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Comments on t h e  Proper t ies  o f  Odd Per fec t  Numbers 

Lee Ratzan 
Courant I n s t i t u t e  o f  Mathematical Sciences 

I. Regarding Background 

Perfect  numbers a r e  p o s i t i v e  in tegers  with t h e  unusual property 
t h a t  they a r e  equal  t o  twice t h e  sum o f  t h e i r  d i v i s o r s ,  t h a t  is, 

if J(X) = I d ,  then J(N) = 2N f o r  any p e r f e c t  number N. 
d/x 

No odd per fec t  number has thus  f a r  been discovered, (and f o r  goad reason 
as w i l l  soon become apparent) ,  but  r e s t r i c t i o n s  on t h e i r  exis tence have 
been demonstrated i n  t h a t  if i n  f a c t  they do e x i s t ,  they must have c e r t a i n  
d e f i n i t e  p roper t i es  with regard t o  s i z e ,  number of prime f a c t o r s ,  general  
form and miscellaneous unusual bounds on t h e  sums and products of t h e  
rec iproca l s  of t h e  primes which divide them. 

k Euclid proved a l l  numbers of  t h e  form N = (2  -11(2~-') a r e  p e r f e c t  
k 

i f  (2  -1) is prime. Euler demonstrated t h a t  i n  f a c t  a l l  = p e r f e c t  
numbers a r e  of t h e  same form, t h e  first t h r e e  p e r f e c t  numbers being 6 ,  
28, and 496. It  is curious t o  note  t h a t  even p e r f e c t  numbers a l l  end 
i n  6 o r  28 (Novarese, 18871, but  t h i s  is no t  an a l t e r n a t i n g  sequence f o r  
t h e  s i x t h  p e r f e c t  number (8,589,869,056) ends i n  '6 '  and no t  '8 '  a s  
an t ic ipa ted  (Reid, p. 87). But s o  much f o r  even p e r f e c t  numbers. 

The bulk of  research regarding odd p e r f e c t  numbers s t r e t c h e s  backward 
s e v e r a l  hundred years  ( including such names a s  Alcuin o f  York, Descartes, 
Fermat, Leibni tz ,  and Euler)  while present  day research primari ly  concerns 
i t s e l f  with determination of bounds on t h e  number o f  prime f a c t o r s  and 
s i z e  o f  t h e  number through t h e  use o f  computing machinery. Example: 
While Euler determined t h e  necessary s t r u c t u r a l  form of a l l  odd p e r f e c t  
numbers t o  be p a ~ 2  where p E a Z l ( 4 )  and (p,N) = I ,  Norton (1961) 
determined t h a t  i f  17  is  t h e  smallest  prime f a c t o r  of  an odd p e r f e c t  
number, then t h e  number has a t  l e a s t  509 prime fac tors .  

Let us examine only some of  t h e  necessary proper t i es  of  t h e  odd 
numbers which we deem per fec t .  The following w i l l  prove useful :  

Lemma: (Bourlet,  1896 

I f  P* is  any p e r f e c t  number, then I (1/d) = 2 
d/P't 

Proof: Consider P*/di where t h e  d i  a r e  t h e d i v i s o r s  of  P*; 
note  t h a t  P * / d ,  P*/d2, ... P*/dp* range over a l l  t h e  d i v i s o r s  o f  P* 

"there are 23 known even per fec t  numbers and t h e  l a r g e s t  o f  these  

i s  211y212 (211'213-1) which has 6751 d i g i t s .  Edi tor .  



 emm ma: 1f n  = P? P:?.,P;~ where t h e  P  i 

a r e  d i s t i n c t  p r imes  and t h e  a i  a r e  p o s i t i v e  i n t e g e r s  

K 
Proof o f    ketch: Note JIM) = J ( P i c i )  s i n c e  J ( X )  i s  

i=l  

m u l t i p l i c a t i v e  and t h e  P i  a r e  r e l a t i v e l y  prime t o  each  o t h e r .  C o n s i d e r  

t h e  terms o f  J I P ~ ~ ~ )  which a r e  mere ly  l t p i l  t p i 2  t ... p i i  whose 

sum i s  (pia?)/(pi  - 1 ) .  Cont inue  f o r  a l l  k t e rms  and t h e  r e s u l t  

f o l l o w s .  

11. Regard ing  t h e  Form o f  a n  Odd P e r f e c t  Number 

E u l e r  was t h e  f i r s t  t o  prove  t h a t  i f  N i s  any  odd p e r f e c t  number t h e n  
a  2  N i s  o f  t h e  form P  Q where P  i s  a  prime and a i s  a p o s i t i v e  i n t e g e r  

n o t e :  h e n c e f o r t h  H s h a l l  be  used  t o  d e s i g n a t e  a l l  odd p e r f e c t s .  

Proof 1. Let  N b e  a n  odd p e r f e c t  number w i t h  k prime f a c t o r s  s u c h  t h a t  

K = p a l  P  2 . . . P  k  where t h e  Pi a r e  d i s t i n c t  odd pr imes  and t h e  
2 k 

a i  a r e  p o s i t i v e  i n t e g e r s .  

7. J ( N )  = 2N Using t h e  f a c t  t h a t  J ( X )  i s  m u l t i p l i c a t i v e  one o b t a i n s  

1 1 
But Q ,  J ( p l  - )  . . . J ( p k c k )  = 2pla . . . pkak 

5 .  h i s  one o f  t h e  J ( P  i s  t h e  double o f  a n  odd number, l e t  it 
i 

be  J (P la l )  and a l l  t h e  o t h e r  J ( P  i # j a r e  odd.  1 

6 .  P  I )  b e i n g  odd i m p l i e s  c a r e  even ,  
j j 

a  2  k  and  t h u s  P  Q where Q = (P2b2 P3b3 , , , Pkb ) , 

a 2  
E u l e r  a l s o  proved  t h a t  i f  m f a c t  N = P  Q t h e n  P  = a E 1 ( 4 )  and 

i n  p a r t i c l u a r  no N vas  o f  t h e  form 4 t t 3. 
P e p i n  ( 1 8 9 7 )  proved  no  N was o f  t h e  form 6 t t 5 and Touchard (1953)  

proved  N i s  e i t h e r  o f  t h e  form 1 2  t t 1 o r  36 t t 9 .  

111. Regard ing  t h e  Prime F a c t o r s  o f  N 

The q u e s t i o n  no d o u b t  i s  r a i s e d  t h a t  assuming  t h e  e x i s t e n c e  o f  N ,  
might  N be  a  pr ime o r  even  a n  e v e n  power o f  a s i n g l e  pr ime.  The answer  t o  
b o t h  q u e s t i o n s  i s  no  a s  f o l l o w s :  

Case 1: N i s  a  p r i m e ,  I f  N i s  a n  odd pr ime and  i s  p e r f e c t , t h e n  J ( N ) = J ( P ) = 2 P  
by d e f i n i t i o n .  But J ( P ) = P t l  s i n c e  P  has  no d i v i s o r s  a p a r t  from i t s e l f  and 
1. Thus P  t 1 = J ( P )  = 2P i m p l i e s  2P = P  t 1 i m p l i e s  P = 1 which i s  a n  
a b s u r d  c o n d i t i o n .  

Case 2: N i s  a n  e v e n  power o f  a  s i n g l e  pr ime,  I f  N is a n  e v e n  power o f  a n  

odd prime, t h e n  J ( p k )  = 2pk i f  pk i s  p e r f e c t .  pk i s  odd f o r  P  > 2 and 
k  k  

J ( P  ) is e v e n ,  S i n c e  a l l  o f  t h e  d i v i s o r s  o f  pk a r e  odd,  P  must  have a n  
k k  

even  number o f  d i v i s o r s ;  b u t  P  has  e x a c t l y  ( k t l )  d i v i s o r s  ( l , p , p 2 .  . .P  ) 
and t h u s  k  must  b e  odd which i s  a  c o n t r a d i c t i o n .  

How many pr ime f a c t o r s  may a n  odd p e r f e c t  number c o n t a i n ?  O r  r a t h e r  what 
i s  t h e  minimum number o f  p r ime f a c t o r s ?  The n e c e s s i t y  f o r  a t  l e a s t  t h r e e  
d i s t i n c t  p r ime f a c t o r s  i s  a t t r i b u t e d  t o  Nocco ( 1 8 6 3 )  by t h e  f o l l o w i n g  
a rgument :  

L e t  ambn b e  a n  odd p e r f e c t  number where a , b  a r e  d i s t i n c t  odd pr imes  
and m,n a r e  p o s i t i v e  i n t e g e r s  n o t  n e c e s s a r i l y  d i s t i n c t .  

b n t 1  - 1 
1 )  2 a m =  b -  b n  = amtl - 1 ( p r o c e e d i n g  lemma) 

a - 1  

3 )  ab-2b > 2a-2 and  ab
n
-2b

n = bn'l b ( a - 2 )  > b n - l ( 2 a - 2 )  

> 2abn- l  - 2bn-1 

R e c o n s i d e r  now: a t b ( a b n t 2 b n - I t 2  ) = 2 t b ( ? b n  t 2abn-I 

Thus : b ( 2 b n  t 2abn'l) > b ( a b n  t 2bn'l) 

5 )  2bn 
t 2abn-'l > abn  t 2 b n - l  C o n t r a d i c t i o n  t o  ( 1 1 )  



In 1908 Turcaninov proved t h a t  N has a t  l e a s t  4  d i s t i n c t  prime 
f a c t o r s .  I n  1949 KUhnel increaded t h e  minimum number o f  d i s t i n c t  prime 
f a c t o r s  t o  h e  6  (implying t h a t  N > 2x106). 

In  1888 S e r v a i s  proved a  theorem t o  t h e  e f f e c t  t h a t  i f  N has k  d i s t i n c t  
prime f a c t o r s  t hen  t h e  sma l l e s tp r ime  f a c t o r  i s  l e s s  t h a n  o r  equa l  t o  k .  
The proof r e s t s  on t h e  f a c t  t h a t  i f  N = abc. . .z  where a ,b , z  a r e  d i s t i n c t  
odd primes 

b  a t  1 a t  2 then:  - < - A<- e t c .  
b-1  c-1 a t 1  

a  b 3 a  a t 2  a t n- 1  b-l , . . - c - ' -  ... - and 2 < x S -  3-1 a- 1  a t 1  a tn- 2  

whence 2(a-1) < a t n - 1  where a  < n = l  

i f  L i s  t h e  (m-1) s t  prime f a c t o r  and a  i s  t h e  m
t h  

prime f a c t o r  and i f  

s t 1  stn-m . , , - by c a n c e l l i n g  o u t  a d j a c e n t  nun- then  L ' * + 
- 

e- s tn-mt1 
e r a t o r s  and denominators except  f o r  t h e  f i r s t  and l a s t  terms one o b t a i n s :  

When n  i s  s u f f i c i e n t l y  l a r g e ,  t h e  n  "swamps" t h e  va lues  o f  m (and 2 )  
such t h a t  2(n-m)t2 c n and thus  s  f n. 

Q.. E. D. 

This i s  a  s t a t emen t  from t h e  r e s u l t  o f  Cesano (1887) t o  t h e  e f f e c t  t h a t  

s  < k v??- . Grun (1952)  proved t h a t  t h e  s m a l l e s t  prime f a c t o r  o f  N was 

s t r i c t l y  l e s s  t han  ( 2 / 3 )  ( k i 3 )  rhere  N has k d i s t i n c t  f a c t o r s .  

IV. Regarding: t h e  S i z e  o f  N 

Yuikat (1965) i n  h i s  undergraduate  t h e s i s  proved t h a t  any odd p e r f e c t  
number must be d i v i s i b l e  by a  prime power g r e a t e r  t han  108, but  l a t e r  
increased h i s  lower bound t o  1012 t h r u  t h e  u se  o f  t h e  Un ive r s i t y  of 
P i t t s b u r g h ' s  computing f a c i l i t i e s  i n  t h e  fo l lowing  theorem: 
Theorem (Muskat 1965 

Any odd p e r f e c t  number must be  d i v i s i b l e  by a  prime power g r e a t e r  t han  
1012. 
Proof Sketch: Assume each pk t h a t  d i v i d e s  N i s  l e s s  t han  1 0 l 2  where P i s  
an  odd prime and k  i s  a  p o s i t i v e  i n t e g e r ,  Steurwald proved t h a t  i f  

4 
Ã = P'Q~"! , . , Q ~  . , . ~ ~ ~ ~ k  ( E u l e r )  t h e n  a t  l e a s t  one o f  t h e  bi i s  

g r e a t e r  t han  1. Let it correspond t o  Q i .  Then, 

Now c o n s i d e r  a l l  odd primes Q i  such t h a t  Q i  1000 and Q i  
4 

1012. 

Computations c o u r t e s y  o f  t h e  Un ive r s i t y  o f  P i t t s b u r g h ' s  IBM 7070/7090 
r e v e a l s  t h a t  o f  t h e  168 p o s s i b l e  pr imes ,  each i s  s u c c e s i v e l y  e l imina t ed  

2  and thus  an  odd p e r f e c t  number must have a  prime power g r e a t e r  t h a n  10 . 
Norton (1961)  u s ing  unpubl ished r e s u l t s  of Rosser and Schoenfe ld  as  

w e l l  a s  t h e  computing f a c i l i t i e s  o f  t h e  Un ive r s i t y  o f  I l l i n o i s  produced 
bounds on t h e  number o f  d i s t i n c t  prime f a c t o r s  of N as  we l l  a s  t h e  s i z e  o f  
t h e  l e a s t  prime f a c t o r .  
Theorem (Norton-1961) 

Let N be an  odd p e r f e c t  number wi th  s m a l l e s t  prime f a c t o r  P  and l e t  b 
be any number l e s s  t han  4/7.  

d t  Then N has a t  l e a s t  a ( n )  d i s t i n c t  prime f a c t o r s  where a ( n )  = IPn2 - + 
l n t  

0 

3 (n2e - lnbn) ,  b  Also N has a  prime f a c t o r  a t  l e a s t  a s  l a r g e  a s  pn2 i 

o(n2e-1n ) . . . and l o g  N 2~: t 9(n2e- lnbn ). 

Norton's theorem o f f e r s  a  r e l a t i o n  between t h e  l e a s t  prime f a c t o r  and t h e  
number o f  prime f a c t o r s  and i s  u s e f u l  f o r  g e n e r a t i n p  e s t i m a t e s  on t h e  s i z e  
of N .  For example, i f  3tH, t h e n  N has a t  l e a s t  7  d i s t i n c t  prime f a c t o r s  
whi le  541 i s  t h e  l e a s t  prime f a c t o r  o f  N t hen  M has a t  l e a s t  26,308 d i s t i n c t  
prime f a c t o r s  and log N > 600,000!!!!! A sample of t h e  Norton t a b l e  i s  
enclosed t o  demonst ra te  t h e  r a p i d i t y  a t  which t h e  minimum number o f  o r i n e  
f a c t o r s  o f  N i n c r e a s e s .  

Sma l l e s t  Prime Fac to r  

n  - 
3 
5  
7 
11 
13  
17 
13  
2 3  

Number o f  Prime Factors  

a ( n )  - 
3 
7 
1 5  
2  7  
41 
6  2  
8 5  
115 

(From Karl  Norton, "Remarks on t h e  Number o f  Fac to r s_o f  Odd P e r f e c t  Numbers", 
Acta A r i t h ,  6(1960-61) pp. 365-74). 

Nor ton 's  e s t i m a t e s  on t h e  s i z e  of N r e s t  upon succes s ive  knowledge of 
t h e  l e a s t  prime f a c t o r  o f  N.  Kanold (1957) p l a c e  a  lower bound on all 

20 
odd p e r f e c t  numbers by proving t h a t  f o r  a l l  N, N > 10 . 

The evidence  appears  t h a t  odd p e r f e c t  numbers a r e  few and f a r  be tkeen 
i f  i n  f a c t  they a r e  a t  a l l .  I t  i s  no t  a  s u r p r i s e  i n  t h e  l i p h t  of t h e s e  
theorems t h a t  none of t h e  p a s t  mathematicians e v e r  d i scove red  any sue\ beas t s  
Eu le r  h imsel f  who e l u c i d a t e d  t h e  p r o p e r t i e s  of a l l  even p e r f e c t  nuirkers 
could do no b e t t e r  t han  hypothes ize .  

P 
V .  Regarding 7 1 /P  and p-1 

P/N P/N 

C u r i o s i t y  on t h e  phenomena of odd p e r f e c t  numbers has s t imu la t ed  
i n v e s t i ~ a t o r s  i n t o  p e c u l i a r  and r a t h e r  unusual  r e l a t i o n s h i p s  between t h e  suns  
and p roduc t s  o f  t h e  primes which d i v i d e  N. The most p r o l i f i c  o f  t h e s e  
i n v e s t i g a t o r s  i s  P e r i s a s t r i  (1958) and Suryanarayana (1962,1q66) who have come 
f o r t h  wi th  t h e  fo l lowing  i n e q u a l i t i e s :  

N i s  an  odd p e r f e c t  number, p is a  prime 

P e r i s a s t r i  (1958)  



(Ah, r v e e t  mys te ry  o f  TT ! ! ! )  
1 1 

i i )  5 l o g  5 /4  
p / N  

i f  N = 1 2 t  t 1 

( i i )  and ( i i i )  a r e  b o t h  due t o  Suryanarayana  (1962) .  R e c e n t l y  t h e s e  
bound; have been  improved by t h e  forenamed m a t h e m a t i c i a n  a s  f o l l o w s  (1966) :  

1 
1 + 

l o g  1 2 / 7  < 1 p < l o g 2  i f  N = 1 2 t  t 1 and 5 % ~  
)  11 l o g  31/10 P/N 

i f  N = 3 6 t  t 9 and  58N 

The p r r o f s  of ( a ) ,  ( b ) ,  ( c ) ,  ( d )  a r e  r a t h e r  l o n g  and t h e  r e a d e r  i s  
r e f e r r e d  t o  S u r y a n a r a y a n a ,  On Odd P e r f e c t  Numbers 11, P r o c e e d i n g s  American 
Mathemat ica l  S o c i e t y  1 4 ( 1 9 6 3 ) .  

The r e l a t i o n s h i p  between odd p e r f e c t  numbers and t h e  Rieman z e t a  f u n c a t i o  
have been shown t o  i n v o l v e  t h e  e x p r e s s i o n  c ( 3 )  a s  f o l l o w s  ( S u r y a n a r a y a n a ,  1966 

56791 & ( 3 )  i f  N = 1 2 t  + 1 and 5/N 1 )  2 < ^ P/(P-1)  < - 33612 

P/ (P-1)  
2, <P7N 

1760521 < - ~ ( 3 )  i f  N = 1 2 t  t 1 and 5 A N  
1050375 

318897 177023 ~ ( 3 )  i f  N = 36T t 9 and 5/14 

4 )  2 < 
n 

P/N P/ (P- l )  < 1̂ ~ ( 3 )  i f  N = 3 6 t  t 9 and  5)W 21252 

The p r o o f s  o f  t h e s e  r e s u l t s  a r e  e q u a l l y  l o n g  and t h e  r e a d e r  i s  r e f e r r e d  
t o  On Odd P e r f e c t  Numbers 111, P r o c e e d i n g s  American Mathemat ica l  S o c i e t y ,  
1 8 ( 1 9 6 7 ) .  

