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Oh! M y  equation! Let us derive! 
We can make beautiful slopes together. 
I will range my sigma t o  the Z h i t  for yow eps-iton. 
A quantity squared cannot keep me from your tangent. 
A deZta ie not as sweet, not near so tempting as your sine. 
A nw v d a b Z e  would not dpcaa me may. 
You sat is fy  my equation. Ow relation 'hoe absolute value. 
I think only i n  positive integers since our meeting. 
You are the greatest integer i n  my domain. 

David Haynes 

Reprinted by permission from 
'The Mathematical Log" 



by Mahk P. M e y w o n  
Uni-vwi-ity of, ISLLLno.LA 

1 .  I w t A o d u d o n  
One of t h e  most in t r igu ing  geometrical problems of a n t i q u i t y  is t o  

t r i s e c t  an angle using a compass and s traightedge.  Although E. Galois 

proved (around 1830) t h a t  it is impossible, i n  general ,  t o  t r i s e c t  an 

angle, much e f f o r t  has s ince  been wasted i n  f u t i l e  construct ions.  Our 

goal i s  t o  give a b r i e f  and elementary proof of t h i s  nonconstructabi l i ty .  

A few r e l a t e d  theorems, such a s  t h e  impossibi l i ty  of dupl ica t ing  t h e  

cube, a r e  a l s o  included. 

You might be surpr i sed  by a l l  t h e  algebra used i n  proving these  

geometric f a c t s .  The necessi ty  of approaching these  problems algebrai-  

c a l l y  is  t h e  reason they were unsolved f o r  s o  long. In  f a c t ,  t h e  most 

s t r i k i n g  discoveries  i n  mathematics o f ten  r e s u l t  from in te rp lay  between 

apparent ly unrelated f i e l d s ,  t h a t  is, t h e  app l ica t ion  of one branch of  

mathematics t o  another branch. 

Here is a p rec i se  statement of t h e  problem. Given an a r b i t r a r y  

angle, <ABC, one would l i k e  t o  construct  a point  D with t h e  measure of  

<DBC one- third t h e  measure of  <ABC. A l l  construct ion must be done only 

with compass and s traightedge.  Given two points  E and F, a compass may 

only be used t o  draw t h e  c i r c l e  through E with cen te r  F and s traightedge 

may only be used t o  draw t h e  l i n e  through E and F. Points  a r e  con- 

s t r u c t e d  by i n t e r s e c t i n g  a l i n e  o r  c i r c l e  with another l i n e  o r  c i r c l e .  

Although c e r t a i n  angles ,  such a s  a 90Â angle,  can be t r i s e c t e d  i n  t h i s  

manner, we w i l l  s e e  t h a t  o ther  angles ,  such a s  60Â° cannot be s o  tri- 

sected. 

The sources f o r  most of  t h i s  paper a r e  t h e  two books, Elementary 

Geometry from an Advanced Standpoint,  by Edwin E. Moise, and Topics i n  

, by Anthony L. Peress in i  and Donald R. 

ended i f  you des i re  t o  continue with 

FIGURE 1 
Angle DBC b one thin.d t h e  meaAuAe of, a n g l e  ABC. 

2. Subf,.LHid& 

A l l  our ca lcu la t ions  w i l l  be done with r e a l  numbers. The s e t  of 

r e a l  numbers is  denoted by 63. 

Ve&-Ln/Ltion 1 .  A subset ,  F,  of Sl, is c a l l e d  a subfield ( o f @ )  i f  

it contains  0 and 1, and i f  it is  closed under d iv i s ion  by non-zero 

elements of  F and subtract ion.  For example, c losed under sub t rac t ion  

means t h a t  i f  a and b a r e  elements of  F, s o  i s  a - b.  Note t h a t  a sub- 

f i e l d  is closed under mul t ip l ica t ion  and addi t ion,  s ince  ab = a / ( l / b )  

and a + b = a - (0 - b ) .  There i s  a t echnica l  d e f i n i t i o n  of  f i e l d  

which we w i l l  not  need. 

E w m p t U .  1. S l i s  a subf ie ld .  

2. A number i s  c a l l e d  r a t i o n a l  i f  it can be wr i t t en  a s  

p/q f o r  p and q ( # 0)  in tegers .  The s e t  of  r a t i o n a l  numbers i s  denoted 

Q. We show i n  t h e  a s i d e  below t h a t  0 #fl. But Q i s  a subf ie ld ,  s ince  

0 = 0/1, 1 = 1/1, (.p/q) /(r /s)  = (ps ) / rq )  f o r  r/s 4- 0 (hence r # 01, 

and p/q - v i a  = (ps  - qr ) /qs ) .  

3.  The s e t  of in tegers  is not  a subf ie ld ,  s ince  1 / Z 1 i s  

not  an in teger .  

+b,i.de. 6 is not r a t i o n a l .  

Proof. Suppose fi i s  r a t i o n a l .  Then we could w r i t e  it a s  p/q i n  

reduced form. So fiq = p, and squaring, zq2 = p2. 

Since p2 is even, p must be even. So p = 2m f o r  some i n t e g e r  m.. 
Subs t i tu t ing ,  we g e t  zq2 = (2rnI2 = 4m2, o r  q2 = 2m2. 

Since q2 is  even, q must be even. So p/q is not i n  reduced form, 



because p and q each have a  f a c t o r  of 2. 

Hence fi cannot be a  r a t i o n a l  number. Q.E.D. 

We c lose  t h i s  sec t ion  with a  theorem about t h e  r o o t s  of an equation. 

Theo'iem 1 (The Rm2.ona.t 

is  a  polynomial equation with 

roo t ,  i n  reduced form, then p 

n 
Proof. We have a ( p / q )  

n 
Multiplying by qn we ge t  anp 

Since p and q each divide t h e  

n 
R o o t T u t ) .  I f  a 2  t ... t a l x  + a o  = 0 

in teger  c o e f f i c i e n t s  and p/q i s  a  r a t i o n a l  

divides a. and q divides an. 

+a (p/q)""l t . . . t a ( p / q )  t a = 0. n- 1 

+ 'n-1 Pn-lq + . . . t alpqn-I + aoq
n = 0. 

r i g h t  hand s i d e  of t h i s  equation, they 

each divide t h e  l e f t  hand s ide .  And s ince  p divides each term on the  

l e f t ,  except perhaps aoq
n, p  must divide aoqn a l so .  But p and q have no 

n 
f a c t o r s  i n  common, s o  p divides a .  S i m i l a r l y , q d i v i d e s  a p  , and so  

divides an. Q.E.D. 

i%d-iriiUbi.on 2. A nurtiber is c a l l e d  a  surd i f  it can be  ca lcu la ted  

from 0 and 1 by a f i n i t e  number of add i t ions ,  sub t rac t ions ,  mul t ip l i-  

ca t ions ,  d iv i s ions ,  and ex t rac t ions  of square roots .  

Any r a t i o n a l  number is  a  surd .  - 3-2 is  a  surd. There a r e  

many numbers which a r e  not surds.  We w i l l  see l a t e r  t h a t  fi and cos(20Â° 

a r e  not surds;  a l s o ,  n is  not  a  surd. 

The s e t  of a l l  surds forms a  subf ie ld .  For 0 and 1 a r e  surds,  

and i f  a , &  andc#O a r e  surds,  s o  a r e  a  - b and a / c .  

We now consider t h e  Euclidean plane with a  coordinate system. 

Vef.'ini-ti.on 3. A smd-curve is a c i r c l e  o r  l i n e  with equation 

A ( X ~  t y2) + Dx t Ey t P = 0, such t h a t  a l l  t h e  c o e f f i c i e n t s  a r e  surds. 

We may assume t h a t  A = 1 f o r  a  c i r c l e  and A = 0 f o r  a  l i n e .  A s ~ d -  

p o i n t  is a po in t  (x,y) such t h a t  a; and y a r e  surds. 

Theo'i~n 2. I f  P = (x,y) l i e s  on two d i s t i n c t  surd-curves, then P 

is a surd-point.  . 
Proof. This can be proven by solving f o r  P, and showing t h a t  a; and 

y a r e  surds. We prove only t h e  hardest  case,  when both surd-curves a r e  

c i r c l e s .  

FIGURE 2 
An exampte. 06  two ~ u ~ . d - c u / ~ w ~ .  

P = ((-2 t 4 i/l3)/17, ( 8  t Ãˆ'T3)/17 is a surd-point.  

The two surd-curves have equations x2+ y 2  t Dx t Ey t F = 0 and 

x2  t y2 + GX t H z j +  I = 0, with surd coef f ic ien t s .  Subtract ing,  we ge t  

J x  t Ky + L = 0 ,  where J ,  K, and L a r e  surds. J and K a r e  not both 

zero. s ince  i f  they were we would have d i s t i n c t  concentr ic  c i r c l e s  meet- 

ing a t  P. 

We now suppose K #  0. The proof is  e n t i r e l y  analogous f o r  t h e  sub- 

case J # 0 .  So we can solve f o r  y ,  y = Mx t N ,  where M and N a r e  surds.  

Subs t i tu t ing  i n t o  t h e  very f i r s t  equation, we get  ax2 t bx t c = 0,  

where a ,  b  a i d  c  a r e  surds. Since a  = 1 t M^, a # 0. So 

x = (-b d b 2  - 4ac ) / (2a ) and y = Mx t N , both surds.  Q.E.D. 

T h ~ / i e m  3. Given a  .col lect ion of only surd-points,  any point  we 

can construct  using compass and s traightedge must be a  surd-point.  

Proof. Let P = (a ,&)  and Q = (c ,d )  be surd points .  

I t ' s  easy t o  check d i r e c t l y  t h a t  the  l i n e  through P and Q has 

equation: ( d  - b ) ~  + ( a  - c ) y  t (bc - a d )  = 0, and t h a t  t h e  c i r c l e  with 

cen te r  P through Q has equation x2 t y2  - l a x  - 2by t (2ac t 2 bd-c2-d2) 

= 0. A l l  c o e f f i c i e n t s  a r e  surds: 

So only surd-curves can be constructed from surd-points.  The only 

way t o  construct  a  new point  is t o  consider t h e  i n t e r s e c t i o n  of two of 

these  surd-curves, which must be a  surd-point by Theorem 2. We can 

continue construct ing curves and points ,  but only surd-curves and surd'- 

points .  Q.E.D. 



4.  Cubic EquuLi.0~~4 x = - a  - 2r, an  element o f  F .  Q.E.D. 
3 

Ve~il'U-t-Lun 4 .  Let F  be  a  s u b f i e l d  ( o f  R )  and l e t  k  be a  p o s i t i v e  

number i n  F such t h a t  & is n o t  i n  F. Then F ( k )  denotes  t h e  s e t  o f  a l l  

numbers o f  t h e  form x t y irk, where x and y a r e  i n  F. 

For example, i f  F  = Q, k  = 2, we g e t  Q( 2) which inc ludes  

3  + 2/1, ( 1 / 2 )  - fi, and 3  = 3 t 0-/2'. O r  i f  F  = Q ( 2 ) ,  k  = 3, we g e t  

F ( 3 )  = ( Q ( 2 ) ) ( 3 ) .  ( I t  is easy t o  s e e  t h a t  f i g  Q ( 2 ) .  Suppose 

6 = r + s fi where r a n d  s a r e  r a t i o n a l .  Squaring impl i e s  t h a t  

- r2 - 2s2 =/2, a  c o n t r a d i c t i o n .  ) 
2 r s  

Each element o f  F ( k )  can be w r i t t e n  a s  x + yVk^ i n  on ly  one way. 

For i f  a  t b'/k = e + di^ , t hen  ( a  - e )  = ( d  - b)&. I f  b  4- d ,  t hen  

Â¥f = ( a  - e ) / ( d  - b)  an  element of  F, c o n t r a d i c t i n g  t h e  cho ice  o f  k.  So 

b  = d ,  and hence a = e .  

Also F ( k )  is  a -s u b f i e l d ;  l e t ' s  check t h e  d e f i n i t i o n  of  s u b f i e l d .  

0  = 0 + 0-sand 1 = 1 + 0 - & a r e  i n  F(.k), and ( a  + b/k)  - ( a  + b ^ S  = 

( a  - e )  + ( b  - d ) v k  an element of F (k ) .  So we.only need check c l o s u r e  

u n d e r d i v i s i o n  by non-zero elements.  But 

Note t h a t  QCQ ( 2 )  C t h e  s e t  o f  s u r d s  C 6Z . 
Tfceokem 4.  For Fck) a s  above, suppose t h e  c o e f f i c i e n t s  of 

x3 + ax2 + bx + e = 0 a r e  a l l  i n  F and t h a t  r + s&, an  element of F ( k ) ,  

i s  a  r o o t .  Then some element o f  F is a  r o o t .  

Proof. We may assume t h a t  s # 0, s i n c e  otherwise  we ' re  done. 

We have 0  = ( r  + ~ i / f e " ) ~  t a ( v  + S V ~ ^ ) ~  + b ( r  t s^k) + e = 

( r 3  + 3rs2k t ar2 + a s 2 k  t b r  + e )  t ( 3 r 2 s  + s3k  t 2 a r s  + bs)i^.! 

Wri te  t h i s  a s  A + ~ ' / k  = 0. So A = B = 0. P u t t i n g  r - s/k i n t o  t h e  . 
polynomial g ives  us  A - B& = 0, s i n c e  only  even powers o f  s occur  i n  

A and odd powers occur  i n  every  term o f  B.  So r - s r k  is ano the r  r o o t .  

NOW x3 + ax2 + bx t e = ( x  - x l ) ( x  - x 2 ) ( x  - x 3 )  = 

x3 - ( x i  t x2 t x 3  )x2 + (x lx2 + xlx3 + 3 x 3 ) x  - x x x .where x , X ,  1  2  3' 

and x  a r e  t h e  r o o t s .  So l e t ' s  t a k e  xl = r + sa, x 2  = r - sa .  Then 
3  

a = - ( a l  + x 2  + x 3 )  = - ( r  t si^ + r - s & +  x 3 )  = - ( 2 r  + x 3 ) ,  s o  

The.o/te.m 5 (Muin Theokem]. Given cub ic  equa t ion  x 3  + ax 2  + bx  + e  = 

0, where t h e  c o e f f i c i e n t s  a r e  r a t i o n a l .  I f  t h e  equa t ion  has  a  su rd  a s  

a  r o o t ,  t hen  it has  a r a t i o n a l  r o o t .  
- 

- .  - 

Proof. Suppose XI i s  a  su rd  and a  roo t .  A s  a su rd ,  x is i n  some 1  
s u b f i e l d  (...(Q(kl))(k2)...)(kn). To s e e  t h i s ,  s t a r t  t o  c a l c u l a t e  x l  

from 0 and 1. ( R e c a l l  t h a t  by d e f i n i t i o n ,  a  su rd  can be c a l c u l a t e d  from 

0 and 1 by a d d i t i o n s ,  s u b t r a c t i o n s ,  m u l t i p l i c a t i o n s ,  d i v i s i o n s ,  and ex- 

t r a c t i o n s  o f  square  r o o t s . )  Let  -fk. be t h e  f i r s t  non- ra t iona l ' squa re  

r o o t  we e x t r a c t .  Continue, u n t i l  we must e x t r a c t  a  squa re  r o o t ,  /k2, 
no t  i n  Q ( k l ) .  Continuing i n  t h i s  f a sh ion ,  we g e t  t h e  above s u b f i e l d .  

By Theorem 4,  t h e  g iven cub ic  equat ion has  a  r o o t  i n  

(...(Q(kl))(k2)...)(kn-l). Applying Theorem 4 a  t o t a l  o f  n t imes ,  we 

s e e  t h a t  t h e  cub ic  equa t ion  has  a  r o o t  i n  Q. Q.E.D. 

The.01.m 6 .  The cube cannot  be dup l i ca t ed .  I n  o t h e r  words, g iven 

t h e  edge of  a  u n i t  cube ( a  u n i t  segment),  we cannot  c o n s t r u c t  (wi th  

compass and s t r a i g h t e d g e )  t h e  edge of  a  cube of  twice  t h e  volume. (The 

edge o f  such a  cube would be '2.) 

Proof. We can t h i n k  o f  t h i s  a s  being given su rd- po in t s  (0,O) and 

(1,O) and being asked t o  c o n s t r u c t  ( ^T,o). So it s u f f i c e s  t o  show t h a t  

/2 is no t  a  surd .  

Suppose it were. Then t h e  cub ic  equa t ion  x 3  - 2 = 0 has  a s u r d  a s  

a  r o o t .  By t h e  Main Theorem it has  a  r a t i o n a l  r o o t .  But by t h e  Ra t iona l  

Root Tes t ,  t h e  on ly  p o s s i b l e  r a t i o n a l  r o o t s  a r e  Â ±  and Â± which a r e  n o t  

r o o t s .  So ^2 is  n o t  a  su rd .  Q.E.D. 

