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ELEMENTARY NUMBER THEORY 
IN CERTAIN SUBSETS OF THE INTEGERS, I1 

by Civunen 1. h tma  and JuLian R. Kolod 
The. CoLf'ege. of, S a i n t  Robe 

7 .  I~vbivduation 

I n  [21 ,  t h e  a u t h o r s  r e l a t i v i z e d  t h e  n o t i o n  o f  d i ~ i s i b i l i t y ~ t o  non- 

empty s u b s e t s  A of t h e  i n t e g e r s  Z of  t h e  fo l lowing  t y p e :  ( 1 )  A # {O} 

and ( 2 )  if x e A ,  t h e n  -x e. A .  For A = nZ, t h e  m u l t i p l e s  of  an  i n t e g e r  

n > 1, t h e  Fundamental Theorem o f  Ar i thmet i c  and unique f a c t o r i z a t i o n  

were d i s c u s s e d .  Some i n t e r e s t i n g  r e s u l t s  and formulas  f o r  t h e  a r i t h -  

m e t i c  f u n c t i o n s  i r ,  T., and oA were a l s o  o b t a i n e d .  The development i s  

cont inued i n  t h i s  p a p e r ,  and t h e  n o t i o n s  o f  g r e a t e s t  common d i v i s o r ,  

r e l a t i v e  p r i m a l i t y ,  and t h e  r e l a t i v e  v e r s i o n  o f  E u l e r ' s  f u n c t i o n ,  here-  

i n  denoted by $,, a r e  d i scussed .  The n o t a t i o n s  and r e s u l t s  e s t a b l i s h e d  

i n  [21 w i l l  be  used th roughou t .  

2 .  Common V- iu -Uio~ ,  G.C.V., and ReAifrcue. P lume f lu  

We beg in  w i t h  a d e f i n i t i o n .  

Ve6-t.WJti.on 2 . 1 .  If a , b  A ,  t h e n  x E A is  a common d i v i s o r  o f  a 

and b ( i n  A) i f  x(A)a  and x(A)b. 

I n  t h e  c a s e  A = Z, common d i v i s o r s  a lways  e x i s t  f o r  any two e l e -  

ments o f  Z. However, i f  A # 2, common d i v i s o r s  may n o t  e x i s t .  For 

example,  t h e  s e t  A o f  t h e  primes i n  Z has  n o  d i v i s o r s  i n  A and hence 

can have n o  common d i v i s o r s  i n  A .  For A = nZ, common d i v i s o r s  do n o t  

always e x i s t  s i n c e  d i v i s o r s  do n o t  always e x i s t .  (Th i s  problem is  e a s i l y  

remedied by a d j o i n i n g  t h e  e l emen t s  k 1  t o  A ,  however.)  

A t  l e a s t  two approaches  a r e  used t o  i n v e s t i g a t e  "the n o t i o n  o f  

g r e a t e s t  common d i v i s o r  (g . c .d .1  o f  two i n t e g e r s  x , y ,  bo th  n o t  ze ro .  

I n  [5], t h e  g r e a t e s t  common d i v i s o r  o f  x and y is  d e f i n e d  a s  t h a t  common 

d i v i s o r  which is  g r e a t e r  t h a n  a l l  o t h e r  common d i v i s o r s ,  wh i l e  i n  [l] ; 

t h e  g.c.d.  i s  t h a t  ( p o s i t i v e )  common d i v i s o r  d which h a s  t h e  p r o p e r t y  

t h a t  any o t h e r  common d i v i s o r  f a l s o  d i v i d e s  d ,  t h a t  i s ,  f \ d. T h i s  

second d e f i n i t i o n  is n o t  adequate  f o r  t h e  t y p e s  o f  s e t s  we a r e  c o n s i d e r i n g  



s i n c e  we can t a k e  

A = {Â±2 Â ± 3  Â±4 Â±6 Â±8 Â±12 Â±24 . 
Here 12 and 24 have t h e  f o l l o w i n g  p o s i t i v e  common d i v i s o r s  i n  A :  2, 

4 ,  and 6 .  6 i s  t h e  g r e a t e s t  of  t h e  common d i v i s o r s  by 4(#)6. For t 

r e a s o n  we adop t  t h e  f o l l o w i n g  d e f i n i t i o n .  

Oe6itttAt.on 2 . 2 .  L e t  x ,y  A, n o t  bo th  z e r o ,  t h e n  d is  t h e  g r e a t e s t  

common d i v i s o r  of  x ,y  i n  A, denoted A(x ,y ) ,  i f  

( 1 )  d is  a common d i v i s o r  o f  x and y i n  A and 

( 2 )  d i s  g r e a t e r  t h a n  any o t h e r  common d i v i s o r  of  x and y i n  A. 

I n  t h e  c a s e  of  f i n i t e  s e t s  c o n t a i n i n g  z e r o ,  even x = y = 0 have a 

g .c .d .  i n  A, namely t h e  l a r g e s t  i n t e g e r  i n  A .  The d e f i n i t i o n  produces  

t h e  f o l l o w i n g  e q u a l i t i e s :  

A(x ,y )  = A(y ,x )  =.A(=,-y) = A(-x,y) = A(-x,-y) . 
Thus we assume x 2 0 and y S 0.  Also ,  i f  x , y  A have no common d i v i -  

s o r s  (hence no g . c .d .1  we s h a l l  w r i t e  A(x,y)  = 0. 

S ince  l m a y  n o t  be  i n  A and s i n c e  common d i v i s o r s  may n o t  a lways  

e x i s t  i n  A, a n a t u r a l  way t o  d e f i n e  t h e  n o t i o n  of  two i n t e g e r s  be ing  

r e l a t i v e l y  prime i n  A is: 

V e - 6 i d t i o n  2 . 3 .  L e t  x , y  A .  x and y a r e  s a i d  t o  b e  r e l a t i v e l y  

prime i n  A 

( 1 )  if 1 e A, t h e n  A(x,y)  = 1; 

( 2 )  i f  1 4 A, t h e n  

0 ( i f  a; and y have no common d i v i s o r s )  

A(x,y)  = 

t h e  l e a s t  p o s i t i v e  pr ime i n  A o the rwise .  

I f  x and y a r e  prime i n  A ,  t h e n  t h e y  a r e  r e l a t i v e l y  prime i n  A .  

The converse  is  f a l s e  a s  can be  s e e n  by t a k i n g  A = Z. Also,  i f  X ,p  6 A 

where p is  prime i n  A and 0 < x < p,  t h e n  x and p a r e  r e l a t i v e l y  prime 

i n  A.  However, it shou ld  b e  noted t h a t  x e A may have a f a c t o r  y w i t h  

x and y be ing  r e l a t i v e l y  prime. For example, i n  2Z, 4 is a f a c t o r  of 

24, n e i t h e r  a r e  pr ime,  y e t  4 and 24 a r e  r e l a t i v e l y  prime i n  22. T h i s  

i s  n o t  t r u e  i n  Z. 

S ince  t h e  i n t e g e r  1 p l a y s  an  impor t an t  r o l e  i n  t h e  d e f i n i t i o n  05 

r e l a t i v e l y  prime, we now i n v e s t i g a t e  when two composite i n t e g e r s  w i l l  

be r e l a t i v e l y  prime i n  t h e  two s e t s  nZ and nZ u {Â±1} For a b b r e v i a t i o n ,  

nZ u {Â±1 w i l l  be denoted nZf:. )!e f i r s t  s t a t e  a p r o p o s i t i o n  showing 

t h a t  t h e  primes and composi tes  i n  nZfi a r e  p r e c i s e l y  t h o s e  i n  nZ ( t h e  
- - .  

r e a d e r  can e a s i l y  supp ly  a p r o o f ) .  

Piopo-is-ction 2 . 1 .  - 
( 1 )  x nZ i s  prime i f  and on ly  i f  it i s  prime i n  nZh. 

( 2 )  x nZ is composite i f  and on ly  i f  it is  composite i n  nZ3. 

'ThiofiOrn 2 . 2 .  Any two composi tes  i n  nZh a r e  no t  r e l a t i v e l y  prime 

i n  nZf:. 

Proof. He need c o n s i d e r  on ly  when x and y a r e  composite i n  nZ. 

I f  x and y a r e  composite i n  nZ, t h e n  n ( n Z V x  and n(nZ5:)y and s o  

nZ^(x,y)  2 n .  S ince  1 e nZ$, x and y a r e  n o t  r e l a t i v e l y  prime i n  iiZf:. 

T h e - ~ f i m  2 . 3 .  Two ( p o s i t i v e )  composi tes  x = k1n2 and y = k2n2 a r e  

r e l a t i v e l y  prime i n  nZ i f  and on ly  i f  k l  and k2 a r e  r e l a t i v e l y  prime 

i n  Z. 

Proof. We prove t h a t  x and y a r e  n o t  r e l a t i v e l y  prime i n  n2 i f  

and on ly  i f  k l  and k2 a r e  n o t  r e l a t i v e l y  prime i n  Z. S ince  x and y a r e  

p o s i t i v e ,  k i ,  k2 > 0.  S ince  x and y a r e  composi te ,  t hey  have d i v i s o r s  

i n  nZ. Now, x and y a r e  n o t  r e l a t i v e l y  prime i n  nZ i f  and on ly  i f  

nZ(x ,y )  = d where d e nZ and d > n .  But d e nZ and d > n if and on ly  

i f  t h e r e  i s  an  s Z such t h a t  d = s n  and s > 1. 

Since  d (nZ)x  and d (nZ)y ,  3 m l  ,m2 e Ãˆ  such t h a t  dml = x = k i n 2  and 

dm2 = y = k2n2.  S ince  ml ,m2 e nZ, 3rl,r2 Z such t h a t  mi = r l n  and 

my -r r 2 n .  Thus ( s n ) ( r l n )  = k l n 2  and ( s n ) ( r 2 n )  = k2n2 o r  s = k l / r i  and 

s = k 2 / r 2 .  Now s > 1 i f  and on ly  i f  k1 > P I  2 1 and k2  > r 2  2 1 i f  and 

on ly  i f  k1 ,k2 2 2. S ince  s = k l / r l  = k 2 / r 2 ,  t hen  

That  x and y a r e  n o t  r e l a t i v e l y  prime i n  nZ i s  e q u i v a l e n t  t o  say ing  

t h e  l i n e a r  Diophant ine  e q u a t i o n  ( 1 )  above has  s o l u t i o n s  21 ,  2 2  such t h a t  

1 < z l  < k1 and 1 < 2 2  < k2 .  Geomet r i ca l ly ,  t h i s  i s  e q u i v a l e n t  t o  say-  

i n g  t h e  l i n e  segment j o i n i n g  t h e  l a t t i c e  p o i n t  ( k 1 , k 2 )  i n  t h e  f i r s t  

quadran t  t o  ( 0 , 3 )  c o n t a i n s  a t  l e a s t  one o t h e r  l a t t i c e  p o i n t ,  a s  shown 

i n  F i g .  1. 



FIGURE 1 

I t  is known ( s e e  [6 ,  page 1101, o r  t h e  r e a d e r  can supply  h i s  own p r o o f )  

t h a t  t h e  l i n e  segment j o i n i n g  ( k 1 , k 2 )  t o  ( 0 , O )  does  not  c o n t a i n  any 

l a t t i c e  p o i n t s  i f  and on ly  i f  kl  and k; a r e  r e l a t i v e l y  prime i n  Z ,  t h a t  

i s ,  Z ( k l , k 2 )  = 1. Hence, x  and y a r e  no t  r e l a t i v e l y  prime i n  nZ if and 

only  i f  kl and k y  a r e  no t  r e l a t i v e l y  prime i n  Z .  

3 .  EuJicfi'h F u n d o n  

Le t  <() ( x )  deno te  the number of positive integers i n  A uhich are 
A 

less  than or equal to  x  and relat ively  prime to  x  i n  A .  

For easy  comparison, we s t a t e  two theorems i n  connec t ion  wi th  t h i s  

f u n c t i o n  f o r  t h e  s e t s  nZ and n7f': and g i v e  t h e  p r o o f s  l a t e r .  

Theofifin 3 .1 .  

( 1 )  I f  x = kn is  prime i n  nZ, t hen  (finz(kn) = k .  

( 2 )  I f  x  = kn2 is composite i n  nZ, t hen  ( f i Z ( k n 2 )  = r n  Z ( k n 2 )  + ( f i z (k) .  

T\~cofian 3 . 2 .  

( 1 )  If x  = kn is prime i n  nZf:, t hen  <S>,z;.:(x) = k + 1 = (0 n  Z ( x )  + 1. 
m 

( 2 )  I f  x  = kn i s  composite i n  n Z 5  t h e n  

( a )  i f  x  i s  uniquely  f a c t o r a b l e ,  

I 
, z z a ( ~ )  i f k = 1  

( f i n Z ^  = 

^z-^ - 1 i f  k  is  prime i n  Z .  

( b )  i f  x  is  no t  un ique ly  f a c t o r a b l e ,  

+ , z z f r ( ~ )  = bnZ(x)  - T Z ( k )  + 1 * 

Proof of 3. I :  

( 1 )  I f  x  i s  prime i n  nZ, t h e n  x  has  no d i v i s o r s  i n  nZ and s o  every  

i n t e g e r  i n  nZ which i s  l e s s  t h a n  o r  e q u a l  t o  x  i s  r e l a t i v e l y  prime t o  

x  i n  nZ. Thus qnz(kn) = k .  - - 

( 2 )  Now (f inz(x) = P + C where 

P = t h e  number of primes i n  nZ which a r e  l e s s  than  x and a r e  

a r e  r e l a t i v e l y  prime t o  x  and 

C = t h e  number of  composi tes  i n  nZ which a r e  l e s s  t h a n  o r  e q u a l  

t o  x  and a r e  r e l a t i v e l y  prime t o  x.  

Since  t h e  primes i n  nZ have no d i v i s o r s  i n  nZ, eve ry  prime i n  i1Z i s  

r e l a t i v e l y  prime t o  x  and t h e  number of  primes i n  nZ which a r e  l e s s  than  

x  is s imply IT ( k n 2 ) .  Thus, P = IT ( k n 2 ) .  
nZ nZ 

I f  y 5 x  i s  a l s o  composi te ,  t h e n  y = kin2.  S i n c e ,  by Theorem 2 . 3 ,  

nZ(x ,y)  = n  i f  and on ly  i f  Z ( k , k l )  = 1, C e q u a l s  t h e  number of kl  i n  Z 

which a r e  l e s s  than  o r  e q u a l  t o  k  and a r e  r e l a t i v e l y  prime t o  k  i n  Z .  

Thus, C = o)z (k ) .  

Proof o f  3 .2 :  

( 1 )  I f  x  = kn is  prime i n  nZ:? t hen  t h e  on ly  d i v i s o r  ( i n  a d d i t i o n  

t o  x )  of x  i n  nZz': i s  1 which is a l s o  r e l a t i v e l y  prime t o  x  i n  nZf:. 

Again, a l l  o t h e r  p o s i t i v e  i n t e g e r s  i n  nZ5 which a r e  l e s s  than  o r  e q u a l  

t o  x  a r e  r e l a t i v e l y  prime t o  x  i n  nZf:. Hence, (finz:,:(x) = <() ( k n )  + 1 nz 
k + 1 .  

( 2 )  Now h 5 ( x )  = P + C + 1 where 

P = t h e  number o f  primes i n  nZ:"- which a r e  l e s s  than  x  and 

r e l a t i v e l y  prime t o  x  i n  nZ:':, and 

C = t h e  number o f  composi tes  i n  nZf: which a r e  l e s s  than  o r  

e q u a l  t o  x  and r e l a t i v e l y  prime t o  x  i n  nZf:. 

(The p resence  of 1 i n  t h e  formula i s  due t o  t h e  f a c t  t h a t  1 is a l s o  

r e l a t i v e l y  prime t o  x  i n  nZ5.) But C = 0 s i n c e ,  by Theorem 2 . 2 ,  no two 

composi tes  i n  nZf: a r e  r e l a t i v e l y  prime i n  nZ*. 