I n  summary, t h e  f o l l o w i n g  c o n c l u s i o n s  c a n  be drawn r e g a r d i n g  t h e  
p r o p e r t i e s  o f  odd p e r f e c t  numbers: 

1. N = where P Z a E 
7 .  N = 1 2 t + l o r 3 6 t + 9  
3.  : I $  4 t + 3 , H # 6 k + 5  
4 .  N has a t  l e a s t  6 ( d i s t i n c t  

5. N > l o  
20 

6 .  If pk/l1, t h e n  pk > 1 0  
1 2  

7 .  I t  obeys t \ e  qurvanarayana  

1 ( 4 ) ,  P p r ime 

) pr ime f a c t o r s  

E u l e r  
Touchard 
E u l e r / P e p i n  
Kuhnel l  

Kanold 

Muskat 
Survanaravana  

I t  a p p e a r s  u n l i k e l y  t h a t  t h e r e  a r e  any  odd p e r f e c t  numbers,  b u t  u n t i l  
some m a t h e m a t i c i a n  p r o v e s  t h e s e  s t r a n g e  b e a s t s  o u t  o f  e x i s t e n c e ,  no r e a l  
c e r t a i n t y  c a n  be  a c h i e v e d .  F a t a  viam i n v e n i e n t .  
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process  a l lows  

chosen t o  make 

us t o  cont inue choosing q i t s ,  even a f t e r  enough have been 

E, < e .  For every  i n t e g e r  n = q where r 2 st, n s a t i a -  
is1 

f i e s  t h e  conclus ion of  t h e  theorem. Consequently,  t h e r e  a r e  i n f i n i t e l y  many 
such n. 

For R = 2, t h i s  theorem s t a t e s  t h a t  t h e r e  a r e  i n f i n t e l y  many "almost 
u n i t a r y  pe r fec t"  numbers. By choosing ql such t h a t  ql 2 3.  we can 

show t h a t  i n f i n i t e l y  many odd "almost u n i t a r y  pe r fec t"  numbers e x i s t ,  a l -  
though t h e r e  a r e  no odd u n i t a r y  p e r f e c t  numbers. 

I t  is  i n t e r e s t i n g  t h a t  a l l  of  t h e  n ' s  produced by t h e  method of  t h e  
r 

above theorem a r e  of  t h e  form r ll q .  Consider i n s t e a d ,  i n t e g e r s  of t h e  form 
2 i=1 

n ~ ,  . 
r 2 r 2 Unlike U( H q ) ,  U( qi ) i s  bounded above. U( n qi2) = 1 t l /q i  . 

is1 i=l i=l 1=1 n 
1 n i t 7 =  I 1 

i=l where a, = 0 o r  1 
P i  P>, p2^, pnan 

taken over  a l l  combinations o f  a ,  a 2 ,  ..., a .  Hence, 

i=l 1=1 i= 1 

and t h e  sum is 

-1 = 

Thus we have proved t h e  fo l lowing theorem: r 
Theorem 2: There a r e  no u n i t a r y  p e r f e c t  numbers of  t h e  form H qia^ 

is0 
where a > 2 f o r  a l l  i. i 

A s i m i l a r  proof can show t h a t  t h e r e  a r e  no u n i t a r y  p e r f e c t  numbers of .. 
t h e  form I1 qiai where ai  > 2 f o r  i # s and a = 1. 

i=1 s 

-xf + 1 t 2x then  g t ( x )  = 2 
( x 2  t 1 )  

Thus g l ( x )  = 0 f o r  x = 1 t fi, and ~ ' ( x )  

~ ( x )  is monotonical ly  dec reas ing  f o r  x  > 

0 f o r  a l l  x > 1t /?. Thus 
n 

l t / ? =  2.4t.  Hence, q s + q s  

is  a maximum f o r  e i t h e r  q = 2 o r  3. Since  ~ ( q )  = 6/5  f o r  's 
2 2 

both qs = and 3, qs qs 2 5 J~ < 2, Thus t h e r e  a r e  no 
6 5  6 

qs + 1 

r 
u n i t a r y  p e r f e c t  numbers of  t h e  form n q i a i  where a i  2 2 f o r  1 # s and 
a = 1. is1 

r 
There a r e  two known u n i t a r y  p e r f e c t  numbers of  t h e  form H q,ai where - .  

i=l A 

a i  2 2 f o r  a l l  i # s, t and as = a t  = 1: namely 60 = 22 3 5 and 

2 
90 = 2 3 5 .  Using IT /6 a s  an  upper bound f o r  \ 1/k2,  an upper 

r kc S 
bound of  U( II q i a i )  where a, 2 f o r  1 # s,t and a = a = 1 can be  

i=l 2 
obta ined.  I t  is  (6 /5 )  ( 6 / 5 )  . n /6=2.37.  

UNDERGRADUATE RESEARCH PROPOSAL 

Arthur  Bernhar t  
The Unive r s i ty  o f  Oklahoma 

I n  t h e  r e a l  number system t h e r e  a r e  t h r e e  kinds  o f  numbers: p o s i t i v e ,  
ze ro ,  and nega t ive .  There a r e  laws concerning t h e s e  l i k e  t h e  product o f  
two p o s i t i v e  numbers is  p o s i t i v e ,  a p o s i t i v e  t imes  a nega t ive  is nega t ive  
and s o  f o r t h .  

I n  a f i n i t e  f i e l d  we do no t  have t h e  d i s t i n c t i o n  between p o s i t i v e  and 
nega t ive ,  bu t  t h e r e  is ano the r  analogy which we can look a t .  I n  t h e  r e a l s ,  
each non-zero number has  a squa re  which is p o s i t i v e .  I n  a f i n i t e  f i e l d ,  
t h e r e  a r e  numbers which a r e  sqaures  and t h o s e  which a r e  not .  Consider 
those  which a r e  squa res  ( q u a d r a t i c  r e s i d u e s )  i n  one c l a s s  and those  which 
a r e  not  squa res  ( q u a d r a t i c  non- res idues)  i n  ano the r ,  wi th  z e r o  i n  a sepa- 
r a t e  c l a s s  by i t s e l f .  The product  of  two q u a d r a t i c  r e s i d u e s  is  a quadra- 
t i c  r e s idue ;  t h e  product  of  a non- residue and a r e s i d u e  is a q u a d r a t i c  
non- residue. The product  of  two non- residues is a q u a d r a t i c  r e s i d u e .  

Here we have an  analogy wi th  t h e  law of  s i g n s  where t h e  q u a d r a t i c  
r e s i d u e s  p l ay  t h e  p a r t  of p o s i t i v e  numbers and t h e  non- residues p l ay  t h e  
p a r t  of  nega t ive  numbers. How far can t h i s  analogy be pushed? You may 
want t o  cons ide r  v e c t o r  spaces  over  t h e  f i e l d  and t h e  r e s u l t i n g  geometry. 
Try a l s o  t o  i n t e r p r e t  d i s t a n c e  r e l a t i o n s  and o t h e r  p a r t s  of  a n a l y t i c  
geometry a s  w e l l  a s  pu re ly  a l g e b r a i c  r e s u l t s .  



Binatural Numbers 

D. R. Morrison 
Sandia Laboratories 

The natural numbers are, no doubt, the oldest, most fundamental, 
and most universiallv recognized and widely used matheratical svstem. 
The operation of counting, which fives rise to them, is orobably the 
most elementary mathematical process. Kronecker is alleged to have 
said, "Pod pave us the intepers; all the rest is due to man." vanv 
civilizations, the Egyntians, the Romans, the Arabs, and the Mavans, 
to mention a few, invented systems of notation for natural numbers,all 
different in form and yet all reoresentin? the same abstract system. 

Peano characterized the-system I1 of natural numbers In terms of a 
first element 1 and a successor function S, under vhich N is closed, 
by three axioms. 

N1 S is one-to-one. 
N2 1 is not in the ranpe of S. 
N3 The only subset of S vhich includes 1 and is closed 

under S is S .  

The function S is, of course, the counting function, S(n) = n + 1. All 
the operations such as +, x, etcetera, which are traditionally defined 
in N ,  are defined inductivelv from 1 and S; and all their alyebraic 
properties, such as commutativity, associativitv, etcetera, are proved 
from N1, N2, and N3. 

An obvious extension of the foreeoin~ is a system By of binatural 
numbers, characterized bv a first member 1, and a pair L (left successor) 
and R (ripht successor) of successor functions, under each of which B 
is closed and whicn satisfies the three axioms: 

Bl L and R are both one-to-one. 
B2 The ranpes of L and R are disjoint, and neither includes 1. 
B3 The only subset of B which includes 1 and is closed under 

both L and R is B. 

Vhile N has many representations, all of which are used essenti'allv 
as count in^ systems, B has manv representations which differ not only 
in form but also in use. Consider the different definitions of L and P 
(see followiny fipure) and note the different forms of B to which they 
lead. 

In examnle 2 the ranges of I,  2 ,  LL, LR, RL, RR, LLL, etcetera, 
lie in finer and finer nartitions of the onen interval (0,l) and have 
obvious anolication to the orocess of searchinr by halvinf, an imnortart 
nrocess in dmerical analvsis, measure theory, and other areas. 

The natural vectors vhich arise in examnle 4 are a natural set of 
labels for thincs that mav reouire extensive subdivision: organizations, 
subject matter categories, narapraoh and section subdivision; of docu- 
ments, etcetera. Examnle 5 is the free monoid with two penerators, 
bhich nlavs and essential role in the codinp of information for binary 
8ipital computers. 

In each of these anolications there are certain relations and 
onerations that arise naturally in much the same way that + and x 

0 "l 
-n 0  

t- 0 

ai r+ 
3 tt v 
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Â¥ 3 
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arise naturally in N. In each of them there is at least one "natural 
order," and in several of them there are one or more natural definitions 
of lenpth, magnitude, dimension, or some other measure that maps B into 
M xhich has useful nronerties relative to the operations that arise 
naturally. In several of the examples, concatenation, addition, and/or 
multinlication are defined for pairs. Involutions such as reversal or 
comnlementation are fiefined for individual elements, and these are in 
many cases automorphisms relative to the onerations. 

It is not hard to show that the hinatural numhers, like the natural 
number?, are uniaue un to an isomornhisi". Tt follows that anv onera- 
tion, relation, or measure that arises in any representation of B has 
an analorous oneration, relation, or measure in each representation of 
B. This pives rise to a virtually inexhaustible list of interesting 
nuestions. 

'Ghat oneration on natural vectors corresnonds to t and x on 
natural numhers? 
1-that operation on natural numhers corresnonds to concatenation 
of natural vectors, or of strinvs of zeros and ones7 
'that order relation on numhers in (0,l) corresponds to the 
we11 order in^' hv < amone the natural numhers. 
There are twelve kinds of alphabetical order amonp the strinps 
of zeros and 1'5, corresnondin~ to the six nerrnutations of 0,l 
and n and the tvo directions (left and ripht) of concatenation. 
What are the cnrresnondinp twelve order relations amonp natu- 
ral numbers" Amonv natural vectors7 

And so on. Some of these are easv to ansver and some are hard. Some are 
interestinv and some are not. I'll leave it to the reader to sort 
them out. 

The on-to-one corresnondences amonp the various forms of hinatural 
nunbers are also interestinp and useful. A function vhich assigns to 
each natural vector a unioue natural integer makes it possible to 
nrocess natural vector identifiers as sinele integers. This sinnlifies 
computer storape requirements, thouph it does penerate rather larpe 
identifiers. Perhaps the readers can find other useful annlications of 
these correspondence. 

NEED MONEY? 

The Governing Council of Pi Mu Epsilon announces a contest for 
the best expository paper by a student (who has not yet received a 
master's degree) suitable for publication in the Pi Mu Epsilon Journal. 

The following prizes will be given: 

$200. first prize 
$100. second prize 
$50. third prize 

providing at least ten papers are received for the contest. 

In addition there will be a $20.00 prize for the best paper from 
any one chapter, providing that chapter submits at least five papers. 

SOME COMMENTS ON 

"A CLASS OF FIVE BY FIVE MAGIC SQUARES" 

Robert C. Strum 

In the Fall, 1971 issue of the Pi Mu Epsilon Journal, Marcia Peterson 
presented a class of five-hy-five magic squares with a three-by-three 
magic center. The purpose of the current comments is to point out four 
errors in the mafic square as it appeared in print, and to offer two correct 
magic squares. 

The magic square as published is shorn in Figure 1. Let each element 
of the five-by-five mafic square be identified by E(i,fl where: 

i = 1,2,3,4,5, and indicates the row; 
j = 1,2,3,4,5, and indicates the column. 

Observe that each element is of the form (n + kb) where k takes on tventy- 
five distinct values for the five-by-five magic square. The errors are as 
follows : 

1) The set defining k in Figure 1 has only 22 elements. Given that 0 
is also a member of that set, since it is used in E(3,3), the set defining 
k is incomplete since 25 elements are required. 

2) Because of 1). duplicate usage of two values of k (k = +3c and 
k = - 3 c )  is employed in E(2,3), E(3,l), and in E(3,5), E(43). 

4 4 
3) 1 E(2,m) # 3n and 7 E(4,m) # 3n but they should for a magic square 

m=2 m= 2 
three-by-three. 

5 5 
4) 7 E(m.1) # 5n and 7 E(m,5) + 5n but they should for a magic square 

m=l m=1 
Ã five-hy-five. 

To obtain a correct class of magic squares, one must add two members 
to the set defining k. Let these members be k = +4c and k = -4c. Then a 
class of five-by-five magic squares with a three-by-three magic center is 

4 given in Figure 2. 
It is interesting to note that, with two exceptions, the values of k 

are given by: 
k = q c + p  

where 
q = -4,-3,-2,-1,0,1,2,3,4 

and for each value of q except q = -4, q = +4, 

p = -1,0,1 
and for q = -4, q = t4, 

p = -1,o 
The exceptions to this symmetric pattern are k = +(2c + 2) and k = -(2c + 2 )  
which are used instead of k = +(3c - 1) and k = -(3c - 1). A class of 
five-by-five magic squares with a three-by-three mafic center using, for 
the values of k the set defined by k = qc + p as described above is given 
in Figure 3. 



n-(2c- l )b  

n+ 3c b  

I n  t h e  above, b  and n  a r e  a r b i t r a r y  whole numbers. To be  c e r t a i n  
t h a t  a l l  o f  t h e  above e n t r i e s  a r e  d i s t i n c t  v e  r e q u i r e  on ly  t h a t  t h e  
members o f  t h e  s e t  

n t2cb  

a r e  a l l  d i s t i n c t .  This  w i l l  be t r u e ,  f o r  example, if  c  2 3. 

n-b 

n t ( c + l ) b  

F igu re  1 

n-cb 

n+3cb 

n  

h t ( 4 c - l ) b  I n-cb 1 n + ( c - l ) b  1 n+b 1 n-(4c- l )b  1 

n- 3cb 

n-(3c)b  

n+(3c+ l )b  

F igu re  2  

n+cb 

n - ( c+ l )b  

+ ( 3 c + l ) b  n-b n-(c- l )b  n+cb n - (3c+ l )b  
I , 

n-2cb 

n- 3cb 

n t b  

n-b 

n + ( c + l ) b  

n-cb n+(c - l )b  n+b n-(4c )b 
I I 1 I 

n t  ( 2c+ l  )b 

F igu re  3  

n - ( c - l )b  

n  

Monte Ca r lo  Es t ima te  f o r  P i  

J .  H .  Mathews 
C a l i f o r n i a  S t a t e  Co l l ege ,  F u l l e r t o n  

i 

The ournose  of t h i s  no te  i s  t o  p rov ide  a  somevhat s imp le r  
exoer iment  f o r  c a c u l a t i n p  P i  t han  Ruffon 's  need le  exneriment [21.  
Let a  r e p i o n  A be i n s c r i b e d  i n  a  u n i t  s a u a r e .  Assume t h a t  i t  i s  
n o s s i b l e  t o  s e l e c t  a  n o i n t  a t  random in  t h e  squa re .  Bv " a t  random", 
we mean t h a t  eve rv  r e c t a n p u l a r  r e p i o n  R of a r e a  p  has p r o b a b i l i t y  p 
of c o n t a i n i n g  t h e  p o i n t .  Then t h e  p r o b a b i l i t y  t h a t  t h e  o o i n t  w i l l  
l i e  i n  t h e  r e p i o n  P i s  e q u a l  t o  t h e  a r e a  of A ( s e e  f i p u r e  1 ) .  This  
method of e s t i m a t i n g  t h e  a r e a  of A i'c c a l l e d  a  Monte Car10 Method ["I 
In p a r t i c u l a r ,  l e t  a  c i r c l e  he i n s c r i b e d  i n  a  u n i t  squa re .  I f  a  
p o i n t  i s  s e l e c t e d  a t  random i n  t h e  s q u a r e ,  t hen  t h e  ~ r o b a h i l i t v  t h a t  
it vill l i e  i n  t h e  c i r c l e  i s  (See  f i g u r e  7 ) .  

4 

n t c b  

n - ( c t l ) b  

An e x ~ e r i m e n t  is c o n s t r u c t e d  t o  c a l c u l a t e  P i  a s  fo l lows .  A 
4 

w i d  o f  p e r p e n d i c u l a r  l i n e s  i s  drawn s o  t h a t  t h e  d i s t a n c e  between 
a d j a c e n t  p a r a l l e l  l i n e s  i s  t h e  d i ame te r  of a  penny. A penny i s  
thrown a t  random on t h e  p r i d .  The p r o h a b i l i t y  t h a t  t h e  nennv w i l l  
cover  an  i n t e r s e c t i o n  of two g r i d  l i n e s  i s  v, This may be v e r i f i e d  

I 4 

n+(3c)b  

n-( 3c+l  )b 

by cons ide r in?  t h e  c e n t e r  C o f  t h e  penny a s  ou r  random p o i n t .  The 
c e n t e r  C o f  t h e  penny w i l l  l i e  i n  t h e  d o t t e d  c i r c l e ,  i n s c r i b e d  i n  a  
d o t t e d  aqua re ,  i f  and on ly  i f  t h e  pennv cover?  an i n t e r s e c t i o n  o f  
two g r i d  l i n e s  ( s e e  f i p u r e  3 ) .  I n  a  c lassroom e x ~ e r i m e n t  2500 nennies  
were t o s s e d  and 1961 h i t s  were r eco rded .  The anproximate va lue  f o r  P i  
ob t a ined  was 3.138. This p a r t i c u l a r  exper iment  was somewhat b e t t e r  
t han  expec ted .  The e x ~ e r i m e n t  i s  a  s e r i e s  o f  b inomial  t r i a l s ,  each 
o f  which has a  p r o b a b i l i t y  5 of  s u c c e s s .  The s t a n d a r d  d e v i a t i o n  f o r  

I <  
IT 4-11 

such an e x n e ~ i m e n t  is known7to he 
j i  -ii- . The s t a n d a r d  d e v i a t i o n  f o r  

2500 t r i a l s  i s  approximate lv  20, which p ive?  an  accuracy o f  0.8% f o r  
t h e  e s t i m a t i o n  o f  P i .  



Figure 3 
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A Note on t h e  I n t e g r a l  and t h e  Der iva t ive  
o r  t h e  i n v e r s e  S ine  Function 

P e t e r  A .  Lindstrom 
Genesee Community Col lege  

4 

I n  a  beginning c a l c u l u s  course  a  s t u d e n t  encoun te r s  q u i t e  o f t  -? n 
t h e  i n t e g r a l  and t h e  d e r i v a t i v e  of  t h e  i n v e r s e  s i n e  f u n c t i o n ,  s i n  . 
The i n t e g r a l  o f  s i n - l  is  u s u a l l y  ob ta ined  by i n t e g r a t i o n  by p a r t s  wh i l e  
t h e  d e r i v a t i v e  can be ob ta ined  by app ly ing  t h e  Inve r se  Function Theorem 
f o r  Der iva t ives .  This  n o t e  shows how t o  handle  both s i t u a t i o n s  by 
means of  a  geometr ic  argument. 

