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AN ANNOUNCEMENT FROM THE EDITOR 

We th ink  you w i l l  agree t h a t  t h e  subscript ion r a t e s  f o r  t h e  Journal 

have been t r u l y  modest f o r  many years .  The present  r a t e  has been i n  

e f f e c t  ever s ince  t h e  publ icat ion was founded, i n  1949. A s  a r e s u l t  of 

these  low r a t e s  t h e  Journal has required ass i s tance  from t h e  F r a t e r n i t y  

t o  meet i ts c o s t s ,  a s  f u l l y  intended. It  has always been t h e  aim of t h e  

Councilors of P i  Mu Epsilon i n  es tab l i sh ing  i t s  r a t e s  t o  make the  p r i v i -  

leges  of membership and t h e  subscript ion t o  t h e  Journal within reach of 

any col lege o r  un ivers i ty  s tudent .  

The amount of  ass i s tance  from t h e  Fra te rn i ty  has now reached i n  ex- 

c e s s  of $1000 per year ,  due pr imari ly  t o  t h e  ever- increasing cos t  of 

paper. With g r e a t  re luc tance ,  t h e  Council voted a t  i ts  l a s t  meeting t o  

increase t h e  r a t e s  of t h e  Journal i n  order  t o  reduce t h e  amount of d r a i n  

on t h e  general  t reasury .  Thus t h e  r a t e s  which a r e  posted i n  t h e  ins ide  

cover of t h i s  i s sue  a r e  e f f e c t i v e  on a l l  new subscript ions and renewals, 

pending approval from t h e  I n t e r n a l  Revenue Service. We a n t i c i p a t e  t h a t  

these  new r a t e s  w i l l  be adequate f o r  many years  t o  come. 



FORBIDDEN AREA 

By John Vow. I m d e n  
Hope CoUege, HoUand, htic.fugcw. 

I n  1947, Norman Anning [1] proposed t h e  following problem: 

Consider the points on the median of a t r iangle .  Though 

the centroid no l ines  can be dream, which will out o f f  1 / 3  

of the area. Through a point, 4/5 of the distance from the 

ver tex  t o  the base, few such l ines  may be dream. Find 

points on the median a t  which the number o f  possible l ines  

change. 
The problem remained unsolved f o r  some time. In  1950 V .  E. Hoggatt 

[2] published a  so lu t ion  which compounded h i s  ideas with those of C.  S. 

Ogilvy and F. Jamison. I n  t h i s ,  Jamison pointed ou t  t h a t  an i n t e r e s t i n g  

a l l i e d  problem would be t o  determine through what p a r t  of t h e  a rea  of a  

t r i a n g l e  it i s  impossible t o  draw a l i n e  which w i l l  c u t  off  one- third 

of t h e  a r e a  of t h e  t r i a n g l e .  This r a i s e d  t h e  i s s u e  of a  "forbidden 

region" explained below. 

In  a  c i r c l e  C, every diameter D c u t s  t h e  c i r c l e  i n t o  two regions of 

equal  a rea .  A chord L of t h e  c i r c l e  C, not  a  diameter,  c u t s  t h e  c i r c l e  

i n t o  two regions of unequal a reas  whose a r e a l  r a t i o  is k < 1. For each 

k ,  it 'is obvious t h a t  t h e r e  i s  a  chord L and a  well-defined i n t e r i o r  

c i r c l e  C ,  such t h a t :  

(1)  Through every po in t  i n  t h e  plane ou ts ide  o r  on t h e  boundary of 

C,, t h e r e  may be drawn a t  l e a s t  one l i n e  dividing t h e  a rea  of  c i r c l e  C 

i n t o  two regions with a r e a l  r a t i o  k c 1. 

( 2 )  No such l i n e s  may be drawn through any i n t e r i o r  point  of C k' " 
t h i s  i s  c a l l e d  t h e  forbidden region of c i r c l e  C, r e l a t i v e  t o  a r e a l  r a t i o  

k. 

(The reader  should be ab le  t o  determine t h e  c i r c l e  Ck f o r  himself.) 

Hoggatt r a i s e d  t h e  i s s u e  of forbidden a rea  i n  [3] and l i s t e d  some 

r e s u l t s  f o r  t r i a n g l e s ,  

This paper w i l l  l ist  some addi t iona l  f ind ings  f o r  forbidden regions 

of t r i a n g l e s .  The proofs w i l l  use only elementary ideas from geometry 

and calculus.  

For a  given t r i a n g l e  of  a r e a  1 with a  point  P i n  i t s  i n t e r i o r ,  draw 

any l i n e  t. passing through P. With an or ien ta t ion  given t o  1, l e t  6  

FIGURE 1 

be t h e  angle of i n c l i n a t i o n  of  !L with t h e  hor izon ta l ,  0  5 6 < 2ir. For 
each 6 t h e r e  is  a unique r a y  R (8)  on .t? whose p o s i t i v e  angle with t h e  

P 
or ien t ing  r a y  is 6. The l i n e  i then divides t h e  t r i a n g l e  i n t o  two p a r t s  

D and E a s  shown i n  Fig. 1, where E i s  t h e  p a r t  which contains  t h e  r a y  

Rp(9 + 1r/2). Let A ( 9 )  = A r e a  D,  and 0 < k < 1/2.  Define 

S = s e t  o f  sa t i s fac tory  points = [P \ Ap(6) = k f o r  some 6 )  

and 

Fk = forbidden region = complementary s e t  = [P \ A (6 )  + k f o r  a l l  6 ) .  
P 

T ~ ~ o J L w :  The forbidden region is convex f o r  0 s k <. 1/2.  

Some simple lemmas w i l l  be s t a t e d  whose proofs should be obvious, 

which w i l l  then prove t h e  theorem. 

Lemma 1 :  Ap(6 + TT) = 1 - Ap(6) 

Lemma 2: Ap(6) is continuous a s  a  funct ion of 6 and P, That is,  

if 6 and P a r e  changed only s l i g h t l y ,  then t h e  corresponding value of 



A ( 6 )  i s  changed only s l i gh t l y .  
P 

Lemma 3 :  I f  k = 0 then only the  boundary bd T o f  the  tr iangle T l i e ;  

i n  Sk.  Thus S = bd T and F i s  the  in ter ior  o f  T .  Since the  in ter ior  
k k 

o f  T i s  convex, the  theorem i s  t rue  for k = 0. 

Lemma 4 :  I f  k = 1 /2 ,  Sk = T ,  F = empty s e t .  Hence Fl12 i s  convex 

Proof: Let P e T .  I f  A ( 6 )  < 1 / 2 ,  look a t  

( 6  + i r )  = 1 - Ap(6) > 1/2 .  

Thus there e x i s t s  a value 6 < 4) < 6 + ir such that  A ( $ )  = 1 /2 .  

Proof of  Theorem: Let 0 < k < 1 / 2 .  Let PI and P2 e F and l e t  
k 

point Q be on the  segment joining Pl and P2. Suppose Q i Fk. Then 

there ex i s t s  a l i n e  1 through Q intersecting segment PIPv not passing 

through PI or P; such that  A ( 8 )  = k .  Then PI or PZ E D ,  say P I .  Draw Q 
l i n e  1' through Pi parallel t o  1. With the  same orientation for  D ' ,  

A ( 8 ' )  = A ( 6 )  < k .  Therefore Ap ( 6  + n) = 1 - A ( 6 )  > k .  But by con- 
pl p! 1 PI 

t i n u i t y  there e x i s t s  Q, such that  A ( O k )  = k .  This contradicts PI being 
PI 

a forbidden point. 

Theohem: I f  the  point P i s  the  centroid o f  T and l i n e  i s  paral- 

l e l  t o  one o f  the  s ides ,  then A ( 6 )  = 4/9 .  

FIGURE 2 

'Proof: Let G be the  centroid o f  T ( s ee  Fig. 2 ) .  According t o  a form- 

ula  61.1 i n  [4], i f  x = CB/CA, y = CD/CE and the  area o f  the  tr iangle 

i s  1 ,  then Area BCD = xy. Since CG/CF = 2/3 = x = y, we have ~ ~ ( 6 )  = 4/9 .  

We note i n  general t ha t  since 

Area BCG + Area GCD = Area BCD = xy ,  

we have x / 3  + y/3  = xy. Thus the  function AG(0) i n  x and y i s  subject 

t o  the  r e s t r i c t i on  
x + y = 3x9. 

I t  i s  easy t o  show by calculus t ha t  under these conditions the  function 

A ( 6 )  = xy 

assumes i t s  minimum precisely when x = y ,  or when 1 i s  parallel t o  AE. 

Thus the  value 4/9 i s  a minimum value for A-,(6) ,  and ac tual ly ,  4/9 S 

A ( 6 )  5 1/2 .  

CohoUeJm: I f  k c 4 /9 ,  then F # 4) and F i s  convex. 

In [3]  Hoggatt noted that  for 0 < k < 1 / 2 ,  the  area o f  F i s  

A = A  1 - k + -  
F 2 

3 / 1  - 1 - 33 loo 1 
2k 

I t  should be noted that  for k = 4 /9 ,  AF = 0 and tha t  as k + 0 ,  

A + 1. 

Theohem: The forbidden region Fk i s  open. 

'Proof: For point P i n  F k ,  Ap(8) # k for a l l  8. But for some 8 ,  

Ap(8) = 1/2 .  Since A ( 6 )  i s  continuous, there e x i s t s  a neighborhood o f  P 

P containing only points o f  the  forbidden region, since a minimum must 

be met somewhere near P. 

In the  proofs o f  the  lemmas and theorems, it should be noted that  

no use was made o f  the  shape o f  the  body except i t s  convexity. (For a 

non-convex s e t ,  the  convex hull  s a t i s f i e s  the  properties.) Thus, a l l  

t he  non-numerical r e su l t s  above hold more generally for arbitrary convex 

se t s  with non-empty in ter iors .  
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On an i s land  i n  t h e  P a c i f i c  l ived two t r i b e s ,  t h e  Blue men 

and t h e  Green men. The Blue men always t o l d  t h e  t r u t h  and 

t h e  Green men always l i e d .  Once some men were shipwrecked on 

t h e  i s l a n d ,  and t h e  na t ives  agreed t o  r e l e a s e  them if t h e i r  

captain could solve a puzzle. He was bl indfolded,  placed i n  

a room with two na t ives ,  and was t o  guess t h e i r  t r i b e s  with- 

.in..5 minutes, using any c lues  he could ge t  from t h e  conver- - 
sa t ion .  The first na t ive  spoke inaudibly,  so t h e  captain 

asked t h e  second na t ive  what he had s a i d .  The na t ive  answered 

'He sa id  he was a Green man." The captain immediately iden- 

" t i f i e d  t h e  na t ives  and h i s  men were re leased .  What reasoning 

led  t h e  captain t o  h i s  conclusion? 

A S T E E P  ASCENT OF THE FUNDAMENTAL THEOREM OF CALCULUS 

In  What i-6 Mathematics? Courant and Robbins give a proof of  Eucl id 's  

theorem on t h e  i n f i n i t y  of primes i n  which they use t h e  f a c t  t h a t  t h e  

ze ta  funct ion diverges a t  z = 1. Speaking of t h e i r  proof they say, "Of 

course, t h i s  is much more involved and sophist icated than t h e  proof given 

by Euclid. But it has t h e  fasc ina t ion  of a d i f f i c u l t  ascent  of a moun- 

t a i n  peak which could be reached from t h e  o ther  s i d e  by a comfortable 

road." I f  one borrows t h i s  a t t i t u d e  and t h e  f a c t  (which is  a l s o  indi-  

cated i n  What is mat he ma tic^?) t h a t  t h e  i n t e g r a l  of xn can be calculated 

without using d i f f e r e n t i a t i o n ,  it is poss ib le  t o  give a proof of t h e  

fundamental theorem of ca lcu lus  which ana lys i s  c lasses  may f i n d  amusing. 