Xow P = t h e  number o f  primes i n  nZ  ̂ which a r e  l e s s  t h a n  x minus t h e  

number >f  primes i n  nZ5 l e s s  than  x which d i v i d e  x  i n  nZf:. 
m ( a )  I f  x  is un ique ly  f a c t o r a b l e ,  t hen  by [ 2 ,  Theorem 2.31,  x  = kn where; 

k = 1 o r  a prime i n  Z. I f  k  = 1, then  t h e  only  prime i n  nZf: which d i v i d e s  
m m z is  i ? .  Hence, anZ5(n ) = rnz(n ) - 1 + 1 = TT (nrn) .  I f  k  is a  prime nZ 

i n  Z ,  t h e  on ly  primes i n  nZfi which d i v i d e  x  a r e  n  and kn. Hence, 
m m m 

: ,... (kn ) = >(kn - 2 + 1 = n ( k n  ) - 1. . u .. 



quely f a c t o r a b l e  t h e  only prime d i v i s o r s  i n  

t Â ¡  by s p l i t t i n g  up k i n t o  i t s  various d i v i s o r s .  

o f  k, t h e r e  a r e  T ( k )  prime d i v i s o r s  of  - z 
(n ) , -  ~ ( k )  + 1. 

which results f r o m  elementary number 

u-a nZ*. For example, the following important 

~ i c t l y  genera l ize  TO these  two s e t s :  I f  p i s  

1 a o r  p b.  The proof of  t h i s  theorem and 

y o t h e r s  i n  u l t imate ly  r e s t  on Euc l id ' s  Divis ion Algorithm, which 

does not appear t o  r e l a t i v i z e  e i t h e r .  

This  l i n e  of  inqui ry  has a l ready  turned o u t  t o  be f r u i t f u l  s i n c e  

we have been a b l e  t o  prove, based on t h e  r e s u l t s  i n  L21, t h a t  t h e r e  a r e  

no odd p e r f e c t  numbers, a  r e s u l t  which w i l l  be presented elsewhere. It 

may be poss ib le  t o  approach o t h e r  problems of number theory using t h e  

techniques presented here and i n  [21. 
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CORRECTION TO ELEMENTARY NUMBER THEORY I N  SUBSETS OF Z ,  I 

m 
should read:  Let x = kn , where m 2 2 and n J' k. I f  n  is  prime i n  Z 

m m 
o r  i f  m Â 2 then TnZ(kn ) = (m - l ) ~ ( k )  = T (n ) ~ , ( k )  and onz(knm) = nZ 

m oz(k)(nm - n ) / ( n  - 1 )  = onz(n )crz(k). 
* 

PYTHAGORAS AND E I N S T E I N  

A r e a d e r ,  Bruce Bushman, Laguna Beach, C a l i f o r n i a ,  has s e n t  t h e  f o l -  

lowing i n t e r e s t i n g  observat ions and d e r i v a t i o n  of a  formula i n  r e l a t i v i t y .  

The clock o r  time e f f e c t  i n  s p e c i a l  r e l a t i v i t y  is a simple app l ica-  

t i o n  of  t h e  anc ien t  theorem of  Pythagoras. Consider a  s c i e n t i s t  r i d i n g  

a  t r a i n  a t  t h e  given speed v .  If he sh ines  a  f l a s h l i g h t  down t o  a  m i r -  

r o r  l a i d  a t  h i s  f e e t ,  he can shine a  pu lse  down and back up i n  a  measured 

time t ' .  While he considers  t h e  path of t h e  pulse t o  be two s t r a i g h t  

v e r t i c a l  l i n e s  of  l eng th  c t ' ,  where c  is  t h e  speed of l i g h t ,  an observer  

ou ts ide  t h e  t r a i n  looking through a l a r g e  window w i l l  consider  t h e  path 

of t h e  pu lse  t o  be t h e  shape of a  "V", o r  along t h e  hypotenuse of each 

of  two r i g h t  t r i a n g l e s  with t o t a l  hor izon ta l  length v t ,  where t is t h e  

time of  t h e  experiment a s  measured by t h e  ou ts ide  observer .  The t o t a l  

length of  t h e  V-shaped path of l i g h t  according t o  t h e  ou ts ide  observer  

is ct. 

Now it i s  time t o  use t h e  Pythagorean Theorem. Let us  s implify by 

using only h a l f  t h e  f i g u r e  (one r i g h t  t r i a n g l e )  a s  shown below. Doubling 

and using t h e  Pythagorean Theorem, 

( c t  12 = ( v t ) 2  + ( c t '  12.  

The au thors  of t h e  preceding a r t i c l e  wish t o  thank Professor  Pau- Our goa l  is t o  i s o l a t e  t '  t o  l e a r n  t h e  r e l a t i o n  between t h e  moving clock 

Schaefer f o r  po in t ing  ou t  an e r r o r  i n  t h e  formulas of Lemma 2 and Theo- and ' the  s t a t i o n a r y  clock. Simple a lgebra  and t h e  f a c t  t h a t  t '  must be 

rem 6 on p. 495 of  t h e i r  previous a r t i c l e ,  Reference [21, above. The p o s i t i v e  y i e l d s  

proofs  of [2] apply a s  wel l  t o  t h e  fol lowing cor rec ted  vers ions :  
t '  = ti1 - (v/c)2 , 

m 
Lemma 2 should read :  Let x = n . I f  n  is  prime i n  Z o r  i f  m 2 2 ,  then which is  E i n s t e i n ' s  famous formula. 

m m - 1 r  
T (nm) = m - 1 and o (n ) = Ir=, n = (nm - n ) / ( n  - 1 ) .  Theorem 6 One immediately deduces from t h i s  t h e  c l a s s i c a l  r e s u l t  t h a t  s ince  
nZ nZ 

t '  < t t h e  moving clock i s  slower than t h e  s t a t i o n a r y  clock.  



For convenience we s h a l l  denote 

x =X Oeo i.?, 

O N  ANALYTIC FUNCTIONS OF A QUATERNION VARIABLE 

By A. M. Buoncyu^fiana 
Oluo S t a t e  Uru.veL4-Ltlj 

In a r e c e n t  i s s u e  o f  t h i s  journa l  Joseph J. Buff [l] discussed a 

charac te r iza t ion  of  an a n a l y t i c  quaternion valued func t ion  of a quater-  

nion v a r i a b l e .  H i s  development was based on a genera l iza t ion  of con- 

vent iona l  complex v a r i a b l e  theory and he deduced t h a t  a quaternion 

valued func t ion ,  a n a l y t i c  according t o  h i s  d e f i n i t i o n ,  had t h e  genera l  

form of a " l inear"  funct ion 

f ( Q )  = cQ + B 

where c is a r e a l  constant  and B a quaternion cons tan t .  In  t h i s  note  

we introduce a d i f f e r e n t  d e f i n i t i o n  of  a n a l y t i c  func t ion  and examine 

it using t h e  a lgebra ic  p r o p e r t i e s  of  quaternions.  Our r e s u l t ,  while 

s i m i l a r  i n  form t o  Buf f ' s ,  allows a wider c l a s s  of a n a l y t i c  funct ions.  

In  f a c t ,  any complex a n a l y t i c  funct ion can be ex
p

ended d i r e c t l y  t o  a 

quaternion a n a l y t i c  funct ion.  

A quaternion can be expressed a s  a l i n e a r  con'.bina'cion of one r e a l  

u n i t ,  e n ,  and t h r e e  imaginary u n i t s ,  e l ,  e,, e 3 :  

.Y = Xoeo + X l e l  +.Y2e2 + z 3 e 3  (1)  

where X , X , X 2 ,  X a r e  r e a l  numbers. Upon m u l t i p l i c a t i o n  of t h e  u n i t s  

among themselves, e a c t s  l i k e  an i d e n t i t y ,  while t h e  imaginary u n i t s  

s a t i s f y  

ekek = -e 
0 

( 2 )  

ekeL = e = m -eLek 

with k,L,m any c y c l i c  permutation of 1 ,2 ,3 .  We can r e a d i l y  see t h a t  t h e  

complex f i e l d  is isomorphic t o  t h e  subsystem of  quaternions obtained by 

s e t t i n g  X = X  = 0 and i d e n t i f y i n g  

x O e p  l e 1  

x0 and? be ing  c a l l e d  t h e  r e d  and imaginary p a r t s  of  X , respec t ive ly .  

The conjugate of t h e  quaternion X, denoted by X, is obtained by r e -  - 
plac ing  t h e  imaginary p a r t  by its nega t ive :  

J = x O e  -1; (4) 
- - -- 

t h i s  opera t ion  (7 -*Â r) i s  an involu t ion ,  t h a t  i s ,  7 = X and XY = XY. 

Furthermore, it is easy t o  v e r i f y  t h a t  

with T(X) and N u )  r e a l  valued func t ions  of  xO,  X I ,  x2, x3 given by 

From t h e  equat ions ( 5 )  it is seen t h a t  every q u a t e r n i o n x  s a t i s f i e s  t h e  

c h a r a c t e r i s t i c  equat ion 

,I2 - T(X),I i N U ) e  = 0; (7 )  

if we regard  (7)  a s  an equat ion over t h e  complex f i e l d  (with e o  omit ted)  

t h e  r o o t s  of  (7 )  a r e  

If f ( z )  is an e n t i r e  func t ion  of t h e  complex v a r i a b l e  z ,  s o  t h a t  

f o r  a l l  f i n i t e  2 ,  
c., 

we def ine  an e n t i r e  funct ion of t h e  quaternion v d a b I e  X t o  be t h e  

corresponding r e p r e s e n t a t i o n  by i n f i n i t e  s e r i e s  
00 

with where i n f i n i t e  s e r i e s  of  quaternions a r e  formulated i n  terms of  l i m i t s  

exac t ly  a s  i n  complex v a r i a b l e s .  There is a s t ra igh t forward  extension 



of t h i s  de f in i t i on  i n  case f ( a )  is  ana ly t i c  i n  some r e s t r i c t e d  domain, 

but  f o r  s impl ic i ty  we consider only e n t i r e  functions here. To exp lo i t  

t h i s  de f in i t i on  we need t o  examine t he  powers of X. Since X s a t i s f i e s  

t h e  quadrat ic  equation (7) each power of X can be reduced t o  a l i n e a r  

function of X. Spec i f ica l ly ,  we have 

X" = A ~ X  + B e 
n 0 (10) 

where A and B a r e  r e a l  numbers s a t i s fy ing  t he  recursion formulas n 

'n+1 = T U I A  + B_ 

Bn+l = -N(X)An 

with i n i t i a l  conditions A = 0, B = 1. The so lu t ion  t o  t h i s  system is  0 
found by noting t h a t  over t he  complex f i e l d  t h e  equation corresponding 

t o  (10) a l s o  holds: 

Thus, 

provided t h a t  A - + 
separa te ly ,  f o r  we 

equations (10) and 

where 

-+ 
X + = 0) .  The c h a r a c t e r i s t i c  r oo t s  of X a r e  given by A t  = Â ± i \ X \  We 

x 
obtain d i r e c t l y ,  with f(X) = e , 

-+ 
-+ 

ixle-iI~l + il;lei\'l -+ 
B(f,X) = = cos I x\, 

2 4 3  

an obvious general izat ion of Euler 's  formula f o r  complex numbers. From 

here it i s  easy t o  obtain a polar  decomposition f o r  quaternions. 

R K M O A ~  1 .  Since a l l  der iva t ives  of a complex ana ly t i c  function a r e  

ana ly t i c ,  we can define a l l  der iva t ives  of f(X). 

Remmk 2.  The de f in i t i on  given here can be extended t o  ana ly t i c  

functions of any power assoc ia t ive  algebra.  In pa r t i cu l a r  it appl ies  

a l s o  t o  octonion valued functions of octonions. Furthermore, s ince  t he  

octonions a l s o  s a t i s f y  t he  quadra t ic  i d e n t i t y  (7)  with T and N a s  given 

by equations (51, t he  general  form of an ana ly t i c  octonion function is 

A i s  non-zero. This l a t t e r  case i s  e a s i l y  handled given by (12) a l so .  - 
-+ 

have A = A if and only i f  \X\ = 0 ,  o r  X r e a l .  Using 
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(11) t o  el iminate i n  equation (9)  we obtain 
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A s  an example consider a purely imaginary quaternion X ( thus ion in tegra t ion  is a l s o  undertaken. --Editor. 
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A NEW PUZZLE 

Victor  Feser ,  S t  Louis, Missouri,  has  pointed ou t  t h a t  t h e  puzzle  

which appeared i n  t h e  F a l l  1973 i s s u e  cannot be solved without a d d i t i o n a l  

information,  such a s ,  f o r  example, a comment by t h e  n a t i v e  a s  t o  t h e  

i d e n t i t y  o f  t h e  o ther  n a t i v e .  We t h e r e f o r e  s t a t e  below a cor rec ted  and 

s l i g h t l y  more involved vers ion ,  and i n v i t e  readers  t o  f i n d  a s o l u t i o n .  

On an i s l a n d  i n  t h e  P a c i f i c  l i v e d  two t r i b e s ,  t h e  Blue men and 

t h e  Green men. The Blue men always t o l d  t h e  t r u t h ,  and t h e  Green 

men always l i e d ,  un less  a Blue man was p r e s e n t ,  i n  which case they 

a l s o  t o l d  t h e  t r u t h .  Once some men were shipwrecked on t h e  i s l a n d ,  

and t h e  n a t i v e s  agreed t o  r e l e a s e  them i f  t h e i r  cap ta in  could so lve  

a puzzle. He was b l indfo lded ,  placed i n  a room with 10 n a t i v e s ,  

and was t o  guess t h e i r  t r i b e s  within 5 minutes, using any c lues  he 

could g e t  from t h e  conversat ion.  One of  t h e  n a t i v e s  spoke inaud- 

i b l y ,  s o  t h e  cap ta in  asked another  n a t i v e  what he had s a i d .  The 

n a t i v e  answered "He s a i d  we a r e  a l l  Green men." The cap ta in  i m-  

mediately i d e n t i f i e d  a l l  t h e  n a t i v e s  and h i s  men were re leased .  

What reasoning l e d  t h e  cap ta in  t o  h i s  conclusion? 

ESSAY ON A 
FIBONACCI-LIKE SEQUENCE 

Consider t h e  sequence: 1, 1, 2, 3 ,  5 ,  8 ,  13,  21,. ... This  i s  t h e  

well-known non- repeating Fibonacci sequence. In  t h e  sequence below we 

consider  a v a r i a t i o n  of  t h e  Fibonacci sequence: Whenever a two-digit 

number is reached, we add t h e  sum of  t h e  i n d i v i d u a l  d i g i t s  t o  form an- 

other  term which rep laces  t h e  two-digit number, and continue t h e  sequence 

i n  t h i s  manner. Thus: 

1, 1, 2, 3 ,  5 ,  8, 4, 3, 7 ,  1, 8 ,  9, 8 ,  8 ,  7. 6, 4 ,  1. 5. 6. 2. 8. 

1, 9 ,  1, 1, 2, 3, 5 ,  8;-- (1 )  

Notice, t h a t  a f t e r  t h e  24th term, t h e  s e r i e s  begins t o  r e p e a t  i t s e l f .  

This  s e r i e s  when added has a t o t a l  of 117. 

Now take  a s i m i l a r  s e r i e s ,  beginning with 1, 3: 

1, 3 ,  4 ,  7, 2 ,  9, 2, 2 ,  4 ,  6, 1, 7,  8 ,  6, 55 2,  7 ,  9, 73 7 ,  5 ,  3 ,  8 ,  2 ,  

1, 3,-â .. Here aga in ,  a f t e r  t h e  24th term, t h e  s e r i e s  begins t o  r e p e a t .  

Also t h e  sum of  t h e  s e r i e s  is 117. Hereafter ,  a s e r i e s  l i k e  t h i s  w i l l  

be termed a q s e r i e s .  