On a  s i n g l e  coord ina te  sys tem,  cons ide r  t h e  graphs  o f  y = s i n t  
where 0 & t  2 x ( a r b i t r a r y  x  be ing  p o s i t i v e  f o r  reasons  o f  s i m p l i c i t v )  
and y  = s i n  t where 0 2 t <_ s i n l x ,  a s  shown i n  t h e  fo l lowing  f i g u r e .  

MOVING? 
BE SURE TO LET THE JOURNAL KNOW! 

Send your  name, o l d  addres s  wi th  z i p  code and new address  
wi th  z i p  code to :  

P i  Mu Epsi lon J o u r n a l  
601 Elm Avenue, Room # 423 
The Unive r s i ty  of  Oklahoma 
Norman, O K  73069 

The a r e a  o f  t h e  r eg ion  bounded by t h e  curve y  = s i n  t ,  t h e  t - a x i s ,  

- 1 

I s i n  x 
and t h e  v e r t i c a l  l i n e  t = s i n x  is  given by s i n  t d t .  Ro ta t ing  

0 



t h i s  r eg ion  about t h e  l i n e  y = t ,  t h e  r eg ion  w i l l  have t h e  same a r e a  
a l though t h e  equa t ions  o f  i ts  boundr ies  become t h e  curve y = s i n ' l t ,  
t h e  y- ax i s ,  and t h e  h o r i z o n t a l  l i n e  y = s i n - l x .  This a r e a  can be 

x  
expressed a s  x-sin-'x - j s i n - I t  d t .  

0  
s i n -  l x  

Hence, s i n  t d t  = x.sin'^-x - s i n - l t  d t  , 
0 

s in -& 
= x - s i n l x  + cos t1 9 

0  

= x - s i n x  t cos ( s i n x )  - cos 0 ,  

= x  sin-'x t 4 - s in2 ( s in - ' x )  -1, 

T h ,  s t  t = x  s i x  t A-̂  -1. ( A .  ) 
0 

A s  s a i d  b e f o r e ,  t h e  same r e s u l t  can be ob ta ined  by i n t e g r a t i o n  bv 

p a r t s  a l though it is  necessary  t o  know t h a t  s i n x  = -. 
dx t h i s  

=' 
A- xL 

d e r i v a t i v e  was n o t  used t o  o b t a i n  (A.).  To o b t a i n  such ,  one needs  t o  
d i f f e r e n t i a t e  both  s i d e s  o f  (A.) ,  assuming t h a t  t h e  d e r i v a t i v e  o f  
t h e  s i n - ^  func t ion  e x i s t s .  

d  - 1 
o r ,  - dx s i n  x  

1 - 
-77 
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$25.00 t o  $50.00. I f  your chap te r  p r e s e n t s  awards f o r  ou t s t and ing  
mathematical papers  and s t u d e n t s ,  you may apply  t o  t h e  Na t iona l  O f f i c e  
t o  match t h e  amount spen t  by your chap te r - - i . e . ,  $30.00 of  awards,  
t h e  Na t iona l  O f f i c e  w i l l  re imburse  t h e  c h a p t e r  f o r  $15.00,  etc. ,--up 
t o  a  maximum of  $50.00. Chapters  a r e  urged t o  submit t h e i r  b e s t  
s t u d e n t  papers  t o  t h e  E d i t o r  of  t h e  P i  Mu Eps i lon  J o u r n a l  f o r  p o s s i b l e  
pub l i ca t ion .  These funds  may a l s o  be used f o r  t h e  r e n t a l  of  mathema- 
t i c a l  f i l m s .  P lease  i n d i c a t e  t i t l e ,  sou rce  and c o s t ,  a s  w e l l  a s  a  
very  b r i e f  comment a s  t o  whether you would recommend t h i s  p a r t i c u l a r  
f i l m  f o r  o t h e r  P i  Mu Epsi lon groups .  

S ~ e c  (R) For A P a r t i c u l a r  R 

Frank L. Caoobianco 
Co l l eee  of t h e  Holv Cross 

Let R be a  commutative r i n g  with i d e n t i t y .  Define 

Spec (R) = (PcR: P i s  a  prime idea l} .  

We remark t h a t  t h e  word " idea l"  denotes  "proper idea l ."  We s h a l l  w r i t e  
[PI f o r  t h e  element of  Spec ( R )  r i v e n  by t h e  prime i d e a l  P. 

The Z a r i s k i  topology on Spec ( R )  i s  r i v e n  by: The c losed  s e t s  a r e  
those  of  t h e  form U P J :  P 2 A l  where A i s  a  ( p o s s i b l y  improper) i d e a l  
of R .  We denote  such a  s e t  by V(A). I t  i s  no t  hard t o  prove: 

1 )  V(ZA ) ^ \ v ( A ~ )  
a  a  

i t )  V(MB) = V(A) tJ V(B) 
So t h e  c o l l e c t i o n  of  closed subse t s  {V(A)} does d e f i n e  a  topology.  

Let Snec (R), = ( [P i :  f f l } .  Since  Spec (R), = Spec ( R )  

- V ( ( f ) ) ,  Spec ( R )  i s  an  ooen s u b s e t  of  Seec (R).  These s e t s  form a  base  

f o r  t h e  open s e t s  i n  Spec (R) s i n c e  any open s e t  Spec (R) - V(A) = 
U Spec ( R ) .  

feA 
Let  k* he a  f i e l d ,  and cons ide r  t h e  commutative r i n g  with i d e n t i t y  

R =.: k.  We remark t h a t  ( u ,  u  . . . )  i s  a  u n i t  of  R i f  and on ly  i f  f o r  a l l  
1=1 

ieN, u i  # 0 .  

I n  t h e  p re l imina rv  ve r s ion  of  h i s  In t roduc t ion  t o  Alpehraic  Geometry, 
( 3 ,  DP. 124-125 , 140) ,  David Mumford s t a t e s  t h a t  f o r  R = - 

J l k ,  Spec (R) i s  - - 
t h e  Stone-Cech compac t i f i ca t ion  of  N, t h e  p o s i t i v e  i n t e g e r s .  This paper  
in t ends  t o  p r e s e n t  a  w o o f  of  t h a t  s t a t emen t ,  u s ing  t h e  fo l lowing  charac-  
t e r i z a t i o n  of t h e  Stone-Cech compac t i f i ca t ion  found i n  Gillman and J e r i -  
s o n ' s  Rings o f  Continuous Funct ions ,  ( 1 ,  page 86) :  

Theorem. Every complete ly  r e g u l a r  space  X has a  Hausdorff compac t i f i ca t ion  
BX wi th  t h e  p rope r ty  t h a t  any two d i s j o i n t  ze ro- se t s  i n  X have d i s j o i n t  
c l o s u r e s  i n  6X. Futhermore, BX i s  unique: i f  a  Hausdorff compac t i f i ca t ion  
T  of  X s a t i s f i e s  t h i s  p rope r ty ,  t hen  t h e r e  e x i s t s  a  homeomorphism of  BX 
on to  T  t h a t  l eaves  X p o i n t v i s e  f ixed .  

P ropos i t ion  1. The s e t  M = ( (k l ,  k 2 . . . ) â ‚ ¬  k  = 01 i s  a  maximal i d e a l  
i n  R.  P  0  

Proof:  M D # # s i n c e  (0, 0 ... ) E M  M p # R s i n c e  ( 1 ,  1. . . ) d o e s  not 
P '  

be lons  t o  M "Suppose (kl.k2, ... ) and (k:, k i ,  . . . )  helonp t o  M Then 
D. P '  

1 
kD = k1 = 0  and k - k  = 0  and (k 1 

P P  P  
k2 ,  ... ) - (kl, k;, ... )E M p  

( k ,  k ,  ... ) â‚¬  and ( r  , r ,  ... ) E R .  Then k  r = 0 and (kl 
D D D 

( r ,  r ,  ... ) eM Hence M i s  an  i d e a l  i n  R .  
P' P 

Suppose M i s  an  i d e a l  of  R con ta in ing  f* . Assume ( r ,  r ,  . 
P 

Suppose 

k2,  ... ) ' 



1 lPth ipth 
Then r # 0. Nov, ( r l ,  r2, ... ) ( 0 ,  ..., 0 ,  y, 0 ,  ... ) = ( 0 ,  ..., 0 , 1 , 0  ... ) E  M .  

P  P  p t h  p l a c e  

S i n c e  ( 1  ,..., l , h , 1 . . . ) 6 M p ,  v e  

( 1 , 1 ,  ... )â M c o n t r a d i c t i n g  t h e  

Hence, M i s  maximal. 
P  

C o r o l l a r y  1.1. M is p r i n c i p a  
P 

P r o o f :  Suppose ( k ,  k , .  

have ( 0  ,... , 0 , 1 , 0  ... ) + ( 1  ,... 1 , 0 , 1 ,  ... ) = 
f a c t  t h a t  M is a n  i d e a l  o f  R.  Thus,  M = M 

P '  

p t h  p l a c e h  
; t h a t  i s ,  M = ( f ) ,  where f  = ( 1  ,..., 1, ,1 . . . ) .  

P  

. ) e  M D .  Then kn = 0. Hence (kl ,  k ,  ...I = 

( k ,  k  ,... ) f .  Thus,  M c ( f ) .  Hence, ( f )  = M .  
P  

P r o p o s i t i o n  2. { [ M I }  i s  open- and- closed.  

P r o o f :  { [ M ~ ] ]  i s  c l o s e d  s i n c e  {[M 1) = V(M ), L e t  g  = ( l , l ,  ... ) - f ,  
P  P  

v h e r e  f  is t h e  o f  M .  Suppose P  i s  p r ime and g<P. We c l a i m  t h a t  

P  = M PCM s i n c e  o t h e r w i s e  t h e r e  would  e x i s t  ( r  r,,, ... )Â£ s u c h  t h a t  
P '  P  1 1' 

r # 0 .  I n  which c a s e  ( r l ,  r2,. . .) * (0,. . . ,0 ,  0,. . .) = g b e l o n g s  t o  P. 
P  

I t  s u f f i c e s  t o  show f e  P. Assume f d P .  L e t  (r1,r2,  ... ) e  P. Then 

( r ,  r2, . . . I  = f  ( r l ,  r2,  ..., r p-l, 1, Po+1, .-. 1- But 

( r1 , r2 ,  .*., rN, 1, rp+l, . . . ) # P s i n c e  P C  M P' and  we h a v e  assumed f b  P. 

C o n t r a d i c t i o n  o f  t h e  f a c t  P  i s  prime.  Hence f e  P  and  P  = M T h e r e f o r e ,  
P"  

Spec (R)^ = { [ M I }  a n d  [ [ M I }  i s  open.  

C o r o l l a r y  2.1. N i s  homeomorphic w i t h  t h e  s u b s p a c e  {FM 1 o f  Spec  (R).  
P  P E N  

P r o o f :  N and  {[M 11 a r e  i n  one-one c o r r e s p o n d e n c e  by t h e  map 
P  P E N  

p*FM]. S i n c e  b o t h  s p a c e s  a r e  d i s c r e t e ,  t h i s  map is a  homeomorphism. 

P r o p o s i t i o n  3. Spec (R) i s  a  T - s p a c e .  I n  f a c t ,  P is t h e  o n l y  pr ime i d e a l  

i n  R c o n t a i n i n g  P;  i . e . ,  {[q.J = V(P) .  

Proof! Suppose Pl is p r i m e  and  c o n t a i n s  P. Assume ( k ,  k 2 ,  ... )&Pl - .P. 

We may assume k  = 1 o r  0  f o r  e a c h  i & N ,  s i n c e  (k  a  i 1, k2a2 ,  . . . )â‚¬ - P 

*.here a  {k i  i f  k i  = 0 o t h e r w i s e }  
i Fi 

L e t  ( r l ,  r2, . . .) = ( 1 ,  1, . . .) - ( k ,  k 2 ,  . . . ). ( r l ,  r2, . . . )$p1 s i n c e  

(rl, r2, ... ) + (k l ,  k 2 ,  .. . )  = (1 ,  1, . . .). Hence ( r ,  r ,  ... )<P. . 
But ( r ,  r2, , . .) ( k ,  k ,  . . .) = ( 0 ,  0 ,  , . . )eP. C o n t r a d i c t i o n  o f  t h e  

f a c t  P  i s  prime.  T h e r e f o r e ,  P  = P. T h e r e f o r e ,  {[PI} = V(P) and  is c l o s e d .  1 
C o r o l l a r y  3.1. Every  pr ime i d e a l  i n  R is maximal. 

Proof :  S i n c e  R is a  commutative r i n g  w i t h  i d e n t i t y ,  e v e r y  p r i m e  i d e a l  
P  i s  c o n t a i n e d  i n  a  maximal i d e a l  M .  S i n c e  M is pr ime,  M = P. 

P r o p o s i t i o n  4. Spec (R)  i s  H a u s d o r f f .  

P r o o f :  Suppose r P 1 and [P 1 a r e  d i s t i n c t  p o i n t s  i n  Spec (R).  Then 
1 2 

1 1 P and P  a r e  d i s t i n c t  p r ime i d e a l s  i n  R.  Thus t h e r e  e x i s t s  P  = (PI ,  p i , .  . .) 1 
1 1 s u c h  t h a t  P  ePl - P2 s a y .  We may assume e a c h  Pi i s  e i t h e r  1 o r  0  s i n c e  

1 1  ( P , a , ,  P,a9, ... ) e  PI  - P,, where a: = { 0 i f 4 = 0  1 .  

2 2 1 1  
L3et p

2  = ( p l ,  n 2 ,  ... ) = ( 1 ,  1, ... ) - (n l ,  p 2 ,  . 
( 0 ,  0 ,  . . . ). Thus pl. p 2 ~ ~  f o r  a l l  p r ime i d e a l s  

2  1 
But D ^P, s i n c e  p  + p2 = ( 1 ,  1, . . . ). Now, Spec 

1 2  . . ). C l e a r l y  n - p  = 

P i n  R.  Hence, p i p 2 .  

(R)pl and Spec (R)D2 a r e  
- 

neighborhoods  o f  FP21 and [PI] r e s o e c t i v e l y .  Fu thermore ,  Soec ( R ) ~ D  S~iec(R)?  

is emptv s i n c e  p 2 ~ ~  f o r  a l l  r P k S o e c  (R) and hence  p  o r  v 2  must  h e l o n p  
t o  P. T h e r e f o r e ,  Spec (R) i s  Hausdorf f .  

1 P r o p o s i t i o n  5. Spec (R) i s  comriact. 

P r o o f :  Suppose {V(Ai)}, i s  a  f a m i l y  o f  c l o s e d  s e t s  i n  Soec (R) 

w i t h  t h e  f i n i t e  i n t e r s e c t i o n  p r o p e r t y .  Assume a V(Ai) is empty. Hence 

s i n c e  /̂ ) V(Ai) = V ( 2  Ai) ,  V(2 Ail = t . Thus n o  i d e a l  i n  R c o n t a i n s  
i e 1  i e 1  

A s i n c e  R is a  commutative i n  i t  1. H e n c e , <  A .  = R .  ) Thus,  

1 = rlsl + ... + r s  f o r  c e r t a i n  s ieAi j .  
n  n  

S i n e  ) ) # tl, t h e r e  

1 =1 
n 

e x i s t s  a  maximal i d e a l  M c o n t a i n i n g  S: A i  . Hence M c o n t a i n s  r 1 s  +... + 
i=l J 

r s = 1. C o n t r a d i c t i o n  o f  t h e  f a c t  I/ V. ~ h e r e f o r e , r ^ \  v ( A ~ )  # 0. n n  

P r o p o s i t i o n  6. The s u b s p a c e  (TM I} is d e n s e  i n  Spec ( R ) .  
P  P E N  

Proof: Suppose [ P I  e  Spec (R) .  L e t  Spec (R)f  b e  a  b a s i c  open  n e i g h b o r -  

hood o f  [PI .  I t  s u f f i c e s  t o  show t h a t  t h e r e  e x i s t s  p E N s u c h  t h a t  ft! M . 
Assume f  e  M f o r  a l l  p e  N .  Then f  = ( 0 ,  0,  ... ). Hence ( 0 ,  0 ,  ... )i?! P. 
c o n t r a d i c t i o n  o f  t h e  f a c t  P  is a n  i d e a l .  Hence t h e r e  e x i s t s  pcN s u c h  t h a t  
[MI  e  Spec  ( R ) .  Thus [ P I  E c l  [ [ M ] } ~ ~ ~ .  T h e r e f o r e ,  Spec ( R )  = 

c 1  ~ M p P ^ p E N .  
P r o p o s i t i o n  7. Any two d i s j o i n t  s u b s e t s  o f  {rMp]lpcN h a v e  d i s i o i n t  c l o s u r e s  

i n  Spec ( R ) .  
P r o o f :  Suppose 0, and  n2 a r e  d i s j o i n t  s u b s e t s  o f  ^ p l ' p ~ N .  

Assume c.1 s p e c  (R)" '  0 "spec ( R )  n  # 0.  L e t  [ P I E  c l  n, c l n 2 .  

[ P I  i{[Mpl}DEN. O t h e r w i s e  [ P I  enl (7 q 2  by P r o p o s i t i o n  2. Futherrnore,  
:- 

, v \  and n2 must  b o t h  b e  i n f i n i t e ;  o t h e r w i s e ,  n  s a y  it is f i n i t e  and hence  
\ 1 _  

c l o s e d  i n  Spec (R) .  Thus [ P I  e y  c { [ ~ ~ l ~ ~ ~ ~ ,  

So v e  mav w r i t e  l " )  = [ M  , M ,  . . . I  and  n2 = (Mql, M q 2 ,  . . . }. 
1 1  1 

D e f i n e  n1 = (nl, n 2 ,  . . . I  ni i s  0  i f  i = pn and  1 o t h e r v i s e .  

2 2  2  
D e f i n e  n

2  = (n l ,  n 2 ,  ... ) where n i  is 1 i f  i = p and 0 o t h e r w i s e ,  

0 
C l e a r l y  n1 - n

2  = (0,O ,... ). Thus,  n1 s a y  b e l o n g s  +o  P. n  t! P s i n c e  

n1 + n 2  = ( 1 , 1 , .  . , ). Hence, Spec ( R ) ;  is a  ne ighborhood o f  [PI .  Thus,  
2  

Spec ( ~ ) ~ ~ f l n ~  # 0. Let  f.Ãˆqi e  n n ~ p e c  ( R ) 2 .  Then n  6 Mqi. But 

2 
s i n c e  n1 (1 n1 = 0, n

2  
= 0.  T h a t  is ,  n  e  Mqi. C o n t r a d i c t i o n .  

q  i 



Theorem. Spec (R) i s  BN,  t h e  Stone-Cech compac t i f i ca t ion  of N. - 
Proof: Spec (R) i s  a compact Hausdorff space ,  and N i s  homeomorphic 

t o  { [ d p ] I N  , a dense subspace of  Spec (R). Since  a zero- set  i s  merely 
v- - .  

a s p e c i a l  form of  s u b s e t ,  any two d i s j o i n t  zero- sets  i n  N have d i s j o i n t  
c losu res  i n  Spec ( R ) .  Therefore ,  by theorem Spec (R) i s  BN. 
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MEETING ANNOUNCEMENT 

P i  Mu Epsi lon w i l l  meet from August 28-30, 1972 on t h e  Dartmouth 
campus, Hanover, New Hampshire, i n  con juc t ion  wi th  t h e  Mathematical 
Assoc ia t ion  of America. Chapters  should  s t a r t  p lanning NOW t o  send de le-  
g a t e s  o r  speake r s  t o  t h i s  meeting, and t o  a t t e n d  a s  many of  t h e  l e c t u r e s  
by o t h e r  mathematical groups a s  p o s s i b l e .  

