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P i  Mu E p s i l o n ' s  h i g h e s t  award, t h e  C.C. ~ a c b u f f e e  Award for:; 

Dis t inguished  Serv ice ,  was presen ted  t o  Dr. Houston T. Karnes a t  

t h e  summer 1975 meeting in K a l e a z o o ,  Michigan. 

Professor  Karnes, pas t -pres iden t  o f  P i  Mu Eps i lon ,  has  l o n g  

been a c t i v e  i n  mathematical c i r c l e s .  H i s  s e r v i c e  included appoint-  

ments as p r o f e s s o r  o f  Mathematics and Biology, department head, 

Dean o f  Men, p u b l i c  school  t e a c h e r ,  b e f o r e  1938 when h e  went t o  

Louisiana S t a t e  Univers i ty  t o  start t h e  cyc le  over  aga in  a s  

i n s t r u c t o r ,  assistant p r o f e s s o r ,  a s s o c i a t e  p r o f e s s o r ,  full  p r o f e s s o r ,  

Dean o f  Men, and D i r e c t o r  o f  s e v e r a l  NSF programs and i n s t i t u t e s .  

He h a s  a l s o  se rved  a s  P r e s i d e n t  o f  a Board o f  Trus tees ,  Consul tant  

and L e c t u r e r  bo th  h e r e  in t h e  USA and i n  Alahabad. A s  if  a l l  t h e s e  

p r o j e c t s  were n o t  enough f o r  one soft- spoken, always courteous 

gentleman, he a l s o  p a r t i c i p a t e d  i n  v a r i o u s  r e s e a r c h  p r o j e c t s  i n  t h e  

mathematics o f  g e n e t i c s  and i n  mathematics educa t ion  as w e l l  as 

very  a b l y  promoting t h e  i n t e r e s t s  o f  P i  Mu Eps i lon ,  t h e  n a t i o n a l  

c o l l e g e  mathematics honor s o c i e t y .  

It is  r a r e  t o  f i n d  s o  much a b i l i t y  and d i l i g e n c e  i n  one person. 

When t h a t  person i s  a l s o  a m a n  o f  e x c e l l e n t  taste and thought fu l  

cons idera t ion ,  we have a Houston T. Karnes. He i s  a man w e  all 

admire, r e s p e c t  and try t o  emulate. 

It is w i t h  g r e a t  p r i d e  t h a t  we add Dr. Karnes' name t o  t h o s e  o f  

t h e  e a r l i e r  r e c i p i e n t s  of t h e  C.C. MacDuffee Dis t inguished  S e r v i c e  

Award. 
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Houston T. Karnes 

MATRIX FUNCTIONS: A POWERFUL TOOL1 

b y  3.  S. F m e .  
Midu.gm State. Uvu.vmÂ¥uf. 

7 .  Intn~ducAc.on 
,. - - -  

Mathematical problems, both pure and appl ied ,  t h a t  involve l i n e a r  
- 

r e l a t i onsh ips  among severa l  o r  even l a r g e  numbers of var iables  can of ten  

be modeled most e f f i c i e n t l y  i n  terms of  matrices.  The so lu t ion  of many 

of  t he se  problems is  g rea t ly  s impl i f ied  by t h e  use of  matrix functions.  

In  t h i s  context t h e  matrix functions considered a r e  r e s t r i c t e d  t o  p o l y-  

nomials o r  convergent i n f i n i t e  s e r i e s  i n  an n x n matr ix  A ,  although we 

s h a l l  employ such s c a l a r  functions of  A a s  its t r a c e  and determinant, 

which a r e  t h e  sum and product of  ce r t a in  numbers A ca l l ed  i ts  eigenvalues. 
3 

2 .  Atomic T ~ - c t t . o n  Phobab.ĉett.e-~ 

An example o f  matrix modeling was r e l a t e d  t o  me by Werner Heisenberg 

i n  a dinner conversation a t  t h e  1950 In t e rna t iona l  Congress when I in-  

quired what l e d  him t o  describe c e r t a i n  aspects  of  atomic s t r u c t u r e  i n  

terms of  matrices.  "Electrons cannot be d i r e c t l y  observed when they  

remain i n  o r b i t s  assigned by t h e  Bohr theory,"he r ep l i ed ,  "but only by 

energy changes displayed i n  s p e c t r a l  l i n e s  of  ce r t a in  s p e c i f i c  frequencies 

when t h e  e lec t rons  jump from one o r b i t  t o  another and t h e  atom changes 

its s t a t e . "  Observed i n  a spectrogram by t h e  r e l a t i v e  dens i t i e s  of  spec- 

t r a l  l i n e s  a r e  t h e  p r o b a b i l i t i e s  p. . of  t r a n s i t i o n  from s t a t e  j t o  s t a t e  
23 

i i n  a ce r t a in  uni t  time i n t e r v a l  o f  exposure of  t h e  spectrogram. I f  

t h e  components x . ( t )  o f  a column vector X ( t )  represent  t h e  population of  
3 

atoms i n  s t a t e  j out o f  t h e  t o t a l  observed population, and P = [ p  .I is  
1-3 

t he  t r a n s i t i o n  probabi l i ty  matrix, then  

After  k such time u n i t s  t h e  s t a t e  d i s t r i bu t ion  vec tor  should be given by 

^h i s  a r t i c l e  i s  t h e  t e x t  of  t h e  f i r s t  l e c t u r e  i n  t h e  J. Sutherland 
Frame Lecture Ser ies  which was presented a t  t h e  1975 summer meeting of  
Pi Mu. Eps'Llon a t  Western Michigan S t a t e  University. The l e c t u r e  s e r i e s  
is  named i n  honor of  a  pas t  president  and a most l oya l  supporter  of  Pi. 
Mu Epsi ton. 



h e  quest 

k 
X(t t k) = P P - * *  PX(t) = P X( t )  . (2 .2)  

k 
ion a r i s e s :  "How does t h e  matrix function P behave a f t e r  

a long t ime,  when k becomes in f in i t e?"  

A two s t a t e  example is  i l l u s t r a t e d  by t h e  formula 

k 
Since (1 /6)  becomes small  f o r  l a rge  k it i s  c l e a r  t h a t  

We conclude t h a t  i n  t h e  long run t h e  r e l a t i v e  population o f  t h e  two 
k 

s t a t e s  is  about 0.6 and 0.4. I n  genera l ,  t h e  l i m i t  o f  P a s  k becomes 

i n f i n i t e  is t h e  product 

of a column vector  S whose e n t r i e s  represent  t h e  long term r e l a t i v e  
1 

average population of  t he  s t a t e s  and a row vector  o f  1 ' s .  Using matrix 

functions,  we s h a l l  see  why. 

