  t o  ^ind an exnlana t ion .  77 

During t h e  plapue vears  of 1665 and 1666, t h e  u n i v e r s i t y  a t  ^amhrirlre 
was forced t o  c lose .  Newton went home t o  Woolsthome, where hp w e n t  
much time on h i s  researches  i n  r r a v i t a t i o n  an? o p t i c s .  I t  i s  a t  t h i s  
per iod  t h a t  Newton f i r s t  worked on deve loninr  h i s  Fluxionarv ca lcu lus .  
There is a manuscript dated Mav 7R. 1665. where he s t a t e d  sone o^ h i s  

ea-lv re-i i i l ts  i n  drawinr t a n r e n t s  . '  The "Direct  Methori of f l i ixions ." 
what we now c a l l  t h e  d i f f e r e n t i a l  ca lcu lus .  was s e t  down i n  a manuscrint 

da ted  November 1 3 ,  1665.~'  Rv Mav 1666. he was workinp on t h e  Inverse  
Method of Fluxions.  

Newton s t a t e d  twelve problems which he D ~ 0 ~ 0 S e d  t o  s o l v e  th rourh  
f l u x i o n s  : 

1. To draw tanpents  t o  curve l i n e s .  
2 .  To f i n d  t h e  q u a n t i t y  of  t h e  crookedness of l i n e s .  
3. To f i n d  t h e  p o i n t s  d i s t i n r u i s h i n e  between t h e  concave and convex 
p o r t i o n s  of curved l i n e s .  
4 .  To f i n d  t h e  p o i n t  a t  which l i n e s  a r e  most o r  l e a s t  curved. 
5.  To f i n d  t h e  n a t u r e  of  t h e  curve l i n e  whose a r e a  is expressed 
by any given equa t ion .  
6 .  The n a t u r e  of  any curve l i n e  b e i n r  r iven .  t o  f ind  o t h e r  l i n e s  
whose a r e a s  may be compared t o  t h e  a r e a  of t h a t  r iven  l i n e .  
7. The n a t u r e  o f  any curve l i n e  he inp  r iven .  t o  f ind  its a r e a  when 
it may be done; o r  two curved l i n e s  h e i n r  r i v e n ,  t o  *ind t h e  r e l a t i o n  
of  t h e i r  a r e a  when it mav be .  
0 .  To f i n d  such curved l i n e s  whose l e n r t h s  mav be found, and a l s o  
t o  f i n d  t h e i r  l engths .  
9 .  Anv curve l i n e  be ine  given. t o  f ind  o t h e r  l i n e s  whose lengths  
may be compared t o  i ts lengths .  o r  t o  i ts a r e a .  and t o  comnare them. 
10. To f i n d  curve l i n e s  whose a r e a s  s h a l l  be eaua l .  o r  have anv r iven  
r e l a t i o n s  t o  t h e  lene th  of anv piven curve l i n e  rirawn i n t o  a r iven  r i r h t  
l i n e .  
11. To f i n d  t h e  length o f  any curve l i n e  when it mav he .  
12. To f i n d  t h e  n a t u r e  o f  a  curve l i n e  whose lenpth  is excressed 
by any given equa t ion  when it mav be done. 
Newton's f i r s t  work revealinp.  h i s  f lux ionarv  method is De Analvsi 

d e r  Aequationes Numero Terminorum I n f i n i t a s .  a  t r a c t  he pave t o  Barrow 
in  1669. 

I n  t h i s  t r e a t i s e  the  p r i n c i p l e  of f l u x i o n s ,  though 
d i s t i n c t l y  pointed o u t ,  i t  is only  p a r t i a l l y  developed 
and explained ... The express ion  which was obtained f o r  
t h e  f l u x i o n  (of a  curve) he expanded i n t o  a f i n i t e  o r  
i n f i n i t e  s e r i e s g f  monomial terms,  t o  which Wal l i s '  r u l e  
was appl icab le .  

I n f i n i t e l y  small  q u a n t i t i e s  were " t rea ted  i n  t h e  dynamic form...of 
the  conatus of2yobbes r a t h e r  than i n  t h e  s t a t i c  form of C a v a l i e r i ' s  
i n d i v i s i b l e . "  This  i s  i n  keeping with t h e  n o t a t i o n  of  a  f lux ion  a s  a  
po in t  i n  motion. 

In h i s  Method of F luxions ,  Newton gave t h e  most complete expose 
of h i s  new c a l c u l u s .  He expla ins  t h e  expansion of f r a c t i o n a l  and 
i r r a t i o n a l  q u a n t i t i e s  i n t o  s e r i e s .  He then turns  t o  the  s o l u t i o n  of t h e  
two problems 

which c o n s t i t u t e  t h e  p i l l a r s ,  s o  t o  speak,  of t h e  a b s t r a c t  c a l c u l u s :  
'I. The l e n g t h  of t h e  space descr ibed  being c o n t i n u a l l y  ( i .e .  a t  

a l l  t imes) given;  t o  f i n d  t h e  v e l o c i t y  of t h e  motion a t  any t ime 
proposed. 

11. The v e l o c i t y  of t h e  motion is being c o n t i n u a l l y  g iven;  t o  f i n d  
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the  length of the apace described a t  any time propoied. 

He generalisem, saying time doe* not  necessar i ly  have t o  be consi- 
dermd, "but I t h a l l  suppose soar of the  quan t i t i e s  proposed, being of the  
s kind, t o  be increased by an equnble fluxion, t o  which the r e s t  may be 
referred,  a s  it were t o  time, and therefore,  by way of analogy, it may not  
ImpropÃ§rl receive the none of ti-. He then makern h i s  most important 
definit ion*: 

Those quan t i t i e s  which I c m i d e r  a s  gradually and Inde f in i t e ly  
i n c r w i n g ,  I aha11 he rea f t e r  c a l l  f l uen t s ,  or  flowinn quan t i t i e s ,  
Â¥n s h a l l  repre tent  them by the  f i n a l  l a t t e r  of the  alphabet,  
v, x,  y, and z;... and the ve loc i ty  by which every f luen t  is 
in~re*sed  by its generati- motion (which I n y  c a l l  f luxions) 
or  Â¥impl velocities, or  c e l e r i t  s ) ,  I Ã§hal represent by the 
mama l e t t e r s  pointed <, i s  3, 4. ^ 
The f l u x i w  t h m e l y e a  :re not  i n f i n i t e l y  mall, but  the  momenta 

of t h e  fluxions,  denoted xo, vo, e t c  a re  in f in i t e s ima l ly  small. Theae 
n t s  a re  analogous t o  Leibnis* d i f f e r e n t t t l a ,  dx, dv, e tc .  Theae 
enf are important in tbt  the f luenta  x and y, when increased, a f t e r  
every inde f in i t e ly  Â¥Ã‘ i n t e rva l  of time, become x + 20 and y + yo. That 
i n .  80 and 90 a r e  the  inde f in i t e ly  small lengths the  f luen t s  increase i n  an  
inde f in i t e ly  mall time. 2 

For yample ,  given y - 3x - x , subs t i tu t e  x + *o f o r  x ,  y + 90 f o r  y 
i n  3x - x - y - 0 and we obta in  

2 
a s  negl ig ible ,  and subtracting the  o r ig ina l  equation 

3x - obta in  
60 - 3 - 2x. I' 31 

Thia, of course, is the  8- r e a u l t  a s i n p o d e r n  procedures. 
Because t o  i a  inf in i tea imal ly  Â¥mall  (xo) i n  ignored. Newton became 

wary of t h i s  procedure a f t e r  a while. 

I n  Ã por t ion of & a u t d u t u r a  tcurvrum) which appeared i n  
Wallistm Algebra ef 1693, Newton had sa id  t h a t  t e r n  multiplied 
by o be omitted a s  i n f i n i t e l y  -11, thus obtaining the  r e su l t .  
In  the  1704 publication of the  work, on the  other  hand, he r i d  

' c l ea r ly  t h a t  'error* a r e  not  t o  be disregarded i n  mathematics, no 
matter how -11.' 

Inatead, one ous t  find the  "ultimate r a t io s"  as  theae terns  become 
llevafieacent's, i.e. vanish. A l l  t r aces  of i n f i n i t e s i y j l y  Â¥mal  terms were 
t o  be eliminated, although i n  pract ice  they were not. For example, 

p a t  the quant i ty  x flow uniformly. and l e t  it be proposed t o  f ind 
* the  f luxion of xu. - In the  m@a time t h a t  the quant i ty  x,  by flowing, becomen x + 0, 

the quant i ty  x w i l l  beconr (x + 0) , that i s ,  by the  method of i n f i n i t e  

-And the  augment& and 

n-1 + n g ~  0-n-2 + tic. 
nox 

a re  t o  one another a s  1 and 

Now l e t  these augments vanish, and t h e i r  ult imate r a t i o s  
w i l l  be 1 t o  nxn- . 

This i s  again ,  the same r e s u l t  we obtain now. 
Perhaps Newton's greates t  problem was h i s  system of notation. An 

excerpt from De quadratura curvarum w i l l  demonstrate t h i s :  

In what follows I consider indeterminate quant i t ies  as 
increasing or decreasing by a continued motion, tHat i s ,  as 
flowing forwards, or backwards, and I design them by the l e t t e r s  
z ,  y, x ,  v, and the i r  f luxions or c e l e r i t i e s  of increasing I 
denote by the same l e t t e r s  pointed i, 9 ,  2 ,  C. There a re  l ike-  
wise fluxions or mutations more or l e s s  swift  of these fluxions,  
which may he cal led  the second fluxions of the same quan t i t i e s  
z ,  y, x, v, and may be thus designed t', 9 ;  A; Q ;  and the f i r s t  
fluxions of these l a s t ,  or  the th i rd  fluxions of z ,  y, IC,.V. ? re  
thus denoted 2 ,  7, "x, v and the f$ur<h Jluxions thus "2, y, x, v 
and a f t e r  the same means t h a t  z ,  y, x ,  v are  the f luxi-  of the 
quan t i t i e s  "i. Y. "i. "v. and these the fluxions of the w a n t i t i e s  - . .  
t ,  9 ,  C, c; and these l a s t  the fluxions of the quan t i t i e s  z ,  y, x, v,:  
so  the quant i tes  z ,  y, x, v may be considered a s  the fluxions of 
others which I s h a l l  design thus z ,  y, x, v ;  and these a s  the 
fluxions of others z ,  y, x, v; and these l a s t  sti.11 a s  the fluxions 
of others z ,  y, x ,  v. Therefore, ~ , & , z , i , z ' , z , z , z  &c. design a 
s e r i e s  of quantitieswhereof everyone tha t  follows i s  the fluxions 
of the one immediately preceding, and everyone tha t  goes before, 
i s  a flowing3guantity having tha t  which immediately succeeds, fo r  
i t s  fluxion. 

It should be c l e a r  t ha t  t h i s  i s  a very tedious notation. It i s  
hard t o  keep s t r a i g h t  while writ ing. It i s  hard t o  read, especia l ly  fo r  
higher der ivat ives  with an in t e re s t ing  number of dots over the var iable .  
There i s  a poss ib i l i t y  of confusing x fo r  x (x-prime). Newton sometimes 
used 0 f o r  x. But "the rectangle was inconvenient i n  preparing a 
manuscri t and well-nigh impossible fo r  pr in t ing,  when of frequent occur- 
rence. $136 

It i s  no wonder that  Leibniz' d-notation gained immediate acceptance 
i n  Europe. Not only was h i s  work published before Newton's but h i s  nota t ion 
was much superior.  Despite continued Br i t i sh  use of Newton's notation, 
mainly due t o  na t iona l i s t i c  pride and honor i n  the p r i o r i t y  controversy, 
Cajori  shows tha t  Leibniz' d i f f e r e n t i a l  nota t ion was used i n  England 
a s  ea r ly  a s  16f'S. In  f a c t ,  even John Kei l l ,  Newton's staunchest defender i n  
the Leibniz dispute,  used d i f f e r e n t i a l  notation.37 However a s  Struik notes,  
the time der ivat ive  of x is t o  t h i s  day often denoted a s  *.j8 

Leibniz o r ig ina l ly  used om.  ( f o r  omnia- " al l" )  f o r  h i s  i n t e m a l s ,  a s  
i n  a manuscript from th ree  days l a t e r ,  h e o t e ,  "it w i l l  be useful  t o  
wri te  f  f o r  o m ,  a s  I1 f o r  omn. 1, t h a t  is the  sum of these 1's. 39 The 
term f is the long form of s, which is the f i r s t  term of summa, o r  sum, 
which an i n t e g r a l  i s .  Leibniz denoted the difference between "two proximate 

x's" as  dx, o r  $t The d i f f e r e n t i a l  of y was succesively denoted u, 1, 5 s  

dx 40 and f i n a l l y  by the  standard form dy. He a l so  introduced the der ivat ive  
iÃ‘ 
"J 

The connection between d i f f e ren t i a t ion  and in tegra t ion a s  inverse operations,  
as denoted by Barrow, i s  accounted f o r  by denoting an in t e rna l  i n  the  form 
I p dy. Thus, we see t h a t  today's d i f f e r e n t i a l  notation or ig inated with 
Leibniz. 