Now, i n  a more genera l  fash ion ,  consider  t h e  following s e r i e s :  

f l  = a ,  f 2  = b,  & = a t b ,  f b  = a + 2b, 

and, i n  genera l  

fn = Fn-2a + F n - p '  

where F is  the  n t h  Fibonacci number. 

Proof. S u b s t i t u t e  f l  = a = 1, and f 2  = b = 1 f o r  equat ion two. 

Thus fn = Fn-?a + Fn-lb, becomes F n = Fn-2 t Fn-l and throughout. 

V e . 6 i i t i k i o n  1 .  I f  a and b a r e  both i n t e g e r s  such t h a t :  



0 < a <  10 and 0 < b <  10 ,  

t h e n  [a t b l *  means t o  add ( a  t b ) ,  and i f  t h e i r  sum exceeds  9 ,  add t h e  

two s e p a r a t e  d i g i t s  of  t h e  sum t o  form one ,  one d i g i t  number.] 

For  example, 

C5 + 7 1  = ~ 1 2 1  = 3  

[8  t 9 1  = ~ 1 7 1  = 8  

Note: For  D e f i n i t i o n  1, i f  a and b  a r e  p o s i t i v e  i n t e g e r s  no t  o f  

t h e  form 0  < a < 10 o r  0  < b  < 1 0 ,  t h e y  may be made of t h a t  form by 
*. 

t a k i n g  [ a ]  o r  Cbl , and adding up t h e  i n d i v i d u a l  d i g i t s ,  s o  t h a t  a  one- 

d i g i t  number is  ob ta ined  ( e .g .  [52]* = 7 ,  ~ 2 1 4 7 1  = 5) .  

TIie.okem 2 .  [a t 91* = a. 

Proof. Nine is  t h e  a d d i t i v e  i d e n t i t y  f o r  t h i s  o p e r a t i o n .  Th i s  is 

because [ a  t 9 1  may be  w r i t t e n  a s  [ [ a ]  t 9 1 .  Here,  0 < [ a ]  < 10 ,  

and i f  [a]* = 1, 2 ,  3 , . . . ,  9 ,  t hen :  

C 1  t 9 1  = [ l o ]  = 1 [2  + 9 1  = ~ 1 1 1  = 2  

[3  t 9 1  = ~ 1 2 1  = 3  [4  + 9 1  = ~ 1 3 1  = 4  

[5  t 9]* = [14]* = 5  [6 t 9 1  = ~ 1 5 1  = 6  

[7 t 9 1  = ~ 1 6 1  = 7 [8  t 9 1  = ~ 1 7 1  = 8  

[9 t 9 1  = ~ 1 8 1  = 9  

Thus,  a l l  p o s s i b l e  v a l u e s  f o r  a have been v e r i f i e d .  

Proof. Tha t  n i n e  a c t s  l i k e  a  z e r o  i n  m u l t i p l i c a t i o n  f o r  t h i s  op- 

e r a t i o n  can be proved by a g a i n  t e s t i n g  a l l  p o s s i b l e  v a l u e s  of  a ;  t h u s :  

[ l - 9 1  = ~ 9 1  = 9  ~ 2 - 9 1  = C 1 8 1  = 9  

~ 3 - 9 1  = ~ 2 7 1  = 9  [4-9]* = [36]* = 9  

[ 5 - 9 1  = ~ 4 5 1  = 9  [6-9]* = ~ 5 4 1 "  = 9  

[ 7 - 9 1  = ~ 6 3 1  = 9  1 8 - 9 1  = 1 7 2 1  = 9  

~ 9 - 9 1  = ~ 8 1 1  = 9  

By app ly ing  D e f i n i t i o n  1, t o  e q u a t i o n  ( 2 ) ,  any g e n e r a l  term of t h e  

q  s e r i e s  may be r e p r e s e n t e d  by t h e  expres s ion :  
q  = [ F n - a  + Fn_.,b1* where n  > 1 and F  = 0. 

'1t may be e a s i l y  shown t h a t  [ a  + b l*  i s  t h e  sum of a  t b  reduced 
modulo 9  -- E d i t o r  

P k o p w t i u  oh the.  q S V L i u  

1. The q  sequence r e p e a t s  a f t e r  eve ry  24 d i g i t s ,  

2. The sum o f  t h e  f i r s t  24 t e rms  of  t h e  q  sequence i s  ~ 1 1 7 1  = 9 .  

3.  The sum of  two d i g i t s  a and b ,  t h a t  a r e  1 2  tern ' s  a p a r t  is - -  
La t b l *  = 9. 

4.  The s e r i e s  c o n t a i n s  two p a i r s  of  r e p e a t e d  numbers. 

& 
P ~ l p U d g  1 .  The q  sequence r e p e a t s  a f t e r  eve ry  24 d i g i t s .  

Proof. L e t  t h e  f i r s t  two t e rms  be a ,  b .  I f  t h e  sequence r e p e a t s  

* a f t e r  eve ry  24 d i g i t s ,  t h e n  t h e  1st and 2nd term should  e q u a l  t h e  25th  

and 26th  term,  and s o  f o r t h .  Using [ F a  t F b l *  f o r  a  g e n e r a l  t e rm 

of t h e  sequence,  t h e n :  . * 
q 2 5  = [F23a +  F2,+bl  and q 2 6  = [F2,,a t F ~ ~ ~ I *  

If t h e  sequence r e p e a t s  a f t e r  24 d i g i t s ,  t h e n  we shou ld  have: 

a = [FZ3a t F2,,b]* and b  = CF2,+a t F ~ ~ ~ I *  . 
By e q u a t i o n  ( 1 )  C F ~ ~ I *  = 1; [F2,,1* = 9;  C F ~ ~ I *  = 1, s o  % = [a t gbl* 

a n d q 2 6  = [ g a t b l * .  B y T h e o r e m 3 ,  [ 9 a 1 * = 9 a n d [ 9 b l *  = 9 ,  s o  

- [a + 91* and q 2 6  = [9 t b l* .  By Theorem 2,  [a t 91* = a and 
'25 - 
[b  + 91" = b ,  s o  q 2 5  = a and q x  = b.  

Note: T h i s  on ly  means t h e  s e r i e s  r e p e a t s  a t  l e a s t  once a f t e r  24 

t e rms .  However, it may r e p e a t  i n  m u l t i p l e s  of  24 ( e . g . ,  1, 8 , - - - ) .  

PfiOpeA-ty 2 .  The sum of  t h e  f i r s t  24 t e rms  of  t h e  q  sequence is  

~ 1 1 7 1  = 9. 

Proof. The f i r s t  few t e rms  of t h e  q  sequence a r e :  

a,  b ,  a t b ,  a t 2b, 2a + 3 b , - - - ,  Fn-?a +  Fn-lb, 

s o  t h e  sum of  t h e  f i r s t  24 t e rms  is: 

But from e q u a t i o n  (11 ,  

and 



[a  + 8a + 9bl*  = [9a  + gbl*  = \'9(a + b ) l *  = 9 

by Theorem 3 .  

PUpWtlj 3 .  I n  t h e  q s'xluence t h e  sum of two d i g i t s  which a r e  

twelve  terms a p a r t  i s  9.  

P~oof. Let  t h e  f i r s t  term e q u a l  CF a + Fn-lbl* and t h e  t w e l f t h  
72-2 

term,  CFn+loa + Fn+llbl*, s o  we must prove t h a t  

CFn-2a + Fn-lb + + Fn+l lb~* = 9, 

o r  

C(54Fn+l + 3 6 F ) a  + (Wf + 5 4 F ) b l  = 9 

by Theorem 3 .  

The q s e r i e s  t o t a l s  117, and r e p e a t s  e x a c t l y  2'1 terms f o r  most 

c a s e s .  Out of 8 1  p o s s i b l e  c a s e s  f o r  (a,b), t h e  q s e r i e s  w i l l  t o t a l  117 

and r e p e a t  a f t e r  24 t e rms ,  wh i l e  f o r  n i n e  p a i r s  t h e  q s e r i e s  w i l l  noc.  

These n i n e  q s e r i e s  e i t h e r  r e p e a t  i n  m u l t i p l e s  of  24 t e rms  (when 

( a , b )  = ( 9 , 9 ) ) ,  o r  r e p e a t  eve ry  8  terms (when ( a , b )  = (3 ,3 ) , (3 ,6 ) ; (3 ,9 ) ,  

( 6 , 3 ) , ( 6 , 6 ) , ( 6 , 9 ) , ( 9 , 3 )  o r  ( 9 , 6 ) ) .  Thus,  a f t e r e e v e r y  24 t e rms ,  t h e  . 

s e r i e s  w i l l  r e p e a t .  These n ine  p a i r s  of  d i g i t s  w i l l  add t o  S(9.9) o r  

(45,45) :  ( 3 , 3 )  + ( 3 , 6 )  + ( 3 , 9 )  + ( 6 , 3 )  + ( 6 , 6 )  + ( 6 , 9 )  + ( 9 , 3 )  + ( 9 , 6 )  = 

(45,45) .  

The q s e r i e s  a c t u a l l y  c o n s i s t s  of on ly  5  d i f f e r e n t  s e r i e s .  There 

a r e  24 p a i r s  ( a , & )  ( e .g .  ( 1 , l ) )  which w i l l  g e n e r a t e  t h e  f i r s t  s e r i e s ,  

24 p a i r s  ( e .g .  ( 1 , 3 ) )  f o r  t h e  second s e r i e s ,  24 p a i r s  ( e .g .  ( 1 , 4 ) )  f o r  

t h e  t h i r d  s e r i e s ,  e i g h t  p a i r s  f o r  t h e  f o u r t h  s e r i e s  ( (3 ,3) , (3 ,6) , (3 ,9) .  

( 6 , 3 ) , ( 6 , 6 ) , ( 6 , 9 ) , ( 9 , 3 )  and ( 9 , 6 ) ) ,  and one p a i r  ( 9 , 9 )  f o r  t h e  f i f t h  

s e r i e s .  

FRATERNITY KEY-PINS AVAILABLE 

Gold key-pins a r e  a v a i l a b l e  a t  t h e  Na t iona l  O f f i c e  a t  t h e  

s p e c i a l  p r i c e  of $5.00 each ,  p o s t  p a i d  t o  anywhere i n  t h e  

United S t a t e s .  

Orders  shou ld  be s e n t  t o :  

P i  Mu E p s i l o n ,  Inc .  
601  Elm Avenue, Room 423 
U n i v e r s i t y  o f  Oklahoma 
Norman, Oklahoma 73069 



THE B I N O M I A L  AND POISSON D I S T R I B U T I O N  
L I M I T  THEOREM V I A  MOMENT GENERATING FUNCTIONS 

P r o f e s s o r  Joseph ;Â¥; Moser has  i n d i c a t e d  a  very  s h o r t  and d i r e c t  

proof  f o r  J o u r n a l  r e a d e r s  o f  +he fo l lowing  w e l l  known :heorem i n  ?rob-  

a b i l i t y  and s a t i s t i c s ,  which avo ids  +he cus-omary use  of d e n s i t y  func-  

t i o n s .  

Theown.  The Binomial D i s t r i b u t i o n  approaches  t h e  Poisson Distri- 

b u t i o n  a s  n  approaches  i n f i n i t y .  

Proof.  The M.G.F. (moment g e n e r a t i n g  f u n c t i o n )  o f  t h e  Binomial 

D i s t r i b u t i o n  is ( 1  t p ( e t  - 1 ) ) .  I f  one l e t s  A = np, one o b t a i n s  

t 
( 1  t \/n(e - 1))" .  NOW l i m  ( 1  + 1,n(et - 1 ) ) "  = e ^ - l ) ,  which is 

n-*' - 
t h e  M.G.F. o f  t h e  Poisson D i s t r i b u t i o n .  

POSTERS A V A I L A B L E  FOR LOCAL ANNOUNCEMENTS I 
A t  t h e  sugges t ion  o f  t h e  P i  !-iu Eps i lon  Counci l  we have had a 

supply  of 10  x 14- inch F r a t e r n i t y  c r e s t s  p r i n t e d .  One i n  each 

c o l o r  w i l l  be s e n t  f r e e  t o  each l o c a l  c h a p t e r  on r e q u e s t .  

A d d i t i o n a l  p o s t e r s  may be ordered a t  t h e  fo l lowing  r a t e s :  

( 1 )  Purp le  on goldenrod s tock  - - - - - - $ l .SO/dosen, 

( 2 )  Purp le  and l avendar  on goldenrod-  - - C 2.00/2czen. 

- 
EVEN ORDER MAGIC SQUARES W I T H I N  MAGIC SQUARES 

1 

I n  p r e v i o u s  a r t i c l e s  i n  t h i s  j o u r n a l ,  magic s q u a r e s  c o n t a i n i n g  

magic s q u a r e s  w i t h i n  them have been cons ide red .  So f a r ,  a l l  o f  t h e s e  - 
have been o f  odd o r d e r .  Here we e x p l o r e  two such magic s q u a r e s  of even 

o r d e r .  I n  F ig .  1 below, we e x h i b i t  a  s i x  by s i x  magic squa re  which con- 

t a i n s  a  f o u r  by f o u r  magic s q u a r e .  

n + ( 3 c t 2 ) b  n - (7c )b  n - ( 5 c t l ) b  n t ( 7 c - 2 ) b  n t ( 5 c t 2 ) b  n - ( 3 c t l )  

FIGURE 1 

Each e lement  o f  t h i s  magic squa re  is  of  t h e  form ( n  + k b ) ,  where n  and 

b  a r e  a r b i t r a r y  whole numbers and k t a k e s  on t h i r t y - s i x  d i s t i n c t  v a l u e s .  

I n  t h e  n o t a t i o n  o f  Strum i n  [2],  t h e s e  v a l u e s  of  k  a r e  g iven  by: 

7 k = q c t p  

where,  w i t h  f o u r  e x c e p t i o n s ,  

and f o r  each va lue  of  q  e x c e p t  q  = - 7,  q  = +7,  

For q = -7, q = t 7 ,  

p  = - 2 ,  -1, 0 .  

The f o u r  e x c e p t i o n s  t o  t h i s  p a t t e r n  a r e  t h e  fo l lowing :  k  = - ( a  t 21, 

k  = t ( c  t 21, k = - ( 5 c  - 2 ) ,  k = +(So - 2 )  a r e  r e p l a c e d  r e s p e c t i v e l y ,  

by k  = - (3c  - 3 ) ,  k = t ( 3 c  - 3 ) ,  k = - (3c  t 31, and k = + ( 3 c  t 3 ) .  

To i n s u r e  t h a t  a l l  t h i r t y - s i x  e lements  a r e  d i s t i n c t ,  it is s u f f i c i e n t  

t h a t  we have c 2 3. 



I t  is  i n t e r e s t i n g  t o  no te ,  t h a t  while n and b may be chosen a s  a r-  

b i t r a r y  whole numbers, it is  impossible t o  produce t h e  "standard" nu- 

mer ica l  magic square of order  s i x  using whole numbers f o r  n and b.  (The 

"standard" numerical magic square of o rder  s i x  i s  t h e  square which con- 

t a i n s  t h e  consecutive whole numbers from 1 t o  36. It  has t h e  magic sum 

of 111, and t h e  f o u r  by four  magic square contained i n  it has t h e  magic 
9 

sum of  74.) For obviously, i n  t h i s  case,  

n = 111 + 6 = 18%. 

Furthermore, we may genera l ize  from t h i s  s e t  of va lues  a s  fol lows:  n e 

may be chosen a s  an a r b i t r a r y  mixed number of t h e  form ( j  + 's), j an 

i n t e g e r ,  provided t h a t  a is  a l s o  of t h e  form ( j  + %), c 2 2% ( t o  insure  

t h i r t y - s i x  d i s t i n c t  values of k ) ,  and b i s  again an a r b i t r a r y  whole num- 

ber .  I t  i s  t h i s  use of numbers of t h e  form ( j  + %) t h a t  exp la ins  t h e  

absence of even numbers a s  va lues  of  q i n  t h e  no ta t ion  

k = q a + p  

For c l e a r l y ,  i f  q were even, a of t h e  form ( j  + % I ,  and n of t h e  form 

( j  + %), we would have a f r a c t i o n  a s  an element of t h e  magic square.  