3 .  Expayui-ian M a t h  Funcfccon-i 
It is  r e l a t i v e l y  easy t o  compute powers and polynomial functions of  

an n x n diagonal matrix A 

(3.1)  

whose diagonal en t r ine  -a11(=1a i any poly- 

nomial o r  i n f i n i t e  s 

A .  of A we have 
3 

I n  p a r t i c u l a r ,  t h e  i n t e rpo la t i ng  polynomial 

which vanishes f o r  a l l  A except A and assumes t h e  value 1 a t  A .  i s  3 3 . - L  -* . . 
such a polynomial of  degree l e s s  than  n and we have "-- - 

where E .  has a l l  e n t r i e s  0 except f o r  1 's where A appears i n  A .  The 
3 3 

matrices E . a r e  c a l l e d  cons t i tuent  idempotents of  A and s a t i s f y  t h e  
3 

equations 

E 2 = E  E . E . = O  if i # j  
j i '  2 3  (3.5) 

2 E .  = I ( I d e n t i t y  Matrix) 
3. 3 

The matrix f(A) i s  a l i n e a r  combination of  t h e  matrices E with coef- 3" 
f i c i e n t s  f (  A .), namely 

3 

so  f(A) is a polynomial i n  A of  degree l e s s  than n.  This fundamental 

funct ional  expansion formula f o r  diagonal matrices can be extended t o  a 

much l a rge r  c l a s s  o f  matrices,  c a l l ed  diagonable matr ices ,  which have 

t h e  form 

where 5 i s  an inve r t i b l e  matrix and A is  a diagonal matrix. 

Since 

k = s A S - ~ S A S ~  = S A ~ S - ~ ,  and = S A  5 (3.8) 

f o r  any pos i t i ve  i n t e g r a l  exponent k ,  it follows t h a t  f o r  polynomial 

functions f 

~ ( A I  = s ~ ( A ) s -  = 2 ~ ( A ~ ) A ~  (3.9) 

where a 

A .  = E . 5 - I  = S q j ( ~ ) 5 -  = ~.(sAs-'") = q.(A) . (3.10) 
3 3 3 3 

The diagonal e n t r i e s  A and f(A.1 of  A and of f(A) a r e  ca l l ed  the  eigen- 3 3 
vaZues of A and f(A) respect ive ly ,  and the  idempotent matrices A = qj(A) 3 



= SE . S  a r e  t h e i r  common constituent idempotent rnatPT,aes. 
3 

ThCo&e~m. Any polynomial o r  convergent s e r i e s  f(A) i n  a diagonable 

matrix A i s  equal  t o  a polynomial i n  A o f  degree l e s s  than n.  
n 

I n  p a r t i c u l a r ,  A is  such a polynomial, so  A must s a t i s f y  a poly- 

nomial equation of  degree n. 

Let us now reexamine t h e  Heisenberg atomic s t a t e  probabi l i ty  problem 

i n  t h e  l i g h t  of t he  expansion formula f o r  f(A). Taking P f o r  A and A 
k 

f o r  f (  A) we have 

8 = 2 A!P where P . = SE .s"~ 
3 3 j  33 

f o r  some modal matrix S, Since P.P = 0 f o r  j # i and RP = R f o r  t h e  row 
3 i 

vector R = [I,I,-*-,I], it follows t h a t  

k k RP. = R$P. = s A.RP.P. = A.RP. f o r  a l l  k .  (3.12) 
1- 1- 331- 1 - 1 -  

Hence e i t h e r  A = 1 o r  RP. = 0. Since i 1- 

R = R P = ? R P  33 
not a l l  RP. a r e  0. I f  R P  # 0, then A = 1 and 

1- 

Since 3 has non-negative e n t r i e s  with column sums 1, t h e  e n t r i e s  remain 

< 1 as  k becomes i n f i n i t e ,  s o  no A can exceed 1 i n  absolute value. Un- - 3 
l e s s  t h e  s t a t e s  cannot be separated i n t o  two o r  more s e t s  without t r a n s i -  

t i o n s  between members of  two d i f f e r e n t  s e t s ,  only one eigenvalue w i l l  be 
k 1, and t h e  r e s t  of t h e  A .  w i l l  approach zero a s  k increases without l i m i t .  
3 

Thus 

where R i s  t h e  f i r s t  row of  S .  Since RPl = R, t h e  row R i s  propor- 
1 1 

t i o n a l t o  R and can be made equal t o  R by appropriate s ca l ing  of t he  

column eigenvector S 
1' 

4.  Eigeniie.c.to~& and the. Chcuia.c.t~/LUtAt.c PotynonUxit 

Given an n x n matrix A with r e a l  o r  complex numbers a s  e n t r i e s ,  

when and how is  it poss ib le  t o  f a c t o r  it so  t h a t  

A = SAS-~ o r  AS = SA (4.1)  

f o r  some i n v e r t i b l e  "modal" matrix S and some diagoaal "spectral"  matrix 

A? Equating columns i n  A S  = S A  y ie lds  

AS. = S A o r  (1 .1  - A)S. = 0 (4.2) . 333 3 3 

These equations w i l l  have a non-zero so lu t ion  S i f  and only if the  de- 
3 

terminant of  t he  matrix A .I - A i s  0. Hence A must be a root  of  t he  
3 3 * - "- 

c h a r a c t e r i s t i c  equation of  A defined by 

The sum and product of these  roo t s ,  o r  eigenvalues,  a r e  

-d = EX. = Sa,. . 
1 3  VI. 

It is e a s i l y  shown t h a t  s imi l a r  matrices,  such a s  A and A have the  same 

c h a r a c t e r i s t i c  polynomial D(,\. 