By giving C1[a, b]  t h e  norm 

I l f  1 1  = supIf(x)l + s u p \ f ( x ) l  

we can e a s i l y  see t h a t  t h e  l i n e a r  func t iona l  defined by 

is continuous. Now, a s  mentioned above, we may assume t h e  usua l  formulas 

f o r  t h e  i n t e g r a l  and der iva t ive  of an. This allows us  t o  check t h a t  

F(p) = 0 i f  p i s  a polynomial. However, i n  view of  Weierstrass 's  Theorem 

(applied t o  f f o r  a given funct ion f i n  C q a ,  b]) and t h e  Mean Value 

Theorem t h e  polynomials a r e  dense i n  Cf[a, b1. Hence we have t h a t  F 

must vanish i d e n t i c a l l y ,  which i s  j u s t  what t h e  fundamental theorem says. 



THE POLE AND POLAR WITH RESPECT TO A QUADRIC 

By ALL R. AnuJi-Uoez 
TexoA Tech uniumw 

Many geometric problems can be s implif ied and generalized by t h e  use 

of  matr ices .  I n  t h i s  a r t i c l e  we study pole and polar  with respec t  t o  a 

quadric i n  an n-dimensional Euclidean space with techniques of matr ices  

E l ] .  Thus whatever i s  done f o r  an n-dimensional Euclidean space is not 

more d i f f i c u l t  than s i m i l a r  ideas f o r  t h e  plane. 

1 .  Quad t̂.c6 

Let us  consider t h e  equation of a conic sec t ion  with respec t  t o  an 

orthogonal Cartesian coordinate system (x,y) .  That i s ,  

ax2 + 2bxy + cy2 + 2px + 2qy + a" = 0. (1)  

We observe t h a t  (1 )  has t h e  following matrix equation 

We observe t h a t  [g  t]  is t h e  matrix 

namely, 

~f t h e  quadrat ic  form of  (11, 

The equation (2)  can be wr i t t en  a s  

XAX' = 0, ( 2 ' )  

where X = [x y 11 and A is t h e  symmetric 3 x 3 matrix of ( 2 ) .  I n  

genera l  a quadric  i n  Euclidean space of dimension n can be defined a s  

t h e  set of a l l  po in t s  ( x l ,  x ,̂ . - * ,  x )  such t h a t  XAXf = 0, where X = 
* 

[xi x2 .-.  x 11 and A i s  any (n + 1 )  x (n + 1 )  symmetric matr ix.  

I f  we omit t h e  l a s t  row and l a s t  column of A ,  we ob ta in  the  matrix of 

t h e  quadra t ic  form of t h e  quadrat ic .  This  matrix w i l l  be denoted by Q. 

I t  is c l e a r  t h a t  

is  a s e t  of parametric equations of a s t r a i g h t  l i n e  i n  t h e  plane. A 

matrix equation f o r  (3)  is then 

[x y 11 = 1x1 y1 11 + t c p  q 01 . 
We observe t h a t  t o  each point  (x,  y )  corresponds a matrix [x y 1] and t o  

each d i rec t ion  (p ,  q )  corresponds a matrix [P q 01. 
Indeed i n  general  t h e  matrix equation of a s t r a i g h t  l i n e  i n  a Euclid- 

ean space of  dimension n can be taken a s  

X = Y + t D ,  ( 3 ' )  

where X = [xi - - -  xn 11, Y = [yl - - -  yn 11, and D = [P; - - -  pn 01. Here 

Y represen ts  some f ixed  po in t  and D represen ts  a d i rec t ion .  

3 .  Tntm&JC^Lon of, a f i n e  and a 2uadfu.c 

Let XAX' = 0 be  a quadric and X = Y + t D  a l i n e  i n  a Euclidean n- 

dimensional space. Then po in t s  of i n t e r s e c t i o n  of t h e  l i n e  and t h e  

quadric a r e  so lu t ions  of t h e  system of matrix equations 

! XAXf = 0 

X = Y + t D .  

By s u b s t i t u t i o n  t h i s  s e t  of equations gives us  

(DAD')@ + (YAD' + DAY1)t + YAYf = 0 (4)  

which i s  a second degree equation i n  t. One may e a s i l y  show t h a t  YAD' = 

DAY' and DAD' = DQD f,  where Q is  t h e  matrix of t h e  quadrat ic  form of t h e  

quadric and i n  DQD' we have taken D = pn]. Thus (4)  w i l l  become 

( D Q D ' ) ~ ~  + 2(YQD1)t + YAY' = 0. (5)  

(Note t h a t ,  f o r  example, DQD' is a matrix of one element which i s  con- 

sidered a s  a s c a l a r . )  

A discussion of (5 )  about t h e  exis tence and nature of  r o o t s  should 

be given. Let it s u f f i c e  f o r  our purposes t o  mention only t h a t  i f  DQD' 

# 0, then t h e  l i n e  i n t e r s e c t s  t h e  quadric i n  two po in t s  which may be 

r e a l  and d i s t i n c t ,  o r  r e a l  and double, o r  complex conjugates of one an- 

o ther .  Indeed, t h i s  case (when DQD' # 0) is t h e  one i n  which we a r e  in-  

t e r e s t e d  f o r  studying pole and po la r  theory.  

4 .  Pote and Pota t  

Let P be a po in t  and XAX' = 0 be a quadric i n  an n-dimensional Euclid- 



6an space. Let any l i n e  through P i n t e r s e c t  t h e  quadric i n  two d i s t i n c t  

po in t s  B and C, where we a r e  considering only t h e  case mentioned i n  t h e  

end of sec t ion  3. Let R be t h e  harmonic conjugate of P with respec t  t o  

B and C. Then t h e  locus of Ry  a s  t h e  l i n e  through P changes, is  a hyper- 

plane and is c a l l e d  the  p o l a r  of P with respec t  t o  t h e  quadric. 

Proof: Let (PRBC) be a harmonic s e t .  Then 

In  order  t o  make t h e  idea c l e a r  we include a diagram i n  Euclidean three-  

FIGURE 1 

dimensional space ( see  Fig. 1 ) .  Let P denote t h e  matrix \y\ yn l] 

which corresponds t o  t h e  point  P. Let a l i n e  through P have t h e  equation 

X = P t t D ,  

where D i s  a var iab le  d i rec t ion .  Then po in t s  of i n t e r s e c t i o n  of t h e  

l i n e  and t h e  quadric a r e  obtained from 

(DQD')~ '  t 2(PADr)t t PAPr = 0,  DQDr # 0. 

Here t = 0 corresponds t o  X = P. Let f i  and t2 correspond respec t ive ly  

t o  X = B and X = C, and t t o  X = R. Then (6)  becomes 
- - -  

O - t 1 - - t - t ,  
0 - t 2  t - t ,  

which implies t h a t  

t = PAP ' 2 t l t 2  = 
t l t t 2  PADr 

i f  PADr # 0. Subs t i tu t ing  t h i s  value f o r  t i n  t h e  equation of t h e  l i n e  

we obtain 

(PAD1)X = (PADr)P - (PAPr)D. 

Multiplying on t h e  r i g h t  by APr we g e t  

(PADr)(xAPr) = (PAD')(PAPr) - (PAP')(DAP') = 0. 

Since PAD' = DAPr # 0 we obtain 

XAPr = PAX' = 0 , 
which is a l i n e a r  equation i n  x i , - * *  , x ,  and thus t h e  equation of a hy- 

perplane. 

If we look a t  t h e  case PADr = 0, we note t h a t  P is  a t  a center  of 

t h e  quadric and t h e  polar  is sa id  t o  be a t  i n f i n i t y .  We s h a l l  leave t h i s  

d e t a i l  t o  t h e  reader .  

5 .  Some p t o p w t i u  

There a r e  many proposi t ions concerning pole and polar  i n  t h e  plane. 

The reader  may study them and give some genera l iza t ions  t o  an n-dimen- 

s i o n a l  Euclidean space. I n  f a c t ,  some of t h e  ideas may be generalized 

t o  un i ta ry  spaces over t h e  f i e l d  of  complex numbers. Here we would l i k e  

t o  give some examples which t h e  reader  can t r y  on h i s  own. 

(1 )  Let 6, y be two l i n e s  through P i n t e r s e c t i n g  t h e  quadric a t  B 

and-C and a t  D and E, respec t ive ly .  Then t h e  l i n e s  BD and EC i n t e r s e c t  

i n  a point  which is on t h e  polar  of  P with respec t  t o  the  quadric. Also 

l i n e s  BE and CD i n t e r s e c t  on t h e  polar .  (Special  cases  should be con- 

sidered separa te ly . )  

(2)  I f  a point  A moves on t h e  po la r  of P with respec t  t o  a quadric, 

then t h e  polar  of  A with respec t  t o  the  quadric passes through P. 

( 3 )  In  Euclidean 3-space we may change t h e  point  P t o  a l i n e  and 

ob ta in  a l i n e a r  element i n  t h e  space a s  t h e  polar  of t h e  l i n e .  This 

idea may a l s o  be general ized.  
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A NOTE ON THE EXISTENCE OF PERPETUAL MOTION MACHINES 

H i s t o r i c a l l y ,  t h e  r o l e  of a mathematician has been t o  determine t h e  

t r u t h  o r  f a l s i t y  of proposi t ions concerning "mathematical" ob jec t s  (num- 

bers ,  funct ions,  s e t s ,  and so  f o r t h ) .  In  t h e  1930's t h e  a t t e n t i o n  of  a 

group of mathematicians sh i f ted  t o  t h e  problem of t h e  exis tence of algo- 

r i thms o r  e f f e c t i v e  computational procedures f o r  solving various problems. 

An algorithm is a s e t  of ins t ruc t ions ,  requ i r ing  no c r e a t i v e  thought, 

t h a t  provides procedures by which any one of a c l a s s  of questions can be 

answered. I n  p r i n c i p l e ,  it is  always poss ib le  (though perhaps not prac- 

t i c a l )  t o  construct  a physical  machine f o r  carrying out such a s e t  of 

ins t ruc t ions .  Modern d i g i t a l  computers a r e  examples of such machines 

and computer programs a r e  examples of algorithms. The exis tence of 

simple algorithms can be proven simply by wr i t ing  down t h e  s t e p s  of t h e  

algorithm, but  complex questions r e q u i r e  more complex algorithms, t h e  

proof of whose exis tence requ i res  much more sophis t i ca ted  mathematical 

ideas.  This body of ideas is  known a s  computdbiZity theory o r  recurs ive  

function theory, and is  frequent ly regarded a s  a branch of mathematical 

log ic .  

One t o o l  i n  computability theory i s  a p a r t i c u l a r l y  simple mathemati- 

c a l  model of machines known a s  a Turing machine, so  named because of i t s  

inventor ,  A.  M .  Turing (see Turing C271). A Turing machine may be 

thought of a s  a black box with a f i n i t e  number of  i n t e r n a l  configurat ions 

which a r e  c a l l e d  s t a t e s .  I t  a l s o  reads  an i n f i n i t e  tape and based on 

what it reads  on t h e  tape and i t s  presen t  s t a t e  it may move, o r  e rase  

t h e  tape and wr i te  something else,and a l s o  it may change s t a t e s .  This 

is air extremely simple model of a modern computer and i t s  power l i e s  i n  

t h e  f a c t  t h a t  moving, e ras ing ,  wr i t ing  and changing s t a t e s  a r e  a l l  ac t ions  

which may be accomplished with no " creat ive"  thought. We s h a l l  moment- 

a r i l y  formalize these ideas with mathematical d e f i n i t i o n s .  We note here 

t h a t  Turing machines e x i s t  i n  t h e  same sense t h a t  many mathematical 

ob jec t s  e x i s t  t h a t  is, it i s  a s e t  whose exis tence i s  guaranteed by t h e  

axioms of s e t  theory. By appropriate  construct ion of a Turing machine, 

we can demonstrate t h e  exis tence of an amusing and i n t e r e s t i n g  perpetual  

motion machine. (This is ,  of course, a r e a l  exis tence although not a 

physical  exis tence.)  To do t h i s ,  we s h a l l  need t h e  following sequence 

of formal d e f i n i t i o n s  taken from Davis Ell. 