Fig. 2 e x h i b i t s  an e i g h t  by e i g h t  magic square which contains  a 

s i x  by s i x  magic square and a f o u r  by f o u r  magic square. The s i x  by s i ~  

magic square i n  t h e  middle of t h i s  e i g h t  by e i g h t  magic square is ex- 

a c t l y  t h e  same a s  t h e  one which appears i n  Fig. 1. Therefore t h e  same 

a n a l y s i s  a p p l i e s ,  with t h e  following except ions:  

The values of q a r e  now 

q = -13, -11, -9, -7, -5, -3, -1, 1, 3 ,  5 ,  7, 9 ,  11, 13 

and f o r  each value of q except q = -13, q = +13, 

p = -2,  -1, 0 ,  1, 2 .  

For q = -13, q = +13, 

p = -2, -1. 

There a r e  two more except ions t o  t h i s  p a t t e r n ,  i n  a d d i t i o n  t o  those i n  

t h e  s i x  by s i x  magic square,  a s  fol lows:  k = -(go - 21, and k = +(9c - 2 )  

a r e  replaced r e s p e c t i v e l y ,  by k = -(7a + 31, k = +(7c + 3 ) .  The argument 

with r e s p e c t  t o  n of t h e  form ( j  t $1 s t i l l  ho lds ,  s o  t o  insure  t h a t  t h e  

s ix ty- four  elements a r e  d i s t i n c t ,  it is  s u f f i c i e n t  t h a t  we have c 2 2%. 

In  Lll, Moser proposes t h a t  i f  one uses  l a r g e  enough values f o r  

q and p ,  any odd order  magic square may be constructed which conta ins  

within it successive mapic squares .  Extending t h i s  p ropos i t ion  t o  even 



o r d e r  magic squa res  through t h e  p r e s e n t  pape r ,  t h i s  a u t h o r  i s  of t h e  

op in ion  t h a t  a  magic squa re  of any o r d e r  may be c o n s t r u c t e d  which w i l l  

c o n t a i n  w i t h i n  it success ive  magic squa res .  

REFERENCES 

1. i-loser, Joseph I -i . ,  "Magic Squares Within Magic Squares ,"  t h i s  Journal, 
5 ,  No. 8 (1973) ,  p .  430. 

2. Strum, Robert  C., "Some Comments on ' A  C l a s s  of  F ive  by F ive  Magic 
Squares , '"  t h i s  Journal, 5, No. 6  (1972) ,  pp. 279-280. 9 

1975 NATIONAL MEETING I N  KALAMAZOO 

I t  i s  n o t  t o o  e a r l y  f o r  l o c a l  c h a p t e r s  t o  be making p l a n s  f o r  t h e  

n a t i o n a l  meeting a t  Western Michigan U n i v e r s i t y  i n  Kalamazoo, Michigan 

i n  con junc t ion  wi th  t h e  Mathematical Assoc ia t ion  o f  America. Plan now 

t o  send your  b e s t  undergraduate  speaker  o r  d e l e g a t e  ( o r  b o t h )  t o  t h a t  

meeting. T rave l  money f o r  approved s p e a k e r s  and d e l e g a t e s  is a v a i l a b l e  

from Na t iona l .  Send r e q u e s t s  and proposed pape r s  t o :  

R .  V .  Andree 
Sec re t a ry- Treasu re r ,  P i  Mu Eps i lon  
601 Elm Avenue, Room 423 
The U n i v e r s i t y  o f  Oklahoma 
Norman, Oklahoma 73069 

REGIONAL MEETINGS OF MM 

Many r e g i o n a l  meet ings  o f  t h e  Mathematical Assoc ia t ion  r e g u l a r l y  

have s e s s i o n s  f o r  undergraduate  pape r s .  If two o r  more c o l l e g e s  and 

a t  l e a s t  one l o c a l  c h a p t e r  he lp  sponsor  o r  p a r t i c i p a t e  i n  such under- 

gradua te  s e s s i o n s ,  f i n a n c i a l  h e l p  is  a v a i l a b l e  up t o  $50 f o r  one l o c a l  

c h a p t e r  t o  d e f r a y  pos t age  and o t h e r  expenses .  Send r e q u e s t s  t o :  

R. V .  Andree 
Sec re t a ry- Treasu re r ,  P i  i-Iu Epsi lon 
601 Elm Avenue, Room 423 
The U n i v e r s i t y  o f  Oklahoma 
Norman, Oklahoma 73069 

The judging f o r  t h e  b e s t  e x p o s i t o r y  pape r s  submi t t ed  f o r  - 
t h e  1972-73 s c h o o l  y e a r  has  now been completed. The winners" - - 

--  

a r e  : 

FIRST PRIZE ($200):  Sam W .  T a l l e y ,  Western Kentucky 

U n i v e r s i t y ,  f o r  h i s  pape r  "Niceness o f  t h e  Soc le  and a  

C h a r a c t e r i z a t i o n  o f  Groups o f  Bounded Order" ( t h i s  JownaZ, 

Vol. 5 ,  No. 1 0 ,  pp. 497-502). 

1972-1973 MANUSCRIPT CONTEST WINNERS 

SECOND PRIZE ($100) :  Dan ie l  Mino l i ,  Po ly techn ic  I n s t i -  

t u t e  o f  New York, f o r  h i s  pape r  "Use o f  Matr ices  i n  t h e  Four 

Color  Problem" ( t h i s  Journal, Vol. 5 ,  No. 1 0 ,  pp. 503-511). 

I 

THIRD PRIZE ($50) :  Roseann Mor ie l lo ,  Seton H a l l  Univer- 

s i t y ,  f o r  h e r  pape r  " P a r t i a l  D i f f e r e n t i a t i o n  on a  Met r i c  

Space" ( t h i s  Journal, Vol. 5 ,  No. 1 0 ,  pp. 514-519). 

I -  J 

1971 -72 LOCAL CHAPTER CONTESTS 

During 1971-72 two l o c a l  c h a p t e r s  e n t e r e d  t h e  manuscr ip t  c o n t e s t  f o r  

t h e  f i r s t  t ime ,  and t h e  d e c i s i o n  on winners  h a s  f i n a l l y  been reached.  

MISSOURI GAt41A ( S t .  Louis U n i v e r s i t y ) .  The winner o f  t h e  

$20 award is I k n d  C. SLUO~OAA& f o r  h i s  pape r  "General iz ing 

Binary Operat ions ."  Honorable mention i s  awarded t o  KcUbin 

S t ~ h o A a ,  VOA&O& f^ieiu.ad% and Rob& 1. Gki66-t.n. 

SOUTH DAKOTA BETA (South Dakota School o f  Mines).  The 

winner o f  t h e  $20 award is C f i n t  R. Cote. f o r  h i s  pape r  "A Poly- 

a l p h a b e t i c a l  S u b s t i t u t i o n  Cipher  wi th  a  Pseudo-Random One-Time 

Key." Honorable mention is  awarded t o  BoAboAa J. Bo-4kav-t-C-EeY 

Vde  Kmpp,  and Jane. Vande. Bo^ i^ch~.  

1974-75 CONTEST 

Papers  f o r  t h e  1973-74 c o n t e s t  a r e  now be ing  judged, and we a r e  

r e c e i v i n g  pape r s  f o r  t h i s  y e a r ' s  c o n t e s t  s o  be s u r e  t o  send us your  

pape r ,  o r  your  c h a p t e r ' s  pape r s .  In  order t o  be e l i g i b l e ,  authors must 

nc1t have received a Master's degree a t  the  time they submit t h e i r  paper. 



In tegers ,"  i n  add i t ion  t o  administer ing t h e  Mathematics Field Day involving 

competition among approximately 400 high school  s tudents .  

GLEANINGS FROM CHAPTER REPORTS 

CALIFORNIA ALPHA a t  t h e  Universi ty  of  Ca l i fo rn ia  a t  Los Angeles 

helped sponsor a new program of mathematics i n s t r u c t i o n  f o r  high school 

s tudents  c a l l e d  t h e  I n n o v d u e  h l a t h e n d i ~ l i  Seminm. The program, con- 

ducted through t h e  summer of  1974, was d i r e c t e d  by Je-66 ALpWk and 

P a O k k l  Ywiamoto. Its purpose is  t o  (1)  provide a course i n  t h e  r e a l  

mathematics of  t h e  mathematician t o  high school  s t u d e n t s ,  and (2)  pro- 

vide t h e  experience of  a c t u a l  classroom teaching of mathematics t o  

prospect ive mathematics t eachers .  

CALIFORNIA ETA a t  t h e  Universi ty  of Santa Clara heard P^.o(?uAo^. 

RafiaeJL Rob-uiaon from t h e  Universi ty  of  Ca l i fo rn ia  a t  Berkeley speak on 

"Kroneckerls Two Theorems About Equations with In teger  Coef f ic ien t s ."  

COLORADO DELTA a t  t h e  Universi ty  of  Northern Colorado heard 

Lcwvicnce E .  Go-fcte~eA from t h e  National  Bureau of Standards,  Boulder, 

Colorado, speak about t h e  p rofess iona l  s o c i e t y  i n  Thailand and h i s  ex- 

periences with t h e  Thailand Standards Team. 

DELEWARE ALPHA a t  t h e  Universi ty  of  Deleware heard John Novton of 

t h e  Du Pont Company speak on "Three Levels of Mathematics Found i n  

Today ' s Modern Businesses. 'I 

SiORIDA EPSILON a t  t h e  Universi ty  of  Southern F lor ida  sponsored a 

l e c t u r e  by Pfio6thhon. G ~ m . e A t  RUikhof./i from Harvard Universi ty  on "A Role 

f o r  Computing i n  Undergraduate Mathematics." Outstanding Senior f o r  

1973, Joseph WeA.ntmub, spoke on t h e  t o p i c  "Continued Frc t ions ."  

ELORIDA ZETA a t  F lor ida  A t l a n t i c  Universi ty  heard P&YL V i p ~ l o h ,  

formerly Deputy Superintendent of  Schools, New Rochelle, New York, speak 

on t h e  t o p i c  "The Meaning of  Standard Deviation: A P r a c t i c a l  Approach." 

GEORGIA GAWA a t  Armstrong S t a t e  College sponsored l e c t u r e s  by 

P^.o~U&O^.  Anne L .  HU&OII e n t i t l e d  " Lat t i ce  Po in t s  and t h e  Grea tes t  Common 

Divisor ,"  and VoncLtd &afd-it, a s e n i o r ,  on Fibonacci Numbers. 

ILLINOIS ZETA a t  Southern I l l i n o i s  Universi ty  a t  Edwardsville spon- 

sored a l e c t u r e  by PJLV~UAOA. IhVing Kthh/m on t h e  t o p i c  " P a r t i t i o n s  of  

LOUISIANA EPSILON a t  McNeese S t a t e  Universi ty  sponsored a s e r i e s  of 

6 f i l m  s t r i p s  a t  two meetings on "Uses of Computers and History" by" 

Sundown SweXhata.nyam, d i r e c t o r  of  t h e  computer cen te r .  

MICHIGAN ALPHA a t  Michigan S t a t e  Universi ty  heard 2 s tudents  g ive  

Ã‡ 
t a l k s  on mathematics: Vavc Bowen, on "Bells ,  Braids and Groups" and 

'Conic Sect ions i n  a F i n i t e  Pro jec t ive  Geometry," and Ru4hd C C L ( ? U . ~ C ~  

on I n v e r s i o n  of Power Ser ies  . ' I  

MICHIGAN DELTA a t  Hope College held 12 meetings during t h e  year  and 

heard s e v e r a l  v i s i t i n g  l e c t u r e r s ,  s tudents  and f a c u l t y  members speak on 

a v a r i e t y  of  t o p i c s ,  including P^.of.i.ii&o^. Richaftd Schmidt from SUNY a t  

Buffalo on "A Career i n  S t a t i s t i c a l  Science" and Plof i thh~I .  Dean SommVi5 

on "Geometric Construct ions.  " Student l e c t u r e r s  were Sam Q u n g ,  S a n k  
&own, Bmbcuia W a t t ,  K u A t  A v m y ,  WWLiwn Sc~a.66oft.d, Chmniu.ne hl~ixzek, 

R i c h o ~ d  U e - y v ~ i ,  EU.enoic Thompson, and t\& V-ie-tz . 
MINNESOTA ALPHA a t  Carleton College heard P^.0(<e450^. T ~ V W  fbU&nli 

from Boston Universi ty  speak on "Development of Linear Algebra from t h e  

Turn of t h i s  Century," and sponsored a l e c t u r e  by FJ~anz E .  H0.fh from t h e  

Universi ty  of I l l i n o i s  on "What Is an Automaton" and "The Role of Mathe- 

matics i n  Modern Society."  In  a d d i t i o n ,  s tudent  t a l k s  were presented by 

R-ccl t~~d Splic- he^ and W.cC^ccun lung. 

NEBRASKA BETA a t  Creighton Universi ty  heard PkamoH. Hcmy G& 

(physiology and pharmacology) speak on mathematics from a b i o l o g i s t ' s  

ft 
point  of  view, and sponsored aMathematics  Field Day where approximately 

700 high school  s tudents  p a r t i c i p a t e d  i n  t h r e e  c o n t e s t s :  Chalk t a l k  derby 

( t a l k s  were given on P a s c a l ' s  t r i a n g l e  and t r a n s f i n i t e  c a r d i n a l  numbers), 

l eap  f rog  ( a  speed t e s t )  and marathon ( a  two member team speed t e s t ) .  

NEW JERSEY GAi.1;-IA a t  Rutgers Universi ty  a t  Camden heard l e c t u r e s  by 

P^.of.~&o^. F l a . 1 1 ~ 0 - i f i t  S\viesnmm from Bryn Mawr College on "Is Calculus of  

Any Use i n  Mathematics?" and Pfl.o6u&oi. TJ~oppeA on "The Perfect  Group." 

NEW JERSEY DELTA a t  Seton Hall  Universi ty  heard P^.o~U&O^. John 

Saccotnan speak on "Non-Standard Models." Members of t h e  chap te r ,  A l a n ~ t t ~  
A C b w ,  I . I d / y n  Koby, and Roseann A~o-K.eA^o, and s t u d e n t s ,  (/ic-to^. V e L o ~ e n z o ,  

Shc^dk P C U ~ C A ~ O V I ,  and Tiichcuid hlo-lgan, presented papers a t  t h e  Eastern 



Colleges Science Conference he ld  a t  Worcester Polytechnic I n s t i t u t e ,  

Apr i l  18-20, 1974. The paper by Ro-ieann h(o-UfcÂ£Â£ " P a r t i a l  Di f fe ren t ia-  

t i o n  on a Metric Space" won F i r s t  P r i z e  a t  t h e  conference. 

NEW JERSEY EPSILON a t  S t .  P e t e r ' s  College sponsored a l e c t u r e  by 

H. 0. Po&c~,  Director  of  Mathematical Research a t  B e l l  Labs, e n t i t l e d  

"How t o  Embed an Arb i t ra ry  Graph i n  a Cube." Members o f  t h e  mathematics 

f a c u l t y  p a r t i c i p a t e d  i n  a "Disser tat ion Memoirs" and presented a s e r i e s  

of  t a l k s .  

NEW YORK ETA a t  SUNY a t  Buffalo heard a l e c t u r e  on " P r o b a b i l i s t i c  

P o t e n t i a l  Theory" by PAo((ai40A Ann hi.  P&ch of  SUNY a t  Buffalo. 

NEW YORK P I  a t  S t a t e  Universi ty  College a t  Fredonia sponsored a bus 

t r i p  t o  t h e  Science Center i n  Toronto. 

NEW YORK P S I  a t  Iona College p a r t i c i p a t e d  i n  t h e  Fight Against Mus- 

c u l a r  Dystrophy Carnival  by manning a N I M  booth with t h e  American Mathe- 

matics  Society. 