A REGULAR NON-NORI1AL TOPOLOGICAL SQUARE 

William L. Q u i r i n  
Adelphi Un ive r s i ty  

The Na t iona l  O f f i c e  of  P i  Mu Eps i lon  w i l l  he lp  wi th  expenses of  a 
speaker  OR d e l e g a t e  (one p e r  c h a p t e r )  who is  a member of  P i  Mu Epsi lon 
and who has  not r e c e i v e d  a Master ' s  Degree by A p r i l  15, 1972, a s  fo l lows:  
SPEAKERS w i l l  r e c e i v e  lowest c o s t  confirmed a i r  f a r e  (maximum of  $300) 
from home o r  school ,  whichever is  n e a r e r ,  t o  Hanover, NH;  o r  a c t u a l  
t r a v e l  expenses,  whichever is l e s s ;  DELEGATES w i l l  r e c e i v e  1 / 2  of  t h e  
speake r ' s  c o s t .  it 

S e l e c t  t h e  b e s t  t a l k  of t h e  y e a r  g iven  a t  one of  your meet ings  by 
a member of P i  Mu Epsi lon who meets t h e  above requirements  and have him o r  
he r  apply  t o  t h e  Na t iona l  Of f i ce .  Nominations should be i n  our  o f f i c e  
by A p r i l  15 ,  1972. The fol lowing informat ion should  be included:  your 

I 
name; Chapter of  P i  Mu Epsi lon;  a s choo l ;  t o p i c  of t a l k ;  what degree  you 
a r e  working on; i f  you a r e  a d e l e g a t e  o r  a speaker ;  when you expect  t o  
r e c e i v e  your degree;  c u r r e n t  ma i l ing  addres s ;  summer ma i l ing  addres s ;  
who you were recommended by; and a 50-75 word summary o f  t a l k ,  i f  you 
a r e  a speaker .  MAIL TO: P i  Mu Epsi lon,  601 Elm Ave., Room 423, The 
Universi . ty of Oklahoma, Norman, O K  73069. 

1 If P = { ( x , y ) :  x ,y  eIR. , y > 0 )  is t h e  open upper ha l f- p lane  wi th  
t h e  Eulc idean topology,  and i f  L = { ( x , 0 ) :  x e [R. 1 is  t h e  r e a l  a x i s ,  
we de f ine  a b a s i s  f o r  a topology 3 on X = P U  L a s  fo l lows:  f o r  

(x ,y )cF ,  t h e  open d i s k s  wi th  c e n t e r  (x ,y )  and r a d i u s  r < y; for xeL, 
a l l  s e t s  of t h e  form {x}t) D ,  where D is a n  open d i s k  l y i n g  i n  ' t he  upper 
ha l f- p lane  t angen t  t o  L a t  x. Such a s e t  { x }  UD wi th  r a d i u s  r w i l l  be 
denoted Nm(x).  Note t h a t  i f  rl > I-?, ?:en ! l  (XI 3 Nr ( x ) .  

5 2 
The Topological  space  (x.)), known a s  Niemytzki 's  Tangent Disk Space, 

i s  t h e  c l a s s i c a l  example o f  a r e g u l a r  space  which f a i l s  t o  be  normal.  
However, an e lementary  proof t h a t  t h i s  space  i s  n o t  normal,  which could  be 
p resen ted  i n  an i n t r o d u c t o r y  undergraduate topology cour se ,  has  t o  t h e  
a u t h o r ' s  knowledge, neve r  appeared i n  p r i n t .  I n  t h i s  a r t i c l e  we p r e s e n t  such 
a p roof .  

We begin  wi th  t h e  fo l lowing d e f i n i t i o n :  
D e f i n i t i o n :  I f  x e L and r > 0 ,  t h e  shadow o f  t h e  b a s i c  open s e t  lJp(x) is 

de f ined  t o  be t h e  s e t  

Note t h a t  Shad(Nr(x)) i s  a c losed  s u b s e t  o f  L, i n  t h e  Eucl idean sense .  

n 

To prove t h a t  (x..)) is n o t  normal,  we e x h i b i t  d i s j o i n t  c losed  s u b s e t s  
o f  X which a r e  n o t  conta ined i n  d i s j o i n t  open s e t s .  Let 

A = {x  e L :  x  is r a t i o n a l }  
B = ( x  e L: x is i r r a t i o n a l }  

Since  L is  a c losed  subse t  o f  X and s i n c e  t h e  r e l a t i v e  topology on L 
is d i s c r e t e ,  A and B a r e  d i s j o i n t  c l o s e d  s u b s e t s  o f  X.  Suppose U and V a r e  
d i s j o i n t  open s e t s  such t h a t  A C U and B C V .  

Choose x e A.  There is  a b a s i c  open s e t  N (x l )  C U. Since t h e r e  

are i r r a t i o n a l  numbers a r b i t r a r i l y  c l o s e  t o  any r a t i o n a l  number, we can 
choose x2 e B n  S h a d ( N , ( x  ) ) ,  and we can f i n d  N (x? )  C V such t h a t  1 =. - 

1 ^ 
Shad(N, ( x 2 ) ) c  Shad(Nc (x,)) .  I n  l i k e  manner, we can f i n d  x3e A fl 

2 1 

 shad(^^ ^ ( x 2 ) )  and Ne ( x3 )  C U such t h a t  Shad(% ( X I )  c Shad(% ( X I ) .  
2 3 3 2 



C o n t i n u i n g  i n  t h i s  manner, we c o n s t r u c t  a  s e q u e n c e  { x }  o f  p o i n t s  o f  L and 

a  sequence  o f  open sets { N  ( X I }  s u c h  t h a t :  
n  

( c )  N e  ( X ? ~ + ~ ) C  U and N c  V f o r  a l l  n  2 1, 
2 n t  1 2n 

( d l  Shad(lJc ( x n ) )  C Shad(Nc ( x ~ - ~ ) )  f o r  a l l  n  2 2. 
n  n- 1 

Hence t h e  s e q u e n c e  [ x  1 is  a bounded i n c r e a s i n g  s e q u e n c e  o f  r e a l  numbers 

w i t h  t h e  a d d i t i o n a l  p r o p e r t y  t h a t  i f  n 2 k, t h e n  x  E Shad(N ( X I ) .  I n  t h e  
k  

u s u a l  topology  on L ,  t h e  s e q u e n c e  { x  1 c o n v e r g e s  t o  some xeL. S i n c e  

Shad(N ( x  1 )  is a  c l o s e d  s e t  f o r  e a c h  k ,  we have 
â ‚¬  k 

Now we must have e i t h e r  xeA o r  xcB. However, i f  xcA, t h e n  t h e r e  e x i s t s  
Nc(x)C U, S i n c e  { x  1 c o n v e r g e s  t o  x ,  t h e r e  e x i s t s  x2k  s u c h  t h a t  [ X ~ ~ - X /  < c  

S i n c e  x S h a d ( N  ( X I ) ,  we s e e  t h a t  
2k 

and s i n c e  N ( x )  C U and tic ( x  ) )  C V ,  we have U f"> V # 4 ,  c o n t r a d i c t i n g  o u r  
2k 2k 

a s s u m p t i o n  t h a t  U 0 V  = A .  We a r r i v e  a t  a  s i m i l a r  c o n t r a d i c t i o n  i f  w e  assume 
xeB. Hence xdA and xdB, and t h i s  f i n a l  c o n t r a d i c t i o n  e s t a b l i s h e s  t h e  f a c t  
t h a t  (x,,) is n o t  normal.  

We c o n c l u d e  by n o t i n g  t h a t  t h e  i d e n t i c a l  p r o o f  c a n  be  used  t o  show 
t h a t  t h e  f o l l o w i n g  s p a c e ,  which is  r e g u l a r ,  is  n o t  normal.  Let  Y be  t h e  
r e a l  l i n e  w i t h  t o p o l o g y  g e n e r a t e d  by t h e  i n t e r v a l s  of t h e  form [ a , b ) ,  and 
l e t  X = Yf'Y w i t h  t h e  p r o d u c t  t o p o l o g y .  The l i n e  L  = { ( x , y ) :  x  t y = 0 1  
is a  c l o s e d  s u b s p a c e  o f  X and  t h e  r e l a t i v e  t o p o l o g y  o n  L  is d i s c r e t e .  I f  

A = { ( x , y ) e L :  x , y  a r e  r a t i o n a l ]  
B  = {(x ,y)cL:  x ,y  a r e  i r r a t i o n a l }  

t h e n  A and B a r e  d i s j o i n t  c l o s e d  s u b s e t s  o f  X which a r e  n o t  c o n t a i n e d  i n  
d i s j o i n t  open s e t s .  

For  a  h i g h e r  l e v e l  o f  p r o o f ,  s e e  Counterexamples  i n  Topology by 
S t e e n  6 Seebach ,  H o l t ,  R i n e h a r t ,  Winston,  I n c . ,  (1970) ,  p. 100.  

VECTOR GEOMETRY OF ANGLE-BISECTORS 

A l l  R .  Amir-Moez 
Texas Tech U n i v e r s i t y  

Problems i n v o l v i n p  a n p l e - b i s e c t o r s  a r e  u s u a l l y  v e r y  d i f f i c u l t ;  some- 
t i m e s  t h e r e  i s  n o  p e o m e t r i c  s o l u t i o n  f o r  c o n s t r u c t i n p  t r i a n p l e s  f o r  which 
some of t h e  p i v e n  p a r t s  a r e  a n p l e - b i s e c t o r s .  I n  t h i s  a r t i c l e  we s t u d y  
t h e  a n g l e  b i s e c t o r  o f  a n  a n p l e  t h r o u g h  v e c t o r s  and g i v e  some a p p l i c a t i o n s .  

I n  what  f o l l o w s  a l l  v e c t o r s  a r e  i n  a  E u c l i d e a n  u l a n e  and w i l l  h e  
d e n o t e d  by Greek l e t t e r s .  The i n n e r  p r o d u c t  of a and 6 w i l l  b e  ripnoted bv 
( a , $ )  v h i c h  is d e f i n e d  hy 

where, f o r  example ,  1 l a \  1 means t h e  norm o f  a and t i s  t h e  a n g l e  between a 
and  B .  O t h e r  p r o p e r t i e s  o f  v e c t o r  a l g e b r a  w i l l  h e  assumed and used  
C 1 ,  pv 1 - 741. 
1. B i s e c t o r s :  L e t  {a ,P}  be  l i n e a r l y  i n d e o e n d e n t  ( F i p .  1)::': L e t  6 h e  a non- 
z e r o  v e c t o r  on t h e  b i s e c t o r  o f  a n  a n p l e  between a  and B .  Then t h e  a n p l e  
between a  and  6 i s  t h e  same as t h e  one between 5 and 6. T h i s  means 

Th i s  i m p l i e s  t h a t  

which means t h a t  t h e  a l c e b r a i c  p r o j e c t i o n  o f  6 on  t h e  a x i s  -.&- i s  t h e  same 

( ! ! * I , )  

4 
a s  i t s  a l g e b r a i c  p r o j e c t i o n  on  t h e  a x i s  w h o ~ e  u n i t  v e c t o r  i s  - ( F i p .  2 ) .  

i I.,: 1 

We may s e t  

One o b s e r v e s  t h a t  ( 1 )  i m p l i e s  t h a t  

We s h a l l  g i v e  a g e o m e t r i c  i n t e r p r e t a t i o n .  L e t  

'^Ficures a r e  a t  t h e  end o f  t h e  a r t i c l e  



which means t h a t  p and 8  a r e  r e s p e c t i v e l v  p r o i e c t i o n s  of Â¥ and 6 on t h e  

s (-) ( F k .  3 . )  

Then ( 3 )  i m p l i e s  t h a t :  

( 4 )  M - M .  
H e l l  l l e l l  

7 .  The convex h u l l  o f  two v e c t o r s :  Let  ( a , P l  h e  l i n e a r l y  in'^epene*r:t 
( F i e .  4.) and 

T h i s  means t h a t  t, e n d s  on t h e  open l i n e  segment connec t inp ,  t h e  end-c ' . , in ts  
o f  a  and 6.  T h i s  l i n e  segment i s  c a l l e d  t h e  convex h u l l  of { a , ? } .  Tl-.er! 
we o b s e r v e  t h a t  

Â - a - a a  t bB - a  = h ( p  - a ) .  
S i m i l a r l y  

Â - 8  = a ( a  - B). 

T h i s  i m p l i e s  t h a t  

3 .  The a n g l e - b i s e c t o r  o f  a t r i a n g l e :  L e t  { a , ~ l  be  l i n e a r l y  i n d e n e n c c ~ t  am 
6 b e  t h e  a n g l e  b i s e c t o r  of t h e  a n p i p  b e t v e e n  a  and 8  i n  t h e  t r i a ~ i ' l c  Â ¥ " a r m  
by a  and 8. ( F i f u r e  5). Then 

6 = a a t b 8 ,  a t b = l ,  a > ~ ,  b > ~ ,  
and 

. , 

This  i m p l i e s  t h a t  
( a a  +  b 8 , a )  - ( a a  t h6.6)  - 

1 la1 1 1181 1 
o r  

l a 1  I t h ( a , ~ )  - a ( a , ~ )  t h  0 1  1 7 

I l a !  I l l s l  l 
T h i s  e q u a l i t y  i m p l i e s  t h a t  

By ( 5 )  v e  o b t a i n  

4. The l e n g t h  of t h e  b i s e c t o r :  Let  6  be  t h e  same a s  i n  53,  i . e . ,  

6 = a a  t b 6 ,  a t b = 1 ,  a > 0 ,  b > O a n d  

( & , a )  - - - (<5,B) 

I I "  I 
We n o t e  t h a t  

1 6 1  I 
2  

1 6 i 2  = a 2 ) a l 1 2  t 2 a b ( a , P )  + b 2 ] l 6 1 l  . 
He c a n  w r i t e  

S i m i l a r l y  we o b t a i n  

We compute a  and  b ,  we g e t  

T h e r e f o r e  we g e t  

Now we w r i t e  t h i s  f o r m u l a  i n  te rms  o f  s i d e s  and anple ; ,  Le t  A and  B 
r e s p e c t i v e l y  c o r r e s p o n d  t o  t h e  end p o i n t s  o f  a  and  6. Thus C i s  t h e  
s a n e  a s  t h e  o r i g i n  ( F i g .  8 ) .  Then we o b s e r v e  t h a t  

I 6 1 1  = vc ,  I la11 = h ,  11811 = a ,  
and 

(a .6)  = a b  cos  C .  
Thus c 

4a2b2 COS' - 
v2 : 

2 a b [ a b ( l  t c o s  C ) ]  = 2  
c ( a + b )  

2 ( a  t b I 2  



c - 
S i n c e  C < IT, c o s  2 >0. T h e r e f o r e  we o b t a i n  

c 
2ab c o s  7 

v = 
c  a t b  

T h i s  f o r m u l a  c o n t a i n s  
s i d e s  of t h e  t r i a n g l e  

l a -  8 

"us ve o b t a i n  

2(a,8) = 

a n  a n p l e .  We s h a l l  o b t a i n  a  f o r m u l a  i n  te rms  of . I t  i s  c l e a r  t h a t  

I I I?+ I I P l  l 2  - 1 1 "  - 81 l 2  
S u h s t i t u t i n p  i n  ( 1 0 )  v e  e f t :  

This  can  he w r i t t e n  a s  

5.  Equal  b i s e c t o r s :  The t r i a n p l e  f o r  which two a n p l e  b i s e c t o r s  a r e  
e q u a l  is i s o s c e l e s .  To p r o v e  t h i s  we s e t ,  f o r  example,  2 2  

Vb = vc . 
T h i s  amounts t o  

2 2  2 
( h - c )  { [ b c / ( c + a ) ^  ( a t b ) ? :  [a  + 7 a ( h + c ) t ( b  t b c t c  ) t1 I} = 0.  

S i n c e  t h e  i n t e r i o r  o f  b r a c e s  i s  p o s i t i v e ,  we p e t  

We l e a v e  t h e  d e t a i l s  of t h e  a l p e b r a  t o  t h e  r e a d e r .  
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PROBLEM DEPARTMENT 

Ed i t ed  by 

Leon Bankoff,  Los Angeles,  C a l i f o r n i a  

Th i s  department welcomes problems be l i eved  t o  be new ana ,  a s  a  r u l e ,  
demanding no g r e a t e r  a b i l i t y  i n  ~ r o b l e m  s o l v i n ~  than  t h a t  of t he  average  
member of t h e  F r a t e r n i t y .  Occas ional ly  we s h a l l  pub l i sh  problems t h a t  
should  cha l l enge  t h e  a b i l i t y  of t h e  advanced undergraduate  o r  cand ida t e  
f o r  t h e  Mas te r ' s  Degree. Old problems c h a r a c t e r i z e d  by novel and e l e g a n t  
methods of s o l u t i o n  a r e  a l s o  accep tab le .  Proposals  should  oe accomr;anied 
by s o l u t i o n s ,  i f  a v a i l a b l e ,  and bv any informat ion t h a t  w i l l  a s s i s t  t n e  
e d i t o r .  Con t r ibu to r s  of p roposa l s  and s o l u t i o n s  a r e  r ecues t ed  t o  enc lose  
s e l f- addres sed  pos t ca rds  t o  f a c i l i t a t e  acknowledfemen~s,  

S o l u t i o n s  should  be submit ted  on s e p a r a t e  s h e e t s  c o n t a i n i r . ~  t he  name 
and addres s  of t h e  s o l v e r  and should  be  mailed be fo re  !llovemoer 1, 1972, 

Address a l l  communications concerning orobiems t o  D r .  Leon Bankoff,  
6360 Wi l sh i r e  Boulevard,  Los Angeles,  C a l i f o r n i a  90048, 

PROBLEMS FOR SOLUTION 

270. Proposed by Leonard C a r l i t z ,  Puke Un ive r s i t y .  

L e t  a ,  6 ,  y, denote  t h e  a n p l e s  of a t r i a n g l e .  Show t h a t  
1 1 I 1 1 

coT - 3 + c o t  - 6 + c o t  7 y 3 ( t a n  - a t t a n  Ã B + t a n  - y )  
2 9 2  2 2 

> 2 ( s i n  a + s i n  S + s i n  y ) ,  - 
%". 

i~ ,- y S o L ~ m o n ~ ~ ,  Golomb, C a l i f o r n i a  1nsr : tu te  of Technolopy 271. Pro oscd b  
and t e n i v e r s i t y  f Southern  C a l i f o r n i a .  

Assume t h a t  b i r t h d a y s  a r e  uniformly d i s t r i b u t e d  throughout  t h e  v c a r ,  
In a arouD of n  oeoule  s e l e c t e d  a t  random, what is t h e  p r o b a b i l i t v  
t h a t  a l l  have t h e i r  b i r t h d a y s  w i t h i n  a h a l f - y e a r  i n t e r v a l ?  (This  
h a l f - y e a r  i n t e r v a l  i s  al lowed t o  s t a r t  on any day of t h e  y e a r ,  i n  
a t t empt ing  t o  f i t  a l l  n  b i r t h d a y s  i n t o  such an i n t e r v a l . )  

7  Proposed by Cha r l e s  W. ' i r i g p .  San Diep.o., C a l i f o r n i a .  

A timeLv c r v ~ t a r i t n n i  is t n e  ca l enda r  v e r i t y  
7(DAY) = WEEK 

The l e t t e r s  i n  some o r d e r  r e p r e s e n t  consecut ive  p o s i t i v e  d i f i t s  
Wha~ a r e  t hey?  . 