Theo~em 7 .  There a r e  ang les  t h a t  cannot be t r i s e c t e d  wi th  compass 

and s t r a i g h t e d g e .  

Proof. We a c t u a l l y  show t h a t  no 60' ang le  can be t r i s e c t e d .  Given 

a  60Â ang le ,  we can choose a  coord ina te  system s o  t h a t  A = ( 1 ,  6), B;= 

( 0 , 0 ) ,  C = (2,O) and t h e  given ang le  is  <ABC. (Note t h a t  A,B, and C a r e  

surd- points  which form t h e  v e r t i c e s  o f  an  e q u i l a t e r a l  t r i a n g l e . )  We 



FIGURE 3 

want t o  show t h a t  there  i s  no surd-point D such t h a t  t h e  measure of 

angle DBC = 20Â° 

Suppose t h e r e  were such a D. Let DJ? be t h e  perpendicular t o  the  

x- axis .  F is  a surd-point s ince  it l i e s  on t h e  two surfd-curves y = 0 

and X = (^-coordinate of D). Since t h e  dis tance between two surd-points 

is a surd, cos 20Â = BF/BD is a surd. Next we s h a l l  use t h e  standard 

trigonometric i d e n t i t i e s :  

cos (A+B) = cos A cos B - s i n  A s i n  B 

s i n  (24) = 2 s i n  A cos A 

cos (24) = cos% - s i n 2 ~  

1 = sin2^ + c o s 2 ~  

Now cos 36 = cos (26 + 6) = nos 26 cos6 - s i n  28 s in6 

= (2 cos26 - 1 )  cos6 - (2 s in6 cos6)sin6 = (2  cos% - 1 - 2(1 - cos26))  

cos6 = ( 4  cos% - 3)coz.O. Since cos 60Â = 1/2,  we l e t  6 = 20Â t o  see 

t h a t  cos 200 is  a so lu t ion  of 1/2 = by3 - 3y. Let t ing y = x/2, t h e  surd  

2 cos 20Â is a roo t  of x 3  - 3x - 1 = 0. By t h e  Main Theorem, 

x3 - 3x - 1 = 0 has a r a t i o n a l  roo t .  But t h e  only p o s s i b i l i t i e s  a r e  

Â 1, which a r e  not roo ts .  This con t rad ic t ion  implies t h e  Theorem. Q.E.D. 

Tht?.ofi.~~n 8. It is  impossible t o  cons t ruc t  a regu la r  seven s ided  

polygon (heptagon) with compass and s traightedge.  

Proof. Suppose we could. Then we can construct  t h e  c e n t r a l  angle,  

8 = 360Â°/7 And so ,  a s  before,  x = cos 6 is  a surd. 

Now 36 + 46 = 360Â° s o  cos 39 = cos(360Â - 46) = cos 48. So 

4 cos36 - 3 cos 6 = 2 cos2 26 - 1 = 2(2 cos% - 1)' -1. Hence X,, is  

a s o l u t i o n o f  4y3 - 3y = 2(2y2 -I)* -1, by3 - 3y = 8y4 - 8y2 + 1, 

and 16y4 - 8y3 - 16y2 + 6y + 2 = 0 .  

So 2x0 is  a r o o t  of x4 - x 3  - 4x2 + 3x + 2 = 0. Since 2 i s a  

roo t  of t h i s ,  we see  t h a t  t h e  l e f t  hand s i d e  equals (x-2)(x3 + x2 - 2x - 1). 
But x 0  = cos 6 #1, s o  2 x  # 2, and 2x,, is  a surd and a roo t  of 

x 3  + x2 - 2x - 1 = 0 .  By t h e  Main Theorem, there  must be a r a t i o n a l  

roo t .  But n e i t h e r  Â 1 a r e  roo ts ,  so  we have a contradict ion.  Q.'E.D: - This paper is adapted with permission from UMAP Unit 267, (EDC/UMAP, 

55 Chapel S t . ,  Newton, Mass. 02160). 
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WEIGHTING INCONSISTENT JUDGMENTS 

In a "chautauqua-type s h o r t  course" a t  t h e  University of  Maryland 

we s tud ied  an i n t r i g u i n g  way t o  assign "weights" t o  items i n  a l i s t ,  

where "judgments" a r e  made on p a i r s  of them. The course d i r e c t o r ,  

T. L. Saaty who developed t h i s  method using "dominance matrices", has 

t e s t e d  it on severa l  p r o j e c t s  with h i s  family, such a s  choice of schools; 

he has used it when the  judgments involved a r e  about such th ings  a s  

psychological problem a r e a s ,  power and world inf luence of nat ions,  

fu ture  energy needs, and t ranspor t  planning ( a  major study t o  determine 

kinds of t ranspor ta t ion  needed i n  t h e  Sudan [5]. (Several app l ica t ions  

a r e  discussed i n  [2], one of many publicat ions on t h i s  method and its 

appl ica t ion . )  A s  a group p r o j e c t  i n  our shor t  course, we used the  method 

t o  d iges t  our pooled opinions about t h e  fu ture  of higher  education. 

Consider f i r s t  t h e  following ("consistent") judgment problem, taken 

from a c i v i l  war vintage a r i thmet ic  book. 

A  person dying, worth $5,460,  l e f t  a w i f e  and too  
chi ldren,  a son and daughter, absent i n  a foreign 
country. He d i rec ted  t h a t  i f  h i s  son returned, the 
mother should have one-third of  the e s t a t e ,  and the 
son the remainder; but i f  the daughter returned, she 
should have one- third and the mother the remainder. 
Saw, it so happened tha t  they both 'returned; hew 
must the e s t a t e  be divided t o  f u l f i l l  the father's  
in ten t ions?  [l] 

That i s ,  i f  t h e  daughter (only)  re tu rns ,  divide t h e  e s t a t e  a s  1 :2  

f o r  the  daughter 's t o  t h e  mother's port ion;  i f  t h e  son (only)  re tu rns  

divide it a s  1 :2 ;  but  mother's port ion t o  son's t h i s  time. Writing t h a t  

l a s t  1:2 r a t i o  a s  2:4, t h e  combined r a t i o s  a r e  1:2:4 of daughter 's t o  

mother's t o  son 's  port ion of t h e  e s t a t e .  This y i e l d s  t h e  desired d iv i-  

s ion  of $780, $1,560, and $3,120, respec t ive ly .  

Consider t h i s  problem a s  a judgment of t h e  mother (M) over t h e  

daughter (Dl by a f a c t o r  of  2 ,  but  of t h e  son (5') over M by a f a c t o r  of 

2. Suppose a l s o  t h a t  t h e  f a t h e r  would have preferred,  had t h e  mother 

died f i r s t  and both t h e  son and daughter returned,  t h a t  t h e  daughter 

should have had only one-fourth of t h e  e s t a t e  (say) ,  the  son t h e  o ther  

three- quarters .  That is, suppose t h a t  a l s o  he judged S o v e r 0  by a - 
f a c t o r  of 3.  The way t o  now s e t t l e  t h e  e s t a t e  (with a l l  t h r e e  l i v i n g  

and i n  t h e  s t a t e s )  is  not s o  simple. 

Saaty 's  method would consider t h e  following "dominance matrix" 

A  t o  dea l  with such problems; always requ i re  a ,  b ,  and e t o  be pos i t ive  

numbers : 

D M S  

D 1 l / a  1/b .I; ; 
5 

The labe l ing  of t h e  rows and columns ind ica tes  t h a t  the  r a t i o  of t h e  

port ions of M t o  D is  a : l ,  whence ( t o  explain the  rec iproca l  en t ry)  t h a t  

of  D t o  M is  l / a : l  ( t h a t  i s ,  1 : ~ ) .  ( a  is  2 i n  both examples.) Likewise 

t h a t  of S t o  M is  c : l  (c is  2 i n  both examples). F ina l ly  t h a t  of S t o  

D is  b : l .  The judgments a r e  c a l l e d  "consistent" i n  case b = a - a .  

(Thus i n  t h e  f i r s t  example b = 4; i n  t h e  second, b was defined t o  be 3 . )  

Multiply t h e  dominance matrix A. f o r  t h e  f i r s t  example by its so lu t ion  

That is ,  t h e  so lu t ion  vector  Xi is an "eigenvector" corresponding t o  

'eigenvalue" 3 f o r  t h e  (cons i s ten t  dominance)matrix A l .  

That re la t ionsh ip  ( f o r  t h e  cons i s ten t  judgment problem) motivates 

t h e  following def in i t ion .  Define t h e  so lu t ion  vector  X (even f o r  incon- 

s i s t e n t  judgments) by forming A  a s  above; t h e n x i s  t h e  (normalized) 

eigenvector corresponding t o  ( t h e  r e a l )  eigenvalue A of A.  The e n t r i e s  

of t h e  so lu t ion  vector  X a r e  c a l l e d  t h e  r e l a t i v e  weights. This paper 

derives a formula f o r  t h a t  eigenvalue A .  
a 

(Saa ty ' s  method i n  general  considers  pairwise comparisons of  "nf' 

items a t  a time, using h ie ra rch ies  t o  avoid la rge  n ,  and introduces a 



s p e c i a l  s c a l e .  This  paper  cons ide r s  only t h e  s p e c i a l  ca se  of n = 3. I n  

[3], Saaty  has  solved t h e  corresponding e igenvalue  problem f o r  n = 4.  

H i s  forthcoming book [4] c o n t a i n s  f u r t h e r  d i scuss ion  of  t h i s  method.) 

a c  The0he.m. Let  d = -,-. (Require a ,  b ,  and e t o  be  p o s i t i v e .  I f  

d i" 1 then  A has  e x a c t l y  one r e a l  e igenvalue .  A formula f o r  it i s  

A = ^ t  I/ %it 1. 

Proof. Wri t ing E = d t 1/d , compute d e t ( x 1  - A )  = x3 - 3x2 + 
( 2  - E) ;  c a l l  t h i s  polynomial f ( x ) .  I f  d = 1 then  E = 2 y i e l d s  f ( x )  = 

x2 ( x  -31, whence t h e  r e a l  e igenvalues  a r e  0 and 3. 

Consider t h e  graph o f  f .  From f ( x )  = 3x2 - 6x = 3x(x- 21, it 

fol lows t h a t  f has  on ly  one x - a x i s  i n t e r c e p t  i n  case  i t s  l o c a l  maximum 

value  a t  x = 0 i s  nega t ive .  But s i n c e  f ( 0 )  = 2 - E, t h a t  is equ iva len t  

t o  2 < d t 1/d .  A f t e r  mul t ip ly ing  by d > 0 ,  t h i s  can be w r i t t e n  a s  

0 < ( d  - 1 I 2  . That is,  i f  d se 1 then  f has  e x a c t l y  one r e a l  r o o t .  

To f i n d  t h a t  r o o t ,  s u b s t i t u t e  x = y  + 1/y t 1 i n t o  fix) = 0. 

A f t e r  expanding and mul t ip ly ing  through by y3 ,  t h i s  y i e l d s  

y6 - E y 3  t 1 = 0. By t h e  q u a d r a t i c  formula y 3  = 1 / 2  (E Â 6), where 

A = E~ - 4 = ( d  - 1 / d I 2  . I f  d > 1 then  /iT = d - 1 / d ,  whence 

y 3  = 1 /2  [ (d  + l / d )  Â ( d  - l / d )  1 is d o r  1/d. On t h e  o t h e r  hand 

i f  0 < d < 1 then  i/A" = 1/d - d y i e l d s  aga in  t h e  p a i r  of  formulas d and 

1/d f o r  y 3 .  Since ( i n  e i t h e r  c a s e )  t h e  r e a l  s o l u t i o n s  f o r  y a r e  

r e c i p r o c a l s ,  t h e r e  is on ly  t h e  s i n g l e ,  d e s i r e d ,  r e a l  s o l u t i o n  A f o r  X. 

The theorem was discovered by us ing  "Cardan's formula"; t h e  

s u b s t i t u t i o n  used i n  t h e  paragraph above is a s p e c i a l  c a s e  o f  t h a t  used 

[6; pp. 84-85] t o  d e r i v e  t h e  cub ic  formula.  

Coko~aA.i f  1 .  I f  A ,  and \y a r e  t h e  o t h e r  e igenva lues ,  t hen  

A 2  - 3A = l X k 1 2  . 
Proof. Since  A, A l ,  and A a r e  r o o t s  o f  f ,  t h e i r  product  i s  t h e  

2 
nega t ive  o f  its c o n s t a n t  term. That is A A l A 2  = E-  2. But X l  and A 2  - 
a r e  n e c e s s a r i l y  complex con juga te s  ; t h u s  A l A 2  = A 2 A 2  = A 1 q  = 1 Ak 1 '. 
Next s u b s t i t u t e  i n t o  t h e  equa t ion  f ( x )  = 0 t h e  p roduc t  \\\ l 2  f o r  E- 2  t o  k 
o b t a i n  i3 - 3A2 - 11 A 1 = 0. This  equa t ion  y i e l d s  t h e  d e s i r e d  one a f t e r  

k 
d i v i d i n g  by A .  

I n c i d e n t a l l y ,  l e t t i n g  F = I/ 3a t h e  formulas f o r  t h o s e  

complex r o o t s  can be w r i t t e n  a s  A = $ ( 3  - A) 2 $ /̂'F i. Notice k 

t h e  e igenvalues  a r e  a l l  cont inuous  func t ions  o f  d (whence o f  t h e  ma t r ix  

e n t r i e s  a, b ,  and c ) ;  i n  p a r t i c u l a r ,  t h e  formulas f o r  A g ive  ze ro  when 

d = 1. 

C O ~ ~ U W L Y  2. The e igenvec to r  wi th  e n t r i e s  t h e  r e l a t i v e  weights is -- 
X = ( 1 1  u )  I 3 a /  a ,  1, C/U] , where ( t o  normal ize)  

p = t 1 t c/% 

Proof. Consider t h e  ma t r ix  equa t ion  ( A  - AJ) X = 0. Using 

X - 1 = 'fdt I/ 5̂, w r i t e  it a s  t h e  system o f  equa t ions  

S e l e c t i n g  x2 = 1 i n  equa t ion  ( 2 )  sugges t s  t r y i n g  x = /3/a and 
1 

x3 = a/%. This t r i a l  s o l u t i o n  reduces  both  equa t ions  ( 1 )  and ( 3 )  t o  

t h e  i d e n t i t y  a c  = bd. 

C ~ h ~ f l W u j  3 .  I f  A has  e igenvec to r  [xl , x2 , x f t  ( f o r  A t hen  

x , l / x 2  , -!/x3] * i s  an e igenvec to r  ( f o r  1) o f  A . 
Proof. Replacing each element o f  A by i t s  r e c i p r o c a l  changes A 
t i n t o  A . Notice t h a t  t h e  formula f o r  A is unchanged, a s  d is  changed 

i n t o  1/d . The form f o r  an  e igenvec to r  f o r  A then fo l lows  from 

c o r o l l a r y  2. 

C 0 f t o & k J ~ ~  4 .  For f i x e d  b and c ,  A is  an i n c r e a s i n g  f u n c t i o n  o f  a 

i n  case  a > b / e  . 
Proof. .Write A = ~ ( x )  = x1'3. ?GE t x-"~- %Z t 1. compute 

A1(x)  = (1/3)x- 3'ofb - ( l / 3 ) x  3fi t 0 

= (1/3)x- . ( x 2 l 3  - ^oTb - 3 m ) .  ~ h u s  \ ' (XI  is  p o s i t i v e  

(whence A is  i n c r e a s i n g )  p r e c i s e l y  when x > b / c .  

This c o r o l l a r y  was suggested by one o f  S a a t y ' s  comments d u r i n g  

our  s h o r t  course .  (That comment is d i scussed ,  fo l lowing  t h e  s t a t emen t  

o f  t h e  Perron-Frobenius theorem, i n  [2; p. 2411. ) . 
&W&kJ~y5.  3 5 \ < _  2 t m a x  id, l /d} .  -- 



Proof. I f  d ~ 1 ,  s ince  ?3"< d and /1/d51, we have 

A =^dt3m t 1 y d  t 1 t 1. Similar ly,  i f  d c 1  then A 5 1  t 1 /d  t 1. 

Notice 3 < A d i r e c t l y ,  f o r  t h a t  a s s e r t a t i o n  i s e q u i v a l e n t t o  2 e t 1 / e ,  

wr i t ing  e' = 3fl. But t h a t  inequa l i ty  can be r e s t a t e d  a s  0 5 ( e-1)' , 
a f t e r  multiplying by e > 0. 

I n  [2; theorem 11 it is shown t h a t  A = n ( f o r  the  general  n m  

case)  i f  and only i f  t h e  matrix A is cons i s ten t  ( i n  the  sense t h a t  a l l  

aijajk = aik). 