Vi&iwJLion 1: An expression i s  a f i n i t e  sequence (possibly empty) 

of symbols taken from t h e  l i s t q o ,  q l ,  q? , . . . ;  So, S l ,  Sy, ... ; R, L. 

Vi&iru^on 2: A quadruple i s  an expression having one of t h e  follow- 

ing forms : 

(1 )  q .  S.  Sk q, , 
2 3 

(2 )  qi S R ql  , 

(3 )  qi 5, L qz  . 

Vi&Lm-fct.on 3: A Twing machine, Z ,  is a f i n i t e  (nonempty) s e t  of 

quadruples t h a t  contains  no two quadruples whose f irst  two symbols a r e  

t h e  same. The q i f s  and S. 's a r e  c a l l e d  respec t ive ly  i t s  i n t e r n a l  con- 

f igura t ions  ( s t a t e s )  and i ts alphabet.  

A s  we have already indicated,  t h e  Turing nachine may be thought of 

a s  a black box scanning an i n f i n i t e  tape. The tape contains  a s e r i e s  

of contiguous squares o r  pos i t ions .  I f  t h e  pos i t ion  scanned on t h e  tape 

contains  t h e  symbol S. and t h e  machine is i n  s t a t e  qi, quadruple (1)  i n  
3 

Defini t ion 2 causes t h e  machine t o  wr i te  symbol S k and change t o  s t a t e  

q,. 
Quadruple (2 )  causes t h e  machine t o  scan one square o r  pos i t ion  t o  

t h e  r i g h t  and change t o  s t a t e  q,. Similar ly f o r  quadruple ( 3 ) .  

fk$m-fct.on 4: An instantaneous descr ip t ion  is an expression t h a t  

contains  exact ly one qi, ne i ther  L nor R,and is such t h a t  qi i s  not t h e  

right-most symbol. An expression t h a t  cons i s t s  e n t i r e l y  of t h e  l e t t e r s  

S .  is ca l led  a tape expression. The tape  expression i s  obtained by r e -  
3 

moving t h e  qi from t h e  instantaneous descr ip t ion .  

p i :  I f  P and Q a r e  two expressions involving only l e t t e r s  of 



. 
t h e  alphabet ,  then t h e  expression 

P q .  S. S,,, Q 
1- 3 

i s  an instantaneous descr ip t ion  meaning t h e  machine Z i s  i n  s t a t e  q 
i 

scanning t h e  square containing S If q .  S .  S, q, is a quadruple, then 3" 1- 3 
t h e  next instantaneous descr ip t ion  is 

p 0, Sk q,, Q. 
If q .  S. R q had been a quadruple, t h e  next instantaneous descr ip t ion  

Z a I  
would have been 

P S  q S Q. J i m  
Similar ly f o r  t h e  t h i r d  type of quadruple q S .  L q,. 

i 3 

Consider a machine, Z ,  given i n  Table 1 with alphabet {O, 1, B(blank)} 

00 B 0 00 04 00 '77 R 06 

00 O I# 02 04 01 07 1 R 06 

01 B 1 0 1  05 B R 06 q8 B L 09 

01 I L 02 05 I l  I? q0 ?8 06 

02 O B 03 05 I I? q l  '78 R '76 

02 B 03 '76 q7 09 B I, 09 

03 B L 04 06 O ?6 09 0 R q0 

04 B L 05 06 '76 09 I R 01 

Table 1 

and s e t  of s t a t e s  {qo , ql  , . . . , qq}. This machine i s  designed t o  operate  

with tapes containing f i n i t e  s t r i n g s  of  O 1 s ,  l l s ,  and B t s  with t h e  r e-  

s t r i c t i o n  t h a t  within a s t r i n g ,  2 o r  more contiguous B1s may not appear. 

Of course, on e i t h e r  s i d e  of t h e  f i n i t e  s t r i n g ,  t h e  tape w i l l  be f i l l e d  

withrBts. For example, ... BBOlElBB... is allowed but ... BBOIBBlBB... i s  

not .  

Let us  consider t h e  t ape  ... BBOlBlBB... with i n i t i a l  instantaneous 

descr ip t ion  OlEq41BB. The computation is a s  shown i n  Table 2, where t h e  

list of instantaneous descr ip t ions  a r e  obtained from Table 1. 

I n  t h e  above descr ip t ion ,  it is  recognized t h a t  t h e  tape contains  

blanks on e i t h e r  s i d e  of t h e  expression, 0lE1. We have only included 

Instantaneous Descr ipt ion 

TABLE 1 

Tape Expression 



t h t s e  blanks a s  needed. Note t h a t  t h e  l a s t  instantaneous descr ip t ion  

i s  t h e  same a s  t h e  second, except t h a t  t h e  whole expression OlB1 has been 

sh i f ted  one pos i t ion  t o  t h e  r i g h t  on t h e  tape.  Hence t h e  machine w i l l  

r epea t  t h i s  procedure of  s h i f t i n g ,  then recycl ing forever .  We have only 

t o  invent  an i n t e r e s t i n g  tape  expression t o  complete our perpetual  motion 

machine. 

Let our t ape  expression be: 

llBlllBOOIBlOBlBOlBOOBlOBOOO. 

This  is t h e  i n t e r n a t i o n a l  Morse code f o r  t h e  word mountains. Hence, we 

have demonstrated not only t h e  exis tence of a perpe tua l  motion machine, 

but  one t h a t  moves mountains! 
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n hat t h i s  w i l l  happen i n  general  is  a consequence of t h e  following obser-  
vat ions:  The instantaneous descr ip t ion  abq,+cBd w i l l  eventual ly become 
e i t h e r  aq,+bBcd ( i f  c # B) o r  q,,aBbcd ( i f  c = 5 ) ;  Bq4BBab eventual ly be- 
comes BBBaq6b, and aq6bcd becomes e i t h e r  a b ~ c d  ( i f  b # B) o r  abcq6d ( i f  
b = B). F ina l ly ,  abcq6BBB becomes abqqcBBB which i n  t u r n  becomes 
aq,,bBcBB, and t h e  process r e p e a t s .  One " turns t h e  machine on" by i n s e r t -  
ing q,, between t h e  l a s t  two zeros of  "mountains". --Editor. 

SOME WORK ON AN UNSOLVED PALINDROMIC ALGORITHM 

By Lee Ratzan 
CoUege. 0 6  hle.&cine. and VewkUiUty 0 6  New J m e y  

Consider t h e  following unsolved research problem posed by t h e  e d i t o r  

i n  t h e  F a l l  1972 i s s u e  of t h e  P i  Mu Epsilon Journal  (Volume 5,  Number 7 ,  

page 338): Let 
n 

k(n) = - i f  n i s  even, 2 

= 3n + 1 i f  n is odd, 

and define 

kr(n) = k(kr " '(n)) . 
Is it t r u e  t h a t  k(n)  i s  a palindromic algorithm which a c t s  t o  reduce t h e  

s i z e  of  an in teger  and t h e  sequence { k l ( n ) ,  k2(n) ,  . . . I  reso lves  t o  1 f o r  

any n? Analyt ical ly  speaking, does there  e x i s t  a pos i t ive  in teger  8 ( s  

i s  a funct ion of n )  such t h a t  ks(n) = 1 f o r  any n? 

The e d i t o r  s t a t e s  t h a t  t h e  problem has been p a r t i a l l y  invest igated a s  

t o  t h e  a c t i v i t y  of t h e  funct ion k(n)  and t h e  t r u t h  of t h i s  conjecture 

(Conjecture I )  has been v e r i f i e d  by computer f o r  a l l  n l e s s  than 10,000. 

The present  note  expands t h e  range f o r  which t h e  conjecture i s  t r u e  and 

introduces a new conjecture.  

Through the  use of t h e  program below t h e  author has increased t h e  

v e r i f i c a t i o n  l i m i t  of Conjecture I.  It can be shown t h a t  k(n) Â¥ 1 f o r  

PROGRAM TO VERIFY PROPERTIES OF K(N)  

SEED.. . INITIAL POINT (K = 1 IS TRIVIAL) 
K = 2  
L I M I T  POINT.. .END OF INVESTIGATION 
L = 1 0 0 0 0 0  

7 CONTINUE 
N = K  

1 TEST = N/2 
PARITY CHECK ... ODD/EVEN 
I F  (N-2* TEST) 4 ,  2 ,  4 

2 N = N l 2  
1 1  CONTINUE 

CHECKPOINT...N I T  1 = OVERFLOW; 
N EQ 1 = TERMINATION; N GT 1 = RECYCLE 

I F  (N - 1) 12 ,  6, 1 



4 N = 3 * N + 1  
GO TO 1 1  

6 K = K + 1  
I F  ( K  - L )  7 ,  7, 8 

12 W R I T E  ( 6 ,  *) N ,  K 
GO TO 6 

8 W R I T E  ( 6 ,  *) L 
E N D  

a l l  n l e s s  than 31,910,a t r i p l i ng  o f  t he  former range. I t  i s  in teres t ing  

t o  note t ha t  for 30 values between 31,911 and 100,000 the  conjecture i s  

indeterminate due t o  the magnitude of the in tegers  involved. A t  s pec i f i c  

points i n  t h i s  open range the  values assumed by k ( n )  exceed (232  - 1 )  and 

the  overflow o f  machine regis ters  o f  the  IBM 360/67 (Rutgers Univers i ty )  

and t he  IBM 360/91 (Princeton Univers i ty )  indicated t ha t  the  number being 

deal t  with i s  out o f  range. Are these numbers exceptions t o  the a lgor - i t h  

or just  large numbers? I f  these isolated points could be v e r i f i e d ,  Con- 

jecture I would hold t rue  for a l l  n l e s s  than 100,000. 

A study was made o f  t he  number o f  cycles necessary for the  integers 

between 1 and 31,910 t o  resolve t o  1 .  There i s  apparently no s e t  pat- 

t e rn ;  however the  mean value o f  s for t he  f i r s t  5,000 n was 78 cycles -- 
a surprisingly high value since "most" values f e l l  i n  the  range 12 < s < 

25. Analysis o f  histogram data reveals  a wild d is t r ibut ion  ( ve r i f i ed  by 

calculat ion o f  t he  variance and standard dev ia t ion) ;  graphs o f  s versus 

n reveal  no d i s t i n c t  functional or periodic re la t ionship .  

Let us consider a flow chart (Fig .  1) o f  the  act ion o f  the  k ( n )  for 

each cycle for  a given i n i t i a l  n. I f  a t  any point along t he  cycles k ( n )  i s  

odd, it undergoes the  transformation k ( n )  = 3n + 1 ,  making it even. A t  

t h i s  point it i s  halved and i f  odd, recycled as be fore .  I f  it i s  even, 

- k ( n )  ^"^ 
3 n + 1 t + d d  even 

power o f  2? 

/ \ yes no I 
successive s u c c ~ s s i v e  

halving u n t i l  halving u n t i l  
odd resolut ion t o  1 

F I G U R E  1 

it w i l l  be halved, recycled,  halved, and so f o r t h ,  u n t i l  it i s  odd and 

we have a perpetual c i r c l e .  However, suppose k ( n )  i s  a power o f  2. 

Each successive halving diminishes t he  s i z e  o f  k ( n )  and t he  cycle w i l l  

terminate. The value o f  k ( n )  w i l l  be ( 2 ,  2L - ,... 4 , 2 , 1 ) .  Wethus  

have the  following analysis:  
L 

( 1 )  Clearly i f  n = 2 for some integer L ,  k l ( n ) ,  k 2 ( n ) , .  . .ks(n)  

equals n ,  n / 2 ,  n/2 ' , .  . .n/2L = 1 .  Hence s = L. 

( 2 )  I f  n i s  odd, then a necessary condition for termination i s  t ha t  
L 

there e x i s t s  an s such that  3ks(n)  + 1 = 2 for some L ,  which i n  turn  

implies k s ( n )  = ( 2  - 1 ) / 3  for some L. From t h i s  we have a t e s t  for 

termination o f  t he  sequence k l ( n ) ,  k 2 ( n ) ,  - - -  . I f  S i s  the  se t  o f  values 

representable i n  the  form ( 2  - 1 ) / 3  (note  tha t  L must be even for t h i s  

expression t o  be an in teger)  and i f  there e x i s t s  an integer r such that  
s 

kr (n )  i s  an element o f  5 for some r ,  then there i s  an s such t ha t  k ( n )  = 

1.  