273.  Proposed bv Char les  W ,  T r i f g .  San Dief.0, C a l i f o r n i a .  

Twelve toot r .p icks  can be ar ranged t o  form f o u r  confruent  e q u i l a t e r a l  
t r i a n g l e s ,  Rearranpe t h e  too tnn icks  t o  form ten  r r i a n s i e s  of t h e  
same s i z e .  

e s e e  Community Col lege ,  

Find t h e  va lue  of f o r  an  a r b i t r a r y  i n t e g e r  

I f  t ( n )  = 9 ( n  t 1 1 ,  show t h a t  t h e r e  a r e  an  i n f i n i t e  number o f  

s o l u t i o n s  i n  p o s i t i v e  i n t e g e r s  of 

r-1 s -1 x t(a + i) = x t(a + r  + i). 
i d  i d  

Proposed by R.  S. Lutha r ,  U n i v e r s i t y  of Wisconsin,  Waukesha. 

Find 2 such t h a t  t h e  r o o t s  o f  z 3  t (2 + a ) z 2  - a z  - 2a t 4 = 0 
l i e  a long  t h e  l i n e  y  = x. 

Proposed (wi thou t  s o l u t i o n )  by Alf red  E, Neuman, Mu Alpha De l t a  
F r a t e r n i t y .  N.Y. 

According t o  Morley's  Theorem, t h e  
i n t e r s e c t i o n s  o f  t h e  a d j a c e n t  i n t e r n a l  
ang le  t r i s e c t o r s  of a  t r i a n g l e  a r e  t h e  
v e r t i c e s  o f  an e q u i l a t e r a l  t r i a n g l e .  I f  
t h e  c o n f i g u r a t i o n  is modif ied  so t h a t  t he  
t r i q e c t o r s  of one o f  t h e  a n g l e s  a r e  
omi t t ed ,  a s  shown i n  t h e  diagram, show 
t h a t  t h e  connector  DE of t h e  two 

6 C 

i n t e r s e c t i o n s  b i s e c t s  t h e  ang le  BDC. 

Proposed by Pau l  E r d s s ,  U n i v e r s i t y  of Waterloo,  On ta r io ,  Canada. 

Prove t h a t  eve ry  i n t e g e r  <_ n! i s  t h e  sum o f  < n d i s t i n c t  d i v i s o r s  
of n! Try t o  improve the'result f o r  l a r g e  n ;  f o r  e x a m ~ l e .  l e t  f ( n )  
be t h e  s m a l l e s t  i n t e g e r  s o  t h a t  eve ry  i n t e g e r  & n !  i s  t h e  sum o f  
f t n )  o r  f e v e r  d i s t i n c t   divisor,^ o f  n. We know f ( n )  < n. 
Prove n  - f ( n ) - * Â ¥  

Prooosed by S t a n l e y  Robinowitz, Po ly t echn ic  I n s t i t u t e  of Brooklyn. 

Let F ,  Fl, F ,  ... be a  sequence such t h a t  f o r  n  2 . 2 ,  

Proposed by Kenneth Rosen, Un ive r s i t y  of  Michigan. 

Find a l l  s o l u t i o n s  i n  i n t e g e r s  o f  t h e  Diophantine equa t ion  



SOLUTIONS 

248. [Spring 19711. Proposed by R. Luthar ,  Un ive r s i ty  of  Wisconsin, 
Qaukesha. 

For any p o s i t i v e  i n t e g e r  n ,  prove t h a t  t h e  fo l lowing  i n e q u a l i t y  holds :  

So lu t ion  by N.J. Kuenzi and Bob P r i e l i p p ,  Wisconsin S t a t e  Un ive r s i ty ,  
3shkos h  . - 
The given i n e q u a l i t y  can be  g r e a t l y  improved. In  f a c t ,  f o r  each 
p o s i t i v e  i n t e g e r  n. - 

[n(n  +  11 n ( n t l )  > (2n)n(nt1)(n! lnt3 
= 

with e q u a l i t y  on ly  when n  = 1. 

I f  n  = 1, [n (n  t l ) ]  n(ntl) = ( ~ n ) ~ ( ~ " ) ( n !  )ntl . In  what fo l lows ,  
we s h a l l  assume t h a t  n  2. Using t h e  a r i t h m e t i c  mean-geometric 
mean i n e q u a l i t y  ( s e e  Beckenbach and Bellman, An I n t r o d u c t i o n  t o  
Ine  u a l i t i e s  New Mathematical L ib ra ry ,  Random House, 1961, pp 54-59 hid proof o f  t h i s  r e s u l t ) ,  we have 

1 / n  ( 1  t 2  t 3  t ... t n ) / n  2 ( 1  2  3 ... n )  . 
Since 1 t 2  t 3 t ... + n  = nTn t 1 ) / 2 ,  it fol lows t h a t  

[n (n  t 111" (2nInn! . Thus [n(n  t 111 n ( n t 1 )  w n ) n ( n + l ) ( n !  )n+1 
Also so lved  Ey P e t e r  A. Lindstrom, Genesee Community Col lege ,  
Ba tav ia ,  N.Y.;  C. B. A .  Peck, S t a t e  Col lege ,  Pennsylvania ;  and - .  
t h e  proposer .  

249. [Spr ing 19711 Proposed by R. S. Luthar ,  Un ive r s i ty  of  Wisconsin 
Waukesha. 

Prove t h a t  m + 1 
~ I ( a + b ) f c = t p  [ ( a p r n + b ^ " ) ,  

where p  i s  an  odd prime and m is a  non-negative i n t e g e r .  

So lu t ion  by David Ballew, South Dakota School o f  Mines and Tech- 
nology, Rapid C i t y ,  South Dakota. 

m m 
I f  p  *'1(ap + b

p 
is t r u e  for? a l l  non-negative m ,  then i t  i s  t r u e  

f o r  m = 1 and ve have p ( a p  + bp) .  By Format's Theorem, 

ap 5 a(mod p )  and b
p 

5 b(mod p )  s o  a
p  

t bp = a  t b  t xp. Then we 

must have p ! ( a  t b ) .  
Conversely assume t h a t  p  ( a  t b ) .  F i r s t  we n o t i c e  t h a t  

m t  1 
pmtl l (a  + b l P  and s i n c e  

m t 1  m t 1  
we have pmtl 1 ( a p  t bD ). Again by Fe rma t f s  Theorem a' = a  t up 

2 

and b
p = b  t VD, s o  a  = a

p 

a
p2 

5 ap(mod p 2 ) .  By induct  

m t 1  m m t l  
bp 

Z bD (mod p ). Thus 

m m 
s o  pmtll(ap + bp 1. 
Also so lved  by Bob P r i e l i p n ,  
and t h e  proposer .  

m+1 m m+1) 
ion a D 

2 a (mod o and 

Wisconsin S t a t e  Un ive r s i ty ,  Oshkosh, 

250. [Sor ing 19711 Provosed by Char les  W .  T r i s f ,  San Diego, C a l i f .  

I d e n t i f y  t h e  t h r e e  mathematical terms r ep resen ted  by t h e  f o l l o v i n f  
i tems : 

( a )  Bass made f i v e  yards ove r  h i s  own r i g h t  t a c k l e .  J u s t  a s  
he was be ing  t a c k l e d  he to s sed  t h e  b a l l  back t o  G a b r i e l ,  who 
immediately f l i p p e d  it back t o  Casey. Af t e r  advancine t en  y a r d s ,  
Casey threw t h e  p igsk in  back t o  Mason, who i 0 b ~ e d  i t  back t o  Bass,  
who cont inued on t o  a  touchdown. 

( b )  As I  was going up t h e  s t a i r  
I  met a  man who wasn ' t  t he re .  
He wasn ' t  t h e r e  apain  today. 
I  wish, I  wish h e ' d  go away. 

( c )  Yukon Jake ' s  t a l e  was c h a r a c t e r i s t i c a l l y  long,  d e t a i l e d ,  
and profane:  " A t  noon I found t h a t  a  i s f i i ;  b e a r  had discovered my 
cache and des t royed a l l  t he  i't;':a s u o o l i e s .  I was. in'nt hungry and 
t h e  n e a r e s t  food was t e n  fti'ii'i miles  away, s o  I got t h e  *in', o u t  of 
t h e r e  f a s t .  When I g o t  t o  the  <:W! cabin  i t  was almost dark and 
I was ~ I A *  t i r e d .  Them i~ii'i beans t a s t e d  ~' ls ' i i ' ;  good." 

So lu t ion  by t h e  Proposer.  

( a )  Complete q u a d r i l a t e r a l ,  ( b )  imaginary number, ( c )  e l l i p s e s .  

251. [Spr ing 19713 Prooosed by Char les  W, T r i ~ g ~ S a n  Diego, C a l i f ,  

I f  r ,  r ,  r a r e  r o o t s  of  x 3  t px t q = 0 ,  show t h a t  

3 z ri2 z r = s E ri
3 E r ib i 

I .  So lu t ion  by S id  S p i t a l ,  C a l i f o r n i a  S t a t e  Co l l e fe  Hayward. 

Since  t h e  given cub ic  i s  reduced (x2 term m i s s i n g ) ,  it e a s i l y  

fo1lot.-s t h a t  E ri = 0 and E r = -2p. Use of  r 
!. 

= -Dri-q 

then y i e l d s  i: ri
3 = - 3q,  E ri4 = 2p2,  and I ri

5 = 3pq t 2pq = 5pq. 

Hence 3  E ri
2 I r = - 3 0 9 ~  = 5 E r !: r . i i i. 

11. So lu t ion  by P r o ~ o s e r .  

By Newton's Theorem, 

where n i s  t h e  degree of t h e  eaua t ion .  
In  t h e  case  under c o n s i d e r a t i o n ,  



ON "ALMOST UNITARY PERFECT" NUMBERS 

Sidney Graham 
The Unive r s i ty  of  Oklahoma 

A p e r f e c t  number n  i s  an  i n t e g e r  n  wi th  t h e  p rope r ty  t h a t  6(n)=2n 
w h e r e S ( n )  i s  t h e  sum o f  t h e  d i v i s o r s  of  n. A l l  known p e r f e c t  numbers a r e  
even, b u t  it has no t  been e s t a b l i s h e d  t h a t  no odd p e r f e c t  numbers e x i s t .  

Cramer [ll de f ined  an  "almost p e r f e c t"  number t o  be an  i n t e g e r  n  
v i t h  t h e  p rope r ty  t h a t  12 - Ã ‡ ( n ) / n )  1 < e f o r  any preass igned e > 0. He 
shoved t h a t  f o r  any e ,  t h e r e  e x i s t  i n f i n i t e l y  many odd "almost p e r f e c t"  
numbers. Indeed, f o r  any r e a l  A > 1, t h e r e  e x i s t  i n f i n i t e l y  many i n t e g e r s  
n  wi th  t h e  p rope r ty  t h a t  6 (n ) /n  d i f f e r s  from A by l e s s  than  e.  

Subbarao [ 4 ]  def ined  a  u n i t a r y  d i v i s o r  t o  be a  d i v i s o r  d  of n  wi th  
t h e  p rope r ty  t h a t  (d ,n /d)  = 1. He a l s o  de f ined  n  t o  be u n i t a r y  p e r f e c t  i f  
6*(n)=2n where 6*(n) i s  t h e  sum of  t h e  u n i t a r y  d i v i s o r s  of  n. I t  can 
e a s i l y  be shown t h a t  no odd u n i t a r y  p e r f e c t  numbers e x i s t .  Subbarao and 
h i s  a s s o c i a t e s  have shown t h a t  6 ,  60, 90, and 87,360 a r e  t h e  only  u n i t a r y  
p e r f e c t  numbers l e s s  than  1019. Although a  u n i t a r y  p e r f e c t  number g r e a t e r  

than 1 0  has been d i scove red ,  Subbarao con jec tu res  t h a t  only  f i n i t e l y  many 
u n i t a r y  p e r f e c t  numbers e x i s t .  

Define an "almost u n i t a r y  p e r f e c t"  number t o  be a  p o s i t i v e  i n t e g e r  n  
such t h a t  12-(6*(n)/n) 1 < e ,  f o r  a r b i t r a r y  f i x e d  e > 0. This paper  w i l l  
g ive  a  method f o r  c o n s t r u c t i n g  i n f i n i t e l y  many "almost u n i t a r y  p e r f e c t"  
numbers. 

F i r s t  I t o  e s t a b l i s h  some n o t a t i o n a l  convent ions ,  Pi s h a l l  denote  

t h e  i t h  prime; p1=2, p2=3, e t c .  q i  s h a l l  denote  an  a r b i t r a r y  prime wi th  

t h e  r e s t r i c t i o n  t h a t  q i  > qi i f  an  only  i f  i > j .  

Of primary importance is t h e  formula f o r  t h e  sum of  u n i t a r y  divisorsC51,  1 

I f n = q  q2 .., qkak,  t hen  d  is a  u n i t a r y  d i v i s o r  i f  and only  i f  

"2 i 
d  = q q2 ... q k  where e  = a  o r  0. 6*(qia ) = 1 t q a i  and i * ( n )  i 

k a i  k  ai 
i s  m u l t i p l i c a t i v e .  Thus i5*( isqi  ) = i!l(l + q i  ) -  

Define U(n) = @ ( n ) / n .  n  i s  u n i t a r y  p e r f e c t  i f  and only i f  

i i U(n) = 2. U(qia = (qia + l ) / q i a i  = 1 + l/qia', and ~ ( n )  i s  mul t ip  

If q i  i s  f i x e d ,  ~ ( ~ ~ ~ i )  is a  maximum when a  = 1. I f  a .  i s  f i x e d ,  
i 

a ,  
U(qi ') is a  maximum when qi i s  2. Also, U(qi) < U(q ) if and only  

a .  a .  -\ 
i q i  > qj, and l i m  U ( q i  = 1 = l i m  U(qi ). 

qi- a  .- 

l i c a t i v e .  

i' 

n  n  
U(pl, p2, ..., pn)  = Il 1 t l / p i  > 1 l / p i .  I t  is w e l l  knohn 

i=l 1 x 1  
n  

(e.g. ,  [21) t h a t  l i m  1 l / p i  = -, t hus  U(n) is unbounded above. 
n- i=l 

Theorem 1. Given any r a t i o n a l  R > 1 and any r e a l  e > 0,  t h e r e  e x i s t  i n f i n-  
i t e l y  many i n t e g e r s  n  such t h a t  I R - u ( ~ )  1 < e.  
Proof:  The proof will be a  method o f  c o n s t r u c t i n g  t h e  r e q u i r e d  n ' s .  A l l  
o f  t h e  n ' s  cons t ruc ted  he re  w i l l  be o f  t h e  form: 

k 
ib q i *  

b u t  it is no t  necessa ry  t o  r e s t r i c t  n  i n  t h i s  manner. 
1 1 

Denote Q, = U( 11 q i )  = ll 1 t l / q i ,  and c, R - Qj .  S ince  l i m  U(pi) = 1, 
i=1 1=1 1- 

t h e r e  e x i s t s  some prime p  such t h a t  U ( p )  S R. Let q, = p .  We could have 

have chosen q  t o  be  any prime g r e a t e r  t h a n  pe. The fo l lowing  method w i l l  
be used t o  choose t h e  remaining q i l s .  

Case I. I f  pk is t h e  prime immediately fo l lowing q  and i f  
1 

( 1  t - ) Q s R, t hen  l e t  q  
j*  

= pk. This  process  cannot be r epea ted  
Pk ^ 

i n d e f i n i t e l y ,  however, f o r ,  a s  has a l r e a d y  been pointed o u t ,  t h e  i n f i n i t e  

product f 1 t Ã d ive rges .  Since  Q > Q j ,  cjt1 < e  f o r  every  q j t l  
1=1 p i  1+1 1 

chosen under t h i s  case .  

1 
Case 11. I f  ( 1  t - ) Q, 9 R f o r  t h e  prime pk immediately fo l lowing  

?k 
q,, t hen  l e t  Q 1 b.  need no t  n e c e s s a r i l y  be i n t e g r a l ,  and 

it can be  determined by t h e  formula b, = Qj/(R - Q.), One form of  B e r t r a n d l s  

P o s t u l a t e  s t a t e s  t h a t  f o r  any r e a l  x  > 1, t h e r e  e x i s t s  a prime p  such t h a t  
x  < p < 2x. [31 Le t  q j t l  be a  prime s a t i s f y i n g  t h e  cond i t ion :  

2  Then e = R - QQ) t, and ej+l  = ' < -  Q j + l  = b .  5 q j + l  j o  
1 1 

Let  q r e p r e s e n t  t h e  f i r s t  prime chosen by t h e  method of  Case 11. - 
I 

es l  < < >;eo. Because of  t h e  d ivergence of  t h e  product  ll 1 t - i;l P i  * 

Case I1 must be c o n t i n u a l l y  r e- u t i l i z e d .  A f t e r  t a p p l i c a t i o n s  of Case 11, 

e < Ã e and f o r  t s u f f i c i e n t l y  l a r g e ,  c  < e ,  f o r  any p reass igned  st ? t  0' stst 

p o s i t i v e  e. Hence, e  = R - Q = R - U( II qi).  Fu themore ,  t h e  above 

t t i=l 



Mow 3(-2p)(5pq) : -3oPZq = 5(-3q)(2p2) .  

So 3  Z r '- E r  -' = 5 E E r ' , as was t o  be proved. 
i i i 

Also so lved  by Michael Mikolajczyk, New York I o t a ,  Polytechnic  
I n s t i t u t e  of Brooklyn; Joseph O'Rourke, S a i n t  Joseph 's  Col lege .  
Pennsylvania;  Bob P r i e l i p o ,  Wisconsin S t a t e  Un ive r s i ty ,  Oshkosh; 
Kenneth Rosen and Jonathan Glauser  ( j o i n t l y )  of  t he  Un ive r s i ty  of 
Michifan; and Gregory Wulczyn, Bucknell  Un ive r s i ty ,  Lewisburg, 
Pennsylvania.  

252. [Spring 19711 Proposed by Solomon W. Golomb, Un ive r s i ty  of Southern 
? a l i f o r n i a .  

There a r e  97 p laces  where a  2  x  3 r e c t a n g l e  can be pu t  on an 8 x  9 
board. In  how many of  these  cases  can t h e  r e s t  of  t he  board be 
covered w i t h  e leven 1 x 6 r e c t a n g l e s  ( s t r a i g h t  hexominoes) and 
where a r e  t h e s e  l o c a t i o n s ?  

I .  So lu t ion  by t h e  Proposer .  
By Divine I n s p i r a t i o n ,  we in t roduce  t h e  
c o l o r i n g  (number indof  t h e  8 x 9 board a s  
shown. We observe  t h a t  a  s t r a i g h t  
hexomino placed anywhere on t h e  board must 
cover  one equare  of  each co lo r .  Removing 
e l even  squa res  o f  each c o l o r ,  we f i n d  t h a t  
t h e  l e f t - o v e r  squa res  have t h e  co lo r s  1, 2 ,  
3 ,  4 ,  5 ,  Examing a l l  97 l o c a t i o n s  f o r  
t h e  2  x 3 r e c t a n g l e ,  we d i scove r  t h a t  only  
t h e  f o u r  c o r n e r s ,  i n  t h e  o r i e n t a t i o n  
i n d i c a t e d ,  a r e  p o s s i b l e  pos i t ion ings  . To 
v e r i f y  t h a t  t h e  co rne r  l o c a t i o n  succeeds ,  
we e x h i b i t  t h e  " f l a g  p a t t e r n"  a s  shown 
i n  the  second f i g u r e .  