NORTH CAROLINA GAK-1A a t  North Carol ina S t a t e  Universi ty  heard Pho- 

( (a i - i~h  H u b &  E. Speece t a l k  on t h e  sub jec t  "The Mathematics and Science 

Education Program a t  North Carol ina S t a t e  Universi ty ,"  and a l s o  heard 

t h e  fol lowing s tudent  speakers:  Rob& &ya& Pav-U> Ua.ckwdde~i, ELiza- 

be^th S d h ,  and Afo~yo van daft V&. 

OHIO LAt-JBDA a t  John C a r r o l l  Universi ty  heard a l e c t u r e  by Pho(<ai-ioh 

John Eakm from Kent S t a t e  Universi ty  on "Cardinal and Ordinal Numbers" 

and sponsored a High  S c h o o l  M a t h  Day. 

OHIO NU a t  t h e  Universi ty  o f  Akron heard Ph~i<&A-ioh Ned C. Rabm 

speak on "The Marriage Problem", and p a r t i c i p a t e d  i n  t h e  Ohio Sect ion of  

t h e  American Mathematical Associat ion a t  Muskingham College, May 3 ,  1974. 

OHIO ZETA a t  t h e  Universi ty  of  Dayton sponsored t a l k s  by s t u d e n t s ,  

S teve  S t o n m  on "Computer A r t "  and Btad P l o h  on "The Delta Function and 

Other Such Nonsense." 

PENNSYLVANIA NU a t  Edinboro S t a t e  College was i n s t a l l e d  a s  a new 

chapte r  with 33 c h a r t e r  members on May 4 ,  1974 by C o u n d o h  E-LC.e.cn 

Po&nL, who t a l k e d  on "New Direct ions i n  Mathematics." Following t h e  

i n s t a l l a t i o n  banquet,  'UJUL Aieants gave an e n t e r t a i n i n g  demonstration on 

t h e  Tower of  Hanoi. 

PENNSYLVANIA THETA a t  Drexel Universi ty  sponsored 

Mathematical Aspects of  Long Distance Running" by Pho6u-ion 

0 b l e ~  from Glassboro S t a t e  College. 

RHODE ISLAND BETA a t  Rhode I s land  College sponsored a reg ion  

fe rence  i n  cooperation with Providence College i n  Apr i l ,  1974. T 

were presented by K h k  H o u ~ e ,  ChahLLe Huo-t, John And/i^ozzi, S o u p  

Capdbo,  V a v d  3. V e l  S u t o ,  Eddy J W ,  Cathy A. Gheen, and Ste 

Raymond. 

TENNESSEE BETA a t  t h e  Universi ty  of  Tennessee a t  Chattanooga 

Ph06ai-ioh CLinton Smf.&en speak on t h e  t o p i c  "The Friendship Theo 

and a l s o  sponsored t h e  Eceshan M a t h e m a t i c s  Award. 

TEXAS EPSILON a t  Sam Houston S t a t e  Universi ty  heard a l e c t u r  

"The E l e c t r i f y i n g  Matrix" by Ph06UAoh Joe  Ob>u,en. 

WRGINIA GAi-S-IA a t  Madison College heard two speakers  from t h  

v e r s i f y  of Vi rg in ia :  Ph06aihoh Stephen Hede,tnLenC on "Theory and 

t i o n  of  Trees" arid LuCA^te Whybmn on "The Calcu la t ing  Scotchman: 

Napier." Students  who presented t h e i r  own work i n  mathematics i n  

Audfiey S t o a t  and Nancy EaUaAd. 

WRC-ISIA DELTA a t  Roanoke College heard Ph~l<&A-i~h R. E. Cape 

t h e  Universi ty  of  Vi rg in ia  speak on t h e  t o p i c  "What is an Operat i  

System?" 

WEST VIRGINIA BETA a t  Marshall Univers i ty ,  i n  a d d i t i o n  t o  s c  

s e v e r a l  l e c t u r e s  by p r o f e s s i o n a l  mathematicians, sponsored a Coil 

M a t  which p i t t e d  two teams of  f o u r  mathematics s tudents  and f o  

ty members a g a i n s t  each o t h e r ,  and a second in te rdepar tmenta l  c o l  

bowl i n  which two s tudents  and two f a c u l t y  members from each of  t 

and Mathematics Departments opposed each o ther  (Physics team won). 

WISCONSIN ALPHA a t  Marquette Universi ty  heard JaOtI2 G h o t e l u ~ c h w .  

on " C i r c u i t a l  Approach t o  Tic-Tac-Toe," Pho(<e~-ioh ~0ufl .hh-i  HavU î on 

"Reluctant Functions," and viewed f i lms  e n t i t l e d  "Inversion" and "Maurits 

Escher , P a i n t e r  of Fantasies .  " 



f i n d  P,, t h e  p r o b a b i l i t y  t h a t  t h e  f i r s t  match i s  ob ta ined  when t h e  k t h  

person i s  asked.  A s  366 people must have a t  l e a s t  one match, 

PROBLEM DEPARTMENT 

EdLted by Leon Bank066 
Lob Ange.Ce-4, C&6ohn^.a 

This  department welcomes problems believed t o  be new and, as  a ru l e ,  

demanding no greater a b i l i t y  i n  problem solving than t ha t  o f  the  average 

member o f  the Fraternity .  Occasionally we shal l  publish problems t ha t  

should challenge the a b i l i t y  o f  the advanced undergraduate or candidate 

for  the  Master's Degree. Old problems displaying novel and elegant 

methods o f  solut ion are also acceptable. Proposals should be accompanied 

by solut ions,  i f  available,  and by any information t ha t  w i l l  a s s i s t  the  

ed i tor .  

Solut ions should be submitted on separate sheets  containing t he  

name and address of the solver and should be mailed before the  end of 

May 1975. 

Address a l l  communications concerning problems t o  D r .  Leon Bankoff, 

6360 Wilshire Btlulevard, Li7s Angeles, Cali fornia 90048. 

326. Ptopohed by 

Find s o l u t i o n s  of 

where each u f  t h e  s e t s  

i n t e g e r s .  

327. P-toposed by 

Problems f o r  Solut ion 

Show t h i s  d i r e c t l y .  

329. Phopobed by Bmnwcd C. on, H w t y  Fohd CommuftU.y Co 

Vecmbom, Michigan. 

Show t h a t  f ( x )  = 2x + s i n  x i s  a  s t r i c t l y  i n c r e a s i n g  f u n c t i o n  on ' 
(--, +-) by u s i n g  on ly  p re- ca lcu lus  methods. 

330. Phopobed by R. Robinbon Roue, Sackameitto, C&6ohii^a. 

S t a r t i n g  a t  zero- zero  l a t i t u d e  and l o n g i t u d e  a t  12:OO noon on 

Monday, Rumline Crowe f l e w  h i s  p l ane  a t  a  c o n s t a n t  180 k n o t s  loxodromi- 

c a l l y  North 45' West. Where was he on Tuesday a t  12:OO noon, l o c a l  

s t anda rd  t ime? 

331. Phopohed by Jack Gcm6unkel, F o W  HJULLs. High Schooi ,  New 

Yotk. 

I n  a  r i g h t  t r i a n g l e  ABC, A = 60Â and B = 3 0 '  w i th  D ,  E, F t h e  

p o i n t s  of t r i s e c t i o n  n e a r e s t  A, B, C on t h e  s i d e s  AB, BC and CA r e spec-  

t i v e l y .  Extend CD, AE and BF t o  i n t e r s e c t  t h e  c i r c u m c i r c l e  (0) a t  

p o i n t s  P, Q,  R .  Show t h a t  t r i a n g l e  PQR is  e q u i l a t e r a l .  

332. Phopo~ed by Richcmd F i n M ,  Santa. Monica, C&6o/in^a. 

S e v e r a l  y e a r s  ago I was spending t h e  evening a t  t h e  home of  a  

Zazciu Kcutz, B tv0 i l .y  HÂ¥m.b Cati-dowtia. f r i e n d  who i s  a  mus ico log i s t .  While t h e r e ,  I r e c e i v e d  a  c a l l  from t h e  

t h e  equa t ion  x 2  + y 2  t z2 = a 2 + b2 t c2 + d 2 ,  p r e s i d e n t  of  my company, who a p o l o g e t i c a l l y  t o l d  me t h a t  he  had t r a c e d  

x ,  y ,  z and a ,  b ,  c ,  d c o n s i s t s  of  consecu t ive  me t o  a sk  a  q u e s t i o n  he had t o  answer a t  t h e  nex t  morning 's  board  meet- 

i n g .  S p e c i f i c a l l y ,  was ou r  monthly average r a t e  of  s a l e s  growth ( 6 % )  

Clia-itel U. T'u.gg, Sail V i e g o ,  CaLil(ohn.ia. 

On a  remnant coun te r  t h e r e  a r e  s i x  r o l l s  of  r ibbons  con ta in ing  31, 

1 9 ,  1 7 ,  15 ,  13  and 8 ya rds .  There a r e  two wid ths  of r i b b o n s ,  some r o l l s  

being twice  a s  wide a s  t h e  o t h e r s .  There a r e  no p r i c e  marks,  bu t  a l l  

t h e  r ibbons  s e l l  f o r  t h e  same p r i c e  p e r  squa re  i n c h .  I f  you wish t o  buy 

$14.00 worth of each width ,  buying every  r o l l  but  one,  which r o l l  would 

you l e a v e  on t h e  counter?  

compat ib le  wi th  h i s  f o r e c a s t  t h a t  ou r  b u s i n e s s  would double  i n  t h e  n e x t  

yea r?  I  promised t o  c a l l  him back a s  q u i c k l y  a s  p o s s i b l e  wi th  an  answer.  

A t  f i r s t  I thought  I  would have t o  dash home t o  c o n s u l t  my s l i d e  r u l e ,  

l o g  t a b l e s ,  e t c .  -- b u t  t h e n  i n  a  f l a s h  it occurred t o  me t h a t  my musi- 

c o l o g i s t ' s  l i b r a r y  should  provide  t h e  answer.  And indeed it d i d !  I  

c a l l e d  back i n  5 minutes  wi th  t h e  answer and proceeded wi thout  f u r t h e r  

d i s t u r b a n c e  t o  my s o c i a l  evening.  What do you suppose gave me t h e  

answer? 
328. P-topo~cd by Joe Van Aiz~ tbi, Einohy UIL~.VS>JIA L t y ,  A^Â£aii-Â£ Gea>ig.t.a. 

A group of  366 people a r e  s e q u e n t i a l l y  asked t h e i r  d a t e  of b i r t h .  

Assuming b i r t h d a t e s  a r e  independent and a l l  days a r e  e q u a l l y  l i k e l y ,  



333. Paopo-ied by C h d e - i  U. TJLLgg, Sari. Viego, Cdi{ ,o ' inm.  

Find i n t e g e r s  i n  t h e  s c a l e  of 8  whose 6 - d i g i t  squa res  a r e  permuta- 

t i o n s  of  s e t s  of  consecu t ive  d i g i t s .  

334. P~opo-ied by Richatd F^e^d, Saivta i'~lotuca, Ca.Li@,~.izuJ.. 

What i s  t h e  37th  d i g i t  i n  t h e  decimal  f r a c t i o n  

A f t e r  how many d i g i t s  does  t h e  f i r s t  z e r o  occur?  

335. Proposed by Victor G. Feser, St. Louis University, St. Louis, 

Missouri. 

Problem 65 i n  t h i s  Journal ( f i r s t  p re sen ted  i n  A p r i l  1954; r e -p re -  

s e n t e d  i n  F a l l  1968; so lved  i n  F a l l  1969) showed t h a t  every  s imple  non- 

t r i a n g u l a r  polygon has  a t  l e a s t  one i n t e r i o r  d i a g o n a l ,  i . e . ,  a  d i a g o n a l  

l y i n g  e n t i r e l y  i n s i d e  t h e  polygon. 

a )  Show t h a t  eve ry  s imple  polygon o f  n  s i d e s ,  n 2 3 ,  has  a t  l e a s t  

( n  - 3 )  i n t e r i o r  d i agona l s .  

b )  Show t h a t  f o r  eve ry  n 2 3 ,  t h e r e  e x i s t s  a  s imple  polygon having 

e x a c t l y  (n - 3 )  i n t e r i o r  d i agona l s .  

336. P~opohed by Zazou K a t z ,  B e v d y  H U ^ ,  C ~ o f i i w i .  

On t h e  diameter  AB of a  s e m i c i r c l e  ( 0 )  p e r p e n d i c u l a r s  a r e  e r e c t e d  

a t  a r b i t r a r y  p o i n t s  C  and D  c u t t i n g  t h e  semi- circumference a t  p o i n t s  

E and F r e s p e c t i v e l y .  A c i r c l e  ( P I  touches  t h e  a r c  of t h e  s e m i c i r c l e  

and each o f  t h e  two ha l f- chords .  Show t h a t  PQ, t h e  d i s t a n c e  from P  t o  

t h e  d i ame te r  AB,  is e q u a l  t o  t h e  geometr ic  mean of AC and DB. (See F i g . 1 ) .  

F ^ 
A C Q O D  B 

FIGURE 1 

337. Ptopohed by t h e  PtobLm EcLUoi. 

I f  R ,  r and p denote  t h e  c i r cumrad ius ,  t h e  i n r a d i u s  and t h e  o r t h i c  

t r i a n g l e  i m a d i u s  r e s p e c t i v e l y  of  an  a c u t e  t r i a n g l e  ABC, show t h a t  

d S pR. (The o r t h i c  t r i a n g l e  is determined by t h e  f e e t  of  t h e  a l t i -  

t u d e s  o f  t h e  p a r e n t  t r i a n g l e ) .  

So lu t ions  

284. [Fall 19721 P-ioposed bg Gtego-iy h i c z i f n ,  BiickniU. U n , i v m L t y ,  
L w L i  bufig , Peitii4yCraiua. - 

- -  - 
A ~ o l y g o n a l  number can be d e f i n e s :  

ni 
P ( n )  = [(I,: - 2)n - (m - 4 ) l .  

d An r - d i g i t  a u t ~ m o r p h  i n t e g e r  base  b can be d e f i n e d :  

two- d ig i t  automorph. 

s h a l l  assume t h a t  b  = 2m where m is  odd, m 2 3. Then 

= ( b  + 1)"  ; 2) '  = ( b  + 1 K m  - 1)2 

m - 3  = - . b 2 + 2 ! ! L L .  
2  b + (m + 1 ) .  

in 
Thus t h e  l a s t  two d i g i t s  of  P (b  + 1), a r e  - and m + 1 r e s p e c t i v e l y .  

Also 

2  m + 1  = Ab + (3m - l ) ( i f ;  + l ) b  + (- b  + m + 1 )  
2  

= Ab- + (3m - I ) (m t 1 )  t [ q ] b  + (in + 1 )  

3 7 1  + 1 = A + (- 2  + A ) b  + (n1 + 1 )  
1 

Thus 
m 

3rn - 1 
t h e  l a s t  two d i g i t s  of ? (b  + 1); a r e  7 and m + 1 r e s p e c t i v e l y .  

m 
There fo re  P ( b  + 1 )  is a  two- d ig i t  automorph. b 



297. [ S p r i n g  19731 Piopoied bq R q e r  E .  Kuelll, Ka11fta.i CLty, ML55- 

out!-. 

A t r a f f i c  e n g i n e e r  i s  conf ron ted  wi th  t h e  problem o f  connec t ing  

two n o n- p a r a l l e l  s t r a i g h t  r o a d s  by an S-shaped curve  formed by a r c s  of 

two e q u a l  t a n g e n t  c i r c l e s ,  one t angen t  t o  t h e  f i r s t  road  a t  a  s e l e c t e d  

p o i n t  and t h e  o t h e r  t ouch ing  t h e  second road  a t  a  g iven  p o i n t .  ( F i g .  2 )  

FIGURE 2 

1 )  Determine t h e  r a d i u s  of t h e  e q u a l  c i r c l e s  s y n t h e t i c a l l y ,  t r i g -  

onomet r i ca l ly  o r  a n a l y t i c a l l y .  