( 3 )  From t h i s  we can derive the general ru le  t ha t  i f  n i s  o f  t he  form 
M L  

2 ( 2  - 1 ) / 3  for any nonnegative integer M and any even integer L ,  then 
M L 

k ( n )  = ( 2  - 1 ) / 3  and k + + l ( n )  = 1. Hence, s = M + L + 1 .  

We can thus conclude t ha t  the conjecture i s  true for a l l  n which are 

powers o f  2 or representable i n  the  form 2 ( 2  - 1 ) / 3  for appropriate 

choices o f  L, M .  We can also monitor the  values o f  k ( n )  as it cycles 

and i f  a t  any point k ( n )  assumes a value o f  the  form 2 ' ( 2  - 1 )  for a ,  

b in tegers ,  a nonnegative and b even, then a termination and resolut ion 

t o  1 i s  cer ta in  i n  a f i n i t e  number o f  s teps.  

I f  for values o f  n l e s s  than 31,910, t he  cycle length s i s  tabulated 

versus n ,  an in teres t ing  pattern can immediately be observed. I t  can 

be seen t h a t ,  for example, 

~ ( 2 8 )  = ~ ( 2 9 ) .  ~ ( 3 6 )  = ~ ( 3 7 ) .  ~ ( 4 4 )  = ~ ( 4 5 ) .  

A t  s pec i f i c  in tervals  there are integers with the  property t ha t  they 

9 have twin cycle lengths.  This observation i s  more str iking i f  the  tabu- 

l a r  form has 40 elements per row, for then every other l i n e  demonstrates 

t h i s  pairing. In analyt ic  form we have: 

C0njecAiA.e. 11 

~ e t  ~+k < n < 4(k  + 1) f o r k  = 0 ,  1 .  2. and de f ine  

f ( n )  = 8n + 8k + 20. 

Then 



UNDERGRADUATE RESEARCH PROJECTS 

The question remains whether t h i s  conjecture be t r u e  f o r  n outs ide t h e  

range of t h e  present  considerat ion.  

I POSTERS AVAILABLE FOR LOCAL ANNOUNCEMENTS 

A t  t h e  suggestion of the  P i  Mu Epsilon Council we have had a 

supply of  10 x 14-inch F r a t e r n i t y  c r e s t s  p r in ted .  One i n  each 

color  w i l l  be sen t  f r e e  t o  each l o c a l  chapter on request .  

Additional pos te rs  may be ordered a t  t h e  following r a t e s :  

(1 )  Purple on goldenrod stock - - - - - - $ 1.50/dozen, 

( 2 )  Purple and lavendar on goldenrod- - - $ 2.00/dozen. 

MATCHING P R I Z E  FUND 

I f  your chapter presents  awards f o r  outstanding mathematical papers 

o r  s t u d e n t  achievement i n  mathematics, you may apply t o  t h e  National 

o f f i c e  t o  match the  amount spent by your chapter .  For example, $30.00 

of awards can r e s u l t  i n  t h e  chapter receiving $15.00 reimbursement from 

t h e  National Off ice.  These funds may a l s o  be used f o r  t h e  r e n t a l  of 

mathematical f i lms .  Write t o  t h e  National Office f o r  more d e t a i l s .  

1. Pfiopo~ed b y  John V a n  Iwao~den ,  Hope. ColLqe. ,  HoUand, Hich. 
* 

f Let S be a closed bounded subset  of E~ with nonempty i n t e r i o r  having 

u n i t  a rea .  The forbidden region of S r e l a t i v e  t o  t h e  r e a l  number k, 

+ 0 < k < 1/2,  i s  by d e f i n i t i o n  t h e  s e t  Fk of po in t s  P through which no 

l i n e  may be passed c u t t i n g  S i n  regions whose a reas  a r e  i n  t h e  r a t i o  

k : ( 1  - k) .  (For more information, see t h e  paper "Forbidden Area" by 

t h e  same author  i n  t h i s  i s sue  of t h e  JournaZ.) 

Q.u&~.fct.onA : 

(1 )  I f  S has a nonempty forbidden reg ion ,  does it contain t h e  cen- 
t r o i d  of S? 

(2)  Can t h e  theory of forbidden regions be extended i n  any way t o  

three-dimensional space o r  t o  unbounded regions? 

2.  Pfiopo~ed b y  Vav-id. L .  h e n ~ ~ n  and. K h b y  C .  Smah  
U n i v e ~ i - L t y  0 6  Oklahoma 

A c i t y  engineer was asked t o  completely describe che t r a f f i c  flow 

over a given time period through a T-type i n t e r s e c t i o n  where one two- 

l a n e  road ended a t  another two-lane road. The descr ip t ion  had t o  con- 

t a i n  answers t o  t h e  following questions. Of those c a r s  which entered 

t h e  i n t e r s e c t i o n  from a given d i r e c t i o n ,  how many turned r i g h t ?  How 

many turned l e f t ?  How many went s t r a i g h t ?  

The devices ava i lab le  t o  t h e  engineer were t r a f f i c  counters ,  each 

capable of  counting t h e  c a r s  i n  one l a n e  which passed it. He could a l s o  

use people standing on t h e  corners  of t h e  i n t e r s e c t i o n  bu t ,  unfortunate-  

? l y ,  each person could count only one th ing  ( i . e .  of  t h e  c a r s  which en- 

t e r e d  t h e  i n t e r s e c t i o n  neares t  h i s  corner he could count only one of t h e  

following: t h e  r i g h t  t u r n e r s ,  t h e  l e f t  tu rners ,  o r  t h e  s t r a i g h t  goers) .  

Since t h e  use of people c o s t  more than t h e  machines, t h e  engineer 

wanted t o  minimize t h e  number of  people used. Having accomplished t h i s ,  

f o r  a e s t h e t i c a l  reasons,  he wished t o  minimize t h e  number of counters he 

used, although plenty were ava i lab le .  What was t h e  engineer 's  solut ion? 

If poss ib le ,  genera l ize  t o  more complicated in te rsec t ions .  



1971-72 MANUSCRIPT CONTEST WINNERS 

The judging f o r  t h e  b e s t  expos i to ry  pape r s  submit ted  f o r  

t h e  1971-72 schoo l  year  has  now been completed. The eva lua t ion  

by t h e  judges r e s u l t e d  i n  a t i e  f o r  t h i r d  p l a c e ,  s o  t h e  amount 

of  t h a t  award w i l l  be shared e q u a l l y  among t h e  two winners.  We 

c o n g r a t u l a t e  t h e  fo l lowing  winners ( a l l  a f f i l i a t i o n s  a r e  t h o s e  

a t  t h e  t ime t h e  pape r s  were w r i t t e n ) :  

FIRST PRIZE ($200):  Chr i s tophe r  S c u s s e l ,  Michigan S t a t e  

Un ive r s i ty ,  f o r  h i s  paper "Goldbach's Conjecture" ( t h i s  Journal, 

Vol. 5 ,  NO. 8 ,  pp. 402-408. 

SECOND PRIZE ($100):  Joseph J. Buff ,  New York Unive r s i ty ,  

f o r  h i s  paper  " Charac te r i za t ion  o f  an  Ana ly t i c  Function o f  a 

Quaternion Var iable"  ( t h i s  Journal, Vol. 5 ,  No. 8 ,  pp. 387-392. 

THIRD PRIZE ($50) :  Frank L. Capobianco, Col lege  o f  t h e  

Holy Cross,  f o r  h i s  paper "Spec(R) f o r  a P a r t i c u l a r  R" ( t h i s  

Journal, Vol. 5, No. 6 ,  pp. 285-2881, and 

Lee Ratzan, Courant I n s t i t u t e  o f  Mathematical Sciences ,  

f o r  h i s  paper  "Comments on t h e  P r o p e r t i e s  o f  Odd P e r f e c t  

Numbers" ( t h i s  Journal, Vol. 5 ,  No. 6 ,  pp. 265-271. 

1972-73 CONTEST 

We a r e  now r e c e i v i n g  pape r s  f o r  t h i s  y e a r ' s  c o n t e s t ,  s o  be  

s u r e  t o  send u s  your paper ,  o r  your c h a p t e r ' s  pape r s ,  i f  you 

want t o  p a r t i c i p a t e .  Papers  submit ted  t o  t h e  Journal f o r  

p u b l i c a t i o n  w i l l  au tomat i ca l ly  be 'entered i f  t h e  au thor  i s  

an  undergraduate ,  but  we must r e c e i v e  a t o t a l  of  a t  l e a s t  t e n  

":"papers du r ing  t h e  yea r  i n  o r d e r  t o  conduct t h e  c o n t e s t .  I n  

order t o  be e l i g ib l e ,  authors must not have received a Master's 

degree a t  the time they submit t h e i r  paper. I n  a d d i t i o n  t o  

t h e  p r i z e s  l i s t e d  above, t h e r e  is a $20.00 p r i z e  f o r  t h e  b e s t  

paper from any one c h a p t e r ,  providing t h a t  chap te r  submits  

a t  l e a s t  f i v e  papers .  

BOOK REVIEWS 

The L e t t e r s  on P r o b a b i l i t y .  By Alfred Renyi. Wayne S t a t e  Un ive r s i ty  

P r e s s ,  D e t r o i t ,  Michigan, 48202. 1972. v + 86 pages.  

The most f a s c i n a t i n g  book eve r  reviewed by t h i s  au thor  f o r  t h e  Pi Mu 

Epsilon J o d .  Any s c h o l a r  who has  heard o f  Fermat ' s  l a s t  theorem 

and who has  a modicum o f  i n t e r e s t  i n  h i s t o r y  w i l l  f i n d  t h e  i n t r i g u e  

surrounding t h e s e  l e t t e r s  from Pasca l  t o  Fermat and t h e i r  d i scove ry  

t o  be e x c i t i n g .  The s t o r y  began wi th  a d i s c u s s i o n  a t  t h e  P a s c a l  

Memorial Symposium i n  Clermont-Ferrand, on June 9,  1962, between Renyi 

and Henr i  Trouvers ien ,  a p r o f e s s o r  o f  t h e  h i s t o r y  o f  mathematics a t  t h e  

Un ive r s i ty  o f  Contebleu. Pasca l  wrote a l e t t e r  t o  t h e  P a r i s i a n  Acad- 

emy i n  1654 i n  which he mentions a t r e a t i s e  on an  e n t i r e l y  new theme, 

t h e  mathematics o f  chance, never  s y s t e m a t i c a l l y  d e a l t  w i th  by anybody 

t h u s  f a r .  I t  was l i s t e d  wi th  some o f  h i s  n e a r l y  completed works s h o r t l y  

t o  be p resen ted  t o  t h e  Academy and t h e r e  had been a g r e a t  d e a l  o f  work 

sea rch ing  f o r  t h e  miss ing documents. Renyi had suggested t h a t  perhaps  

t h e  informat ion was con ta ined  i n  l e t t e r s  t o  Fermat i n s t e a d  o f  i n  a 

manuscr ip t .  The i n t e r e s t i n g  way t h a t  Trouvers ien  came a c r o s s  t h e s e  

l e t t e r s ,  h i s  d i scove ry  o f  ano the r  document o f  Fennat ,  and h i s  i n t r i g u i n g  

r eason  f o r  a sk ing  Renyi t o  p u b l i s h  them, a long wi th  a n  e s say ,  g i v e  t h i s  

l i t t l e  book t h e  ent icement  o f  a t h r i l l i n g  novel .  The Appendix c o n t a i n s  

f i v e  i n t e r e s t i n g  l i t t l e  n o t e s  o f  Renyi: A Shor t  Biography o f  Pasca l ,  

Dating t h e  L e t t e r s ,  H i s to ry  o f  t h e  P r o b a b i l i t y  Theory, On t h e  

Mathematical Concept o f  P r o b a b i l i t y ,  and A Fur the r  L e t t e r  t o  t h e  

Reader. I n  a d d i t i o n ,  t h e r e  appea r s  a b r i e f  n o t e  by t h e  t r a n s l a t o r ,  

4 Laszlo  Vekerdi,  about  Renyi. 

< What i s  Mathematical Logic.  By J. N .  Crossley, C.  J .  Ash, J .  C.  S t i l l -  

well and N.  H .  Williams. dxford Un ive r s i ty  P r e s s ,  N .  y . ,  N .  y . ,  10016 



December, 1972. 82 pages. $1.95. 