In  t h e  case A is t h e  2 x 2 probabi l i ty  matrix P mentioned above we 

have 

so  t h e  eigenvalues a r e  A = 1, A = 1/6. Also, 

ql(A) = ( A  - \^ ) / (Al  - A*) = (6A - 1 ) / 5 ,  

Note t h a t  t h e  cons t i tuent  matrices A .  have product 0 and sum I. Each is 
3 

equal  t o  i ts square,  has t r a c e  1 and determinant 0.  Non-zero columns of 

each a r e  eigenvectors S of  A so  a modal matrix S f o r  A i s  
3 

s =  [:: -::I. (4 .1)  



5. LongJLtudind V i b f i a t i o n ~  of, a WdghXed SpAcng 

Let a spr ing  o f  length n t 1 be s t re tched hor izonta l ly  between points 

n + 1 uni t s  apar t  and l e t  n equal  masses rn be at tached t o  t h e  spring a t  

d is tances  1, 2, * * * ,  n from one end when the  spr ing  is  a t  r e s t .  Consider 

t he  r e su l t i ng  motion i f  t h e  masses a re  displaced hor izonta l ly ,  and the  

9 t h  component x .  o f  an n-vector X denotes the  horizontal  displacement 
Â¥z 

from equilibrium o f  the  i ' t h  mass. Since t h e  ne t  force  on t h e  i ' t h  mass 

is  proport ional  t o  t h e  d i f ference  between t h e  s t re tchings  - xi and 

x - x on the  r i g h t  and l e f t ,  the  equations o f  motion a re  i i-1 

where mk2 denotes t h e  spr ing  constant. This equation may be wri t ten  i n  

matrix form a s  

where A is  the  t r i d i agona l  matrix 

1 0 - - - -  0 

0 1 . - - *  0 

1 0 * * * *  0 

0 1 

By analogy with the  s c a l a r  equation d2x/dt t b2x = 0 t h i s  d i f f e r e n t i a l  

equation with i n i t i a l  conditions 

x(o)  = C, (dX/dt)t=o = V (5.3) 

is s a t i s f i e d  by s e t t i n g  

~ ( t )  = (cos Bt)C + ( s i n  Bt/B)V (5.4) 

where the  matrix functions cos Bt and ( s i n  Bt/B) a r e  given by convergent 

power s e r i e s  i n  t h e  matrix B~ = k2(21 - A). But these  functions can be 

expressed i n  closed f i n i t e  form a s  polynomials i n  A of  degree l e s s  than 

n by using t h e  funct ional  expansion theorem. 

In t h i s  case t h e  matrix S with ( i . j ) - en t ry  s i n ( G ~ ) ,  where 9 =  ir/(,nt 1 )  

serves a s  a modal matrix f o r  A ,  s ince  the  ( i , j ) - e n t r y  of A S  is 

and s i n  0 ( j 9 )  = s in (n  + 1 ) j 0  = 0 f o r  i = 1 and i = n.  Hence AS = SP :̂-- 

where t h e  eigenvalues A of A are  3 

The matrix S a l s o  has the  convenient property t h a t  

so the  cons t i tuent  matrices f o r  A have the  simple e x p l i c i t  form 

A .  = SE .sl = (2 / (n  + ~))s.s! '  (5.8) 
3 3 3 3 

where t h e  r o w  vector S? is  t h e  transpose o f  S These A .  a r e  a l so  con- 
3 a *  3 

s t i t u e n t  matrices f o r  B~ = k2(21 - A), whose eignevalues are  

4 .  = k2(2 - 2 cos J-9) = 4k2 sin2(j ir /2(n + 1 ) )  (5.9) 
3 

Hence t h e  so lu t ion  t o  the  v ibra t ing  spr ing  problem may be expressed 

e x p l i c i t l y  i n  t h e  form 
n 

X =  ( a j  cos 4 + b .  s i n  4.) 
3=1 j 3 3 

where 

4 .  = 2k sin(j ir /2(n + 1 ) )  (5.11) 
3 

The columns S. of t h e  modal matrix S, with -i 'fh en t ry  s in( i j i r / (n  + 1 ) )  
3 

describe the  possible simple per iodic  modes of v ibra t ion  o f  which the  

motion is composed, and t h e  eigenvalues 4 of  B a re  proport ional  t o  the  
3 

frequencies o f  v ibra t ion  i n  these  modes. 

6 .  NeAuoAfc6 and -the Exponentid F u n d o n  
Many problems in  e l e c t r i c a l  network theory a r e  modeled by a system 

o f  f i r s t  order l i n e a r  d i f f e r e n t i a l  equations of t he  form 

dx-= AX(t) + BU(t), X(0) = C 
d t  

(6.1)'.- 

where X is an n-vector of  s t a t e s ,  U an rn-vector o f  inputs o r  cont ro ls  

and A and B are  constant matrices. Here a so lu t ion  is  expressible i n  

terms o f  t he  exponential function o f  A t  and may be wri t ten  



To evalua te  t h i s  we compute 

idempotents A of  A  and wr i t e  
3 

e A ( t  - ^BU(T) A (6.2)  

the  eigenvalues A and cons t i tuent  3 

whenever A is  a diagonable matrix. This is  discussed i n  t h e  t h i r d  o f  a 

s e r i e s  of  a r t i c l e s  on matrix functions 111. The more complicated expan- 

sion va l id  f o r  non-diagonable matrices is  described i n  t h e  fourth a r t i c l e  

of  t he  s e r i e s .  

7. VvLe.UWLnauti of, B-Lnonid C-Ltcutoi-t M a t U . c ~  

Several  years ago I was asked t o  evalua te  and f a c t o r  t h e  determinants 

D  of c e r t a i n  binomial c i r cu l an t  matrices Mn such a s  
n 

where f o r  general  n t h e  ( i , j ) - e n t r y  o f  M is t h e  binomial coe f f i c i en t  
n n ( l i  - jl).  Although 1 could evaluate these  by b ru t e  force  f o r  n 5 8 ,  

no general  pa t t e rn  was obvious t o  me from these  numerical examples. 

Since Dlg is  about 4 . 3  x lo5 ' ,  it would be hard t o  f a c t o r  even i f  it 

could be accura te ly  computed i n  non-factored form. 

Matrix functions provided the  key t o  t h e  discovery of  many pa t t e rns  

and t h e  a c t u a l  f ac to r i za t ion  f o r  n 5 30, including the  discovery of  t he  

l a rge  prime f a c t o r  969,323,029 of D  which is  the  i n t e g r a l  ?a r t  of 

( q r 3 .  We wr i t e  M n i n  t h e  form 

(7 .2)  

where P denotes t h e  c i r cu l an t  oe n with eigen- 
n 

values pk where P i s  a p r imi t iven '  example 

0 0 - > 

7 -- - 
k 

Since D  is t h e  product of  t h e  eigenvalues of  M which a r e  ( 1  + P ) - 1, 
n 

D  can be fac tored  i n  t h e  forms n 

Factors with j = n o r  k = n have product 1 and can be omitted. Those 
n-1 n 

with j = k have product (-1) ( 2  - 11,  and t h e  remaining f ac to r s  a r e  

equal  i n  p a i r s ,  s o  

D  = (-l)n-1(2n - I)/ . (7.5) 

Since pi + rk - 1 is  0 i f  and only i f  pk = P-' i s  a s i x t h  root  of  un i ty ,  

