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by  Jack Gm6unfeel 
F o h U t  HUif ,  High S c k o o i ,  Fohe~: t  HWL&, N .  Y .  

One o f  t h e  many i n t e r e s t i n g  p r o p e r t i e s  o f  t h e  arch-prime Pythagorean 

t r i a n g l e  ( 3 ,  4 ,  5) is  t h a t  i ts s i d e s  a r e  measured by consecut ive  i n t e g e r s .  

Furthermore it i s  t h e  only  r i g h t  t r i a n g l e  having t h i s  p rope r ty .  On t h e  

o t h e r  hand, an  i n f i n i t u d e  o f  a c u t e  t r i a n g l e s  can be  cons t ruc ted  whose 

s i d e s  a r e  a - 1, a and a + 1, f o r  any i n t e g e r  a exceeding 2. 

E i t h e r  l e g  o f  t h e  3-4-5 r i g h t  t r i a n g l e  could  be  looked upon a s  an  

a l t i t u d e ,  wi th  t h e  r e s u l t  t h a t  t h e  a r e a  o f  t h e  t r i a n g l e  i s  a whole number. 

A s i m i l a r  s i t u a t i o n  e x i s t s  among t h e  Heronion t r i a n g l e s ,  which a r e  def ined 

a s  t h o s e  whose s i d e s  and whose a r e a s  a r e  whole numbers. A f a m i l i a r  ex- 

ample is  t h e  t r i a n g l e  whose s i d e s  a r e  13 ,  1 4 ,  15 and whose a l t i t u d e  t o  

t h e  s i d e  o f  l e n g t h  1 4  is  12. Th i s  is  t h e  on ly  example o f  a t r i a n g l e  whose 

a l t i t u d e  h and s i d e s  a, b ,  e a r e  consecu t ive  i n t e g e r s .  

The ques t ion  now a r i s e s  a s  t o  whether t h e r e  a r e  o t h e r  Heronian tri- 

ang les  whose s i d e s  a r e  consecu t ive  i n t e g e r s .  Such t r i a n g l e s  would have 

a t  l e a s t  one i n t e g r a l  a l t i t u d e .  Furthermore,  a r e  t h e r e  any t r i a n g l e s ,  

n o t  n e c e s s a r i l y  Heronian, w i th  s i d e s  measuring consecut ive  i n t e g e r s  and 

wi th  an i n t e g r a l  median o r  wi th  an  i n t e g r a l  i n t e r n a l  ang le  b i s e c t o r ?  I t  

is t h e  purpose o f  t h i s  a r t i c l e  t o  answer t h e s e  ques t ions .  

Consider a t r i a n g l e  ABC whose s i d e s  a r e  measured by t h r e e  consecut ive  

i n t e g e r s ,  a and a ti, whi le  a c e r t a i n  o t h e r  l i n e  segment drawn from v e r t e x  

A t o  t h e  oppos i t e  s i d e  a i s  a l s o  an  i n t e g e r .  Suppose t h a t  t h i s  segment 

1 ( o r  C e v i a n )  is  e i t h e r  t h e  a l t i t u d e  h pe rpend icu la r  t o  t h e  s i d e  a, t h e  

ang le -b i sec to r  t b i s e c t i n g  t h e  ang le  A ,  o r  t h e  median m b i s e c t i n g  t h e  

s i d e  a. 

It is  p o s s i b l e  t o  expres s  each o f  t h e s e  Cevians i n  terms of t h e  s i d g s  

a ,  b, e o f  t h e  t r i a n g l e .  We know t h a t  



Writing a t 1 f o r  b and a - 1 f o r  e ,  we f i n d  t h a t  

h2 = Z a 2  - 3 
4 

3 
t2 = - (a2  - 1 )  

4 

n,2 = ? a 2  t 1 .  
4 

The problem is  t h u s  reduced t o  s o l v i n g  i n  i n t e g e r s  each o f  t h e  equa- 

t i o n s  

A l l  t h r e e  a r e  v a r i a n t s  o f  t h e  P e l 1  equa t ion  x2 - 3y2 = 1, t h e  s o l u t i o n  o f  

which is  given by x = p ,  y = q ,  where p and q a r e  of  d i f f e r e n t  p a r i t y ,  

wi th  p g r e a t e r  t han  q and where p/q  is  one o f  t h e  convergents  o f  t h e  s imple  

cont inued f r a c t i o n  expansion of  /3. Thus 

t h e  success ive  convergents  o f  which a r e  

S e l e c t i n g  convergents  having numerator and denominator of  d i f f e r e n t  p a r i t y ,  

we have a s  s o l u t i o n s  o f  x2 - 3y2 = 1 

.- 
Fur the r  s o l u t i o n s  can be computed by means o f  t h e  r ecu r rence  formulas  

By a p p r o p r i a t e  s u b s t i t u t i o n s  f o r  h ,  t and m ,  we o b t a i n  t r i a n g l e s ' o f  t h e  

f i r s t  k ind  wi th  

a = 4 ,  1 4 ,  52, 194, 724, 2702, 

h = 3 ,  12 ,  45, 168, 627, 2340, * . * ,  

t r i a n g l e s  o f  t h e  second kind ( s i n c e  y = 2 t / 3  must be even)  wi th  

a = 7 ,  97, 1351, 

t = 6 ,  84, 1170, 

and t h o s e  of t h e  t h i r d  k ind wi th  

a = 8 ,  30, 112,  418, 1560, 

m = 7 ,  26, 97,  362, 1351, - . * .  

This  i s  a n i c e  example o f  s o l v i n g  t h r e e  problems f o r  t h e  p r i c e  o f  

one. A s  a bonus, each t r i a n g l e  o f  t h e  f i r s t  k ind has  an  i n t e g r a l  a r e a  

ah/2  = Say and i n t e g r a l  i n r a d i u s  y .  

TRIANGLES WHOSE SIDES ARE CONSECUHVE 

INTEGERS WITH INTEGER ALTITUDE, 

ANGLE BISECTOR AND HEPIAN 



Up t o  t h i s  poir i t ,  t h e  only Cevians considered were those drawn t o  

t h e  s i d e  of middle length.  The question a r i s e s :  Are there  any consecu- 

;ive i n t e g r a l  t r i a n g l e s  with i n t e g r a l  a l t i t u d e s ,  medians o r  angle b i sec tors  

drawn t o  t h e  s h o r t e s t  o r  t o  t h e  longest  s ide?  This is a problem t h a t  i s  

c e r t a i n l y  worthy of f u r t h e r  inves t iga t ion .  
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A Magic Square, 0 4  C c ~ i c U  

Each row, column, and t h e  two main diagonals contain each of  t h e  

four  values (Ace, King, Queen, Jack) i n  a l l  four  s u i t s .  Numerous o ther  

subsquares and symmetrical subsets  of  squares have the  same property,  

such a s  the  middle 2 x 2 square, and the  f o u r  corner squares. 

l ~ r o m  t h e  Reewational Mathematics Magazine, No. 5 (19611, pp. 24-29. 

Twin Magic Squahaa 06  Twin P h e ~  . . 

Corresponding e n t r i e s  i n  t h e  two magic squares (with magic constants  

1496 and 1504) a r e  twin primes. 

A Pythago~ean Magic Square. 

This arrangement i s  composed of  th ree  magic squares, a 3 x 3 ,  4 x 4,  

and a 5 x 5, with magic constants  216, 48, and 168, respect ively.  The 

t o t a l  summations of  t h e  numbers i n  t h e  squares shown on the  t h r e e  s i d e s  

of  t h e  t r i a n g l e  have t h e  property 

648 t 192 = 840 . 
The sums of t h e  individual  d i g i t s  of t h e  numbers i n  each of t h e  squares 

a r e  99, 84, and 183, respec t ive ly ,  and 

99 + 84 = 183 . 
(One f u r t h e r  r e l a t i o n  is  216 - 48 = 168.) 



A NOTE ON THE S E R I E S  FOR LOG 2 

by N .  S c h m b e h g e h  
BAonx Community CoUege, CUNY 

R. Courant c a l l s  

a "remarkable formula 

t h e  s e r i e s  

1 1  l o g  2 = 1 - Â ¥ l  - -  - +  ... 
2 3 4  (1)  

... whose discovery made a deep impression on t h e  

minds of t h e  f i r s t  pioneers of t h e  d i f f e r e n t i a l  and i n t e g r a l  calculus" 

[l]. In  a standard course t h e  introduct ion of t h i s  s e r i e s  is  postponed 

u n t i l  Taylor 's  Theorem is  reached. I t  is poss ib le ,  however, t o  present  

it much e a r l i e r ;  namely, it may be presented r i g h t  a f t e r  in tegra t ion  and 

t h e  introduct ion t o  t h e  log funct ion.  

A s  our s t a r t i n g  point  we take t h e  r e l a t i o n  

In  p a r t i c u l a r ,  

Using t h e  d e f i n i t i o n  of t h e  d e f i n i t e  i n t e g r a l  t o  evaluate  t h e  r i g h t  

hand s i d e  of ( 2 )  we divide t h e  i n t e r v a l  [0,11 i n t o  n equal  sub in te rva l s  
1 

of length 1/n. The lower sum f o r  f - dx is 
0 1 + X  

and consequently, 

Now l e t t i n g  

I l l  s2n = 1 - - + - -  - +  z . .  + 1 1 - -  
2 3 4  (2n - 1 )  (2n) ' 

we ge t  

Hence 

and by (3) we see  t h a t  

Whence, by use of (2)  l i r n  S2n = l o g  2. Furthermore S - 1 
n* - 2n+1 - '2n + - 2 ~ + 1 *  

and s o  n+a> l i m  S 2n+l = l i m  S 2 .  Thus, f o r  n even o r  odd, we have l i m  S 
n*" n 

= log  2. F ina l ly ,  using (41, we ob ta in  (1) .  

More general ly ,  t h i s  approach can be used t o  show t h a t  f o r  any posi-  

t i v e  in teger  r ,  l o g  r can be expressed a s  t h e  s e r i e s  

This s e r i e s  is obtained by replacing t h e  term 1/rk (k = 1,2,3;--1 i n  

the  harmonic s e r i e s  by t h e  term - ( r  - l ) / r k  (k = 1 , 2 , 3 , - - . I .  In part i ;  

c u l a r  , 



1. 3. Courant, Mffeventic.Z end J r t w  CaleuTvs, V o l .  1, In te rsc ience  
Publishers ,  Inc., Sew York, 1961, 317. 

UNDERGRADUATE RESEARCH PROJECT 

A map leading t o  a t reasure  chest  of  gold coins buried on an i s l a n d  

which has only two t r e e s  and the  remains of  a sunken sh ip  t o  serve a s  

landmarks, bore these ins t ruc t ions :  Proceed from t h e  sh ip  (X) t o  the  

smaller  of t h e  two t r e e s  (A), tu rn  clockwise 30 degrees, pace of f  a 

dis tance equal t o  one-half XA, and dr ive  a s take  (1) .  Return t o  X,  pro- 

ceed t o  t r e e  B, t u r n  counterclockwise 150Â° pace o f f  a d i s tance  equal  t o  

one-fourth XB, and dr ive  a second s take  ( 2 ) .  The t reasure  is loca ted  on 

t h e  l i n e  joining the  two stakes a t  two-thirds t h e  dis tance from s take  1 

t o  s take 2. I f  a storm car r ied  the  sh ip  t o  sea ,  thus destroying t h e  

reference point  X i n  the  map, the  map would seemingly be worthless. Show, 

however, t h a t  t h e  ins t ruc t ions  i n  the  map a r e  s t i l l  va l id .  Generalize. 

AN ALL-RULE AXIOMATIZATION OF 
THE PROPOSITIONAL CALCULUS AND THE 

EQUIVALENCE OF SOME WELL-KNOWN AX IOMATIZATIONS 

by ~ a & d  Hoak 
Occitdewtat CoU.e.ge 

The propos i t iona l  ca lcu lus  is t h e  branch of l o g i c  which d e a l s w i t h  

sentences o r  proposi t ions b u i l t  up from atomic sentences by connections 

such a s  1 (no t )  and ->Â ( implies) .  Thus, i f  A ,  B a r e  atomic, we can form 

1 B - f  A ,  A + B, l@ -f B), and so  f o r t h .  

The propos i t iona l  calculus becomesinterest ing i f  we consider a s  primi- 

t i v e  proposi t ions ones i n  whose t r u t h  we bel ieve (based on some agreeable 

i n t e r p r e t a t i o n  of t h e  connect ives) ,  and use r u l e s  f o r  bui lding new propo- 

s i t i o n s  which preserve t r u t h .  For we -can then generate new and sometimes 

s u r p r i s i n g  t r u e  proposi t ions.  The proposi t ions s o  generated a r e  v a l i d  

proposi t ions o r  t au to log ies .  A tautology i s  a proposi t ion t r u e  a s  a whole 

regard less  of t h e  t r u t h  o r  f a l s i t y  of its components. Such proposi t ions 

a s  A + A  and A v I4 a r e  t au to log ies  under t h e  standard i n t e r p r e t a t i o n  of 

"implies" and "or" i n  two-valued propos i t iona l  l o g i c  ( t h e  statement A is 

t r u e  o r  f a l s e ) .  

An axiomatization of t h e  p ropos i t iona l  calculus is a s e t  of funda- 

mental proposi t ions we may c a l l  axioms, and a s e t  of  r u l e s  by which we 

can, s t a r t i n g  with t h e  axioms alone,  der ive t h e  tau to log ies  of  t h e  calculus.  

A well-known r e s u l t  of t h e  theory is  t h a t  any axiomatization of t h e  cal-  

culus by proposi t ions must have a t  l e a s t  one r u l e  of inference. Apparently, 

t h i s  theorem was known t o . t h e  nineteenth-century author  and mathematician, 

Lewis C a r r o l l ,  which places a l a r g e  lower bound on i t s  age. The r e s u l t  

leads t o  t h e  i n t e r e s t i n g  question of axiomatizing t h e  calculus by r u l e s  

alone. The German, G .  Gentzen, answered t h i s  question i n  1934-35 with a 

l i s t  of fourteen r u l e s  from which he could derive t h e  tau to log ies  of  t h e  

calculus (Gentzen [ I ] ) .  The ob jec t ive  here is ,  from a more concise l ist  

of nine r u l e s ,  t o  der ive  a s tandard axiomatization found i n  Kleene [31, i 

which i s  a l s o  due e s s e n t i a l l y  t o  Gentzen. Following t h i s ,  w i l l  be a d i s-  

cussion of t h e  equivalence of t h e  axiomatizations found by Kleene, Rosser 

[6], Mendelson [4], and Hilbert  , Ackerman [21.  



The K l e e n e  a x i o m a t i z a t i o n  i s  a s  f o l l o w s ,  w i t h  "+," "I," "v ,"  and "6" 

t a k e n  a s  p r i m i t i v e s .  K l e e n e  a l s o  u s e s  "-I' ( e q u i v a l e n c e ,  i f f )  a s  a p r i m i-  

t i v e ,  b u t  we need  n o t  c o m p l i c a t e  m a t t e r s  w i t h  it h e r e  s i n c e  A - B c a n  Be 

s i m p l y  d e f i n e d  a s  ( A  + B )  & ( B  + A ) .  

Ax iom la: + A  + ( B  + A )  

Ax iom lb: i- ( A  + B )  + ( ( A  + ( B  + C ) )  + ( A  + 0 )  

A x i o m 3 :  > - A + ( B + ( A & B )  

A x i o m 4 a :  + ( A  6 B )  + A  

A x i o m 4 b :  + ( A  & B )  + B  

A x i o m 5 a :  i - A + ( A v B )  

A x i o m S b :  i - B + ( A v B )  

Axiom 6 :  i- ( A  + C )  + ( ( B + C )  + ( ( A  V B )  + C ) )  

Axiom 7 :  I- ( A  + B )  + ( ( A  + l B )  + l A )  

Ax iom 8 :  i - I l A  + A  

R d e . .  A ,  A + B i- B (modus p o n e n s )  

The  l e t t e r i n g  i s  K l e e n e ' s .  T h e  s t a t e m e n t  I i- B means t h e  s t a t e m e n t  

B c a n  b e  deduced f rom t h e  s e t  o f  s t a t e m e n t s  I ,  w h e r e  I i s  a f i n i t e ,  pos- . 

s i b l y  e m p t y  s e t  o f  p r o p o s i t i o n s .  Thus, t h e  axioms a r e  s t a t e m e n t s  t h a t  

c a n  b e  d e d u c e d ,  s o  t o  s p e a k ,  f rom t h e  empty  s e t  o f  p r o p o s i t o n s .  

We propose t h e  f o l l o w i n g  r u l e  s y s t e m :  

R l :  A i - A  

R2: I f  I i- C ,  t h e n  I ,  A i- C 

R3: I f  I i - A  and I ,  A i - C ,  t h e n  I i - C  

R4: I i - A + B i f f  I A i - B  

R5: I i - A  6 B i f f  I i - A a n d  I i - B  

' R6: I f  r, A i - C  and T, B > - C ,  t h e n  I ,  A v B i - C  

R7: I i - 1 A  i f f ,  f o r  any p r o p o s i t i o n  B ,  ( I , A )  i- B 

RE: " I ' l l  i- A 

R9: I f  I ,  A ,  A i- A ,  t h e n  I ,  A ,  A + A  ( 5 9  w i l l  n o t  b e  c i t e d  i n  

p r o o f s .  ) 

B e f o r e  p r o c e e d i n g  w i t h  t h e  d e d u c t i o n ,  l e t  us j u s t i f y  t h e  r u l e  modus ponens 

(MP). 

A ,  A + B  i - B .  

P r o o f .  By R4 ,  l e t t i n g  I b e  t h e  s e t  { A  + B } ,  we know t h a t  i f  A + B 

+ A  + B ,  t h e n  A ,  A + B i - B .  B u t  we a lways  h a v e  A + B + A  + B b y  R l .  .So 
-.- - 

modus ponens i s  j u s t i f i e d .  0 

I t  i s  i m p o r t a n t  t o  n o t e  h e r e , - s i n c e  t h e  p r o c e e d i n g  argument  may seem 

c i r c u l a r ,  t h a t  it i s  a n  argument  i n  t h e  m e t a l a n g u a g e ,  t h a t  i s ,  t h e  language  

we u s e  t o  t a l k  a b o u t  t h e  l o g i c a l  s y s t e m  and i t s  s y m b o l s ,  b a s e d  o n  what  we 

a l l  mean b y  " i f "  . . . " t h e n .  " We now d e r i v e  Kleene  ' s  axioms : 

A x i o m  la. i- A -̂  ( B  + A ) .  

P r o o f .  1. A i- A R l  

2 .  A ,  B i- A R2 

3. A i- ( B  + A )  R4 

4 .  i - A + ( B - * A ) .  0 R4 

A x i o m  1b. ( A  + B )  + ( ( A  + ( B  + C ) )  + ( A  + 0 ) .  

P r o o f .  1. A ,  A + B i -  B 

2 .  A ,  A + B , A + ( B + C ) i - B  

3 .  A , A + ( B + C ) i - B + C  

4 .  A , A + B , A + ( B + C ) ,  B i - B + C  

5 .  B ,  B + C > - c  

6 .  A , A  + B , A +  ( B + C ) ,  B , B + C i - C  

7 .  A , A + B , A + ( B + C ) , B i - C  

8. A , A + B , A + ( B + C ) i - C  

9 .  A + B ,  A + ( B  + C )  i- ( A  + C )  

1 0 .  A + B + ( A  + ( B  + C ) )  + ( A  + C )  

11. i- ( A  + B )  + ( A  + ( B  + 0 )  + ( A  + C ) .  0 

Ax-corn 3 .  i- 

P r o o f .  1. 