Inc iden ta l ly ,  2 t max {fg, 3/17d} is  c l e a r l y  (when d '81) a 

smaller  upper bound f o r  A .  

The bounds of coro l la ry  5 f o r  the  " inconsis tent"  example above 

(with a = 2, b = 3, and 0 = 2) y i e l d  3 5 A 5 2 t 4/3. (The b e t t e r  

est imate,  t h a t  is  2 t gives A - c 3.101. ) The formula (of t h e  theorem) 

gives A = 3.009. Relat ive weights (from coro l la ry  2) a r e  given by 

X = ( 1 / ~  [ l/ '/fT, 1, 9 [.16, .30, .54It. Thus f i n a l l y  f o r  t h i s  

incons i s ten t  example t h e  e s t a t e  d iv i s ion  should be $892.30, $1,621.41, 

and $2,946.29. (The consis tent  example (with a = C = 2 but  b = 4 ) gave 

weights of 1/7:  2/7: 4/7, o r  approximately .14: .29: .57.)  

A s  a f i n a l  example suppose t h a t  t h e  judgment of  M t o  D were s t i l l  

2, but t h a t  of  S t o  D is  now 4 ( a s  i n  t h e  o r i g i n a l  cons i s ten t  example), 

while t h a t  of S t o  M is 3. That is, suppose t h a t  a = 2, b = 4, and 

C = 3 t o  obtain mat r ixA,  below. The eigenvalue A 4 3.018; and t h e  

formula f o r  t h e  r e l a t i v e  weights gives approximately .14: .24: -63. 

Using coro l la ry  3, t h e i r  rec iproca l s  give an eigenvector f o r  A ,  which 

normalizes t o  [.56, .32, .12lt.  

Notice t h a t  Saaty's method c e r t a i n l y  i s  invar ian t  of t h e  ordering 

of  the  items t o  be compared; i n  p a r t i c u l a r ,  A t  is  E t h e  matrix t o  use 

t o  compare the  items (which were judged t o  give t h e  e n t r i e s  i n A )  i n  

t h e  reversed order  ( a s  t ranspos i t ion  does preserve a l l  t h e  pairwise 

comparisons). For t h i s  f i n a l  example 

D M S  

1 1/2 l / l  

2 1 I/: 

4 3 1  

would be t h e  matrix t o  use t o  consider weights f o r  S t o  M t o  D. - 

(That i s ,  an eigenvector f o r  B can be obtained from an eigenvector f o r  

A by l i s t i n g  the  e n t r i e s  i n  reversed order . )  

I n  summary, consider t h e  following restatement i n  words of  

[ 
>-' -- 

coro l la ry  2, about the  weight vector  X = W l  , W2,  wT. The ratyo: -5f 

p a i r s  of weights can be computed by dividing t h e  corresponding compari- - 3 
sons by t h e  "measure of consistency" R = ?ac/b =v/3- In  t h e  cons i s ten t  

case a b consider  the  e g e n e c t o s  fl/a, 1, cIt and [l, a, b? 

f o r  X = 3 t o  see t h a t  the  e n t r i e s  i n  t h e  weight vector  must s a t i s f y  

these equations: w / w l  = a ,  w3/w2 = b/a = c and w3/wl=  a c t =  b. 

In f a c t  a l s o  i n  the  general  case c l e a r l y  (from t h e  formula f o r  X i n  

coro l la ry  2 )  w2/w,  = a/R, and w3/w2 = of R. F ina l ly ,  multiplying 

these  l a s t  equations y i e l d s  w,/wl = a c / ~ '  = bd/~ '=  bR. That is, even 

the  non-adjacent weights s a t i s f y  t h i s  "dividing by R" property: the  

o r i g i n a l  comparison 1/b when divided by R y i e l d s  w1/u,. 

Stimulating conversations with James L. Kelso, Alice G. Meissner, 

and Steven G. Schlosser helped t o  formulate t h i s  paper; the  r e f e r e e ' s  

d e t a i l e d  comments a r e  appreciated. 
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THE APOLLONIUS TANGENCY PROBLEM 

John N-LntevU.nk 
ALbuyueftyue Teduucfl-E V o c d o n d  I~us t i t l i t e  

To construct  a c i r c l e  tangent t o  t h r e e  given c i r c l e s  is a problem 

proposed by t h e  grea t  geometer Apollonius of Perga [ca. 260-170 B.c.]. 
The Tactionibus, a t e x t  regarding tangencies, which contained the  

so lu t ion ,  is  l o s t .  

Francois Viete [1540-1603]reconstructs t h e  Tactionibus under t h e  

t i t l e  Apollonius Gallus. In h i s  forword, Viete [ l2]  r e f e r s  t o  Pappus 

of Alexandria: 

"Pappus Alexandrinus drew up t o  ten  problems o f  Apollonius 
Perga, each of which I shall  work out i n  the order t ha t  seems 
more convenient. " 
"Apollonii Pergai Problemata wSi Sira'l'wv ad decem contraxi t  
Pappus Alexandrinus, qua ideo singula persequar eo, qui con- 
venientior videbitur,  ordine. " 

The following is  a l i s t i n g  of t h e  given information a s  used by 

Viete. The given information is  i n  each of t h e  t e n  cases  followed by: 

cons t ruc t  a c i r c l e  tangent t o  t h e  given elements. 

Three non-collinear po in t s  
Two points  and one s t r a i g h t  l i n e  
Three l i n e s  (not  a l l  t h r e e  p a r a l l e l )  
Two l i n e s  and one point  
One c i r c l e  and two l i n e s  
One point ,  one l i n e  and one c i r c l e  
Two c i r c l e s  and one l i n e  
Two points  and one l i n e  
Two c i r c l e s  and one point  
Three c i r c l e s  

Jean Etienne Montucla [1725-17991 , i n  h i s  t e x t  [7] Histoire des 

Mathematiques, r e f e r s  t o  the  t en th  problem a s  t h e  only d i f f i c u l t  one. 

The Belgianmathematician, Adrian van Roomen [l561-16151,who had 

challenged t h e  French mathematicians with a 45th degree equation, was 

amazed t h a t  Viete had solved t h e  problem. Viete i n  tu rn  challenged van 

Roomen with t h e  t e n t h  problem: Given t h r e e  c i r c l e s ,  construct  a c i r c l e  

tangent t o  them. Van Roomen, according t o  Montucla [7], solved t h i s  

problem by t r e a t i n g  t h e  " in te rsec t ion  of two hyperbolas a s  a center"  of 

a desired tangent c i r c l e .  Viete [ l2]  r e j e c t s  t h i s  proposi t ion.  Viete 

compares van Roomen's technique with Menechmus' method f o r  dupl icat ing 

t h e  cube with parabolas, a s  well a s  with Nicomedes' e f f o r t s  to .di lpl icate  

the  cube by means of  conchoids. Viete i s  a l s o  convinced t h a t  van Roomen 

w i l l  work i n  vain, whenever t h e  asymptotes of t h e  associated hyperbolas 

a r e  p a r a l l e l .  

"Therefore, my b r i l l i a n t  Adrian, and, i f  you please, 
Apofionius o f  Belga, because the problem tha t  I 'have 
proposed i s  plane, you, however, explained it as sol id;  
nor therefore have you made firm the meeting o f  hyperbolas, 
uhich you claim as y o w  own doing; nor even new can you 
make it s t i c k ,  because, as a matter o f  fact, i f  the 
asymptotes are paraltel ,  you are working i n  vain. " 
"Ergo clarissime Adriane, acs i  placet Apolloni Belga, 
quoniam Problema quod proposui planwn e s t ,  t u  vero eeu 
solidwn expl icas t i ,  neque ideo occursum hyperbolarum, 
quem ad factionem tuam adsumie, firmasti,  neque eticonnwn 
potes firmare, q m i m  revera s i  asymptoti parallelae 
e r i t  i r r i t u s  labor. " 

The following theorem is  fundamental i n  general iz ing van Roomen's 

proposi t ion and involves add i t ion  o r  sub t rac t ion  of r a d i i  of  two c i r c l e s .  

Theorem. The l o c i  of cen te rs  of c i r c l e s  tangent t o  two given 

c i r c l e s  a r e  two d i s t i n c t  conic sect ions.  

Figure 1 r e f l e c t s  t h r e e  given c i r c l e s  a s  well  a s  the  common tech- 

nique used t o  construct  c i r c l e s  tangent t o  two c i r c l e s .  The explanatory 

notes  which accompany t h e  drawing lead t o  t h e  important conclusion: 

A LINE OF CENTERS CAN BE DETERMINED. 

Each l i n e  of cen te rs  which can be determined a s  indicated contains  cen- 

t e r s  of two c i r c l e s  tangent t o  t h e  t h r e e  given c i r c l e s .  I t  i s  t h e  in-  

troduct ion of t h i s  l i n e  of  cen te rs  which is bel ieved t o  s implify t h e  

a n a l y t i c  so lu t ion  of t h e  problem. L. J .  Ulman [ll] seems t o  be t h e  

f i r s t  mathematician t o  e x p l i c i t l y  mention l i n e s  of cen te rs  a s  well  a s  

conic sec t ions  i n  connection with t h e  s o l u t i o n  of t h e  Apollonius 

tangency problem. Ulman's discovery seems t o  have been ignored. The 

more d i f f i c u l t  not ions of r a d i c a l  cen te r  and axes of s imi l i tude  seem 



t o  p reva i l .  

R. F. Muirhead [ 8 ]  s t a t e s :  

" I t  i s  well known that the contact circles occur i n  pairs such 
that each pair has for i t s  radical axis one of the four axes o f  
similitude of the given circles." 

J u l i u s  plucker, (1801-1868), [9] based on the  general  theorem 

quoted below, s t a t e s  t h a t  h i s  sequence of development i n  obtaining an 

a n a l y t i c a l  so lu t ion  of t h e  Apollonius tangency problem is  q u i t e  analo- 

gous t o  t h a t  of Viete, and is "very elegant and compact." 

"The centers of the eight circles which simultaneously touch 
the same three given circles are distributed paimise, on the 
perpendieulaps dropped from the radical center of the three 
given circles onto their  four axes of similitude." 

'Les centres des huit cercles qui touchent a la fois les t ro i s  
memes cercles domes sont distribues, deux a deux, sup les  
p e r p e n d i ~ ~ l a h e s  abaissees du centre radical de ces t ro i s  
eereles SKP Zew quatre axes de similitude." 

'Oe .~ . iwkion.  A hyperbola i s  t h e  locus of a  point  t h a t  moves i n  a  

plane so  t h a t  t h e  difference between i t s  undirected dis tances from two 

f ixed  po in t s  is  a  non-zero constant .  

O b h ~ ~ d o n ^ .  See Figure 1. 

I. Given t h r e e  non- intersect ing,  non-congruent c i r c l e s  with 

cen te rs  0 , 0 -  , and 0 , and r a d i i  R  , R  , and R 3  respec t ive ly ,  

11. Two a u x i l i a r y  c i r c l e s  a r e  constructed with cen te rs  0 ,  and 0 , 
and r a d i i  R 3  + R  and R2 - Rl . 

111. Two a r b i t r a r y  secants  a r e  drawn through O 1 ,  and these  scan ts  

i n t e r s e c t  with t h e  a u x i l i a r y  c i r c l e s  a t  t h e  p o i n t s c a n d  C' , and D  

and D r .  

I V .  Four i sosce les  t r i anges  a r e  constructed;  

A OIAC, A O1A'Cr ,  A O I B D ,  and A O1B'Dr . 
V. The d i f fe rence  between t h e  spec i f ied  l i n e  segments; 
- - - - 
02B - O^B = R  - R^ , O^B' - 02B'  = R2 Rl  , 
- - - - 
O^A - 0 A  = R  + Rl , O1Af  - 0 3 A f  = R3 R ^  . 

V I .  Points  A  and A' s a t i s f y  t h e  d e f i n i t i o n  of a  hyperbola, and 

likewise po in t s  B  and B ' .  

V I I .  Now, when po in t s  A  and B' coincide,  then t h a t  point  is t h e  

FIGURE 1 

cen te r  of one of  t h e  c i r c l e s  tangent t o  the  t h r e e  given c i r c l e s ;  and 

l ikewise,  when A' and B  coincide,  then t h a t  point  a l s o  w i l l  be t h e  

cen te r  of a  desired tangent c i r c l e .  

V I I I .  Since po in t s  A  and A' a r e  po in t s  on one hyperbola, and s ince  

p o i n t s  B  and B' a r e  po in t s  on another hyperbola, t h e  conclusion is 
t h a t  when po in t s  A  and B' coincide, a s  well  a s  when po in t s  A' and 

B  a r e  coincident  -- then ONE LINE IS DETERMINED. 



Since two c i r c l e s  determine two conic sec t ions ,  it i s  c l e a r  t h a t  

th ree  c i r c l e s  determine s i x  conic sect ions.  I f  t h e  common in te rsec t ions  

of these conic sec t ions  were t o  be determined by a lgebra ic  techniques, 

then indeed Montucla's comment [7] seems t o  take on c r e d i b i l i t y :  

''analytic geometry i s  not suited for the Apollonius problem. I' There is 

another s i m i l a r  comment by Benjamin Alvord [2], who i n  h i s  a r t i c l e  "A 

geo~ustvieal solution of the ten problems i n  the tangencies of circles; 

and, also, of the f i f teen problems i n  the tangencies of spheres, " 
observes: " i f  these problems had been solved algebraically -- the re- 

sulting equation would be one of the eighth degree." However, Alvord 

does conjecture t h a t  quadrat ic  equations should be assoc ia ted  with t h e  

tangency problem's so lu t ion ;  "but I do not think it 'has ever- been ob- 

tained by mathematicians. " 
Clearly t h e  a n a l y t i c  geometry so lu t ion  suggested by L. N .  M .  Carnot 

(1753-1823) [3] was not  known t o  Alvord. Carnot s t a t e s  t h a t  a  second 

degree equation i n  one var iab le  is  obtainable,  bu t :  

"I  am not going t o  carry out the required calculations since the 
synthetic solutions by Viete, Newton, and Euler are much more 
elegant. " 

' J e  n fe f fec tue  pas c e  calcul parce que ce probleme a e te  resolu 
d'une maniere plus simple par des geometres de premier ordre, 
t e l s  qua Viete, Newton, Euler, e t  que la seule synthese en 
f o d t  plusiews solution trese legantes. I f  

The comment by Montucla was made i n  connection with t h e  two quad- 

r a t i c  equations found by Descartes, and t h e  one found by Princess  

El isabeth.  However, Montucla's comment may be contrasted with 

Descartes'  [4] regarding t h e  f i r s t  so lu t ion .  

'an equation i s  found where there i s  only x and xx unknown, so 
that the problem i s  i n  the plane, and there i s  no longer a need 
t o  go beyond. Because the res t  i s  of no use i n  cultivating OF 

entertaining the mind, but only i n  exercising the patience o f  
some hard working mathematician." 

'on trouve une equation ou i l  n f y  a que x e t  xx; de facon que 
l e  Probleme es t  plan, e t  i l  n 'es t  plus besoin de passer outre. 
Car le  reste ne ser t  point pow cult iver ou recreer I f e spr i t ,  
mais settlement pow exercer la  patience de quelque calculatew 
laborievx. " 

D r .  A. Aeppli [1] has generalized Descartes'  second proof t o  

n-dimensions. 

J. M .  Fitz-Gerald [5], while commenting on t h e  so lu t ion  by 0. von 

S t o l l ,  s t a t e s :  "Some of h is  d i f f i cu l t i e s  may no doubt be attributed t o  

h is  extremely complex algebraic formulation o f  the problem." 

C .  N .  Mills [6] completed a  "general1' formula f o r  t h e  ca lcu la t ions  

of t h e  l eng thof  t h e  r a d i i  of t h e  Apollonius contact  c i r c l e s .  The com- 

p l e t e  ca lcu la t ions  and p r o o f r e q u i r e d  "18 inch wall-paper 24 feet long." 

Von St011 do1 i n  h i s  a r t i c l e ,  "Zum Problem des Apollonius," 

u t i l i z e d  a n a l y t i c  geometry e f f e c t i v e l y  t o  determine so lu t ions  of de- 

s i r e d  tangent c i r c l e s  i n  p a i r s .  According t o  R. F. Muirhead [8], von 

S t o l l  was the  f i r s t  author  who considered the  r e l a t i v e  pos i t ions  of t h e  

given c i r c l e s  i n  o rder  t o  determine t h e  number of possible  so lu t ions .  