2)  I f  t h e  f i g u r e  l e n d s  i t s e l f  t o  an  Euc l idean  c o n s t r u c t i o n ,  how 

would one go about  i t ?  

SoSLLLtt.on by R .  Rob idion Rome, S a c m t t e ~ ~ t o ,  CaLi<oft~ua. 

1 )  A n a l y t i c a l l y ,  t a k e  t h e  o r i g i n  (0 ,O)  a t  p o i n t  5, t h e  c o o r d i n a t e s  

o f  p o i n t  A a t  ( j , k ) ,  and t h e  a n g l e  between t a n g e n t s  a t  C. ( F i g .  3 ) .  

Then 2R2 v e r s  C  + 2R( j  s i n  C  + k  cos  C  + k )  - j 2  - k2 = 0 ,  a  q u a d r a t i c  

e a s i l y  so lved  f o r  R. 

FIGURE 3 

The d e r i v a t i o n  of t h i s  e q u a t i o n  s tems from t h e  f o l l o w i n g  p rocedure .  

Draw Ah' p e r p e n d i c u l a r  t o  BC. Then AW = k  and a n g l e  QAV = a n g l e  C. Draw 

U V  through Q p a r a l l e l  t o  BC i n t e r s e c t i n g  BP a t  U and AW a t  '/. Then - 

U V  = j. Let  a n g l e  PQU = e .  Then PU = 2R s i n  o and UQ = 2R cos  $. I n  

t r i a n g l e  AQV, QV = R s i n  Z and AV = R cos  C. By a l g e b r a i c  a d d i t i o n  o f  

l i n e s  p a r a l l e l  t o  t h e  axes :  

'JQ = U V  - QV, whence 2R c o s  4' = j - R s i n  C, (I) 

PU = BP + A V  - A W ,  whence 2R s i n  0 = R + R c o s  C  - fc . ( 2 )  

Squar ing ( 1 )  and ( 2 )  and adding:  

4R2 cos 2  .t + 4R2 s i n 2  0 = j2 - 2jR s i n  C  + R2 s i n 2  C  + R2 + R2 cos2 C  

+k2 + 2R2 c o s  C - 2kR - 2kR cos  C. ( 3 )  

C o l l e c t i n g  t e rms  and n o t i n g  t h a t  s i n 2  x + cos 2  x = 1, wi th  x = 0 o r  C, 

4 ~ ~ = 2 ~ ~ + 2 ~ ~ c o s C = 2 R ( ~ s i n C + k c o s C + k ) - j ~ - k ~ .  ( 4 )  

Then p u t t i n g  ( 4 )  i n  q u a d r a t i c  form and n o t i n g  t h a t  1 - cos  C  = v e r s  C, 

2R2 v e r s  C  + 2 R ( j  s i n  C  + k  cos  C  + k') - j2 - k2 = 0. ( 5 )  

A s  an  example of t h e  a p p l i c a t i o n  o f  t h i s  e q u a t i o n ,  suppose ( j , k )  = ( 5 , 3 )  

and C  = s i n- ' 0 . 6 .  S u b s t i t u t i o n  i n  ( 5 )  r educes  t o  ft2 + 42R - 85 = 0 ,  

whence R  = - 21  Â /526, wi th  t h e  two s o l u t i o n s  approximate ly  +1 .9  and 

- 43.9,  on ly  one o f  which is  meaningful .  

Equat ion  ( 5 )  can be so lved  t o  e x p r e s s  R e x p l i c i t l y  i n  t e rms  o f  j ,  

k and C, b u t  t h e  e x p r e s s i o n  i s  unwieldy -- wi th  8  terms under t h e  

r a d i c a l .  

2 )  C o ~ z i t A u d ~ n .  (See F ig .  4 ) .  E r e c t  AD L AC and BE 1 BC. On 

AD l a y  o f f  any d i s t a n c e  A F ,  and from F l a y  o f f  FG = AF and p a r a l l e l  t o  

BE. From A a s  a  c e n t e r  and r a d i u s  AG s t r i k e  an a r c ,  and from B  a s  a  

c e n t e r  and 2AF a s  a  r a d i u s  s t r i k e  a n o t h e r  a r c  i n t e r s e c t i n g  t h e  f i r s t  a t  

H and I. Do l i k e w i s e  w i th  a n o t h e r  d i s t a n c e  A J ,  making JK = A J  and pa r-  

a l l e l  t o  BE, t h e n  s t r i k i n g  t h e  a r c  A(AX) and a r c  B(2AJ) i n t e r s e c t i n g  a t  

L and M. C o n s t r u c t  a  c i r c u l a r  a r c  through L . H .  I and 14. (Any 3 of t h e  

p o i n t s  w i l l  s u f f i c e ,  and t h e  c e n t e r  i s  on t h e  e x t e n s i o n  o f  BA). Draw 

l i n e  AGK i n t e r s e c t i n g  a r c  LHIM a t  N. Draw l i n e  BI? and b i s e c t  i t  a t  0 .  

Then BO is  t h e  r e q u i r e d  r a d i u s  3. 

Proof :  Complete t h e  c o n s t r u c t i o n  o f  t h e  r e v e r s e d  curve  wi th  cen-  

t e r s  a t  P  and Q  and r e v e r s e d  tangency a t  T .  I n s t e a d  of s o l v i n g  f o r  a  

3- l i n e  l i n k a g e  BP - PQ - QA, we s u b s t i t u t e  t h e  2- l ine  l i n k a g e  BN - H A ,  

i n  which NA i s  t h e  v e c t o r i a l  sum of NQ and QA.  The l o c u s  of a l l  p o i n t s  



wi th  a  r a t i o  of  d i s t a n c e s  from B and A e q u a l  t o  BI'J/NA i s  a  c i r c u l a r  a r c ,  

de f ined  by l o c a t i o n  of  3 o r  more p o i n t s  on t h e  a r c .  Th i s  was done wi th  

v e c t o r i a l  a d d i t i o n  through F and J t o  G and If. 

FIGURE 4 

We s h a l l  show how t o  c o n s t r u c t  t h e  d e s i r e d  c i r c l e s  a t  g iven p o i n t s  P 

and Q on roads  m and n r e s p e c t i v e l y .  Let  t h e  pe rpend icu la r s  t o  m a t  P 

and t o  n a t  Q meet a t  p o i n t  R ( s e e  F ig .  5). The problem is  then  equiv-  

a l e n t  t o  l o c a t i n g  p o i n t s  A on l i n e  PR and B on l i n e  QR s o  t h a t  2PA = AB 

= 2BQ. Then A and B a r e  t h e  c e n t e r s  o f  t h e  d e s i r e d  c i r c l e s .  The Eucl id-  

ean c o n s t r u c t i o n  is  by t h e  " r u l e  of  f a l s e  p o s i t i o n" .  Choose any conven- 

i e n t  l e n g t h  s and mark A on PR and B' on QR s o  t h a t  s = P A  + QB'. 
Swing an a r c  of  r a d i u s  2s with  A a s  c e n t e r  t o  c u t  a t  B t h e  p a r a l l e l  t o  

PQ through B'. How P B  c u t s  RQ a t  B, one o f  t h e  d e s i r e d  c e n t e r s .  On 

PR mark PA = QB. 

To prove t h i s  c o n s t r u c t i o n ,  draw through B t h e  p a r a l l e l  t o  QR t o ,  

c u t  PR a t  . ?  and PQ a t  Q .  I n  t r i a n g l e  P.'? Q we have 2 P A  = A B = 2B1Q1 1 1  1 1  
by c o n s t r u c t i o n .  Now a  homothety wi th  P a s  c e n t e r  maps Ql t o  Q, R, t o  

?, and B t o  B. (See  Dodge, Euclidean Geometry and Transformations, - 
- .  

Problem 28.10 f o r  t h e  s i m i l a r  problem r e q u i r i n g  PA = AB = BQ.) 

FIGURE 5 

The f,̂ ut 12oA-t of, thci pkvbtem wcu. d o  i o i u i d  by JOHN TOM HURT, 

T ~ X O A  A 6 hl U n i u m i t y  and by C .  STANLEY OGILVY, Hamil ton CoSLSLegi, CLLn- 

t o n .  New Yokk. D r .  Ogilvy provided a  g e n e r a l  a n a l y t i c  s o l u t i o n  f o r  t h e  

r a d i u s  o f  any d e s i r e d  number of e q u a l  c i r c l e s  connect ing t h e  two r o a d s .  

The p ropose r ,  M r .  Roger Kuehl, de r ived  a  q u a d r a t i c  equa t ion  f o r  t h e  

s o l u t i o n  of  t h i s  problem us ing  a l g e b r a i c  methods. I t  is i n t e r e s t i n g  t o  

no te  t h a t  t h i s  problem happened t o  be a  p r a c t i c a l  one confronted by 

T r a f f i c  Engineer  Kuehl. 

303. [ F a l l  19731 Pkopmid  by Pc.tm A.  LindSi-Uom, G i n a i e .  ~ommun i t y *  

CoUe.gi, EcLta.uh, Nw Y m k .  

By means of an  e , 6  proof on ly ,  show t h a t  a polynomial f u n c t i o n  is  



continuous a t  any r e a l  number. 

S o l u t i o n  by C l a y t o n  U.  Dodge., U n i u m U y  0 6  McLine. at Ohono. 

n k 
Let f ( x )  = Lo akx . We show t h a t  l i m  f ( x )  = f ( b ) .  I f  f ( x )  i s  

m b  
cons tan t ,  choose 6 = 1 and t h e  proof is  easy. Thus assume t h a t  fix) i s  

not  a cons tan t .  Now choose e > 0 and l e t  

Whenever \ b  - x \ 

\ f ( b )  - f ( x ) \  = 

- - 

n k 
6 = min ( 1 ,  ~ / 2  klak ( l b l  + 1 )  1. 

< 6 ,  we have 

< E .  

A&o 4otve.d by VICTOR G. FESER, S t .  Lo&, M h ~ o u / n . ,  and by t h e  
Phopob a. 

304.  [ F a l l  19731 Phopo&e.d by C h a h l u  U .  T fugg,  San Diego, CULL- 

60hM^a. 

(A) One of t h e  f o u r  d i g i t s  1, 2, 3 ,  4 is  placed a t  t h e  midpoint of 

each edge of a cube i n  such a manner t h a t  f o u r  d i f f e r e n t  d i g i t s  a r e  on 

t h e  perimeter  of each square f a c e .  

(B) The d i g i t s  a r e  placed on t h e  v e r t i c e s  of t h e  cube s o  t h a t  aga in  

t h e r e  a r e  f o u r  d i f f e r e n t  d i g i t s  on t h e  perimeter  of each f a c e .  

Show t h a t  i n  each case t h e  clockwise c y c l i c  order  of t h e  d i g i t s  i s  

d i f f e r e n t  on each f a c e .  

S o i u t i o n  by C l a y t o n  W .  Dodge., U h ~ i L t y  0 6  hluine. at Ohono. 

. (A) We may choose 1, 2,  3 ,  4 f o r  t h e  four  consecutive edges of 

one face .  Then edge a ( see  Fig. 6 )  is  common t o  both t h e  r i g h t  and 

lower f a c e s ,  s o  a # 1 and a # 2. By symmetry it is immaterial whether 

a = 3 o r  a = 4, s o  l e t  a = 3. Then we must have b = 2,  c = 1, and 

d = 4. Also e = 4,  f = 3, g = 2, and h = 1 a r e  forced .  I t  i s  e a s i l y  

seen t h a t  a l l  s i x  p o s s i b l e  c y c l i c  arrangements a r e  represented on t h e  

s i x  f a c e s .  We a l s o  observe t h a t  each given number l a b e l s  t h r e e  mutually 

FIGURE 6 FIGURE 7 

(B) We may choose 1, 2,  3 ,  4 f o r  t h e  f o u r  consecutive v e r t i c e s  of 

one face  without l o s s  of g e n e r a l i t y .  Then ver tex  a ( see  Fig.  7)  i s  

common t o  both t h e  upper and r i g h t  f a c e s .  Hence we must have a = 3. 

Now b = 4, c = 1, and d = 2 fol low. Again a l l  s i x  arrangements a r e  r e -  

presented on t h e  f a c e s .  Notice here t h a t  each number must l a b e l  two 

opposi te  v e r t i c e s .  

A^io 4oive.d by VICTOR G .  FESER, S t .  L o u d ,  h 1 h ~ o u A l ;  CHARLES H. 

LINCOLN, RcLicLgh, N. C.; BRUCE LOVETT, R a t g m  Co t iege ,  New &1.ufl~wJick, 

N. J. ;  J I M  METZ, Sp^ngdJie^d, l f i n o h ;  PAOLO RANALDI, A h o n ,  Ohio; 

TERRY SMETANKA, UiM.vm.l t i /  0 6  Tokkdo, ToJkdo, Oluo; and the  Pfiopo^>e~. 

305.  [ F a l l  19731 Ptopot,ed by Jack GaAf^uiikel, F r ' l u t  HiÛ  High 

Sc l ioo i ,  NPCJ Yctk .  

In ai acu te  t r i a n g l e  A X ,  AF is an a l t i t u d e  and F is a po in t  on AF 

such t h a t  AP = 2r ;  where r is the in rad ius  of t r i a n g l e  ABC. I f  D and E 

a r e  t h e  p ro jec t ions  of F upon AB and AC r e s p e c t i v e l y ,  show tha t  t h e  

perimeter  of t r i a n g l e  ADE is equa l  t o  t h a t  of t h e  t r i a n g l e  r'f l e a s t  

per imeter  t h a t  can be inscr ibed  i n  t r i a n g l e  ABC. 

S o l u t i o n  by Zazou K a t z ,  Eev&y HWLk, C c i t i ~ o h n h .  

I t  is known t h a t  t h e  t r i a n g l e  of minimum perimeter  inscr ibed  i n  

an acu te  t r i a n g l e  ABC i s  i t s  o r t h i c  t r i a n g l e ,  determined by t h e  f e e t  

of t h e  a l t i t u d e s  from A ,  B and C. Furthermore, t h e  perimeter  p of 

t h e  o r t h i c  t r i a n g l e  i s  equa l  t o  twice the  a r e a  of t r i a n g l e  ABC d i-  

vided by i ts  circumradius R .  (See N .  A .  Court,  College Geometry, 

Barnes and Noble, 1952, p. 100). Hence: 

P = 
+ + =  sin A + s i n  B + s i n  C). 

R 

skew edges. 

The p o i n t s  A ,  D ,  P ,  E a r e  concycl ic ,  ly ing  on t h e  circumference 



of  a  c i r c l e  whose diameter  AP i s  e q u a l  t o  2 ~ .  So 

AD = 2r  s i n  APD = 2~ s i n  B, 

AE = 2 r  s i n  APE = 2 r  s i n  c ,  

and 

DE = 2r  s i n  EAD = 2 r  s i n  A .  

I t  fo l lows  t h a t  t h e  pe r ime te r  of t r i a n g l e  ADE is  e q u a l  t o  

2 r ( s i n  A + s i n  B + s i n  C) 

and i s  t h e r e f o r e  e q u a l  t o  t h e  pe r ime te r  of  t h e  o r t h i c  t r i a n g l e .  

AL5o .5uLwed by CLAYTON W. DODGE, U n L w m a y  0 6  hlaine at Ohono; 

DAVE LOGOTHETTI,  U n L w m L t y  0 6  S a d  C L m ,  C a f i 6 o t n i a ;  R .  ROBINSON 

ROWE, Sackame~~to,  C&6otnLa; and t h e  Phopoba. 

3 0 6 .  [Fall 19731 Pmpobed by Vawid L. S d w m a n ,  Lob A n g e l a ,  

C ~ L ~ ~ O ~ I L L U .  