2 .  

3. 

4 .  

5 .  

6 .  

7 .  



Proof: 1. A & B + A  & B Rl  

2. A & B + A a n d A & B + B  R5 

3. i - A G B + A a n d i - A & B + B . D  R4 

Proof: Let r = 0 .  

1. A V B I - A V B  Rl  

2. A i - A v B a n d B i - A v B  R6 

3. + A +  ( A v B )  a n d + B +  ( A v  B). 0 R4 

Proof: 1. 

2. 

3. 

4 .  

5. 

6 .  

7. 

8. 

Ax^om 7 .  i- (A + B) + ((A + l B )  + l A ) .  

Proof: 1. A ,  A + 1 B  I - l B  

2. A , A + l B , A + B I - 1 B  

3. A ,  A + l B ,  A + B y  B i -  C,  f o r  any proposi t ion C 

4. A ,  A + B + B  

5 .  A ,  A + B ,  A + l B + B  

6 .  A ,  A + B, A + 1B I- C, f o r  any proposi t ion C 

7 .  A + B, A + l B  + l A  

8. A + B i - ( A + l B ) + " I / I  

9. i - ( A + B ) - > ( ( A + l B ) + l A ) . L 1  

UP 

R2 

R7 (from 2)  

MP 

R2 

R3(5,3) 

37 

R4 

R4 

Proof: 1. 1% i- A R 8 

2 .  I- 1 7 4  - > A .  0 R4 

Thus, we have shown t h a t  our system of r u l e s  i s  a t  l e a s t  a s  strict an 

axiomatization as  Kleene's.  We could show t h e  systems equivalent by de- 

r i v i n g  our r u l e s  from Kleene's axiomatization. We w i l l  not go i n t o  t h i s  

i n  depth except t o  say t h a t  t h e  proofs a r e  not d i f f i c u l t  and may be found 

i n  Kleene [3]. I t  should be pointed out t h a t  t h e  system of r u l e s  proved 

i n  Kleene is  Gentzen's; our l i s t  is  a b r i e f  condensation of those r u l e s  

i n  i f f  form with R1-R3 added. 

To show t h e  systems of Mendelson, Rosser, Kleene and Hi lber t ,  Ackerman 

equivalent is a complicated by not impossible t ask  employing t h e  following 

plan of a t t ack :  

/Hilbert-Ackerman 
Kleene ~ o s s e r  

 endel el son- 
What complicates t h e  proofs pr imari ly  is t h a t  each system is  based on d i f-  

f e r e n t  pr imit ive connectives. Consequently, t o  go from one t o  another we 

requi re  d e f i n i t i o n s  l i k e  A V B - l(1A & 1B) and A & B - 1OA v TB), the  

fami l ia r  DeMorgan r e l a t i o n s .  The equivalences 3 V B - ( A  + B) and 

-(A & 1B) - (A + 5 )  must a l s o  be used. The axiomatizations a r e  a s  follows: 

L : (Hilbert-Ackerman [19501) 
1 

v and 1 a r e  t h e  pr imi t ives .  

Def.: 1. i- (A + B) - (2 v B) 

2. I- (A & B) - l ( 7 4  v -15) 

Axioms: 1. + A  v A + A  

Rule: modus ponens 

L :  (Rosser L19531) 

& and 1 a r e  t h e  pr imi t ives .  

Def. 1. + (A + B) - l ( A  & IB)  

2 .  i- (A v B) - l ( 7 4  & 1 B )  

Axioms: 1. + A  + A  6 A 

2. + A & B + A  

3 .  + (A + B) + ( l ( B  & C) +""KC & A)) 

Rule: modus ponens 



L3: (Mendelson [1964]) 

1 and + are the  primitives. 

Def.: 1 .  i- (A v B) - ( l A  + B )  

2. i- (A 6 B )  - l ( A  + 1 B )  

Axioms: 1.  I- A + (B + A) 

2 .  i- (A + (B + C ) )  -> ( ( A  + B) + (A + C ) )  

3. i- DB + l A )  + ( 0 5  + A) + B) 

Rule: modus ponens 

(We shal l  r e f e r  t o  Kleene's system, which we have already seen, as L . )  

Because each system contains few elementary propositions and employs 

d i f f e r e n t  primit ives,  we cannot prove the  sentences o f  any one from one 

o f  the  others d irec t ly .  Rather, the  strategy i s  t o  discover and prove as 

many theorems i n  each system as possible, and then attempt the  needed 

proofs using these stronger t oo l s .  Since the  problems involved i n  each 

Li + L proof are o f  similar d i f f i c u l t y ,  we w i l l  consider only one i n  de- 3 
t a i l  here,  L ->Â L .  We include,  with two proofs, the  following resul t s  

o f  L which appear i n  Mendelson 141 le t tered  as below: 

( a )  A + B, B + C i - l ( 1 C  & A )  

( b )  i- 1 H A  & A) 

( a )  i-11A + A  

( d )  i- l ( A  & B) + (B + 1 4 )  

( e )  i- A +I"!/! 

( f )  I - ( A + B ) + ( l B + l A )  

( g )  % I + l B i - B + A  

( h )  A + B i- ( C  & A) + ( B  & C )  

( i )  A + B ,  B + C ,  C + D i - A + D  

(j) I- A + A  

( k )  + A & B + B & A  

( 2 )  A + B , B + C i - A + C  

( m )  A + B ,  C + D i- (A 6 C )  + ( 5  & D )  

(n) B + C i - ( A  6 B ) +  ( A  & C )  

( 0 )  I- (A + ( B  + C ) )  + ( ( A  & B )  + C )  

( p )  i - ( ( A & B ) + C ) +  ( A +  ( B + C ) )  

( q )  A + B ,  A +  ( B + C ) i - A + C  

( v )  I- A + (B + ( A  & B ) )  

( s )  i - A + ( B + A )  

(t) I f  I ,  A I- B ,  then F I- A + B (Deduction Theorem) 

(u) i- + A) + A 

( v )  A + B , l A + B i - B  

* .  

We include the  proofs o f  (c) and (m) since they involve manipui&ions 

typ ical  i n  a system based on "6" and ""I;" "c" i s  an especially  important 

resul t  since it assures us that  tlie axioms we have laid down imply a two- 

valued logical  system, and %P1 i s  an extremely use fu l  ru le  for involving 

' & "  from two implications. 

2. 2 + ("14 & 1 A )  Ax. 1 

3 .  HA ETA)  +%I Ax. 2 

Def. 1 ,  from 6 

P~opob^tt.on [ t n ) .  A + B, C + B + A  & C + B & D .  

Proof: 1. A + B  prem<se 

2 .  l ( B  & C )  + l ( C  & A) Ax. 3 and HP 

3 .  C & A + B & C  ( 9 )  
4. A & C + C & A  ( k  1 
5 .  A & C + B & C  ( 2 )  

6 .  C + D  premise 

7 .  l ( D  6 B) + l ( B  & C )  Ax. 3 and MP 

8 .  B & C + D & B  (i?) 

9 .  D & B + B & D  ( k )  

1 0 .  B & C + B & D  ( 2 )  

11. A & C + B & D . n  (2 ) (5 ,10 )  

Incidentally,  the  proof o f  the  important r e su l t  (t) i s  the  standard 

proof by induction on the  length o f  the  proposition using ( j ) ,  ( q )  and (5). 
We now examine the proof L2 + L3. We shall  derive the  axioms and 

de f in i t ions  o f  Mendelson's system using the  derived theorems, axioms and 

de f in i t i ons  o f  Rosser's system. 



A x i o m  1 .  i- A + ( B  + A ) .  

P r o o f .  Immediate from ( s ) .  

A x i o m  2 .  I- ( A  -+ ( B  -r 0 )  + ( ( A  + B )  -+ ( A  -+ 0) .  

P r o o f :  1. A + 5 ,  A -+ ( B  -* C) 1- A + C 

2 .  I- ( A  + ( B +  C ) )  -+ ( ( A  Â¥ B )  + ( A +  0 ) .  0 

Ve.f.Â¥in^-tt.o 1 .  I- A v B -  H A + B ) .  

P r o o f :  1. l ( l A  & 1 B )  + 1 A  + B 

2 .  A V B + " I D A  6 1 B )  

3 .  1 - A v B + ( l A + B ) .  

(q  
( t  ) twice 

D e f .  1 

D e f .  2 

(1)  

The converse follows by t h e  reverse  implicat ions of t h e  two def in i t ions .  0 

The converse is similar, reversing t h e  implicat ion i n  l i n e  1. 

This completes our examination of t h e  p rovabi l i ty  of L from L2. 

With s i m i l a r  e f f o r t  we could complete t h e  o ther  proofs i n  our scheme above. 

It follows t h a t  from t h e  r u l e  system we examined a t  t h e  s t a r t ,  we can de- - 
velop any of t h e  severa l  axiomatizations. -- - 

A s  an i n t e r e s t i n g  as ide  l e t  us b r i e f l y  consider t h e  novel axiomati- 

za t ion  due t o  J.  Nicod [5]. He showed t h a t  it i s  possible  t o  axiomatize 

t h e  proposi t ional  calculus using one pr imi t ive  connective, one axiom and 

one r u l e  of inference.  The connective, ca l led  t h e  Sheffer  s t roke ,  and 

wr i t t en  " "  is defined a s  follows: A \ B i s  t r u e  unless  both A and B a r e  

t r u e ;  1 is  thus a l t e r n a t e  den ia l ,  with A \ B equivalent t o  "U v "IB. From 

t h i s  s t roke  alone,  it i s  possible  t o  define t h e  o ther  connectives: 1.4 

f o r  instance,  being equivalent t o  A \ A .  Nicodls axiom i s  t h e  following: 

( A  I ( B  10) 1 ( ( 0  1 ( 0  1 0 ) )  1 ( ( E  I B )  1 ( ( A  1 E )  \ ( A  1 ff)))) (1) 

and h i s  r u l e  of inference:  

I f  A 1 ( P  ] Q )  and A ,  then Q .  

Using t h i s  r u l e  and ( I ) ,  Nicod derived t h e  axioms of  Russel l  and Whitehead 

found i n  P r i n e i p i a  M a t h e m a t i e a  [71. La te r ,  Ackerman reduced t h e  P r i n e i p i a ' s  

f i v e  axioms t o  four  by showing one of them redundant. These four  form t h e  

Hi lber t ,  Ackerman system. Now taking (1)  above and rewr i t ing  it a s  a 

sentence involving more f a m i l i a r  connectives we have: 

( A  6 ("IS v 1 C ) )  v ( ( 1 0  v D )  6 ((E 6 B )  v (^A v - I f f ) ) )  

which is e a s i l y  shown t o  be t r u e  regard less  of t h e  t r u t h  o r  f a l s i t y  of 

A ,  B ,  C ,  D ,  o r  E and thus a tautology. By t h e  tautology theorem, a standard 

proof of which may be found i n  Mendelson [41, we can e s t a b l i s h  (1) a s  a 

theorem. Now knowing t h a t  from (1) we can e s t a b l i s h  t h e  Hi lber t ,  Ackerman 

system and t h a t  from t h e  same system we can prove (1) y i e l d s  t h e  equi- 

valence of Nicod's system and t h e  o ther  axiomatizations. Therefore, we 

know t h a t  by some f i n i t e  number of manipulations we could derive Nicodls 

system from our e igh t  r u l e s .  

The author  wishes t o  express h i s  g ra t i tude  t o  Professor Ben Freedman 

of  Occidental College whose advice and encouragement made t h i s  paper 

possible .  
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A RELATIONSHIP BETWEEN APPROXIMATION 
THEORY AND STATISTICAL MEASUREMENTS 

by H & k  1. U r n h e m  
Hope. Co.Ue.ge. 

1 .  1ntn.odut'ti.on. 

There a r e  many s t a t i s t i c s  which a r e  used t o  measure c e n t r a l  tendency 

and dispersion of a random variable .  Each of severa l  measures of c e n t r a l  

tendency is shown t o  be a bes t  approximation t o  t h e  var iab le  over t h e  s e t  

of a l l  constant  funct ions i n  a spec i f ied  norm. The e r r o r  of t h i s  bes t  

approximation serves a s  a corresponding measure of  dispersion.  

Hamming ([I],  pp. 224-2261 has noted t h i s  re la t ionsh ip  between bes t  

approximation and measurements of  c e n t r a l  tendency. H i s  work i s  extended 

here t o  include addi t iona l  norms, measurements of dispersion,  continuous 

d i s t r i b u t i o n s ,  and measurements which r e s u l t  from transformations of bes t  

approximations. 

2 .  U - i i i c ~ ~ e X i  Random VOJU.abiu. 

Given a d i s c r e t e  random var iab le  x which can take on any of a s e t  of 

da ta  values  xi}^_,, each value x occurring with respec t ive  probabi l i ty  i 
fi, and a given funct ion norm 11 II, we define a measurement of central ten- 

dency t o  be t h e  constant value c* which, when subs t i tu ted  f o r  c, minimizes 

11x - ell. 

This is  t h e  bes t  approximation t o  x over t h e  s e t  of constant funct ions 

where x is  t h e  funct ion defined on t h e  d i s c r e t e  domain { 1 , 2 , * ~ ~ , M }  by 

x(i) = x. and c is  t h e  constant funct ion defined on t h e  same domain by 

c(i) = c. We examine a number of  choices of norm and show t h a t  these  

choices a l l  correspond t o  commonly used measurements of  c e n t r a l  tendency. 

The e r r o r  i n  t h e  bes t  approximation, 11.1; - c*11, is defined a s  t h e  corre- 

sponding measurement of dispersion. 

The d i s c r e t e  L norm with weight funct ion f is defined by 
2 



The measurement of  c e n t r a l  tendency associated with t h i s  norm is found by 

minimizing t h e  funct ion defined by 

M 
4(e)  = IIx - ell - 

2 ,f - 15 VXi - c)2}1/2 
But f o r  x i n  t h e  i n t e r v a l  (m, m t e I, i 

The minimizing value of  e ,  which we c a l l  E(x) ( t h e  expected value of  x ) ,  
Therefore, 

i s  found by s e t t i n g  the  f i r s t  de r iva t ive  of 4 with respec t  t o  equal  t o  

zero and solving t h e  r e s u l t i n g  equation f o r  a* t o  ob ta in  

where t h e  l a s t  inequa l i ty  follows from t h e  d e f i n i t i o n  of  the  median. A 

s imi la r  argument can be used t o  show t h a t  +(m - e )  - (fi(m) > 0. Hence, m 

is a minimum of 4 and a measurement of c e n t r a l  tendency with respec t  t o  

t h e  d i s c r e t e  weighted L norm. In t h e  case where t h e  median is  not one 

of t h e  da ta  values,  t h i s  bes t  approximation is not  unique. The corre- We have used t h e  f a c t  t h a t  2 fi = 1, t h a t  i s ,  t h e  sum of  t h e  p r o b a b i l i t i e s  

i s  1. This measurement is wel l  known as t h e  a r i thmet ic  mean o r  expected 

value of t h e  random var iab le .  The corresponding measurement of dispersion 

spending measurement of dispersion 

is  t h e  e r r o r  of t h i s  expected value,  given by 

t h e  mean deviat ion.  

Another common measurement of c e n t r a l  tendency is  derived from the  

which i s  t h e  standard deviat ion of t h e  random var iab le .  

The d i s c r e t e  L norm with weight funct ion f i s  defined by 
1 

d i s c r e t e  L norm which is  defined by 

max 1 u . l .  
l5i5M 2 

I I " 1 I m  = 

In  t h i s  case we wish t o  f i n d  t h e  

IIx - ellm = 

It  i s  easy t o  determine t h a t  t h e  

value of c which minimizes 

max la:. - C I  . 
l & i & H  We show t h a t  t h e  median i s  t h e  measurement of c e n t r a l  tendency a sso 

with t h i s  norm. For ease of no ta t ion  we define S(a,b)  = { i  lxi ( a , b ) )  

with s i m i l a r  d e f i n i t i o n s  f o r  semi-open i n t e r v a l s .  I f  m is t h e  median of  

t h e  random var iab le  defined by x and f ,  and e is  any p o s i t i v e  number, then 

minimizing value must be located midway 

between t h e  maximum and minimum values which x can take on, a value known 

a s  t h e  midrange. I f  we denote t h e  midrange by m ,  t h e  corresponding mea- 

surement of dispersion is 

IIx - mFllm = m a  lxi - mpl  , 
lsi</./ 

which is  half  of t h e  range. 

We define one f i n a l  d i s c r e t e  norm by 
M 

where 



The value of IIx - ell is  the  probabi l i ty  t h a t  t h e  random var iab le  is  not 
m ,f 

equal  t o  e, and any value of e which minimizes t h i s  i s  c a l l e d  a mode. The 

corresponding measurement of dispersion i s  t h e  probabi l i ty  t h a t  t h e  random 

var iab le  is not equal  t o  t h e  mode. 

3.  S t u a 5 ~ A t . a  wliich mi Tmm ~o'~lnivbLom B u t  AppioxhivUom . 
A number of measurements of c e n t r a l  tendency do not a r i s e  d i r e c t l y  

a s  bes t  approximations i n  some norm, can be found a s  t h e  transformation 

of a bes t  approximation. Such measures a r e  defined a s  follows. - 
Choose a norm II II and a transformation funct ion 0. Find of: such t h a t  

e:': i s  t h e  bes t  approximation t o  B(x) i n  t h e  given norm, t h a t  i s ,  

Then a measurement of c e n t r a l  tendency i s  given by 0^Â¥(c:':) 

If t h e  d i s c r e t e  L2 norm is chosen, then t h e  measurement of c e n t r a l  

tendency i s  

The geometric mean, harmonic mean, and root-mean-square a r e  examples of 

t h i s  type of measurement when 8 (x) equals log  x ,  l / x ,  and x2, respec t ive ly ,  

and t h e  da ta  values xi a r e  such t h a t  the  appropriate  function 0 is  defined. 

4 .  Con-tinuonii Random VcUL-Labiu. 

The above r e s u l t s  can be extended t o  continuous random var iab les  by 

replacing t h e  d i s c r e t e  norms by t h e  corresponding continuous norms. We 

now assume t h a t  we have a continuous random var iab le  with p robabi l i ty  

densi ty funct ion f (x) .  Therefore, f i s  such t h a t  /ym f (x)& = 1 and 

f i x )  > 0 f o r  a l l x .  

The bes t  approximation i n  t h e  continuous L norm with weight funct ion * 
f is t h e  constant e which minimizes 

By d i f f e r e n t i a t i o n ,  t h e  minimum of if) is found t o  be 

This value of e:': is  t h e  expectation of  a continuous random variabla-.with 

p robabi l i ty  densi ty funct ion f. The corresponding measurement of disper-  

sion is  

t h e  square r o o t  of t h e  variance of  t h e  random var iab le .  

If we consider t h e  continuous L 1 norm with weight funct ion f ,  then,  

s ince f is always nonnegative, we have 

and 

Se t t ing  $ '  ( e )  t o  zero,  we f i n d  t h a t  $ is  minimized when f f (x)& = 1/2,  

t h a t  i s ,  a t  t h a t  value of  e f o r  which t h e  probabi l i ty  is  exact ly one-half 

t h a t  x < e. This is  t h e  n a t u r a l  extension of t h e  median t o  a continuous 

d i s t r i b u t i o n .  