Von S t o l l  c o r r e c t l y  r e f e r s  t o  some p i t f a l l s  when t h e  cen te rs  of the  

given c i r c l e s  a r e  c o l l i n e a r :  

"In conclusion special consideration needs t o  be given t o  the 
case...where the centers of the given circles are collinear; 
t h i s  i s  the same situation where the Gergonne solution becomes 
i llusory too. " 

"Zion Schlusse verdient w c h  der Fall h e  besondere Betpaehtung, 
. . . w  die Mittelpunkte der gegebenen Kreise auf einer gevaden 
Linie liegen; es i s t  dies derselbe Fail, i n  welohem auch die 
Gergonne'sche Construction i l lusorisch wird.I1 

It should be mentioned t h a t  Viete [l2] excludes from h i s  f i r s t  

problem c o l l i n e a r i t y  of t h e  t h r e e  given points .  Von S t o l l r e f e r s  t o  

another p i t f a l l  i n  t h e  l a s t  paragraph when again no quadrat ic  equation 

i s  obtainable: 

" i f  the three c irc les  are so located, that the external similartty 
point of the f i r s t  and second i s  also the one of the second and 
third. . . . Indeed one can then place two comon external tangent 
l ines on the three circles,  which here are t o  be looked upon as 
c irc les  with i n f i n i t e  long radii." 

% e m  die drei Kreise so liegen, class der &sere Aehnliahkeit- 
spunkt des ersten and zweiten auch der des zweiten and dr i t ten  
i s t .  ... In  der That kann man d a m  an die drei Kreise m e i  
gemeinschaftliche geradlinige Tangenten legen, die hier a ls  
Kreise mit unendlich grossem Radius anzusehen sind. " 

Von S t o l l  considers  th ree  add i t iona l  cases  with respec t  t o  i n t e r-  

n a l  and ex te rna l  s i m i l a r i t y  po in t s  and s t a t e s  i n  h i s  l a s t  sentence: 



" In  a l l  these cases two common tangent l ines ean be placed i n  
contact with the three c irc les ,  and there e x i s t  besides these 
i n  general s i x  solutions." 

"In a l ien  diesen Fdllen Kbnnen an die dpei Kreise zwei gemein- 
sohafttiche Tangenten gelegt werden and ex is t i ren  ausserdem 
i m  Atlgemeinen sechs Losungen. " 

The p o s s i b i l i t y  of obtaining seven so lu t ion  c i r c l e s  with f i n i t e  

r a d i i  and one so lu t ion  with a  cen te r  a t  i n f i n i t y  is  overlooked by von 

S t o l l .  The at tached numerical example r e f l e c t s  seven so lu t ion  c i r c l e s  

with f i n i t e  r a d i i  and one common tangent l i n e .  This same numerical 

example can be used t o  show t h e  l i m i t a t i o n  of t h e  "general" so lu t ion  

by Mills. 

Neither von S t o l l  nor Mills apparent ly heeded t h e  object ion by 

Viete [12] "quoniam revera s i  asymptoti fuerint parallelae, e r i t  

irri-tus labor." This object ion t o  the  van Roomen so lu t ion  can now a l s o  

be addressed. Whenever t h e  asymptotes of t h e  hyperbolas assoc ia ted  

with t h e  so lu t ion  of t h e  Apollonius tangency problem a r e  p a r a l l e l ,  then 

w i l l  t h e  desired tangent c i r c l e s  be common tangent l i n e s .  

The task  a t  hand then is  t o  present  a  method f o r  determining t h e  

cen te rs  of desired tangent c i r c l e s  i n  p a i r s ,  a s  well  a s  provide an 

opportunity t o  analyze t h e  problem and determine t h e  number of possible  

so lu t ions .  

The proposed so lu t ion  t o  determine p a i r s  of centers :  

SOLVE SIMULTANEOUSLY ONE LINEAR EQUATION IN TWO VARIABLES AND 

ONE SECOND DEGREE EQUATION IN TWO VARIABLES 

ax + by + c = 0 and 

Ax2 + 2Bxy + cy2 + 2Dx + 2Ey + F = 0 . 
This approach involves t h e  use of a  quadrat ic  equation i n  one 

var iab le ,  and hence i s  constructable  with s t raight- edge and compass. 

The theorem which w i l l  be proven is: 

Theorem. The cen te rs  of  the  e igh t  desired tangent c i r c l e s  l i e  on 

two d i s t i n c t  conic sec t ions ,  and these e i g h t  cen te rs  a r e  d i s t r i b u t e d  

pair-wise on four  l i n e s  of centers .  

The development of  the  proof i s  intended t o  f a c i l i t a t e  obtaining 

numerical resu l t s -th rough  t h e  use of e lec t ron ic  ca lcu la tors  a s  we11 a s  

p i c t o r i a l  r e s u l t s  by means of mechanical p l o t t e r s .  

Two theorems which can be proven by the  reader:  

- -. .- The.ohem. The four  l i n e s  of cen te rs  a r e  concurrent.  

Theoi.etn. The in te rsec t ion  of these l i n e s  of centers  is  t h e  

r a d i c a l  center .  

PROBLEM 

Determine t h e  coordinates  of cen te rs  of c i r c l e s  tangent t o  t h r e e  

given c i r c l e s .  

Analysis. The number of cen te rs  t h a t  can be obtained depends on 

the  r e l a t i v e  pos i t ions  of t h e  given c i r c l e s .  

2 
Given. ( X  - h1)' + ( y  - g1)' = R12 , 

( x  - h 2 ) 2  + ( y  - g 2 ) 2  = f f 2  , 
( x  - h3I2  + ( y  - g 3 ) 2  = R~~ . 

Asked. Show t h a t  t h e  i n t e r s e c t i o n s  of  l i n e s  and conic sect ions 

y i e l d  cen te rs  of des i red  tangent c i r c l e s .  

Solution. Let d l ,  d 2 ,  and d3 be t h e  respect ive dis tances from 

one of the  desired cen te rs  t o  t h e  cen te rs  of t h e  given c i r c l e s .  

Algebraic sums 

Suggested sums 

i n  determining 

var iab les .  
F i r s t  

combination 

A = R3 - R 1 

An = R 2 -  Rl 

A,, = R, - R 
2 

of p a i r s  of equations shown y i e l d  p o s s i b i l i t i e s :  

d 3  i d l  = *R3 Â Rl , 
d2  + dl = +R2 * Rl , 
d *  d2 = Â± k R 2 .  

o r  d i f fe rences  of known r a d i i  a s  shown below a r e  usefu l  

l i n e a r  equations and second degree equations each i n  two 

Second Third Fourth 
Combination Combination Combination 

A3 = R3 + Rl A3 = R - R3 A3  = Rl + R3 

A^ = R2 + Rl A = Rl + R2 An = R - R 
1 2 

A,, = R - R 2 = ^ + R3 A,, = R + Rg 



Sub t rac t  equat ion I from equa t ion  111, then s u b t r a c t  I from 11: 

Square both  s i d e s  of I V  and V,  t hen  c o l l e c t  l i k e  terms:  

equa t ions  V I ,  and V I I  f o l low:  

Mul t ip ly  bo th  s i d e s  o f  V I  by A ,  and mul t ip ly  both s i d e s  o f  V I I  by A ,  

then s u b t r a c t .  The r e s u l t  i s  a l i n e a r  equat ion:  

V I I I .  Alx + Bly + Cl = 0 . 
The va lues  o f  A ,  Bl,  and Cl a r e  i n d i c a t e d  below: 

By l e t t i n g  A and A 3  t a k e  on a l t e r n a t e l y  t h e  suggested va lues  o f  t h e  sum 

o r  d i f f e r e n c e  of  t h e  r a d i i ,  it i s  c l e a r  t h a t  f o u r  l i n e a r  equa t ions  can 

be  determined. Now n o t e  t h a t  a l i n e  may i n t e r s e c t  wi th  a con ic  i n  a t  

most two p o i n t s .  So, i f  two second-degree equa t ions  each i n  two v a r i-  

a b l e s  were determined, t hen  each o f  t h e s e  con ic  s e c t i o n s  would c o n t a i n  

a t  most f o u r  d e s i r e d  c e n t e r s .  

The d e r i v a t i o n  o f  a second degree  equa t ion  is accord ing  t o  s t anda rd  

a n a l y t i c  geometry techniques:  

S u b t r a c t  equa t ion  I1 from equa t ion  111, 

I X .  ( x -  h3^  t (if - g3)2 = / ( x  - k2)^  t (y  - g2)' + A,, ; 

square  bo th  s i d e s  o f  equa t ion  I X ,  t hen  c o l l e c t  l i k e  terms,  

= bl,, 4 (x-h2I2 t (y-g2)2 ; 

square  bo th  s i d e s  of X,  t hen  c o l l e c t  l i k e  terms i n  o r d e r  t o  o b t a i n  an  

equa t ion  o f  t h e  form 

X I .   AX^ + 2Bxy t Cy2 + 2Dx t 2Ey t F = 0 . 

The va lues  of  A ,  B, C, D, E, and F a r e  i n d i c a t e d  below: 

A = 4(k2  - k 3 I 2  - A ~ )  , - 
B = 4(k2  - k ) ( g  - g )  , 

C = 4(g2 - g,)' - Ah2) , 

D = 2(k2 - k , ~ k , ~  + g3' - hZ2 - g Z 2  - A,,') t 4 k 2 ~ 4 2  , 

E = 2(g2 - g3)(k3'  t g32 - kZ2  - g22 - A,,') t 4g2Ab2 , 
F = ( k 3 2  + g32 - k 2  - g22 - A , , ~ )  2 - 4~~~ (kZ2+ g Z 2 )  . 
Observing t h a t  A,, appears  a s  a squared q u a n t i t y  on ly  among t h e  co- 

e f f i c i e n t s  of  equa t ion  X I ,  and us ing  t h e  two suggested va lues  f o r  

A 4  , i - e . ,  A,, = R ,  - R2 , o r  A n  = R2 t R3 , t h e  conclus ion is t h a t  

i n  gene ra l  two con ic  s e c t i o n s  can be  determined. The equa t ion  

Ax2 t BXy t Cy2 + 2Dx t 2Ey t F = 0 r e p r e s e n t s  one of  n i n e  cu rves ;  

namely, a n  e l l i p s e ,  an  imaginary e l l i p s e ,  a p o i n t ,  a hyperbola ,  a p a i r  

o f  i n t e r s e c t i n g  l i n e s ,  a pa rabo la ,  a p a i r  o f  p a r a l l e l  l i n e s ,  a p a i r  o f  

imaginary p a r a l l e l  l i n e s ,  o r  a p a i r  o f  co inc iden t  l i n e s .  Since  equa t ion  

X I  i n c l u d e s  t h e  hyperbola  t o  which van Roomen r e f e r s ,  it i s  ev iden t  

t h a t  a n a l y t i c  geometry provides  a workable s o l u t i o n  i n  a most g e n e r a l  

sense .  The s o l u t i o n  s e t  of equa t ions  VIII and X I  w i l l  r e f l e c t  t h e  

coord ina te s  of c e n t e r s  of c i r c l e s  t angen t  t o  t h e  t h r e e  given c i r c l e s .  
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AN INEQUALITY FOR A MARKOV CHAIN WITH TRANSITION 
FUNCTION p ( i , j )  AND STATE SPACE J = {I, 2, ..., n}. - - - -- 

by fitichael Ste.phen Schwavtz 
8 e Â £ 6 e  Giaduate School 06 Science 

This  paper  o r i g i n a t e d  from Problem Number 395 of  t h e  Spr ing,  1977 

i s s u e  o f  t h i s  j ou rna l .  The problem, a s  it appeared was: 

'Assume t h a t  n  independent Bernou l l i  exper iments  a r e  made wi th  

p  =  success 1, 1 - p =  failure], and 0< p <l. I n t u i t i v e l y  it seems 

t h a t  P[success on t h e  f i r s t  t r i a l l e x a c t l y  one success]  i s  a lways  l e s s  

than   s success on t h e  f i r s t  t r i a l t a t  l e a s t  one success  . Ver i fy  

d i r e c t l y  t h a t  t h i s  i s  indeed t h e  case ."  

Theoiern. I f  0ep .e  1, f o r  i = 1, 2 ,  ..., n, t hen  
2 

n 

( 1 )  Pi  n 1 1  - p . )  ( n  > 1 ) .  
/ = z  3 < P I  

Â £ ; P i f T ( 1 - p  1 -  , p - p . )  3 

i = 1  j # /  j = l  
Proof. We s h a l l  proceed by induc t ion .  For n  = 2, we want t o  

Prove t h e  fo l lowing:  

P 1 d  - p,) P I  

p ^ l  - P Z )  + p 2 ( 1  - P I )  1 - ( 1  - p l ) ( l  - p 2 ) .  

Af t e r  c l e a r i n g  t h e  f r a c t i o n s  and t r anspos ing ,  we have 

2  
( 1  - p )  - p d l  - p 2 )  < p a d  - p i )  + ( 1  - p 1 ) U  - Q . ( b )  

Dividing both  s i d e s  by 1 - pl g i v e s  
2  

( 1  - p 2 )  < p 2  + ( 1  - p z )  . ( e )  

Since  ( c )  reduces  t o  p-2 > 0, r e v e r s i n g  t h e  s t e p s  from h e r e  e s t a b l i s h e s  

t h e  t r u t h  f o r  n = 2. 

Next, suppose ( 1 )  ho lds  f o r  n = k .  For n  = k + 1, t h e  l e f t  s i d e  

of  ( 1 )  can be  w r i t t e n  a s  



which is l e s s  than  

by t h e  induc t ion  hypo thes i s .  The t a s k  which remains is t o  show t h a t  
( 1 ' )  is l e s s  than  

Pi -- 
1 - In ( 1  - p . ) .  

3 
Clea r ing  j = l  

j= 1 
we r e a d i l y  o b t a i n  

j=1 i = l  jiti 

Transposing t o  . i so la te  p  k+l fi ( 1  - pi) on t h e  r ight- hand s i d e  and 

d i v i d i n g  $=I 

k k 
+ pk+l z p i  n ( 1  - pj"l  - p 

i= l  ,#I  
k + l  < p k t r  

which becomes 
k  k  k  

( 5 . )  n ( 1  - P,) + z pi n (1 - p j ) ( l  - pnl) < 1 
j= 1 i = 1  j#i 

a f t e r  ( 2 ' )  has  been r e a p p l i e d  and pk+., d iv ided  o u t .  But 
k  kpin ( 1  - P . )  ,7 < 2 p i f i  ( 1 - p . 1  3 and 

i= l  jiti {=I gfi 

i- k a. k r\ ( 1  - pi) + ( 1  - p) 3 < n (pi + ( 1  - p . )  ) = 1, 1 

j= 1 1=1 jiti ^.=1 

k - 
where t h e  l a s t  i n e q u a l i t y  fo l lows  because 

c o n t a i n s  a l l  of  t h e  terms on t h e  l e f t  i = l  ( p l u s  o t h e r s ) .  

This e s t a b l i s h e s  ( 1 )  f o r  n  = k t 1, s o  t h a t  i n e q u a l i t y  ( 1 )  holds  

f o r  a l l  i n t e g e r s  n >1. Q.E.D. 

C0mme.n.t. By t h e  same argument we can o b t a i n  t h e  fo l lowing:  

I would l i k e  t o  thank t h e  e d i t o r  f o r  he lp ing  me t o  w r i t e  my paper  

i n  a  b e t t e r  form. 
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and 

OBTAINING THE PROBABILITY DENSITY 
FUNCTION OF THE k-TH ORDER STATISTIC Formula ( 2 )  fo l lows from formula ( 1 )  by r epea ted  and l a b o r i o u s  i n t e g r a-  

t i o n .  I n  t h i s  a r t i c l e  we g i v e  a  s h o r t  and d i r e c t  way t o  ob ta fn  gk(yk) .  

Let  Gk(yk) be t h e  edf f o r  Y k y  s o  t h a t  
by A. Banah, 8. Cfi&n, T. MeMe, 8. R&&, 

B. S h v w a L t ~  and P. S d h  

Suppose t h a t  Xl,X2, ..., Xn a r e  independent,  i d e n t i c a l l y  d i s -  

t r i b u t e d  random v a r i a b l e s  ( o f  a b s o l u t e l y  cont inuous  t y p e ) ,  each wi th  

t h e  same marginal  p r o b a b i l i t y  d e n s i t y  func t ion  f ( x )  and cumulative 

d i s t r i b u t i o n  func t ion  F(x) .  The j o i n t  pdf o f  Xl,X2 ,..., Xn is then  

f ( x 1 ) f ( x 2 ) .  . . f (xn) .  