On a l t e r n a t e  days  A and B p l a y  games t h a t  a r e  s i m i l a r  excep t  w i th  

r e s p e c t  t o  t h e  q u e s t i o n  of  which p l a y e r  does  t h e  paying.  I n  bo th  ve r-  

s i o n s  A s e l e c t s  one number from t h e  s e t  ( 1 ,  2, 3 )  and B s e l e c t s  two 

numbers from t h e  same s e t .  I f  t h e  two s e l e c t i o n s  a r e  d i s j o i n t ,  no  pay- 

ment is  made. I f  t h e  two s e l e c t i o n s  have a  number i n  common, t h e  "payer1' 

pays t h a t  number of d o l l a r s  t o  t h e  " rece ive r" .  They a l t e r n a t e  d a i l y  i n  

assuming t h e  r o l e s  of  payer  and r e c e i v e r .  Does t h e  arrangement f a v o r  

e i t h e r  p l a y e r ?  

SOLI.U~OII bq t h e  s a d  C L m  U n i u m i t y  G a m u t m :  hl. C h b U n ,  T.  

Pe~t~t&o, h i .  Fay, J .  hlooae, V .  Wong, J .  Vechene, and K .  V d y .  

This  problem may be  analyzed wi th  e lementary  game t h e o r y .  On t h e  

day when B pays A ,  we s e t  up t h e  fo l lowing  payoff m a t r i x  f o r  t h e  game: 

So lv ing  t h i s  game by t h e  s implex a l g o r i t h m ,  we f i n d  t h a t  A ' s  op t ima l  

s t r a t g y  i s  (0 ,  - 6 ,  . 4 ) ,  t h a t  i s ,  he should  avoid  choosing 1, p ick  2  60% 

o f  t h e  t ime ,  and 3  40% of  t h e  t ime;  B1s  op t ima l  s t r a t e g y  is  ( - 6 ,  - 4 ,  O), - 
t h a t  is ,  he should  s e l e c t  t h e  p a i r  ( 1 , 2 )  60% of  t h e  t ime and ( 1 - 3 )  40% - 

of t h e  t ime.  With t h e s e  op t ima l  s t r a t e g i e s ,  t h e  va lue  of t h e  game is 

1 . 2 ,  s o  t h a t  B expec t s  t o  pay $1.20 on t h e  average when p lay ing  t h i s  

v e r s i o n  of  t h e  game. 

On t h e  day when A pays B, we s e t  up a  s i m i l a r  payoff m a t r i x :  

B -r 
A 

-3 - 3  

The e n t r i e s  i n  t h e  m a t r i x  a r e  now n e g a t i v e ,  s i n c e  A is paying B. 

The o p t i m a l  s t r a t e g i e s  i n  t h i s  c a s e  a r e  ( 1 ,  0 ,  0 )  f o r  A and any convex 

combinat ion of  (213, 113, 0 )  and (112,  112,  0 )  f o r  B .  With t h e s e  o p t i -  

mal s t r a t e g i e s ,  t h e  v a l u e  of t h e  game is -1, s o  t h a t  A e x p e c t s  t o  pay 

B $1.00 on t h e  average.  

I n  t h e  long r u n ,  t h e n ,  A w i l l  r e a p  an  average g a i n  of  20C eve ry  

two days .  Thus t h e  game f a v o r s  A. 

A&o boLwed by R. ROBINSON ROWE, s a ~ ~ ~ ~ ~ e n t o ,  C&6ohnh; ZAZOU 

KATZ, B e w d q  H i L t b ,  C a l i 6 o h n h ;  and t h e  Phopoba. T h e e  i n c o m e &  

b0khCion.h W a e  hec&bed. 

3 0 7 .  [Fa1 1 19731 Phupobed by R.  S i w a t m a h $ h n a ~ ~ ,  Goweh~ment 

, E n g i n e h n g  CoUegel T k i c h u t ,  I n d i a .  

Let ~ ( n )  denote  t h e  number of  d i v i s o r s  o f  n. For squa re- f ree  n 

g r e a t e r  t han  1, prove t h a t  ~ ( n ~ )  = n i f  and only  i f  n = 3 .  
' S o L d o n  by Bob P&i&pp, The U n , i w m d y  0 6  W L ~ C O I ~ ~ ~ I I ~  05hkobh, W ~ ~ C V I I -  

 in. 

Since n  is  s q u a r e- f r e e  and g r e a t e r  t han  1, n = plp2. - .pk where p l ,  

p 2 ,  - - .  ,p a r e  d i s t i n c t  prime numbers. 1- n = T(??' ) , t hen  t~ = (p12p22 . - p k 2 )  
k  

- k = 3 3 . . . 3 [k  f a c t o r s  of 3; = 3 . Thus 71 = 3 because i! is  squa re- f ree .  . 

The f a c t  t h a t  i f  n = 3 then  ~ ( n ~ )  = n i s  immediate.  

S h a a t  b o L u t i o ~ u  ~ u m e  066med by CLAYTON W. DODGE, U I L L W C A ~ L ~ ~  0 6  
h l ~ n e  at O~OIIO;  V I C T O R  G .  FESER, S t .  LClL5, \ . I L $ A O L ;  RICHARD A.  G I B B S ,  

Fo& Lewh CoUege, Vutango, CoLofiado; CHARLES H. L INCOLN,  Rd&gh ,  N. C.; 



PETER A.  LINDSTROM, G e n a e e  Community Co l l ege ,  Eatau ia ;  BRUCE LOVETT, 

R d g m  Co&ege, N w  &urnw ick ,  N. J . ;  T .  E .  MOORE, W d g w c z t m  S t a t e  

Co l l ege ,  Ba idgwcz tm,  blab.; D A V I D  A. ROSEN, C o k n a  U n i v m d y ,  l t h a c a ,  

N w  Yoak; t h e  U n i u m L t y  06 Santa  C b  Pkoblem S o l v i n g  S ~ ~ ~ I I L V L ;  and t h e  

Pkop~beh.  

3 0 8 .  [ F a 1  1 1 9 7 3 1  Pkopobed by C .  S. Venkcztutuman, Skee Km& V m a  

CoUege, T a i c h w ~  4 ,  South  ln&a. 

Defining a  p rope r  number a s  one which is e q u a l  t o  t h e  product  of  

a l l  i t s  p rope r  d i v i s o r s ,  show t h a t  an  i n t e g e r  is  a  proper  number i f  and 

only  i f  it is  t h e  cube of  a  prime o r  t h e  product  o f  two d i f f e r e r ' t  primes.  

S o l h o n  by C lay ton  W .  Dodge, U n i u m L t y  06 !.laine a2 Ukono. 

A proper  number n  has  e x a c t l y  t h r e e  d i s t i n c t  proper  f a c t o r s ,  namely 

1, a ,  and b ,  wi th  a b  = n .  I f  a and b a r e  d i s t i n c t  primes o r  i f  a = p 

and b  = p 2  f o r  any prime p ,  t h e n  t h e  d e f i n i t i o n  i s  s a t i s f i e d  f o r  n  t o  be 

p rope r .  Any o t h e r  f a c t o r i z a t i o n  f o r  a  number n  l e a d s  t o  l e s s  than  o r  

more than  t h r e e  p rope r  d i v i s o r s ,  s o  such n  cannot be  p rope r .  

ALbo bo lved by VICTOR G. FESER, S t .  Lad, h l h b o u k i ;  RICHARD A.  

GIBBS, F o ~  L e d  Co l l ege ,  D m n g o ,  Colomdo;  CHARLES H. LINCOLN, R d c L g h ,  

N. C.; BRUCE LOVETT, R d g a s  Co l l ege ,  N u  & u r n u i c k ,  N. J . ;  T .  E. MOORE, 

B a i d g w a t u t  S t a t e  CoLCtge, E k i d g a u d m ,  / . fab .; BOB P R I E L I P P ,  The U L u m -  

b a y  06 W d c o n ~ i n - U b h k o b l ~ ;  PAOLO RANALDI,  A h o n ,  Uluo; W I L L I A M  J .  RICKERT, 

Tons R L i ~ e t ,  N. 3.;  D A V I D  A. ROSEN, Cokn& U n i v m d y ,  l t h a u ,  N. Y . ;  

and t h e  Pkopobm. 

3 0 9 .  [ F a l l  1 9 7 3 1  Pkopobed by Gkegoky W d c z y n ,  BUC~II& U n i u m L t y ,  

Le1Ui.A b u g  PennA y l v a k .  

Find t h e  volume of  t h e  s o l i d  formed by t h e  e l l i p t i c  pa rabo lo ids  

2h - z = ax2 + by2 and z = ex2 + dy 2,  where a ,  b ,  c ,  d and h  a r e  a l l  

p o s i t i v e .  

SoluaXon by -the Pkopobm. 

The r e g i o n  E i n  t h e  XY p lane  is  i h e  e l l i p s e  ( a  + c ) x 2  + ( b  + d ) z ~ ~ = 2 h :  

5 - - -  - 
Let  x  = u d x  , y  = v{& , and C be t h e  u n i t  c i r c l e .  Then 

a + c  

ALbo b ~ l u e d  by GUS MAVRIGIAN, Youngb-towll S t a t e  U n i ~ ~ L t y ,  youflgb- 

.town, OILLO and by R. ROBINSON ROWEl Samamtnto ,  C ~ 6 o k ~ ~ .  

3 1 0 .  [ F a 1  1 1 9 7 3 1  Pkopobed by Sidney P e n ~ l m ,  &VIIX Community Col -  

Lege, & V I I X ,  N w  Yotk .  

I f  x  ana y  a r e  i n t e g e r s  and x  < y  t h e n  l e t  [ x , y l  = { z :  x  5 z 5 y ,  

and z i s  an  i n t e g e r ) .  Also ,  f o r  any s e t  S, l e t  U(S) be t h e  c a r d i n a l  

number of S. 
k  

Let  n  and k  be p o s i t i v e  i n t e g e r s  wi th  k  > 1 and l e t  G = [2 , (2n )  -11. 
k  

I f  V i s  a  s u b s e t  of G  such t h a t  N(V) = (271)~  - 2n and V # [2n,  ( 2 n )  -11 

then  t h e r e  a r e  a t  l e a s t  two d i s t i n c t  members of V each of  which is  t h e  

product  of k  members ( n o t  n e c e s s a r i l y  d i s t i n c t )  o f  V.  

SoluaXo~t by -the Pkopobeh. 

The key t o  ou r  proof  ( a s  we s h a l l  show) is  t h a t  a  d e s i r e d  product  
, w i l l  e x i s t  i n  which ( a t  l e a s t )  k  - 1 of  t h e  m u l t i p l i c a n d s  w i l l  be t h e  

s m a l l e s t  element of V. The case  n  = 1 is  vacuously t r u e ;  assume n  > 1. 

L e t  V 1  be t h e  complement of  V ( r e l a t i v e  t o  GI; c l e a r l y  W 1  = 2n - 2. 

Let  m be t h e  s m a l l e s t  element of  V; c l e a r l y  2  5 rn 5 2n - 1. 

Case I.  2  S m  5 n .  
k  

Le t  c = 2  n  - 1. 
k- 1 - 

2m - g 2  



k k-1 k Since gc = ( 2  n - 1)m 5 ( 2  n - l ) nk - I  S (2nlk  - 1 ,  we see t ha t  g 2 Â  
k g 3 , - .  .Â¶g are i n  G. Since NV' = 2n - 2 there are a t  l eas t  2 n - 2 

k - (4n - Q )  = ( 2  - Qh t 2 equations o f  ( 1 )  a l l  of  whose elements are 

i n  V .  

Case 11. 

Lemma. I f  n and j are pos i t ive  in tegers  then - 
(271 - 1lJ 5 (2nlJ  - 1.  

fioof. Easily  done by induction on j ;  we omit the  d e t a i l s .  

k-1 - ( n + l ) m  -hntl  

( n  t 2)mk-l = hnt2 

( 2  1 

(2n)mk-l - - h2n 

(2n t 1)mk-' = h2ntl 

I f  k = 2,  then h2ntl = (2n + 1)m S (271 t 1 ) ( 2 n  - 1 )  = 4n2 - 1.  

I f  k > 2Â  then h2n+l 5 (2n t 1 ) (2n  - ilk-' = (2n t 1 ) ( 2 n  - 1 ) ( 2 n  - l)k-2 

5 (4n2 - 1 ) [ ( 2 n )  k-2 - 11 a (2nlk  - (2n)k-2  - 4n2 t 1 < (2nlk - 1.  

Hence we see t ha t  the hi o f  ( 2 )  are i n  G. Since NV' = 2n - 2 and C2,nI 

i s  a subset o f  V' , there are n - 1 unknown elements of  V' . 
Since 2n t 1 < n2 t 2n t 1 = ( n  t 1 l 2  5 ( n  t l ) ( n  + ilk-' 5 

( n  t l )mk-I  = hntly we see t ha t  the  s e t  ( n  + 1 ,  n t 2 y . - - ,  2n + 1 ,  hntl, 

h n + 2 , - . - ,  h2ntl) has 2(n  t 1 )  elements. Hence there are a t  leas t  two 

equations o f  ( 2 )  a l l  o f  whose elements are i n  V .  

RCJ?l&k. The case G = [2,99] (w i th  n = 5 ,  k = 2 )  and V = ( 9 ~ b ~ [ l l y 9 9 ]  

shows t ha t  our r e s u l t  i s  bes t  possible i f  it does not include n or k .  

311.  [Fa1 1 19731 Ptopohed by C W e h  W. T&igg, Sun V i e g o ,  C u . l L 6 0 t n k  

On opposite s ides o f  a diameter o f  a c i r c l e  with radius a t b two 

semicircles with r a d i i  a and b form a continuous curve t h a t  divides t he  

c i r c l e  i n t o  two tadpole-shaped parts. 

( i )  Find t h e  angle t ha t  t h e  join o f  the  centroids o f  t he  two com- 

ponent parts makes with t he  given diameter o f  t h e  c i r c l e .  

( i i)  For what r a t i o s  a: b does t h e  continuous curve pass through 

one o f  t h e  centroids? 

(iii) When a = b ,  find t he  moment o f  i n e r t i a  o f  one o f  t h e  component 

areas about an ax i s  through i t s  centroid and perpendicular t o  i t s - p lane .  

FIGURE 8 

S o W o n  by Xhe P t o p o ~ a .  
In t h e  conventional manner designate t he  semicircle wi th  center F 

by ( f l  ( s e e  F i g .  8). The r a d i i  and areas o f  (D l ,  ( J ) ,  and ( F )  a r e b y  

a Â  a t b and nb2/2,  na2/2Â ~ ( a  t b12 /2 ,  respec t ive ly .  For t he  tadpole 

areas, A = ( J )  t (F) - (Dl and B =  (Dl t (EJ - ( J ) .  

Pappus' second theorem s ta t e s  t ha t  t h e  volume o f  a sol id o f  revolu- 

t i o n ,  formed by revolving a plane area about a l i n e  i n  i t s  plane not 

cu t t ing  t he  area, i s  equal t o  the  product o f  the  ~ e n e r a t i n g  area and t h e  

circumference o f  t h e  c i r c l e  described by t he  centroid o f  t he  area. 

The center o f  gravity  o f  a semicircle f a l l s  on t he  radius r perpendi- 

cular t o  t h e  diameter a t  a distance d from t h e  diameter. Rotating the- 

area about the  diameter generates a spherical volume. Thus 

4nr3/3 = ( i ~ r ~ / 2 ) ( 2 ~ i ) ,  so d = Qr/37~.  



( i )  I f M ,  Q,  N, P ,  W, and Vare t h e  cen t ro ids  of (Dl, (n,  ( J I a  

(F) - (Dl, A ,  and B r e s p e c t i v e l y  a then DM = 4b/3lr, EG = &(a + b)/3lr, 

and NJ = Qa/3lr. Fwthermore, D F =  H J  = JX = a a  and CD = D G  = FJ = b. 

Using h o r i z o n t a l  moment arms-- 

Taking moments about Q: 

nb2 =(a + b I 2  lrb2] a*- = F G [  
2 2 

Eliminat ing FG and solving,  
b 

F I = - .  
2 

Using v e r t i c a l  moment arms-- 

Taking moments about Q: 

4 (a  + b)][lr(a + b12 - 
3lr 3~ 2 

Taking moments about W: 

El iminat ing GP and so lv inga  

2b m = - .  
n 

I W  4 
Hence, 0 1  = arc tan  = m c t a n  - = 5 1 . ~ 5 ~  (approximately). 