Unless f i x )  is  zero everywhere outs ide of some bounded i n t e r v a l ,  t h e r e  

is  no continuous extension of t h e  midrange. I f  f is zero outside t h e  in-  
t e r v a l  (a ,b )  and p o s i t i v e  somewhere i n  every neighborhood of a and b,  

then t h e  continuous L norm defined b y  



il)(c) = IIx - e l l  = sup la: - el 
a<x<b 

has a s  i ts minimizing value and measurement of c e n t r a l  tendency GENERALIZING BINARY OPERATIONS 

by Ve.nn-ti C. S m o L o ~ i k i  
St. L o d  uvu.vwi-itq 

which i s  t h e  middle value of  t h e  i n t e r v a l  i n  which f is non-zero. The 

corresponding measurement of dispersion is 
Most day t o  day ca lcu la t ions  take place within t h e  f i e l d  of r e a l  

numbers with the  two binary operat ions of  addi t ion and mul t ip l ica t ion .  

In t h i s  f i e l d ,  these two operat ions a r e  d e f i n i t i o n a l l y  independent of , 
one another. However, i f  we approach binary operations from a d i f f e r e n t  

point  of view, e .g.  t h a t  of recurs ive  formulae, we can develop mult ipl i-  

ca t ion  from addit ion by use of t h e  concept of repeated addi t ion .  Along 

s i m i l a r  l i n e s ,  we can develop exponentiation from muli-iplication by re-  

peated mul t ip l ica t ion .  The next l o g i c a l  s t e p  would be t o  t r y  t o  develop 

another binary operation based on repeated exponentiation. 

Professor D .  F. Borrow of t h e  University of Georgia i n  t h e  American 

Mathematical Monthly, 43 (1936), p. 150, developed some theorems and a 

notat ion f o r  repeated exponentiation. A s  Z is  used f o r  summation and ll 

is used f o r  products, he used E f o r  repeated exponentiation. The develop- 

ment of a "fourth operation" would depend on a l l  the  indexed Terms of E 

being equal ,  s i m i l a r  t o  what i s  necessary i n  developing mul t ip l ica t ion  

and exponentiation i t s e l f .  

In order  t o  c l a r i f y  r e l a t i o n s  and no ta t ions ,  l e t  us look a t  add i t ion ,  

mul t ip l ica t ion ,  exponentiation, and a projected new fourth operation i n  

terms of funct ions and recursive formulae. Let 

The continuous extension of the  mode i s  found by minimizing 

where 6 is t h e  Dirac d e l t a  funct ion ([2], p. 6 ) .  The func t ion-$  i s  mini- 

mized a t  those values where f a t t a i n s  i t s  maximum value. If m n  is  such a 

value,  then t h e  corresponding measurement of dispersion is  1 - f(m,,). 
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1975 NATIONAL MEETING IN KALAMAZOO 

There is s t i l l  time f o r  l o c a l  chapters  t o  be making plans f o r  t h e  
and 

na t iona l  meeting a t  Western Michigan University i n  Kalamazoo, Michigan 

i n  conjunction with t h e  Mathematical Association of America. Plan now 

t o  send your b e s t  undergraduate speaker o r  delegate  ( o r  both) t o  t h a t  We know t h e  following: 

meeting. Travel money f o r  one approved speaker o r  delegate  i s  ava i lab le  

(where a l l  ni = n )  

(where a l l  n = n )  . i 

from National.  Send requests  and proposed papers t o :  

and 
R. V.  Andree 
Secretary-Treasurer,  Pi  Mu Epsilon 
601 E l m  Avenue, Room 423 
The University o f  Oklahoma 
Norman, Oklahoma 73069 



Using o u r  f u n c t i o n a l  n o t a t i o n ,  we can w r i t e  t h e  above equa t ions  a s  re- 

c u r s i v e  formulae: 

By comparing t h e s e  two formulae ,  we can e a s i l y  proceed t o  t h e  d e f i n i t i o n  

o f  a  f o u r t h  ope ra t ion  i n  terms o f  previous  ope ra t ions .  Thus, l e t  

and, i n  g e n e r a l ,  f o r  a k th  o p e r a t i o n ,  l e t  

The ques t ion  now a r i s e s ,  how does  one d e f i n e  t h e  f i r s t  te rm i n  t h i s  

r e c u r s i v e  formula? I n  o t h e r  words, what is  f 4 ( n , l ) ?  To answer t h i s  

q u e s t i o n ,  l e t  u s  f i r s t  look a t  f y ( n , l ) ,  and f 3 ( n , l ) ,  which a r e  based on 

a  s i m i l a r  p rocess  o f  r e c u r s i v e  formulae and r e p e a t e d  o p e r a t i o n s .  We 
1 1 know t h a t  f y ( n , l )  = 1 n = n and we a l s o  know t h a t  f 3 ( n , l )  = ml n = n.  

1 We can t h u s  s i m i l a r l y  d e f i n e  f , ( n , l )  = E n t o  be  e q u a l  t o  n  by t h e  same 
1 

l i n e  o f  r eason ing ,  t h a t  i s ,  "one n" combined t o g e t h e r  by t h e  p rocess  of  

[addition/multiplication/exponentiationl i s  s t i l l  only  "one n." 
2  What about  f4 (n ,2 )  = E n ?  This  would be equa l  t o  
1 

Thus we s e e  t h a t  ou r  fo rmula t ion  of  t h e  r e c u r s i v e  formula is  c o n s i s t e n t  

w i th  what ou r  i n i t i a l  i n t u i t i v e  f e e l  w a s  f o r  what t h i s  new f o u r t h  func-  

t i o n  should  be.  S i m i l a r l y ,  we o b t a i n  f4 (n ,3 )  = n(nn) .  A t  t h i s  po in t  

we might n o t i c e  t h a t ,  u n l i k e  ou r  d e f i n i t i o n s  o f  exponen t i a t ion  and mul- 

t i p l i c a t i o n  i n  terms o f  m u l t i p l i c a t i o n  and a d d i t i o n  r e s p e c t i v e l y ,  ou r  

d e f i n i t i o n  o f  f does n o t  a l low a s s o c i a t i v i t y .  I n  o t h e r  words, f,,(n,3) 

= n(nn)  # (nn)n,  and,  i n  g e n e r a l ,  

A t  t h i s  p o i n t ,  two ques t ions  may a r i s e :  What can one do wi th  f and 

what about o t h e r  ope ra t ions?  I n  p a r t i c u l a r ,  does  t h e r e  e x i s t  an  f 9 
0 '  

I n  answer t o  t h e  f i r s t  q u e s t i o n ,  it is obvious t h a t  t a b l e s  of  f,, 

a r e  n o t  r e a d i l y  a v a i l a b l e ,  and a r e  n o t  p a r t i c u l a r l y  u s e f u l ,  e i t h e r .  The 

numbers ba l loon  q u i t e  r a p i d l y .  For example, f,+(2,4) = 65,536, and 

65,536 
f 4 ( 2 , 5 )  = f ( 2 ,  65,536) = 2 , while  f4 (3 ,3 )  exceeds t e n  d i g i t s .  - 

The only  e a s i l y  computable numbers a r e  o f  t h e  form f 4 ( n , 2 )  = nn. Even 

then ,  t h e  numbers g e t  f a i r l y  l a r g e ,  r a t h e r  r a p i d l y .  For example, 

f ,+ (8 ,2 )  = 16,777,216. .- . - - -  - 
There a r e  o t h e r  pa ths  which can be taken wi th  f from he re .  A s  with 

an  i n i t i a l  development of  m u l t i p l i c a t i o n  o r  exponen t i a t ion ,  we can develop 

d e f i n i t i o n s  f o r  f (x ,y)  when y is z e r o ,  r a t i o n a l ,  r e a l ,  o r  complex, and 4  
then  develop d e f i n i t i o n s  when x is ze ro ,  r a t i o n a l ,  r e a l ,  o r  complex. For 

example, i n  developing exponen t i a t ion ,  one method o f  developing r a t i o n a l  

exponents is a s  fo l lows :  

Define x  = y (l /n) t o  b e  equ iva len t  t o  

n  y = x  . 

I f  one r a i s e s x t o  t h e  power of  m y  t hen  one has  

and t h u s  one h a s  de f ined  exponen t i a t ion  f o r  

r a t i o n a l  exponents.  

Let  u s  do something s i m i l a r  f o r  f,+. 

Define x = f ,+(y ,  I/") t o  be  e q u i v a l e n t  t o  

y  = f+,n) . 
I f  we then  o p e r a t e  on x b y  m ,  t hen  we have 

We can l i k e w i s e  work wi th  n e g a t i v e s .  I n  m u l t i p l i c a t i o n ,  9 = x.(-K) 

= f2(x , -n) .  But t h i s  is  equ iva len t  t o  say ing  y + x - n  = 0 = I ( t h e  
.1. 

i d e n t i t y  f o r  f ) ,  o r ,  u s ing  our  f u n c t i o n a l  n o t a t i o n ,  f [ y ,  f 2 ( x , n ) l  = I 
1 

1 
= 0 .  Likewise f o r  exponen t i a t ion ,  y = x = - which is e q u i v a l m *  t o  

x 
say ing  f2[y ,  f3 (x ,n ) ]  = I2 = 1. S i m i l a r l y ,  f o r  ou r  f ,  we can d e f i n e  

y = f ( x , - n )  a s  being equ iva len t  t o  f3[y,  f ^ , n ) l  = Iy = 1. 

Now, l e t  u s  look a t  o u r  o t h e r  q u e s t i o n ~ t h e  p o s s i b i l i t y  of  f ,  t h a t  

is ,  a  b ina ry  ope ra t ion  more "basic" than  a d d i t i o n .  I f  it d i d  e x i s t ,  i t  

would h a v e t o  complywithour  r e c u r s i v e  formulae developed above ..nd a l s o  

t o  t h e  gene ra l  i n t u i t i v e  scheme of  t h e  f u n c t i o n a l  n o t a t i o n .  No, f o r  any 

k ,  we saw t h a t  f k (n,m) = f k l [ n ,  .fz.(n, m - I ) ] .  Let  u s  t a k e  a  ? l o s e r  

look a t  what happens i f  k = 1. Ye would then  have 



But f is  addi t ion.  Thus, we have 
1 

n + m = f [ n , n + m - 1 1 .  
0 

If we now l e t  m = 1, then we have 

"Â¥por t h e  func t iona l  approach we know t h a t  f (n,2)  = n2 = n - n  = fn(n,n) .  
3 

Similar ly,  f (n,2)  = n - 2  = n + n = f (n,n). I f  we a r e  t o  be cons i s ten t ,  2 1 
f. and f should be s i m i l a r l y  r e l a t e d  (assuming f e x i s t s ) .  Thus, 

0 
f(n.,2'1 = n + 2 = n o  n = f (n,n) [where f (n,n)  = n o  n l .  But above 

0 0 
we showed t h a t  fo(n,n)  was n + 1. From t h i s  contradict ion r e s u l t i n g  from 

d 
t h e  i n i t i a l  assumption t h a t  f e x i s t s ,  we have shown t h a t  add i t ion  is  

0 
t h e  "most basic" operation we can have. 

POSTERS AVAILABLE FOR LOCAL ANNOUNCEMENTS 

A t  the  suggestion of t h e  P i  Mu Epsilon Council we have had a 

supply of  10 x 14-inch Fra te rn i ty  c r e s t s  p r in ted .  One i n  each 

color  w i l l  be sen t  f r e e  t o  each l o c a l  chapter  on request .  

Additional pos te rs  may be ordered a t  t h e  following r a t e s :  

(1 )  Purple on goldenrod stock - - - - - - $1.50/dozen, 

( 2 )  Purple and lavendar on goldenrod- - - $Z.OO/dozen. 

SPECIAL ANNOUNCEMENT FOR CHAPTER PRESIDENTS 

The e, ' t o r i a l  s t a f f  of t h i s  Journal has prepared a s p e c i a l  publica- 

t ion  In- i t ' i t ion  Ritual f o r  use by l o c a l  chapter's containing d e t a i l s  f o r  

the recommended ceremony f o r  i n i t i a t i o n  of  new members. I f  you would 

E k e  one, wr i te  to: 

R .  V .  Andree 
Secretary-Treasurer,  P i  Mu Epsilon 
601 E l m  Avenue, Room 423 
The University of Okldhoma 
Norman, Oklahoma 73069 

GRAPHS C R I T I C A L  FOR MAXIMAL BOOKTHICKNESS 

by C h a / d . u  V. Keyh 
LoUiCiiana S t a t e  Uniu6~4Â¥CL 

To "draw a graph G i n  a book" arrange t h e  v e r t i c e s  of  G i n  a f ixed  

posi t ion along a l i n e  segment s ( t h e  sp ine)  which is t h e  in te rsec t ion  of 

a f i n i t e  number o f  bounded half- planes (pages). Draw t h e  edges of  G on 

these  pages such t h a t  each-edge l i e s  e n t i r e l y  on one page and no two edges 

cross  ( t h a t  is ,  in te rsec t ;  except possibly a t  t h e i r  endpoints).  Then t h e  

minimum number o f  pages required t o  represen t  G i n  t h i s  way, considering 

a l l  arrangements o f  V(G) along s h e  sp ine ,  is defined t o  be t h e  bookthick- 

ness of G. 

By coloring edges on separate  pages d i f f e r e n t  co lors ,  one may see 

t h a t  we have t h e  following equivalent charac te r iza t ion  o f  bookthickness. 

Arrange t h e  v e r t i c e s  of a graph G along a c i r c l e  and draw t h e  edges 

of  G a s  chords i n  t h e  i n t e r i o r  o f  t h e  c i r c l e .  Let m be the  minimum num- 

ber  of  colors  required t o  co lor  t h e  edges of  G such t h a t  no two edges o f  

t h e  same color  cross .  The bookthickness of  G is then t h e  minimum value 

of  m over a l l  arrangements of  t h e  ver t i ces  o f  G on the  c i r c l e .  

Note t h a t  s ince  an edge joining v e r t i c e s  which a r e  adjacent  i n  a 

c i r c u l a r  arrangement does not  c ross  any o ther  edge, it can always be 

given any color. We there fore  do no t  have t o  worry about such edges, 

and they w i l l  not  be shown i n  t h e  colorings drawn i n  t h i s  paper. 

Arrange t h e  p v e r t i c e s  of  G on a c i r c l e ,  numbered i n  o rder  from '6 

t o  p - 1. Define the length o f  an edge {u,vl t o  be the length of  t h e  

s h o r t e s t  path from u t o  v along t h e  c i r c l e ;  t h a t  is ,  

length { u , ~ }  = min { \ u  - V \ , p  - \u  - V }  . 



Note t h a t  i n  any coloring on p v e r t i c e s  we can have a t  most p - 3 

edges of t h e  same color .  This is c l e a r l y  t r u e  f o r  p = 3, 4. Assume 

t r u e  f o r  n < p. Chooseanedge e o f  one color ,  with say p - n and n - 2 

v e r t i c e s  above and below e ,  respec t ive ly .  By induct ion,  the  maximum 

number o f  edges of t h i s  co lor  above and below e ,  respec t ive ly ,  a r e  

( p  - n + 2) - 3 and n - 3. This gives a maximum o f  1 +  ( p  - n + 2) - 3 

+ n - 3 = p - 3 edges which may be colored t h e  same. 

The bookthickness of  K2n is  n. We must co lor  2n(2n - 1 )  - 2n 
2 

= 2n2 - 3n edges ( t h e  t o t a l  number o f  edges minus t h e  number of  edges 

joining v e r t i c e s  adjacent i n  the  ordering of  V(G) ) . Since we can f i t  i n  

a t  most 2n - 3 edges of each color ,  we need a t  l e a s t  2n2 " 3n 
2n - 3 = n colors .  

Given a K we ask how many edges, and what configurations of  2n ' 
edges, must be deleted so  t h a t  t h e  remaining edges may be colored with 

n - 1 colors .  The above ca lcu la t ion  shows t h a t  de le t ing  l e s s  than 2n - 3 

edges from a K does not reduce t h e  bookthickness. I f  we d e l e t e  exact ly 
2n 

2n - 3 edges, the  bookthickness may o r  may not  drop t o  n - 1. The case 

of  removing 5 edges from a I f8  w i l l  be discussed a t  t h e  end of  t h e  paper. 

The bookthickness o f  K i s  n + 1. We must co lor  (2n + l ) 2 n  
2n+l 2 

- (?n + 1 )  = (n - l ) ( 2 n  + 1 )  edges. Since we can color  a t  most 2n - 2 

edges a s i n g l e  color ,  we need a t  l e a s t  (n - 1)(2n + 1 )  = 2n + 1 
2n - 2 2 

= n + 1 colors .  

To reduce the  bookthickness of  K t o  n, we must de le te  a t  l e a s t  
2n+l 

( n  - l ) ( 2 n  + 1 )  - n(2n - 2) = n - 1 edges. 

T h i o ~ m .  If we d e l e t e  n - 1 edges from a K 2 , ,  one edge of  each 

length 2 , 3 , - ' " , n ,  then there  is a coloring f o r  t h e  remaining edges using 

n colors .  

Proof. Arrange t h e  v e r t i c e s  of  K on a c i r c l e ,  numbered i n  
2n+l 

order  from 0 t o  In.  We may assume t h a t  {0,n] i s  t h e  deleted edge of  

length n. Assign {3 - 1, j + n] and { j  + n, j }  t h e c o l o r  j ( m d  n ) ,  

j = l , 2 , 3 , - - ' , n .  Note: A l l  a r i thmet ic  r e l a t e d  t o  ver tex  numbering is  

modulo 2n + 1. 

This colors  a l l  the remaining edges of  length n. 

We s h a l l  now successively co lor  a l l  edges of length n - 1, n - 2,  

, 2 such t h a t ,  a f t e r  coloring t h e  edges of  length n ,  n - 1, - - * ,  I + 1, 

t h e  following proper t i es  hold: 

1 )  The edges of length I + 1 a r e  colored i n  order  1 , 2 , ' ~ ~ , n , l , 2 , ~ ~ ~ , n  

a s  we proceed around t h e  c i r c l e :  t h a t  i s ,  if { i ,  i + I + 11 is  t h e  

de le ted  edge of length I + 1, and k is t h e  co lor  assigned t o  t h e  edge 

{ i  - I ,  i + 11, then successively t h e  edge { i  + 3, i + j + I + 1 )  is  

colored k + j (mod n ) ,  j = 1 ,2 ,* . - ,2n .  

2) Every edge of length I + 1 c n is adjacent t o  an edge of length 

8. + 2 of t h e  same color:  t h a t  i s ,  i f  {i, i + I + 11 is  colored k ,  then 

s o  is e i t h e r  {i, i + I + 21 o r  { i  - I ,  i + I + 11 (but not  both) .  

3) No edge of length I + 1 is colored t h e  same a s  any crossing edge 

of length 2 I + 1; t h a t  i s ,  no edge of  length 2 I + 1 and incident  t o  a 

vertex i + p f o r  p = 1 , 2 , ~ ~ ~ , 1 1 ,  has t h e  same co lor  a s  t h e  edge { i ,  i + I + 1 ) .  

Thus, induct ively,  no two crossing edges of length 2 8. + 1 have t h e  

same color .  