This book is based on a s e r i e s  of l ec tures  given by t h e  authors  a t  

Monash University and the  University of  Melbourne i n  t h e  autumn and 

winter  of 1971. They make an e n t h u s i a s t i c  attempt t o  make mathematical 

l o g i c  a " l iving and l i v e l y  subject"  t o  a wide audience. They d i scuss  

important ideas behind Godel1s theorems, computability and recurs ive  

func t ions ,  and consistency and independence i n  axiomatic s e t  theory. 

Explorations i n  Number Theory. By Jeanne Agneu. Brooks-Cole Publishing 

Company, Monterey, Ca l i fo rn ia .  1972. x i  + 308 pages. $10.95. 

This book r e f l e c t s  t h e  au thor ' s  s incere  e f f o r t  t o  w r i t e  f o r  t h e  s tudent ,  

The f i r s t  t h r e e  u n i t s  l e i s u r e l y  cover t h e  bas ic  concepts and the  l a s t  

f i v e  o f f e r  a wide v a r i e t y  of fasc ina t ing  d ivers ions ,  some of which have 

not been given luc id  elementary exposi t ions.  The u n i t s  on number- 

t h e o r e t i c  funct ions and the  p-adic in tegers  provide some excel lent  

motivation examples f o r  understanding more genera l  a lgebra ic  systems. 

In ference and Decision. By D. A .  S. Fraser. Halsted Press ,  Division of 

John Wiley and Sons, Inc . ,  New York. 1973. v i i  + 82 pages. $13.75. 

A s e t  of invi ted papers presented a t  severa l  seminars held a t  a number 

of Canadian u n i v e r s i t i e s  during 1970-71. They cover a v a r i e t y  of  

i n t e r e s t i n g  observations on s t a t i s t i c a l  inference and decis ion theory 

by some outstanding people. 

A Geometric Int roduct ion t o  Topology. By C. T. C. Wall. Addison- 

Wesley Publishing Co., 1972. i v  + 168 -pages. 

An introduct ion which does not presume general  topology and does q u i t e  
- - -  

we13 a t  t h e  advanced undergraduate l e v e l  those p a r t s  of homotopy theory 

which have a s t rong geometric i n t u i t i o n  f o r  many students .  

In t roduct ion t o  Semigroups. By Mario Petrich. Charles E. M e r r i l l  Pub- 

l i s h i n g  Co., 1973. v i i i  + 198 pages. 

The f i r s t  introductory book devoted e x p l i c i t l y  t o  t h e  bas ic  r e s u l t s  i n  

semigroups. I t  a l s o  serves a s  a re fe rence ,  

Theories o f  P r o b a b i l i t y .  By Terrance L. Fine. Academic Press ,  New York. 

1973. x i  + 263 pages. 

In these days when axiomatic p robabi l i ty  theory,  and even bayesian in-  

ference seems thoroughly entrenched, it is re f resh ing  t o  f i n d  a r a t h e r  

thorough discussion of a wide v a r i e t y  of aspec t s  of  p robabi l i ty  and 

many of i t s  ramif ica t ions  i n  concrete app l ica t ions .  The author  d i s-  

cusses such sub jec t s  a s  axiomatic comparative probabi l i ty ,  r e l a t i v e  

frequency i n  p robabi l i ty ,  l o g i c a l  p robabi l i ty ,  and subject ive or  

personal  p robabi l i ty .  

An Introduct ion t o  Confirmation Theory. By Richard Sviimburne. Methuen 

and Co., Ltd.,  London. 1973. v i  + 218 pages. 

Like t h e  previous book reviewed, t h i s  one w i l l  be of i n t e r e s t  t o  those 

who l i k e  t o  see re la t ionsh ips  between mathematics and our cu l tu re .  

This book r e l a t e s  t o  t h e  f i e l d  of philosophy. The author  s t a t e s  i n  

t h e  preface t h a t  "Confirmation theory is  t h e  theory of when and how 

much d i f f e r e n t  evidence renders  d i f f e r e n t  hypotheses probable. The 

aim of t h i s  book is t o  expound and c r i t i c i z e  t h e  views of philosophers 

on confirmation theory, and i n  t h e  process t o  con t r ibu te  towards t h e  

construct ion of a cor rec t  confirmation theory." 

Computational Methods i n  Ordinary D i f f e r e n t i a l  Equations. BY J .  D. Lam- 

bert. John Wiley and Sons, Inc. ,  New York, N . Y . ,  10016. 1973. xv + 
278 pages. $15.50. 

I t  is  impressive t o  see how f a r  t h e  author i s  a b l e  t o  take advanced 

undergraduate s tudents  i n  t h e  bas ic  c l a s s i c a l  foundations of t h e  numer- 

i c a l  ana lys i s  and s t a b i l i t y  theory of ordinary d i f f e r e n t i a l  equations, 

Functional Analysis . By Walter Rudin. McGraw-Hill Book Company, New 

York. 1973. x i  + 397 pages. 

Another f i n e  book by an establ ished author i n  a f i e l d  which seems t o  



a t t r a c t  excellence i n  exposi t ion.  Perhaps t h i s  is  because t h e  subject  

is bas ic  t o  so  much mathematics and is  amenable t o  good pedagogy. The 

subject  has broadened i n  scope over t h e  years ,  and while there  i s  no 

attempt t o  be encyclopedic, t h e  second p a r t  of t h e  book covers f a i r l y  

thoroughly d i s t r i b u t i o n s  and Fourier transforms, with some appl ica t ions  

t o  d i f f e r e n t i a l  equations and Tauberian theory,  and P a r t  Three d i s-  

cusses Banach algebras  and s p e c t r a l  theory, with chapters  on bounded 

and unbounded operators  i n  a Hilbert  space. 

LOCAL AWARDS 

I f  your chapter has presented awards t o  e i t h e r  undergraduates o r  

graduates (whether members of P i  Mu Epsilon o r  n o t ) ,  please send 

t h e  names of t h e  r e c i p i e n t s  t o  t h e  Editor  f o r  publ icat ion i n  t h e  

J o u r n a l .  The l i s t i n g  of new i n i t i a t e s  had been discontinued. 
- 

MOVING?? 

BE SURE TO LET THE JOURNAL KNOW! 

Send your name, old address with zip c o d e  

and new address with z ip  c o d e  t o :  

P i  Mu Epsilon Journal  
601 Elm Avenue, Room 423 
The University of Oklahoma 
Norman, Oklahoma 73069 

GLEANINGS FROM CHAPTER REPORTS 

FLORIDA ZETA CHAPTER a t  Florida At lan t ic  University sponsored a 

l e c t u r e  by P l o f l U b o l  John Schu-d&, chairman of t h e  Economics Department, 

on t h e  top ic  "The Fecundity of Mathematics i n  Economics". 

LOUISIANA EPSILON CHAPTER a t  McNeese S t a t e  University presented a 

f i lm s e r i e s  on space f l i g h t  and held a l e c t u r e  by P J L O ~ U ~ O K  HoAtin S t w e d  

on "Mathematics -- Defini t ion by Recursion". 

MARYLAND ALPHA CHAPTER a t  t h e  University of Maryland sponsored a 

s e r i e s  of highly d i v e r s i f i e d  l e c t u r e s ,  which included "Equations of Motion 

of t h e  Planets" by Pil06Cbbok L- GoLd l i t dn ,  and "Derivatives, Derivates, 

and Arbi trary Functions" by Pil06Cbb0l JmCb A Hummed.. Another speaker was 

Pilo6cbbol Owid .  Shtiiha, Naval Research Laboratory. 

MICHIGAN DELTA CHAPTER a t  Hope College held i ts first  meeting on 

November 9,  1972. P l o f . ~ l  3 .  S. Flame., Michigan S t a t e  University, spoke 

on t h e  t o p i c  "Continued Fractions", a f t e r  which he i n s t a l l e d  t h e  new chap- 

t e r .  Professor Frame is a former na t iona l  president  of P i  Mu Epsilon. 

NEW JERSEY DELTA CHAPTER a t  Seton Hall  University had severa l  of i ts 

members present  papers a t  t h e  annual EcUitedn CoUegCb Science. Con.f.Ute.nce. 

held a t  Pennsylvania S t a t e  University. Those present ing papers were 

hkchad MamXn, Robe.ann h!oJt.i&o (whose paper " P a r t i a l  Di f fe ren t ia t ion  

on a Metric Space" won f i r s t  p r i z e ) ,  and Kme.n. Pukdch .  

NEW JERSEY EPSILON CHAPTER a t  S t .  P e t e r ' s  College sponsored a l e c t u r e  

presented by Ploi(Cbb0l 8. t t d u i n  !%Vwmn e n t i t l e d  "What Would You Say t o  

a Hypercube i f  You Met One on t h e  S t ree t?"  and hosted a reg iona l  meeting 

of t h e  Mathematical Association of America. 

NEW YORK ETA CHAPTER a t  S. U .  N .  Y . ,  Buffalo, recen t ly  honored i t s  

f a c u l t y  correspondent, PwfieAboil H&& h10~&7gu~ ,  f o r  her g rea t  e f f o r t s  

and outstanding success i n  leading t h e  chapter through many d i f f i c u l t  

years .  

NEW YORK PHI CHAPTER a t  t h e  S t a t e  University College a t  Potsdam 



i n  a j o i n t  meeting of t h e  P i  Mu Epsilon chapters  of S t .  Law- 

rence University, Clarkson College and Potsdam S t a t e  University, a t  which 

a represen ta t ive  from each chapter gave a shor t  t a l k .  

NORTH CAROLINA GAMMA CHAPTER a t  North Carolina S t a t e  University spon- 

sored a s e r i e s  during t h e  year ,  one of which was "Non-Standard Analysis" 

by Ph06u^0k Rob& T.  Kamwy. 

OHIO NU CHAPTER a t  t h e  University of Akron sponsored a tour  of t h e  

Goodyear Computer Center. 

OHIO ZETA CHAPTER a t  t h e  University of  Dayton par t i c ipa ted  i n  an 

d h d  s&wVi where graduates i n  mathematics described t o  undergraduates 

what they were doing and answered questions from t h e  audience. 

OKLAHOMA ALPHA CHAPTER a t  t h e  University of Oklahoma heard P h 0 f . W 0 h  

W .  T .  Rfccd speak a t  i t s  annual awards banquet on noted mathematicians of 

t h i s  century who owed t h e i r  education e i t h e r  d i r e c t l y  o r  i n d i r e c t l y  t o  t h e  

f a c u l t y  a t  t h e  University of  Chicago during t h e  e a r l y  1900's.  In  p a r t i c-  

u l a r ,  members of t h e  mathematics department heard t h e i r  individual  "R. L .  

Moore numbers" ( t h e  number of mathematical "generations" from advisor  t o  

advisor beginning with Professor Moore) t raced .  

TENNESSEE BETA CHAPTER a t  t h e  Universi ty  of  Tennessee recen t ly  hon- 

ored Winhton h k ? A A ~ j ,  Guerry Professor of Mathematics, f o r  f o r t y  years  of 

se rv ice  t o  t h e  un ivers i ty .  A W-mAton h1o~he.y hlcuthemo^c-~ A ~ O O A ~  has been 

establ ished t o  be given t o  an outstanding junior  i n  mathematics, i n  addi- 

t i o n  t o  t h e  award present ly given t o  an outstanding freshman each year .  