D  = 0 i f  and only i f  6 divides n. The problem f o r  even n i s  s impl i f ied  
n 

by showing t h a t  

where K is a r a t i o n a l  in teger .  n 
When n is  an odd prime p > 3, we can replace  t h e  index j by jk  f o r  

f i xed  k and wr i t e  i n  t h e  form 

h i  q .(p) is a symmetric function of  t h e  r' given by 
3 

P-1 
q . (p )  = TT ( r j k  + pk - l ) d k  + P - ~  - l ) ,  p t  = (p - 1) /2 .  (7.8)  
3 k = l  

I n  p a r t i c u l a r  

and q i l (p)  = q . (p )  i f  jjl z l(mod p )  so 
3 



F = l-r q/p) (7.10) Since T is  l e s s  than  1, t h e  f a c t o r  q2(p)  of D is  t h e  g rea t e s t  i n t ege r  
p ~ j < j '  P 

i n  T ~ .  In  p a r t i c u l a r  

where q .(p) a r e  pos i t i ve  i n t e g r a l  f ac to r s  of D each congruent t o  l(mod p )  
3 P 

5 2 
D = (2  - 1)q2(5) = 31-11 

2 

We now use functions of  a matrix again t o  evalua te  i n  simple form 

t h e  i n t ege r  and q2(41) = 370248451, q2(43) = 969,323,029 a r e  l a r g e  prime f a c t  

DQ1 and Db3 respect ive ly .  Other f a c t o r s  s a t i s f y  more complicated re- 
,,,(PI = ft (I.2k + p" - D C P - ~ ~  + p ~ . - ~  - 1 )  . (7.11) currence r e l a t i o n s  which a r e  a challenge t o  f ind .  

k = l  

Multiplying t h e  p a i r s  of  complex conjugate f ac to r s  y i e ld s  REFERENCE 

1. Frame, J. S. , M a t r i x  Functions end Applicat ions ( a  f i v e  pa r t  s e r i e s )  

q2(p)  = m ( 3  - P~~ - r 2 )  . (7.12) * I.E.E.E. Spectrum, 1 (1964): No. 3,  p. 208-220; No. 4 ,  pp. 102-108; 
k = l  NO. 5 ,  pp. 100-109; No. 6,  pp. 123-131; NO. 7, pp. 103-109. 

Now 

and t h e  p '  x p '  matrices having eigenvalues 2 cos 2k0 and 3 - 2 cos 2k0 

a r e  T and 31 - T where 
P' P' P I '  

Hence q2(p)  is t h e  determinant d o f  31 - T which s a t i s f i e s  t h e  
P' P' P" 

recurrence r e l a t i o n  

d .  = 3dj-1 - dj-2 , d = 4,  d2 = 11 . 
1 

(7.15) 
3 

The same r e l a t i o n s  a r e  s a t i s f i e d  by f2 j  + f2j+2,  where f is t h e  k 
k th  number i n  t h e  Fibonacci sequence 

1, 1, 2, 3, 5 ,  8 ,  13, --â (7.16) 

and 

fk = ( T  - T ) / G  , T = ( 1  + &)/2 . (7.17) 

Hence f o r  j = p '  = ( p  - 1 ) / 2 ,  
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REFLECTIONS OF A PROBLEM EDITOR 

by Leon Banhoff 
Los Ange les, California 

Introduction. 

Tell ing i s  not teaching and l i s t en ing  is  not learning. This t e r s e  

truism summarizes the  d i f f i c u l t i e s  i n  communication so  of ten encountered 

in mathematical education. Nevertheless properly di rected t e l l i n g  ahd 

i n t e l l i g e n t l y  oriented l i s t e n i n g  a r e  e s sen t i a l  components of successful  

communication. The most ef fect ive  way t o  measure the  degree of such 

success is  by appropriate t e s t ing  of the  s tudent ' s  problem solving 

a b i l i t y .  

Volumes can be and have been wri t ten  on the  importance of problem 

solving i n  the  learning process and in  the  growth and development of 

mathematics. History is rep le te  with instances where e n t i r e  new branches 

of the a r t  and science of mathematics have sprung up as a consequence 

of the  search f o r  the  solution of some challenging problem. A note- 

worthy example i s  the successful  a t tack on the  brachistochrone problem 

by the  Bernoulli brothers and the  r o l e  played by t h i s  solution i n  the  

b i r t h  of the  Calculus of Variations. Another famil iar  example i s  the  

emergence of the  mathematical theory of probabi l i ty  as  an offshoot of 

problems considered by Paciol i ,  Cardan and Tar tagl ia  and the  arousal of 

i n t e r e s t  by the  discussions between Pascal and Fermat. Even t o  t h i s  day, 

mathematicians continue t o  indulge i n  t h e  age-old pleasurable a c t i v i t y  

of milking one another 's  bra ins  through conversation o r  correspond- 

ence --- exchanging ideas --- collaborating on the  solution of d i f f i c u l t  

and perplexing problems --- hurling and accepting challenges emanating 

e i the r  from t h e i r  own gnawing inquisit iveness o r  from the f rus t ra t ed  

cur ios i ty  of o thers  --- building,  forging, developing and inventing new 

too l s  and ingenious devices in  the never-ending struggle f o r  the  estab- 

lishment of mathematical order out of chaos. 

In addit ion t o  the  influence of p r iva te  communication i n  the  ad- 

vancement of mathematical knowledge, it is important t o  recognize the  

tremendous impetus occasioned by the dissemination of provocative, non- 

rout ine  problems by way of mathematical journals. For the  l a s t  t h r e e  

centuries,  readers of periodicals t h a t  contained problem sect ions  have 

been invi ted  t o  submit solut ions  t o  proposed problems with t h e  object ive  

of competing with other  solvers f o r  the  publication of what t h e  ed i to r s  

l a t e r  judged t o  be the  "best" solution.  F i r s t  came the  reader ' s  pride- 

in h i s  successful  bout with the  challenging problem; then came h i s  

na tu ra l  des i re  t o  display the  r e s u l t s  of h i s  cerebration; and f i n a l l y  

h i s  cu r ios i ty  as t o  how h i s  solution stacked up against  those submitted 

by other  solvers.  It has always been t h e  function of the  ed i to r  t o  

s o l i c i t  and s e l e c t  proposals su i t ab le  f o r  the  pa r t i cu la r  vehicle con- 

cerned and t o  use h i s  bes t  judgment i n  choosing solut ions  fo r  publication. 

This often becomes a soul-searing problem f o r  the  ed i to r ,  a s  w i l l  be 

discussed l a t e r .  