LE 
S imi la r ly ,  or by symmetry, VE = 2a/lr, E F =  a / 2 ,  and e2  = a r c t a n  (j& 

tl 

= a r c t a n  z.. 

Consequently, WV is t h e  s t r a i g h t  l i n e  jo in  of  Vand W and makes 

t h e  angle a r c t a n  4/n with t h e  diameter. Furthermore, 

P T E  W =  ( a + b )  7 

s o  is  constant  i n  length and i n c l i n a t i o n  a s  a and b vary within t h e  

constant  a + b. 

( i i )  With CX t h e  X-axis and F t h e  o r i g i n ,  t h e  equation of  t h e  

c i r c l e  (D) is  ( x  + al2 + y2  = b2. If t h i s  c i r c l e  passes  through 

W(b/2Â 2 b / ~ ) ~  then 

b 4b (T t a) '  t 7 = b2 
lr 

and 

a / b  = -112 + 0.271178 . 
Clear ly ,  the  o ther  cen t ro id  w i l l  f a l l  on t h e  d iv id ing  curve - 

when b/a has t h e  same value,  s o  the  cor~esponding  value of a / b  ii the. 

r e c i p r o c a l  of i t s  o ther  value o r  approximately 3.68761. 

( i i i )  I f  a = b ,  t h e  figure'becomes the  f a m i l i a r  Yin and Yang [ s e e ,  

e .  g. , C.  W.  Trigg , "Bisection of Yin and of  Yang ," b!athematics Magazine , 
34 (November 1960), pp. 107-1081 and the  component p a r t s  a r e  congruent. 

The moment of i n e r t i a  of t h e  c i r c l e  about an a x i s  perpendicular  

t o  i ts plane a t  F i s  ~ ( 2 a ) ~ / 2 ,  s o  IF of Yin is n ( 2 ~ ) ~ / 4 .  Then 

r (2a14  [n(2a)21[a~'ii2 + 16 2 a4(77r2 - 16) I =- -  w 4 2 2" I = 2 lT 

A b o  hotwed by CLAYTON W. DODGE, U ~ u u m i A y  06  Alaine at O a o ~ ~ o ;  

ZAZOU KATZ, B e u d y  ffd!h, C&6oa~~ ia ;  and by R .  ROBINSON ROME, S a a a -  

mento,  C&6oania. 

312. [Fal l  19731 Paopohed by R .  S. l ~ ~ t l m ~ ,  U ~ u u m i A y  0 6  W . & C V I L ~ ~ I I ,  

J a n e ~ u d Y e ,  W.&co~c~in.  

Let {a  1 be a sequence such t h a t  a1 = 1 and f o r  n > 1 
n 

3 
a = a + 1 + ( - l f  + - [l + ( - l Y + l l  . 

n n-1 2 

Show t h a t  t h e  sequence {a  1 has i n f i n i t e l y  many primes. n 
S O W O ~ I  by Bob P G e L i p p ,  The  U n i u m . L t y  06 W i ~ c o u ~ i n ,  O b h k o ~ h ,  

Wbcon.5 in .  

From the  formula given f o r  a it follows t h a t  
n '  

a2n+l = a2n + 3 ,  n = 1, 2 ,  3;-* 

and 

a2n = a2n-l + 2 ,  n = 1, 2 ,  3 7 . * . .  

, Thus a1 = 1, a 2  = 3, a3 = 6, a 4  = 8 ,  a5 = 11, a 6  = 13,  a7  = 16, 

@ a8 = 1 8 , - . .  . Hence 

= 5n + l7  n = O 7  1, 2 , . + -  
'2n+1 

and 

= 5n + 3 ,  n = C,  1, 2;.- . 
'2n+2 

I t  i s  known t h a t  i f  s is  a p o s i t i v e  i n t e g e r  then there  a r e  i n f i n i t e l y  

many primes p such t h a t  p is  congruent t o  1 modulo S. [For a proof of 

t h i s  r e s u l t ,  see Theorem 2 on pp. 250-251 of Goldstein,  Abstract  Algebra: 

A First Course, Prent ice-Hall7 Inc.  1973. The proof given uses t h e  



t heo ry  of  cyclotomic  polynomials and does n o t  invoke D i r i c h l e t t s  theorem.] 

Hence t h e  subsequence generated by a = 5i1 + ly  n = 0 ,  1, 2 , . - .  con- 
2i1+1 

t a i n s  i n f i n i t e l y  many prime numbers, and thus  a u t o m a t i c a l l y  t h e  g iven 

sequence { a  c o n t a i n s  i n f i n i t e l y  many prime numbers. 

A l t e r n a t e l y ,  we may apply  D i r i c h l e t t s  theorem t o  gua ran tee  t h a t  

bo th  t h e  subsequence gene ra t ed  by a = 5n + 1, n = O y  ly  2;.. and 
2n+ l  

t h e  subsequence gene ra t ed  by a2,1+2 = 5n ,+  3 Â  n = 0 ,  1, 2 , - . .  c o n t a i n  

i n f i n i t e l y  many prime numbers. [ D i r i c h l e t ' s  theorem: Let k and j be 

r e l a t i v e l y  prime p o s i t i v e  i n t e g e r s .  Then t h e r e  e x i s t  i n f i n i t e l y  many 

primes i n  t h e  a r i t h m e t i c  p rogres s ion  k ,  j + k ,  2 j  + k , .  a - . I  

I t  follo:,:s immediatelv t h a t  t h e  g iven sequence [a,1) c o n t a i n s  i n -  

f i n i t e l y  many prime numbers. 

A h o  hoLvcd by CLAYTON !A. DODGE, U I L L W W L L L ~ ~  0 6  /.luL11c at O t o ~ m ;  

VICTOR G. FESER, S t .  LOLLLA, :61c540bti; RICHARD A .  GIBBS,  F,t. L a o A  

CoLlcgc,  V u t a ~ ~ ~ o ,  CuLutadu; CHARLES H. L INCOLN,  Rc~C&igk, N. C.; PETER 

A .  LINDSTROM, G C I ~ A C C  C o ~ n ~ t i u ~ ~ t y  C o U c g c ,  6ataw h, NUU Y d l ;  BRUCE LOVETT, 

R d g m 4  C o U c g c ,  N u t  ~ ~ U I L W L C ~ ,  N. J. ; SIDNEY PENNER, &OIIX C o ~ t i ~ t i u ~ i t y  

C o U c g c ,  6to11x, NCLU Yctt/?; D A V I D  A. ROSEP~, CO'LII& U I L L W W L Q ,  ~ ~ ~ L I C U ,  

NCLU Y O J L ~ ;  a u d  t l ~ c  P t o / ~ o h c x .  

31 3. [Fa1 1 19731 P t o / ~ o h c d  by /.luz.tay S. K L ~ I I / ~ I I ,  F o t d   l lo to^^ Colnpa~~y,  

V c a t b o t ~ l ,  / s l L c \ ~ L g a ~ ~ .  

Commc~~t  by t k  PXO~CCJII  E d ~ t o t .  

V i c t o r  G.  Feser  o f  S t .  Louis ,  i l i s s o u r i  and R. Robinson Rowe o f  

Sacramento, C a l i f o r n i a  c a l l e d  a t t e n t i o n  t o  a  m i s p r i n t  i n  t h e  pub l i shed  

p roposa l .  The c o r r e c t e d  v e r s i o n  fo l lows  and we i n v i t e  s o l u t i o n s  from 

r e a d e r s  who were f r u s t r a t e d  by :he pub l i shed  v e r s i o n .  

Give an e lementary  proof  t h a t  

( 1  t 8cos2A)( l  + 8 c o s 2 ~ ) ( l  t 8cos2c )  > 64 sin2/! s i n 2 ~  s i n 2 c  , 
where A ,  B, C a r e  t h e  ang les  o f  an  a c u t e  t r i a n g l e  ABC. 

Ranadz 

J .  G i l l i s  gave a  proof us ing  c a l c u l u s  t echn iques  i n  Problem E 2119, 
Amepican f.:atTzematicaZ i.lonthZg, 1'369, p .  831. 

c o m e c c i o ~  

Spr ing  1973, p .  436, l i n e  7: r2 + 2s2 + 4 t 2  shou ld  r e a d  p2 + 2s' = 4 t 2 .  

F a l l  1973,  p .  477, 7 t h  l i n e  from bottom: spapabo lo ids t  shou ld  

r e a d  t p a r a b o l o i d s t .  
- .  

Spring 1974, p .  533, l i n e  1: 'Kue l t  shou ld  r e a d  *Kueh l t .  

The JournaZ E d i t o r  apo log izes  t o  R. Robinson Rowe f o r  i n c o m e c t l y  

a t t r i b u t i n g  h i s  comment which fol lowed t h e  s o l u t i o n  t o  Problem 302 i n  

t h e  Spr ing  1974 i s s u e ,  p .  538, t o  t h e  Problem E d i t o r .  The comment was 

due t o  R. Robinson Rowe and n o t  t h e  Problem E d i t o r .  

LOCAL AWARDS 

I f  your c h a p t e r  has  p resen ted  awards t o  e i t h e r  u n d e r p a d u a t e s  o r  

g radua te s  (whether  members o f  P i  Mu Eps i lon  o r  n o t ) ,  p l e a s e  send 

t h e  names o f  t h e  r e c i p i e n t s  t o  t h e  E d i t o r  f o r  p u b l i c a t i o n  i n  t h e  

JournaZ. The l i s t i n g  o f  new i n i t i a t e s  had been d i scon t inued .  

BE SURE TO LET TEE JOURNAL mow! 
Send your  name, o l d  addres s  wi th  z ip  code 

and new address  wi th  z i p  code t o :  

P i  Mu Eps i lon  J o u r n a l  
601  Elm AGenue, Room 423 
The U n i v e r s i t y  o f  Oklahoma 
Norman, Oklahoma 73069 



LOCAL CHAPTER AWARDS WINNERS 

CALI'FORNIA ETA (Universi ty  of  Santa Cla ra ) .  Recognition f o r  out-  

s tand ing  achievement i n  upper d i v i s i o n  mathematics c l a s s e s  went t o  

Katky VaJLu, 

Michael Fay, 

Je66n.e.y Moon.. 

COLORADO DELTA (Universi ty  of Northern Colorado). The winner of t h e  

~ut&.tan&ng Fie^hman award based on t h e  performance on an examination was 

B^can P i t w o n ,  

who rece ived  a $20 bookstore g i f t  c e r t i f i c a t e .  The ~ut&.tanding S d o h  
award based on achievement, a b i l i t y ,  p o t e n t i a l ,  i n t e r e s t ,  and enthusiasm 

went t o  

Stuce Lewd 
who rece ived  a $40 bookstore g i f t  c e r t i f i c a t e .  

GEORGIA GAf-,lMA (Armstrong S t a t e  College) .  Four mathematics majors, 

chosen on t h e  b a s i s  of  schola rsh ip ,  were presented awards a t  t h e  Pres i-  

d e n t ' s  Awards Banquet on May 15 ,  1974. 

Donald &la& 6-Lfct 

received a one-year membership i n  t h e  Mathematical Associat ion of  America, 

and 

McuuihoJUL H-CndA , 
PaVu.cAJJ. Spence, 

Mcuiy StaJLnLlka 
each rece ived  a one-year membership i n  t h e  American Mathematical Society.  

IOWA ALPHA (Iowa S t a t e  Univers i ty ) .  An award of  $50 each was pre-  

sen ted  t o  t h e  two second year  mathematics majors who have completed t h e  

ca lcu lus  sequence and have a t t a i n e d  t h e  h ighes t  schola rsh ip  i n  a l l  t h e i r  

course work: 

AlcuiĈ O. Menon, 

Evan G .  P m o n .  

SEW JERSEY BETA (Douglass College). The r e c i p i e n t s  of  t h e  NWI 

Jw>ey Be-to. Book Awcuid were 

Hden AmundA, 

MWLy CLlmpLlncJLe, 

Katldeen G o a d ,  

Vebomh S U a n .  

NEW YORK PHI (S ta te  Universi ty  co l lege  a t  Potsdam). 

graduating s e n i o r  mathematics major f o r  1973-74 was 

Hcwmi SchiovttingÂ£A 

The outstanding 

NEW YORK PSI (Iona College) .  Awards winners t h i s  year  were a s  

follows : 

Van BonacoMi^. (winner of  t h e  S&van Awa~d),  

Gtegoty HubCA-toA (winner of t h e  Joheph E. POW Awa~d),  

Bfiothe~ JoiVLthan PaoLicetU (winner of t h e  JuLia FIU.edman A K W L ~ ) .  

OHIO EPSILON (Kent S t a t e  Universi ty) .  The award f o r  Exce^tenCe 

fl&hm& cons i s t ing  of a plaque and $25 f o r  books went t o  

Richcuid Jawovtt Ne^Aon. 

OHIO LAMBDA (John C a r r o l l  Univers i ty ) .  The winner of t h e  annual 

essay contes t  f o r  1974 was 

BevehLy &'IOAh 

f o r  her  paper "A Discr imini t ive Study of Conic Sect ions."  Although no t  

awarded by t h e  l o c a l  chap te r ,  

M-Ltehe^e Specton. 

was judged t h e  bes t  p a r t i c i p a n t  from John C a r r o l l  i n  t h e  annual North- 

e a s t e r n  Ohio I n t e r c o l l e g i a t e  Mathematical Competition. 

OHIO NU (Universi ty  of Akron). The annual S d b y  Schotau,hip award 

went t o  

Paoto RaMif.cii-, 

and a one-year s tudent  membership i n  t h e  American Mathematical Associa- 

t i o n  f o r  s c h o l a s t i c  achievement i n  mathematics went t o  ( i n  add i t ion  t o  

t h e  s tudent  named above) 

MCke HcuigtVt.a, 

Judy Pcmiz, 

Mcuiy Anne Schue~.ge~,  

Linda. Talkington, 

AUan WZcox. 

In  add i t ion  t o  these  awards t h e  following Jun ior  High School Science 



F a i r  winners were recognized: 

Rob& SA.aut1, 

Joel Godad. 

OHIO ZETA (Universi ty  of Dayton). The Sophomoft.~ AwcUtd doh Exc&e.nci 
-in Uathema.tia was presented t o  

Richad Giwti, 

who received $25 f o r  t h e  purchase of mathematics books. 

OKLAHOidA ALPHA (Universi ty  of Oklahoma). The Nathan AU&mUa 
C o u A t  A L U W L ~  of $50 each fop  t h e  b e s t  freshman man and woman i n  mathemat- 

i c s  was given t o  

Magme :̂ R .  B m e - t t ,  

WWLiam C . l0fu.g ht . 
The SmnusiJU. wat&on R C ~ V & A  Sckof.c~~\Gp given each year  t o  a sen ior  f o r  

graduate work i n  mathematics was awarded t o  

RU M e n  M c C H A W .  

RHODE I S L A N D  BETA (Rhode Is land College) .  An undergraduate s e n i o r  

award f o r  excel lence i n  mathematics based on t h e  highest  cumulative grade 

point  average i n  mathematics was presented t o  

CIlA^-Ati11a Macocc^.o. 

V I R G I N I A  GA1-MA (Madison College). A c e r t i f i c a t e  and $50 award f o r  

mathematical mate r ia l s  were presented on Honors Day, Apr i l  11, 1974, t o  

t h e  outs tanding sen ior  mathematics major, 

Nancy L. BaUad. 

MATCHING PRIZE FUND 

I f  your chapter  presents  awards f o r  outs tanding mathematical papers 

o r  s tudent  achievement i n  mathematics, you may apply t o  t h e  National 

Office t o  match t h e  amount spent by your chapter .  For example, $30 

of awards can r e s u l t  i n  t h e  chapter  rece iv ing  $15 reimbursement from 

t h e  National Off ice.  These funds may a l s o  be used f o r  t h e  r e n t a l  of 

mathematii-a1 f i lms .  Write t o  t h e  VatIonal Off ice f o r  more d e t a i l s .  

ten 
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