The celebrated p r i o r i t y  controversy over who developed the  calculus 
f i r s t ,  soon degenerated i n t o  a s e r i e s  of charees and countercharges over 



whether o r  not Leibniz p lagiar ized  h i s  discovery of t he  calculus from 
Newton's writ ings.  Newton never published any of h i s  wr i t ings  u n t i l  
years a f t e r  they were writ ten.  Thus, when Leibniz, who, it is sa fe  t o  
say,  developed h i s  d i f f e r e n t i a l  and i n t e g r a l  calculus independently 
of Newton's method, published h i s  f indings  and Fa t io  de Du i l l i e r ,  a Swiss 
mathematician and adventurer, who held a grudge agains t  Leibniz accused 
Leibniz o f  plagiarism (some 15 years a f t e r  Leibniz' publ ica t ion) ,  
Leibniz was accused of t h e  lowest kind of plagiarism, s t ea l ing  Newton's 
ideas "from personal l e t t e r s  s o l i c i t e d  from him, and from pr ivate  

conversations with h i s  friends." 
41 

Both Brewster and More have wri t ten  exhaustive accounts of t h e  

controverqy,42 which is beyond the  scope of t h i s  paper. The controversy 
revolved mostly around a l e t t e r  s en t  by Newton t o  t h e  Secretary of t he  
Royal Society,  Henry Oldenburr, on October 24. 1676. which l e t t e r  was t o  be 
forwarded t o  Leibniz. Known a s  t h e  Epis to la  Poster ior ,  t h e  l e t t e r  
contains Newton's method of drawing tangents and ce r t a in  maxima and minima 
problems. After these ,  Newton wrote t o  Leibniz, who has requested infor-  
mation on Newton's methods, 

The foundationof these  operations is evident enough, 
i n  f a c t ;  but because I cannot proceed with the  explanation 
of it now, I have prefer red  t o  conceal it thus:  

6accdael3eff7i319n404qrr4s8tl2vx 
On t h i s  foundation I have a l s o  t r i e d  t o  simplify t he  theor ies  
which concern the  squaring of curves,  and I have ar r ived a t  

43 
ce r t a in  ~ e n e r a l  theorems. 

Turnbull explains,  
The cipher is simply a t ransposi t ion  of t h e  l e t t e r s  

i n  t he  sentence: . Data aequatione quotcunque f luentes  
a n t i t a t e s  involvente,'fluxiones invenire;  a t  v ice  versa 
given an equation involving any number of f l uen t  

quan t i t i e s  t o  f ind  the  fluxions,  and conversely')... 
Such concealments were not  unusual i n  t he  seventeenth 

century. 44 

Later i n  t he  same l e t t e r .  Newton drops another "clue", which, when 
deciphered and t r ans l a t ed  i n t o  English reads:  

One method cons i s t s  of ex t r ac t ing  a f l uen t  qua l i t y  
from an equation a t  t h e  same time involving its fluxion; 
but another by as sum in^ a s e r i e s  f o r  any unknown quant i ty  
whatever, from which the  rest could conveniently be derived, 
and i n  co l l ec t ing  homologous terms o f  t h e  r e su l t i ng  equation 
i n  order  t o  e l i c i t  t he  terms o f  t h e  assumed series."  
Oldenburg d id  not send t h i s  l e t t e r  t o  Leibniz u n t i l  May 2, 1677. 

Leibniz answered it on June 11, 1677 and described some of h i s  method. 
Regarding the  scrambled jumble o f  l e t t e r s ,  More writes:  

I t  is evident t h a t  no t r ans l a t i on  could by any pos- 
i b i l i t y  be made, and it was intended by the  author t h a t  
no one should be able  t o  make any sense out of it till 
he chose t o  publish the  key sentences. Futhemore,  no 
mathematician could have obtained any help from such 
b r i e f  and obscure sentences i f  they had been wri t ten  

in  p l a in  English. 
47 

Raphson, one of Newton's rabid  supporters,  claimed Leibniz solved 
t h e  l e t t e r s  and found h i s  ca lculus  from these  sentences. I t  should be 
c l e a r  t h a t  t h i s  could not  be t rue .  I f  t he  above was not convincing 
enough, More adds: 

The time between Newton's ep i s to l a  pos t e r io r  of 24 
October, 1676, and the  announcement t o  Oldenburg by 
Leibniz o f  h i s  discovery of t he  D i f f e ren t i a l  Calculus on 
21 June, 1677, would have been absurdly shor t  f o r  him t o  
have invented the  ca lculus  even i f  he had deciphered Newton's 
sentences. But, t he  f a c t  i s ,  t h e  forwarding of Newton's 
l e t t e r  was delayed f o r  months. This is ve r i f i ed  by incon- 

t e s t a b l e  evidence. 48 

Thus, Leibniz had a very sho r t  time t o  decipher a jumble of l e t t e r s  
which would y i e ld  only a vafue h i n t  of Newton's method, and develop a 
complete mathematical analys is  from t h i s .  "For i n  h i s  answer he frankly 
described h i s  d i f f e r e n t i a l  ca lculus ,  (and) pave its algorithm, o r  symbolic 

nomenclature, so  pe r f ec t ly  t h a t  it is used 
Unfortunately, both s ides ,  including t h e  eminent mathematicians 

themselves, played the  game very d i r t y .  In f a c t ,  Newton even attacked Leibniz 
a f t e r  the  l a t t e r ' s  death. This controversy i s  a blotch on the  h i s to ry  of 
mathematicians. I t  is now unthinkable t h a t  Leibniz was a p l a g i a r i s t  
i n  any sense. 

Despite t he  det r imenta l  e f f e c t s  o f  t he  controversy t o  Newton's repu- 
ta t ion  (not t o  mention Leibniz),  it cannot be doubted t h a t  Newton's 
achievement i n  t he  development of t he  ca lculus  was grea t  indeed. 

APPENDIX 

Barrow's D i f f e ren t i a l  Triangle 50 

In f i gu re  1, pa r t  of a parabola is drawn. A s  x increases from 
A t o  B, y increases from P t o  Q. Triangle-PQR iÃ  "Barrow's d i f f e r e n t i a l  
t r i ang le .  " 

Figure 1 
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POLYNOMIALS WHICH ASSUME INFINITELY MANY PRIME VALUES 

E. F. Ecklund, Jr. 

We w i l l  begin with Eucl lu ,  wno s t a t e d  and proved t h e  fol lowing theorem: 
The number of  primes is i n f i n i t e .  Without t h i s  theorem, o u r  d i scuss ion  would 
be moot. 

Some t ime l a t e r ,  mathematicians began ask ing  i f  t h e r e  e x i s t e d  a f u n c t i o n ,  
p ,  f o r  which p ( i )  is t h e  i - t h  prime, f o r  each i n t e g e r  i .  There is no known 
way t o  d e f i n e  such a func t ion  except  by a pointwise d e f i n i t i o n .  I t  was then 
asked i f  t h e r e  is a func t ion  f such t h a t  f ( i )  is a prime f o r  each i n t e g e r  i .  
Note: f need n e i t h e r  assume values of  a l l  t h e  primes,  n o r  assume its va lues  i n  
any p a r t i c u l a r  o r d e r .  One at tempt t o  produce such a f u n c t i o n  was Format's 

2" 
conjec ture  t h a t  F(n) = 2 +1 was always prime. I n  1732, E u l e r  proved t h a t  
F(5) was composite. By t h e  1800 ' s .  it had been proven t h a t  no polynomial 
could assume only prime va lues .  The next  l o g i c a l  ques t ion  would seem t o  be:  
Is t h e r e  a func t ion  whose va lues  a r e  prime i n f i n i t e l y  o f t e n ?  The answer was 
known t o  be yes ,  s i n c e  i t  had been proven t h a t  4x+3 and 6x+5 both produced 
sequences which a r e  prime i n f i n i t e l y  o f t e n .  A search  f o r  condi t ions  which 
would c h a r a c t e r i z e  such func t ions  was now begun. 

I n  1837, G.  L. D i r i c h l e t  proved t h a t  f o r  mx+n t o  r e p r e s e n t  i n f i n i t e l y  
many primes,  it is  necessary and s u f f i c i e n t  t h a t  (m.n) = 1, where (m.n) 
denotes  t h e  g r e a t e s t  common d i v i s o r  of m and n .  

In  1854, V .  Bouniakowsky conjectured t h a t  i f  f ( x )  is a oolynomial i n  
x over t h e  i n t e g e r s  such t h a t  t h e  c o e f f i c i e n t s  of  f ( x )  have no common f a c t -  
o r s ,  and i f  N is t h e  g r e a t e s t  common d i v i s o r  o f  a l l  i n t e g e r  va lues  o f  f ( x ) ,  
then i f  f ( x )  i s  rweduc&le ,  f(x)/N r e p r e s e n t s  an i n f i n i t u d e  of  primes.  

In  1904, L .  E. Dickson introduced a new d i r e c t i o n  t o  t h e s e  cons idera-  
t i o n s .  He asked i f  aix+bi, i = l,.. ,n represen ted  an i n f i n i t u d e  of  s e t s  of  

n primes. We may ask what condi t ions  a r e  necessary f o r  t h i s  t o  be t r u e .  
F i r s t ,  f o r  each i ,  t h e  sequence aix+bi must be  prime i n f i n i t e l v  o f t e n :  hence 

(ai ,bi)  = 1. Since each prime can occur only n t imes - once i n  each progres-  

s i o n  - we s e e  t h a t  [aix+bi; i = 1,. . ,n) n [aiy+bi; i = 1,. . ,n)  = 0 ,  f o r  some 

i n t e g e r s  x and y.  I f  we l e t  P ( x )  = I l ~ ( a i x + b i ) ,  we may r e s t a t e  t h i s  a s  
- -  - 

(P(x).P(y))  = 1 f o r  some i n t e g e r s  x and .y. 
In  1958, A.  Sch inze l  announced a conjec ture  which seems t o  combine t h e  

. d i r e c t i o n s  of  thought of  Bouniakowsky and Dickson. 
F i r s t  we in t roduce  a necessary condi t ion :  - . - 
a Condit ion S: Each of  t h e  polynomials f i ( x ) ,  i = 1,. . ,n is i r r e d u c i b l e :  

its lead ing  c o e f f i c i e n t  is p o s i t i v e ;  and t h e r e  is no n a t u r a l  number d > 1 

t h a t  is a d i v i s o r  o f  each o f  t h e  va lues  of  P(x)  = n L l f i ( x ) ,  ( x  = 0,1,2,  ... 1. 

Schinze l ' s  conjec ture  is a s  fol lows : 
Conjecture H :  I f  n is  a n a t u r a l  number and f i ( x ) ,  i = 1,. . , n ,  a r e  ~ o l v -  

nomials with i n t e g r a l  c o e f f i c i e n t s  s a t i s f y i n g  condi t ion  S, then t h e r e  e x i s t  
i n f i n i t e l y  many n a t u r a l  numbers x f o r  which each o f  t h e  numbers f i ( x )  is prime, 

We now p r e s e n t  some o t h e r  conjec tures  which a r e  c o r o l l a r i e s  t o  conjec ture  
H .  

Coro l la ry  1. There occur i n f i n i t e l y  o f t e n  f o u r  consecutive primes nl ,  

p2,p3, and p whose l o c a l  d i s t r i b u t i o n  is such t h a t  p4-p3 = p2-pl = 2 and 

2" 2" ?n  Proof:  Let f ( x )  = x + I .  f ( D  = x +3,  f ( x )  = x +7, and f ( x l  = x 2 + 9 ,  
1 3 4 

f o r  f i x e d  n. Clear ly  f o r  each i ,  f i ( x )  is i r r e d u c i b l e  and has p o s i t i v e  lead- 

Thus condi t ion  S is s a t i s f i e d ,  and by conjec ture  H, t h e  f i (x) ' s  a r e  s imultan-  
eous ly  prime i n f i n i t e l y  o f t e n .  

Coro l la ry  1.1. There a r e  i n f i n i t e l y  many twin primes. 
Proof:  The p a i r  f l ( x )  and f 2 ( x )  i n  Coro l la ry  1 a r e  twin primes when thev  

a r e  simultaneously prime, which by Coro l la ry  1 occurs i n f i n i t e l y  o f t e n .  
2 Coro l la ry  1.2. There a r e  i n f i n i t e l y  many primes of t h e  forms x +1 and 

Proof:  By Coro l la ry  1, x2n+l is prime irPFiniteAy o f t e n .  L e t t i n g  v = 
2n-1 

x , we have x2n+l = y2+l  is prime i n f i n i t e l y  o f t e n .  S i m i l a r l y  let tin^ v = 
,n-2 4 

x , we have xpn+1 = y + l  is prime i n f i n i t e l y  o f t e n .  
Coro l la ry  2 .  There e x i s t  i n f i n i t e l y  many s e t s  of  t h r e e  consecutive in-  

t e g e r s  n ,  n+1, and n+2 such t h a t  each is t h e  product  of two d i s t i n c t  primes. 
Proof :  Let p ( x )  = lOx+l,  q ( x )  = 15x+2, and r ( x )  = 6x+l .  Clear ly  ~ ( x ) ,  

q ( x )  and r ( x )  a r e  i r r e d u c i b l e  and have p o s i t i v e  l e a d i n c  c o e f f i c i e n t s .  Let 
P ( x )  = p ( x ) q ( x l r ( x ) ;  then  P ( l )  = 7-11-17 and P ( 3 )  = 19-31-47. Hence ( P ( l ) ,  
P ( 3 ) )  = 1. Thus condi t ion  S is s a t i s f i e d  and by coniec ture  11, t h e r e  e x i s t  
i n f i n i t e l y  many i n t e g e r s  x such t h a t  p ( x ) ,  q ( x ) ,  and r ( x )  a r e  prime. For 
such an x ,  l e t  n = 3 - p ( x ) ,  n + l  = 2 - q ( x ) ,  and n+2 = 5 - r ( x ) :  i e  n = 30x+3, 
n+1 = 30x+4, and n+2 = 30x +5. Then n ,  n+1, and n+2 a r e  each t h e  oroduct  of  
two d i s t i n c t  primes. 