VIRGINIA G M A  CHAPTER a t  Madison College heard severa l  s t imulat ing 

l e c t u r e s  during t h e  year ,  including "The Supposed Glut of Educated Minds" 

by Pko((ehh0h WA^iLiam L .  Vuhen, J k .  (Applied Mathematics and Computer Sci-  

ence Department), and "A Unified Theory of Integrat ion"  by Ph06Uh0k E. J .  

hh%ane., both from t h e  University of Virginia .  A t  t h e  i n i t i a t i o n  banquet 

Phd'f.UZ0h Gotdon F-UikVi spoke on "Some I n t e r e s t i n g  Persona l i t i es  i n  Math- 

ematics ' .  

WISCONSIN ALPHA CHAPTER a t  Marquette University sponsored a t r i p  t o  

the-Chicago Museum of  Science and Industry,  and heard severa l  l e c t u r e s  

including "Pythagorean Proofs" by W ~ % U M  We.pfteA, "Chemistry of Lines and 

Planes" by Gw Scha.e.6Vi (both undergraduates),  "Non-Standard Reals" by 

Je.^fi.ey PohtuAzny, a graduate s tudent ,  and "Alphametrics, a Mathematical 

Diversion" by Pho(Sehh0h Raymond Honvdtah. 

FRATERNITY KEY-PINS AVAILABLE 

Gold key-pins a r e  ava i lab le  a t  t h e  National Off ice a t  

t h e  spec ia l  p r ice  of $5.00 each, post  paid t o  anywhere 

i n  t h e  United S t a t e s .  

Be. A W M  t o  i n d i c a t e .  t he .  & p t m  ' i n to  which  you wvie. 

'in-tXia.ted and the .  appt.ox^mate. date. 06  the. 'iHt/fctOtit.on. 

Orders should be sen t  t o :  

P i  Mu Epsilon, Inc.  
601 E l m  Avenue, Room 423 
University of Oklahoma 
Norman, Oklahoma 73069 



PROBLEM DEPARTMENT 

EdLLted by Leon Bank066 
Lo4 Ange^A, Ca^t60-'uua 

This department welcomes problems believed to  be new and, as a 

rule, demanding no greater ab i l i t y  i n  problem solving than that of the 

average member of the Fraternity. Occasionally we shall publish 

problems that should challenge the ab i l i t y  of the advanced under- 

graduate or candidate for the Master's Degree. O l d  problems charac- 

terized by novel and elegant methods of solution are also acceptable. 

'Proposals should be accompanied by solutions, i f  available, and by any 

information that will ass is t  the editor. Contributors of proposals 

and solutions are requested t o  enclose a self-addressed postcard t o  

expedite acknowledgement. 

Solutions should be submitted on separate sheets containing the 

name and address of the solver and should be mailed before May 31, 1974. 

Address a l l  comnunications concerning problems t o  Dr. Lean Bankoff, 

6360 WiZshire Boulevard, Los Angeles, California 90048. 

Problems f o r  Solut ion 

303. P m p o ~ e d  by P i t U i  A. UndA^iom, G w u e  Community CoUege, 

BoAiu-ta., New Yolk. 
By means of an E,  6 proof only, show t h a t  a  polynomial funct ion 

is continuous a t  any r e a l  number. 

304. Plopo~ed by Cha/ilÂ£ W .  ~/i^gg, Sun V-LsQo, CaJU.6omuJCii. 

( A )  One of t h e  four  d i g i t s  1, 2 ,  3 ,  4 is  placed a t  t h e  midpoint 

of "each edge of a  cube i n  such a  manner t h a t  four  d i f f e r e n t  d i g i t s  a r e  

on t h e  perimeter of each square face .  

(B) The d i g i t s  a r e  placed on t h e  v e r t i c e s  of t h e  cube so  t h a t  

again there  a r e  four  d i f f e r e n t  d i g i t s  on t h e  perimeter of each face .  

Show t h a t  i n  each case t h e  clockwise c y c l i c  order  of t h e  d i g i t s  

is  d i f f e r e n t  on each face .  

305. Piopo~ed by Jack Gan.i.unkeJL, F o i u i  H-cÂ£& High Schoot, New 

Yoik. 

In  an acute  t r i a n g l e  ABC, AF is an a l t i t u d e  and P is  a  point  on 

AF such t h a t  AP = 2 r ,  where r i s  t h e  in rad ius  of t r i a n g l e  ABC. I f  D 

and E a r e  t h e  project ions of P upon AB and AC respec t ive ly ,  show t h a t  

t h e  perimeter of t r i a n g l e  ADE is  equal t o  t h a t  of t h e  t r i a n g l e  of l e a s t  

perimeter t h a t  can be inscr ibed i n  t r i a n g l e  ABC. 

306. P&opo~ed by Vauid L .  SJULuman, Lo& Ange^e^, C a t i 6 0 k n h .  

On a l t e r n a t e  days A and B play games t h a t  a r e  s i m i l a r  except 

with respec t  t o  the  question of  which player  does t h e  paying. In 

both versions A s e l e c t s  one number from t h e  s e t  ( 1 ,  2 ,  3 )  and B 

s e l e c t s  two numbers from the  same s e t .  I f  the  two se lec t ions  a r e  

d i s j o i n t ,  no payment is made. I f  t h e  two se lec t ions  have a  number i n  

common, t h e  "payer" pays t h a t  number of d o l l a r s  t o  t h e  "receiver" . 

They a l t e r n a t e  d a i l y  i n  assuming the  r o l e s  of payer and rece iver .  

Does the  arrangement favor  e i t h e r  player? 

307. Plopo~ed by R. S^ua~amalvu^hna.n, Goumunent E n g h e d n g  

College., T&Lchm, 1ndLa.. 

Let ~ ( n )  denote t h e  number of  d i v i s o r s  of n .  For square- free n 

grea te r  than 1, prove t h a t  -r(n2) = n i f  and only i f  n = 3 .  

308. Piopo-~ed by C .  S .  Venkatauman, Skee K e ~ a h  Va,tma CoUege, 

T&Lchu~. 4 ,  South 1ncLio.. 

Defining a  proper number a s  one which is  equal t o  t h e  product 

of a l l  i ts proper d i v i s o r s ,  show t h a t  an in teger  is  a  proper number 

i f  and only i f  it is t h e  cube of a  prime o r  the product of two 

d i f f e r e n t  primes. 

309. Piopohed by Giegokq Wutczqn, Buckne.U U n i u m - U y ,  L e w d  bw~g , 
Penm ySLua.yUa. 

Find t h e  volume of  t h e  s o l i d  formed by t h e  e l l i p t i c  papaboloids 

2 h  - 2 = ax2 + by2 and z = ox2 + d y 2,  where a ,  b ,  c ,  d and h a r e  a l l  

pos i t ive .  

310. P~opohed by Sidney Penna,  &onx Commut~Ltq CoUege, &onx, 

New Yolk. 

I f  x and y a r e  in tegers  and x < y then l e t  [ x ,  y ]  = { z  : x  s z s y ,  

and z i s  an integer}.  Also, f o r  any s e t  S ,  l e t  N ( S )  be t h e  ca rd ina l  



'. number of S. 
k 

Let n and k be p o s i t i v e  in tegers  with k > 1 and l e t  G = [2, (2n) - 11. 
k 

I f  V is a subset  of G such t h a t  tl(V) = ( 2 n )  - 2n and V # [2n, (2n) - 1] 

then there  a r e  a t  l e a s t  two d i s t i n c t  members of  V each of which i s  t h e  

product of k members (not necessar i ly  d i s t i n c t )  of  V. 

31 1. Phopobed by ChanJLe~ W.  T&g, San Viego,  CaJLi6oh1k. 

On opposite s i d e s  of a diameter of a c i r c l e  with rad ius  a + b 

two semicircles  with r a d i i  a and b form a continuous curve t h a t  d iv ides  

t h e  c i r c l e  i n t o  two tadpole-shaped p a r t s .  

( I )  Find t h e  angle t h a t  t h e  join of t h e  cen t ro ids  of the  two 

component p a r t s  makes with the  given diameter of t h e  c i r c l e .  

(11) For what r a t i o s  a : b does t h e  continuous curve pass through 

one of t h e  centroids? 

(111) When a = b ,  f ind  t h e  moment of i n e r t i a  of one of t h e  com- 

ponent a reas  about an a x i s  through i t s  centroid and perpendicular t o  

i t s  plane. 

312. Phop0be.d by R. S. LILthm, Un ium-Y :g  of, W-Uicovi^w, 

Jane^vWLe., W-Uicoit~hi. 

Let {a be a sequence such t h a t  a i  = 1 and f o r  n > 1 
n 3 

a = an-l  t 1 + (-1)" + $1 t ( - 1 ) ~ + ~ 1 .  

Show t h a t  t h e  sequence { a }  has i n f i n i t e l y  many primes. 

313. Phopobed by f.Iaviay S. K&amki.n, Fohd Mo-toh Campareg, 

V w i b o m ,  hIictw.jan. 

Give an elementary proof t h a t  

( 1  + cos2 A)(1 + cos2 B ) ( l  + cos2 C) 2 64 s i n 2  A s in2  B s i n 2  C, 

where A,B,C a r e  t h e  angles of  an acute  t r i a n g l e  ABC. 

Remmk 

J. G i l l i s  gave a proof using calculus techniques i n  Problem E 2119, 

AmVU.can t.lo-thma^JLCat hIont\iiy, 1969, p . 831. 

Solutions 

281. [Fall 19721 Phopo~ed by Solomon W. Golomb, U n i v ~ i - L t y  06 

S o I L t h ~ l n  C a o v U a . .  

We define an "average" number t o  be a r e a l  number f o r  which t h e  

average of t h e  d i g i t s  i n  i t s  decimal expansion is (0  + 1 + 2 + 3 + 4 + 
5 + 6 + 7 + 8 + 9)/10 = 4.5. Prove t h a t  t h e  number 1/p, f o r  p prime, 

is  an "average" number if and only i f  t h e  period of  i t s  decimal expansion 

has an even number of  d i g i t s .  

S o W o n  by Bob Plu,f t ipp, The. U n b m - L t y  06 Whcofbkin, Obhko~h,  

WL4coitA-t.n. 

We s h a l l  show t h a t  t h e  proper f r a c t i o n  a @ ,  f o r  p prime, is an 

'average" number i f  and only i f  t h e  period of  i t s  decimal expansion has 

an even number of d i g i t s .  

Let t h e  f r a c t i o n  a & ,  f o r  p prime, be.such t h a t  t h e  period of  i ts 

decimal expansion has an even number of d i g i t s .  (Since it is  c l e a r  t h a t  

p must be d i f f e r e n t  from 2 and a l s o  d i f fe ren t  from 5, t h e  period w i l l  

begin immediately a f t e r  the  decimal po in t . )  We begin by considering 

some examples. The period of 5/7 cons i s t s  of t h e  s i x  d i g i t s  714285. 

We s p l i t  them i n  half  and add t h e  numbers so  formed: 714 + 285 = 999. 

The period of  1/17 i s  0588235294117647 which when s p l i t  and added gives 

05882352 + 94117647 = 99999999. For t h e  period of 1/11, which is 09, 

we have 0 + 9 = 9. 

I t  can be establ ished t h a t  t h e  sum of t h e  two halves of t h e  period 

w i l l  always t u r n  out t h i s  way when t h e  period belongs t o  t h e  f r a c t i o n  

a l p  whose denominator p is  a prime, provided t h e  period has an even 

number of d i g i t s .  For a proof of t h i s  f a c t ,  see Rademacher and Toepli tz ,  

The Enjoyment of Mathematics, Princeton University Press ,  1957, pp. 158- 

160. Another proof may be found i n  W. G .  Leav i t t ,  "A Theorem on Repeat- 

ing Decimals," American Mathematical Monthly, June-July, 1967, pp. 669- 

673. 

Let t h e  period of a / p  be b b  bkb, bÃ£ Then b + b + 
+ bk + bk+l + ..- + by, = 9 + 9 + -.. + 9 [k addends of 91 = 9k, so  

t h a t  a /p is an "average" number. 

Suppose t h e  f rac t ion  a l p  f o r  p prime i s  an "average" number. Then 

c l e a r l y  p must be d i f f e r e n t  from 2 and a l s o  d i f f e r e n t  from 5, s o  t h e  

period w i l l  begin immediately a f t e r  t h e  decimal po in t .  Let t h e  period 

of a /p  be c1c2 . . c Because a /p  is  an "average" number, c + c + 
3. 