One of t h e  e a r l i e s t  periodicals t o  f ea tu re  a sect ion on problems 

was the  Ladies ' D-kvy, which f i r s t  appeared i n  London i n  1704. In 1841 

the  Ladies ' D k r y  and t h e  Gentleman's D&wy, which made i t s  debut i n  

1741, were united and published under the  t i t l e  of The Lady's and, Gentle- 

man's D i a r y ,  which came t o  an end in 1871. For some unaccountable reason, 

the  t i t l e  of the  Ladies' Diary was changed t o  t h e  s ingular  form when it 

combined with the  Gentleman's Diary. The treatment of proposals and 

t h e i r  solut ions  i n  these and i n  several  other Br i t i sh  publications of 

t h a t  e r a  became a model f o r  the Uathemtical- Questions from the Educa- 

t iona l  Times, which had its inception in  1863 and continued uninter- 

ruptedly u n t i l  1918. The s p i r i t  of the  problem departments of t h e  

Br i t i sh  journals was picked up by various French publications such a s  

LIEnseignement Math6mtique and Mathesis (Belgium) and a lso  by the  ear ly  

American journals, notably t h e  Mathematical' Visitor,  which was launched 

a t  Er ie ,  Pennsylvania i n  1878. 

In  h i s  introductory e d i t o r i a l  t o  Volume I,  Number 1 of the  Uathe- 

matical V i s i t o r ,  Artemas M a r t i n ,  ed i tor  and publisher, had t h i s  t o  say: 

In England and Europe, per iodical  publications have 
contributed much t o  the diffusion of mathematical learning, 
and some of the  greates t  s c i e n t i f i c  characters of those a 

countries commenced t h e i r  mathematical career by solving 
the problems proposed i n  such works. 

It was s t a t e d  nearly three-quarters of a century ago 
t h a t  the  learned Dr. Hutton declared t h a t  t h e  Ladies' D k y  
had produced more mathematicians i n  England than a l l  t h e  
mathematical authors of t h a t  kingdom. 



Similar publications have produced l i k e  resu l t s  i n  
t h i s  country. Not a few of our ab les t  teachers and 
mathematicians were f i r s t  inspired with a love of mathe- 
matical science by the problems and solutions published 
in the mathematical department of some unpretending 
periodical.  

A world-renowned periodical tha t  can cer ta inly  be considered "un- 

pretending" despite its high l eve l  of sophistication is The Amerkan 

Mathematical Monthly, which was founded or iginal ly  as a show case fo r  

proposed and solved problems. An exhaustive h i s t o r i c a l  and s t a t i s t i c a l  

treatment of the  problem departments of t h i s  journal from 1894 t o  1954 

appeared in  the  Otto Dunkel Memorial Problem Book, published by the  

bizthematical Association of America i n  August 1957 in  commemoration of 

t h a t  Journal's f i f t i e t h  anniversary. The author of t h a t  survey, 

Mr. Charles W. Trigg, Dean Emeritus of Los Angeles City College, and 

one of the b e t t e r  known and most p r o l i f i c  problemists of our day, has 

put together a most informative, in te res t ing  and entertaining a r t i c l e  

well worth the  a t tent ion of all mathematicians, whether act ive  problem- 

ists or  not. 

One of the s t r i k i n g  character is t ics  of most problem departments is  

the high incidence of par t ic ipat ion by eminent mathematicians a s  well 

as by the  "man on the  s t r e e t"  lover of mental gymnastics. A s  one browses 

through the  pages of the Lady's and Gentleman's Diary, the  Mafhematical 

Questions f r o m  the Educational Times o r  the  American Mathematical Monthly, 

t o  name a few, one is  impressed t o  discover what an a t t r ac t ion  problems 

have held f o r  so many who have achieved great prominence i n  mathematics. 

It comes a s  a surpr ise ,  f o r  example, t o  l ea rn  t h a t  W .  G .  Horner", of 

Homer's Method fame, solved what i s  now known a s  the  Butterfly Problem 

i n  the 1815 volume of the Gentleman's Diary. The list of problemists 

who participated in the  problem department of the  Educational Times 

reads l i k e  a ver i table  Who's Who in  Br i t i sh  Mathematics from 1863 t o  

1918. Among the  active solvers may be found the  names of Cayley, Crernona, 

Clifford,  Sylvester, Whitworth, Todhunter, Hadamard, Hardy, Salmon, 

Beltrami and countless others f a r  too numerous t o  list. 

Currently the names of numerous prominent mathematicians may be 

found in the problem departments of the  American Mathematical Monthly, 

the  Mathematics Magazine, the SIAM Review, the P i  Mu Epsilon Jowmal , 
Pentagon, School Science and Mathematics, the Jowmal of Recreation0.l 

Mathematics, the Fibonaaci Quarterly, the Technotom Review, the  !TWO- 

Year College Mathematics Journal , Elemente der Mathematik (Switzerland), 

and the Mathematics Student Jownal .  It is  hard t o  estimate how many 

high schools and two-year colleges publish "newsletters" primarily,"Fgr 

t h e i r  own students. Examples a re  the  Indiana School Mathematics J o ~ n a l  

and the Oklahoma University Mathe-matics Letter.  Others a r e  l i s t e d  i n  a 

booklet issued by the  National Council of Teachers of Mathematics, 

authored by William L. Schaaf and e n t i t l e d  "The High School Mathematics 

Library". . On a l e s s  formal basis ,  pract ical ly  every issue of Martin Gardner's 

Mathematical Games Department i n  the  Scientific American o f fe r s  several  

in t r iguing problems f o r  the entertainment and enlightenment of its read- 
* 

ers ,  with solutions revealed i n  the  following issue.  Some of these 

problems have been known t o  generate heated controversy and discussion, 

all t o  the  betterment of mathematical science. 

In  addition t o  i ts  noteworthy expository a r t i c l e s ,  the  M a t h e n a t i d  

Gazette, while not containing a problem department, does nevertheless 

publish shor t  provocative notes t h a t  frequently s e t  off a chain-reaction 

of readership discussion and development. Furthermore, the  Gazette 

maintains a Problem Bureau which o f fe r s  assistance i n  the  solution of 

problems whose sources a re  known. From those standpoints, the  publica- 

t ion is a problemist's delight.  

Of course, there  a re  many specialized journals t h a t  do not maintain 

problem sections but most 'of the well-known ones do. It is  hard t o  

imagine the dismal change in character t h a t  would descend on a journal 

i f  i t s  problem department were suddenly t o  be abandoned. 

Problems of a problem Editor. 

After the foregoing prelude, l e t  us now come home t o  our own Pi Mu. 

Epsilon Jownal  and dwell a b i t  on what goes on behind the scenes i n  

the conduct of the  Problem Department. Let us a lso  consider what can 

be done t o  improve the department and t o  provide more enthusiasm and 

enjoyment among our problem devotees and the  readers i n  general. 