Note t h a t  we cannot f i n d  f o u r  such consecutive i n t e g e r s  s i n c e  one o f  
them would be d i v i s i b l e  by four .  We may a s k ,  however, how manv consecutive 
odd i n t e g e r s  t h e r e  a r e  which a r e  t h e  product  of two d i s t i n c t  primes. We see  
immediately t h a t  t h e  maximum is e i g h t  s i n c e  one of n ine  consecutive odd i n-  
t e g e r s  must be d i v i s i b l e  by n ine .  I t  appears t h a t  t h e  e x i s t e n c e  i n f i n i t e l v  
o f t e n  of e i g h t  such consecutive odd i n t e g e r s  would be a c o r o l l a r y  t o  coniec- 
t u r e  H .  I n  c l o s i n g ,  we o f f e r  t h e  fol lowing g e n e r a l i z a t i o n  of  Coro l la rv  2: 

Conjecture J.  Given a n a t u r a l  number n ,  l e t  m be t h e  product  of  primes 

l e s s  than n .  fhen t h e r e  e x i s t  i n f i n i t e l y  many s e t s  o f  n2-1 consecutive e l e -  
ments of  a r i t h m e t i c  progress ions  with common d i f f e r e n c e  m such t h a t  each is 
t h e  product of two d i s t i n c t  primes. 
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COLOR GROUPS 

B. Melvin hiernar' 
Sa in t  P e t e r ' s  ':c*:ege 

An example of a  group may be presente'? ;:I ,iany ways. One method 
i s  :o d e f i n e  a  s e t  of genera tors  ar.J r<--.d:.o:.s. Tnus, f o r  example. 

<a>, a" = e  

uest-.'ioes t h e  c y c l i c  group of order  f o u r :  t h e r e  I s  one g e n e r a t o r ,  a ,  
ana 3". t h i s  genera tor  we impose t h e  r-str : .  t i o r  m a t  it have o r a e r  - -1:. 7 S i m i l a r l y ,  t h e  k i e i n  group is gc7f.s:~ by 

The r e l a t i o n s ,  of course ,  mu:: ce  -c:.ssIs:en:, we do r.ot concern our-  
s e l v e s  here with t h e  problem o r  indepenaence. 

Every formal expression which -a?. de ;o;is:ruc*.ed by jux tapos i t ion  
cf g e n e r a t o r s ,  o r  i n t e g r a l  p w r s  ( p s l t i v e ,  nega t ive ,  o r  z e r o )  of 
genera tors ,  is a  group element,  c a l l e d  a  w o r d .  The group opera t ion  is  
jux tapos i t ion  of t h e s e  words. Two words a r e  equiva len t  i f  one can be 
transformed i n t o  t h e  o t h e r  by means of f i -1 :e ly  :mny a p p l i c a t i o n s  of 
the group r e l a t i o n s .  An word is a  w0r.d equiva len t  t o  the  i d e n t i t y .  
A genera tor  is i f  i t  is unnwdnd by any r e l a t i o n .  A group is 3 
i f  a l l  i ts genera tors  a r e  f r e e .  We n o t i c e ,  t n e n ,  t h a t  t h e  f r e e  group on 
one genera tor  is isomorphic t o  t h e  group of i n t e g e r s  under a d d i t i o n .  

Consider,  f o r  example, the  f r e e  group with t h r e e  g e n e r a t o r s ,  
<a,b,c>. An example of a  wore i n  :his gruup is 

Since t n e  g r i . ~ ~  is f r e e ,  t h i s  word i s  not equiva len t  t o  any o t h e r  p o s s i b l e  
jux tapos i t ion  of powers of m e  g e n e r a t o r s .  Mow cons ider  another  group 
with t:.e same genera tors :  <a ,b ,c> ,  a  = b2 = c 3  = e ,  ba = a6b ,  a c  = c a ,  
be = c t .  I n  t h i s  group, t h e  word a 2 ~ ^ - i 3 ? b a 3 '  is equiva len t  t o  a2c .  1:. 
t h i s  way, t h e  elements of t h e  groi-p a r e  t.?e equivalence c l a s s e s  induce-il 
on t h e  s e t  of words by t h e  (equivalence;  re la t ions . .  

sen tea  c>y d i f f e r e n t l y  pr in ted  l i n e s  ( 2 :  2.. iiasned, d o t t e d ,  c ' t . .  I .  A 
Cayley diagram, then ,  is an a r r a y  - f  v e r t i c e s  and edges wr.icr nas t h e  
p r o p e r t i e s  t h a t  

- - - l! a t  each ver tex  t h e r e  is 0:. ea t -  ~t e a _ -  color d i r e c t e d  toward t h e  
d. ver tex  and an edge of each -016: i;irec:ea away from t h e  v e r t e x ;  

2 )  t h e  f i g u r e  is symm'irri: in  ea-r. ; - ~ t e x .  

This second condi t ion  means I-.;: t h e  sir.\-:ure of t n e  d a g r a m  is ccnsrar i t ,  
no mat te r  from which ver tex  r -  Is "viewe..:". This does .ot necessar i ly  
mean a  geometric  symmetry i n  the  p lane ,  a s  s e v e r a l  of t n e  diagrams tielow 
i l l u s t r a t e ,  but  r a t h e r  an invar iance  under any permutation of t h e  v e r t i c e s .  

The Cayley diagram corresponds t o  i ts  group i n  t h i s  wav 

1 )  t h e r e  is a  one-to-one cor res ;  orid~r.ce tetwecr - *  c Â  -' gel f I 0 - o r s  



ana the  = e t  of colors. use:  in  t u e  J i t~g id . : ,  

7 )  ; se re  is a one-to-one ~ ~ . t ' r e s ~ . o n J e n c e  between t h e  s e t  of group 
elements and t h e  s e t  Â¥J va~'-.i-^:,, 

:) t n e  ver tex  corresponain; rne : - e n c m  ray  be a r b i t r a r i l y  
cnosen 

' . I  II x and y a r e  group elements c::ies;:u..:~n& t o  v e r t i c e s  X and Y 
r e s p e c t i v e l y ,  and i f  a ls a ge:leia'..r ..airfsyondl:lg t o  c o l o r  A ,  
then xa = y i f  and only i t  t n e r e  ;', :̂. e ~ g e  ot c o l o r  A l ead ing  
from A t o  Y. 

A i n  a  Cayley diagram is any conr.t-ct '-~ sequence of edges.  
La--. a a t h  corresponds t o  a worG; i f  t h e  patn - ~ e a d s  from ver tex  R 
t: ver tex  S ,  and i t  IT, R ,  and - i.orif.spond respec t ive ly  t o  w ,  r ,  and 
s i n  t h e  group,  then r w  = s ,  and converse ly .  Thus a closed pa tn  
ccrresponds t o  an empty word. I f  TWO pa ins  have t n e  same i n i t i a l  
po in t  and t h e  same te rmina l  p o i n t ,  they correspond t o  equiva len t  words. 

We presen t  a t  t h e  end of t h e  paper t h e  graphs of s e v e r a l  groups.  
fie remark t h a t  movement along ar, edge a g a i n s t  its d i r e c t i o n  corresponds 
t o  m u l t i p l i c a t i o n  by t h e  inverse  of t n a t  genera tor .  We a l s o  remark 
t h a t  i f  a  genera tor  has order  two, it is unnecessary t o  i n d i c a t e  d i r e c-  
t i o n  along the corresponding edge - t r a f f i c  can Ite considered t o  move 
i n  both c i r e c t i o n s  along t h a t  s t r e e t .  

The graph c: a group is  not  unique.  The edges need not  be s t r a i g h t  
l i n e s ,  and v a r i a t i o n s  a r e  l i m i t p a  only by t h e  a r t i s t i c  imagination of 
t h e  i n d i v i d u a l .  Some graphs a r e  closed des igns  and o t h e r  graphs f i l l  
t h e  plane.  There a r e  seventeen groups '-'hose graphs f i l l  t h e  plane with 
a c o n t i n u a l l y  repeated p a t t e r n .  The group < a , b > .  ab = ba i s  one such 
group. I'ne p u r s u i t  of t n i s  c o l o r f u l  t o p i c  can l e a a  t h e  mathematician 
I n t o  sue? u s e f u l  occupations a s  designing t i l e  f l o o r s ,  wallpaper,  and 
Christmas cardb.  
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A SEMI-NUMBER SYSTEM 

Ann M i l l e r  
S t .  Louis  U n i v e r s i t y  

I n  t h e  June- July,  1966 i s s u e  of  The American Mathematical Monthly, 
Samuel S t e r n  p resen ted  a paper  e n t i t l e d  "The Semi-natural Numbers." I n  
t h i s  a r t i c l e  h e  o u t l i n e d  t h e  development of a number system from f o u r  
b a s i c  axioms i n  a manner s i m i l a r  t o  t h e  development of  t h e  n a t u r a l  num- 
b e r s  from t h e  Peano axioms. He a l s o  sugges ted  a method of  extending t h e  
semi- natural  numbers t o  a l a r g e r  s e t  i n  which a c e r t a i n  h ind  of  s u b t r a c-  
t i o n  is  p o s s i b l e .  What fo l lows  is a d e s c r i p t i o n  of  t h e  axioms f o r  a 
semi- na tura l  number system w i t h  a few consequences and examples and an 
e x t e n s i o n  of  semi- na tura l  numbers t o  a l a r g e r  s e t  of semi- integers .  Then 

preced ing  beyond t h e  l i m i t s  of t h e  o r i g i n a l  a r t i c l e ,  we s h a l l  c o n s t r u c t  
o rdered  p a i r s  of semi- integers  t o  form semi- ra t iona l  numbers and f i n a l l y  
we s h a l l  d e f i n e  and b r i e f l y  d i s c u s s  seml-real  numbers. 
D e f i n i t i o n .  Le t  N be a s e t  and < he a b inary  r e l a t i o n  on  N. :i is s a i d  
t o  be  system of semi- natural  numbers i f  t h e  fo l lowing  axioms a r e  s a t i s f i e d :  

Axiom 1. N is simply o rdered  wi th  r e s p e c t  t o  <. 
Axiom 2. N is no t  t h e  empty s e t .  
Axiom 3. I f  x is an element of  N, then t h e r e  e x i s t s  y i n  N such  t h a t  

x < y. 
Axiom 4. I f  G is a s u b s e t  of N such t h a t ,  f o r  a l l  x i n  N. I (x )Â£ 

x is a n  element of G. t hen  G - N. By I ( % )  we mean 
( y: y is i n  N a n d  y < XI. 

The a r t i c l e  [ S t ]  by S t e m  demons t ra tes  t h a t  t h i s  d e f i n i t i o n  impl ies  t h a t  
a semi- natural  system is w e l l  o rdered  by < , . i . e .  each non-empty s u b s e t  has  
a l e a s t  element. 
D e f i n i t i o n .  For  x, y e N such t h a t  x < y and "< < z < y f o r  no z c N, then 
x is t h e  immediate p redecessor  of  y and y i s  t h e  immediate successor  of x. 
I f  a n  element p of  N is  such  t h a t  p h a s  no immediate p redecessor ,  then  p i s  
s a i d  t o  be a p r imary  semi- na tura l  number. 
D e f i n i t i o n .  The b i n a r y  o p e r a t i o n  of a d d i t i o n  is def ined  on N by: 

(1) .  x + p - x ,  f o r  a l l  p ,  primary; 
f i i ) .  x + Sv - SFx + v ) .  where Sk denoted tlie successor  of k. ,--. - . . .  

The b inary  o p e r a t i o n  of m u l t i p l i c a t i o n  is  def ined  on N by: 
(1) .  xu - v :  (11). xsy - xy + x. . . .  

Addi t ion  and m u l t i p l i c a t i o n  can  be  shown t o  be well- defined and a s s o c i a t i v e .  
I n  s e e k i n g  t o  f i n d  models f o r  a semi- natural  system, i t  is easy t o  

v e r i f y  t h a t  t h e  n a t u r a l  numbers i n  union wi th  zero,  1 .e .  t h e  non- negetive 
i n t e g e r s ,  i n  t h e i r  u s u a l  o r d e r  form such a system. As a n o t h e r ,  somewhat 
a r b i t r a r y  example, c o n s i d e r  P - ( 0, 1, 2, ..., 0'. 1'. 2 ' ,  ... 1, where 

%emelements  of P a r e  o rdered  a s  they appear  i n  t h e  a r r a y .  T h i s  s e t  P de- 
inons t ra tes  t h a t  a d d i t i o n  and m u l t i p l i c a t i o n  a r e  n o t  n e c e s s a r i l y  commutative 
i n  a semi- natural  system. I n  P. 1 + 2 '  - 1 + S ( 1 ' )  - S ( l  + 1') - 
S ( 1  + S ( 0 ' ) )  - S( S(1  + 0 ' ) )  - S ( S(1) )  - S(2)  - 3; w h i l e  2 '  + 1 - - 3 .  Also,  2' 1 - 2'  . S(0)  - 2 ' -  0 +  2' - 0 + 2' - 2; w h i l e  1- 2 - 0 '  + 1 + 1 - 2' .  