Also so lved  by Cather ine  Yee, Ohio 
S t a t e  Univers i ty .  ME Yee's s o l u t i o n  i s  
based on t h e  obse rva t ion  t h a t  t h e  97 p laces  
a v a i l a b l e  f o r  t h e  2 x  3  r e c t a n g l e  can be 
reduced t o  28 b a s i c  p o s i t i o n s  by t ak ing  
i n t o  account r e f l e c t i o n s  about t h e  ho r i zon ta l  
and t h e  v e r t i c a l  axes o f  t h e  board. Twenty- 
seven of t h e s e  b a s i c  p o s i t i o n s  a r e  then  
s y s t e m a t i c a l l y  e l imina ted  from cons ide ra t ion  
by showing c o n f l i c t  wi th  a l l  p o s s i b l e  p lace-  
ment of  t h e  e l even  hexominoes. 

The f o u r  p a t t e r n s  used i n  t h e  e l i n i n a -  
t i o n  procedure a r e  shown he re .  In each of 
t h e  t w o  d iagona l  p a t t e r n s ,  a  s t r a i g h t  

I+Hl H i1  - hexomino w i l l  cover only  one black square .  
Since  no black squares  now remain f o r  t he  
2 x 3 b lock ,  twenty-one of  t h e  twenty- 
e i g h t  b a s i c  o o s i t i o n s  a r e  e l imina ted .  

In th s t r i p e d  Da t t e rns ,  t h e  number of b lack squares  covered DV a  
s t r a i g h t  hexornino i s  e i t h e r  0, 3 ,  o r  6 ,  with the  r e s u l t  t h a t  t he  
t o t a l  number of squares  covered by s t r a i g h t  hexominoes i s  a mul t ip l e  
of 3 .  Thus f i v e  more of t h e  28  b a s i c  o o s i t i o n s  a r e  e l imina ted  in  tnnt 
narrow- str iped p a t t e r n ,  whi le  t h e  wide- st r iped s a l t e r n  e l in ' i na t e s  s t i l l  
ano the r  o o s i t i o n .  The remaining co rne r  placement,  v i t h  the  l o n p  edpe 
of t h e  2 x 3 block p a r a l l e l  t o  the  long edge of t h e  board c o n s t i t u t e s  
the  only s o l u t i o n .  I f  we add the  t h r e e  r e f l e c t i o n s  we f i n d  t h a t  t h e  
f o u r  co rne r  p o s i t i o n s  a r e  t h e  onlv  ones t o  su rv ive  t h e  e l i m i n a t i o n  
process .  

253. [Spr ing 19711 Proposed by Erwin J u s t ,  Bronx Community College of 
t h e  C i t y  Un ive r s i ty  of  New York. 

I f  P (x )  is an i r r e d u c i b l e  polynomial ove r  t h e  r a t i o n a l s  and t h e r e  
e x i s t s  a  p o s i t i v e  i n t e g e r  k  # 1 such t h a t  r and rK a r e  both zeros  
o f  P ( x ) ,  prove t h a t  P (x )  i s  cyclotomic.  

So lu t ion  by t h e  Proposer .  

Since  p(xk)  and P (x )  have a  common ze ro ,  r ,  i t  must be t h e  case  t h a t  
k k 

p ( x ) l ~ ( x  ), s o  t h a t  every  zero  of P ( x )  i s  a  z e r o  of F(x  1, from 
k k2 

which it i s  e a s i l y  found t h a t  r ,  r , r , ... , r k ,  ,.. a r e  zeros  
b  

bf P(x) .  Therefore ,  f o r  some i n t e g e r s  a  and b ,  rka 
= rk o r  

b a  
r k a ( l  - rk -k ) = 0, which impl ies  t h a t  r i s  a  r o o t  of  u n i t y .  
S ince  P (x )  i s  i r r e d u c i b l e ,  it fol lows t h a t  P ( x )  i s  cyclotomic.  

254. [Spr ing 19711 Proposed by Alfred E. Neuman, Mu Alpha De l t a  F r a t e r n i t y ,  
tÃˆ< York . - -  - - .  

I n  t h e  adjoin in^ diagram, CD 
i s  a  hal f- chord pe rpend icu la r  
t o  t h e  d iameter  AB of a  c i r c l e  
(0) .  The c i r c l e s  on diameters  
AC and CB a r e  cen te red  on O1 

and 0  r e s p e c t i v e l y .  The 
r e s t  of  t h e  f  i f u r e  c o n s i s t s  
of  consecu t ive ly  t angen t  
c i r c l e s  i n s c r i b e d  i n  t h e  horn- 
ang le  and i n  t h e  seffrnent a s  
shown. If t h e  two shaded A 
c i r c l e s  a r e  e q u a l ,  what i s  
t h e  r a t i o  o f  AC t o  AB? 

Solu t ion  by t h e  Problem 
E d i t o r .  - 
Let AB = 2 r ,  AC = 2 r  

1' 
CB = 2r2. S t a r t i n g  v i t h  t h e  

c i r c l e  touchinp ( 0 1 ,  t h e  

r a d i i  of  the  c i r c l e s  (u. i n  

t h e  horn ang le  a r e  denoted by 

p i ,  and those  of  t h e  c i r c l e s  (u.1 i n  t h e  half- segment by P' i * 
( i  = 1, 2 ,  ... , n) .  The formula  f o r  t h e  r a d i i  of  t h e  c i r c l e s  i n  



t h e  Pappus cha in  ( i . e . ,  i n  t h e  horn a n g l e )  is p = rr r / ( r r  t n 2 r f ) , '  
n  1 2  2  - 

while  t h e  r a d i i  o f  t h e  c i r c l e s  i n  t h e  cha in  i n s c r i b e d  i n  t h e  h a l f -  
segment a r e  g iven by 

For o u r  purposes h e r e ,  we use t h e  s i m p l i f i e d  formulas ,  
2 

and p  = rr r / ( r r 2  t 25ri
7 j 

1 2  

S u b s t i t u t i n g  r t r f o r  r and equa t ing  p '  and p5, re r e a d i l y  o b t a i n  
2  

( r  + rp / r l r2  = 25/4. Thus 25 r  r = 4 ( r  t r ) ' .  Let r = k r .  1 2  
Then 2 5 k r 2  = 4r22(k  t 1)' and k  = 4. Hence AC = 4(CB). 

(Note: l h e  s o l u t i o n  k = 1 /4  a p p l i e s  t o  t h e  r e f l e c t e d  f i g u r e ,  i n  which 
AC and CB a r e  t ransposed.  The formula  f o r  t h e  r a d i i  o f  t h e  c i r c l e s  
i n  t h e  half-segment was de r ived  by a  complicated inve r s ion .  Readers 

a r e  i n v i t e d  t o  d e r i v e  t h e  expres s ion  f o r  fl- by s y n t h e t i c  geometry.)  

255. [Spr ing 19711 Proposed by C. S t an ley  O ~ i l v y ,  Hamilton Col lege ,  Cl in ton 
N e w  York. 

Find a 3 - d i r i t  number i n  base  9  which, when i t s  d i g i t s  a r e  w r i t t e n  
i n  r e v e r s e  o rde r .  y i e l d s  t h e  same number i n  base  7. Prove t h a t  t h e  
s o l u t i o n  i s  unique. 

I .  So lu t ion  by Zeane t t e  Bickley,  Webster Groves Sen io r  Hich School,  
Webster Groves, Missouri .  

Below is a  cornouter program and ou tpu t  from a  XDS 940 computer. 
This program tea  t s  a l l  p o s s i b l e  d i g i t s  ( 0 ,  1, 2,  3,  4 ,  5,  6  s i n c e  base 
7  i s  involved)  and o b t a i n s  t h e  unique s o l u t i o n  ( o t h e r  than t h e  t r i v i a l  
s o l u t i o n ) :  305 i n  base  9  = 503 i n  base  7. 

I V I F C F l l  A 3 3 . C  
01 r v51J \  4<7)~;3(7),C(7) 

3 0  F J 2 ' - 4 F  ( I P < 1 1 ~ 1 1 . > "  I V  t3QSE 9 = " , I 2 ~ 1 1 , 1 1 ~ *  I \  ICSr 7 " )  
D A I Q  4 / 0 * 1 , 8 ~ 3 ~ 4 , 5 ~ 6 /  
D O f o  3/09 1 ~ ~ * ? * 4 ~ 5 ~ 6 /  
mIra  c / f ) *  19Â¡>3>4*5>6 
DO 20 1=1,7 
DO QQ J=l,7 
no ?o i<=i ,7  

s ro? 
F \ D  

Â ¥ * < r F ' A  

0 0 0  I \  BASF 9 = 0 0 0  1') BASE 7 
3 0 5  I \ [  RQST 9 = 5 0 3  IM 3ASE 7 

* WJO* 

11. S o l u t i o n  by Edward G. Gibson, Xavier Un ive r s i ty ,  C inc inna t i .  

Let t h e  3- d i g i t  number be  ABC. 
Thus 81A t 9B + C = 49C t 7B t A 

2B = 48C - 80A 
B = 8(3C - 5A). 

Since  B < 7,  B = 0. Hence 3C = 5A. 
Since  C < 7,  C = 5 and A = 3, a  unique s o l u t i o n .  
Hence t h e  unique s o l u t i o n  (305) = ( 5 0 3 ) .  

Note: This problem appears  a s  Problem 93 on page 304 of  B e i l e r ' s  
Recreat ions  i n  t h e  Theory o f  Numbers, Dover P u b l i c a t i o n s ,  New York. 

Also so lved  by Richard B a l l ,  Po r t l and  S t a t e  Un ive r s i ty ,  Po r t l and ,  
Oregon; S. Gendler,  C la r ion  S t a t e  Col lege ,  C la r ion ,  Pennsylvania;  
Marilyn Hoag, Lake-Sumter Community Col lege ,  Leesburg, F lo r ida ;  
Caro l  Lancas t e r ,  S t .  Lawrence Unive r s i ty ,  Canton, N.Y. ; Larry E 
M i l l e r ,  R ive r s ide ,  C a l i f o r n i a ;  James R. Metz, S t .  Louis Un ive r s i ty ;  
Bob P r i e l i p p ,  Wisconsin S t a t e  U n i v e r s i t y ,  Oshkosh; Kenneth Rosen, 
Univers i t y  of Michigan; 5. Svetharanyam, McNeese S t a t e  Un ive r s i ty  , 
Lake Char l e s ,  Louis iana;  Char les  W.  T r igg ,  San Diego, Ca l i fo rn ia ;  
and Gregory Wulczyn, Bucknell  Univers i ty .  

256. [Spring 19711 Proposed by R.  S. Luthar ,  u n i v e r s i t y  o f  Wisconsin, 
^ lanesvi l le .  

ABCDE is a  pentagon i n s c r i b e d  i n  a  c i r c l e  ( 0 )  wi th  s i d e s  AB, CD and 
EA e q u a l  t o  t h e  r a d i u s  o f  ( 0 ) .  The midpoints o f  BC and DE a r e  de- 
noted by L and M r e s p e c t i v e l y .  Prove t h a t  ALM is an e q u i l a t e r a l  
t r i a n g l e .  

So lu t ion  by Char les  W. T r igg ,  San Diego, C a l i f o r n i a .  

Let P and Q be t h e  midpoints o f  t h e  r a d i i  OD and OA,  r e s p e c t i v e l y .  
Then CP and BQ a r e  e q u a l  a l t i t u t e s  o f  t h e  congruent e q u i l a t e r a l  
t r i a n g l e s  COD and BOA. 
OL i s  t h e  pe rpend icu la r  b i s e c t o r  
of t h e  base  of  t h e  i s o s c e l e s  tri- 
anp.le COB. Consequently,  CL = BL 
and W L  = O B L .  Then s i n c e  
L PC0 = 30Â = L QBP, t i r a n g l e s  

PCL and QBL a r e  congruent ,  and 
PL = QL. 

TWO oppos i t e  ang les  i n  each of t h e  
q u a d r i l a t e r a l s  OLBQ and OLPC a r e  
r i g h t  a n p l e s ,  s o  t h e  q u a d r i l a t e r a l s  
a r e  i n s c r i p t i b l e .  %mce 
/. QLP = LOCP = 30Â and 
LOLQ = LOBQ = 30'. 

~t follows thatlPLQ = 60Â and tri- 
angle  PLQ i s  e q u i l a t e r a l .  

A 



MP is p a r a l l e l  t o  EO, and s o  makes an  ang le  of 60Â with  AQ. PL 
makes an  ang le  of 600 with  QL. Hence LMPL = LAQL. Then 
MP = EO/2 = AO/2 = AQ and PL = QL, s o  t r i a n g l e s  MPL and AQL a r e  
congruent.  
Hence, ML = AL and /-PLM=LQLA. Thus, 60Â = LPLQ =LPLQ - /.PIM 
+ LQLA = LMLA. Therefore ,  t r i a n g l e  ALM is e q u i l a t e r a l .  
E d i t o r ' s  Note: 
The s t a t e d  problem does no t  r e q u i r e  DC t o  be p a r a l l e l  t o  EB al though 
t h e  diagram i n a d v e r t e n t l y  c r e a t e s  t h e  impress ion t h a t  i t  is. Con- 
sequen t ly ,  it was necessary  t o  r e j e c t  s e v e r a l  s o l u t i o n s  .stemming 
from t h i s  mis leading hypothes is .  I f  DC and EB a r e  p a r a l l e l ,  t h e  
problem is cons ide rab ly  s i m n l i f i e d  and lends  i t s e l f  t o  an  easy  
, syn the t i c  s o l u t i o n .  one such s o l u t i o n ,  o f f e red  by Alfred E. ieuman, 
Mu Alpha Del ta  F r a t e r n i t y ,  New York. n o t e s  t h a t  t h e  sum o f  t h e  
angles  DOC. AOE and BOA is 180" wi th  t h e  r e s u l t  t h a t  EOD and COB a r e  
i s o s a e l e s  r i g h t  t r i a n g l e s .  I t  fo l lows t h a t  OL = LB = OM = ME and 
t h a t  t r i a n g l e s  OMA, OLA, EMA, and BLA a r e  congruent.  S ince  MA and 
LA a r e  b i s e c t o r s  of  t h e  ang les  EAO and OAB, t h e  e q u a l  segments MA 
and AL bave a  mutual i n c l i n a t i o n  of 60Â° thus  making t r i a n g l e  HAL 
e q u i l a t e r a l .  

Samuel L. G r e i t z e r ,  Rutgers Un ive r s i ty  o f f e r e d  a  s y n t h e t i c  s o l u t i o n  
f o r  ED = CB and c a l l e d  a t t e n t i o n  t o  t h e  f a c t  t h a t  t h i s  problem is  
a  s p e c i a l  case  of Problem B - 1  of t h e  William Lowell Putnam Mathe- 
mat i ca l  Competit ion he ld  on December 2,  1967. (See The American 
Mathematical Monthly, Aug.-Sept. 1968 pu 732-739.  he more g e n e r a l  
problem reads  a s  fo l lows ;  

Let (ABCDED be a  hexagon i n s c r i b e d  i n  a  c i r c l e  of r a d i u s  r. Show 
t h a t  i f  AB = C D  = EF = r ,  then  t h e  midpoints  of  BC, DE, FA are t h e  
v e r t i c e s  of  an  e q u l a t e r a l  t r i a n g l e .  (This  problem and i t s  s o l u t i o n  
a l s o  appear i n  A Survey of Geometry, Howard Eves, p.184, Vol. 2.. 
Allyn and Bacon, 1965.) 

In  t h e  s p e c i a l  ca se  o f  Problem 256, t h e  v e r t i c e s  F  and A co inc ide  
wi th  the  "midpoint" o f  FA. The va r ious  methods o f  s o l u t i o n  of  t h e  
gene ra l  ve r s ion  of t h e  problem a r e ,  of  course ,  a p p l i c a b l e  here .  
Despi te  t h e  e l egance  of t h e  s o l u t i o n  by t h e  use  of complex numbers, 
a  s o l u t i o n  by s y n t h e t i c ,  Eucl idean,  high- school geometry may be o f  
i n t e r e s t .  

Let  X ,  Y ,  Z ,  P, Q, R, S, T, U denote  t h e  midpoints  o f  DE, FA, BC, 
OA,  OB,  OC, OD, OE, and OF, r e s p e c t i v e l y .  

In  t h e  congruent t r i a n g l e s  EUX, DRX, we have UX = RX. S ince  XORD 
is a  c y c l i c  q u a d r i l a t e r a l ,  L R X O  = LRDO = 30Â° So LRXU = 60Â 
and t r i a n g l e  URX is e u q i l a t e r a l .  

S ince  UY i s  p a r a l l e l  t o  OA and equa l  t o  OA/2, and s i n c e  RZ is 
p a r a l l e l  t o  OB and e q u a l  t o  OB/2, we have UY = RZ and L(UY,RZ) = 60Â° 
By a  r o t a t i o n  of 60Â about  X ,  t r i a n g l e  XUY may be  made t o  co inc ide  
with t r i a n g l e  XRZ. So XY = XZ and L Y X A  = 60Â° Hence t r i a n g l e  XYZ 
is e q u i l a t e r a l .  

Also so lved  ( a n a l y t i c a l l y )  by Lew Kowarski, Morgan S t a t e  Col lege ,  
Bal t imore ,  Maryland and by t h e  proposer.  Both s o l v e r s  used a  r e c t -  
angu la r  coord ina te  system wi th  0  a s  o r i g i n  and wi th  A l y i n ~  on t h e  - -. 
Y-axis. L e t t i n g  t h e  r a d i u s  of  t h e  c i r c l e  e q u a l  u n i t y ,  t h e  coordi-  
na te s  o f  t h e  p o i n t s  a r e :  A(6,-1); ~ (> /3 ' / 2 ,  -1 /2) ;  C(cos a ,  s i n  a ) ;  
D (cos  (600t  a ) ,  s i n  (600 t a ) ) ;  E ( -/3/2,  -1 /2) .  The coord ina te s  
of M and L a r e  now e a s i l y  found and t h e  d i s t a n c e  formula y i e l d s  t h e  

s o l u t i o n  AL = LM = MA = ^/16 t 1 2  s i n  a t 4/? cos a .  

Hike Louder and Richard F ie ld ,  Los 

I t  x ,  y ,  z a r e  t h e  s i d e s  of  a  p r i m i t i v e  Pythaporean t r i a n g l e  wi th  
z x > v ,  can x ana ( x  - y )  be t h e  l e e s  of  ano the r  Pythagorean 
r r i a n p l e .  

S o l u t i o n  ay2harlesW. T g ,  San Diego, C a l i f o r n i a .  

Trie t w o  ieoa of everv  ~ r i m i t i v e  Pythaporean t r i a n g l e  have t h e  forms 

i~ - a x  tTii, wnere m and n  are r e l a t i v e l y  prime and have d i f f e r -  

e n t  ~ i r i t i e s .  The hypotenuse,  z = m2 t n2.  Hence one l e g  is even 
and t r ie  other two s i d e s  a r e  odd. 

I? non-~rimitive trian~ies, -30th l e g s  may be even, bu t  both 
may not  be  :da. 