Suppose we have colored t h e  edges of length n ,  n - 1, --- ,  I + 1 

such t h a t  p roper t i es  l ) ,  2 ) ,  and 3) hold. Let { i ,  i + I + 1 )  be the  

deleted edge of length I + 1, {i + in, i + in + I] t h e  deleted edge of 

length P., and t h e  edge { i  + j, i + j + I + 11, of length I + 1 colored 

k + j (mod n ) ,  j = 1 , 2 9 m a ~ , 2 n ,  (k a s  above). 

We now color  t h e  edges of length I a s  follows: For j = 1, 2 ,  --- ,  
so - 1, ass ign  edge {i + j, i + j + I }  t h e  co lor  k + ,j (mod n), and f o r  

j = l o +  1, i o +  2, --- ,  2n + 1, assign { i  + j ,  i + j  + I] the  co lor  

k + j  - 1 (modn).  



Property 1 )  holds t r i v i a l l y  i n  t h i s  coloring. 

F o r l S j  S i O  -1, {i t j , i  + j + A +  l }  and {i t i , <  + j +1} 
a r e  both colored k t j (mod n ) ,  while f o r  Â ¥ i  + 1 5 j 5 2n t 1 both 

{i + j  - 1, i-+i + A) and {i t i ,  i + j + A }  a r e  colored k + j  - 1 (modn).  

Thus property 2)  holds. 

Consider an edge e of length A colored a (mod n ) .  By property 2)  

we have t h a t  any edge of length 2 A + 1 crossing e must a l s o  cross  an 

edge of length A t 1 colored a (mod n ) ,  and must there fore  be a d i f f e r e n t  

co lor .  

Addit ional ly,  an edge {i, i + ill of length I colored a crosses  p rec i se ly  

t h e e d g e s  {i - A t 1, i t l } ,  {i - A + 2,  i t 21, - - * ,  {i - 1, i + il - 11, 
{i + 1, i t il t l } ,  - - - ,  {i + il - 1, T, t 22. - 11 among a l l  edges of length 

I. These edges a r e  colored a 2 p (mod n )  f o r  p = 1, 2, * - - ,  A - 1. But 

p 5 il - 1 < n implies t h a t  a # a Â p (mod n ) ,  s o  we have t h a t  property 

3) holds i n  t h i s  coloring. 

Continue t h i s  process t o  co lor  t h e  edges of lengths A - 1, I - 2 ,  

- ,  2. Then by property 3) no two crossing edges w i l l  have t h e  same 

co lor ,  which proves t h e  theorem. U 

A s  an i l l u s t r a t i o n  of the  theorem, suppose we d e l e t e  t h e  edges{{0,4}, 

{4,7}, and {3,5} from a Kg. The theorem gives t h e  following coloring 

f o r  t h e  remaining edges: 
0 

Thus asking whether de le t ing  a graph with n - 1 edges from K2n+l 

reduces bookthickness is reduced t o  t h e  problem of f i t t i n g  t h e  graph on 

2n t 1 v e r t i c e s  arranged on a c i r c l e  such t h a t  it contains  one edge of 

length 2 ,3 , .* - ,n .  

This can be done f o r  a l l  graphs on n - 1 edges f o r  n = 2,3,4,5,6. 

There a r e  no known cases i n  which t h i s  cannot be done. 

In  add i t ion  we r a i s e  t h e  question whether de le t ing  t h e  complete graph 

Km from K reduces bookthickness. This is t h e  case f o r  m = 2,3,4,5. 
2 ( 9 + 3  

E x e .  Deleting a K,, and Kr from a K f i  and K y a ,  r espec t ive ly ,  does 

reduce bookthickness, a s  shown below. (The numbers assigned t o  edges a r e  

t h e i r  respec t ive  leng ths . )  



In t h e  case of a K ,  we have shown t h a t  de le t ing  t h e  following graphs 

(and t h e i r  subgraphs) does not reduce bookthickness t o  3: 

(8,8)  graph with a vertex of degree 7 

Deleting a l l  o ther  configurat ions of 5 o r  more edges reduces bookthickness. 

A s  an example, we give t h e  argument f o r  I: Deleting an (8,E) graph 

with a ver tex  of degree 7 from a K8 does no t  reduce bookthickness. 

Suppose there  is a coloring of K with G de le ted  using only 3 co lors .  
8 

Let t h e  ver tex  of G with degree 7 be placed a t  a and {b ,e l  t h e  edge of 

G not inc iden t  t o  a.  Then by de le t ing  t h e  ver tex  a and edges incident  t o  

a i n  t h e  coloring,  we ob ta in  a coloring f o r  K with only one edge ({bye})  

deleted which uses only 3 co lors .  But t h i s  is  impossible. 

In  general ,  s ince  de le t ing  l e s s  than n - 2 edges from a K -  does 

not  reduce t h e  bookthickness t o  n - 1, dele t ing  a (2n, (2n - 1 )  + (n  - 3 ) )  

graph with a ver tex  of degree 2n - 1 from a K2n does not  reduce t h e  book- 

thickness  t o  n - 1. 
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THE BASIC MATHEMATICS OF THE FAR0 SHUFFLE 

Among magicians t h e  operat ion of c u t t i n g  a deck by shuf f l ing  i n t o  

two equal por t ions ,  and these  port ions p e r f e c t l y  in te r laced  by shuf f l ing  

is  c a l l e d  a faro shuffle, r e f e r r i n g  t o  t h e  card game f a r o .  For f u r t h e r  

c l a s s i f i c a t i o n ,  a s h u f f l e  where t h e  top  card is l e f t  out  o r  on top is  

c a l l e d  an Out shuffle, while shuf f l ing  t h e  top  card i n  o r  t o  t h e  second 

pos i t ion  i s  ca l led  an I n  shuffle. 

I n  studying these  s h u f f l e s ,  c e r t a i n  mathematical p roper t i es  present  

themselves. This paper w i l l  concern i t s e l f  with t h e  following questions: 

1) In  a deck of  s i z e  2k, where w i l l  a card i n  pos i t ion  p be taken 

following one I n  o r  one Out shuf f le?  

2) I n  a deck of  s i z e  2k, where w i l l  a card i n  pos i t ion  p be taken 

following an I n  and then an Out s h u f f l e  o r  an Out following an 

I n  shuf f le?  

3) Can t h e  Out and I n  f a r 0  shuf f les  be general ized t o  decks of s i z e  

2k - 1, and how w i l l  t h i s  a f f e c t  t h e  answers t o  1 )  and 2)? 

A l l  t h r e e  questions w i l l  be answered. Surpris ingly,  decks of s i z e  

2k - 1 y i e l d  much more elegant  answers t o  1 )  and 21, although it is  per-  

haps unnatural  t o  perform a f a r 0  s h u f f l e  with an odd s ized deck. 

Throughout - t h i s  paper, c e r t a i n  no ta t iona l  conventions w i l l  be used. 

The l e t t e r s  p and q w i l l  always be used t o  ind ica te  the  pos i t ion  of a 

card. Deck and card w i l l  be used r a t h e r  than l i n e a r  away and d e m e n t .  

Odd deck and even deck w i l l  r e f e r  t o  decks with 2k - 1 and 2k cards r e-  

spect ively.  A card i n  pos i t ion  p w i l l  be i n  pos i t ion  0(p) o r  I ( p )  f o l-  

lowing an Out o r  an I n  shuf f le  respec t ive ly .  F ina l ly ,  a s e r i e s  of  Out 

and In  shuf f les  w i l l  be indicated by concatenation and read from l e f t  t o  

r i g h t  ( r a t h e r  than t h e  usual  r i g h t  t o  l e f t ) .  Thus OI(p) = I (O(p) ) ,  and 

ind ica tes  an Out s h u f f l e  followed by an I n  shuf f le .  

Phopob-Ltmn 1. In  a deck of  s i z e  2k, t h e  e f f e c t  of one Out f a r 0  

s h u f f l e  on a card i n  pos i t ion  p is  t o  move it t o  pos i t ion  



Proof. We first consider  t h e  e f f e c t  of an Out s h u f f l e  on a  card i n  

t h e  upper half  of  a deck, and thus  temporarily avoid t h e  problem of a  

card being taken t o  a  pos i t ion  with a  lower value than it began with; 

t h a t  i s ,  0 (p)  < p .  

A card i n  pos i t ion  p has p - 1 cards above it, and following an Out 

s h u f f l e  i ts new pos i t ion  0(p)  w i l l  be p - 1 g r e a t e r  s ince  an Out s h u f f l e  

places a  card between 1 and 2, 2  and 3 ,  - * - ,  p - 1 and p. We thus have 

f o r  1 < p s k ,  

and c l e a r l y  (1 )  holds. 

For a  card i n  t h e  lower h a l f  of t h e  deck, we observe t h a t  0(k + 1) 
= 2, 0(k + 2) = 4, ---,  O(2k - 1 )  = 2k - 2,  and O(2k) = 2k; o r  more 

c l e a r l y  : 

0(k + 1 )  = 2 5 2k - l +  2 s 2(k + 1 )  - 1 (mod 2k - 1 )  

O(k + 2)  = 4 s 2k - 1 + 4 E 2(k + 2)  - 1 (mod 2k - 1 )  

O(2k - 1 )  = 2k - 2 =2k - 1 + 2k - 2 s 2(2k - 1 )  - 1 (mod 2k - 1 )  

O(2k) = 2k : 2k - 1 + 2k s 2(2k) - 1 (mod 2k - 1 )  . 
We have j u s t  demonstrated t h a t  f o r  k + 1 5 p <Â 2k, and hence a l l  p ,  f o r -  

mula 1 holds. 

Paopob.iCion 1 .  In  a  deck of s i z e  2k, t h e  e f f e c t  of  one In  f a r o  

s h u f f l e  on a  ca rd  i n  p o s i t i o n  p is t o  move it t o  pos i t ion  

Proof. We again f i r s t  consider a  card i n  t h e  upper ha l f  of t h e  deck. 

For a  card a t  pos i t ion  p ,  an In  s h u f f l e  w i l l  increase i ts pos i t ion  by p ,  

s ince  an In  s h u f f l e  places a  card between 1 and 2, 2  and 3, - * - ,  p - 1 and 

p ,  p lus  a  card on top of 1. Thus we have f o r  1 6 p < k, 

and c l e a r l y  (2) holds. 

A S  zero is not  assigned a s  a  pos i t ion  number, t h e  card i n  pos i t ion  
k w i l l  be taken t o  pos i t ion  2k - 1. Further ,  t h e  card i n  pos i t ion  2k may 
be e f f e c t i v e l y  ignored a s  an Out s h u f f l e  does not a f f e c t  it, though for-  
mula (1) does apply if we agree t h a t  O(2k) i s  2k and not 1, f o r ,  

O(2k) 2(2k) - 1 = 4k - 1 5  2k (mod 2k - 1 )  . 

For a  card i n  t h e  lower ha l f  of t h e  deck, we observe t h a t  I ( k  + 1 )  

= 1, I ( k  + 2) = 3, --- ,  I ( 2 k  - 1 )  = 2k - 3 ,  I ( 2 k )  = 2k - 1. A s  before,  

we can see  t h a t  formula (2)  holds f o r  k  + 1 s p 5 2k, and hence a l l  p .  0 

- - 

I n  considering decks f o r  mathematical purposes, t h e  terms t 6 5  a i d  

bottom a r e  purely a r b i t r a r y .  It makes a s  much sense f o r  our purposes t o  

number a  deck from bottom t o  top  a s  t o  number it from top t o  bottom. 

We now wish t o  define a  transformation t h a t  reverses  t h e  ordering 

of an even deck. Simple ca lcu la t ion  shows t h a t  t h e  desired transformation 

i s  

T p = 2 k + 1 - p .  

Further ,  T is idempotent, s ince 

Paopob&on 3 .  I n  a deck of  s i z e  2k, t h e  following r e l a t i o n s  hold: 

O(Tp) = TCO(p)I (3 )  

I (Tp) = Tc.I(p)l ( 4 )  

Proof. 

O(Tp) 2Tp - 1 (mod 2k - 1 )  

= 2(2k + 1 - p )  - 1 (mod 2k - 1 )  

= 4k + 2 - 2p - 1 (mod 2k - 1 )  . 
Hence 

O(Tp) - 2k - 1 E 2k + 1 - 2p - 1 (mod 2k - 1 )  

s -2p + 1 (mod 2k - 1 )  

= -O(p) . 
Thus 

O(Tp) = 2k + 1 - O(p) = TCO(p)I . 
The proof of (4 )  follows with s imi la r  ease.  

The s ign i f icance  of Proposition 3 is t h a t  we need only determine the  

ac t ion  of  a  shuf f le  on the  f i r s t  k cards on an even deck t o  be able  t o  

determine the  ac t ion  on t h e  f i n a l  k  ca rds .  

Phopob-c-tton 4 .  In  a  deck of s i z e  2k, t h e  e f f e c t  of one Out followed 

by one I n  f a r o  s h u f f l e  on a  card i n  pos i t ion  p is  t o  move it t o  pos i t ion  

4p - 2 (mod 2k + 1 )  , 1 S p S k 

OI(p 

4 p +  2 (mod 2 k +  1 , k + l S p  2 2k . 



Proof. We s h a l l  f i r s t  show t h a t  we need only  cons ide r  t h e  a c t i o n  

upon t h e  first k c a r d s ,  and then  app ly  t h e  t r ans fo rma t ion  T t o  determine 

t h e  a c t i o n  on t h e  l a s t  k: 

OI(Tp) = T[OI(p)I . 
Using ( 3 )  and ( 4 )  we have 

OI(Tp) = I (O(Tp))  

= I(TCO(p) I )  

= T(I[O(p)I)  

= TCOI(p)l . 

Thus we need on ly  cons ide r  t h e  a c t i o n  upon t h e  f i r s t  k c a r d s .  By Propo- 

s i t i o n  1 we know t h a t  

0 ( p )  % 2p - 1 (mod 2k - 1 )  . 
However, s i n c e  we a r e  d e a l i n g  wi th  t h e  f i r s t  k c a r d s ,  we may w r i t e  

o ( p ) = 2 p - 1 ,  1 ~ p ~ k .  

Applying an  I n  s h u f f l e ,  we have 

OI (p )  = I ( O ( p ) )  s 4p - 2 (mod 2k + 1 )  , 1 2 p < k . 
Now, i f  k + 1 S p s 2k, we can w r i t e  p = 2k + 1 - q ,  where 1 2 q 5 k. 

By our  f i r s t  conc lus ions ,  we have 

OI(p)  = OI(2k + 1 - q )  = 2k + 1 - OI(q)  , 
o r  e q u i v a l e n t l y  

Thus 

OI(p)  - 2k - 1 = OI(q)  

-4q + 2 (mod 2k + 1 )  . 

OI(p)  : 2k + 1 - 4q + 2 (mod 2k + 1 )  

8k + 4 - 4q + 2 (mod 2k + 1 )  

4p + 2 (mod 2 k + l )  , k + 1  f i p  5 2 k .  

Thus ou r  p r o p o s i t i o n  is  proven f o r  a l l  p .  0 

Pmpo4Ltion 5 .  I n  a deck o f  s i z e  2k, t h e  e f f e c t  of  one I n  fo l lowed 

by one Out f a r o  s h u f f l e  on a ca rd  i n  p o s i t i o n  p is t o  move it t o  p o s i t i o n  

4p - 1 (mod 2k - 1 )  , 1 5 p 5 k 

IO(p 

4p - 5 ( m o d 2 k -  1 )  , k +  1 s p  2 2k 

Proof. A s  i n  P ropos i t ion  4 ,  we can show t h a t  IOCTp) = T[:IO(p)I, and 

then  proceed wi th  p a r a l l e l  arguments. 0 

Thus f a r  we have answered q u e s t i o n s  1 )  and 2 ) .  There remains  t h e  

problem o f  d e f i n i n g  a f a r o  s h u f f l e  f o r  an  odd deck,  which we s h a l l  now 

proceed t o  do. - 
4 .- -- 

The d i s t i n g u i s h i n g  p rope r ty  of  a f a r o  s h u f f l e  i s  t h a t  a f t e r  t h e  deck 

i s  sepa ra t ed  i n t o  two p o r t i o n s ,  each p o r t i o n  i s  p e r f e c t l y  i n t e r l a c e d  i n t o  

t h e  o t h e r ,  and any two c a r d s  ad jacen t  be fo re  t h e  s h u f f l e  a r e  now sepa ra t ed  

by one ca rd  ( c a r d s  k and k + 1 excepted) .  Hence any d e f i n i t i o n s  f o r  f a r o  

s h u f f l i n g  an odd deck must i nco rpora t e  t h e s e  f e a t u r e s .  

'Oe.fiivu^ion. For a deck of s i z e  2k - 1, an Out faro shu f f l e  is  per-  

formed by adding a conven t iona l  2kth c a r d ,  performing a s t anda rd  Out f a r o  

s h u f f l e  on t h e  pack of  2k, and then  removing t h e  convent ional  ca rd .  For 

a deck o f  s i z e  2k - 1, an  I n  faro skuffZe is  performed by removing t h e  

(2k - l ) s t  ca rd ,  performing a s t anda rd  I n  f a r 0  s h u f f l e  on t h e  remaining 

2k - 2 ,  and then  r e t u r n i n g  t h e  (2k - l ) s t  ca rd .  

B r i e f  cons ide ra t ion  w i l l  show t h a t  t h e  odd decks a r e  sepa ra t ed  i n t o  

p o r t i o n s  and each i n t e r l a c e d  i n t o  t h e  o t h e r .  F u r t h e r ,  any two c a r d s  ad- 

j acen t  p r i o r  t o  t h e  s h u f f l e  a r e  now sepa ra t ed  by one card  ( c a r d s  k and 

k + 1 excepted f o r  Out s h u f f l e s ,  and ca rds  k - 1 and k excepted f o r  I n  

s h u f f l e s ) .  

P ~ ~ p o h - c - f c t . ~  6 .  I n  a deck of  s i z e  2k - 1, t h e  e f f e c t  of one Out f a r o  

s h u f f l e  on a ca rd  i n  p o s i t i o n  p is t o  move it t o  p o s i t i o n  

0 ( p )  s 2p - 1 (mod 2k - 1 )  . 

Proof. By t h e  d e f i n i t i o n  of  an  odd Out f a r 0  s h u f f l e ,  we a r e  Out 

s h u f f l i n g  a deck of  s i z e  2k, wi th  a convent ional  2kth c a r d .  A s  t h i s  ca rd  

is never a f f e c t e d  by an  Out s h u f f l e ,  we need no t  cons ide r  it i n  our  c a l -  

c u l a t i o n s .  The movement o f  t h e  o t h e r  2k - 1 c a r d s  wi th  which we a r e  con- 

cerned i s  according t o  t h e  formula i n  P ropos i t ion  1. Thus f o r  our  deck 

of  s i z e  2k - 1 :  

0 ( p )  5 2p - 1 (mod 2k - 1 )  . 0 

P~op0-6-c.fccon 7 .  I n  a deck o f  s i z e  2k - 1, t h e  e f f e c t  o f  one I n  f a r o  

s h u f f l e  on a ca rd  i n  p o s i t i o n  p i s  t o  move it t o  p o s i t i o n  
* 

I ( p )  s 2p (mod 2k - 1) . 
Proof. By t h e  d e f i n i t i o n  o f  an odd I n  f a r o  s h u f f l e ,  t h e  (2k - l ) s t  



card remains i n  pos i t ion  2k - 1 and t h e  pos i t ion  of t h e  remaining cards 

is determined by the  formula i n  Proposi t ion 2 using a  deck of  s i z e  2k - 2 

Hence f o r  our deck of s i z e  2k - 1: 

I ( p )  E 2p (mod 2k - 1 )  . 0 

Phopob^t-A.on g. I n  a  deck of s i z e  2k - 1, t h e  e f f e c t  of one Out f o l -  

lowed by one I n  f a r 0  shuf f le  on a  card i n  pos i t ion  p i s  t o  move it t o  

pos i t ion  

OICp) 2p (mod 2k - 1 )  . 
Proof. F i r s t ,  i f  1 fi p  fi k ,  we have by Proposi t ion 6:  

O(p) = 2p - 1 . 
Applying an I n  shuf f le ,  we have by Proposition 7 

OI(p) 4p - 2 (mod 2k - 1 )  , 1 S p  fi k .  