Although a semi- natural  system is  n o t  n e c e s s a r i l y  a b e l i a n ,  t h e r e  a r e  
s e v e r a l  p r o p e r t i e s  which p rov ide  u s  w i t h  a weakened commutat ivi ty .  Among 
t h e s e  a r e :  x + y + z - x + z + y and xyz - yxz. Both o f  these  sea tements  
a r e  proven by us ing  Axiom 4, t h e  p r i n c i p l e  of  t r a n s f i n i t e  induc t ion ,  on z. 

Also,  t h e  d i s t r i b u t i v i t y  of m u l t i p l i c a t i o n  over  a d d i t i o n  holds.  There 

e x i s t  r i g h t  a d d i t i v e  i d e n t i t i e s ,  t h e  primary elements ,  and l e f t  mul t i-  
p l i c a t i v e  i d e n t i t i e s ,  t h e  successors  of primary elements .  

L e t  us  c o n s i d e r  t h e  s e t  M = ! (a ,b)  : a ,b  c N ?. The r e l a t i o n  of  
e q u a l i t y  i s  def ined  on M by: ( a ,b )  - (c ,d)  i f f a  + d - c + b. I t  fo l lows  
from t h i s  d e f i n i t i o n  t h a t  e q u a l i t y  on  M is an equ iva lence  r e l a t i o n .  Le t  - 
u s  denote t h e  equ iva lence  c l a s s  of  (a.b) by (a,b) and s e t  I - ( (a.b): 
a ,  b c N 1. The s e t  I w i l l  be c a l l e d  a system of  semi- integers .  
D e f i n i t i o n .  The o p e r a t i o n  of a d d i t i o n  is  def ined  on 1 by: -- 

(a.b) iÂ± (c ,d )  - (a  + c ,  b + d l .  
The o p e r a t i o n  of m u l t i p l i c a t i o n  is  J e f i n e d  on  I by: -- 

(a ,b )  6) (c.d) - (ac + bd, ad + be) .  
Again, t h e s e  o p e r a t i o n s  on I, j u s t  a s  t h e  r o r r e s p o r d i n g  o p e r a t i o n s  on N, 
a r e  well- defined and a s s o c i a t i v e ,  b u t  n o t  commutative. An r e s u l t  
r egard ing  semi- natural  numbers i s  t h a t  f o r  any two numbers, a and b e N, 
e i t h e r  a - m + b o r  b n + a ,  f o r  some m ,  n E N. Thus, t h e  elements  of I a r e  

o f  two forms: (a. n + a )  o r  (m + b, b ) .  Furthermore,  el semi- integer  of  

t h e  form (m + b ,  b )  e q u a l s  (m, p ) ,  which e q u a l s  (m, 0 ) .  where 0 is  t h e  l e a s t  

element of N. For m f- N such t h a t  m is n o t  pr imary,  m - (m, 0) i s  s a i d  t o  - 
be  a p o s i t i v e  semi- integer;  for p E N sucli t h a t  p is primary,  (p.0) - p is a 
pr imary semi- integer .  Before d e f i n i n g  a n e g a t i v e  semi- integer ,  i t  should be  

noted t h a t  (O.k) +(p.k) f o r  a l l  k c N; and hence we must f i r s t  f i n d  unique - 
r e p r e s e n t a t i o n s  f o r  elements  of t h e  form (p,m). To do tills, we s h a l l  
d e f i n e  t h e  a b s o l u t e  v a l u e  of semi- natural  numbers: I f  m c N, then t h e  
a b s o l u t e  v a l u e  l m l  of  m m i f  0 < m < p, f o r  a l l  primary p such t h a t  0 < p; - k i f  m - p + k f o r  some non-zero primary p such t h a t ,  

f o r  a l l  p* < BI w i t h  p* primary,  p* < p; lk l  - k; 
= 0 i f  m is primary 

Then from t h e  d e f i n i t i o n  of e q u a l i t y .  i t  fo l lows  tiid: (p. n) - m. 
Thus, f o r  non-primarv n, '0 -m i s  s a i d  * P  be n ~ g a t i v e  semi- integer .  
Many f a m i l i a r  r e s u l t s  r exard ing  t h e  i n t e q e r s  a l s o  apply t o  t h e  semi- in tegers ;  
e .g . ,  -(-in) = m ,  m(-11, = (-irjn = -(mn), and (-in) (-n) - mn. A r e l a t i o n  can 
be def ined  on I wliicii p r e s e r v e s  t h e  r e l a t i o n  s f  < on t h e  semi- in tegers  of the  
- 

form (m.0) - la wliicli can a l s o  be regarded as - .mi- na tura l  numbers. 
D e f i n i t i o n .  The r e l a t i o n  Ã is def ined  on I bv: 

I m - (a ,  b)  Ã n = (c ,  d)  i f f  a + d < c + b. - 
I f  the  non-negative i n t e g e r s  a r e  s e l e c t e d  .is the  semi- natural  system, 

the  r e s u l t i n g  s e t  of semi- in tegers  would he tlifc f a m i l i a r  s e t  of  i n t e g e r s .  I f  
t h e  s e t  P, def ined  above, is cliosen a s  the  semi- natural  system, then t h e  s e t  
- 
P {.  .., -2, -1, ..., - 2 ' .  -1', 0, 1, 2, ..., 0', 1'. 2 ' ,  ... 11s t h e  cor-  
responding system of semi- integers .  

Consider  t h e  s e t  Q - ( (a.b) : a ,  b e I and u i s  not pr imary)  , wit11 
tiic r e l a t i o n  of eclual i tv  de f ined  on Q by: ( a ,  b)  = (c ,  d )  i f f  da = be. 
Tliis r e l a t i o n  is i n  f a c t  an equ iva lence  r e l a t i o n  and p a r t i t i o n s  Q i n t o  
mutual ly d i s j o i n t  equ iva lence  c l a s s e s .  Denote the  equ iva lence  c l a s s  of  
( a ,  b )  by ( ( a ,  b ) j  and d e f i n e  R - ( ((a, b ) ) :  a ,  b r. I with b )' primary ) 
t o  be a svstem of semi- ra t iona l  numbers. 
2ef i n i t i o ~ : .  'il,e o p e r a t i o n  of a d d i t i o n  is def ined  on R by: 

( ( a ,  0)) <+> ( ( c ,  d ) )  - ( (da  + bc,  b d ) ) .  
The o p e r a t i o n  of m u l t i p l i c a t i o n  is. d e f i n e d  on R by: 

( ( a ,  b ) )  <.> Uc, d ) )  a ( f a = ,  db) ) .  
'!any p r o p e r t i e s  of t h e  semi- natural  numbers iini. rnc semi- in tegers  induce 
cor responding  p r o p e r t i e s  i n  t h e  semi- ra t iona l  iiumLi-rs; e.g.,  l e f t  cancel-  



lation of multiplication by a non-primary element. Further, the semi-integers 
can be embedded in the semi-rational numbers by the mapping 9: I Ã‘Ã‘Ã R 
given by m9 - ((m ,SO)). 

Among the new features of the semi-rational numbers, we can define the 
inverse of an element ((a, b)) where a is also non-primary, to be the semi- 
rational number ((b, lal)). This definition allows us to consider a new 
operation: 
Definition. The operation of division is defined on R by: 

Another important result can be expressed as the following: 
Theorem. Equations of the form ax = b, where a,b e R and a i6 primary have 
a unique solution in RL 
Proof: Clearly x - a b is a solution since ax - a(a -1 b) - (SO) b - b. 
Further, assume that x and y are both solutions to the equation. Then 
ax - b = ay, i.e., ax - ay. By left cancellation multiplicatively by a 
non-primary element, it follows that x - y; hence the solution is unique. 
It is interesting to note that while equations of the form xa - b  are 
soluble in R, these solutions are not unique; it is readily seen that the 
proof breaks down because there is no right cancellation multiplicatively 
by a non-primary element. As an example, choosing the set P defined above 

and denoting the resulting system of semi-rational numbers by ?, the equation 
x ' 2 - 6 has two distinct solutions, viz., x - 3 and x - 3'. Another inter- 
esting property of semi-rational numbers is that for any two semi-rationals 
x and y such that x < y, there exists a semi-rational z such that x < z < y, 
i.e., the semi-rational numbers are dense. 

In attempting to enlarge the semi-rational numbers into a more compre- 
hensive type of semi-number, we are met with the same difficulty found in 
the extension of the rational numbers to form the real numbers; the method 
of constructing ordered pairs fails. In a manner completely analogous to 
Dedekind's method of "cuts" in the rational numbers, we proceed as follows: 
Definition. Given a system, R, of semi-rational numbers, a is a partition 
of R, denoted (A, B), into two sets A and B such that 

(i). A U B - R  A ~ B  - 0 ; 
(ii). A + 0 B + 0; 
(iii). For all a E A and b E B, aeb. 
(iv). For any a E A, there exists a' E A such that a<a'. 

Thus, there are two types of cuts: (a) A has no largest element and B has a 
smallest element, this type of cut is said to define a semi-rational number, 
i.e., the semi-rational number which is the least element of B; (b) A has 
no largest element and B has no smallest element, this type of cut is said 
to-define a semi-irrational number. The set of all cuts will be termed the 
set of semi-real numbers. 
The four standard arithmetic operations can be defined on RU, a system of 
semi-real numbers; in addition, extraction of roots is possible on RU. Many 
of the consequences regarding semi-real numbera follow from similar proper- 
ties of semi-rational numbers, including the characteristic of density. 
Examples of semi-irrational numbers can also be given and proven to be 

- semi-irrational, with the most obviou~ example being J- 

Wronskian Identities 

Martin Swiatkowski 

Neither the statement nor the proof of the main result of this paper 
(Corollary 3.1) are original with this author. G. Polya [2 ,  p.3151 prefaces 
his use of the result with the words "...by the usual formula for a minor 
of the adjoint determinant." The proof given here is essentially that in- 
dicated by Philip Hartman [lsp.3101. . 

The purpose of this paper is to provide an elementary and direct proof 
of Corollary 3.1 for those who lack the motivation and/or background to 
read Hartman's paper on differential equations and who are not familiar with 
"the usual formula for a minor of the adjoint determinant." 

Definition. Let f ,  ..., f be functions n-1 times differentiable over - 
(a,b). The "Wronskian of fl,. . . ,f," W(f,. . . , f )  is the following 

determinant 

One of the most basic identities involving Wronskians is the following 
fact: . .. 

(6.1) vu' - uv' - W(V, U) 
2 

Two identities will be proved which allow certain manipulations of 
Wronskians. Theorem 1 presents a sort of "factoring," theorem 2 permits an 
alteration in a Wronskian's size. 
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Proof. W(Y2 ,... . YF-:) = - 

Row opera t ions  e l i m i n a t e  a l l  but  t h e  f i r s t  terms of  each element. Therefore 
W(YZ, ..., YZi) = 

= Y ^ W ( Z ~  . .  , 2 . ) .  
I 

Theorem 2. g Y ( t )  # 0 zt c ( a , b ) ,  z W ( Y ,  Zl ,,.., 2 . )  = - I 

Proof. By theoren  1 Ã§<( ,Zl ,. . . , 2. ) z - 
z 2.1 

yj+lw [l. + ,..., ̂ , - =  

The f i r s t  e q u a l i t y  is  by t h e  v a l u e  of a one element determinant ,  t h e  second by 
theorem 2, t h e  t h i r d  by f a c t  0.1, t h e  f o u r t h  by theorem 1, t h e  l a s t  by adding 
exponents. 
Induction hypothesis:  Theorem 3 .  

I n d u c t i o n s t e p :  n+l: (W(u ,  ..., u ))k-l n+l 
W ( u  ..... un+,, x1 ...., Xk) - 

W(W(U ..... un+l, xl)  ,..., W(ul, ..., U^. x^)) .  



The f i r s t  two e q u a l i t i e s ,  by theorems 2 and 1, change a Wronskian of  n t 2  . x n t 2  Wronskians t o  a product  inc lud ing  a Wronskian of  n+1 x n t 1  
Wronskians, f a c i l i t a t i n g  t h e  use of  t h e  hypothesis .  The f o u r t h  e q u a l i t y  
r e i n s t a t e s  u i n t o  t h e  Wronskians by theorem 2 ,  and t h e  f i f t h  g a t h e r s  t h e  1 
exponents of  u which sum up t o  zero. 

Polya 's  formula f o r  a minor of t h e  a d j o i n t  determinant  is a s p e c i f i c  
case  o f  theorem 3. Althoueh probably proved by a t e d i o u s  determinant  
method o r i g i n a l l y ,  it now becomes a simple c o r o l l a r y .  

Coro l la ry  3.1. 