F i r s t  case.  x =  m 2 - n 2 , v ~  2mn, x - v  = m 2  - n 2  -2mn. 
S ince  x and x - v are both  odd, t hey  cannot be t h e  l e g s  o f  

ano the r  Pythagorean t r i a n p l e .  This  is  confirmed by t h e  i d e n t i t y  

( m 2  - n 2 I 2  t ( m2 - n 2  - ~ m n ) ?  = 2(m4 - 2m3n - 2mn3 t n 4 ) .  
The q u a n t i t y  i n  t h e  pa ren theses  on t h e  r i g h t  is  odd, s o  t h e  e n t i r e  
expres s ion  cannot be t h e  squa re  o f  a  hypotenuse. 

Second case .  x = Zmn, y = m2 - n 2 ,  x  - y = 2mn - m2 t n 2.  
If x  and x  - y. which a r e  r e l a t i v e l y  prime, a r e  t o  be l e g s  o f  

a  Pythagorean t r i a n f l e ,  i t  must be  p r i m i t i v e .  Then t h e  odd x  - y 

w i l l  have t o  have t h e  form p2 - and t h e  f a c t o r s  o f  x  must be 
r e ~ r o u p a b l e  i n t o  2pq, w i th  p  and q  r e l a t i v e l y  prime and o f  
o p o o s i t e  p a r i t y .  

Furthermore,  p2 t cq2 < m2 t n2.  Also, 2mn - m2 + n2  > 0. 

 hat is ,  (m t n I 2  > 2m2, s o  m > n > m ( 6 -  1 ) .  
I f  m = ab and n = cd,  t h e  f a c t o r s  o f  mn may be regrouped i n  

f o u r  b a s i c  wavs : 
A. p = mn, q  = 1. 

NOW (m2 - l ) ( n 2  - 1) s. 0 ,  

s o  m2n2t 1 2 m2 t n2.  Hence, t h i s  regrouping is i m p o ~ l i b l e .  
B. p  = mc, q  = d > 1, c > 1. Thus m > n > d ,  s o  

(m2 - d 2 ) ( c 2  - 1 )  > 0,  whereupon 

m2c2 t d 2 > m2 + cQ2 = m2 + n2. Therefore ,  t h i s  regrouping i s  
i n i ~ o s s i b l e .  

C. p = a >  q = b n ,  b > 1. Then 

a 2  - b2n2 = 2abn - a2b2 t n 2  

n2 (b2  t 1 )  + 2 abn - a 2 ( b 2  t 1 )  = 0. 



n = a(-b Â 4 (b2 + t b 2 ) / ( b  Â¥' 1 ) .  

Now n > ab(/? - l ) ,  s o  

-b + i ( b 2  + l I 2  + b2 > (b2  + l ) b ( / ?  - 1 ) =  ( b 3  + b ) ^  - b 3  - b 

b4 + 3b2 + 1 > b 6 ( 3  - 2/?) + 2b4(a  - 6 )  t 2b2 

b 2  + 1 > (b6 + b 4 ) ( 3  - 2 6 )  

1 > b 4 ( 3  - 2/51 = b4(0.1716) 
This  i n e q u a l i t y  c l e a r l y  does n o t  ho ld  f o r  i n t e g e r  va lues  of  b  > 1. 

Otherwise. Since  n  is  an i n t e g e r ,  (b2  + 1l2 + b2 = x2. Then 

& + 12b2 + 9 = 4x2 t 5. 

Let 2b2 + 3 = z and 2x = y. 
Then ( z  - y ) ( z  + y )  = 5. 
Solving z + y = 5 and z  - y = 1 s imul t aneous ly ,  y  = 2 and 
z = 3 = 2b2 + 3. Whereupon b = 0,  c o n t r a r y  t o  t h e  hypo thes i s .  

D. D = a c ,  q  = bd = bn/c ,  where a ,  b ,  c ,  d  a r e  r e l a t i v e l y  prime 
i n t e g e r s ,  and each is g r e a t e r  t han  1. Then 

a2c2 - b2n2/c2 = 2abn - a2b2 + n 2  

(b2 + c 2 ) n 2  + 2abc2n - a2c2(b2  + c 2 )  = 0 

n  = ac[ -bc Â b2c2 + (b2 + c 2 )  l / ( b 2  + c2) .  

Necessa r i ly ,  b 2c 2  t (b2 + c 2 l 2  = x2 

4b4 + 12b2c2 + 9c 4 = 4x2 + 5c4 

Let 2b2 + 3c2 = z  and 2x = y ,  t hen  
( z  + y ) ( z  - y )  = 5c4. 

The f a c t o r s  on o p p o s i t e  s i d e s  o f  t h i s  equa t ion  may be  matched i n  
s i x  ways; 

I .  z  + y = 5c4 and z  - y = 1. Simultaneous s o l u t i o n  g ives  

z  = (5c4  + 1 ) / 2  = 2b2 + 3c2, s o  

b2 = (5c4 - 6c2 + 1 ) / 4  = (5c2 - l ) ( c 2  - 1) /4 .  

I f  b2 is t o  be  an i n t e g e r ,  c  = 4k + 1 o r  c  = 4k + 3. 
For c  = 4k + 1, 

b2 = 80k2(k + 1 l 2  and b  =' 4k(k + 1 )  8, which is n o t  an i n t e g e r .  
For c  = 4k + 3 ,  

b2 = 8(20k2+ 30k + l l ) ( k 2  + 3k + 1 )  = 8(an odd i n t e g e r ) ,  
which i s  n o t  t h e  squa re  o f  an i n t e g e r .  

z = ( 5 c 3  + c ) / 2  = 2b2 + 3c2. Hence, 

b 2  = c ( 5 c  - l ) ( c  - 1 ) / 4 .  

I f  c  = 4 ,  b2 = 57, which is  no t  a  square .  Otherwise,  c  and b  
have a  common f a c t o r ,  c o n t r a r y  t o  t h e  hypothes is .  

b2 = ( c 2  - l ) ( c 2  - 5) /4 .  I f  b2 is t o  be  an i n t e g e r  then 
c  = 4k + 1 o r  4k + 3. 

I f  c = 4k t 1, b2 = 4(2k)(2k + l ) ( 4 k 2  + 2k - I ) ,  b u t  t h e  
t h r e e  q u a n t i t i e s  i n  pa ren theses  a r e  r e l a t i v e l y  prime, s o  t h e  
product  cannot be  a  square  i n t e g e r .  

I f  c  = 4k + 3 ,  b2 = 8(2k2 + 3k + l ) ( 4 k 2  + 6k + 1 )  = 8 (an  odd number), 
which cannot be a  squa re  i n t e g e r .  

V. z  t y = c 3  and z - y = 5c,  C - Ã  2. Hence 

z  = c ( c 2  + 5 ) / 2  = 2b2 + 3c2. Consequently,  b2 = c ( c  - 5 ) ( c  - 1 ) / 4 .  

I f  c  = 4 ,  b2 = - 3 .  Otherwise,  b  and c  have a  common f a c t o r ,  con- 
t r a r y  t o  t h e  hypo thes i s .  

VI. z t y =  S c a n d z -  y  = c 3 ,  c =  2. Hence 2 x =  y  = l a n d  
x  = 1 / 2 ,  which is  n o t  an i n t e g e r .  

The re fo re ,  i n  no case  can x and x  - y be  l e g s  of a  Pythagorean t r i a n g l e .  

E d i t o r ' s  Note: Mr. Char les  W. Tr igg  was kind enough t o  p o i n t  out  t h e  
?allowing e r r a t a  i n  t h e  problem department of  t h e  F a l l  1971 i s s u e  of  t h e  
P i  Mu Eus i lon  Journa l .  

Page 241 - I n  p roposa l  258, " v e r t i c l e "  should  r e a d  " v e r t i c a l" .  

Page 243 - The symbol "h", r e p r e s e n t i n g  t h e  segment O N ,  has  been 
l e f t  ou t  of  F igure  2,  which should  be  r o t a t e d  counterc lock-  
wise s o  t h a t  GE becomes t h e  X-axis and FH becomes t h e  Y-axis. 

Page 244 - Twenty- f i rs t  l i n e  from t h e  bottom - "plaindrome" should  r ead  
'palindrome" . 

' - Seventh l i n e  from the  bottom should  r ead  C / ~ N I C / ? N  + 11 = 2N. 

Page 246 - Line 11 - " f i g u r e  1" should  r ead  " f i g u r e  3". - Line 16 should  r ead  LAEC = LDAC ( 1 ) .  - Fourth l i n e  from t h e  bottom - " syn the t i c"  should  n o t  have 
been c a p i t a l i z e d .  - I n  Figure  4,  t h e  "I" should  r ead  "I". 

Page 247 - Line 7 - The "tl' o f  " t r i a n g l e s"  should  no t  have been c a p i t a l -  
ized.  

- Line 8 - "porpor t ional"  should  r ead  " propor t ional" .  - Line 8 - LMPR = LQMP should  r ead  LMRP a M P .  

Page 248 - Line 10 - This  and t h e  fo l lowing  l i n e  a r e  e d i t o r i a l  comments 
and a r e  no t  p a r t  of  t h e  submit ted  s o l u t i o n ,  

pace 249 - Line 3 - "Proposer" has  been misspel led .  
Line 4  - "Proposed" was mis spe l l ed .  

111. z + y = 5 c h n d  z - y = c7,  Then 

z  = 3c2 = 2b2 + 3c2. Hence, b  = 0 ,  c o n t r a r y  t o  t h e  h y ~ o t h e s i s .  

I V .  z t y = c 4  and z - y = 5. Then 



MISSISSIPPI ALPHA, U n i v e r e l t y  of M i s a i n i p p i  

Anne Ambrose Al len  W. G l l s b n ,  J r .  Robart J .  Mar t in  
Grepory L. Berry Nancy G. Haas Mary J .  McGaha 
BÃˆtty F. E l l i t  Pamela J ,  Honevcutt Hwh C. Mchod,  I 1 1  
J o t  T. F e l l  Martha R. Leb-1s Lacy G. Net-man 

Miriam E. Pick 
Roy D. S h e f f l e l d  
L t s l i a  G. Younp 
Vary J .  W i l l s h l i r  

INITIATES MONTANA BETA, Montana S t a t e  U n i v e r s i t y  

3teven E. Cunninga Gordon C. G r i f f i t h  Melvin L i n n e l l  
Jamea L. DeGroot Kathar ine  A. K a l a f a t  Donna Mowan 
Richard E. Dodea John Karanerschraer Beverly P o l l a r d  
Garlene G e m 1 1  Gary Knudaon Susan M .  P o p i e l  

W i l l  Ronald S u t t o n  E. Young 

Ann M.  Was  ARIZONA Bf.T'\, Arizona S t a t e  U n i v e r s i t y  

J a c q u e l i n e  Peterson 
Richard M .  S c h a e f f e r  NEBRASKA ALPHA. U n i v e r s i t y  of  NebrÃ§sk 

Cather ine  J. Adams Edward H. E v e r t s  J o l e n e  V. Johnson 
Douglas D .  Bantam J u d i t h  A. h i p e r  Robert P. Kot tas  
Richard C. Brunken Randal l  D. G m e r  Andrew Y. LeÃ 
Richard L. Clementa John S. Hanneman Kuw L. Leung 
Pamela A. Coleman Norman R. Hedgecock P a u l  ti. Lou 
Doug P. E l d e r  P a t r i c k  J.  Hui Lyle R. Middentterf 
Robert K. Clements William J .  J a k Ã § i c  Slu-Kay A. Ne 

Stephen C. Oney 
Stephen L. P e l l a  
David L. Reichl ingÃ§ 
Richard A. Robbins 
P a u l  S. She- 
Steven J ,  Wuner  
D u n  G. Winchell 

CALIFORNIA ETA, U n i v e r s i t y  of Santa  C l a r a  

David A .  Ara ta  P e t e r  J. Lyons Michael J .  P iccardo 
Linda A .  DaRLn Faber: H. Mull is  Paul  2 .  P r a t i c o  
Barbara E .  llenshav !:ichaei C. Penick 

Peggy C. Schwander 
Rotraut  C. Weis: 

CALIFORNIA IOTA, U n i v e r s i t y  of Southern C a l i f o r n i a  

HEW JERSEY DELTA, %ton H a l l  U n i v e r s i t y  
Joseph \, f i r l o t - i  Pam Coxson Wane C .  Lee 
Chr is  A .  B a l l  bon G. Grbac Gary  2 .  McDonald 
Â¥'o Burian !.. J a y  Helms Lyie Morris 
Anna Chu Douglas P .  r ~ e ~ r  Gideon Nagel 
S c o t t  P. COOL Steven N. raiznetz 

P e a r l  Nishimura 
Ken Sugav'ara 
Nathan Ucuzoslu 
Jerry Yos t 

Anne M. F i t z a i m o n s  Michael B. Martin 
Garv J .  Gabaccia Karen A .  Pukatch Robert W.  Rinda John A .  Speara 

HEW MEXICO BETA, Nev Hexfco I n i t i t u t e  of Mining and Technology 

COLORADO BETA, U n i v e r s i t y  of Denver Clark  b a g r o v e  M w i l v n  P o f l l  
John Oman 

L a u r i e  Rothman 

Steven H. b k e r  Sandpa  5 .  G i l b e r t  Thomas J. tioude 
P a t r i c i a  A .  3rady Davi(3 M .  Gvirin Nancy Kenmeier 
William A .  B n s r o l  DavÃ L. Hare Raymond ? .  Leroux 
David P .  Cooksey {honas E .  b a s t i n g s  James J. McCartv 
J e n n i f e r  K. Crcason Gerald llendrix Varc ia  f l i l l e ?  
Evely;, K .  Da-on J o h n  tloen Stephen M o m s  
& w e n  Gickman 

Marci P o t t e r  
Kenneth C. P r i n c e  
Jan  I .  R a t c l i f f  ... i n c e n t  D. Stroud 
Candace M .  T y r r e l l  
Danie l  P .  Williams 

HEW YORK ALPHA, S p a c u r  University 

S a l l y  Bombard Ronnie Fecher  Stephen L. LaMendola 
John L. Boyd, I 1 1  C a r o l  A. Goldberg C a r l  Mohr 
V i r g i n i a  Calaniari Ray Lee Grandy J o e l  S c h f ~ p e r  
J u l l e  Carlaon Samir Kifaya Fred Schmit t  
Lavrence Chmaky 

Ruth Shuar t  
Andrea Soadanuta 
Marl S t u a r t  
A l i c i a  S~ ' la t lo* ' sk i  

COLORADO DELTA, U n i v e r s i t y  of Northern Colorado 

Claudia  R. Abch Gary D. Braaterr:: 
Sheryl  Ayers Pamela'K. DaughenLddph 
John R. barber  Fores t  h .  Fi-sc , 
John S, Bartlinp- Luther C. Fr-ansen. J r .  
Carol  A .  Bentz G e r a l d  E .  cannon 

HEW YOBX ETA. Col lege  of C. U. N. Y. 
Kathr-yn I. M i l l e r  
Nancy L. Nonamaker 
J a n i c e  E. Perkins  
C a r o l  A .  Ridpath 

Odet te  Mar t inez  
J e a n  Mendez 
Mohamed Mhedhbi 

Vincent Chaveriino Sonya Grab 
Al ice  Fenneasey Marla Jacyk 
Apusta G e l a r d i  Frances Limbach 

Joann Montobhio 
Marlene TorrÃ§ 
Michele T r l c a r i c o  

NEW YORK DELTA, Xev York U n i v e r s i t y  FLORIDA EPSILON, U n i v a r s i t v  of  South F l o r i d a  

Joseph Buff E l i  L. I r a c e o n  Andmy R. Kotowch 
Gladva A. Cohan Michael I. Jacobs  Robert J .  Lang 
BÃ§rnar G i l l  David H. Kaplan A l f r e d  Magnus 

Lee Ratzan 
Diane ShÃ§l  
C h r i s t i n a  S t e l l o n  

l e t  h a  P e t e m a n  S c o t t  L. Vhi taker  
W .  Van Robbin: Robert M .  'r-'i-tenhafer 
gebecca ?:. W. Welch 

HEW YORK EPSILON, S t .  L a t m n c e  U n i v e r s i t y  FLORIDA ZETA, F l o r i d a  A t l a n t i c  U n i v e r s i t y  

Arlyca T. B o w  Roy W .  Clark  
J a n e t  L. Brandt Dexter  3. Cook 
Douglas D. Cic ione  Dennis DÃ§wkoÃ§ 

Barbara J .  Hansen 
Kar l  R. Johnson 
Richard  J .  K m n t z  

Wavna R. Paru 
Vary L, Pryne 
Yvonne M .  Rany 

N. Ycott Al len  Frank 0. tiadlock 
Ardrev Cantor A l l e n  Hamlin 
v .  J .  SeLeon Al ien  Bellman 
Theresa Edt-ardz Freder ick  Hoffman 
F m e s t i n e  Hamel Ui l l iam Kirs ' iner NEW YORK ETA, S t a t e  U n i v e r s i t y  o f  New York a t  Buffa lo  

Hung P h e n ~  Tan 
f n d r i c  H. Zinn 

INDIANA GAMMA, Rose-Hulman I n s t i t u t e  of Technology 

2 .  Stanlev  Baker P a u l  H. t e l l e r  W i l l i w  L. "Niece 
Kenneth P. ?uep C y r i l  J. ':odonskv D r .  W .  F .  P i t t a r  
Alfred Q .  Eh~ewa- l -d  Stephen L. Koss David L. Scheidt  

Dr. G. J ,  qbernan 
Robin A .  S i - i t t  
Daniel L. Wolf 

NCT YOKK IOTA, P o l y f c h n i c  I n t t i t u t e  of  Brooklyn 

Murray Apples te in  Williin DePalo i a r s h a  R a b i n w l t t  
Martin Burger E l a i n e  Hoynicki Robert Sxckel  
Edward C i g l i a  Andirv L e z w k l - K a t z  F e l i x  S c h l r r i p a  

Ronald Shaya 
C h a r l e s  S h e n i t a  
Richard  Z i t o  

INDIANA DELTA, Indiana  S t a t e  U n i v e r s i t y  

Pehekah Bai ley  Susan 3 n t l e i r ' a n  
Sandra  J aw:  Suzann Messmer 

P a t r i c k  Bradlev Linda P h i l i p s  
Robert Broman Arlene Lute5 P a t r i c i a  Fiechori-i  
Ani ta  Clevenrer  hndrew Mech ~ o h n  n .  ~ o u s h  
Debra Fel lvock 

SEW YORK KAPPA, b ~ s e l Ã ˆ  P o l y m e h n f c  I n s t i t u t *  

Nancy Agranoff Jack Halpern J o a l  Helaon 
Gary Btdros ian  S u m  HÃ§kanao S t a n l e y  S. Newunn 
Susan G. Baton Ton MÃ§hÃ Edvard F. P a t e  
William Gee ~ o b a r t  McXaught~n G m q  Roth 
F r t n c i e  G r i f f i n  DMn C. Nairn David Siroonda 
Vincent Orasso  

Robert S t o v a r  
Alan N. Suker t  
John Thmpaon 
Steven G. Weiner 
Ron Wiohtar 

MINNESOTA BETA, The Col lege  of S t .  C a t h e r i n e  

Dolores A .  Coudv Jean A .  Kluck J u d i t h  A .  S e i f e r t  
^aura  A .  J u n i u i  

Sharon D .  Simonsm 



PENNSYLVANIA IOTA, Vi l lanova U n i v e r s i t v  
NEW YORK TAU, Lehmann Col lege ,  C. U. N. Y ,  