The o r d e r  s t a t i s t i c s  Y l ,  Y2, ..., Yn a r e  def ined a s  u s u a l  ( s e e  

Hogg and Craig  [1965]) by 

Fop k  = n t h e  s i t u a t i o n  is easy:  

= [ F ( ~ ~ ) ] ~  (by independence o f  t h e  X'S), s o  t h a t  

For k  = 1 t h e  s i t u a t i o n  is  almost  as easy:  
Yl = s m a l l e s t  of XI,  X2, ..., Xn , 
Y2 = nex t  s m a l l e s t  o f  Xl, X2, ..., Xn , 

Yn = l a r g e s t  o f  X I ?  x 2 , . - -  ,xn 
Since  we assume t h a t  t h e  X1s a r e  o f  continuous type ,  t h e  p r o b a b i l i t y  

of any t i e s  among t h e  X1s is ze ro ;  t h a t  i s ,  

For 1 < k < n t h e  s i t u a t i o n  is  more d e l i c a t e :  

Thus we may assume t h a t  t h e  Y1s a r e  w e l l  de f ined .  By t h e i r  d e f i n i t i o n  

t h e  o r d e r  s t a t i s t i c s  s a t i s f y  t h e  cha in  o f  i n e q u a l i t i e s  

-- < yl 5 Y2 5 ... 5 Yn<-.  Order s t a t i s t i c s  a r e  encountered i n  such 

p l a c e s  a s  t h e  theo ry  o f  r e l i a b i l i t y .  

Let  g ( y l  ,y2  Â ¶  .., yn)  be t h e  j o i n t  pdf o f  Yl,Y2 ,.. .,Yn , and 

l e t  gk (yk)  r e p r e s e n t  t h e  marginal  pdf o f  t h e  k- th o r d e r  s t a t i s t i c  Y 
k '  

It is  well-known ( a g a i n y  s e e  Hogg and Cra ig )  t h a t  g (y l ,y2  , . . . , y  ) and n  
gk(yk ) may be  w r i t t e n  i n  terms o f  f ( x )  and F ( x ) ;  and,  i n  f a c t ,  t h e  

formulas a r e  

. .f(yn),--< y l s  y 2 s . .  . s yn <tm 

( 1 )  g(Y13Y2Y . - ,Yn 1 = 

, otherwise  

G k k  (y  ) = Pp(Yk 5 y k  ) = PF (k o r  more X1s 5 yk) .  

Thus 
n  

I f  we compute gk(yk)  = ( d/dyk)Gk(yk) u s i n g  ( 3 )  we o b t a i n  $i 

h o r r i b l e  mess. In s t ead ,  w r i t e  

= 1 - H(k - l ) ,  

where H ( - )  is  t h e  cdf o f  a binomial  random v a r i a b l e  wi th  parametevs 

n  and p = F(yk 1. 



I n  Wilks [ 1962 1, p. 152, we f i n d  t h e  fo l lowing  handy r e l a t i o n ,  

where q = 1 - p : 

This  r e l a t i o n  is proved us ing  i n t e g r a t i o n  by p a r t s ,  and applying it t o  

our  s i t u a t i o n  i n  ( 4 )  y i e l d s  

Using t h e  Fundamental Theorem o f  I n t e g r a l  Calculus  we d i f f e r e n t i a t e  

(5) and o b t a i n  
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THE NATURAL DENSITY OF THE FIBONACCI NUMBERS 

In  t h i s  paper ,  we compute t h e  n a t u r a l  d e n s i t y  of t h e  Fibonacci 

Numbers by e lementary  techniques .  Let N be t h e  s e t  of  p o s i t i v e  

i n t e g e r s  .and A  N . We %ill t h i n k  o f  t h e  elements of  A a s  be ing  

arranged according t o  s i z e  i n  t h e  form of a sequence { a k }  . For example, 

i f  A  denotes  t h e  s e t  o f  p o s i t i v e  even i n t e g e r s ,  t hen  ak = 2 k  . I n  t h i s  

paper,  we cons ide r  t h e  s e t  A  = { F ~ } ,  where Fk is t h e  k t h  Fibonacci 

Number def ined r e c u r s i v e l y  by Fl  = F 2  = 1, and Fkt2 = Fkt1+ F k ,  k  E N . 
There a r e  t h r e e  types  of d e n s i t y  t h a t  one u s u a l l y  cons ide r s :  

asymptot ic ,  n a t u r a l ,  and Schnirelmann. They a r e  de f ined  i n  t h e  follow- 

i n g  way: 

~t&kiL%tt. Let A ( x )  denote  t h e  number of p o s i t i v e  i n t e g e r s  i n  

A  t h a t  a r e  l e s s  than  o r  equa l  t o  x, where x E bl . 
The asymptot ic  d e n s i t y  o f  A  i s  

6 1 ( A )  = l i m i n f m  . 
k- k  

The n a t u r a l  d e n s i t y  o f  A  is  

6 ( A )  = lim A ( k )  - , i f  t h e  l i m i t  e x i s t s .  
k- k  

The Schnirelmann d e n s i t y  o f  A  i s  

and i f  A has  a n a t u r a l  d e n s i t y ?  

Following a r e  a few examples i l l u s t r a t i n g  t h e s e  t h r e e  d e n s i t i e s :  

a . )  A  = N . Then d ( A )  = 6 ( A )  = 6 1 ( A )  = l .  

. .... b . )  A  = {2,4 ,6  } Then, A ( k )  = [ k / 2 ]  and 6 ( A )  = 6 1 ( A )  = 1 / 2 a  

b u t  d ( A )  = 0. 

c.) A  = t h e  s e t  o f  a l l  p o s i t i v e  primes. L e t  n ( x )  = t h e  number kf 

p o s i t i v e  primes 5 x .  The well-known Prime Number Theorem s t a t e s  



t h a t  l i m  9 . l n  x = 1. 
x- x 

Thus, u s ing  t h e  n o t a t i o n ,  A(k) = ~ ( k ) ,  it fo l lows  t h a t  & ( A )  = 0. 

Hence, d(A) = &(A) = &l(A) = 0. 

Then &(A ) does n o t  e x i s t .  (For a h i n t ,  s e e  b], p .  248. ) 

 vote 1: The Schnirelmann d e n s i t y  is  s e n s i t i v e  t o  t h e  f i r s t  te rms o f  

t h e  sequence A = {ak} . For example, i f  1 $! A ,  t hen  d(A) = 0 ,  

and i f  2 # A ,  t hen  d(A) 5 112, whereas ti1 remains t h e  same 

whether o r  n o t  1 o r  2 a r e  i n  A .  

7 i o t ~  2: The asymptot ic  d e n s i t y  and t h e  n a t u r a l  d e n s i t y ,  i f  it e x i s t s ,  

a r e  measures of t h e  s p a r c i t y  of t h e  e lements  o f  A .  For ex- 

ample, i f  A c o n s i s t s  of t h e  terms of a n  a r i t h m e t i c  sequence 
1 

with d i f f e r e n c e  D, t hen  A1(A) = &(A) = 5 . 
Note 3: The f i r s t  major r e s u l t  concerning t h e  d i s t r i b u t i o n  o f  a s e t  of 

p o s i t i v e  i n t e g e r s  was t h e  Prime Number Theorem ( s e e  Example c .  

proved independent ly  by Hadamard and De La Vall6e Poussin i n  

1896. The f i r s t  s e r i o u s  s tudy  o f  t h e  d e n s i t y  of  an  a r b i t r a r y  

s e t  of  p o s i t i v e  i n t e g e r s  was made i n  1930 by L. G.  Schnirelmann 

( 4 ) .  Schnirelmann con jec tu red  t h e  c e l e b r a t e d  U B  theorem which 

was f i r s t  proved by H.  B. Mann i n  1942 [21. 

Now, l e t  A = {Fk), t h e  Fibonacci  sequence. It is known t h a t  

d(A) = 0.  (Fibonacci  Quar t e r ly ,  vo l .  4 , #3Â p. 284. ) We w i l l  show t h a t  

6(A) = 0, s o  t h a t  0 = d(A) = 61(A) = 6(A). Note t h a t  

Hence, 
A(Fk) 2 A s  f o r  Fk 5 n < Fktl - n '  

Fk 

s o  t h a t ,  
l i m  sup A(k) 5 l i m  sup A(Fk) = l i m  sup 2 . 
k- 7 Fk- - k- Fk 

Fk 

We w i l l  show t h a t  
l i r n  A = 0. 
k- Fk 

Th i s  w i l l  t hen  imply t h a t  &(A) = 0.  

( 5 )  The sequence is monotonic dec reas ing  and i s  bounded.. 

Thus 

Upon adding 1 t o  t h i s  l a s t  i n e q u a l i t y  we g e t  

{4 i s  monotone dec reas ing .  Also, 2 2 A O y  

f o r  k 2 2. Fk 

Therefore ,  by t h e  monotone convergence theorem, L e x i s t s ,  

where L = l i m  A(Fk) = l i r n  3 . 
k- - k- Fk 

Fk 

( i t )  Computation of  t h e  Limit (L = 0) .  

It is  w e l l  known t h a t  l i r n  Fk+l = 6 + 1 ; 
k- - 2 

Fk 

c a l l  t h i s  va lue  g ( t h e  I1golden sec t ion t1 ) .  Then, 

L = l i m  2 = l i r n  k/Fk+l 
k- Fk k w F  

kIFk+l 



But, g # 1, t h u s ,  L = 0. 

The a u t h o r s  wish t o  thank t h e  r e f e r e e  f o r  s e v e r a l  h e l p f u l  

sugges t ions .  
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P i  Mu Epsilon Student Conference on September 3OY 1978 (and w i l l  host  
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have been involved. Please send repor t s  on these t o  t h e  E u o f i ) .  

The TEXAS IOTA CHAPTER a t  the  University of  Texas i n  Arlington 

heard t h e  following papers by: vfi, U .  L. T e n d o n ,  vqCurves of  Constant 

Widthf1; Vfi. SXeve B~'m6i&d, tfMathematicsTT ; and Rkh#Ld BennuX, "Ground 

Resonance I n s t a b i l i t y  of Hel icoptersfq.  

PUZZLE SECTION 

This department i s  for the enjoyment o f  those readers who are 

addicted t o  working crossword puzzles or who find an occasional mathe- 

matical puzzle a t t rac t ive .  We consider mathematical puzzles t o  be 

problems involving numbers, geometric figures, patterns, o r  logic whose 

solut ion cons is t s  o f  an answer immediately recognizable as  correet by 

simple observation, and not necessi tat ing a formal mathematical proof. 

Although logical reasoning o f  a sor t  must be used t o  solve a puzzle i n  

t h i s  sect ion,  l i t t l e  or no use of algebra, geometry, or calculus w i l l  

be necessary. Achi-ittedly, t h i s  statement does not serve t o  precisely 

dist inguish material which might well  be the comain o f  the Problem 

Department, but the Editor reserves the r ight  t o  m k e  an occasional 

arbitrary decision and wi l l  publish puzzles submitted by readers when 

deemed s k t a b l e  for t h i s  department and believed t o  be new or not 

accessible i n  books. Material not used here w i l l  be sent t a  the Problem 

Editor for consideration i n  the Problem Department, i f  appropriate, or 

returned t o  the author. 

Adhess  a l l  proposed puzzles, puzzle solut ions or other corres- 

pondence t o  David Ballew, Editor o f  the Pi Mu Epsilon Journal, Depart- 

ment ofMathematiea2 Sciences, South Dakota School o f  Mines and Technology, 

Rapid City,  South Dakota 57702. Please do not send such material t o  the 

Problem Editor as  t h i s  w i l l  delay your recognition as a eontr-ibutor t o  

t h i s  department. Deadlines for solut ions o f  puzzles appearing i n  each 

Fall i s sue  i s  the following March 1, and that  for each Sping i ssue ,  the 

f o l l o h n g  September 15. 



VeijiluAioiti and Key 

A.  formulated the four-color conjecture 
around 1852 156 45 15 153 103 136 174 

B. composed of elements drawn from 
various sources 

- - - - - - - - 
179 44 95 86 30 26 186 10 

C. early name for curve of constant width 
117 65 100 29 193 43 33 93 

D. in 1837 he gave the first rigorous 
proof of the impossibility of tri- 
secting the general angle 

E. a ratchet device which allows motion 
in one direction only in equal steps 

F. wink 

G .  some call it the lazy dog curve 

H. punched-card pioneer (1860-1929) 

I. Paul Erdos' word for "child" 

J. complex analog of Euclidean space 

K. libratory motion of earth's axis 

L. author of WHOM THE GODS LOVE 

M. game described by J. L. Synge in 
SCIENCE - SENSE AND NONSENSE; short 
for "vicious circle" 

N. precise, neat and simple 

0. engaging in wanton behaviour 

P. bridge player's delight (2 wds.) 

Q. a group of nine 

R. an element of a topology (2 wds.) 

S. 1959 lithograph by M. C. Escher 
featuring tetrahedra and octahedra 

T. body of water which originally 
separated the supercontinents 
Gondwanaland and Laurasia (2 wds.) 

U. child's game played outdoors on an 
arrangement of rectangles 

V. between-the-acts music 

W. repeated design in a pattern 

X. game invented by William Rowan 
Hamilton; marketed in 1859 

Y. female ring leader (1882-1935) 

2 .  rage of the early 1950's; brainchild 
of Roger Price 



Mathacros t ic  No. 7 

bubmit te.d by  J o n p h  V .  E.  Konhai~ie.f i  
I 1 a c a L u . t ~ ~  CoUe.ge., S t .  P a d ,  AKnnuota.  

Like a l l  o t h e r  a c r o s t i c s ,  t h i s  one i s  a keyed anagram. I d e n t i f y  

t h e  key words, matching t h e i r  l e t t e r s  i n  o r d e r  wi th  t h e  oppos i t e  sequence 

of numbers, and i n s e r t  each l e t t e r  of t h e  key words i n  t h e  square  of  t h e  

ma thac ros t i c  with t h e  same number. Words end a t  b lank squa res ,  and some 

words may extend on t o  t h e  nex t  l i n e .  

When completed, t h e  ma thac ros t i c  w i l l  be a 1 9 3- l e t t e r  quo ta t ion  

and t h e  26 i n i t i a l  l e t t e r s  o f  t h e  key words w i l l  s p e l l  t h e  name of  an  

au thor  and t h e  t i t l e  o f  h i s  book from which t h e  quo ta t ion  was der ived.  

Mathacros t ic  No. 8 

The d i r e c t i o n s  f o r  t h i s  ma thac ros t i c  a r e  s i m i l a r  t o  t h e  one above. 

I t  has  29 key words, 202 l e t t e r s ,  and t h e  i n i t i a l  l e t t e r s  of t h e  key 

words a r e  an  au thor  and work. 

So lu t ions  

Mcuth.a~i-t.ti.c No. 6  all, 19781 

D e f i n i t i o n s  and key: 

A.  Hose1 H. Temporize 0. Near-beer V. Raf f l e s  

B. Uncinate I. Hadamard P. Empty W. Tete-beche 

C. Nonplusses J. Enprise Q. P a t t e r n s  X. I f f y  

D .  Team up K. Darboux R.  Redowa Y.  oddment 

E. Lyceum L. Ipse  d i x i t  S. of f speed  Z. Newcornen 

F. Evolute M. Versor T. Poset 

G. Yo-yo N. Ischemia U. Oxymoron 

F i r s t  l e t t e r s :  HUNTLEY THE DIVINE PROPORTION 

Quotation: In mathematics the expedience of beauty may be compounded of 

surprise, wonder, awe, or of realized expectation, resolved p s r p i e x ~ t I I ,  

a sense of wplwnbed depths and mystery; or of economy of the meoiis t o  an 

impress'i.ve resul t .  

Sotve.d by ROBERT PRIELIPP, U ~ e . ~  o f ,  W^corU i in ,  Obhkobh; 

VICTOR FESER, A l < ~ u /  CoUnge., QLtmuhck; GERALD PERHAM, S t .  J o ~ e p h ' b  UIUUM- 

4-Lty; LOUIS CAIROLI , K a m a  S-tote. Un ive .u^y ;  JEANETTE BICKLEY, We.bhtm 

G~OLWA M.S., ^Ui~oLi/Lit. ;  and the .  Pfiopo-se~. 

The BILLdge. Game. [Fal l  , 19781 bub~n i t t e . d  by Pie.& Square. 

Four men named Banker, Waiter,  Baker and Farmer a r e  p l ay ing  b r idge .  

Each man's name i s  ano the r  man's job. I f  t h e  bake r  is  Hr. Baker ' s  p a r t -  

n e r ,  i f  Mr. Banker 's  p a r t n e r  is  t h e  farmer and i f  a t  Kr. Farmer's  r i g h t  

is t h e  w a i t e r ,  who is  s i t t i n g  on t h e  banker ' s  l e f t ?  