Now i f  k t 1 < p 2 2k - 1, we can wr i te  p = k t q ,  where 1 5  q s k - 1. 

Thus by Proposi t ion 6 :  

0(p)  z 2(k t q )  - 1 (mod 2k - 1 )  

= 2k t 2k - 1 (mod 2k - 1 )  

2q (mod 2k - 1) . 
Since 1 5 q Â k - 1, we thus  have: 

0(k t q )  = I ( 2 q )  , 1 fi q k - 1 . 
Now applying an In  shuf f le  y i e l d s  by Proposition 7:  

OICk t q )  = I ( 2 q )  

4q (mod 2k - 1 )  

4k t 4q - 2 (mod 2k - 1 )  

4(k + q )  - 2 (mod 2k - 1 )  . 
Thus 

OI(p) = 4p - 2 (mod 2k - 1 )  , k + 1 fi p  5 2k - 1 , 
proving t h e  proposi t ion f o r  a l l  p .  

With almost i d e n t i c a l  arguments, we can a l s o  prove t h e  following 

proposi t ion.  

P h o p o ~ L i i o n  9 .  I n  a  deck of s i z e  2k - 1, t h e  e f f e c t  of one In  f o l -  

lowed by one Out f a r 0  s h u f f l e  on a  card i n  pos i t ion  p i s  t o  move it t o  

pos i t ion  

IO(p) : 4p - 1 (mod 2k - 1 )  . 
It should be noted t h a t  proofs  of Proposi t ion 8 and Proposition 9 

could have been developed p a r a l l e l  t o  t h e  proofs  of Proposition 4 and" 

Proposition 5 by t h e  introduct ion of  a  transformation T*(p) = 2k - p .  

The s i g n i f i c a n t  i d e n t i t i e s  f o r  decks of s i z e  2k - 1 a r e  

O(T*p) = T*[I(p)] and I(T*p) = T*[O(p)] . 
Similar ly Proposi t ion 4 and Proposi t ion 5 could have been proven by t h e  

elementary method. However by so  doing,  t h e  important symmetry of t h e  

f a r o  shuf f le  with respec t  t o  t h e  top and bottom of a  deck would have been 

overlooked. 

A s  one f i n a l  problem of i n t e r e s t ,  we consider the  ac t ion  of a  s e r i e s  

of Out and In  f a r o  shuf f les  upon t h e  top card. We s h a l l  place one r e s t r i c -  

t i o n  upon t h e  s e r i e s  o f  shuf f les ,  namely t h a t  p r i o r  t o  any s h u f f l e  t h e  

top card w i l l  not be i n  t h e  bottom por t ion  of t h e  deck. This r e s t r i c t i o n  

allows us t o  ignore t h e  various moduli and use e q u a l i t i e s  r a t h e r  than 

congruences. 

For a  deck s u f f i c i e n t l y  l a r g e ,  we can e a s i l y  see from our various 

equations t h a t  
n n O"(p) = 2 p - (2" - 1 )  and A p )  = 2 p . 

Further ,  a s  t h e  top card i s  i n  pos i t ion  p = 1, our equations a r e  even 

s impler . 
Since any number of  Out s h u f f l e s  does not a f f e c t  t h e  top card,  we 

s h a l l  assume t h a t  our s e r i e s  of s h u f f l e s  begins with a  s e r i e s  of In  shuf-  

f l e s .  A few d i r e c t  ca lcu la t ions  show t h a t  

A l )  = 2Â , 
b A A l )  = z a t b -  2  t 1 ,  

*(1) = 2atbte - 2b+e t 2Â , 
and so f o r t h .  

With t h i s  information i n  hand, we consider t h e  problem from a s l i g h t-  

l y  d i f f e r e n t  point  of view. Rather than being concerned with t h e  pos i t ion  

of t h e  top card ,  we wish t o  know how many cards a r e  on top  of  it. Thus, 

following a  s e r i e s  of a  In s h u f f l e s ,  t h e r e  a r e  2' - 1 cards above the  top  

card. Using a  prime t o  ind ica te  t h e  number of cards above t h e  top one, 

we ge t  t h e  following t a b l e :  



Expressing t h e  number of  cards above t h e  top  card i n  

of powers of 2 br ings t o  mind t h e  thought of using base 2 

terms of  sums 

notat ion.  Thus 

we have: 

[f ( l ) l ^  = [ I I - - ' I ( l ) I ;  = 1 5 1  - 
a terms a terms 

-- -- 
a b  a b 

terms terms terms terms 

These equations can be formulated i n  a general  r u l e  which we s t a t e  

without proof: To determine t h e  pos i t ion  of t h e  top  card following a 

s e r i e s  of  In  and Out f a r o  s h u f f l e s ,  first transform t h e  J 's t o  1's and 

t h e  0 ' s  t o  0 ' s .  This number (given i n  base 2)  t e l l s  how many cards a r e  

above t h e  top card. S imi la r ly ,  t o  place m cards above t h e  top  card,  

convert m i n t o  base 2 no ta t ion  and then transform t h e  1's t o  I t s  and 0 ' s  

t o  0 ' s .  By applying t h e  r e s u l t a n t  s e r i e s  of shuf f les  t o  t h e  deck, t h e  

top  card w i l l  be i n  t h e  required pos i t ion ,  m t 1. 
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r e f e r e n c e s  4, 6 a r e  magic books t h a t  contain no mathematics, but 
do have card t r i c k s  u t i l i z i n g  t h e  proper t i es  of  t h e  f a r 0  shuf f le .  

APPLICATIONS OF FINITE DIFFERENCES 
T O  THE SUMMATION OF SERIES 

Basical ly,  F i n i t e  Differences dea l s  with t h e  changes which take place 

i n  t h e  value of a funct ion when t h e  var iab le  i s  increased by a c e r t a i n  

amount. This c l a s s i c a l  branch of mathematics has many i n t e r e s t i n g  appl i-  

ca t ions ;  i n  t h i s  case t o  t h e  problem of  f ind ing  a n ice ,  compact formula 

f o r  t h e  sum of  n terms of a p a r t i c u l a r  s e r i e s .  

Ve-&b&tion 1 .  Let f ( x )  denote a funct ion of x.  Define the  first 

difference of f ( x ) ,  wr i t t en  Af(x), t o  be: 

Similar ly,  we can define t h e  second difference of f ( x ) :  

~ ~ f l x )  = A(Af(x)). 

And we can define induct ively t h e  k th  difference, k >. 2: 

k k-1 
A f ( x )  = A(A f ( x ) ) .  

The-OIW 1 .  Let f ( x )  and g(x)  be funct ions of  x. Then: 

1. ~ [ f ( x )  t g ( x ) l  = Af(x) t Ag(x). 

2. ~ [ f ( x ) ' g ( x ) ]  = ~ ( x ) A ~ ( x )  t g ( ~  + l)Af(x). 

3 .  I f  c i s  a constant ,  

( a )  Ac = 0, 

(b)  Aef(x) = cAf(x). 

'Proof. The proofs of 1 and 3 a r e  s t raightforward and follow d i r e c t l y  

from t h e  d e f i n i t i o n .  The proof of 2 involves t h e  t r i c k  of adding a con- 

venient zero,  and is given here. 



X E x a m p l e  1 .  Find Aa where a i s  some constant .  

x + l  - ax ~ a ^  = a 

= ax(a - 1 ) .  

Ve.6iMJMin 2 .  Let a and b be constants  and n a non-negative in teger .  

(a  + bx)^ = [ a  + bx][a + b(x - l ) l . - - [ a  + b(x - n + 111 

(a + bx)^ = 1. 

(Note when a = 0 ,  b = 1 we have = x ( x  - l ) - - . ( x  - n + 11 . )  

The proof of t h i s  theorem again follows from t h e  def in i t ions .  

Next we come t o  a very important theorem, due t o  Newton, which gives 

a formula f o r  expanding any polynomial i n  terms of i ts d i f fe rence  func- 

t i o n s  evaluated a t  0. 

Thcokm 3 (N&on). Let p ( x )  be a polynomial of degree n .  Then 

The r i g h t  s i d e  of  t h e  above is  c a l l e d  t h e  f a c t o r i a l  form of p ( x ) .  (Note 

t h e  s i m i l a r i t y  between Newton's theorem and Maclaurin's expansion f o r  

p(x1. 

(n ) Proof. Assume p(x)  = a 1 a1x(') t a x ( ~ )  + t a x . 
2 n 

Differencing p ( x )  n t imes,  we obtain t h e  following i d e n t i t i e s :  

~ ~ ~ ( x )  = n!a . 
n 

Se t t ing  x = 0 i n  t h e  above equations we have 

Subs t i tu t ing  these  values back i n t o  t h e  expression f o r  p(x),we obtain the  

r e s u l t  of  t h e  theorem a s  s t a t e d .  

Examp& 2 .  Use Newton's theorem t o  express  p ( x )  = x 3  - 2x2 t - 1 
i n  f a c t o r i a l  form. Also f i n d  Ap(x). 

Method 1. Construct a . ~ i f f e r e n c e  Table. 

Now t h a t  we have p(x)  expressed i n  f a c t o r i a l  form, we can use Theorem 

2 t o  f i n d  Ap(x). 

Ap(x) = 3x^ + 2x") t 2. 

Method 2. Synthet ic  Division. 

A t  t h i s  po in t ,  given F ( x ) ,  we can compute AF(x) = f ( x ) .  Consider 

t h e  reverse problem; t h a t  is ,  given f ( x ) ,  can we f i n d  F(x)  such t h a t  

AF(x) = f ( x ) ?  



Ue-{,i~uJt/Lon 3 .  Let f ( x )  be given. I f  t h e r e  e x i s t s  a f u n c t i o n  F(x)  

such t h a t  F(x)  = f i x ) ,  then F(x)  is  c a l l e d  t h e  f i n i t e  i n t e g r a l  of f i x )  

and we wr i te  

Thto~.un 4. Let f ( x )  and g(x)  be funct ions and c a constant .  Then: 

1. Aml[f(x) + g(x) ]  = A-lf(x) + A-lg(x) 

From our previous theorems and examples on d i f fe renc ing ,  we know t h e  

following: 

We a r e  now ready t o  t ack le  t h e  problem of  f ind ing  a compact formula 

f o r  t h e  sum of n terms of a given s e r i e s .  Let f ( x )  be a funct ion and 

suppose we wish t o  f i n d  & f ( i ) .  Suppose we can f i n d  a funct ion g ( x )  

such t h a t  Ag(x) = f ( x ) .  Then g ( x  t 1 )  - g ( x )  = f ( x ) .  Hence: 

Adding these n equations we obtain:  

o r  i n  general  

n 
n + l  fill = ,(x)Ia . 

i=a 

ihe summation problem thus becomes a problem i n  f i n i t e  integrat ion!  

Exutnph. Find Z;=l ( i 2  + 4; + 3).  

(3 )  (2) (1) n+l 
= [L, ̂ +  3, 

3 2 Ill 

Thus, given any sum where t h e  general  term is  a polynomial, use 

Newton's theorem t o  express t h e  polynomial i n  f a c t o r i a l  form, and then 

use t h e  formulas t o  f i n d  t h e  f i n i t e  i n t e g r a l .  

i E l & .  Find S "  i 2  . 

In  order  t o  evaluate  t h i s  f i n i t e  i n t e g r a l  we need t o  use in tegra t ion  by 

p a r t s  : 

A-l[f(x)Ag(x)] = f (x )g(x)  - A"[~(x  + l )Af(x) l .  

x+1  
L e t f ( ~ ) = x a n d A g ( x ) = 2 ~ ; t h e n A f ( x ) = l a n d g ( x + 1 ) = 2  , g ( x ) = z X .  

Hence 

2 i - 1  Examplt. Zi.l . 

From our knowledge of differencing we assume t h a t  



This implies t h a t  f ( x + 1 )  f h - 2 x - 1  or 

2x 
2x-l ^-1 

'(x) must be l i n e a r ,  s o  assume f ( x )  = ax + b. Subs t i tu t ing  i n  above we 

obtain -ax + a - b = 4x - 2,  and s o  a = -4 and b = -2. Thus 

In  t h i s  paper we have attempted t o  give t h e  reader  a b r i e f  in t ro-  

duction t o  t h e  calculus of f i n i t e  d i f fe rences  and t o  one of t h e  app l i-  

ca t ions  i n  t h e  a rea .  For f u r t h e r  s tudy,  t h e  in te res ted  reader  is  r e f e r r e d  

t o  t h e  references given. The books by Mil ler  and Richardson make excel-  

l e n t  t e x t s  f o r  independent s tudy,  while t h e  book by Boole is  of a more 

advanced na ture .  
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N i e l s  Henrik Abel, Mathematician Ext raord inary.  By Oyh2eA.n Ohe. Chelsea 

Publishing Company, New York. 1974. ( F i r s t  e d i t i o n  1957). 274 pages. $8.50. 

One of  t h e  bonuses i n  studying mathematics is  t h e  deeper appreciat ion f o r  

t h e  l i t e r a t u r e  on t h e  l i v e s  of some of i ts c rea t ive  geniuses. Few, i f  

any, have had more impact, o r  have been more c r e a t i v e ,  than Abel. The 

exce l len t  wr i t ing  and scholarship of  Oystein Ore makes t h i s  book one t h a t  

every P i  Mu Eps-ilon Journa.2 reader  should enjoy. 

Stochast ic Analysis. By 0. G. KwdaU. and E .  F. Hmdtng [Ed i tom) .  John 

Wiley and Sons, Inc . ,  New York. 1973. x i i i  + 465 pages. $29.95. 

Stochast ic Geometry. By E .  F. Hmdtng and V .  G .  KwdoJUL [EcLUom]. John 

Wiley and Sons, Inc . ,  New York. 1974. x i i i  + 400 pages. $29.95. 

These two volumes were assembled a s  a t r i b u t e  t o  t h e  memory of t h e  b r i l -  

l i a n t  young mathematical s t a t i s t i c i a n  Rollo Davidson who died prematurely 

i n  a mountain climbing accident .  The e d i t o r s  have gone t o  g rea t  lengths 

t o  provide a l l  t h e  mate r ia l  necessary f o r  an up-to-date account of these  

sub jec t s .  They provide an exce l len t  introduct ion i n  reference work f o r  

one prepared t o  do se r ious  research i n  these  a reas .  

Stochast ic  D i f f e r e n t i a l  Equations, Theory and Appl icat ions.  By Ludaig 
Ahnoid. John Wiley and Sons, Inc . ,  New York. 1974. xv i  + 228 pages. $17.95. 

"This book is  geared f o r  mathematicians, phys ic i s t s ,  engineers, economists, 

and a l l  those i n t e r e s t e d  i n  no ise  problems i n  dynamical systems." For 

those with t h e  graduate l e v e l  mathematics background i n  these  appl ied ; 

a r e a s ,  including some probabi l i ty  theory,  t h i s  book provides a textbook, 

introduct ion and reference work t o  t h i s  cur ren t ly  popular s u b j e c t ,  in-  

cluding t h e  use and exposi t ion of I t 6  i n t e g r a l s .  



Uniform Distribution of Sequences. By L. KVU.pm and H .  N ^ e d m e ^ t e ~ .  

John Wiley and Sons, Inc . ,  New York. 1974. xiv + 390 pages. $24.50. 

The b a s i c  theory on t h i s  subject  f i r s t  appeared i n  a famous paper by 

Hermann Weyl i n  1916 and d e a l t  mainly with t h e  f r a c t i o n a l  p a r t s  of r e a l  

numbers i n  t h e  u n i t  i n t e r v a l  (0 -1) .  This schola r ly  work surveys t h e  

development from then t o  now, l i s t i n g  over 900 references,  and shows some 

of t h e  fasc ina t ing  ramificat ions i n t o  such top ics  a s  p robabi l i ty  theory,  

ergodic theory and topological  a lgebra.  The extensive l i s t  of exerc i ses  

serves t o  complement t h e  t e x t ,  along with t h e  h i s t o r i c a l  no tes ,  i n  sur-  

veying t h e  l i t e r a t u r e .  I t  should provide a graduate s tudent  o r  mathema- 

t i c i a n  from a r e l a t e d  f i e l d  with an exce l len t  preparat ion f o r  doing 

research i n  t h i s  area.  

Characterization Problems in Mathematical Statistics. By A. H. Kagan, 

Yu. V .  L^.nm.k and. C .  Radha.kfu^hna Rao. John Wiley and Sons, Inc . ,  New 

York. 1973. x i i  t 499 pages. $22.50. 

'Th is  extensive work on mathematical s t a t i s t i c s  dea l s  with problems i n  

est imation,  t e s t i n g  hypotheses, l i n e a r  models, f a c t o r  ana lys i s ,  sequent ia l  

es t imation,  among o thers ,  by systematical ly  studying t h e  important prop- 

e r t i e s  of t h e  fami l ies  of parent  d i s t r i b u t i o n s  and t h e i r  r e l a t i o n s  t o  

t h e  d i s t r i b u t i o n s  of t h e  s t a t i s t i c s  used i n  t h e  s t a t i s t i c a l  inferences."  

Many charac te r iza t ions  of c lasses  of d i s t r i b u t i o n s  a r e  given along with 

some ana lys i s  techniques of i n t e r e s t  i n  t h e i r  own r i g h t .  The approaches 

should lead t o  some more i n t e r e s t i n g  research.  

-. By Donald G ~ A A  and C m d  h l .  H U  . 
John Wiley and Sons, Inc . ,  New York. 1974. xvi  + 556 pages. $22.50. 

'Th is  book provides a comprehensive and current  treatment of queueing 

t h e o r y ~ f r o m  t h e  development of standard queueing models and general  

queueing methodology, t o  app l ica t ions  and implementation i n  industry and 

government. The undergraduate background of most engineering, physical  

science,  and mathematics majors, a s  well a s  some economics, business 

administrat ion,  and s o c i a l  science majors, would be adequate." Besides 

the  l a rge  v a r i e t y  of models and bibliography, there  a r e  discussions of 

s t a t i s t i c a l  inference and design and cont ro l  of queues and discussion of 

various aspects  of simulation models including Monte-Carlo generat ion,  

bookkeeping aspec t s ,  simulation programming languages and s t a t i s t i c a l  
* 

considerat ion.  - -  .- 

Traffic Science. E&ed by Venob'C. Gmh. John Wiley and Sons, Inc. ,  

New York. 1974. v i i i  t 293 pages. $19.95. 