Char les  P. Bernardin  Josephine  M .  Fopl iano Rosemary H. Krummenoet 
Florence  I .  Crews Chr is topher  A .  Hansen Maria 0. L i s t i n o  
Kathleen M .  DeRose O t t o  C. Horstmann, 11 Francis  X.  McIlvaine 
William A. Doyle E l i z a b e t h  R. Jones  Wayne D. Richards 

1 Fare S .  Schvars  
Paula  S .  Sedlacek 
Linda K .  Thomas 

S h e i l a  Bender Joseph G a m f a l o  Marlene Kimelman 
Arlene  DeRosa Kathleen G i l l e n  Wanda Louie 
J a y  M .  Friend Elavne G o l d s t e i n  

Marie Mazzare l la  
Rosanne Rinaldo 

NORTH CAROLINA ALPHA, Duke U n i v e r s i t y  PENNSYLVANIA KAPPA, West C h e s t e r  S t a t e  Col lege  

David A .  Brodsky 
Henrv C. C a l l i h a n  
Joseph J .  Czarnecki 
J a y  R .  Dove 
Kathryn M. Downs 
John C.  Dudley 
Sarah M. E l l e t t  
Donna R .  Ferguson 

C a r l  L. Gardner 
Mark S. Gorovoy 
Mark J .  Gotay 
Huch S. Johnston 
Michael K .  Kennedy 
Ben H. Logan, I11  
Richard  J .  Lynch, J r .  
Stephen D .  McCullers 

William J .  Mallon 
C h r i s t o p h e r  L. M a t t i l  
S c o t t  E. Maxwell 
Edwin H. Page, J r .  
J a n  A. Pechenik 
Mark L. Perlman 
James A .  S e t t e r  
John R h i n e c h e v i t t s  

P h y l l i s  N. S c h o l l  
Rudolf C. Schh-eizer 
Sarah  E. S c o t t  
S c o t t  B. Sherman 
Fern M. S i e g l e r  
James L. S t e i p a n  
James A .  S t r y c h a r z  
P h i l i p  R. His iackas  

William L. Bancrof t  George T. McHale R u s s e l l  K. Ricker t  
William H. Blum Kathleen M .  O'tfara Carol  A .  Senausky 
Jeanne M .  Cundiff 

Diane H. S u l l i v a n  
L o r e t t a  J .  Yerrv 

PENNSYLVANIA LAMBDA. C l a r i o n  S t a t e  Col lege  

Vincent K. Aaron 
Bla ine  C. Bedsvorth 
Rebecca R. Bennetch 
Donna G. Best 
Harry Buhay 
Jeanne R. Cramer 
Jane  K, France 
Stephen I .  Gendler 
C a r o l  A .  Hamar  
Richard C. Harvick 

Richard  V'. Helms 
Wesley K .  Hemminps 
Vivian A .  H i l i n s k i  
Mary L. Hoza 
Dennis Klima 
Robert A .  Konkle 
Michael M. Kostreva 
Cathy S. Lorah 
Donna M .  McWatters 
Frances A .  Mears 

Melvin A .  M i t c h e l l  
P a t r i c i a  S. Novak 
Melanie S. Parker  
Kathleen A .  P o s t l e r  
Ronald R .  Proper  
Harold L. P u t t  
J a y  V .  Raspat 
Marilvn A .  Rich 
S a l l v  J. Ringland 
Carol  J .  Schrecenpost  

Sahib  Sinph 
Vivian M. Slocum 
Chervl E. S tark  
Robert F. S t e i n  
J a n e t  L. S t e i n e r  
David W .  Thompson 
Donnie M. Urban0 
Barbara M .  Wickham 
Dorothy 1,. Yeany 

NORTH CAROLINA GAMMA, North C a r o l i n a  S t a t e  U n i v e r s i t y  

Gerhard A .  Beyer Robert A. Eason Zeno W.  P a i n t e r  
Michael R. Boroughs Gary N. Gol lobin  Malinda L. Pearce  
Louise J .  B r i t t  M. Evelyn Johnson Brenda J .  Pools  
Kathleen 5. Burns Rhonda 3 .  Johnston J a n e t  L. T a r t  
Ha" Cheong F. Chan Larry C. Lathmp 
E l i z a b e t h  G .  Davis Robert M .  Lucas 
Wavne M .  Davis Leah C. Margerison 

Joan A .  Thomas 
James T. Warren 
John F. Wilder 

U n i v e r s i t y  of  South C a r o l i n a  SOUTH CAROLINA ALPHA, 

Joseoh C. Ard 
Char les  R. Caldwel l  
Carol  A .  Calhoun 
Bonnie L. Cant le?  
Tonv Danie ls  
Thomas C. Deas, J r .  
Char les  Dorechuck 
J a n e t  E .  E l l i s  
Alan H .  Fechter  

Dorsey A. Glenn 
Norman K. Happertv 
Nancy P. Hambv 
Richard D. Hardin 
Anne G. Harman 
Gerald E. Hamon 
Larry E .  Havkins 
Judv E.  Johnson 
James E. Kelly 

Larry  0. Kev 
Mel l ie  A .  LaRoche 
Wayne D. L e s l i e  
Amber E .  Walloy 
John H .  McElreath 
James B .  McGiU 
o n  L. Oherdorfer  
L i l a  Ann 3 t t  
Michael R. Parker  

Robin E. P e r r i n  
Danny 0 .  Rush 
Larry E. Shumuert 
Carol  9. S o r r e l 1  
Benjamin H .  Thomas 
Jams R.  Walker 
i c e  I .  Watson 
E l i z a b e t h  D .  Wimberlv 

NORTH CAROLINA EPSILON. U n i v e r s i t y  of  North C a r o l i n a  a t  Greensboro 

C e c i l  S. C a r p e n t e r  Rosann A .  Davis P a t r i c i a  J .  Ladu 
Karen D. C a r t e r  Ava M .  Eagle Imoeene McCanleas 
Treed A .  C a r t e r  Nancy L. E l l i o t t  Connie J .  Nance 
Teresa  E. Coleman Martha S. Kenvorthy Ann F. Roach 

S y l v i a  A. R o l l i n s  
J u n e l l a  F. S c o t t  
Marcia A .  Tovnsend 
Cheryl  L. Ward 

OHIO ALPHA, Ohio S t a t e  U n i v e r s i t y  

Ed Seeker  Anton Chin Judy Long 
J a n e t  Backer Gary Fre idenberg  Timothy Manchester 
Herman B l a t l o c k  David A. Glazer  Nicholas R. McCoy 
Thomas But i  Bale Van Har l ingen D a r r y l  J .  McCullough 
P a t r i c i a  J .  Cars tensen James B, Johnson Bonnie McIntosh 
Dvayne Channel1 F. Al len  Kendall Lol t  Prodegler  

Gary R. Rectenwaid 
Bob Shroy 
John W .  S t e i d l e y  
Henry Weiss 
Jack W i l l i a m  
J e f f r e y  Wright 
Richard  Yurcsko 

SOUTH DAKOTA ALPHA, U n i v e r s i t y  of  South Dakota 

Tanya Poppe 
Connie M .  Ranard 
Bernard V. Schuurmant 
Char les  W. S c o t t  
Alan B. Ward 
Cvnthia N .  Winquist 

Douglas L. Afdahl 
Char les  V. Briney 
Carol  J .  Camp 
Robert J .  Donaldson 
Danie l  R. Gebhart 
Kathleen Wtzman 
Lloyd D. Har less  

L e s l i e  0. Hernes William Menzel, J r .  
Louis H. Hoprefe J u d i t h  K .  Mickelson 
Richard Knox Steven W .  Moses 
Steve  Krause Michael K. 0 'Hreron 
Becky 0. K o ~ i i m t h  Terry  M .  Ohnstad 
Barbara S. Woch Marlene M .  Pearson 
qarv  L. Mead Ronald E .  P e r s i n g  

OHIO BETA, Ohio Wealeyan U n i v e r s i t y  

Douglas W. Anderson Walter L. Hutchison J a n i c e  E. O'Connell 
Joseph R. Bsauchamps Mary E. Jackson William S. P i l l i n g  
Brenda Bogner J u d i t h  E. Laman David F. Raynor 
Cheryl  A .  For th  Ted-Tak-Ching Line J u d i t h  G. S i n d e l a r  
P a t r i c i a  J. Horvath Emmanuel N.  N j m o  J u d i t h  L. S tannard  

Harry W .  S t e i n b e r g  
Alber t  M .  S t o r r s  
John M. Thompson 
J .  Lee T i l s o n  

SOUTH DAKOTA BETA, South Dakota School of  Mines and Technology 

Michael Ackeman 
s u d h i r  S. Avasare 
E r i c  R .  Barenburp 
Danie l  M .  Bviander 
S t u a r t  J .  Calhoon 
David A .  Cappa 
Richard C. Carleon 
Garv E. Christman 
James A .  r h r i s t m a n  
P a t r i c k  S. Dady 
J e r r v  N. Demos 
v i c k i e  M .  Deneui 
Darius L. Reneui 
Wavne N .  Evenhuis 
Andrew F u r i ~ a  

TENNESSEE ALPHA, Memr 

Richard E. Giere  
Woodrow V .  Hafner 
James B. Hall 
Teddy R .  Heidrich 
Francis  0. Harsen 
J e r r v  William L .  H .  Haug Herman 

William A .  Hernlund 
Jacob J. Hess 
Bruce Hooees t raa t  
Kenneth E ,  J u e l l  
Lynn R .  Kadine 
James C. Klein 
Dale C .  Koeuu 

C u r t i s  R. Lamb 
Glenn A .  Lambert 
SteDhen ?. Lux 
Max S. Main 
Lois J. Maxson 
William J. Mav 
John C. Mickelson 
H o l l y  J. Moore 
Anthonv L. P e t e r s o n  
James R.  Ouinn 
P a u l a  C .  Reynolds 
Terry  Rinehar t  
Randy R.  S a u t e r  
James E. Schnabel 

Char les  M .  S c h u l t z  
~ a r y  L. Scbumacher 
J e r r y  L.  Schley 
Larrv 4 .  Simonson 
Bjorn J a n  Solheim 
Eldon t!. S t r i d  
Merle R .  Svmes 
Tor Tylden 
Ronald Van Horssen 
Robert N .  Waxdahl 
Robert M .  Merman 
Robert A .  White 
Dale V. Wilhelm 
Randahl E. Wischmann 

OHIO EPSILON, Kent S t e t 8  U n i v e r ~ i t y  

James J .  Bodnar Joanne Brockway Lamar A. D e i t r i c h  
John A .  Brannan B a r r e t t  J. Day Thomas 0. Manley 

Michael J. Zembala 
Marguer i te  M. Zust 

OHIO ETA, ClÃ§vÃ§la S t a t e  U n i v e r s i t y  

Marsha Jones  Gregory R. Madey Gera ld  R. Menck 
Ronald K. Kast James E. Masten Robert G. Trendel  

Kathrvn Ann Troychak 
Danie l  S. Zanievski  

OHIO LAMBDA, John C a r r o l l  U n f v i r s i t y  

Ralph M .  B e t t e r s  Donald A.  Knight 
Walter G .  Cooper 

Susan G. Mazur Michael G .  Rybacki , h i s  S t a t 4  U n i v e r s i t y  

Harry E.  Dovns, J r .  Richard C. F o s t e r  June  C. Joyner  
J i m v  Chi" Dennis R. C'ivens John L .  MeDaniel 
William M .  E l l i s  Nancy M .  Huddleston Nancy C. M i l l e r  

OREGON GAMMA, P o r t l a n d  S t a t e  U n i v e r s i t y  

Inuebore  I n f a n t e  John Lara in  Morying Wong 

TENNESSE BETA, U n i v e r s i t y  of  Tennessee a t  Chattanooga PENNSYLVANIA EPSILON, CarnÃ§gie-Mello U n i v e r s i t y  

Bet ty  A .  Adams Teresa  Cardwell I d  W.  Dalton 
Char les  H .  Adams Karen R .  C a r t e r  John W. Javne 
Bet ty  L.  Brannen C a l v i n  E. Chapman P h i l l i p  F-. Johns 
J a n i c e  C .  B r o w  Mary P. C h i l d r e s s  Brenda I .  Johnson 
Char les  W .  Bryant V i r p i n i a  Strauderman Cynthia  M .  Thompson 

Sue C. Keene 
V a l e r i e  J .  Lavson 
Carol  M .  1vr.skv 
Ishmael 5. L V O ~  
S h e i l a  Rav 
P a t ~ i c i a  ? .  Yancev 

Dave Borkovic 
Beverly Brawn 

George Dodak 
Andrea Mintz 

Beverly Noretaky 

PENNSYLVANIA THETA, Drexel  U n i v e n t t y  

Al len  E. Barnes James C. Evans 
Begnard W .  Campbell Paul  Gordon 
Arthur I .  Cohen Bruce L. Kauffman 
Edward F. Donnelly David R. Landolt 
V i r g i n i a  L. Dowries Dale Livines ton 
Daniel A .  Doyle 

Theresa  A .  Lomauro 
P a t r i c k  A .  O'Donneli, I 1  
Steve  L. R u p r  
Stephen J .  Smart 
Frank J .  Sucharski  

Bruce 5 .  Swis t  
Eugene G. Thompson 
Kenneth C. Walp 
Bruce M .  Wetzel. J r .  
Char les  R. Young 



TENNESSEE SAMMA, Middla TennesÃˆa S t a t e  U n i v a r s i t y  

Nancy K. Anderaon 
Ted A a a l t i n e  
Joyca  Bales 
Tommy Baas 
Deborah Bohannon 
James W. Bond 
Larry  Bouldin 
Barbara Brom 
Carolyn Brwninf i  
JoÃ§ Buntlay 
Noma Chadwall 
Carolyn S. Clark  
J ~ M  R. Daugharty 

David Davanport 
Dorr is  S. Edwards 
Dr. J o e  Evans 
Ronnia F. Floyd 
William Forbes 
Dr. Tom F o r m s t  
Thomas Fox 
June  E. G i l m o ~  
Freder ick  Huntar 
Johnny Jackson 
Dr. K. Jamison, Jr. 
Edi th  F. Johnaon 

Susan J u s t u s  
Dr. Richard HcCord 
Jirnnie I .  McDorell 
F lorence  HcFerr in  
Sunan M i t c h e l l  
Jamaa Moore 
Norm Nichols 
E l a l n a  O f f i c a r  
Kathy P e t t y  
B i l l  P r i c a  
Char les  A. P u r c a l l  
Vicki  Randolph 

Linda Reese 
Hr. J e s s e  Smith 
Audrey Smithton 
Dr. Harold Spraker  
F r a n c i s  Stubblef  i e l d  
Dr. Sam T r u i t t  
Mr. Roger Turney 
Dr. T. L. Vickmy 
Linda Walker 
Char les  Wrann 
Marilyn Wyatt 
David Welborn 

TEXAS BETA, Luw U n i v a r a i t y  

Harold Camp Tim 0. Cravford  Gera ld  W. L a n f f h u  
Jan* Car laan  J u d i t h  L. Hugh- Donna Matson 

P h i l l i p  L. M-.Duffia 
Sharon W. Ramaey 

TEXAS DELTA, Staphan F. Aust in  S t a t e  Ui i lvars t ty  

Brenda L. A t v d  Sondra L. F u l b r i g h t  Barbara J .  MOON 
Gary W. B r i c e  Barbara C. Lana Barbara A. Mott 
BÃ§an J. C a s t l o o  Nary K. Montes S h i r l a y  Nal lÃ§ 

Deborah L, O t t o  
Sherry  L, P e t t y  

UTAH ALPHA, U n i v e r s i t y  of  Utah 

Fred 0. Banion. Jr. 
O r v i l l e  L. B l e m a n  
Alan D. Blackburn 
Paula  K. Bovn 
Robart P. Burton 
Err-guang Chang 
Cynthia  A. Dolan 
John P. D m a t  
Roland P. Dub* 
KniMth R. Ekfm 

T h w i ~  W. Cage 
Dwna H. G i l l Ã  
Hichaal  D. Grady 
Winfriad Gnrhnvald 
Grant  G u s t a t i o n  
W a m r  J .  Heck 
Tony S. Johnson 
M e l v i l l e  R. K l ~ u b a r  
Tai-Chi Lee 

Michta l  J .  L i d d t l l  
C a r l  A. L i n d p n ,  J r .  
Alan E, Lundquiat 
Walter L. McKnight 
David 0. McOmber 
Car laen  J .  Matakovic 
Graaory 0. Monson 
Frank R. Nelson 
F r a n c i s  X.  Naurrmn, J r .  

Champak D. Panchal  
Ranrna K. R*o 
Glenn E. R u c h  
James C. Reading 
hrry R. Ruhlander 
S c o t t  D. Smith 
William V. Smith 
Jim J ,  Ts tng 
Duana M. Young 

UTAH 5AMNA, B r i g h a  Young U n i v e r s i t y  

R u s f l l  L. Aust in  Angela Kaniaon N o m n  Hurray 
Kathia A. F l a t c h a r  David M. L a n a ~  Michaal E. P a t t y  
R. J a y  I to lb l ln  Chian-Hin Liu Joyce  Readar 
J o r p h  L, HÃ§woc Vicki  A. Lyons Marlane Ricks 
Sandra Jackson Alan K. Malby 

Paul  Roper 
David H. Y e t t e r l e i n  
Gera ld  A .  Williams 
P h i l i p  W.  Winkler 

VIKBINIA ALPHA, U n l w i t y  o f  RlclwoBd 

Mai>nrite C r a f t s  J u d i t h  E. &it E l i z a b e t h  B, Rhat t  
Mary 8. Davis Nancy P. MacCaffray Richard  R i c k e t t a ,  J r .  
Tran Dinh Ho* C h i r l a s  I .  Noble Norbert L. Rieder  
M f ~ m t  G. Kinpar F'rancas F. P w h l a r  Michf l  H. Robartson 

E l i z a b e t h  L. Rodman 
Rebtcca L. Wugonar  
Michael 5. William 

VIMIKIA BETA, V i r f i n l a  Polytoohnio  Inttituf 

S u m  B a r k w i t s  Evalyn J. Drippi  B Ã § t t l b a  C .  -ye 
R u m l l  B. B o i m u n  Roy T. D u ~ a n ,  111 Mary E. LÃˆs ta  
T h m s  J ,  B r w n f i e i d  ROUT R. E l l a r t o n  Danie l  B. McCallm 
C h r i s t o p h a r  C h Ã § ~ b Ã §  Frank C. F u l l a r ,  J r .  Uelvin L. Parka ,  J r .  
Richard C h i ~ o ~ h i ~ r i n i  b n n y  A. Bundarson P a r i a  Rzinic ,  Jr, 
Char las  M. C o s n w ,  Jr. William H. Horton P e t a r  H. S c h n a a n  
V i r g i n i a  L. C r i a  Banjamin F. Klugh, Jr. S w n  D. &man 

Dr. A. W. Sherdon 
Donna K ,  Spancar 
Joyca  E. Thanas 
Richard Toothnrn 
S u u n n a  Tyson 
S m u a l  E. U m y  
Dorine A .  Vest 
S h w r y  E. Ward 

J u l i a  C, Rober ts  MTBU Duff P a t r i c i a  L a n t u i w  Ronald P a t t e r s o n  

WST VIRGINIA ALPHA, U n i w i t y  o f  Wast V f r g i n i a  

D T m U  3. C o l l i n s  Ronald R. F i c h t n a r  John H. May 
Sharon L. Dtvia J u n  F. Godfrey Stavan J. S u m e r a  

George E. Trapp 