+ c = (9 /2) j .  But c + c 2  + + c is  a p o s i t i v e  in teger .  Hence, 
3 1 3 



. 
( 9 / 2 ) j  is  a p o s i t i v e  in teger ,  which implies t h a t  j is  an even p o s i t i v e  

in teger .  Thus t h e  period of t h e  decimal expansion of  a /p  has an even 

number of d i g i t s .  

Comnent b y  &id. Sp*, Haywo~d, Cfi6o'ilUJO.. This problem appears on 

page 24 of  t h e  USSR Olympiad Problem Book, W. H. Freeman and Company, 

1962. 

Ailio t ,o lved  by  STUART MARGOLIS, R u t g e u  CoUnge; GREGORY WULCZYN, 

&.~ckne^E U n L v v ~ i ' U y ,  LewÂ¥LAbu~w Pennliyivania, and tke Phop06vi. 

282. [Fall 19721 Phopohed by  Chmd.u W .  T a g ,  Sun Diego,  CULL- 
((ohma.. 

Four d i f f e r e n t l y  colored i sosce les  r i g h t  t r i a n g l e s  can be assembled 

t o  form a square i n  s i x  e s s e n t i a l l y  d i f f e r e n t  ways (not  counting r o t a-  

t i o n s ) .  By joining these tetrachrome squares domino-like with l i k e -  

colored s i d e s  meeting, a v a r i e t y  of  configurat ions can be formed. Show 

t h a t  ( a )  they can be so  assembled i n t o  a 2 x 3 rec tangle  with s o l i d  

co lors  along each s i d e  and t h a t  (b )  they can no t  be so  assembled i n t o  

a 2 x 3 rec tangle  with i t s  four  s i d e s  d i f f e r e n t l y  colored. 

S o l u t i o n  by  t h e  Ph0p06CA. 
The color-numbers along t h e  edges of t h e  s i x  squares a r e  shown below: 

a )  A t y p i c a l  assemblage, a s  shown i n  t h e  2 x 3 f i g u r e ,  leads t o  t h r e e  

more arrangements by adding 1 t o  each color-number (5 becomes 11,  and 

continuing t h e  process, reducing each sum modulo 4,  a s  shown i n  Fig. 1. 

2 2 2 

FIGURE 1 

Note t h a t  t h i s  merely r o t a t e s  A and F and c y c l i c a l l y  permutes t h e  o thers  

along a crossed loop. The columns i n  each arrangement may a l s o  be cy- 

c l i c a l l y  permuted t o  give a t o t a l  of 12 such rec tangles .  

b )  I n t e r n a l  co lor  segments occur i n  matched p a i r s ,  so  if t h r e e  

l i k e  co lors  appear on one s ide  of t h e  rec tangle ,  t h e  s i x t h  segment of  

t h a t  co lor  must appear on another s ide  thus  spo i l ing  t h e  four-colored 

arrangement. 

A t i o  60lve.d b y  MERYL J .  ALTABEL, H v i b w t  H .  Lehman C o U e g e ,  New 
Yohk; ERIC HARTSE, M^At,oiito, More-tawa; CHARLES H .  LINCOLN, T e ~ l y  San/ohd 
Senioh tUxjh School ,  FayeM.e.v^U.e, Novth Caoti .na; and NOSMO KING,  

R a t a h ,  No/vth C m U - n u .  

283. [Fall 19731 Phopo6ed by  David L .  S-cZuviman, Lot, A n g e l a ,  
C ~ o f w A J O . .  

Let a1 = s i n  1 and f o r  every p o s i t i v e  in teger  n ,  l e t  a = s i n  a n + l  n 
Does E a  (n = 1, 2, 2, . . . , m )  converge? 

S o l u t i o n  b y  -the Ph0p06CA. 
By examining t h e  f i r s t  two terms o f  t h e  Taylor expansion of t h e  

s i n e  funct ion,  it is evident t h a t  l / ( n  + 1 )  < s i n  ( l / n )  f o r  n = 1,2,3,  

.... Then, s ince  1 /2  < s i n  1, it follows t h a t  1/3 < s i n  (1/2) < 

s i n  s i n  1; a l s o ,  1/4 < s i n  (1/3) < s i n  s i n  s i n  1, e t c .  Consequently, 

s ince it dominates t h e  t runcated harmonic s e r i e s ,  t h e  s e r i e s  Ea diverges. n 
A t i o  60 lued  by  BENJAMIN L. SCHWARTZ, McLean, V - u i g i r ~ L ~ .  F o u ~  i n -  

c o v t e c t  6o iu t i onk  w v i e  hece^.ved, one  06 them a.66Wting convehgence.  

285. [Fall 19721 Phopot,e.d. b y  h4uwiay S .  KÂ£.amkt.n Fohd Motoh Company 
SU.eWbi6-ic. Labo/iotohy, Ve-i~ibohn, kLic.ltigan. 

Solve t h e  equations: 

a (x2  - y 2 )  - 2bxy + c x  - dy + e = 0 

b(x2 - y 2 )  + 2am/ + ifc + cy + f = 0 

S o l u t i o n  b y  the P h o p o ~ v i .  
Both equations can be wr i t t en  a s  t h e  complex equation 

(a  + i b ) ( x  + i y ) 2  + (c + i d ) ( x  + i y )  + e + if = 0 

which can be solved by t h e  quadrat ic  formula. The square r o o t  can be 

extracted by converting t o  po la r  form. 

286. [Fall 19721 Phopo~ed by  A. M .  G u ~ t a / t , o n ,  S& Lake C a y ,  Utah.  
Given decimals x = .xlx2x3. * - ,  y = .y1y^yaa-â i n  [0,11, def ine  

x ?: y = .xlylx2y2x3y3--*, and l e t  Px = {x :? y :  y IZ [ O , l l ] .  (The only 
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decimal en ding i n  9 ' s  

1 )  Use t h e  s e t s  P ,  0  ^ x 5 1, t o  wr i te  [0, l ]  a s  t h e  union of c 

pairwise d i s j o i n t  per fec t  s e t s .  

2) There a r e  many ways t o  wr i te  [ o J ]  a s  t h e  union of c pairwise 

d i s j o i n t  per fec t  s e t s  P ,  0  < x 5 1. Let T be any family of such decom- 

pos i t ions  (P : 0 5 x 5 11 such t h a t  no two decompositions i n  T have a 
x 

s e t  i n  common. Prove t h a t  t h e  ca rd ina l  number of T cannot exceed c. 

3) Modify (1) t o  obtain a  family T of  t h e  kind considered i n  (2)  

with t h e  ca rd ina l  number a .  

For references see E .  Hewett, Real and Abstract  A w s ,  Springer, 

New York, 1965, and I .  P. Natanson, Theory of Functions of a Real 

Variable, Frederick Ungar Publishing Co., New York, 1961. (1n part icu-  

l a r ,  see Ex. 5, p. 54.) 

Sotu^bion by the. Phopobm. 

1 )  P is closed:  Consider a Cauchy sequence [f 1 c P ,  f = x s t  yn. 
x  n 

For f ixed  k, it is possible  t o  show t h a t  t h e  f i r s t  k  d i g i t s  of f a r e  

t h e  same f o r  a l l  l a r g e  n. Let gk be t h e  eventual value of t h e  k t h  

d i g i t  of f ,  and put g  = .g  g  g - - -  . A shor t  computation shows g = 
1 2 3  

x 5 y with y = .g  g  g . - -, and fn + g. Therefore, Px is closed. 
2  4 6 

P is per fec t :  Given x * y  E P ,  s e l e c t  a  sequence [y 1 of d i s -  
x  n 

t i n c t  points  with l i m i t  y .  Then x ft y + x :? y ,  so P is per fec t .  

2) Let R be t h e  family of  a l l  pe r fec t  s e t s  from t h e  decompositions 

i n  T. Then R has ca rd ina l  number c ,  because there  a r e  c  closed s e t s  

i n  [0,l].  Therefore, T has c a r d i n a l i t y  a t  most c. 

3) Let k  = {k} e fl be a  sequence of n a t u r a l  numbers. Define 

Tk = [Px(k) : 0 5 x 5 1 )  a s  follows: each Px(k) i s  t h e  s e t  of a l l  

decimals i n  [0 , l ]  with x i n  pos i t ion  k, +- . - -  + k + n.  Each Tk is 

a co l lec t ion  of pairwise d i s j o i n t  per fec t  s e t s  with union [0, l ] .  Since 

fl h a c c a r d i n a l  number a ,  t h e  family T = (Tk : k E $1 has t h e  desired 

property. 

287. [Fall 19721 Ph0pobe.d by E&n Ju6.t. Bmnx Community CoUege.. 

For each r e a l  number x ,  prove t h a t  

s ta t ion  by Sid S p h i d ,  H a q m d ,  CaLL6ohnia 

Evaluation of t h e  geometric sum and a  l i t t l e  a lgebra converts t h e  

roblem t o  a  proof of 

(xn - 1 x x n + l  - 1 )  ; 0 f o r  x ; -1. 

"is is  t r u e  s ince both f a c t o r s  a r e  of l i k e  s ign  f o r  x  > -1 and of 

opposite s ign f o r  x  < -1 (x  = -1 i s  t r i v i a l ) .  

W O  b o h d  by K .  BURKE,  Se-ton H a l l  U n i v ~ s L t y ,  S o h  Orange., N. J . ;  
ERIC HARTSE, MCAboU&I, Montana; CHARLES H.  LINCOLN, T a t y  San6ohd Senioh 

HGh School,  FayeAte.u^Â£e N .  C.; PETER A .  LINDSTROM, Ge.nue.e. Community 
CoUe.ge., BoAiu-ta, N. Y.;  SIDNEY P E N N E R ,  Btonx Community CoUege.; BOB 

PRIELIPP, U n i u m L t y  0 6  W - U c o d n ,  hhkobh;  GREGORY WULCZYN, i3uckne.U 

U n i v m L t y ,  Leittcibu~g, Pa.; and the. Phopobm. 

288. [Fall 19721 Phopobed by Leon Kanko66 and M.6he.d E .  Neuman, 

Mu Alpha D e ^ t a  FuuteAn-t/tq. 

I f  a  t 0 + y = IT show t h a t  

(1)  s i n  2a + s i n  26 t s i n  2y 5 s i n  a  + s i n  0 + s i n  y 

(2)  s i n  2a + s i n  20 + s i n  2y 

s i n  a  + s i n  0 + s i n  y + s i n  3a + s i n  30 + s i n  3y 

equa l i ty  holding i f  and only i f  a  = 0 = y. 

I .  So&Ltcon by L .  C W z ,  Duke. U L v ~ s L t y ,  Dw~ham, NohLh Ccuio-Una. 

The inequa l i ty  

s i n  2a + s i n  20 t s i n  2y a s i n  a  + s i n  0 + s i n  y 

is well known (see  f o r  example 0. Bottema, R. 2 .  ~ j o r d j e v i c ' ,  R.  R .  Janic", 

D. S. ~ i t r i n o v i c '  and P. M .  ~ a s i c " ,  Geome^U-c 1 n e . q ~ ~ ~ .  Groningen, 

1969, p. 18, No. 2.4). 

A s  f o r  t h e  second inequa l i ty ,  we have 

8 Â £ s i  a  = - 2rs  
R 

x s i n  2a = - 
~2 

y s i n  3a = y ( 3  s i n  a  - 4 s i n 3  a )  



- 3s 1 
-(2s3 - l2rsR - 6r2s) .  

R 2R3 
Thus 

Now it i s  known (Geometric Inequaz i t i es ,  p. 51, No. 5.9) t h a t  

s2 5 4R2 + 4rR + 3p2 

with equa l i ty  i f  and only if a  = b = a .  Thus t h e  s t a t e d  r e s u l t  follows 

a t  once. 