Proof. - 

= W(u ,..., un) W(ul ,..., u X ,  Y) 
n '  

( W ( u ,  ..., u , y ) I 2  
n 

The proof uses f a c t  .1 and theorem 3 with k = 2. 
Hartman's a r t i c l e  is suggested t o  t h e  r e a d e r  who is i n t e r e s t e d  i n  

f u r t h e r  Wronskian i d e n t i t i e s  and i n  t h e i r  use i n  d e t e r m i n i n ~  p r o p e r t i e s  of  
s o l u t i o n s  t o  l i n e a r  d i f f e r e n t i a l  equations.  
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AN EXTENSION OF 11ERMITlAN MATRICES 

Robert Haas 
John C a r r o l l  Univers i ty  

Hermitian mat r ices ,  def ined  t o  be i d e n t i c a l  wi th  t h e i r  t ransposed 

conjuga tes  (A* = A), possess so  many i n t e r e s t i n g  and u s e f u l  p r o p e r t i e s  

t h a t  it is only n a t u r a l  t o  i n q u i r e  what would happen i f  A* = A
n

,  where 
n is  a n  i n t e g e r  g r e a t e r  than 1. I n  t h i s  paper, such a type of matrix,  
and t h e  analogously defined type of opera tor  i n  I I i lber t  space w i l l  be 
considered.  

A square m a t r i x  A s a t i s f y i n g  t h e  r e l a t i o n  A* = An, where n is a n  
i n t e g e r  g r e a t e r  than 1 w i l l  be c a l l e d  a llermitian m a t r i x  of degree n, 

o r  f o r  s h o r t ,  a n  11 matrix.  Since AA* - AAn = A*' = A"A - A A ,  any 

11 mat r ix  is normal. This  impl ies  t h a t  an 1 1  mat r ix  is simple (di- 

agonalizable--geometric = a l g e b r a j c  m u l t i p l i c i t y  f o r  each eigenvalue),  
hence i s  u n i t a r i l y  s i m i l a r  to  t h e  diagonal  mat r ix  of i ts  eigenvalues,  
and t h a t  e ieenvec tors  a s s o c i a t e d  wi th  d i s t i n c t  eigenvalues a r e  orthogonal .  

A r e l a t i o n s h i p  can be obtained from A* = An not involving A*. For 

s i n c e  (as  can e a s i l y  be sliown by induc t ion)  ( A * )  = (:I*, i t  fol lows 

A* 
t h a t  A =  A = (An)* - (A*)" = ( A " ) " - A " ,  s o  A-an for any 11 mat r ix  

A. I f  A-I e x i s t s ,  t h i s  i n  t u r n  impl ies  t h a t  An'-' = I. Conversely, i f  

An'-' - I, then s i n c e  by assumption n > l ,  e x i s t s  and is  A-l. Hence 

2-1 
i f  A i s  an H mat r ix ,  An - I i f f  A i s  nonsingiilar. This  can a l s o  he 

expressed by saying t h a t  i f  A i s  a nonsingular  H mat r ix ,  i ts powers w i l l  

form a c y c l i c  group of order n - 1, o r  some d i v i s o r  of n - 1. 
Since any H mat r ix  is u n i t a r i l y  s i m i l a r  to  t h e  diagonal  matrix of 

i ts  eigenvalues,  i t  would he worthwhile t o  cons ider  these  e i renva lues  
themselves. The r e l a t i o n s  they s a t i s f y  a r c  s i m i l a r  i n  form t o  those  

z - 
obtained f o r  t h e  matrix:  i f  p is a n  eigenvalue,  p = pn ,  and i; = u n  . 
The f i r s t  of these  is  proved i n  t h e  same way t h a t  i t  is shown t h a t  t h e  * *  - *  
eigenvalues of a l l e r m i t i t  a a t r i x  a r e  r e a l :  Ax - nx implies x A - px , 

* *  - *  * *  A n * - *  , ,* 
s o x ~ x = u x x ,  h u t x ~ x = x ~ ~ x - p x x ,  s o u x x - p x x .  x i s a n  

e igenvec tor ,  x + 0, x*x + 0. so  = u n .  s i m i l a r l y ,  ux = AX = A"-X 



pn x, and x + 0 y i e l d s  u u n  . I f  u is an eigenvalue of A ,  - X  = Ax 

. impl ies  A*X - A ~ X  - u
n
x = Mx, s o  is  a n  eigenvalue of A* with the  same 

a s s o c i a t e d  eigenvector  x. 
The s c a l a r  f i e l d  w i l l  h e r e  be assumed t o  he t h e  complex numbers, and 

s o  u - u n  r e q u i r e s  e i t h e r  t h a t  u - 0, o r  2 is  an n - lst root  of 1. I t  
should be noted t h a t  whi le  the  eigenvalues of a n  11 mat r ix ,  un l ike  tliose of 

a  H e m i t i a n  mat r ix ,  a r e  not n e c e s s a r i l y  r e a l ,  they can be ordered s i n c e  they 
a l l  must l i e  on t h e  u n i t  c i r c l e  (or  a t  0 ) .  The normali ty of an II matr ix now 

impl ies  t h a t  such a matrix w i l l  be u n i t a r i l y  s i m i l a r  to  a  d iagonal  matrix of 

0 ' s  and n
2 - lst r o o t s  of 1. I f  A is  a nonsingular  I1 mat r ix ,  i t  has no 

zero eigenvalues,  and so  t h i s  s i m i l a r i t y  d e s c r i p t i o n  impl ies  t h a t  lde t  A ]  = 1. 

The above requirement t h a t  y be 0 o r  an n - lSt root  of 1 is only 
necessary,  no t  s u f f i c i e n t ,  and s o  a c t u a l l y  t h e r e  i s  s o  f a r  no proof t h a t  any 
H matr ices  r e a l l y  e x i s t .  This  s i t u a t i o n  w i l l  now be remedied by showing 

t h a t  a  mat r ix  A is H i f f  i t  is u n i t a r i l y  s i m i l a r  t o  a  d i a ~ o n a l  mat r ix  con- 

s i s t i n g  of 0 ' s  and n + lst r o o t s  of 1. 
* 

Suff ic iency  i s  c l e a r ,  s i n c e  i f  A - U DU, where U i s  u n i t a r y ,  and D is a 

d iagonal  matrix,  then A" = U*D% - (u*(D)"u)* - A* provided t h a t  (Dln - D ,  

o r ,  t ak ing  conjugates.  nn = D. I f  t h e  eigenvalue u.  an element of n, i s  0, 

0" - 5. Iâ ,in+1 - 1, p" - s o  express ing  u a s  eie, u n  = = 2 - e-i@ = 
\ i B  - 

u. 
Necessi ty i a  shown a s  fol lows.  A s  was proved above, t h e  nonzero 

e igenvalues  of an H mat r ix  must be n - 1 r o o t s  of 1, & 5 must have the  - n 
i2kn/  (a" - - form u - e . where k can ranee  from 0 t o  n

2 - 2. Since u n  - u .  

ei2nkn/(n2 - 1)- i 2mn [ - . where m is a n  i n t e g e r .  Solving, 

2 k 
nk - (n - l)m - k, k(n + 1)  - (n - 1 )  (n +l)m, o r  s i n c e  n > 1, 7 = m ,  an .. - 
i n t e g e r .  Resubs t i tu t ing ,  v * ei2mn"*1), where m is a n  i n t e g e r ,  and i t  can 

be seen  t h a t  u is indeed a n  n + 1 r o o t  of 1. 
From t h i s  c h a r a c t e r i z a t i o n ,  i t  can now be seen t h a t  a l l  I1 matr ices  

which a r e  nonsingular  a r e  u n i t a r y ,  f o r  i f  A - U D U  a s  above, then  M* = AAn - A*' - U D ~ .  Since A is nonsingular ,  D is  a d iagonal  matrix e n t i r e l y  
* * 

of elst r o o t s  of 1, "so D * ~  - I, and AA U I U  - U*U - I. 
There is a n  unlimited number of Hermitian mat r ices ,  s i n c e  i n  t h e  '!unit- 

a r i l y  s i m i l a r  t o  diagonal  of eigenvalues"  represen ta t ion ,  any r e a l  number 
. could serve as a p o s s i b l e  eigenvalue.  As was j u s t  shown, however, Hm matr ices  

- - h a v e  only a f i n i t e  number of choices a v a i l a b l e  f o r  eigenvalues,  namely 0 and 

t h e  n + 1 (n + 1 ) '  r o o t s  of 1. Consequently only a f i n i t e  number of H- 

m a t r i c e s  a r e  d i s t i n c t  under u n i t a r y  s i m i l a r i t y  t ransformations.  This number 

can e a s i l y  be determined. Suppose a l l  r x r H mat r ices  a r e  under considera-  

t i o n .  A permutation mat r ix  is u n i t a r y ,  s o  t h e  r p o s i t i o n s  on t h e  d iagonal  
matrix of eigenvalues a r e  i n d i s t i n g u i s h a b l e  under u n i t a r y  s i m i l a r i t y  t r a n s-  
formations.  The number of d i f f e r e n t  d iaeona l  mat r ices  is then t h e  number of 
ways r i n d i s t i n g u i s h a b l e  p o s i t i o n s  can be assigned t o  n t 2 p o s s i b l e  eigen- 

va lues ,  which from occupancy theory is (nt:l). 

The a n a l y s i s  up t o  t h i s  po in t  has concentrated e n t i r e l y  on t h e  o r i g i n a l  

problem of A* = A", where n is an i n t e g e r  > 1. However, i n  t h e  process severa l  
r e l a t e d  ques t ions  have a l s o  been solved. For i n s t a n c e ,  one might cons ider  

d e f i n i n g  Hlln mat r ices ,  f o r  n an i n t e g e r  > 1, by t h e  r e l a t i o n  (A')" = A 

sugges t ing  A* = A n  i f  t h e  r o o t  e x i s t s  . However, t ak ing  conjugate t r a n s-  * 
poses of both s i d e s ,  t h i s  quickly becomes A* = (A*)" = (An)"* = An, which 

is back t o  t h e  o r i g i n a l  problem A" = A ~ ,  s o  an Hlln mat r ix  is simply H n '  

S i m i l a r l y ,  one might t r y  t o  extend t h e  concepts  of  both H and u n i t a r y  mat r ices  

by s i n  mat r ices  which s a t i s f y  A A  = I f o r  n an i n t e g e r  > 1 (suggest-  

 in^ A" = i f  inverses  e x i s t ) ,  t o  be termed H-n matr ices.  But i f  A*An = I, 

d e t  (A*An) = 1, d e t  A # 0,  A "  e x i s t s ,  and A* = A"". An a n a l y s i s  of t h e  eigen-  
values  e x a c t l y  analogous t o  t h e  one done f o r  H mat r ices  w i l l  show t h a t  H-n 

mat r ices  a r e  u n i t a r i l y  s i m i l a r  t o  d i a r o n a l  mat r ices  of  n-lst r o o t s  of 1 ( 0  is 
excluded s i n c e  t h e  mat r ices  a r e  nons ingular ) ,  and s o  f o r  n > 3, t h e  H-n 

mat r ices  correspond e x a c t l y  with t h e  nons ingular  H z  matrices.  (The H and 

H mat r ices  a r e  t r i v i a l  c a s e s - - H  mat r ices  a r e  u n i t a r i l y  s i m i l a r  t o  d iagonal  

mat r ices  of * l l s ,  and only I  is H z . )  

S i m i l a r  conclusions can a l s o  be ob ta ined  i n  t h e  more genera l  contex t  of  
bounded l i n e a r  o o e r a t o r s  i n  H i l b e r t  space. For i f  T is such an opera tor  * 
which s a t i s f i e s  t h e  r e l a t i o n  T* = Tn ( h e r e ,  T is t h e  a d j o i n t  of  T, and T" 
denotes t h e  mapping T comocsed with i t s e l f  n t imes) ,  f o r  n an i n t e g e r  >1, then 

aca in  T*T = T ~ "  = TT", s c  T is normal. Also, i f  u i s  an e i g e n v a h e  (element 

** 2 
of t h e  p o i n t  spectrum) of T, then s i n c e  T = T = Tn , f o r  some x # 0 ,  ux = 

2 2 2 
Tx = Tn x = un x,  s o  u = un , and i f  u # 0 ,  1111 = 1. I f  T has no zero  eigen- 
va lue ,  then a f in i te- dimens iona l  s p e c t r a l  theorem can be used t o  show t h a t  T 
is u n i t a r y  i n  a f in i te- dimens iona l  i n n e r  product space,  and t h e  same r e s u l t  
can be obtained i n  t h e  i n f i n i t e  case  under t h e  added assumption t h a t  T is 

2 
completely continuous. I n c i d e n t a l l y ,  s i n c e  T = Tn , f o r  a l l  x, 1 1 ~ x 1 1  = 

2 2 2 
I T n  x l l  5 1 l T I l n  l1x11, s o  ~~~~~~ ~~~~~n , and if T # 0 ,  1 1 ~ 1 1  ; 1. 

Returning now once aga in  t o  t h e  case  of  t h e  H mat r ices ,  t h e  represen ta t ion  

i n  terms of the  d iagonal  matrix of  eigenvalues al lows powers, r o o t s ,  and 
f i n a l l y ,  approximation of n o r ~ a l  mat r ices  by H mat r ices  t o  be discussed.  