SoLuAt.on: 

MR. FARMER 

baker  

MR. BANKER MR. WAITER 

w a i t e r  f armer 

MR. BAKER 

banker 

S o h e d  by  RANDOLPH ISTUANEK, UfU.^eu'U.y 0 6  W-L&con&in, P m u d e . ;  

VICTOR FESER, hluhq CoVLe.ge., B-cAmck;  JANDA COOK, Lamah Uwiueu'U.y;  

MICHAEL YOUNG, Pont-Und State. ;  AVI LOSIZE, T o m b  Vodaath H.S., Lhook iyn ;  

SAMUEL GUT, Bfiookii/n; RALPH KING, S t .  Bonaue.ntuAe.; MICHAEL GAIN, Lament 

U v i i v n i ~ i i X y ;  RANDALL SCHEER, S w y  at Potidam; SUSAN HOFFMAN, l o n a  CoUege.; 

GEORGE RAINEY, UCLA; GERALD PERHAM, S t .  Jo&fph'h U n i v i u ^ t y ;  SUSAN 

IWANSKI, Gn.e.e.n& Lawn, N. Y. ;  CLAUDA EVANS, LaMmque, T u w  MARK EVANS, 

LaMcuique., Te.xo4; KENNETH LEMP, Nubbau CommuwLty CoUege.; LOUIS CAIROLI, 

KanhflLA S ta te .  U n i v m L t i f .  

A S i n g l e  Ca t  [Fa1 1 , 19781 bubm i t t ed  by Pie& SquflAe. A 

Is it p o s s i b l e  t o  make a s i n g l e  c u t  i n  a 9 x 16 r e c t a n g l e ,  r ea r range  



the two parts and get a 12 x 12 rectangle? 

S olUfA.0 n : 
Solved by VICTOR FESER, A4afty C o U i g e ,  B,L&m#Lck; MICHAEL GAIN, 

Lama.& UvU.ve.4.b-Cty; GERALD PERHAM, S t .  Jobeph'i U n i v e d y ;  KENNETH LEMP, 

N m a u  Community Cotie.ge. 

Ma-tfiac~i-fccc No. 5 [ S p r i n g ,  1 9 7 8 1  
- 

* - -- 

AÂ£& hotve.d by ALLAN TUCKMAN and P A T R I C I A  GROSS 0 6  the. U ~ v m - L - t y  

Of, TiJLino-Lti. See Fall, 1978 issue for solution. 

Solved by VICTOR FESER, hkmy Colte.ge, B-LArncu~ck; RALPH KING, S t .  

8onave.ntu~e.; MICHAEL GAIN, Lamat U n i v e f ~ i i t y ;  RANDALL SCHEER, Sung at 

~o-tadnm; GERALD PERHAM, s t .  J O ~ ~ ~ A ~ A  U ~ ~ V Â £ A ~ L ~ Y  MARK EVANS, ~ a t ~ q ~ e ,  

T w ;  L O U I S  C A I R O L I ,  Kanba  Sta te .  UniveUnU-y; JEANETTE BICKLEY, Wcb&.tm 

G ~ O U U  H.S., ~ \ a b d .  
Associate Assistant Graduate 

Professor Professor Professor Instructor Assistant G/ie.ek C n . o b ~ e ~  and S q u a ~ u  [ F a l l ,  1 9 7 7 1  

Crashes into 
buildings 
when at- 
tempting to 
jump over 
them. 

Cannot 
recognize 
buildings at 
all. 

Must take Can leap over 
running start short build- 
to leap over ings only. 
tall buildings. 

The last part of this five part problem was left open in the Fall, 

1978 issue. It's solution is as follows: 
Leaps tall build- 
ings with a single 
bound. 

Wounds self 
with bullet 
when at- 
tempting to 
shoot. 

Not quite as 
fast as a 
speeding 
bullet. 

Slower than 
a slow 
bullet. 

2 faster than a 
speeding bullet. 

Is as fast as 
a speeding 
bullet. 

One of these 

Smells like 
a bull. 

Is stronger than 
a locomotive. 

Is stronger 
than a bull 
elephant. 

Is stronger 
than a bull. 

Shoots the 
bull. 

gives 

Drinks water. Recognizes 
water. 

Walks on water 
consistently. 

Walks on 
water in 

Washes with 
water. 

emergencies. 
Talks with 
the angels. 

Argues with 
himself. 

Loses argu- 
ments with 
himself.. 

Talks with God. Talks to 
himself. 

Proves orig- 
inal theorems. 

Proves 
axioms 

Disproves 
axioms. 

Creates consistent 
set of axioms. 

Accepts 
axioms. 



Mathacrostic No. 8 

A bingo-like game of Germanic origin 

Being 

Single-valued section of a multivalued 
function 

Famous criterion for irreducible 
polynomials over the rationals 

American sea captain who developed 
a method of determining longitude 
and latitude by observing heavenly 
bodies 

A chief city of the Philistines 

U.S. Mormon land 

Those function analytic in all 
of the complex plane 

Publication that should be read 
by all readers of this journal 
(two words; abbr.) 

A direct inference 

Profusely flowering dwarf 
chrysanthemum 

Provided with personnel 

A rounded elevation often 
accompanied by a corresponding 
depression on the opposite surface 

Victorious general in Shakespeare's 
Richard I11 

The study of animal behavior 

Author of The Eumenides 

Sequence of disjoint cells covering 
Euclidean n-space 

Plane of projective 2-space over a 
field 

In 1883, E. Lucas and DeParville 
presented this famous problem (3 words) 

Theorem extending functionals of 
linear subspaces to normed linear 
spaces (hypenated) 

Aiming at the improvement of race 
or breed 

Freud's pain/pleasure level of the psyche 
23 121 

State of calmness or serenity 
28 123 41 8 78 97 4 

Group having every element of finite ------- 
order 14 92 128 139 175 55 68 

An international understanding less ------- 
binding than an alliance 106 152 85 118 142 169 34 

Vector having direction and magnitude 
of the greatest rate of change 88 138 31 114 151 113 187 178 



a. A British soldier in the American 
Revolutionary War ------- 

197 15 69 181 61 102 159 

b. A rooflike cover over a door or 
window ------ 

50 21 191 115 73 99 

d. Structured a set so that each pair 
of elements has a supremum and 
infimum 29 80 153 63 77 124 5 136 

WILL YOUR CHAPTER BE REPRESENTED I N  DULUTH? 

It is time to be making plans to send an undergraduate delegate 
or speaker from your chapter to attend the annual meeting of Pi 
Mu Epsilon in Duluth, Minnesota during August, 1979. Each 
speaker who presents a paper will receive travel funds of up to 
$400, and each delegate, up to $200. 

POSTERS AVAILABLE FOR LOCAL ANNOUNCEMENTS 

At the suggestion of the Pi Mu Epsilon Council we have had a 
supply of 10 x 14-inch Fraternity crests printed. One in 
each color will be sent free to each local chapter on request. 
Additional posters may be ordered at the following rates: 

(1) Purple on goldenrod stock - - - - - $1.50/dozen, 
(2) Purple and lavendar on goldenrod - $2.00/dozen. 

LOCAL AWARDS 

If your chapter has presented or will present awards this 
year to either undergraduates or graduates (whether members 
of Pi Mu Epsilon or not), please send the names of the 
recipients to the Editor for publication in the Journal. 

PROBLEM DEPARTMENT 

E&ed by Leon Bank066 
Lo6 AngeÂ£&6 CaLi6ohnLa 

This department welcomes problems believed t o  be new and a t  a leve l  

appropriate for the readers of  t h i s  Journal. Old problems displaying 

novel and elegant methods of solut ion are also acceptable. The choice 

of proposals for publication w i l l  be based on the ed i to r ' s  evaluation o f  

t he i r  anticipated reader response and a lso  on the i r  i n t r i n s i c  in teres t .  

Proposals should be accompanied by solutions i f  available and by any 

information that  w i l l  a s s i s t  the editor.  Challenging conjectures and 

problem proposals not accompanied by solutions w i l l  be designated by an 

asterisk ( * I .  

To f ac i l i t a t e  consideration of  solutions for publication, solvers 

should submit each solution on separate sheets (one side only)  properly 

i den t i f i ed  with name and address and mailed before November 15, 1979. 

Address a i l  communications concerning t h i s  department t o  Dr. Leon 

Bankoff, 6360 W i  l sh ire  Boulevard, Los Angetes, California 90048. A 

self-addressed postcard w i l l  expedite acknowledgements. 

Problems f o r  So lu t ion  

423. [Spring 19781. Pmpo6e.d by TU.ch&d S .  F-Ldd, Sawta. MoiM-ea. 

ca.t?itJohVUJCL. 

Covte&d vwi-ion. 
D c 

Find all solutions in positive integers of the equation A - B = C , 
where D is a prime number. 

438. P ~ ~ o p o ~ e d  by EknA-t S-tAouA, UM.v iw.u ty  o f ,  CaUf,oWLa cut 
Lob AngeLe4. 

Prove that the sum of the lengths of alternate sides of a hexagon 

with concurrent major diagonals inscribed in the unit circle is less. 

than 4. 



439. Pfiopohed by Echrnd 7 .  H u h ,  Patoh Vekde~, C&6ofiLa. 
A bug s t a r t s  a t  ldonday noon a t  t h e  upper l e f t  c o r n e r  (XI of  a p  by 

q r e c t a n g l e  and c rawls  wi th in  t h e  r e c t a n g l e  t o  t h e  d i agona l ly  oppos i t e  

co rne r  ( Y ) ,  a r r i v i n g  a t  6 P.M. Exhausted, he s l e e p s  till noon Tuesday. 

A t  t h a t  t ime he embarks f o r  X, crawling a long  ano the r  pa th  i n  t h e  

r e c t a n g l e  and a r r i v i n g  a t  X 6 P.M. Tuesday. Prove t h a t  a t  some t ime 

Tuesday t h e  bug was a t  a p o i n t  no f a r t h e r  than  p  from where he was a t  

t h e  same time t,londay. 

440. Pfiopohed by C h d e h  W. T x i g g ,  San Viego, CaLi6oknia. 

Are t h e r e  any prime va lues  o f  p  < l o 5  f o r  which t h e  equat ion 
5 5 x - z j  = p  

has  a s o l u t i o n  i n  p o s i t i v e  i n t e g e r s ?  

How about x 5  t y5 = p? 

441 . Pmpvhed by Richmd A. Gibbh, Fohi Lwh CoUege, V m n g o ,  

Colotiado. 

Prove t h a t  a self-complementary graph with an  even number o f  

v e r t i c e s  has  no more t h a n ' 2 i  v e r t i c e s  o f  degree i, and t h a t  t h e  number 

o f  them is  even. 

442. Pfiopohed by Jack Gathunk&, Fokut H L U A  High School, 
Fldz ing,  Nw Yofik. 

Show t h a t  t h e  sum o f  t h e  pe rpend icu la r s  from t h e  c i rcumcenter  of  

a t r i a n g l e  t o  its s i d e s  is no t  l e s s  than  t h e  sum of  t h e  pe rpend icu la r s  

drawn from t h e  i n c e n t e r  t o  t h e  s i d e s  o f  t h e  t r i a n g l e .  

443. Pfiopo~ed by R. S. Luthm, U n i u m a y  0 6  W h c o a i n ,  JanuvitYe. 
I f  x and zj a r e  any r e a l  numbersy prove t h a t  

2 x t 5y2 ? 4zy. 

444. Pfiopohed by Petefi A. Lin&-tkvm, GeneAee CommuvzLiy CoUege, 

Bi~Xavia, Nw Yofik. 

I n  terms o f  n, which is t h e  f i r s t  non2zero d i g i t  o f  

445. Pmpo~ed by Richmd S. Field, S&a Monica, C&6oknia. 

A ' lTr ibonacci - l ikel l  i n t e g e r  sequence [ A ~ ]  is  de f ined  i n  which 

rn1Ai + rn*Aitl t rn3Ait2 = Ait3, (Ao = A 1 2  = A = 1; m 1, m2, m3 a r e  

a r b i t r a r y  i n t e g e r s  1. 
A p a r t i c u l a r  sequence o f  t h i s  k ind  is found (ml = -1, m2 = S y  

m3 = 5 )  which appea r s  t o  y i e l d  on ly  p e r f e c t  squa res ,  v i z . :  

1, ly ly 9, 4gY 289, 1681, ... 
a )  Prove t h a t  f o r  t h i s  p a r t i c u l a r  sequencey t h e  success ive  tern: 

cont inue t o  be p e r f e c t  squa res .  

b )  Can o t h e r  va lues  of mly m2 and m3 be  found which r e s u l t  i n  t h e  



same p rope r ty ,  namely, a  sequence of  p e r f e c t  s q u a r e s ?  

446. Ptopobed by  Clay.ion w.Dodge, U n i u e ~ L t y  0 6  Alainc, Otono. 
3 3 2  

A t e a c h e r  showing t h e  f a c t o r i z a t i o n  o f  x - g = ( x  - y ) ( x 2  + xy + y  

emphasized t h a t  t h e  second f a c t o r  is  no t  a  square  ( n o t  ( x  + 3 )  squa red ) ,  

and then  chose x = 5 and y  = 3 a t  random, ob ta in ing  

2  x  + xy + y 2  = 49, 

which is a  square .  

a )  Expla in  t h i s  appa ren t  c o n t r a d i c t i o n .  

2  
b )  Show t h a t  t h e  equa t ion  x + xy + y 2  = 49 i l l u s t ~ a t e s  t h a t  a  

3 : 5 : 7  t r i a n g l e  has  a  120Â ang le .  

447. Pfiopobed by  Zelda K d z ,  B c v e d y  H i L h ,  CaLGjo&a. 

A v a r i a b l e  c i r c l e  touches  t h e  c i rcumferences  o f  two i n t e r n a l l y  

t angen t  c i r c l e s ,  a s  shown i n  t h e  f i g u r e .  

a )  Show t h a t  t h e  c e n t e r  of  t h e  v a r i a b l e  c i r c l e  l i e s  on an e l l i p s e  

whose f o c i  a r e  t h e  c e n t e r s  o f  t h e  f i x e d  c i r c l e s .  

b )  Show t h a t  t h e  r a d i u s  of  t h e  v a r i a b l e  c i r c l e  b e a r s  a  cons tan t  

r a t i o  t o  t h e  d i s t a n c e  from i t s  c e n t e r  t o  t h e  common t angen t  o f  t h e  

f i x e d  c i r c l e s .  

c )  Show t h a t  t h i s  cons tan t  r a t i o  is equa l  t o  t h e  e c c e n t r i c i t y  o f  

t h e  e l l i p s e .  

A 

448. P t o p o b ~ d  b y  t h e  l d c  R. Robinbon Rolue. 

Analogous t o  t h e  median, c a l l  a  l i n e  from a  v e r t e x  of a  t r i a n g l e  

t o  a  t h i r d  p o i n t  of  t h e  oppos i t e  s i d e  a  " t r ed ian" .  Then i f  both  t r e d i a n s  

a r e  drawn from each v e r t e x ,  t h e  6  l i n e s  w i l l  i n t e r s e c t  a t  12 i n t e r i o r  

p o i n t s  and d i v i d e  t h e  a r e a  i n t o  19 subareas ,  each a  r a t i o n a l  p a ~ t y ~ . f  

t h e  a r e a  o f  t h e  t r i a n g l e .  Find two t r i a n g l e s  f o r  which each subarea- 

is an  i n t e g e r ,  one be ing  a  Pythagorean r i g h t  t r i a n g l e  and t h e  o t h e r  wi th  

consecut ive  i n t e g e r s  f o r  i t s  t h r e e  s i d e s .  

Solutions 

401. [Fall 1977; Fall 19781. The e d i t o r ' s  comments fo l lowing t h e  

s o l u t i o n  of  t h e  Tom and t h e  P ig  p u r s u i t  problem mentioned a  r e f e r e n c e  t o  

Klamkin and Newmanfs a r t i c l e  publ ished i n  two p a r t s  i n  t h e  American 

Mathematical Monthly, e n t i t l e d  Flying i n  a  Wind F ie ld .  I n  a d d i t i o n  t o  

t h e  t r ea tmen t  of  r e l a t e d  problems i n  t h e  January and November 1969 

i s s u e s ,  t h e  a r t i c l e  g e n e r a l i z e s  problem 401 t o  c o n s i d e r  i n i t i a l  p a t h s  

o t h e r  than  t h o s e  a t  r i g h t  ang les  

I n  t h e  annexed f i g u ~ e ,  t h e  Man s t a r t s  a t  P wi th  a speed o f  V ,  aGd 

the  P i g  s t a r t s  a t  Q wi th  a  speed o f  W .  If t h e  P i g  runs  a long  QB, he is  



cap tu red  i n  t ime Tl. I f ,  i n s t e a d ,  he runs  a long  QA, he is  captured i n  

t ime T2. I t  is then  shown t h a t  T  + T i s  independent o f  O o .  Conse- 
1 2  

quen t ly  i f  we t a k e  0 = 7~12, a s  i n  Sam Loydls Puzzle o f  Tomy t h e  P i p e r l s  

Son, t hen  by symmetry, 

Tl(9o0) = ~ ~ ( 9 0 ~ ) .  