Problems in a great  variety of categories have appeared i n  the  
A 

Mu Epsilon Jownal  s ince the  time of its f i r s t  appearance i n  April 

1949. The Fraternity,  which s t a r t e d  a t  the  University of Syracuse i n  

1903 a s  a mathematics club, achieved the s t a t u s  of a full- fledged chart- 

ered organization shor t ly  a f t e r  the  academic year 1914-15, but it was 



no t  u n t i l  1949 t h a t  t h e  P i  Mu Epsilon JournaZ blossomed f o r t h .  I n  t h e  Let  I, 0, H denote r e spec t ive ly  t h e  incenter ,  t h e  
circumcenter and t h e  or thocenter  of a t r i a n g l e  with s i d e s  

f i r s t  i s sue  Edi tor  Ruth W .  Stokes got  t h e  problem department o f f  t o  a a, b, a and t h e  inradius  P. Prove t h a t  t h e  a r ea  K of  t h e  
good s t a r t  by publishing eleven proposals ,  f i v e  of which were her  own t r i a n g l e  IOH is given by 

and the  o the r  s i x  s o l i c i t e d  from accommodating f r i ends .  With t h e  K = \(a - b )  (b  - c )  ( c  - a )  \/8r. 
* 

-'- - 
exception of t h e  F a l l  1957 i s sue ,  t h e  problem sec t ion  has appeared This problem was proposed i n  t he  January 1967 i s sue  of  EZemente 
r egu la r ly  i n  each i s sue  and it has been only on r a r e  occasions t h a t  t h e  d m  Mathematik and a so lu t ion  was published t h e  following January. 

e d i t o r  was faced with a shortage of s u i t a b l e  proposals  t o  t h e  po in t  Opinions regarding beauty a r e  o f t en  debatable but  can anyone deny t h a t  

where he was compelled t o  r a i d  h i s  own f i l e s  t o  maintain an acceptable t he  economy of  expression i n  t he  displayed r e s u l t  cons t i t u t e s  a pure 
balance and va r i e ty  i n  t h e  proposal department. and aus t e r e  elegance? One would hope t h a t  a proposal of  such high 

Considering the  r e l a t i v e l y  small  c i r cu l a t i on  of t h e  Pi Mu E p ~ i h  artistic meri t  would e l i c i t  a so lu t ion  of comparable elegance. 

J o m Z  compared t o  some of t h e  l a r g e r  pe r iod ica l s ,  t he  r a t i o  of Not a l l  proposals can a s p i r e  t o  a high l e v e l  of elegance i n  t h e i r  
pa r t i c ipan t s  i n  t he  problem department is r a t h e r  high. However, it is mere statement.  Most problems a r e  s t ra ight forward  challenges t o  

q u i t e  l i k e l y  t h a t  many of t h e  readers  so lve  t h e  problems, f i l e  them dupl ica te  o r  improve upon r e s u l t s  already found by t h e  proposer, espe- 
away and never ge t  around t o  submitt ing the  so lu t ions .  Readers a r e  c i a l l y  if the  method o f  so lu t ion  o r  t h e  f i n a l  r e s u l t  is  s i g n i f i c a n t ,  

urged t o  t r y  t h e i r  hand a t  problem composition and t o  o f f e r  t h e i r  solu-  novel, general ized,  i n s t r u c t i v e  o r  en ter ta in ing .  Ordinar i ly  problem 
t i o n s  f o r  poss ib le  publ ica t ion .  One never knows when t h e  presence of 

ed i to r s  r e q u i r e  so lu t ions  submitted along with proposals. The purpose 
an unusual gimmick o r  a c lever  so lu t ion  device might i n  i t s e l f  warrant of t h i s  is  t o  a s s i s t  t h e  e d i t o r  i n  t h e  evaluation of t he  s u i t a b i l i t y  of  

t h e  publ ica t ion  of t he  so lu t ion .  t h e  proposal, t h e  complexity o f  t h e  so lu t ion  o r  t h e  expected readership 
This could be i n t e rp re t ed  a s  a c ry  f o r  help. The most d i f f i c u l t  response. On t h e  o ther  hand, conjec tures  and unsolved problems con- 

t a sk  f o r  t h e  problem e d i t o r  is  not  t h e  s e l ec t ion  of so lu t ions  f o r  nected with r e l a t e d  inves t iga t ions  o r  research  p ro j ec t s  a r e  sometimes 

publ ica t ion  but  r a t h e r  t h e  s e l ec t ion  of proposals of a type t h a t  submitted with t h e  hope t h a t  someone may successfu l ly  a r r i v e  a t  a 

e l i c i t s  reader  response. By s o l i c i t i n g  cont r ibut ions  from a wider s a t i s f a c t o r y  so lu t ion .  When such proposals  a r e  published, t h e  readers  

cross- section of t h e  membership and from o the r  i n t e r e s t ed  readers ,  t h e  a r e  a l e r t e d  t o  t h e  f a c t  t h a t  so lu t ions  have not  been provided. 

e d i t o r  hopes t o  achieve a d i v e r s i t y  of  high-quali ty proposals i n  Since t h e  P i  Mu Epsi-lon Journal appears only twice a year,  accept- 

geometry, ana lys i s ,  number theory,  i n e q u a l i t i e s ,  mathematical l o g i c ,  ab l e  proposals  a r e  f i l e d  away f o r  poss ib le  use some time i n  t h e  fu ture .  

game theory,  s e t  theory,  group theory, p robab i l i t y ,  paradoxes, f a l l a c i e s  This may e n t a i l  long delays i n  publ ica t ion ,  especia l ly  if o ther  prob- 
and cryptari thms,  t o  name a few. I n  genera l ,  problems should r i s e  lems i n  l i k e  ca tegor ies  have p r i o r i t y .  Unused o r  unusable proposals  

above t h e  l e v e l  of unimaginative text-book exerc ises  and should s t r i v e  w i l l  be returned t o  t h e  proposer upon request .  

t o  give so lve r s  an opportunity t o  demonstrate ingenuity and inventiveness.  After  an i s sue  of t h e  Jowma.2 comes o f f  t h e  presses and is sen t  

One of t he  e s s e n t i a l  a t t r i b u t e s  of a s u i t a b l e  proposal is t h e  t o  t h e  subscr ibers ,  so lu t ions  begin t o  t r i c k l e  i n .  I n  due course t he  
hard-to-define qua l i t y  of elegance. This c h a r a c t e r i s t i c  is usual ly  cont r ibut ions  a r e  acknowledged, t h e  so lu t ions  a r e  f i l e d  away and t h e  
associa ted  more with so lu t ions  than with proposals but  i s  never the less  envelopes i n  which they were mailed a r e  discarded. That i s  why so lvers  
an important element i n  a t t r a c t i n g  the  a t t e n t i o n  of would-be so lvers .  

a 

who would l i k e  t o  rece ive  c r e d i t  f o r  t h e i r  labops should be su re  t o  

A beau t i fu l  example of an e legant  proposal i s  t h e  fol lowing one, due iden t i fy  t h e i r  so lu t ions  with t h e i r  names and addresses.  Solutions t o  
t o  W .  J.  Blundon, of  t he  Memorial Universi ty of Newfoundland: more than one problem should be s e n t  on separa te  shee t s  and, t o  f a c i l i -  

r a t e  f i l i n g ,  should no t  be co-mingled with extraneous correspondence. 