I f  A and B a r e  two H mat r ices  f o r  which AB = BA, t h e  A B  is a l s o  H ,  s i n c e  

(AB)* = B*A'~ = = ( ~ 0 ) " .  One s u f f i c i e n t  condi t ion  f o r  t h e  requi red  com- .. * 
muta t iv i ty  of A and B is f o r  A = U"DU and B = U EU, where U is the  same u n i t a r y  
matrix f o r  both A and 0,  and D and E a r e  t h e  diagonal  mat r ices  of  eigenvalues 
of A and 0. A s p e c i a l  case  of  t h i s  is of course  when A = B, and s o  i f  A * 
is H ,  s o  a r e  a l l  powers of A. The r e p r e s e n t a t i o n  a s  A = U DU 



g i v e s  s l i g h t l y  more information than t h i s .  If A is [In, a  nonzero element of 
D w i l l  be an n+lst r o o t  of 1. I f  n+l  = ab, where a ,  b a r e  i n t e g e r s  > 1. then 

. = u*D%, and t h e  elements of na w i l l  be bth r o o t s  of 1 (or n)*  so  tIa w i l l  

be ( i f  b = 2* Aa w i l l  be u n i t a r i l y  s i m i l a r  t o  a  d i a p m a l  matrix of +18s  

o r  0 ' s .  which i f  nonsingular  w i l l  be idempotent). I n  a s i m i l a r  way, a l l  
* r a t i o n a l  r o o t s  of A can be defined (though not  uniquely)  a s  U R U B  where I? 

is  a d iagonal  mat r ix  of t h e  corresponding r o o t s  of t h e  elements of D. I f  
A i s  lin and r is a n  i n t e g e r ,  then i t  can e a s i l y  he v e r i f i e d  t h a t  A'" is 

"nr + r  - 1. 
The s e t  of a l l  r a t i o n a l  r o o t s  of 1. t h e  s e t  of p o s s i b l e  eigenvalues f o r  

11 mat r ices ,  f o m s  a dense subse t  of t h e  u n i t  c i r c l e .  This  would suggest  

t h a t  o t h e r  mat r ices  t n i ~ h t  be approximated i n  terms of  H matrices.  
I f  N is a n  a r b i t r a r y  normal mat r ix ,  then i t  i s  u n i t a r i l y  s i m i l a r  t o  thc  diagon- 

* 
a 1  mat r ix  of i ts eigenvalues,  2 = V PI. A l l  r a t i o n a l  r o o t s  can be taken 
(again not  uniquely)  by takinq t h e  c o r r c s p o n d i n ~  r o o t s  of F. I t  is c l e a r  t h a t  
t h e r e  is  an i n t e g e r  m, depending only  on F (hence NIP s o  t h a t  i f  r is an 

in teRer  m,  a l l  elements of F'" w i l l  have modulus l e s s  than 2. I f  they 
a r e  nonzero, thcy can he K C S O ~ V ~ ~  uniquely i n t o  t h e  sum of two poin ts  on t h e  
u n i t  c i r c l e .  (Using t h e  f a m i l i a r  paraUelogram law f o r  a d d i t i o n ,  t h e  p o i n t s  
w i l l  be t h c  i n t e r s e c t i o n  with t h e  u n i t  c i r c l e  of t h e  perpendicular  h i s e c t o r  
of thc  segment between t h e  given poin t  and t h e  o r i g i n . )  Thus f o r  t h e  1-1 
element of F " ~ ,  t h c r e  is  an i n t e ~ e r  nl such t h a t  t h e  two p o i n t s  i n t o  which 

t h e  element has heen resolved a r e  approximated t o  t h e  d e s i r e d  c loseness  by t h e  

two nlst r o o t s  of 1. u l  and vl. ( I f  t h e  element is O p  simply l e t  u 1 = vl a 0. 

and d i s r e g a r d  nl.) There a r e  s i m i l a r  numbers n2 ,..., n y i e l d i n g  t h e  n2, 
& I' 

aL ...* n r o o t s  of 1. u 2 , .  .., II and v2 ,..., v , where F is  a p x p matrix.  P P P 
Let n + 1 be t h e  l e a s t  comon m u l t i p l e  of n ,... , np. Then u l  l . . . p  un and 

vl ,..., v a r e  a l l  n + lSt r o o t s  of and r1Im diag  (u + " P 1 1 *--.* u 
P 

+ v 1. Let A = d i a g  (u1 . . . . * ) and B d i a g  (vl . . . * vp). Then V*AV P 

and V*BV a r e  H mat r ices l  and + V * B V ] ~  = F * ( A  + B ) V ~  = V*(A + B)% 

a V*FV * N. On t h e  o t h e r  hand, ~ * A V  + V*BV]~ may be expanded immediately t o  

(7) V*A'B~-'V (A0 = B' - I), and each term v*A'B~-'v is a l s o  Hn. Con- 

sequent ly ,  any normal matrix can be a p p r o x l m t e d  a s  t h e  m t h  power of t h e  sum 

of two H mat r ices ,  o r  a s  t h e  sum of 2m H matr ices  (counting t h e  sum a s  

m 
terms), where m depends only on t h e  normal matrix i t s e l f .  
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This department welcomes problems be l ieved  t o  be new and, a s  a r u l e '  
demanding no g r e a t e r  a b i l i t y  i n  problem so lv ing  than t h a t  of 'the average 
member of the  F r a t e r n i t y .  Occasionally we s h a l l  publ i sh  problems t h a t  
should cha l lenge  t h e  a b i l i t y  of t h e  advanced undergraduate o r  candida te  f o r  
t h e  Master 's  Degree. Old problems c h a r a c t e r i z e d  by novel and e l e g a n t -  
methods of s o l u t i o n  a r e  a l s o  acceptab le .  So lu t ions  should be submitted on 
s e p a r a t e ,  s igned s h e e t s  and mailed before  November 15. 1971. 

Address a l l  communications concerning problems t o  D r .  Leon Bankoff, 
6360 Wilsh i re  Boulevard, Los Angeles, C a l i f o r n i a  90048. 

PROBLDlS FOR SOLUTION 

248. Proposed by R. S. Luthar, Univers i ty  of Wisconsin, Waukesha. 

For any p o s i t i v e  i n t e g e r  n, prove t h a t  t h e  fol lowing i n e q u a l i t y  holds:-  

2n(n + 1 )  
i n ( n  + 13 n(n  + 2 (n!ln 

n - 1  

249. Proposed hy R.  S. Luthar,  Univers i ty  of Wisconsin, Waukesha. 

Prove t h a t  

where p is an odd prime and m i s  any'non-negative i n t e g k r .  

250. Proposed by Charles W. Trigg,  San Diego, C a l i f o r n i a .  

I d e n t i f y  t h e  t h r e e  mathematical terms represen ted  by t h e  fol lowing 
items: 

(a) Bass made f i v e  yards  over h i s  own r i g h t  t a c k l e .  J u s t  a s  he was 
oeing tack led  he tossed the  h a l l  back t o  Gabr ie l ,  who inmediately 
f l i p p e d  i t  back t o  Casey. A f t e r  aavancing t e n  yards,  Casey threw 
t h e  p igsk in  back t o  Nasonl who lobbed i t  back t o  Bass, who continued on 
t o  a touchdown. 

- . . -  (b) A s  I was going up t h e  s t a i r  
* 

I met a man who wasn't therc .  
lle wasn't there  aga in  today 
I wish, I wish he'd go away. 

(c) Yukon J a k e ' s  t a l e  warn c h a r a c t e r i s t i c a l l y  longs d e t a i l e d s  and 
profane8 "At noon I found t h a t  a *** bear  had discovered my cache 
and des t royed  a l l  t h e  *** suppl ies .  I was *** hungry and t h e  n e a r e s t  
food was t e n  *** m i l e s  aways s o  I g o t  t h e  *** o u t  of t h e r e  f a s t .  When 

I g o t  t o  t h e  *** cabin  i t  was almost dark  and I was *** t i r e d .  Them 

*** beans t a s t e d  good.'' 

251. Proposed by Char les  W. Trigg'  San Diego, C a l i f o r n i a .  

3 
I f  rls r2*  r,, a r e  r o o t s  of x + px + q - O s  show t h a t  

3 4 
3 I ri2 I r: - 5 I ri 1 ri 

252. Proposed by Solomon W. Golmb,  Univers i ty  of Southern C a l i f o r n i a .  

There a r e  97 p l a c e s  where a 2 X 3 r e c t a n g l e  can be  p u t  on a n  8 X 9 
board. I n  how many of these  c a s e s  can t h e  rest of t h e  board be  
c w e r e d  w i t h  e leven  1 X 6 r e c t a n g l e s  ( s t r a i g h t  hexominoes) and where 
a r e  these  l o c a t i o n s ?  

253. Proposed by Erwin J u s t ,  Bronx Cornunity College of t h e  Ci ty  Univers i ty  
of New York. 

I f  P(x) is a n  i r r e d u c i b l e  polynomial over  t h e  r a t i o n a l s  and t h e r e  

e x i s t s  a p o s i t i v e  i n t e g e r  k + 1, such t h a t  r and rk a r e  bo th  zeros  of 
P(x)* prove t h a t  P(x) is cyclotomic. 

254. Proposed by Alf red  E. Neumans Mu Alpha Del ta  F r a t e r n i t y ,  New York. 

I n  t h e  a d j o i n i n g  d i a g r i S  CD is  
a half- chord perpendicu la r  t o  t h e  
diameter  AB of a c i r c l e  (0). The 
c i r c l e s  on diameters  AC and CB a r e  
cen te red  on Ol and O2 respec t ive ly .  

The r e s t  of t h e  f i g u r e  c o n s i s t s  of 
consecut ive ly  tangent  c i r c l e s  in-  
scr ibed  i n  t h e  horn-angle and i n  A 0 

t h e  segment a s  shown. I f  t h e  two 
shaded c i r c l e s  a r e  equa ls  what i 8  
t h e  r a t i o  of AC t o  AB? 

255. Proposed by C. S tan ley  Ogilvy, Hamilton College, Clinton,  N. Y. 

Find a 3- dig i t  number i n  base  9 which* when its d i g i t s  a r e  w r i t t e n  i n  
r e v e r s e  order '  y i e l d s  t h e  same n m b e r  i n  base  7. Prove t h a t  t h e  solu-  

t i o n  is unique. 

256. Proposed by R, S. Luthar, Univers i ty  of Wisconsins J a n e s v i l l e .  

ABCDE is a pentagon i n s c r i b e d  i n  a c i r c l e  (0) 
w i t h  s i d e s  AB* CD and JGl equal  t o  t h e  r a d i u s  
of (0). The midpoints  of BC and DE a r e  denoted 
by L and M r e s p e c t i v e l y .  Prove t h a t  ALM is a n  
e q u i l a t e r a l  t r i a n g l e .  



257. Proposed by Mike Louder and Richard F i e l d ,  Los Angeles, C a l i f o r n i a .  

I f  x, y, z a r e  the  s i d e s  of a p r i m i t i v e  Pvthagorean t r i a n g l e  with 
z > x > y, can x  and (x - y) be t h e  l e g s  of another Pythagorean 
t r i a n g l e ?  

SOLUTIONS 

220. (Spring 1969 and F a l l  1970) Proposed by Daniel  Pedoe, Univers i ty  
of Minnesota. 

a )  Show that t h e r e  is  no s o l u t i o n  of t h e  Apollonius problem of drawing 
c i r c l e s  t o  touch t h r e e  g iven  c i r c l e s  which has only seven s o l u t i o n s .  

b) What s p e c i a l i z a t i o n s  of t h e  t h r e e  c i r c l e s  w i l l  produce 0, 1. 2* 3, 
4, 5 and 6  d i s t i n c t  s o l u t i o n s ?  

Solu t ion  I by t h e  Proposer was published i n  the  F a l l  1970 i s s u e ,  

11. Solu t ion  by Charles W. Trigg. San Diego, C a l i f o r n i a .  

Since t h e  proposer d i d  no t  s p e c i f i c a l l y  s t a t e  t h a t  s t r a i g h t  l i n e s  
would be considered c i r c l e s  of i n f i n i t e  r a d i u s ,  t h e  fol lowing solu- 
t i o n  d e a l s  with c i r c l e s  of f i n i t e  r a d i u s  only.  

Given t h r e e  non-tangent c i r c l e s ,  O1, 02, 03, i n  t h e  p lane  with 

rl < r2 < r3. Let T  represen t  t h e  conunon e x t e r n a l  t angents  of 0  
2  

and 03, and T  t h e i r  i n t e r n a l  tangents .  This  d i scuss ion  w i l l  be based i 
g e n e r a l l y  upon f i x e d  0  and O3 wi th  a  moving 0  2  1. 

Case I. No c i r c l e  l i e s  between t h e  conunon e x t e r n a l  t angents  of t h e  -- 
o t h e r  two. 

I n  genera l*  t h e r e  a r e  e i g h t  c i r c l e s  tangent  t o  t h e  t h r e e  Oi:  C O B  

inc lud ing  none of t h e  th ree ;  Cl, C2, C3* covering one Oi only ; 
c12* - - 

C13, CZ3, surrounding two Oi only; and ClZ3 encompassing a l l  t h r e e  0  
1- 

The s u b s c r i p t s  i n d i c a t e  t h e  O i V s  encompassed by t h e  p a r t i c u l a r  c 
1. 

Neither  a  s t r a i g h t  l i n e  ( c i r c l e  w i t h  i n f i n i t e  r a d i u s )  nor one of t h e  
0  can  q u a l i f y  a s  a  Ci. 
i - 

As Ol approaches a  Te between t h e  Ti, rZ3 increases .  A t  tangency 

C23 merges w i t h  t h e  T  , g e n e r a l l y  leav ing  7 s o l u t i o n s .  

Case I 

When 0  r o l l s  a l o n ~  t h e  T  tovard O2 u n t i l  i t  hecones t a n m n t  t o  
1 

a  Ti, C13 rnerqes wit11 t h e  Ti, l e a v i n c  6 s o l u t i o n s .  