I f ,  on t h e  o t h e r  hand, O = 0, t hen  
0  

Tl(oO) = & ~ ~ ( 1 8 0 ~ )  = . 
F i n a l l y ,  T1(900) + ~ ~ ( 9 0 ' )  = ~ ~ ~ ( 9 0 ~ )  = T1(o0) + ~ ~ ( 1 8 0 ' )  = 

L+& 
v + w  v - w  

This r e s u l t  j u s t i f i e s  Sam Loydls method o f  averaging t h e  d i s t a n c e s  

t r a v e l l e d  by t h e  p i g  i f  both  r an  forward on a  s t r a i g h t  l i n e  and i f  

both  ran  d i r e c t l y  toward each o t h e r .  

412. [Spr ing 19781. Ptopobed by Solomon W. Gotomb, U n L v e ~ L t y  0 6  
Southmn C f i 6 o t n i a ,  Lob A n g e l a ,  CaLi6ohnLa. 

Are t h e r e  examples o f  ang les  which a r e  t r i s e c t i b e  b u t  no t  con- 

s t r u c t i b l e ?  That is, can you f i n d  an  ang le  a  which is  n o t  c o n s t r u c t i b l e  

with s t r a i g h t e d g e  and compass, b u t  such t h a t  when a  is given,  a / 3  can 

be cons t ruc ted  from it with  s t r a i g h t e d g e  and compass? 

S o l d o n  by t h e  Ptopobm. 
lo Among an  i n f i n i t e  number o f  such ang les  is  a  = 3n/7 = 77- . To 7  

t r i s e c t  t h i s  ang le ,  it s u f f i c e s  t o  double i t ,  a t r i v i a l  ope ra t ion  wi th  

s t r a i g h t e d g e  and compass, t o  o b t a i n  2a = 67~17. The supplement o f  t h i s  

a n g l e  is then  IT - 2a = n -  6 ~ / 7  = 7~/7 = u/3 ,  t h e  r e q u i r e d  t r i s e c t i o n !  

On t h e  o t h e r  hand, i f a  were c o n s t r u c t i b l e ,  t hen  a s  we have seen ,  

s o  t o o  would be a / 3 Â  from which 2a/3 = 27~17 would be ob ta ined  by doubling. 

But 2n/7 i s  t h e  c e n t r a l  a n g l e  corresponding t o  a  s i d e  o f  t h e  r e g u l a r  

heptagon, whose c o n s t r u c t i b i l i t y  is w e l l  known t o  be impossible .  

A h o  bolved by L. C a r l i  t z ,  Duke U n i v e ~ L t y ;  Steven Izen, PolytcchnLc 

InbZiAute 06  N u  Yotfz, Wooklqn,  N. Y .  ; N. S. Klamkin and A. H. Rhemtulla, 

[ j o i w X y ) ,  U n L v m a y  06 A L b W ,  Ehoc ton ,  Canada; Stan ley  Rabi nowi t z ,  

Maynad, Mab.  ; L6o Sauv6, Algonquin College, O-ttma; Dan Sokolowsky, 

Aniioch College, Y&ow sphingb, Ohio. 

comment. The submit ted  s o l u t i o n s  conta ined a  weal th  o f  r e l a t e d -  

m a t e r i a l  which could  be assembled i n t o  a  most i n t e r e s t i n g  expos i to ry  

a r t i c l e  on Fermat pr imesy t h e  cyclotomic  equa t ion  and c o n s t r u c t i b i l i t y  

by s t r a i g h t e d g e  and compass. For example, it was po in ted  o u t  by - S ~ J U V ~  - 

and by Sokolowsky t h a t  t h e  ang les  

6  n  
a k = m ,  k = l ,  2, 3, ... 

a r e  a l l  t r i s e c t i b l e  b u t  no t  a l l  c o n s t r u c t i b l e .  Klamkin, Rhemtulla and 
3 

C a r l i t z  de r ived  t h e i r  s o l u t i o n s  from t h e  equat ion cos  3x = 4  cos  x-3 cox x. 

Klamkin and Rherntulla o f f e r e d  a  g e n e r a l i z a t i o n  showing t h a t  t h e r e  e x i s t  

non- cons t ruc t ib l e  ang les  which when s p e c i f i e d  geomet r i ca l ly  and a r i thme t-  

i c a l l y  a r e  n - s e c t i b l e  ( f o r  a r b i t r a r y  i n t e g e r s  n )  by s t r a i g h t e d g e  and 

compass. So lu t ions  by Rabinowitz and Izen bore  a s t r o n g  resemblance t o  

t h e  P r o p o s e r l s  s o l u t i o n .  

413. [Spr ing 19781. Pmpobed by t h e  l d e  R. Robinbon Rowe. 
I n  a  v a r i a t i o n  o f  t h e  crossed- ladders- in- an- al ley  c l a s s i c ,  t h e  new 

t a l l  b u i l d i n g  on one s i d e  o f  t h e  a l l e y  was v e r t i c a l ,  b u t  on t h e  o t h e r  

s i d e  t h e  o l d  low b u i l d i n g ,  having s e t t l e d ,  leaned toward t h e  a l l e y .  Pro- 

jec t ed ,  its f a c e  would have met t h e  t o p  o f  t h e  t a l l  b u i l d i n g  and would 

have been one f o o t  l onge r  than  t h e  he igh t  o f  t h e  t a l l  bu i ld ing .  The 

l adde r s ,  unequal i n  l eng th ,  r e s t e d  a g a i n s t  t h e  b u i l d i n g s  21  f e e t  above 

t h e  ground and c ~ o s s e d  12 f e e t  above t h e  ground. How high was t h e  t a l l  

b u i l d i n g  and how wide was t h e  a l l e y ?  

SoluZLon by David E. Penney, U n i v m L t q  06 G e o t g h ,  A-thenb, Geokgia. 

Label t h e  f i g u r e  a s  shown: The h e i g h t  o f  t h e  t a l l  b u i l d i n g  is T; 

t h e  width of  t h e  a l l e y  is A ;  t h e  d i s t a n c e  from t h e  f o o t  of  t h e  t a l l  

b u i l d i n g  t o  t h e  p o i n t  d i r e c t l y  below t h e  i n t e r s e c t i o n  o f  t h e  l a d d e r s  is 

y .  F i n a l l y ,  x =  A - y .  

By s i m i l a r  t r i a n g l e s ,  x = (4/7)A, and thus  y = (3/7)A. Also by 

s i m i l a r  t r i a n g l e s ,  x = (Q/7)W. So 3A = 4W, and t h u s  W = (3/4)W. Since- 

t h e  d o t t e d  l i n e  marked W is  t h e r e f o r e  114 o f  t h e  way t o  t h e  t o p  o f  t h e  

t a l l  b u i l d i n g ,  T  = 84 f e e t .  
2  

By t h e  Pythagorean theorem, A = (T + 1) '  - T~ = 2T + 1 = 169. . 
* 

So a = 1 3  f e e t .  



A&o halved, i n  a ~im.Ua,t 

& h h i o n  by Rolan Chr is tof ferson,  

Charles R. Diminnie, S t .  8 o n a v e ~ t m e  

U u i v t m L t y ,  Nw Yohk; Mark A. Flood, 

Uuive&&Lty 0 6  ToLedo, Ohio; Steve 

Leeland, Phoenix, AGzona; Charles 

H .  Lincoln,  Gold~boho ,  N. C.; Kenneth 

M. Wi 1 ke, Topeka, K a m a ;  and R. 

Robinson Rowe, t h e  Phopohu~, who 

mentioned t h e  simple but not well-  

known r e l a t i o n :  

where H is  the  height of  t h e  t a l l  

bu i ld ing y d is  the  ord ina te  of t h e  

top of t h e  ladder  aga ins t  t h e  t a l l  

bui lding,  e the  ordinate  of  t h e  o ther  

ladder  a t  i ts top,  and f t h e  ord ina te  

of t h e  in te rsec t ion  of t h e  ladders .  

pecu l ia r  s i m i l a r i t y  between Rowels 

formula f o r  t h i s  problem and t h e  

c l a s s i c  crossed- ladder problem form- 

ula ,  l / h  t l/k = l/e, where h and k 

a r e  t h e  heights  of  t h e  tops of  the  

ladders  and e is the  height  of t h e i r  

in te r sec t ion .  An i n t e r e s t i n g  t r e a t -  

ment of  the  crossed- ladder problem 

may be found i n  William R. bnsom's  

One Hundred MathematieaZ C u K o s i t i e s ,  

s t i l l  i n  p r i n t  ( fo r tuna te ly)  and 

ava i lab le  from J. 

Portland, Maine. 

Weston Walch, 

414. [Spring 19781. Pmpohed by Sfeven S. Cumad, Benjamin N, 

Cukdozo High School,  Bayhide, Nu Yohk. 

In discussing t h e  discr iminant  of  a  quadrat ic  equation, a  c e r t a i n  
2 

textbook says,  " . . . i f  a, b and C a r e  in tegers  with a  # 0 and i f  b -4ac = 
2 

- 
79, t h e  roo ts  of  ax t bx t c = 0 w i l l  be r e a l ,  i r r a t i o n a l  and uneGGaT." 

Explain why t h i s  is incor rec t .  

So lu , t k~ f i  by L& S U U V ~ ,  ALgonqui i  CoUege, OLtma,  Canada. 

Apologies a r e  due t o  t h e  author  of  t h a t  textbook, f o r  t h e  statement 

quoted is per fec t ly  c o r r e c t .  The statement is an implicat ion i n  which 

t h e  hypothesis is  

H: a y  b and e  a r e  in tegers  with a  + 0 and b2 - b e  = 7gY and the  

conclusion is 

C: the  roo ts  of  ax2 
t b x  t c = 0 w i l l  be r e a l ,  i r r a t i o n a l  and 

unequal. 

If H is t r u e ,  then C is  t r u e  by t h e  theory of quadrat ics;  while 

i f  H i s  f a l s e  t h e  implicat ion i s  t r u e  by t h e  laws of implicat ion.  So 

i n  e i t h e r  case t h e  statement is t r u e .  

Whether H i s  t r u e  o r  f a l s e  i s  e n t i r e l y  beside t h e  point ,  but i n  

f a c t  it happens t o  be f a l s e .  For i f  it is t r u e y  then b must be odd, 

say 2n t 1, and then 

2 2 b - 79 = (2n t 1l2 - 79 = 2(2n t 2n - 39) # Qae, 

s ince  2n2 
t 2n - 39 is odd and cannot equal  2ac, s o  we have a  contra-  

d ic t ion .  

E u o J ~ l h  cornme&. Those who submitted so lu t ions  t o  t h i s  problem 

were divided i n t o  two camps. Sixteen so lvers  considered t h e  problem 

incor rec t  because of  t h e  f a l s e  hypothesis; seven so lvers  recognized t h e  

imposs ib i l i ty  of  t h e  hypothesis,  y e t  conceded t h e  l o g i c a l  accuracy o f  t h e  

statement. I t  a l l  b o i l s  down t o  t h e  quest ion:  "What is t h e  problem?'' 

Is it: "Why is t h e  statement incorrect?"  or  "Why is  the  hypothesis con- 

t r a d i c t o r ~ ? ' ~  The d i f f i c u l t y ,  it seems, l i e s  i n  t h e  ambiguity i n  t h e  

enunciation of  t h e  proposal. Consider t h e  analogous statement: If t h e  

moon is made of green cheese and i f  green cheese is de l ic ious ,  then we 

m y  conclude t h a t  t h e  moon is  del icious.  This is a t r u e  statement des- 

p i t e  recent  researches which suggest t h a t  the  moon is not made of gr&n 

cheese. 



S v L d v a  Xv && phvpvhd U J ~ J L ~  hec&ed 6hvm Ronnie Adoubi Steven 
R. Conrad [Xhe p h ~ p ~ h e J L ] ,  Charles R. Diminnie, Michael W. Eckery Victor G. 
Feser, Mark A. Floody Robert A. Fullery Andrew A. Galardi, Taghi Rezay 
Garacani David Hammery M. S. Klamkiny Peter A. Lindstromy Charles A. 
Lincoln, Thomas E. 1400rey James McKim [The U L v e ~ 4 L t g  0 6  tfu&tdofid PfiobLm 

Gmup) , Sidney Penner, Bob Priel i p p y  George W .  Rainey, Stanley Rabi nowi t z ,  
and Kenneth M .  Wilke. A&o fieccb~ed w u e  one uaigned  hoLutivn and one 

u.i.th an X e g i b t e  bignatuhe. 

415. [Spring 19781. Pfivpvbed by C h d u  (U. T L L ~ ~ ,  Sun Viego, 

c&60hkLia. 

A hexagonal number has  t h e  form 2n2 - n.  I n  base  9,  show t h a t  t h e  

hexagonal number corresponding t o  an n  t h a t  ends i n  7 t e rmina te s  i n  11. 

P r a c t i c a l l y  a l l  s o l u t i o n s  submit ted  were almost i d e n t i c a l ,  w i th  

s l i g h t  v a r i a t i o n s  i n  expres s ion .  The E d i t o r ' s  c r i t e r i a  f o r  e l egance y 

namely, accuracy,  b r e v i t y  and c l a r i t y y  seem t o  have been b e s t  met by 

Stanley Rabinowitz, h4aynahd, Mubh., and by Kenneth M. Wilke, Topeka, 

Kaaub, who say :  

I f  n  = 9k + 7, t hen  2 n 2 - n =  2(9k + 712 - (9k + 7 )  = 

81(2k2 + 3k + 1 )  + 10. Thus 2n2 - n  = 10 (mod 1 1 ) .  But l o l o  = llg, 

s o  t h i s  number must end i n  11. 

A&o bvlved by Ronnie Aboudi, Rolan Christofferson, Victor G. Feser, 
Mark A. Floody Taghi Rezay Garacani , Richard A. Gibbs, Samuel Guty  Howard 
Forman, John M .  Howell Charles H. Lincolny Paul McGuirey Bob Prielippy 
and t h e  Pkopvbm, Charles W. Trigg. 

41 6 .  [Spring 19781. Pfiopvbed by ScvaX Kim, Rolling tfi.492 Ehakte.b, 

C&60hbLia. 

Each o f  t h e  t h r e e  f i g u r e s  shown below is composed o f  two i d o s c e l e s  

r i g h t  t r i a n g l e s y  AABC and ALIBE, where LABC andLDBE a r e  righ; ar ig lesy  

and B  is between p o i n t s  A and D. Po in t s  C  and E  c o i n c i d e  i n  Figure  (a )?  
s o  t h a t  CB/EB = 1. I n  Figure  (b), we a r e  g iven t h a t  CB/EB = 2, and i n  

Figure  ( c ) ,  we a r e  given t h a t  CB/EB = 3. Consider each p a i r  o f  t r i a n g l e s  

a s  a  s i n g l e  shape and suppose t h a t  t h e  a r e a s  o f  t h e  t h r e e  shapes  a r e  

equal .  (The f i g u r e s  a r e  n o t  drawn t o  s c a l e . )  Problem: For each p a i r  

of f i g u r e s ,  f i n d  the  minimum number o f  p i eces  i n t o  which t h e  f i r s t  f i g u r e  

must be c u t  s o  t h a t  t h e  p i e c e s  may be reassembled t o  form t h e  second 

f i g u r e .  P i eces  may n o t  ove r l ap ,  and a l l  p i e c e s  must be used i n  each 

assembly. 

Figures  ( b )  and ( c )  a r e  a c t u a l l y  t h e  same shape i n  two d i f f e r e n t  

o r i e n t a t i o n s ,  s o  t h e  d i s s e c t i o n  from Figure  ( b )  t o  Figure  ( c )  r e q u i r e s  

no c u t s  a t  a l l .  

The minimal d i s s e c t i o n  from Figure  ( a )  t o  Figure  (b) o r  Figure  ( c )  

r e q u i r e s  4 p ieces ,  a s  shown i n  t h e  f i g u r e .  



417. [Spring 19781. Pfiopo~ed by CLayZon W .  Dodge, U n i u e ~ ~ ~ i t q  0 6  
Maine, Ohom. 

1 )  Prove t h a t  t h e  l i n e  j o i n i n g  t h e  midpoints o f  t h e  d iagonals  o f  

a  q u a d r i l a t e r a l  c i rcumscr ibed about a  c i r c l e  passes  through t h e  c e n t e r  

o f  t h e  c i r c l e .  

2) Let t h e  i n c i r c l e  of  t r iangleABC touch s i d e B C a t  X. Prove 

t h a t  t h e  l i n e  jo in ing  t h e  midpoints  ofAXand BC passes  through t h e  

i n c e n t e r  I o f  t h e  t r i a n g l e .  