This saves the  ed i to r  the inconvenience of photocopying portions f o r  

separate f i l i n g .  

With the  approach of deadlines fo r  submitting the  copy t o  the  

Jolimaz Editor your problem ed i to r  examines all solutions received and 

is often confronted with d i f f i c u l t  decisions a s  t o  which solut ion t o  

publish. He i s  reminded of what motivates problemists t o  submit solu- 

t ions  i n  the f i r s t  place. Why do they not simply solve it, f i l e  it 

and forget  i t ?  One incentive,  of course, i s  the  a l t r u i s t i c  des i re  t o  

share with others  a well-thought out and well-expressed solution; 

another is  t o  g ra t i fy  one's ego i n  a most acceptable way by seeing h i s  

creation appreciated and published. Some problemists are  so well  

versed i n  so  many diverse branches of mathematics t h a t  they breeze 

through most of the  proposals with ease and take a delight i n  making 

a marathon game of t h e i r  knack f o r  prol ix i ty .  These are  individuals who 

generally combine qual i ty  with quanti ty and i n  many cases a r e  legi t imate  

candidates f o r  inclusion i n  the Guinness Book of Records. The frequency 

with which t h e i r  solutions a re  published may lead other  solvers t o  

suspect favorit ism on the  pa r t  of the  ed i to r ,  but readers are  hereby 

assured t h a t  every e f f o r t  i s  made t o  s e l e c t  solutions objectively on 

the  bas i s  of merit. 

When submitting a solut ion,  the  solver should t r y  t o  present it 

i n  the format adopted by the  problem department. This saves the  ed i to r  

time and trouble i n  re- typing it f o r  the  p r in te r .  Most problem ed i to r s  

a r e  t h e i r  own sec re ta r i e s  -- unsung heroes who make a labor of love 

out of serving as  intermediaries between proposers and solvers.  Con- 

sequently when they a re  confronted with a d i f f i c u l t  choice between two 

otherwise excellent solutions they may jus t  t i p  the  scales i n  favor of 

t h e  solution t h a t  permits them t o  follow the  path of l e a s t  res is tance.  

On the  other hand, neatness and good form cannot i n  themselves supersede 

content; while they a r e  qua l i t i e s  t h a t  a r e  great ly  appreciated, edi tors  

a r e  often grieved t o  have t o  turn down a solution despi te  the  evidence 

of painstaking care i n  presentation. 

On occasion, excellent solutions with widely separated approaches 

a re  found t o  be too good t o  be l o s t  t o  poster i ty .  In those cases a 

d i l igen t  ed i to r  w i l l  attempt t o  do jus t ice  by concocting an amalgam of 

the  solutions o r ,  i f  space permits, publishing multiple solutions.  

Here again, the  bes t  mathematical and l i t e r a r y  expression is considered 

along with the  qual i ty  of t h e  solution.  

It may be hard t o  believe,  but your problem ed i to r  occasionally 

receives an answer t o  a problem ins tead of a solution.  Par t ic ipants  

i n  t h i s  arena a re  not r e a l l y  concerned with answers; t h e i r  primacy"- 

i n t e r e s t  is i n  t h e  L?UY t h e  solution was found -- t he  t r a i n  of thought 

t h a t  l e d  t o  the  solution,  the  transparency of t h e  solver ' s  heur i s t i c  

approach t o  the  problem, e s sen t i a l ly ,  t h e  solver ' s  a b i l i t y  t o  take 

the  reader by the  hand and l i t e r a l l y  lead him over the  various s t eps  

of the  proof. One of t h e  t e s t s  of elegance is  finding a way of doing 

t h i s  ad ro i t ly  without insul t ing the  reader 's  in te l l igence by spel l ing 

out procedures t h a t  should be evident t o  him. A t  t he  same time, the  

solution should avoid the  s ins  of omission -- skipping s teps  t h a t  a r e  

necessary f o r  a f u l l  understanding of t h e  solution,  proof o r  construc- 

t ion,  a s  the  case may be. 

To achieve t h i s  a b i l i t y ,  t h e  solver should be famil iar  with the  

c r i t e r i a  fo r  elegance -- what we c a l l  the  ABCD's of Elegance. They 

a r e  A f o r  Accuracy, B f o r  Brevity, C f o r  Clar i ty ,  and D f o r  t h e  Display 

of Insight,  Ingenuity, Imagination, Originali ty and, where possible,  

Generalization. It always helps t o  be able  t o  i n s t i l l  a dramatic 

sense of awe, wonder and surpr ise .  These are  the  intangible qua l i t i e s  

t h a t  e levate  mathematical creations t o  the  realm of high a r t ,  whether 

they be proposals, solut ions ,  shor t  notes,  expository essays o r  chap- 

ters i n  some impressive tome. 

In conclusion, it is hoped t h a t  t h e  enunciation of these high 

idea l s  w i l l  i n sp i re  readers t o  make e f f o r t s  t o  achieve them without 

detering them from t h e i r  most welcome par t ic ipat ion i n  the  Problem 

Department of t h i s  JoumaZ. 
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A CONFORMAL GROUP ON AN n-DIMENSIONAL 
EUCLIDEAN SPACE 

I n  t h i s  paper,  we s tudy  invers ions  and homothetic t ransformat ions  on 

an n-dimensional Euclidean space. We s h a l l  employ t h e  a lgebra  and ca lcu lus  

o f  a vec tor  space over t h e  f i e l d  o f  r e a l  numbers. 

I .  N o W o n  

We s h a l l  denote vec tors  by c a p i t a l  l e t t e r s  and t h e  s c a l a r s  by smal le r  

l e t t e r s .  The i nne r  product o f  X and Y w i l l  be i nd i ca t ed  by (X,!) and 

IlXIl = ( X , X ) " ~  means t h e  norm o f  X, Whenever a b a s i s  i s  considered,  it 

w i l l  be orthonormal. Let E be an n-dimensional Euclidean space and f a 

transformation on E. Then f o r  A E, we denote t h e  image o f  A under f 

by Af i n s t ead  of f(A). 