\!hen nl cont inues  t o  t m g r n c y  wi th  02, C  merges with t h e  T  1 e *  
l e a v i n ~  5 s o l u t i o n s .  

W1en fll cont inues  t o  tangency aga in  11it11 t h e  Ti, C  vanishes,  3  
l e a v i n ~  4 s o l u t i o n s .  

I n  t h e  l a s t  s i t u a t i o n ,  i f  O2  and n3 a r e  t a n w n t ,  t h e  only 3  so l-  

u t i o n s  a r e  Cn, C2 and C 123; and i f  O1 i s  t a n ~ e n t  s imultaneously t o  

t h e  Ti and 02* t h e  only 2  s o l u t i o n s  a r e  Cn and C 123' Indeed, t h i s  is 

a l s o  t r u e  w11en the  t l i rce c i r c l e s  a r e  tanRent hy tx?ost?. 

Case 11. n. i s  between T- with 0,, between n, and n-. 

Here* s i t u a t i o n s  may e x i s t  1111ere two c i r c l e s ,  C  and C', inc111de 
a  p a r t i c u l a r  c i r c l e  and a r e  tangent  t o  t h e  o ther  two, and so  on. 

and 0  not  tanRent, and n, not  tanEent 
2  3  1 - 

n not tangent  t o  e i t h e r  Te, then we may have 
1 

ClZ3, CVlZ3, C12, C P l 2 ,  CZ3* C*23p C2, and CV2 - 8 s o l u t i o n s  

0  tangent  t o  one Tep then only  one C 
1 123 - 7 s o l u t i o n s  

0  tangent  t o  both Ten hence no C 
1 123 

- 6 s o l u t i o n s  

0  and 0  ex te rna l ly  tangent ,  O1 and not  tangent  
2  3  2  

0  not  tangent  t o  e i t h e r  Te, then we m y  have ClZ3, 
1 

CV123s C12s C23s CV23, and C? - 6 s o l u t i o n s  

0  tanEent t o  one Te 1 
- 5 s o l u t i o n s  

0  tangent  t o  both Te 1 
- 4 s o l u t i o n s  

n 2  tangent  t o  both n3 and Ol 

0  no t  tangent  t o  e i t h e r  Te 1 
- 4 s o l u t i o n s  

0, tangent  t o  one Te - 3 s o l u t i o n s  
- 

Ol t angent  t o  both Te - 2 s o l u t i o n s  



Case 111. 0  is between t h e  T  and between 0  and 0  -- 1 2 3. 
I n  some of t h e  s i t u a t i o n s  i n  t h i s  category,  t h e  r e l a t i v e  v a l u e s  

of  r19 r , and r a r e  c r i t i c a l .  2 3 
O2 and 0  no t  tangent  

3  

n1 no t  tangent  t o  t h e  T  nor t o  0  o r  03, then we may 
2  

have CO, CVO, Cl, CVl, two of C2, CVz9 C139 C'139 and tvo of 

5 9  Cv39 c12, Cvl2 - 8 s o l u t i o n s  
O1 tangent  t o  one T  but  no t  t h e  c i r c l e s 9  t h e r e  can be 

on ly  one C 
0  - 7 s o l u t i o n s  

O1 tangent  t o  one c i r c l e  bu t  no T  - 6 s o l u t i o n s  
Ol tangent  t o  a  c i r c l e  and one Te - 5 s o l u t i o n s  
Ill tangent  t o  both c i r c l e s  bu t  no T  - 4 s o l u t i o n s  
fJ1 tangent  t o  both c i r c l e s  and a  T  - 3 s o l u t i o n s  

O2 and O3 e x t e r n a l l y  tangent  

0  not  tangent  t o  a  T  o r  t o  0  o r  03, we may have Co, Ct0, 1 2 
C19 Cg1, one of C2, C13, and one of C3, 

c12 - 6 s o l u t i o n s  
0  tangent  t o  T  but  no c i r c l e  1 - 5 s o l u t i o n s  
0  tangent  t o  one c i r c l e  bu t  nn T  1 - 4 s o l u t i o n s  
0  tangent  t o  one c i r c l e  and T  1 - 3 s o l u t i o n s  
0  tangent  t o  both c i r c l e s  b u t  no T  1 - 2 s o l u t i o n s  
0  tangent  t o  one c i r c l e ,  t o  Te, and t o  t h e  1 

i n t e r n a l  tangent  of O2 and O3 - 2 s o l u t i o n s  
0  tangent  t o  Te9 O2 and 0  1 3 - 1 s o l u t i o n  

Case I11 

Case IV. One o r  two c i r c l e s  i n s i d e  t h e  t h i r d  -- 
0, o u t s i d e  O.,, both i n s i d e  0.. 

No tangencies - 
one tangency - 
-0 t angenc ies  

8 s o l u t i o n s  
6 s o l u t i o n s  
4 s o l u t i o n s  

Three Tangencies 
In  ~ e n e r a l  

O. i n s i d e  0". both i n s i d e  0- 

- 2 s o l u t i o n s  - (8 - 2 t )  s o l u t i o n s  

No tangcnc ies  - 0 s o l u t i o n s  
One o r  two d i s t i n c t  tangencies - 2 s o l u t i o n s  
A l l  tangent a t  a  po in t  - an i n f i n i t y  of s o l u t i o n s  

n1 i n s i d e  02, both n u t s i d e  0 3 

No tangenc ies  - 0 s o l u t i o n s  
One tangency - 2 s o l u t i o n s  
Two d i s t i n c t  tangencies - 1 s o l u t i o n  
A l l  t a n ~ e n t  a t  a  po in t  - an i n f i n i t y  of s o l u t i o n s  

Case V .  I n t e r s e c t i n g  c i r c l e s ,  none completely inc luding  another.  -- 
Lac11 c i r c l e  i n t e r s e c t s  every o t h e r  with no t r i p l e  p o i n t  

No common tangent  - 8 s o l u t i o n s  
One common tangent  - 7 s o l u t i o n s  
' h o  common tangents  - 6 s o l u t i o n s  

' h o  tangent  c i r c l e s ,  each i n t e r s e c t e d  by t h e  t h i r d ,  no t r i p l e  
& 

No common tangent  - 6 s o l u t i o n s  
One common tangent  - 5 s o l u t i o n s  
Two common tangents  - 4 s o l u t i o n s  

One c i r c l e  i n t e r s e c t e d  by two o t h e r s ,  no tangcncies o r  t r i p l e  

No common tangent  - 4 s o l u t i o n s  
One common tangent - 3 s o l u t i o n s  
Two common tangents  - 2 s o l u t i o n s  

Three c i r c l e s  having one common p o i n t  

No tangencies - 4 s o l u t i o n s  
Two c i r c l e s  tangent  a t  t h e  po in t  - 2 s o l u t i o n s  

Three c i r c l e s  l i a v i n ~  two conunon p o i n t s  - 0 s o l u t i o n s  

Only two c i r c l e s  i n t e r s e c t i n g  

No common tangent  
One common tangent  
Two common tangents  

- 2 s o l u t i o n s  - 1 s o l u t i o n s  - 0 s01ut.ions 

C l e a r l y 9  t h i s  is not  a  complete census9 e i t h e r  of c o n f i g u r a t i o n s  
o r  of s p e c i a l  c a s e s 9  such a s  those  where 0  i n t e r s e c t s  a  T, t h e  t h r e e  1 
r a d i i  a r e  equa l ,  when a  p a r t i c u l a r  placement of t h e  c i r c l e s  modi f ies  
t h e  announced number of s o l u t i o n s ,  e t c .  

IDITOR'S NOTE: Diagrams f o r  Case I V  and Case V a r e  l e f t  a s  an 
e x e r c i s e  f o r  t h e  readcr .  



232. (Spring 197n) w o s e d  hy Solomon V. Coloml1, l l n i v e r s i t y  of Southern 
C a l i f o r n i a ,  Los Anreles .  

F inJ  a d i r e c t  combina to r ia l  i n t e r p r e t a t i o n  of t h i s  i d e n t i t y :  

S o l u t i o n  by ' lurray S. Klamkin, Ford ' lotor Company 

If  w e  have n p o i n t s  A, B, C,... then  tlie l e f t  hand s i d e  can he i n t e r-  
pre ted  a s  t h e  number of p a i r s  of scp.mcnts formed by t h e  n p o i n t s .  
::ow d l  a n  e x t r a  p o i n t  0 and cons ider  tlic number o f  combinat ions f o u r  
a t  a time. T h e  combination 0. A. n. C g f w s  r i s c  t o  t h r e e  pairs of 
sednpnts .  i. e . ,  AH. AC; An, BC; BC, AC. The combinat ion A, B, C, 0 
a l s o  elves r i s c  t o  t h r e e  p a i r s  of  segmrnts. i. c.,  An, CD; AC, nn; 
An.  BC. And tlie number of these  is then  t h e  r i e l i t  hand s i d e  of t h e  
i d e n t i t y .  

Also so lved  by Kenneth Rosen, U n i v e r s i t y  of  !lichi-n and by the  
proposer .  

233. (Spring 1970) Proposed by Char les  W. T r i ~ g ,  San Diego, C a l i f o r n i a .  

The d i r e c t o r  of a v a r i e t y  show wanted t o  g i v e  t h e  femalf iinnftrson.~f.or 
a job.  b u t  ques t ioned  h i s  a b i l i t y  t o  dance u i t h  t h e  hifh-kicking 
F o l i e s  Bergere chorus.  I n  r e p l y  t o  t h e  d i r e c t o r ' s  query,  t h e  imper- 
s o n a t o r ' s  Spanish a g e n t  s a i d :  

"s1/11E Â¥ . CAN CANCAN... , 
b u t  .CAM be l e s s  than one-fourtli  e f f e c t i v e  i n  h i s  demons t ra t ion  today." 

I f  each l e t t e r  of the  c r v p t a r i t h m  un ique ly  r e p r e s e n t s  a -it i n  t h e  
s c a l e  of e leven ,  what is t h e  s o l e  s o l u t i o n ?  

S o l u t i o n  bv t h e  Proposer  

Le t  F = .CANCAMCAN 
Then 1000 F = CAN .CANCANCAH 
whereupon (1000 - 1)F  = CAN, i n  tlie s c a l e  of e leven.  

Hence SI/HE = CAM/XXX - CAM/ (13) (37) 
= CAN/ (32) (35) - CAN/ (18) (64). 

The denominators  c o n t a i n  t h e  on ly  two- digi t  f a c t o r s  of  XXX. Consequently 
HE e q u a l s  one of them. and i t s  a s s o c i a t e  t imes  S I  e q u a l s  CAN. But 
.CAN < 1 / 4  .2828 m a - .  Itow 282/12 24, s o  t h e  a s s o c i a t e  of HE is 
1 3  o r  IS. The t l i r ee -d ip l t  mu1t ip Ies  of t h e s e  two numbers < 282 a r e  
l i s t e d  and t h o s e  wi th  d u p l i c a t e  d i g i t s  o r  d i g i t s  i n  common w i t h  S I  o r  
HE a r e  d i sca rded ,  l e a v i n g  t h e  unique s o l u t i o n :  19/87 = .235235235 - - 6 .  

The r a t i o  of t h e  f i r s t  two d i g i t s  of t h e  repe tend  happens t o  be t h e  
r a t i o  of  t h e  sums of  t h e  d i g i t s  o f t h e  numerator and t h e  denominator. 

Also so lved  by Wesley Johns ton ,  S p r i n g f i e l d ,  I l l i n o i s ;  Donald E. 
Marsha l l ,  U. C. L. A.; and Kenneth Rosen, U n i v e r s i t y  of Michigan i n  

- Ann Arbor. - 

234. (Spring 1970) Proposed by Char les  W. Tr igg.  San Dicgo, C a l i f o r n i a .  

Show t h a t  when t h e  n i n e  p o s i t i v e  d i g i t s  a r e  d i s t r i b u t e d  i n  a s q u a r e  

a r r a y  s o  t h a t  no column, row, o r  unbroken d iagona l  2 8 7 

has  i t s  d i g i t s  i n  o r d e r  of  magnitude, t h e  c e n t r a l  6 1 4 

d i g i t  must a lways b e  odd. 5 3 9  

S o l u t i o n  by D. J .  Deignan, Ind iana  Univers i ty .  

Consider  t h e  e i g h t  o u t s i d e  d i e i t s  a s  f o u r  d i a m e t r i c a l l y  o p p o s i t e  p a i r s .  
I f  a n  even d i g i t  occup ies  t h e  c e n t r a l  p o s i t i o n ,  t h e r e  remain a n  odd 
number of lower d i g i t s  and a n  odd number of h i g t e r  digits. Thus at  
l e a s t  one  of t h e  f o u r  p a i r s  must c o n s i s t  of  one lower and one h i g h e r  
d i g i t ,  t h u s  c o n t r a d i c t i n g  t h e  hypothes i s .  

Also so lved  by A1 Davis, Albany, N. Y.; J o e l  Feingold,  Sheepshead Bay 

High School, Brooklyn, N. Y.; Wesley Johnston, S p r i n g f i e l d ,  I l l i n o i s ;  
Donald E. Marsha l l ,  Pasadena, C a l i f o r n i a ;  Kenneth Rosen, Madison, 
Wisconsin; Donald R. S t e e l e ,  E l i z a v i l l e ,  N. Y.; and t h e  p roposer .  