For those with s i m i l a r  backgrounds and i n t e r e s t s  required f o r  t h e  pre- 

vious book, t h i s  is "everything you wanted t o  know about t r a f f i c  and were 

a f r a i d  t o  ask." With i n t e r e s t i n g  d e t a i l s  and extensive references,  f i v e  

experts  have covered t h e  sub jec t  very well  i n  t h e  following four  chapters:  

Flow Theories, Delay Problems f o r  I so la ted  I n t e r s e c t i o n s ,  T r a f f i c  Control-- 

Theory and Application, and T r a f f i c  Generation, Dis t r ibu t ion ,  and Assign- 

ment. 

Handbook of Applied Mathematics, Selected Results and Methods. Edited 

by C d  E .  PwUivn. Van Nostrand Reinhold Company, New York. 1974. 

x i i i  + 1265 pages. $37.50. 

Twenty authors  have combined t o  provide b a s i c  mathematical t o o l s  f o r  t h e  

engineering and science type appl ica t ions  of mathematics from high school 

algebra t o  s p e c t r a l  theory. Although any reader  w i l l  have some of t h e  

mate r ia l  a t  h i s  command, he may f i n d  it handy t o  have it ava i lab le  i n  a 

reference work t h a t  is almost c e r t a i n  t o  have d e t a i l s  on some sub jec t s  

t h a t  he has never seen and may well  need. In t h i s  way he is  l i k e l y  t o  

f i n d  any background f o r  t h e  more advanced sub jec t s  i n  t h i s  same book. 

Some of  the  advanced sub jec t s  a r e  q u i t e  thoroughly covered but there  a r e  

always good references i f  add i t iona l  mate r ia l  is needed. Much of t h e  

mate r ia l  i s  c l a s s i c a l  from a mathematical point of view but s t i l l  usefu l ,  

and thus cur ren t ,  i n  many appl ica t ions .  This may cause a modern s tudent  

t o  have some d i f f i c u l t y  with t h e  tensor  ana lys i s  s ince  t h e  references 

a r e  a l s o  mainly c l a s s i c a l .  He may f i n d  it a usefu l  re fe rence ,  however. 

Coverage is indicated by t h e  following l i s t  of chapters  and t h e i r  authors:  

Formulas from Algebra, Trigonometry and Analytic Geometry by H .  Lennart 

Pearson, Elements of  Analysis by H ,  Lennart Pearson, Vector Analysis by 

Gordon C.  Dates, Tensors by Bernard Budiansky, Functions of a Complex 



Var iau le  by A .  Richard Seebass ,  Ordinary D i f f e r e n t i a l  and -D i f f e rence  

equa t ions  by Edward R. Benton, S p e c i a l  Funct ions  by V i c t o r  Barc i lon ,  

F i r s t  Order P a r t i a l  D i f f e r e n t i a l  Equat ions  by J i r a i r  Kevorkian, P a r t i a l  

r i i f f e r e n t i a l  Equations o f  Second and Higher Order by C a r l  E. Pearson,  

I n t e g r a t i o n ,  Linear  Opera to r s ,  S p e c t r a l  Analys is  by Frank H .  Brownell, 

Transform Methods by Gordon E. L a t t a ,  Asymptotic Methods by Frank H. J .  

C lve r ,  O s c i l l a t i o n s  by Richard E.  Kronauer, P e r t u r b a t i o n  Methods by G .  F. 

C a r r i e r ,  Wave Propagat ion by Wilbert  Lick,  Matr ices  and Linear  Algebra 

by Tse-Sun Chow, Func t iona l  Approximation by Robin Esch, Numerical Analy- 

sis by A .  C. R.  Newbery, Numerical So lu t ion  o f  P a r t i a l  D i f f e r e n t i a l  

Equat ions  by Burton Wendroff, Opt imizat ion Techniques by J u r i s  Vagners, 

P r o b a b i l i t y  and S t a t i s t i c s  by L. F i she r .  

L i n e a r  and Non l i nea r  Waves. By G. 8. I~h,Ut\mtii. John Hi ley and Sons,  Inc . ,  

New York. 1974. xv i  + 636 pages.  $22.50. 

For s t u d e n t s  i n  app l i ed  mathematics,  eng inee r ing ,  phys ic s ,  o r  geophysics 

wi th  a  mathematical background inc lud ing  such s u b j e c t s  a s  t ransform 

t echn iques ,  asymptot ic  expansion of  i n t e g r a l s ,  s o l u t i o n s  o f  s t anda rd  

boundary va lue  problems, and r e l a t e d  t o p i c s ,  t h i s  is a  b e a u t i f u l ,  modern, 

thorough and w e l l  w r i t t e n  d i s c u s s i o n  o f  t h e  s u b j e c t .  I t  covers  a  wide 

v a r i e t y  of  a p p l i c a t i o n s  and emphasizes throughout t h e  r e l a t i o n s h i p s  and 

r e s u l t s  of  t h e  non- l inea r  t h e o r i e s .  I t  should b e  f a s c i n a t i n g  t o  a  wide 

v a r i e t y  of  r e a d e r s  wi th  a p p l i e d  mathematical i n t e r e s t s .  

Computat ional  Methods f o r  M a t r i x  Eigenproblems. By A. R. G M a g  a n d  

G. A .  lllcLt&on. John I-Jiley and Sons, I n c . ,  N e w  York. 1973. x i  t 132 

pages.  $9.95. 

For mathematics,  phys ic s ,  e n g i n e e r i n g o r  o t h e r  s t u d e n t s  having a  need 

f o r  t h e  computat ional  a s p e c t s  of  ma t r ix  eigenproblems, and who have had 

an elementary course  i n  m a t r i x  t h e o r y ,  t h i s  is  a  exce l l en+  in t roduc t ion  

^ o  +he subject -.  For t h o s e  who do no t  have a  s e p a r a t e  course  a v a i l a k l e  

i n  such problems, t h i s  book should  make a  good complemen*- t o  a  course  i n  

numerical a n a l y s i s  o r  a p p l i e d  mathematics o r  a  b a s i s  f o r  a  r ead ing  course .  
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341. P h o p o ~ e d  b y  Jack  G 0 ~ ~ 6 u n k e . L ~  F o M  HWU. High S c h o o l ,  New Yohk.  

Prove t h a t  t h e  following construct ion t r i s e c t s  an angle of 60Â° 

PROBLEM DEPARTMENT 

E d i t e d  b y  L w n  ZankoU 

Lo& A n g e l a ,  Cat&johfU-a 

This department welcomes problems believed t o  be new and, as a rule,  

demanding no greater a b i l i t y  i n  problem solving than t ha t  o f  the average 

member o f  the Fraternity. Oecasional7.y we shall, publish problems t ha t  

should e'hallenge the a b i l i t y  o f  the advanced undergraduate or candidate 

for the  Master's Degree. Old problems displaying novel and elegant methods 

o f  solut ion are also acceptable. Proposals should be accompanied by solu- 

t ions ,  i f  avai.lable, and by any information t ha t  w i l l  a s s i s t  the edi tor.  

Solutions should be submitted on separate sheets  containing the  name 

and address o f  the solver and should be mailed before the end of November 

1975. 

Address a l l  mnununications concerning problems t o  Dr. Leon Bankoff, 

6360 Wilshire Boulevard, Los Angeles, California 90048. 

PROBLEMS FOR SOLUTION 

338. P h o p o ~ e d  b y  Hung C. Li, S o u t h m n  Colorndo S t a t e  C o U e g e .  

Let (0 )a  be a c i r c l e  centered a t  0 with radius a .  Let P, any po in t  

on t h e  circumference of  (O), b e  t h e  cen te r  o f  c i r c l e  (P) .  What i s  t h e  

rad ius  o f  (P) such t h a t  it divides the  a rea  of  (0) i n t o  tiro regions whose 

areas  a r e  i n  t h e  r a t i o  s : t ?  

339. P ~ o p o ~ e d  by P a d  EkdEi~, K u d a p e ~ t ,  Hunga/u/. 

Let al < a2 < - * -  be a sequence o f  integers  (a i ,  a .) = 1; a - a 
1 3 i + 2  i + l  

2 ai+l - ai. Prove t h a t  1 - < m .  

'i 

340. P h o p o ~  ed b y  CkaMJiu W. Tfu.gg,  S u n  Diego,  CaLi6om^.a. 

The a r i thmet ic  mean of  t h e  twin primes 1 7  and 19 is t h e  heptagonal 

number 18. Heptagonal numbers have t h e  form n(5n - 3)/2. Are there  any 

o ther  twin primes with a heptagonal mean? 

Triangle ABC i s  a 30Â°-60Â°-9 r i g h t  t r i a n g l e  inscr ibed i n  a c i r c l e .  

!Â¥!edia CM is  drawn t o  s i d e  AB and extended t o  MI on t h e  c i r c l e .  Using - 
a marked s t ra igh tedge ,  point  U on AB i s  located such t h a t  CN extended"-â‚¬ 

A"' on t h e  c i r c l e  makes UN' = Aft?'. Then CS t r i s e c t s  t h e  60Â angle ACM. 

342. P.topo&ed by David L. ~ f l v m a n ,  Wat Lo& Angeled ,  CaJLL6ofi.nia. 

In  The Game of the Century two players  a l t e r n a t e l y  s e l e c t  da tes  of 

t h e  Twentieth Century ( 1  January 1901 - 31 December 2000) sub jec t  t o  t h e  

following r e s t r i c t i o n s ;  t 

1. The f i r s t  da te  chosen must be i n  1901. 

2. Following t h e  f irst  play,  each player ,  on h i s  t u r n ,  must advance 

h i s  opponent's l a s t  d a t e  by changing exact ly one of t h e  t h r e e  "components" 

(day, month, year ) .  

3 .  Impossible da tes  such a s  31 Apr i l  o r  29 February of a non-leap 

year a r e  prohibi ted.  

The player  ab le  t o  announce 31 December 2000 is  t h e  winner. 

a .  What a r e  t h e  optimal responses by t h e  second player  t o  f i r s t  

player  openings of 4 Ju ly  1901? 25 December 1901? 

b. Who has t h e  advantage and what is t h e  optimal s t ra tegy?  

c .  What is t h e  maximum number of moves t h a t  can occur i f  both players  

play optimally? 

343. Piopohed b y  R. Rob-uiAcm R o w ,  SacAamyi to ,  Co^c.<!ohfU-a. 

Current se r ious  promotion of a tunne l  under t h e  English Channel, 

combined with the  energy crunch, has renewed i n t e r e s t  i n  a fal l- through 

tunnel  under Bering S t r a i t .  From Cape Prince of Wales on Alaska's Seward 

Peninsula t o  Mys Dezhneva (East Cape) on S iber ia ' s  Chukuski Peninsula is 

51 miles. A s t r a i g h t  tunnel  58 miles long could be dr iven i n  e a r t h  below 

t h e  bed of t h e  S t r a i t ,  which is  20 fathoms deep near each shore and 24 

fathoms near  mid-Strait .  A f r i c t i o n l e s s  vehicle  could ' f a l l 1  through such 

a tunnel  without motive power. How long would it take? (At l a t i t u d e  66O 

North, t h e  e a r t h ' s  rad ius  i s  3954 miles and t h e  acce le ra t ion  of g rav i ty ,  

g = 32.23 f t / sec"2 .  ) 

344. P ~ o p o ~ e d  by 3 .  A. H .  Hulvtm, T o h o n t o ,  Canada. 
Three c i r c l e s  whose r a d i i  a r e  a ,  b and c a r e  tangent ex te rna l ly  i n  

? a i r s  and a r e  enclosed by a t r i a n g l e  each s i d e  of which is  an extended 

tangent of two of the  c i r c l e s .  Find the  s i d e s  of  t h e  t r i a n g l e .  



345. Pfiopo~ed by VLacU.m-in. F .  l v a n m ,  San Ca/U.o&, CaLifiok~ua. 

Resolve t h e  paradox: 

346. Phopo~e.d by R .  S.  LiLthm, Univm-t-.ty od W-L&c.on&w, Jane,hvW.e. 

The i n t e r n a l  ang le  b i s e c t o r s  of  a  convex q u a d r i l a t e r a l  ABCD enc lose  

ano the r  q u a n d r i l a t e r a l  EFGH. Let FE and GH meet i n  M and l e t  GF and HE 

meet i n  N. If t h e  i n t e r n a l  b i s e c t o r s  of  ang les  EMH and ENF meet i n  L, 

show t h a t  ang le  NLM is a r i g h t  ang le .  

347. Pkopo~ed by Joe. Van Au-i-tt.n, Etnohy U n i u m i A y ,  A-tÂ£an-ta Ge.ofig^.a. 
s i n  x I t  i s  easy t o  show t h a t  f ( x )  = - - - x 9y + 1 f o r x  > 0, 

(i) has  a  l i n e a r  asymptote y = - t 1, and 
4 

( t i )  f ( x )  c r o s s e s  t h i s  asymptote f o r  a l l  x = nn f o r  n  = 1 , 2 , - - - .  

Show t h a t  t h e  d e r i v a t i v e  f t ( x )  is neve r  ze ro  f o r  x > 1. 

348. P~opobed by Bob P/i^efc.t.pp and N .  J .  Kuenzi, T/ie U n i v m i t g  0 6  
WiC-iconi~L11-0h hkoh h. 

When t h e  d i g i t s  of  t h e  p o s i t i v e  i n t e g e r  N a r e  w r i t t e n  i n  r e v e r s e  o r d e r ,  

t h e  p o s i t i v e  N' is  ob ta ined .  Let N + N' = S. Then S is c a l l e d  t h e  sum 

a f t e r  one r e v e r s a l  a d d i t i o n .  A pa l indromic  number is a  p o s i t i v e  i n t e g e r  

t h a t  r eads  t h e  same from r i g h t  t o  l e f t  a s  i t  does from l e f t  t o  r i g h t .  

The n t h  t r i a n g u l a r  number T = n ( n  t 1 ) / 2 ,  n  = 1 , 2 , 3 , - - - .  

Prove t h a t  t h e r e  a r e  i n f i n i t e l y  many t r i a n g u l a r  numbers which have 

a  pal indromic  sum a f t e r  one r e v e r s a l  a d d i t i o n  i n  t h e  base  b ,  where b  i s  

an a r b i t r a r y  p o s i t i v e  i n t e g e r  > 2. 

349. Pfiopo-ie.d by R .  S-iucui.mcUm^hnan, GovÂ£~mne.n Enginevising CoUege., 

T / i ^chu~ ,  India. 

I f  2  ( n  > 1 )  is  t h e  h ighes t  power of  2 d i v i d i n g  an even p e r f e c t  

number m, prove t h a t  o(m2) t 1 : O(mod 2nt1), where o(m) denotes  t h e  sum 

of  t h e  d i v i s o r s  of  rn. 

SOLUTIONS 

292. [Spr ing 1973; Sp r ing  19741 P k o p o ~ d  by Jack GaMnke.t,  Fofiut  

H-tZ&A High School, FÂ£u^hing New Yofik. 

If pe rpend icu la r s  a r e  cons t ruc ted  a t  t h e  p o i n t s  o f  tangency of t h e  

i n c i r c l e  of a  t r i a n g l e  and ex+.ended outward t o  e q u a l  l e n g t h s ,  t hen  t h e  

j o i n s  o f  t h e i r  endpoints  form a  t r i a n g l e  p e r s p e c t i v e  wi th  t h e  g iven tri- 

ang le .  

I. Revised s o l u t i o n  and  comments by Clayton V .  Dodge, Orono, Maine. 

The s o l u t i o n  publ ished i n  t h e  Spr ing 1974 i s s u e  is i n v a l i d  s i n c e > - -  

i n  g e n e r a l ,  pe r spec t ive  i s  n o t  t r a n s i t i v e .  The fo l lowing  s o l u t i o n  avoids  

t h a t  e r r o r .  

Let AP c u t  BC a t  5 and l e t  T and U be t h e  corresponding p o i n t s  f o r  

BQ and CR (Figure  1 ) .  Let  D be  t h e  f o o t  o f  t h e  a l t i t u d e  from A t o  BC, F  

t h e  a r e a  of  t r i a n g l e  ABC, a ,  b ,  e the  l e n g t h s  o f  its s i d e s ,  and s i t s  semi- 

per imeter .  Let m be  t h e  common l eng th  of  PX, QY and RZ. Then AD '= 2Fla .  

From s i m i l a r  t r i a n g l e s  ASD and PSX, DS/SX = AD/FX = 2F/ain, whence SX/DX 

= SX/(DS + SX) = am/W + am). From r i g h t  t r i a n g l e  ABD, BD = ( e 2  -  AD^)^^^ 
= ( l / a ) ( a ^ e 2  - 4 ~ ~ ) ~ " .  Since BX = s - b ,  +hen DX = BX - BD ( i n  t h i s  

f i g u r e ) ,  s o  

wi th  s i m i l a r  expres s ions  f o r  CS, CT, AT, AU and BU. 

Since  S, T ,  U a l l  d i v i d e  s i d e s  BC, CA and A 3  i n t e r n a l l y ,  i t  is easy 

t o  s e e  -that BS-CT-AU/CS-AT-BU = t1, whence t h e  t h r e e  Cevians AP, BQ, CR 

concur by Ceva's theorem. The i r  po in t  of  concurrence  is  t h e  c e n t e r  o f  

pe r spec t ive  f o r  t r i a n g l e s  ABC and PQR. 

P' 

F I G U R E  1 



I f  t h e  perpendiculars a r e  erected inward ins tead  of outward, the  

proof holds with m replaced by -m. In t h i s  case one must a l s o  consider 

whether any of t h e  po in t s  S ,  T ,  U a r e  ex te rna l  and ad jus t  t h e  s igns  of 

t h e  a f fec ted  segments accordingly. 

11. Cotntnent by  Hoiucmd. EueA, Ui&~~itJuLy of, hlaine at Ofiono. 

Although homothety is  t r a n s i t i v e ,  perspect ive i n  general  is  no t .  In  

t h e  f i g u r e ,  l i n e s  BP and BR a r e  isogonal conjugates with respec t  t o  ver tex  

B of t r i a n g l e  ABC, s ince  t r i a n g l e s  BPX and BRZ a r e  congruent by SAS. 

Similar ly f o r  t h e  l i n e s  CP and CQ and f o r  l i n e s  AQ and AR. Now it is  known 

t h a t  if a t  each ver tex  of a given t r i a n g l e  ABC a p a i r  of isogonal l i n e s  

be drawn, then t h e  t r i a n g l e  AIB'C1, whose v e r t i c e s  a r e  t h e  po in t s  of in-  

t e r s e c t i o n  of  p a i r s  of these  l i n e s  belonging t o  t h e  same s ide  of t h e  given 

t r i a n g l e ,  i s  perspect ive with t h e  given t r i a n g l e .  (See Howard Eves, Con- 

cerning some perspect ive t r i a n g l e s ,  Amer. Math. Monthly, 51 (1944), 324- 

331.) This theorem e s t a b l i s h e s  the  desired r e s u l t .  

111. S o l u t i o n  by  t h e  Phopobe~ .  

Let D, E, F, denote t h e  i n t e r s e c t i o n s  of AP, BQ, and CR with t h e  s i d e s  

BC, CA and AB respec t ive ly .  Through P ,  Q and R draw l i n e s  p a r a l l e l  t o  

BC, CA and AB terminated by J K ,  LM and fi0 a s  i n  Figure 2. 

FIGURE 2 

By t h e  congruence of  q u a d r i l a t e r a l s  BJPX and ZROB, we e s t a b l i s h  t h e  equa l i ty  

of RO and JP. Similar ly PK = LQ and QM = NR. Hence JP-LQ-NR/RO-PK-QM = 1. 