SoLuaXon b y  -the P h o p o ~ m .  

P a r t  1. Let  t h e  c i r c l e  be t h e  u n i t  c i r c l e  c e n t e r e d  a t  t h e  o r i g i n  

o f  t h e  complex p lane ,  [ z  1 = 1. Let t h e  p o i n t s  o f  tangency on s i d e s  AB, 

BC , CD,DAbe P y  Q, Ry S. Now l i n e s  AB and BC have t h e  parametr ic  

equa t ions ,  w i th  r e a l  parameters  t and u ,  

z = p  + i p t  and z  = q  + i q u .  

Since p i  = 1, we mul t ip ly  t h e  f i r s t  equa t ion  by i t o  g e t  

z F = l t i t ,  and z p = l - i t  

by t a k i n g  con juga te s .  Adding t h e s e  two equa t ions ,  we g e t  

z? t zp = 2  

a s  an  equa t ion  f o r  s i d e  AB. S i m i l a r l y ,  f o r  s i d e  BC, we have 

2; + zq = 2. 

Now s o l v e  t h e s e  two equa t ions  s imul taneously  t o  g e t  t h e i r  p o i n t  B  o f  

i n t e r s e c t i o n :  

b = 2/(F + ?). 
Since s i m i l a r  expres s ions  hold  f o r  C, D, and A ,  we f i n d  t h e  midpoints 

M and N o f  t h e  d i agona l s  a r e  g iven by 

To prove t h a t  My N, and 0 a r e  c o l l i n e a r ?  it s u f f i c e s  t o  show t h a t  
- - 
nin - m = 0. To t h a t  end, we have 

- 
= m. 

The proof o f  P a r t  1 is  complete.  

P a r t  2. C a l l  ABCD a  q u a d r i l a t e r a l  and app ly  P a r t  1. 

A b o  boLued b y  S i s t e r  Stephanie Sloyany Geohgian C o d  CoUege ,  

Lakwood,  N. J .  

Klamkin c a l l e d  a t t e n t i o n  t o  a r e l a t e d  problem invo lv ing  t h e  quad- 

r i l a t e r a l  i n s c r i b e d  i n  a  c i r c l e .  The ve r s ion  proposed by Dodge concerns  

t h e  q u a d r i l a t e r a l  c i rcumscr ibed about t h e  c i r c l e  and is  o f f e r e d  he re  a s  

an  example of t h e  a p p l i c a t i o n  of complex numbers l n  t h e  s o l u t i o n  o t  a  

geomet r i ca l  problem. The problem was f i r s t  proposed and so lved  by I s a a c  

Newton ( ~ o o k  I ,  Lema XXV, COP. 3 )  and a p p l i e s  t o  a  q u a d r i l a t e r a l  circum- 

s c r i b i n g  a  conic .  

418. [Spring 19781. Phopohed by  Robes C .  G e b h m d t ,  t fopatcong, 

NeLu J m e y .  
Find a l l  a n g l e s  0  o t h e r  than  zero  such t h a t  t a n  110 = t a n  1110 = 

t a n  11110 = t a n  111110 = .... 

. . say 
SotuAXon by  L& sauu;, ALgonqLn CoUege ,  0-, Canada. 

Let a  be  one o f  t h e  a n g l e s  110, 1110, 11110, 

l o n  -1 a =  - 
9  ' n  2 2 ;  

t hen  a  h a s  t h e  d e s i r e d  p rope r ty  i f  and only  i f  

t a n  a  = t a n  (100 t 0 ) .  

Suppose ( 1 )  h o l d s y  then  

s i n ( l 0 a  + 0)cos  a  - cos  (10 a  + 0 ) s i n  a  = 0, 

t h a t  is, s i n  ( 9 u +  0 )  = 0. Thus 

9 a t 0 = k n y  ~ E Z  a n d l o n 0  = k n ,  

from which t 

kr , 0 = - k ,  n~  2, n  2 2 .  
l on  ( 10; -1) 

Conversely i f  a  = - 0 where 

easy t o  v e r i f y  t h a t  10  a  +* 0  = kn t ' a ,  and s o  

a l l  t h e  answers a r e  g iven by ( 2 ) .  

0  is given by (21, it is  

( 1 )  holds .  We conclude t h a t  



A a o  hotved by Rolan Chris tofferson,  Michael W. Ecker, Victor G. 
Feser, Mark A.  Flood, Howard Forman, Taghi Rezay Garacani, Charles H .  

Lincoln, Bob P r i e l i p p y  Kenneth 14. Wilke and the Proposer, who i n d i c a t e d  

some s p e c i a l  i n t e r e s t  i n  t h e  case  8 = go, which y i e l d s  t h e  r e s u l t  

t a n  9g0 = t a n  999' = t a n  9999' = t a n  9gggg0 = . . . , . 

41 9 [Spring 19781. Pfiopo~ed by LKchaet W. Eckm, C d y  U d v e ~ ~ L t g  

06 Nuu Yokk. 

Seventy- f ive  b a l l s  a r e  numbered 1 t o  75 and a r e  p a r t i t i o n e d  i n t o  

s e t s  of 15 e lements  each, a s  fo l lows:  B = { l ,  ..., 15)  , I = { l 6 ,  ..., 301, 

N = { 3 l ,  ..., , G = {46, ..., 60) , and 0 = { 6 l ,  ..., 751 , a s  i n  Bingo. 

B a l l s  a r e  chosen a t  random, one a t  a  t ime,  u n t i l  one of  t h e  follow- 

i n g  occurs :  A t  l e a s t  one from each o f  t h e  s e t s  B, I, G y  0 has  been 

chosen, o r  f o u r  o f  t h e  chosen numbers a r e  from t h e  s e t  N ,  o r  f i v e  o f  t h e  

numbers a r e  from one of  t h e  s e t s  B, I, G,  0. 

Problem: Find t h e  p r o b a b i l i t y  t h a t ,  of  t h e s e  p o s s i b l e  r e s u l t s ,  

f o u r  N f s  a r e  chosen f i r s t .  

[ C O I I I I I I ~ ~ X :  The r e s u l t  w i l l  be approximated by t h e  s i t u a t i o n  of  a  

very crowded bingo h a l l  and w i l l  g ive  t h e  l i k e l i h o o d  o f  what bingo p l a y e r s  

c a l l  "an N gamel1, t h a t  i s ,  bingo won wi th  t h e  winning l i n e  be ing  t h e  

middle column N. 1 

420. [Spring 19781. Pfiopo~ed by Hefibea Taylofi, South Paadefla, 

C U ~ o w i a .  

Given f o u r  l i n e s  through a  p o i n t  i n  3-space, no t h r e e  of  t h e  l i n e s  

i n  a  p l ane ,  f i n d  f o u r  p o i n t s ,  one on each l i n e ,  forming t h e  v e r t i c e s  of  

a  para l le logram.  (Th i s  is  a  v a r i a t i o n  o f  problem B-2 on t h e  December 

1977 William Lowell Putnam Mathematical compe t i t i on . )  

1. Solut ion by David C .  Kay, U d v e ~ d y  06 Oklahoma. 

A v e c t o r  s o l u t i o n  is  ob ta ined  by l e t t i n g  t h e  given l i n e s  pass  

through t h e  o r i g i n  0 and a l lowing  t h e  l i n e s  t o  be r ep resen ted  by nonzero 
+ + + 

p o s i t i o n  vec to r s  a, b ,  C ,  and 3 ( t h e  p o i n t s  on those  l i n e s  be ing  given 

by A;, d, A:, and d f o r  r e a l  A). I f  A, B, C, D a r e  t h e  d e s i r e d  ver-  

t i c e s  of t h e  pa ra l l e log ram,  we s e e  from t h e  f i g u r e  t h a t  t h e  c o n d i t i o n  

demanded is  A? = A$ + A$ o r  

2 - g + ; - 2 = 3 .  ( 1 )  

Hence we must f i n d  v e c t o r s  r e p r e s e n t i n g  t h e  f o u r  l i n e s  which s a t i s f y  
+ -+ -+ 

cond i t ion  ( 1 ) .  But i f  el ,  e 2 ,  e 3  a r e  taken a s  a  b a s i s  on l i n e s  OB, OC, 

OD and A i s  any p o i n t  on t h e  f i r s t  l i n e ,  t hen  

-+ + 
f o r  unique r e a l  B, Y , 6 . To choose b y  e, and 3 on t h e  o t h e r  t h r e e  

+ + -+ + 
I f  b = Aely e = ue2, and 2 = ve3 were any o t h e r  cho ice  o f  v e c t o r s  

s a t i s f y i n g  ( 1 )  t hen  

+ - + +  
and by l i n e a r  independence o f  e  e 2 ,  e3, we have A = 0,  IJ = -y, v = 6. 

Thus t h e r e  is  a  unique p a ~ a l l e l o g r a m  s o l u t i o n  ABCD corresponding -+ t o  each 

po in t  A # 0  on t h e  f i r s t  l i n e ,  and s i n c e  t h e  t e r m i n a l  p o i n t s  o f  Aa, 6, 
-+ + -+ 

Ae, Ad f o r  r e a l  A $ 0 l i e  i n  a p lane  p a r a l l e l  -+ t o  t h a t  o f  a ,  8, z ,  2, 
the t o t a l i t y  of s o l u t i o n s  a s  A v a r i e s  wi th  Aa occur  i n  a  uniquely  ! 

determined family  o f  p a r a l l e l  p l anes .  

11. S o l d o n  by Hab TayLofi and V e n d  Johnhon, JPL, Paadena. 

According t o  t h e  Putnam Examination problem, i f  ABCD is  a  convex 

q u a d r i l a t e r a l  and 0 is  a  p o i n t  n o t  i n  t h e  same plane,  t hen  t h e r e  e x i s t  

p o i n t s  A T  on OA, Bf on OBy Cf on OC, and Dl on OD forming a  p a r a l l e f o -  

gram. F i r s t  f i n d  t h e  p o i n t  X where AC meets ED. I n  t h e  p l ane  OAC we 



can f i n d  A t  on OA, C t  on OC, having X t h e  midpoint o f  t h e  segment A t C t .  

Likewise we can f i n d  B 1  on OB, Dt on OD, having X t h e  midpoint of  t h e  

segment B I D t .  Thus A ' ,  B t ,  C t ,  Dt a r e  found t o  be  t h e  v e r t i c e s  o f  a  

q u a d r i l a t e r a l  whose d i agona l s  b i s e c t  each o t h e r ,  t h a t  is ,  a  para l le logram.  

To r e t u r n  t o  t h e  p r e s e n t  problem, l e t  a 7  b ,  e ,  d be t h e  given f o u r  

l i n e s  through a  p o i n t  0 i n  3-space. Let  A be t h e  l i n e  formed by t h e  in-  

t e r s e c t i o n  of t h e  p l ane  ( a b )  w i t h  t h e  p l ane  ( ed ) .  A cannot be e q u a l  t o  

a because a ,  C 7  d a r e  n o t  a l l  i n  a  p lane .  S i m i l a r l y  A cannot be equa l  

t o  b ,  n o r  c, n o r  d ,  
t Now i n  t h e  p l ane  ( a b )  choose a  r a y  at 

o f  a and a  r a y  b  o f  b  s o  
+ 

t h a t  a and b t  a r e  on t h e  same s i d e  of  A. Likewise i n  t h e  p l ane  ( e d )  
t p u t  et and d on t h e  same s i d e  o f  A .  

t Now choose any p o i n t  A on a , and any p o i n t  D on dt. The p lane  P 

which is  p a r a l l e l  t o  A and con ta ins  A  and D w i l l  i n t e r s e c t  bt i n  a  p o i n t  

B  and w i l l  i n t e r s e c t  et i n  a  p o i n t  C. , 
Since t h e  l i n e  A B , i s  p a r a l l e l  t o  t h e  l i n e  CD7 t h e  f o u r  p o i n t s  A ,  

By C7 D must be t h e  v e r t i c e s  o f  a  convex q u a d r i l a t e r a l .  

The s o l u t i o n  t o  o u r  problem fol lows by r educ t ion  t o  t h e  Putnam 

problem. ( A l l  s o l u t i o n s  a r e  f a c e s  of p a r a l l e l o ~ i ~ e d s  wi th  0 a t  t h e  

c e n t e r .  ) 

421.  [ S p r i n g  19781. Pkopched by A ~ ~ y  S .  K h & n ,  U n i v m i . t y  

06 Albeata, Edmonton, ALbma ,  Canada. 
I f  F(x ,  y , z )  is a  symmetric i n c r e a s i n g  func t ion  o f  Z ,  h ,  2, 

prove t h a t  f o r  any t r i a n g l e ,  i n  which w wb, we a r e  t h e  i n t e r n a l e a n g l e  
a '  

b i s e c t o r s  and ma, mb,  me, t h e  medians, we have 

F(wa, w b ,  wc) 5 F(ma, ?nb, me) 

wi th  e q u a l i t y  i f  and on ly  i f  t h e  t r i a n g l e  is  e q u i l a t e r a l .  

Solu.Cion by the  Pkapobek. 

There a r e  a  number o f  s p e c i a l  c a s e s  o f  t h i s  i n e q u a l i t y  i n  t h e  

l i t e r a t u r e .  However, ( 1 )  fo l lows simply from 

waSma, w b s m b ,  w < m e ,  which appa ren t ly  has  been overlooked. 

No doubt it is b u r i e d  somewhere i n  t h e  l i t e r a t u r e .  

proof: 4wa2 = l6 bes(s-a) < 4 s ( s - a )  = (b+e)2 - a2. 
( b t e )  

2  - 

( b t ~ ) ~  - a 2  5 2b2 t 2e2 - a2 = 4m a 2 ,  e t c .  

The fo l lowing  a r e  f o u r  known i n e q u a l i t i e s  f o r  t h e  medians and t h e  ang le  

b i s e c t o r s  o f  a  t r i a n g l e  [l], [2]: 

2  2  2  
( 1 )  wa t wb t we

2 
5 ma + mb

2 
t m  

2  
e '  

wi th  e q u a l i t y  t h e  t r i a n g l e  is  e q u i l a t e r a l .  
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422. [ s p r i n g  1 9 7 8 1 .  Pkopohed by Jack GakhunkeL, Foke~X HLUA 

High SchooL, FLuhing, flw Ymk. 

If pe rpend icu la r s  a r e  e r e c t e d  outwardly a t  A ,  B ,  o f  a  r i g h t  tri- 

ang le  ABC ( C  = go0), and a t  h', t h e  midpoint of  AB,  and extended t o  p o i n t s  

P ,  Q ,  R such t h a t  AP = BQ = !.fR = A B / 2 ,  show t h a t  t r i a n g l e  PQR is per-  

s p e c t i v e  with t r i a n g l e  ABC. 

Draw AQ, BP,  CR meeting t h e  s i d e s  hf t h e  t r i a n g l e ,  BC, CA, AB 

r e s p e c t i v e l y  a t  Q t  , P I ,  and R t  . Let BC=a , CA=b, AP=BQ=m. 

s i n c e  MCQr%AQBQt,  we have 

S i m i l a r l y ,  
P 1 =  a .  - - 
P I A  m 

Consider t h e  c i r c l e  wi th  c e n t e r  M and r a d i u s  m. I t  passes  through 

p o i n t s  A ,  B ,  c ,  and R.  Since is  t h e  pe rpend icu la r  b i s e c t o r  o f  AB,  - 
R is  t h e  midpoint of minor a r c  AB. Thus CR b i s e c t s  ang le  C .  Consequent- 

l y  3 

AR t  = b - - ( 3 )  
R I B  a 

Combining equa t ions  ( I ) ,  (21, and ( 3 ) ,  we g e t  

ART-BQt.CPt  = bma - = 1 

R t B - Q t C - P t A  abm 

Thus, by Cevat s Theorem A Q ,  B P ,  CR concur.  
* - -  - 

Consequently, APQR i s  pe r spec t ive  wi th  MBC.  

W o  hoLued by C h d e ~  tl. LLncok?np Gok?&boko, M. C .  and the  

Ph0p0h ek. 

424. [ S p r i n g ] .  Pkopohcd by R. S .  Luthak) Uniuc~i..ty 0 6  WiAconAin, 

JaneAudYcp WiAcoain. 

Prove t h a t  

where n is an  odd i n t e g e r  3  and O<y<x 

Consider t h e  func t ion  

where g ( t )  is  non-negative f o r  t ? 0. 

Thus f t ( t )  > O ,  t > l -  

Since  f ( 1 )  = 0 ,  f ( t )  > 0,  t > 1. 

x 1 /n 
Apply t h i s  f a c t  t o  + = -. gl /n  We g e t  t h e  r equ i red  i n e q u a l i t y .  

A&o hoLued by Robert A .  Fuller, Am!d%ong S t d e  Uniuenbdy, 

Savannah, Geokgk. 
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