11. Sotwt ion by t h e  Phopot im.  

(1 )  I f  A denotes t h e  a rea  of  a  t r i a n g l e  ABC with inradius r and 

circumradius R, we have 

2A = R Z a  cos A = r x a  

from which we ob ta in  

Z a c o s A  x s i n 2 . 4  
r -= - = S (*I 

2 Z s i n  A 

o r  I s i n A  > I  s i n  2A. 

(2)  Since Z s i n  3A = 3 Z s i n  A - 4 I s i n 3  A ,  it follows t h a t  

p n  A + p n  3A = 4 p n  A - 4 p n  A s i n 2  A 

= 4 x s i n  A ( l  - s i n 2  A) = 4  ̂ s i n  A cos2 A 

2A 2r = 2 x s i n  2A cos A 2 - =  - Z s i n  A 
0 2  R 

Then, by (*I, we have I s i n A  + I s i n  3A 2 E s i n  24.  

con 2 8 9 .  [ F a l l  1 9 7 3 1  Phopotied by R. S .  Lathem, U b h w i L t q  0 6  WLs> 

Waukuha. 

If p l , P 2 ,  Pn a r e  t h e  f i r s t  n  primes, prove t h a t  f o r  n  > 2, - - -  .. 
Pn < PI  + P2 + + Pn-l 

and hence show t h a t  between p and p t p + - - *  + p ,  t h e r e  always l i e s  
n  

a  prime number. 

SotvLti.on by ChivULu If. LLncoh,  T ~ u j  San6ohd SenLoh High Schooi, 

FaquXev-LUe., N o d h  Canotina.  

The problem a s  s t a t e d  i s  incor rec t .  I t  should read "for n > 3", 

s ince  p + p = p .  The proof is  by induction. For n = 4, p  + p + 
p > p,,, o r  2  + 3 + 5 > 7.  Assume t h a t  f o r  some k > 3 

PI + P2 + P3 + + Pfe.l > P,'. 
Then 

PI + p2 + " '  + Pkw1 + pk > 2Pk > Pke 

Since by Bertrand's Postulate  f o r  every pos i t ive  in teger  m t h e r e  i s  a  

prime p such t h a t  m < p $ 2m, we now have: 

PI  + P2 + " *  + Pk-1 + Pk > 2Pk > > Pk 
o r  

PI  + P 2  + + P k  > P w  

thus completing t h e  proof. Since p + p + + p > 2 p  > p , by what n 
has been sa id  above, t h e r e  e x i s t s  a  prime with t h e  desired property. 

&unÂ¥UiCJ t i o i u t t o n ~  wvie  066vie.d by ERIC  HARTSE, h4hti0&~, MoreAzna; 

MATTHEW I. KOCH, Bu66ai0, N. Y.;  THOMAS MOORE and DONALD SIMPSON, 
Km.dgeWtvi S t a t e  CoUnqe., W x t g e W t v i ,  M a t i . ;  BOB PRIEL IPP ,  UnivwiAJtg 

06 WLs>con~-t.n, Waukuha.; PETER A. LINDSTROM, G e n a e e  Community CoUege,  

Bo-tav-ta, N. Y . ;  S I D  SPITAL,  H a y i i ~ i d ,  CoJLHotnia; and the. Phopotivi. 

Motit t i o t u w i  noted f i e  ̂ .naccu~~~.cg -in. the. t i tatement 0 6  t h e  phobf.em and 

home tiought to make. the. c o m c L t w n  by a d d u g  the. e.quaJLity t i 4 n  t o  tke. 

ti-&n.c,t ^ .ntquat i ty .  

2 9 0 .  [ F a l l  1 9 7 2 1  Phopotied by S o l m o n  W .  Goiomb, UnLvwiL tq  0 6  
S o u t h m  CaJLHohnia. 

Let M be an a  x b matrix of ab d i s t i n c t  r e a l  numbers, with ab > 1. 

Show t h a t  there  e x i s t s  a  r e a l  number \i such t h a t  e i t h e r  every row of M 

o r  every column of M ( o r  possibly both) has an en t ry  l e s s  than p and 

an element g r e a t e r  than p .  

1. So&itcon by &cd S p U ,  Hayvwid, Cat i6ohnia .  

Let [s.,t .] be t h e  smallest  closed i n t e r v a l  containing t h e  elements 
2 2 

of t h e  i t h  row of M. The in te rsec t ion  of  these  i n t e r v a l s  is  e i t h e r  a  

closed i n t e r v a l  o r  empty. I f  it is a closed i n t e r v a l ,  by choosing p 

anywhere i n  t h e  corresponding open i n t e r v a l ,  t h e  requested r e s u l t  becomes 

c l e a r  f o r  rows. I f  t h e  in te rsec t ion  i s  empty, then there  a r e  two d i s-  

j o i n t  row i n t e r v a l s ~ t h a t  is f o r  some j and k ,  t h e  open i n t e r v a l  ( t  s ) j' k 
is non-empty. By choosing M anywhere i n  t h i s  i n t e r v a l  t h e  requested 

r e s u l t  becomes shown f o r  columns by an inspect ion of t h e  j t h  and k th  

en t ry  i n  any column: 



j t h  en t ry  5 t j  c p < sk 5 k t h  entry.  

11. SoLutLon by the. P h e p o b ~ t .  

If e i t h e r  a = 1 o r  b = 1 t h e  r e s u l t  is  t r i v i a l .  For t h e  general  

case, f i n d  t h e  minimum element i n  each column, and l e t  a ( i n  column 0 
be t h e  l a r g e s t  of these.  E i ther  there  is an e n t i r e  column C ' o f  elements 

smaller than a o r  there  is not .  I f  such a column C' e x i s t s ,  then each 

row has an element i n  C which i s  2 a and an element i n  C' which is  < a .  

We then pick p l e s s  than a but l a r g e r  than any element of C'. I f  no 

such column C ' e x i s t s ,  then each column has an element > a ,  a s  wel l  a s  

i ts minimum element 5 a .  For t h i s  case,  we may pick p g r e a t e r  than a 

but smaller than any element of M which exceeds a. 

1 4  
The matrix ( 3  ) with p = 2& shows it is possible  ( i n  some matr ices)  

f o r  each TOW and each column t o  have an element > p and an element < p .  

1 2  
The matrix ( 3  ) shows t h a t  t h i s  does not happen i n  a l l  matr ices .  

A^Ao boLued by MERYL J .  ALTABET, Eitonx, N. Y.;  ERIC HARTSE, M^A~oi tÂ£a 

Mon.ta.na.; N. J .  KUENZI and BOB PRIEL IPP ,  The. Un-tuvu>Â¥t-t 06 WAcon&in, 

Ubhko~h;  and CHARLES H. LINCOLN, T w  S a n d o ~ d  S&OA H 4 h  SchooL, 

Faye*te.uJLU.e., N. C. 

291 .  [ F a l l  19721 P~opobed by ChafULu W .  T>iM)g, Sun V i e g o ,  C w o ~ n i a .  

How may a square card be folded i n t o  a tetrahedron? What is t h e  

volume of t h e  te trahedron i n  terms of  t h e  s i d e  of t h e  square? 

WL 06 the. ~ o L u v u s  W e d  h u e .  ~ubm-it ted pw.at ic.aUn -Ld.e.wbicaX. AOLU- 

t i o v u , :  ROBERT C. GEBHARDT, Hopatcong, N. J . ;  ERIC  HARTSE, M-c^ouAi, 

Montana; JOHN M .  HOWELL, L I t t t e ~ o c k ,  CaLL6,; CHARLES H.  LINCOLN, Fay- 

eAte.uWLe., N. C.  ; and the. PAOPOACA. 

SoLut ion:  

Join t h e  midpoints of two adjacent  "sides of t h e  square and then jo in  

these  po in t s  t o  t h e  opposite vertex.  Crease along t h e  jo ins  and f o l d  up 

i& a tetrahedron.  In t h e  t r i r e c t a n g u l a r  te t rahedron so  formed, t h e  

volume i s  ( 1 / 3 ) ( 1 / 2 ) ( ~ / 2 ) ~ &  o r  s3/24. where s i s  t h e  s i d e  of  t h e  square. 

LOCAL CHAPTER AWARDS WINNERS 

ALABAMA BETA (Auburn Universi ty) .  Recognition f o r  outstanding work 

i n  mathematics was given t o  

V-iane. Jokdan, 

K&h Lane.. 

FLORIDA ZETA (Florida At lan t ic  Universi ty) .  An award of  $33.33 t o  

be used f o r  t h e  purchase of books was presented t o  

Zachcvy Cabamj, 

S c o t t  V m k y ,  

John Leach. 

GEORGIA BETA (Georgia I n s t i t u t e  of Technology). For achieving a t  

l e a s t  a 3.7 average (4.0 per fec t )  i n  a l l  mathematics courses a book on 

mathematics of t h e  r e c i p i e n t ' s  choice was awarded t o  

Equine. Hubbahd, 

John H. Nading,  

Mahk V .  Peauy, 

Ke^Ltk R. PAopA-t. 

NEW YORK PHI ( S t a t e  University College a t  Potsdam). Undergraduate 

senior  awards f o r  excellence i n  mathematics based on cumulative grade 

point  average i n  mathematics were presented t o  

Rich& Gwen, 
C0U.e.e.n Guhin.  

OKLAHOMA ALPHA (Universi ty  of  Oklahoma). The Nathan Al t sh i lZer  Court 

Award of $50 f o r  t h e  b e s t  freshman man and woman i n  mathematics was given 

t o  

L a m y  F .  Knight 

KaAin L. Boyd 

The Somud Wo-tAon Reaver Schoicvu>hip given each year t o  a senior  f o r  grad- 

ua te  work i n  mathematics was presented t o  



", OHIO NU (University of  Akron). A Samuel S e l b y  S c h o l a r s h i p  was pre- 

sented t o  

t.tichaet Mmgfivta,  

Mmy Ann SC~U.~AQVL,  

AUan  WUcox. 

PENNSYLVANIA BETA (Bucknell Universi ty)  . The f i r s t  annual John 

S t e i n e r  Gold Mathematical  Compe t i t i on  involved 7 2  ind iv idua ls  from 24 

high schools and r e s u l t e d  i n  t h e  winners l i s t e d  below. The individual  

winners each received t h e  four-volume s e t  of The World o f  Mathemat ics ,  

and t h e  f i r s t ,  second and t h i r d  place team winners received respec t ive  

p r i z e s  of  $100, $50, and $25 f o r  t h e i r  school mathematics l i b r a r y .  

I N D I V I D U A L  WINNERS: 

AndAw BoyeA ( F i r s t  Place) ,  LEWISBURG AREA SR. HIGH SCHOOL 

Lee. K&ngwc (Second Place T i e ) ,  SELINSGROVE AREA JR./SR. HIGH SCHOOL 

L m y  SmLth (Second Place Tie ) ,  CENTRAL COLUMBIA HIGH SCHOOL 

W-imam Bachman (Fourth Place Tie ) ,  WARRIOR RUN SR. HIGH SCHOOL 

Thomas Sn^th (Fourth Place Tie ) ,  MILTON AREA SR. HIGH SCHOOL 

P u p  G. S-taubh (Fourth Place T i e ) ,  BENTON AREA JR. /SR. HIGH SCHOOL 

TEAM WINNERS: 

LEWISBURG AREA SENIOR HIGH SCHOOL ( F i r s t  Place)  

(Andrew B O ~ V L ,  W&VL T .  B/[.oml(.t.e-Â£d Cgntfcm WCLUVL) 

CENTRAL COLUMBIA HIGH SCHOOL (Second Place)  

(Vianu Schisi t ,  L q  Sm-Uh., M-tchae-C. W - t ~ c k ]  

WILLIAMSPORT AREA HIGH SCHOOL (Third Place)  

(W-imam CmpewteA, Nom. Landate., Vauid  L. Phnkenhof in) 

WEST VIRGINIA ALPHA (West Virginia Universi ty) .  For presenting out- 

standing papers i n  mathematics, membership i n  t h e  Mathematical Associa- 

t i o n  of America was awarded t o  

Ste.phe.vi S m m ,  

Bonnie. White., 

B m y  Vookkq, 

h t i chad  hlag-s . 
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