Then (NR/RO)(JP/PK)(LQ/QM) = 1. It follows by s imi la r  t r i a n g l e s  t h a t  

(AF/FB)(BD/DC)(CE/EA) = 1. Hence t r i a n g l e s  ABC and PQR a r e  i n  perspect ive.  

313. [Fall 1973; Fall 1974 (corrected)] P . u p o ~ e d  b y  Afuwiay S .  K h k i n ,  

Held h l o t m  Company, Ve.ahbor.n, Af-tclugan. 

Give an elementary proof t h a t  
- .  -- -- 

( 1  + 8 c o s 2 ~ ) ( l  + 8 c o s 2 ~ ) ( l  + 8 cos2c)  2 64 sin2^ s i n ^  sin2C , ' 

where A ,  B, C a r e  t h e  angles of an acute  t r i a n g l e  ABC. - 
Remc~ik. J. G i l l i s  gave a proof using calculus techniques i n  Problem 

S 2119, American Mathematical Monthly, (19691, p. 831. 

S o i u t i o n  by  the. P u p o m .  

Expand t h e  given inequa l i ty  i n t o  t h e  form 

64 cos2^ c o s 2 ~  cos2c t 8 ( c o s 2 ~  t cos2? t cos2C) 2 7 

Now using t h e  known i d e n t i t y  

c o s 2 ~  t c o s 2 ~  t cos2c = 1 - 2(cos A cos B cos C) 

f o r  t h e  angles  of an a r b i t r a r y  t r i a n g l e ,  we obtain 

(8 cos A cos B cos C - 1l2 2 0 

with equa l i ty  only i f  A = B = C. 

C o m e n t  by  the.  Phobtem Editor.. 

A s  mentioned i n  t h e  F a l l  1974 i s s u e ,  Victor G. Feser of St .  Louis, 

Missouri and R. Robinson Rowe of Sacramento, Ca l i fo rn ia  found t h e  erroneous 

version unsolvable. Rowe subsequently offered an a lgebra ic  proof. 

314. [Spring 19741 Pr.opohed b y  J. A. H .  HuwLe~,  Tohonto ,  Canada. 

Show t h a t  

s i n 2 4 5 ~  - ~ i n ~ l 5 ~  - s i n  80Â 

sin2300 - sin2100 s i n  30" 

Soiu^Lon by  Zazou Ka t z ,  BeueAÂ£ H-C-C^A,  CCiUdor.nLa. 

sin245" - sin21s0 _ ( s i n  45O + s i n  15O)(sin 45" - s i n  15O) 
sin̂ O0 - ( s i n  30Â + s i n  10') ( s i n  30Â - s i n  l o 0 )  

- s i n  30Â cos 15O s i n  15O cos 30Â 
- s i n  20Â cos l o o  s i n  l o o  cos 20Â 

s i n  60Â s i n  30Â - 
s i n  20Â s i n  40Â 

Let t ing  6 = 20Â i n  t h e  formula 



Ill 

s i n  36 = 4 s i n  6 sin(60Â - 6) sin(60Â + 6) , 

we f i n d  t h a t  s i n  60Â = 4 s i n  20Â s i n  40Â s i n  80Â° Hence, 

sin2450 - sin215O - 4 s i n  200 s i n  40Â s i n  80Â s i n  30Â = s i n  80Â . 
sin2300 - sin2100 s i n  20Â s i n  40Â s i n  30Â 

AÂ£A r o t u n d  by JEFFREY BERGEN, Unde~g^oducvte, Bf iool i tyn CoUege ,  N.  Y.; 

ROBERT CALCATERRA, Kfiooli tyn, N. Y.; TOMMY R. CHRISTIAN, L o d - a u i a  Tech 

U n i v e ~ i - U y ,  Roi-ton, LoiMi' iana; CLAYTON W .  DODGE, U n i v m - U y  06 UaLne. at 

Ohono; R. C. GEBHARDT, Hopcvtcogn, N .  J . ;  N. J .  KUENZI, The U n i w W k v t y  0 6  
WLficon^w-Ohhkorh; CHARLES H .  LINCOLN, R d c g h ,  N .  C.; BOB PRIELIPP, The 

U~. -&nu^y  06 W-LAco~~in-Orhk.o&h; PAOLO RANALOI, A h o n ,  Ohio;  R. ROBINSON 

ROUE, Sac~amen to ,  CaU.&ohnia; GREGORY WULCZYN, BuckneU  U n i u e ~ ~ - U y ,  L w d -  

bwcg, Pa. ; and t h e  P f i o p o ~ e ~ .  

315. [ S p r i n g  19741 Pfiopored by ChaAlLu W .  T^gg, San U iego ,  CaLi-  

6ofiWJOi. 

One type of perpetual  calendar cons i s t s  of two white p l a s t i c  cubes 

r e s t i n g  on a  t i l t- back  base. On each face of each cube is a s i n g l e  d i g i t .  

The d i g i t s  a r e  s o  d i s t r i b u t e d  t h a t  t h e  cubes can exhib i t  any da te  from 

01 t o  31 on t h e i r  f r o n t  faces.  

Could t h i s  type of calendar be constructed i f  a  base of numeration 

smaller  than t e n  were employed? 

I .  S o t i t t i o n  by R. R o b i ~ s o n  Rome, Sachame.ivto, CaU.6ofinia. 

The answer is "Yes". Bases 2, 3, 4  and 5 can be eliminated a s  r e-  

qu i r ing  3 o r  more d i g i t s ,  but  f o r  Base 6,  each cube can be faced with t h e  

d i g i t s  0 ,  1, 2, 3, 4 ,  5 ,  t o  exh ib i t  t h e  31 days with t h e  sequence 01, 02, 

03, 04, 05, 10,  11, - - * ,  41, 42, 43, 44, 45, 50, 51. 

11. S o l u t i o n  by 2-tuu.n J u n g f i e h ,  Age 1 1 ,  B-toofz^yn, N. Y. 

No arrangement is possible  f o r  a  rad ix  l e s s  than 6 s ince  t h e  number 

25 requi res  a t  l e a s t  3  d i g i t s  f o r  those,  and only 2 6-face cubes a r e  

present .  

Radix6 :  0 , 1 , 2 , 3 , 4 , 5 , a n d 0 , 1 , 2 , 3 , 4 , 5 .  

Radix7:  0 , 1 , 2 , 3 , 4 , 5 , a n d l Y 2 , 3 , 4 , 5 , 6 .  

Radix8 :  0 , 1 , 2 , 3 , 4 , 5 , a n d 0 , 1 , 2 ,  3 , 6 , 7 .  

Radix 9 and Radix 10 a r e  impossible, even though t h e  problem presumes a  

so lu t ion  f o r  Radix 10,  unless numbers l e s s  than 10 do not have a  leading 

zero. 

Proof for Radix 9: The numbers 11, 22 and 33 a r e  required,  using 6 

of t h e  ava i lab le  12 faces.  The 6 d i g i t s  0 ,  4, 5 ,  6 ,  7 ,  8  remaining pre- 

clude repeat ing any o ther  d i g i t .  The 0 can be paired with only 6 of t h e  

8 d i g i t s  1 through 8 s o  not a l l  of t h e  O l n  t o  O B n  can occur. - .- 
Proof for Radix 10: Ten separa te  d i g i t s  and t h e  need f o r  11 and 22 

uses twelve faces s o  01 through 09 cannot a l l  occur. 

A h o  ro1ve.d by LOUIS H. CAIROLI, John C m o i t  UvU.umJut.y, Ul ive^und,  

01uo; CLAYTON W .  DODGE, U h n u ^ C y  06 hf(M.ne at Ohono; VICTOR G. FESER, 

St. L o d ,  ^{.oUJU.; R. C. GEBHARDT, Hopcvtcong, N .  J . ;  ARTHUR M .  KELLER, 

NW Yohk Gamma, Bf iooktyn,  N. Y.; CHARLES H. LINCOLN, Ra le i gh ,  N. C.; BOB 

PRIELIPP, The. U n i w m - U y  06 WLf ico~uin-Obhkobh; THERESA PRATT, N. E lUton ,  

A\(une; and the.  P h o p o r e ~ .  
Feser, Kel ler ,  Beghardt and Dodge suggested so lu t ions  f o r  Base 10 

i n  which numbers l e s s  than 10 have a leading zero but  with 9 being ob- 

ta ined  by turning 6 upside down. 

316. [ S p r i n g  19741 Pfiopore.d by Zazou K a t z ,  Ee.veA.iy HLU.2, CaLi6oMA.a.. 

If you were marooned on a  d e s e r t  i s l and  without a  ca lcu la tor  o r  t a b l e s  

of t r igonometr ic  funct ions,  how would you go about determining which is  

grea te r  : 

2 tan1(^2  - 1 )  o r  3  tan--'-(1/4) + tan'-'-(5/99) ? 

Comment by t h e  P h o b h t  Ed-itoh. 

Because of t h e  remarkable s i m i l a r i t y  displayed by t h e  nine cor rec t  

so lu t ions  t h a t  were received,  it would be appropriate  t o  consider t h e  

published version an amalgam of those offered by t h e  l i s t e d  so lvers .  

S o t i t t i o n .  
-1 Let A = t a n l ( f i  - 1 1 ,  B = t a n 1 ( l / 4 ) ,  C = t an  (5/99). 

Then t a n  2A = 2 t a n  A - 2(1/2" - 1) = 

1 - tan2/! 1 - ( 3  - 2 f i )  

t a n  28 = 2 t a n  B - 1/2 8 
1 - tan2B 

1 - 1/16 = 15 

t an  3B = t a n  25 + t a n  B = 47 
1 - t an  25 t a n  B 52 

t a n  35 + t an  C 
tan(3B + C) = - tan 3B tan = 1. Hence 



Therefore, 35 + C = t a n l ( l )  = 2A and t h e  expressions a r e  equal.  

Soived by JEFFREY BERGEN, B took t yn  CoUege,  Btooki t fn,  N. Y.; LOUIS 

H .  CAIROLI, S y t a c u ~ e .  UnA.uw,Ltg,  S .  EucUd ,  Ohio;  ROBERT CALCATERRA, 

M o o k t y n ,  N .  Y.; CLAYTON W .  DODGE, U ~ L u m i Z y  of ,  Maine. at Qiww; VICTOR 

G. FESER, S-t. Lo&, M A o u A t . ;  ROSALIE JUNGREIS, S / i o o k i m ,  N. Y.; CHARLES 

H .  LINCOLN, RoJLeigh, N. C.; R .  ROBINSON ROWE, SacMwe.wto, Ca tc f , o tCa ;  

GREGORY WULCZYN, Buckn&U. U n i u i ~ . u t y ,  L w h b w c g ,  Pa.; and the. P t o p o ~ a .  

317. [ S p r i n g  19741 Ptopobe.d by the. EcLLtoh 0 6  the .  P t o b t m  Ve.pcwbne.nt. 

A rec tangle  ADEB is constructed ex te rna l ly  on t h e  hypotenuse AB of 

a r i g h t  t r i a n g l e  ABC (Fig. 3) .  The l i n e s  CD and CE i n t e r s e c t  t h e  l i n e  AB 

i n  t h e  po in t s  F and G respec t ive ly .  a )  I f  DE =  AD<^^, show t h a t  

AG2 + FB2 = AB2. b )  I f  AD = DE, show t h a t  FG' = AF-GB. 

FIGURE 3 

S o l u t i o n  by Le.ona.td B m ,  B i v w i y  H-it tf . ,  CaLifiohnLa. 

A t  F and G e r e c t  perpendiculars t o  AB, c u t t i n g  AC and CB i n  J and K. 

By t r i a n g l e  s i m i l a r i t y  

D E ~   AD^ - - and - - 
F G ~  J F ~  

Also, JF/AF = GB/KG = GB/JF. Hence J F ~  = AF-GB, and FG~/DE' = AF.GB/AD~.  

a )  I f  DE' =  AD^, FG' = 2AF-GB = 2AF(FB - FG) o r  FG2 + 2AF-FG = 2AF-FB. 

Then FG2 + 2AF-FG + ( A F ~  + F B ~ )  = 2AF-FB + ( A F ~  + FB2) o r  (FG + A F ) ~  + FB2 

= (AF + F B ) ~ ,  and AF2 + FB2 = AB2. 

b )  I f  DE = AD, F G ~  = AF-GB. 

A U o  ~ o i v e . d  by CLAYTON W .  DODGE, U n A . u i ~ d y  0 6  Maine. at Otono; ZAZOU 

KATZ, BeueAÂ£ HWL&, C a t i ( , o t n i a ;  ALIZA DUBIN, FOA Rockmay,  N w  Yotk ;  

CHARLES H .  LINCOLN, RoJLeigh, N. C . ;  R. ROBINSON ROWE, Sac~ame.nto,  Catc f , . ;  
?# 

and GREGORY WULCZYN, Buckne^U. U n i u w ^ y ,  LewUbmg,  Pa. -- - 
318. [ S p r i n g  19741 Phopo~ed  by R. Rob-imon Roiue., Sacmmento,  Catc-  

60h&. 

Two equal  c y l i n d r i c a l  t anks ,  Tank A above Tank B, have equal  o r i f i c e s  

i n  t h e i r  f l o o r s ,  capable of discharging water a t  the  r a t e  of  13/K gal lons 

p e r  minute, where h i s  t h e  depth of  water i n  f e e t .  A t  10:20 a.m.1Tank B 

is empty and water is 10 f e e t  deep i n  Tank A ,  a s  discharge begins. A t  

noon Tank A is j u s t  emptied. What was t h e  maximum depth i n  Tank B, and 

when? How deep is t h e  water i n  Tank B a t  noon, and when w i l l  it be empty? 

S o i d o n  by the .  P t o p o b a .  

Let t h e  varying depth of  water be a i n  Tank A and b i n  Tank B. Let 

m be t h e  u n i t  volume of each tank i n  gal lons per  foo t  of depth. Let a be 

t h e  discharge of e i t h e r  tank i n  f e e t  of depth per  minute. Let t be t h e  

elapse of time i n  minutes. 

Then f o r  Tank A : 

And f o r  Tank B, from inflow minus outflow: 

Then, dividing (2)  by ( I ) :  

Now l e t  b = an2 so  t h a t  (3 )  becomes db= - ( 1  - u)da 

Di f fe ren t ia t ing ,  db = u2da + 2audu = - ( 1  - u)da 

2audu = - ( I  - u + u2)da . 
Whence, t o  in tegra te :  

l o g ( l  - u + u2)  + 2 t a n  --MÃ‘Ã‘ = - log a + C 
/3 /3" 

W h e n a = l O , b = u = O , C = l o g l O - v / 3 / 3 .  Then: 



OUT t ime is  

t = 100k2 = 29.8436 0592 minutes  2  

and t h e  c lock  t ime is  

T = 12:29:50.6164 pm. 2  

Thus, l ack ing  an e x p l i c i t  r e l a t i o n  between a  and b ,  we can use  ( 7 )  and ( 4 )  

wi th  any va lue  of  u and o b t a i n  a  contemporaneous s e t  ( a , b ) .  For what 

fo l lows it w i l l  now be  convenient t o  l e t  t h e  cons tan t  

Comment. 

Note t h a t  t h e  4 r e q u i r e d  q u a n t i t i e s ,  g iven i n  (91,  ( l o ) ,  (13)  and 

(15)  a r e  r e s p e c t i v e l y  10k2,  l o k 4 ,  -100k and look2 and t h a t  ( 8 )  d e f i n e s  

k  i n  a  c losed  form. I b e l i e v e  t h e s e  a r e  t h e  only  i tems of t h e  tandem 

tank  problem which can be  s o  simply expressed.  

I purposely  p u t  1 3  i n  t h e  t e x t  o f  t h e  problem a s  a  r e d  he r r ing .  I t  

cannot b e u s e d  wi thout  some o t h e r  d a t a  l i k e  m ,  b u t  t h i s  can be  computed 

To f i n d  t h e  maximum va lue  o f  b y  it should  be obvious t h a t  b  w i l l  i n c r e a s e  

wi th  t ime a s  shown i n  ( 2 )  u n t i l  b  = a ,  when outf low equa l s  in f low,  then  

decrease .  Hence a t  t h i s  maximum, u = 1 and from ( 7 )  

b = a = 10k2 = 2.9843 6059 f e e t  . 
from t h e  runout  t ime a s  i n  d e r i v i n g  (12 ) .  

(9  AÂ£4 bo t ved  by R. C .  GEBHARDT, ffopo^cong, N.  J .  

have a = 0 and u  = -, which cannot 

u  + u 2 )  = b and u/3/(2 - u )  = -6 
To f i n d  t h e  depth  

be  s u b s t i t u t e d  i n  

whence 

i n  Tank B a t  noon, we 

( 7 ) ,  b u t  i n  ( 6 )  a ( l  - 
319.  [Spring 19741 Pkopobed by Pkofu&oh A f .  S.  LongueA-ff-tgg-tre~, 

Cambtidge., England.  

Let A ' ,  B ' ,  C' be t h e  images o f  an  a r b i t r a r y  p o i n t  i n  t h e  s i d e s  BC,  

CA,  AB o f  a  t r i a n g l e  ABC. Prove t h a t  t h e  f o u r  c i r c l e s  AB'C '  , BC'A ' , CA'B'  , 4081 f e e t  . (10)  

ABC a r e  a l l  concur ren t .  

I .  SoLILtA.on by R. Rob.iw^on Rowe, SacAmen to ,  Co^LjdM.n-t.a. 
For de te rmina t ion  o f  t ime  of  two e v e n t s ,  it w i l l  be convenient t o  s e t  

t = 0 a t  noon. Then from ( 1 )  
The gene ra l  t r i a n g l e  can be  o r i e n t e d  wi th  any one o f  i t s  v e r t i c e s ,  

A ,  a t  a  Car t e s i an  o r i g i n ,  a n o t h e r ,  C ,  on t h e  p o s i t i v e  x- ax i s ,  and t h e  

:hird, B ,  wi th  a  p o s i t i v e  o r d i n a t e .  Then i f  it can be shown t h a t  t h e  

c i r cumci rc l e  ABC and two image c i r c l e s  AB'C'  and CA'B'  a r e  concurrent  a t  

some p o i n t  Q, it would fo l low t h a t  t h e  t r i a n g l e  could be  r e o r i e n t e d  with 

B a t  t h e  o r i g i n  and A on t h e  x- ax i s  t o  f i n d  c i r cumci rc l e  ABC and image 

c i r c l e s  BC'A' and AB'C '  a l s o  concurrent  and n e c e s s a r i l y  a t  t h e  same p o i n t  Q. 