235. (Spring 1970) Proposed by James E. Desmond, F l o r i d a  S t a t e  ~ n i v e r s i * .  

Prove t h a t  an+l d i v i d e s  (ab + c )  (ad)n - f o r  i n t e g e r s  a > 0 ,  

b, c ,  d > 0 and n > 0. 

I. S o l u t i o n  by t h e  Proposer .  

Using i n d u c t i o n  on  n, t h e  c a s e  n = 0 is  c l e a r .  Suppose ak+' d i v i d e s  

(ab + C) - c(ad)k f o r  k Â 0 .  Then f o r  some i n t e g e r  1; we have 

(ad)^ - c - (ab + C )  (adIkad - 
(ab + c )  

k ( a d ) k ] a d _ c ( a d )  
k+1 - k a b + c )  (ad)  - c(ad) + c 

- - 

which is  d i v i s i b l e  by a 
k+2 

We n o t e  t h a t  t h e  r e s u l t  a l s o  f o l l o w s  from E 2058. Amer. :lath. Honthly, 
75 (1968) 189; 76 (1969) 196. 

11. S o l u t i o n  by Murray S. Klamkin, Ford Motor Company 

Expanding by t h e  b inomia l  theorem, t h e  term o f  lowes t  degree  i n  a i s  
iri-1 

ab(ad)"  c^' - which is d i v i s i b l e  by a . 
Also so lved  by Genevieve Lento,  P h i l a d e l p h i a ;  D. E. Marshal l .  Pasadena. 

C a l i f o r n i a ;  and Lar ry  E. M i l l e r ,  U n i v e r s i t y  o f  C a l i f o r n i a ,  R ivers ide .  

236. (Spring 1970) Proposed by Erwin J u s t .  Bronx Community Col lege .  

I f  k i s  a p o s i t i v e  i n t e g e r ,  prove t h a t  (6 16k+2/2) - 1 is no t  a prime. 



I. S o l u t i o n  by Bob P r i e l i p p ,  Wisconsin S t a t e  Univers i ty .  Oshkosh. 

We s h a l l  show t h a t  17 d i v i d e s  (6 
16k + 2,^) - 1 f o r  each p o s i t i v e  

i n t e g e r  k. S ince  6  : 2  (mod 17) .  6  
16lc+2 = 8 k + l  

(mod 17)  where k  i s  

a n  a r b i t r a r y  p o s i t i v e  i n t e g e r .  Thus ~ ~ ~ ~ + ~ / 2  : zak (mod 17) .  But 

2' E 1 (mod 17) .  Hence zak : 1 (mod 17) .  There fore  616^2/2 = 1 

(mod 1 7 ) ,  o r  17 d i v i d e s  (616k+212) - 1. 

11. S o l u t i o n  bv t h e  Pronoser  

S ince  (6 16k+2/2) - 1 = (6'12) (filGk - 1 )  + (f12/2) - 1 

= 18  ~ ( 6 ) ' ~  - l] + 17,  

and s i n c e  Fermat 's  theorem g u a r a n t e e s  t h a t  (6k)16 - 1 is  d i v i s i b l e  by 

17,  i t  f o l l o w s  t h a t  (616k+2/2) - 1 is d i v i s i b l e  by 17. 

Also so lved  by Walter  Wesley Johnston,  S p r i n g f i e l d ,  I l l i n o i s ;  ' lurray 
S. Klamkin, Ford Motor Company; Donald E. Marsha l l ,  U. C. L. A.; 
Kenneth Rosen, U n i v e r s i t y  of Michigan, Ann Arbor; Donald R .  S t e c l e .  
E l i z a v i l l e ,  N. Y.; C. L. Sahharwal, S a i n t  Louis  Univers i ty ;  and 
Richard Zanghi, Deer Park,  N. Y. 

237. (Spring 1970) Proposed by Leonard Barr. Beverly H i l l s ,  C a l i f o r n i a .  

The d iamete r  of a  semi-c i rc le  i s  d iv ided  i n t o  two segments, a  and h, 
by i ts  p o i n t  of c o n t a c t  w i t h  a n  i n s c r i b e d  c i r c l e .  Show t h a t  t h e  
d iamete r  of t h e  i n s c r i b e d  c i r c l e  is e q u a l  t o  t h e  harmonic mean of 
a  and b. 

S o l u t i o n  by Robert  J .  Ilerbold, C i n c i n n a t i .  Ohio. 

L e t  C  be t h e  c e n t e r  of t h e  i n s c r i b e d  c i r c l e  and D be t h e  c e n t e r  of t h e  
l a r g e r  c i r c l e .  I f  B  is t h e  p o i n t  where t h e  i n s c r i b e d  c i r c l e  i s  tangent  
t o  t h e  d iamete r  of t h e  semi-c i rc le .  then  a n g l e  CBD = 90'. I f  we l e t  
r be t h e  r a d i u s  of t h e  i n s c r i b e d  c i r c l e  then  FC - CB = r. Also i f  
AB - a  and BE - b t h e n  FD - (a  +b) (2, BD = ( a  +b) / 2  - a ,  and CD = 
(a + b ) / 2  - r. S ince  a n g l e  CBD is a  r i g h t  a n g l e ,  

(cB)' + (BD)' - ( c D ) ~  

and r2 + [(a +b7/2 - d 2  - [(a + b )  / 2  - r] 
So lv ing  f o r  r, we o b t a i n  r - ab/(a  + b) .  So t h e  d iamete r  of t h e  
i n s c r i b e d  c i r c l e  i s  e q u a l  t o  t h e  harmonic mean of  a  and b. 

Also so lved  bv Robert  C. Gebhardt. P a r s i n ~ a n v .  N. J.: Theodore 

- - -  J u n g r e i s ,  ~ r o o k l ~ n ,  N. Y.; B r u c e ~ .  Kfni; ~ d i r o n d a c k  Community Col lege ,  - Glen F a l l s ,  N. Y.; Donald E. Marsha l l ,  U. C. L. A.; Kenneth Rosen, 
U n i v e r s i t y  Michigan, Ann Arbor; and Donald R. S t e e l e ,  E l i z a v i l l e ,  N.  Y. 

Rosen l o c a t e d  t h e  problem i n  Eve's A  Survey of Geometry, Volume One, 
page 103, problem 2.6-14. 

238. (Spring 1070) Proposed by David I.. Si lverman,  Beverly H i l l s ,  C a l i f o r n i a .  

A  necessa ry  and s u f f i c i e n t  c o n d i t i o n  t h a t  a  t r i a n g l e  e x i s t  i s  t h a t  i ts  
s i d e s ,  a ,  h, and c  s a t i s f y  t h e  i n e q u a l i t i e s  (1)  a  < b  + c ,  (2)  b  < 
a  + c ,  (3)  c  < a  + h. Express  (11, (2 )  and (3) i n  a  s i n r l c  i n e q u a l i t y .  

I. S o l u t i o n  hv Joseph D. E. Konhauser, H a c a l e s t e r  C o l l e ~ e .  

Applying Hero 's  formula,  a  necessa ry  and s u f f i c i e n t  c o n d i t i o n  t h a t  a ,  
b, c  be  t h e  s i d e s  of a  non- degenerate t r i a n g l e  is t h a t  
( a t b + c )  ( a t b - c )  ( b + c - a )  ( c + a - b )  > 0 o r  

4  4  2(a2b2 + h2c2 + c2a2) > a 4  + b + c  

11. S o l u t i o n  by Char les  W. Tr i fg .  San Diego, C a l i f o r n i a .  

T h i s  is problem 3188, School Sc ience  and Mathematics, 6 " ) ~ ~ r i l ,  W)) ,  
p. 350. 

'letliod I. The r i v e n  i n e q u a l i t i e s  may be  w r i t t e n  i n  t h e  forms 
a - c < h , h - c < a , c - b < a , s o  l h - c  l < a < b + c .  

!lethod 11. Represent  t h e  t h r e e  q u a n t i t i e s  a s  a ,  a  a  w i t h  i, j, k= 
.I ' 

1, 2, 3; i # j # I:; t hen  a i  < a j  + 9 
111. S o l u t i o n  hy Sid S p i t a l ,  Ilayvard, C a l i f o r n i a .  

C l e a r l y  t h e  t h r e e  i n e q u a l i t i e s  a r e  e q u i v a l e n t  t o  

max (a ,  h, c )  < a  + b  + c  - m a x  (a ,  b, c) .  
wi th  max(a, b, c )  = max (max(a,h), c )  and max (xsv)  = 

= (x + y  + x  - y ) / 2 ,  t h i s  becones 

a -  h l  + l a + h -  2 c +  l a -  h i 1  < a + h .  

Also so lved  by Steven l3lumcntha1, Bayside, :I. Y.; Steven P.. Conrad, 
Dayside, 11. Y.; Tlohert J. llerhold, C i n c i n n a t i ,  Ohio; Uesley Johns ton ,  
S p r i n g f i e l d ,  I l l i n o i s ;  ' J u r r a y  S. K l m k i n ,  Ford :lotor Company; C. B. A. 
Peck, S t a t e  College,  Pennsylvania;  Kenneth Rosen, U n i v e r s i t y  of .' 
I l i c h i ~ a n ,  Ann Arbor; and t h e  proposer .  

EDITOR'S NOTE: Ilcrbold, Peck and Rosen o f f e r e d  t h e  s o l u t i o n  max 

(.a, h ,  c} < min [h+c, a+c, a+h] , fo l lowing  t h e  assumption t h a t  
a  < 1' < c  . Johnston,  u s i n g  t h e  methods of  S o l u t i o n  11, remarl'.ed 

t h a t  Method I is  a  s i n e l e  s e n t e n c e  h u t  is a c t u a l l y  a double i n e q u a l i t y  
whi le  method I1 r e p r e s e n t s  t h e  c o n d i t i o n s  i n  a  s i n g l e  i n e q u a l i t y  form 
h u t  no t  a s  a n  a c t u a l  i n e q u a l i t v  i n  a  s i n ~ l e  sentence.  Klamkin r a v e  
t h e  r e f e r e n c e s  n 269, "lath. !lagazine, Sept. - Oct., 1960, p. 58; 
D. S. H i t r i n o v i c ,  r l emcnta ry  I n e q u a l i t i e s ,  Noordhoff, Netherlands,  1064, 
P. 113. (6.7). T r i m  c a l l e d  a t t e n t i o n  t o  Problem 423. Mathematics 

7 -  - .... 
Magazine, Sept.-Oct. 1960, p. 50 and Sept .  - Oct., 1961, pp. 364-365, 
a s  w e l l  a s  Si lverman's  comments on problem 423 on p a r e  62 o f  t h e  Jan.- 
Feb. 1962 i s s u e  of t h e  Mathematics t l amzine .  

ERRATA: The fo l lowing  e r r o r s  and m i s p r i n t s  were c a l l e d  t o  t h e  
a t t e n t i o n  of t h e  E d i t o r  by A l f r e d  E. Heuman of  t h e  Mu Alpha D e l t a  
F r a t e r n i t y :  



Page 132, l i n e  3: "Angles" should read "Angeles". 
Pare 132: The l i n e  connecting C and Q sliould not  have terminated on 
t h e  circumference of t h e  c i r c l e .  
Pare 132, bottom l i n e :  The minus s i e n  on t h e  r i g h t  s i d e  should be a 
p lus  sign.  
Page 132: tlie word "number" i n  problem 240 should read "numbers". 
Page 131, l i n e  19: "propser" should read "proposer". 
Pace 142, 6 t h  l i n e  from bottom: ,Ci should read U C 

i i. 
Paae 144, l i n e  2: "a " should read "An

1'. 

The l a s t  proposal  i n  tlie Spring 1170 i s s u e  and t h e  f i r s t  proposal  i n  
t h e  F a l l  1970 i s s u e  were both Inadver ten t ly  numbered "230". Henceforth 
the  former problem w i l l  be r e f e r r e d  to  a s  239-a. 

:I?. Neuman was a l s o  d i s turbed  about  t h e  use of the  neolorism "Plani- 
drome" f o r  t h e  more conventional ,  t r i e d  and t r u e  word "Palindrome" 
(page 148). 

There was a mispr in t  on t h e  cover  of t h e  F a l l  1970 Journal .  
Volume 6 was p r i n t e d  on it ,  but  it should have read Volume 5. 
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P i  Mu Epsilon w i l l  meet on August 3 1  and September 1, 1971, a t  
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confirmed a i r  t r a v e l  f a r e .  

S e l e c t  t h e  b e s t  t a l k  of t h e  y e a r  given a t  one of  your meetings 
by a member of  P i  Mu Epsilon who meets t h e  above requirements and have 
him o r  h e r  apply t o  t h e  Nat iona l  Off ice .  Nominations should be  i n  o u r  
o f f i d e  by May 15,  1971. The fol lowing information should be included:  
your  n a m ;  Chapter o f  P i  Mu Epsilon;  school ;  t o p i c  o f  t a l k ;  what 
degree you are working on; i f  you are a de lega te  or a speaker ;  when 
you expect  t o  rece ive  your degree;  c u r r e n t  mail ing address;  summer mail ing 
address;  who you were recommended by; and a 50-75 word summary of  t a l k ,  
i f  you a r e  a speaker.  MAIL TO: P i  Mu Eps i lon ,  1000 Asp Ave. , Room 215, 
Norman, Oklahoma 73069. 
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