Hence wi th  f u l l  g e n e r a l i t y ,  l e t  t h e  coord ina te s  be A = ( 0 , 0 ) ,  C =  ( ~ , 0 ) ,  

B = ( s , t )  and t h e  a r b i t r a r y  p o i n t  P = ( p , q ) .  Then t h e  equa t ion  of t h e  

c i r cumci rc l e  ABC i s  : 

When a = 0 ,  t = 0 ,  s o  C = 0. When a  = 1 0 ,  t = -100, m = 65/10". Thus, 

t = - l o &  . (12) 

So when b  i s  a  maximum and a = b = 10k2,  

tl = -100k = -54.6293016 minutes 

and t h e  c lock t ime is  

The image p o i n t s  o f  P r e f l e c t e d  i n  AC and BC a r e :  B '  = ( p , - q )  ( 2 )  
For t h e  run-out o f  Tank B a f t e r  noon, we n o t e  t h a t  (12)  is e q u i v a l e n t  t o  

say ing  t h a t  f o r  any depth  h t h e  run-out t ime is  1 0 a .  A t  noon, t h e r e  

is no longe r  any inf low i n t o  Tank B and t h e  depth  is lOk . Hence t h e  run- 

and us ing  t h e  equa t ions  f o r  

AB: s y - t x = O  

P C ' :  s x  + t y  - s p  - tq  = 0 , 



The general  form f o r  a  c i r c l e  through t h e  o r i g i n  i s  

Subs t i tu t ing  t h e  coordinates of B' and C' f o r  x and y and solving f o r  t h e  

c o e f f i c i e n t s  a  and b derives t h e  equation of c i r c l e  A B ' C ' ,  

Solving (1)  and (7) simultaneously f o r  t h e  two i n t e r s e c t i o n s  of  c i r c l e s  

ABC and AB'C' checks t h a t  one is a t  (0,O). The o ther  a t  po in t  Q has t h e  

coordinates: 

xQ = ( s 3  + st2 + q s t  - p t 2  - r s 2 ) ~  

i n  which F is t h e  f r a c t i o n  

q t  t ps  - p r  
F = 

( r s  - s 2  - q t ) 2  t ( s t  - 

Next, by s t e p s  analogous t o  ( 2 )  t o  (71, t h e  equation of image c i r c l e  

CA'B' is derived a s  

r ( r  - s )  - q r t  = 
t r - s  

Fina l ly ,  s u b s t i t u t i o n  of t h e  coordinates  of Q i n  ( 8 )  confirms t h a t  

Q is indeed a  point  on image c i r c l e  CA'B' with i t s  equation (1) .  Using 

t h e  argument of  t h e  opening paragraph, t h i s  completes t h e  proof. 

11. S o i d o n  by C i a y t o n  U. 'Dodge., U w - u a f ~ i i t y  0 6  Maine. iit Ohono. 

Inscr ibe  t h e  t r i a n g l e  i n  t h e  u n i t  c i r c l e  centered a t  t h e  o r i g i n  of 

t h e  Gauss plane. From t h e  opposi te  s i m i l a r i t y  of t r i a n g l e s  A'BC and PBC, 

we obtain 

with similar expressions f o r  po in t s  B' and C ' .  Lett ing Z denote t h e  second 

po in t  of i n t e r s e c t i o n  of  c i r c l e s  ABC and A B ' C ' ,  we have 

a 1  = \b\ = l o ]  = \n\ = 1  

Under t h e  assumption t h a t  A ,  B ,  C ,  Z, and P a r e  d i s t i n c t  po in t s  and with 

the a i d  of considerable algebra,  we solve t h i s  determinant f o r  a ,  ob ta in ing  

z = abc a + b + O - i  a + b + c - p '  

Since t h i s  expression i s  symmetric i n  A .  B ,  and C ,  it follows t h a t  Z l i e s  

on t h e  o ther  two s t a t e d  c i r c l e s  a l so .  

Observe t h a t  t h e r e  is  no need f o r  t h e  po in t  P t o  l i e  ins ide  t h e  tri- 

angle; it is necessary only t h a t  P not  coincide with a  vertex.  Of course, 

f o r  some pos i t ions  of P, one o r  more of  t h e  given c i r c l e s  become s t r a i g h t  

l i n e s ,  but  t h e  proof holds f o r  these  cases  too.  

111. Commnwt by  H o w d  E v u  and CiayXon 'Dodge., UttLvaf~i.tA/ o f ,  Maine. at 

Ohono . 
C a l l  t h e  po in t  of concurrence t h e  Longuet-Higg-ins p o i n t  L f o r  t h e  

a r b i t r a r y  point  P with respec t  t o  t r i a n g l e  ABC, and inscr ibe  t r i a n g l e  ABC 

i n  t h e  u n i t  c i r c l e  centered a t  t h e  o r i g i n  r o t a t e d  s o  t h a t  t h e  or thocenter  

H l i e s  on t h e  r e a l  ax i s .  Then h = a t b t c is  r e a l  and 

8 = abc 
a + E t o - p  
a + b t c - p '  

In  H. Eves, A Survey of Geometry, Vol. 2 (Allyn and Bacon, 1965 1, Theorems 

12.4.15 t o  12.4.17 show t h a t  i f  f = abc,  then F i s  t h e  in-Feuerbach p o i n t  

f o r  t h e  t a n g e n t i a l  t r i a n g l e ;  t h a t  i s ,  F is  t h e  po in t  of tangency of c i r c l e  

ABC and t h e  ninepoint c i r c l e  of t h e  t r i a n g l e  whose s i d e s  a r e  tangent t o  

c i r c l e  ABC a t  A ,  B ,  and C respec t ive ly .  Since we have taken h = a + b + c 

r e a l ,  then t h e  r e a l  a x i s  is t h e  Euler l i n e  f o r  t r i a n g l e  ABC. If point  P 

l i e s  on t h e  r e a l  a x i s ,  then i t s  Longuet-Higgins point  L is given by I = abc 

s ince  a  + b + c - p is r e a l .  That i s ,  t h e  Longuet-Higgins point  f o r  a n y-  

point  on t h e  Euler l i n e  i s  t h e  in-Feuerbach point  f o r  t h e  t a n g e n t i a l  tri- 

angle. Furthermore, t h e  complex representat ion f o r  L shows t h a t  t h e  locus 

of  a l l  po in t s  P whose Longuet-Higgins point  is a given point  L on c i r c l e  



ABC is  a l i n e  through H (and no t  j u s t  t h a t  p o r t i o n  o f  t h e  l i n e  i n s i d e  

c i r c l e  ABC); i f  HP makes an  ang le  6 wi th  t h e  Eu le r  l i n e ,  t hen  L is  r o t a t e d  

through ang le  -26 from F. Hence, any po in t  on c i r c l e  ABC is  t h e  Longuet- 

Higgins p o i n t  f o r  some l i n e  o f  p o i n t s  through H. Observe t h a t ,  i f  P = H, 

then  a l l  f o u r  s t a t e d  c i r c l e s  co inc ide ,  s o  every  p o i n t  on c i r c l e  ABC is a 

Longuet-Higgins p o i n t  f o r  H. 

Commmit bq the  Pfiobtem Eliitoi.. 

The i n t e r e s t e d  r e a d e r  would do w e l l  t o  r e f e r  t o  t h e  fo l lowing  a r t i c l e s  

p e r t a i n i n g  t o  t h i s  f a s c i n a t i n g  problem: 

1. M. S. Longuet-Higgins, Re f l ec t ions  on a T r i a n g l e ,  Mathematical 

Gaze t t e ,  Vol. 57, No. 402 (19731, 293-296. 

2. M. S. Longuet-Higgins, Re f l ec t ions  on Ref l ec t ions ,  Mathematical 

Gaze t t e ,  Vol. 58, No. 406 (19741, 257-263. 

3. S. N .  Co l l ings  and H. Martyn Cundy, Ref l ec t ions  on Ref l ec t ions ,  

Mathematical Gaze t t e ,  Vol. 58, NO. 406 (1974) ,  264-272. 

320. [Spring 19741 Pn.op0ie.d by H. S .  h i .  Coxe-tm, Ton.on.to, Canada. 

Prove t h a t  t h e  p r o j e c t i v i t y  ABC T BCD ( f o r  f o u r  c o l l i n e a r  p o i n t s )  

is  o f  t h e  pe r iod  4 i f  and only  if H(AC, ED). 

I. S o i d o n  by Claqxon W .  Dodge., Uviive.u-ity 06 Maine. at Oiono. 

Since ABC T BCD, t h e  p r o j e c t i v i t y  maps A t o  B, B t o  C, and C t o  D. 

I f  t h e  p e r i o d  is 4 ,  t hen  we must have t h a t  D maps t o  A ,  s o  ABCD T BCDA. 

Since  a p r o j e c t i v i t y  p r e s e r v e s  c r o s s  r a t i o ,  t hen  

(AB, CD) = (BC, DA) . 

DC-BA = - CB-AD , 

which is  equ iva len t  t o  H(AC, ED). This  argument r e v e r s e s  t o  e s t a b l i s h  

t h e  converse.  

71 .  Sol&on bq Gn.e.go~j W c z y n ,  BucknuU. U h w . ^ q ,  Lw'Uibuhg, Pa. 

H(ABCD) TT H(BCDX) TT H(CDXY) ir H(DXYZ) TT H(XYZU) 

The fo l lowing  a n a l y s i s  t hen  a p p l i e s :  

From H(ABCD) -K- H(BCDX), it fo l lows  t h a t  X E A 

From H(BCDA) TH(CDAY), it fo l lows  t h a t  Y % B 

From H (CDAB) T H(DABZ) , 
TBCD is a p r o j e c t i v i t y  o f  

[Spring 19741 Pn.opo-ie.d bq 

it fo l lows  t h a t  Z = C 

pe r iod  4. 

No-iino King, RdeA.gh, 

!VeAt.cate.d t o  the. r n q  06 Leo Mo4 m. 1 
According t o  Merten's Theorem - 

where y denotes  E u l e r ' s  cons tan t  (0.57721 ...I and where t h e  product  on 

t h e  l e f t  is taken over  a l l  primes n o t  exceeding n. (See Hardy and Wright,  

The Theory of Numbers, p .  351, o r  Trygve Nage l l ' s  I n t r o d u c t i o n  t o  Number 

Theory, p .  298).  Can you e s t i m a t e  

Solut ion by R. R o b h o n  Rome., Sacta~ne.wto, CaLL6ohn.h. 

This  i s  a n i c e l y  concealed hoax: TT(1 - Ã‘ = 0sLÃ * -  = 0.  
P 3 5 

Aha -ioive.d by V I C T O R  G .  F E S E R ,  St. lad, No.; CHARLES H .  L I N C O L N ,  

Rotecgh, N .  C.; and the. P u p o ~ m .  

322. [spring 19741 Pn.opo4e.d by Jack G a u n k d ,  F O A M - C  H-L-&&A High 

Schoot, Nw Y o l k .  

It is known t h a t  t h e  r a t i o  o f  t h e  pe r ime te r  o f  a t r i a n g l e  t o  t h e  sum 

o f  i t s  a l t i t u d e s  is  g r e a t e r  t han  o r  equa l  t o  2//3'. (See American /-lathe- 

matical Uonthly , Problem E 1427, 1961,  pp. 296-297. ) Prove t h e  s t r o n g e r  

i n e q u a l i t y  f o r  t h e  i n t e r n a l  ang le  b i s e c t o r s  t ,  tb and t : 
a 

2 ( t a  + tb + t c )  5 6 ( a  + b + c )  

e q u a l i t y  holding if and only i f  t h e  t r i a n g l e  i s  e q u i l a t e r a l .  

S d u t i o n  by LoÎ LS 

The value  o f  

a t r i a n g l e  ABC is 

H .  CÂ£UAoÂ¥ Sqmcuhe U~uumÂ¥L-Cq South Euclid, Ohio. 

t h e  i n t e r n a l  ang le  b i s e c % r  t i n  'erms of t h e  s i d e s  o f  

given by 

t = -  / s b c ( s - a )  
a b + c  

where s is t h e  semiper imeter  of :he Zr i ang le .  [See D .  Kay, Col lege  

Gecinetru, Holt , Rinehar t  and :.iins-02, 1969, p .  199.1  Combining t h i s  
- 

express ion  wiih the  inequaliL'.- 2 6 2  5 b t a ,  i;e o b t a i n  2 <Â J s ( s  - a )  , 
* 



fi. J . ;  JOHN TOM HURT, Ttxab A 6 M U d v v n , ^ ;  THEODORE JUNGREIS, ^ookÂ£yn \f 
323. [Spr ing 19741 Phopo-~e.d by David 1. S A m a n ,  Lo& Angeles, 

CaLL6oftWLO-. 

C a l l  plane curves such a s  t h e  c i r c l e  of r a d i u s  2,  t h e  square of s i d e  

4 ,  o r  t h e  6 x 3 rec tangle  i n  Fig. 4 isometpia i f  t h e i r  perimeter i s  numer- 

i c a l l y  equal  t o  t h e  a r e a  they enclose.  What is  t h e  maximum area  t h a t  can 

with t h e  r e s u l t  t h a t  ta + tb + tc 2 &(= t t -1. It is  I M. Y.; ARTHUR M .  KELLER, New Yohk Gamma; CHARLES H .  LINCOLN, ~oJLe^flh, N. C.; 

be enclosed by an isometr ic  curve? 

known t h a t  t h e  sum of t h e  r a d i c a l s  i n  parenthesis  does not  exceed A s .  

[See 0. Bottema e t  a l . ,  Geometries I n e q u a l i t i e s ,  p. 16.3 The s t a t e d  r e s u l t  

follows, with equa l i ty  i f  and only if a = b = a .  

ISOMETRIC 

CURL/ES 

S I D N E Y  PEMNER, &OUX Community C o U q e .  0 6  CUNY; PAOLO RANALDI, A h o n ,  (MU.0; 

and R. ROBINSON ROME, S a w e n t o ,  CaLi6ohn.h. - .  - 

324. [Sp r ing  19741 Piopobed by R. S. Latha~. ,  UfK.ve~~.Lt i /  06  ~ & c o n A i t t ,  

FIGURE 4 

AÂ£i ~o!Lve.d by ZAZOU KATZ, Be.ueA&y U^fci, CaLL@~n-i.a and Ahe. P i o p o b e ~ ~ .  J a n ~ v U e . ,  W-LAcon&w. 
K a t z  powte.d o u t  t h a t  th^ p ~ ~ o b h  wab con~idene.d by L u h  A. S a d 0  .in Evaluate 
fcc6 pape.4 Some I n e q u a l i t i e s  Between the  Elements of a Triangle,  pu6Ukhe.d 

i n  Math. No-tee. 3 (19431, 65-73. 

I. S o t d o n  by N. J .  Ku.e.nzi and Bob P /u . i t i pp ,  The. U n i v W n U y  0 6  U.i&comin- 

Ô  h k o h .  

Given a p o s i t i v e  r e a l  number N, t h e r e  is an isometr ic  curve which 

encloses an a r e a  g r e a t e r  than N. For example, consider t h e  isometr ic  

rectangle whose adjacent  s i d e s  have measures a and b where 2 s a < b. 

Since a b  = 2a t 2b, a = 2b/(b - 2 ) .  Hence a b  = 2b2/(b - 21, so  t h e  a rea  

enclosed increases without bound a s  b increases without bound. (A s imi la r  

example can be obtained using an isometr ic  r i g h t  t r i a n g l e . )  

11. So.iu.Uon by ChyXon W .  Dodge, Unive~-i-cty 0 6  Maine at Okono. 

There is  no upper l i m i t  t o  t h e  enclosed a r e a  a s  seen i n  t h e  rec tangle  

of  length 2 + x and width (4 + 2x)/x with x > 0. The common value of its 

a rea  and perimeter is  ( 8  + 8x + 2x2)/x, which increases without l i m i t  a s  

x approaches zero. 

A U o  botvcd by LOUIS H .  CAIROLI, Syfiacube. Uv~LvnuL t i j ,  S. Euc^cd, 

Ohio; VICTOR G .  FESER, St. Lam,, A i - c A ~ o d ;  R .  C .  GEBHARDT, Hopatcong, 

l i m  
n+00 n 

I. S o U o n  by H a y  3 ,  ^ u w i d o ,  Manh0fctff.n Cok%ge., & o m ,  N .  Y. 

It is a well-known theorem due t o  Cauchy ( see ,  f o r  example, Knopp's 

I n f i n i t e  Sequences and S e r i e s ,  p. 33) t h a t  i f  a sequence {ak] converges 

t o  L ,  then s o  does t h e  sequence {zn a /%I o f  a r i thmet ic  means. Since 
k = l  k 

j / ( j  + 1 )  -Ã  ̂1 a s  j + -, t h e  des i red  l i m i t  is a l s o  equal  t o  1. 

11. So!LUJLi.on by C h y t o n  W .  Dodge., U n h e ~ i - L t y  0 6  M n i n e .  at Oiono. 

We have 

n 
s ince  z j=l l / ( j  + 1 )  < In  n and l i m  ( In  n ) /n  = 0. 

n+- 

A&Ao botvnd bq KEN BLACKSTEIN, Mamukone.ck, N. Y.; R .  C .  GEBHARDT, 

Hopatcong, N. 3.; ARTHUR M .  KELLER, Now Yoik Gemma; CHARLES H .  LINCOLN, 

Rateigh, N.  C.; PETER A. LINDSTROM, Genaiee Common^ty CoUege., B a t a v h ,  

New Yo&; BOB PRIELIPP, The. U ~ 2 ~ m - L . t q  0 6  W&con~.ui-Obhkobh; and -(A& 

P^opob a. 

325. [Spr ing 19741 Pftopobed by C h d ~  W. T&g, San Die.go, CaJLHoivuJa.. 

Show t h a t  t h e r e  is only one third- order  magic square with pos i t ive  

prime elements and a magic constant  of 267. 



S o i i L t i o n  b y  Ghegohy WuJLczyn, HuckneJU. U n i v ~ s - L t q ,  L w i - i l i b u ~ g ,  Pa. 

Since 267 is  t h e  magic constant ,  t h e  middle prime must be 267/3 = 89. 

There a r e  s i x  prime t r i p l e s  with 89 a s  one element and with sum equal t o  

267. They a r e  

From these  t r i p l e s  can be formed t h e  magic square 

I t  is not  poss ib le  t o  use t h e  two o ther  t r i p l e s  (5,  89, 173) and 

(41, 89, 137) e i t h e r  with elements a t  t h e  end o r  i n  t h e  middle t o  form 

a magic square with sum 267. Hence t h i s  magic square is unique. 

AAio  b o h e d  b y  LOUIS H .  CAIROLI, J o h n  C ~ t t  U m . u e ~ i - L t y ,  CILe.vela.nd, 

Ofe-co; CLAYTON W .  DODGE, UVu.vm-Lty o f ,  A4dne at Ohono; VICTOR G .  FESER, 

S t .  LotLUi, A4hboLLfU.; CHARLES H .  LINCOLN, RoJLSA.gh, N. C.; BOB PRIELIPP, 

T h e  U n L v ~ L t y  o f ,  U ^ c o i ~ i ' L n ,  Obhkobh; R. ROBINSON ROUE, Sachamento,  C d -  

dohVU-a.; and  the. P h o p o b e ~ .  

Cornmew2 b y  the. Phobiem E d i t o r .  

Apologies a r e  due t o  Jean J. Pedersen of The University of Santa 

Clara,  Ca l i fo rn ia  f o r  t h e  inadvertent  omission of c r e d i t  f o r  her  so lu t ion  

t o  Problem 304 [ F a l l  19731. Accompanying a thorough ana lys i s  of t h e  prob- 

lem were colored,  construct ion paper models i l l u s t r a t i n g  extensions of 

t h e  problem theme t o  t runcated forms of  t h e  f i v e  P la ton ic  Sol ids .  

ERRATA FOR LAST ISSUE 

In  the  diagram on page 7 of  Volume 6,  No. 1, v t t / 2  should be changed 

t o  o t 1 / 2 .  The Journal r e g r e t s  the typographical e r r o r  i n  one of t h e  names 

i n  the  l i s t  of  manuscript award winners, page 23. The name Dennis C. 

Swolarski should have been Dennis C. Smolarski. 
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