2. l n v m - t o i i i  

Let A # 0, k # 0,  and A â E. Then we can def ine  a t ransformation f 

on E which s a t i s f i e s  f o r  each A 

( 1 )  The s e t  {A,Af} is  l i n e a r l y  dependent, 

(2 )  IIAflI 11411 = k # 0. 

This implies t h a t  Af # 0. The transformation f is  c a l l e d  an invers ion  

on E with pole ( c e n t e r )  0 and power k .  (See f o r  example [l, p. 381 and 

C5, P. 771.) 

We s h a l l  ob ta in  a formula f o r  Af = B i n  terms o f  A .  We observe t h a t  

( 1 )  implies t h a t  t h e r e  e x i s t s  a s c a l a r  m,  depending on A ,  such t h a t  B 

= mA . Note t h a t  

Therefore,  

We s h a l l  s tudy t h e  case m > 0 s ince  t h e  o the r  case  is  q u i t e  sirnilfir.- The 

transformation f given by t h e  equation o f  t h e  invers ion  i s  then 

3.  The Inue.A&e. Funct ion 
0 One can e a s i l y  show t h a t  

kB A = - -  - f - 3 ~ 1 ,  B 1. 0 . . 11 B 112 

I t  i s  i n t e r e s t i n g  t o  s ee  t h a t  f 2  = e ,  t h e  i den t i t y ,  which means t h a t  f is 

t h e  inverse  of  i t s e l f  ( s ee  [3 ,  p. 1931). To t h a t  end, observe t h a t  

4 .  The. Ve~~Lva^ive.  0 6  a Ve-doit 

Let t h e  vec tor  X E be a func t ion  o f  t h e  r e a l  va r i ab l e  t ;  t h a t  is ,  

X = X( t ) .  s u p p o s e  C is  t h e  curve described by t h e  endpoint o f  X. Let 

AX be defined by t h e  r u l e  X ( t  + At) .= X + AX. Then, t he  vec tor  AX i s  

p a r a l l e l  t o  t h e  chord connecting t h e  endpoint o f  X and X + A X ,  a s  shown 

i n  Figure 1. 

7ange.d Line. 

A X  

FIGURE 1 



ax 
The.0fte.m. Let X = X ( t )  E such t h a t  - i n  a neighborhood of t =. to 

dt kx 
e x i s t s .  Let f be an inversion on E, with t h e  equation Xf = Y = - . 
Then 11 x 112 

&y 1 
I t  i s  c l e a r  t h a t  Ã = -*AX i s  a l s o  a vec tor  p a r a l l e l  t o  t h e  chord. We 

A t  2 , i f  t h e  define t h e  de r iva t ive  of X with respect  t o  t t o  be l i m  = - 
a A t + O  

l i m i t  e x i s t s .  The l i n e  p a r a l l e l  t o  t h e  vec tor  - a t  t h e  endpoint of X d t  
is  c a l l e d  t h e  tangent  l i n e  a t  X. 

5.  The. Ve-^ivativr 0 4  an 1nne.t PtodUWt 
<a d 

Let X = X( t )  and Y = Y(t)  and a l s o  l e t  and e x i s t .  Then - (I,!) d t  dxsa 
Proof. In s ec t ion  5 we have shown t h a t  - and - a r e  vec tors  p a r a l l e l  d t  dt ax 

t o  t h e  tangent  l i n e s  of  C and V .  Let a be t h e  angle between X and - , 
dY d t  

and B be the  angle between V and ,r. Then s ince  Y = Xf ~ X / I I X I I ~ ,  

e x i s t s  and 

This can e a s i l y  be shown. F i r s t  we l e t  X = ( ~ ~ , x ~ , - ~ * , a ; ~ )  and 

Y = (y l ,y2 ,*-m,yn) .  Then (X,Y) = (xiyl + x2y2 + * - .  + x n y n ) and 

cos 8 = 

Dif fe ren t i a t i ng  Y = - gives 
\\ X 112 Therefore 

6 .  Con&ohmaL PtopWLy of, Tnue~iionb 

If X describes a curve C and Y descr ibes  t h e  image curve V under t h e  

inversion f, then t h e  following theorem s t a t e s  t h a t  C and 9 make equal  

angles with t h e  l i n e  OX ( s ee  Figure 2 ) .  The proof f o r  t h e  two dimensional 

case is given i n  [l, p. 471. 

Now we compute Ilgll. One observes t h a t  

Therefore 

Next we see  t h a t  

Subs t i t u t i ng  (2)  and (3 )  i n t o  ( 1 )  gives 

cos i3 = --kya/ I X I I ~  lml - ~II%II  
11 x 112 

FIGURE 2 



This proves t h e  theorem and shows t h a t  f? = u - a .  

= k2 
T h & o ~ .  Let X = X ( t ) ,  X = X ( t )  e E have der ivat ives  i n  a neigh- 

1 1  2 2 - 1mi4 
borhood of  t = to. Let f be an inversion on E such t h a t  

Now we see t h a t  

KX, x f = y  = -  '5 
X2f = Y = - 

1 2 
1̂ (̂  

Then a t  X = X 2  = X ,  i .e . ,  t h e  point  of  in tersect ion on X = Xl(t) and 
1 - 

x = X ( t ) ,  we have 
2 2 

(This means t h a t  f is a c o n f o m a L  o r  angle-preserving mapping.) 

Proof .  Note t h a t  

and 

One obtains,  a s  i n  the  proof of the  previous theorem, 

Therefore, 

Therefore, 

Consequently, 

* 

gx. ^ ($2) (2% &) = k2 11x1t 

Thus the  transformation is conformal. 

7. Pmduct 0 6  Inve~4ionh 
Let f and g be two inversions on E such t h a t  



klx x f = - -  Y and Yg=--  k2y - ,Z . 
x Y 

Then 

We observe t h a t  fg is  not an inversion since the  r a t i o  k / k  i s  independent 

of X. We a l s o  note t h a t  i n  general fg # gf since 

kYX * 

Therefore, the  s e t  of inversions having a common pole on E is not closed 

under multiplication. In order t o  obtain a group of transformations we 

s h a l l  turn  t o  another c lass  of transformations. 

. VUjOtoAconA . 
Let A # 0, k # 0, and A â E. Then we define the  transformation f 

on E by the  rule  Af = B i f f  B = kA. The transformation f is cal led a 

d i l a ta t ion  on E with center 0 and r a t i o  k. (See [l, p. 311 and [5, 681. )  

One can eas i ly  show t h a t  a d i la ta t ion is  a conformal transformation. 

Since the proof is very simple, we omit it. 

The.0ie.m ( A  con~omal i  g ~ o u p ) .  Let {f} be the  s e t  of  a l l  inversions 

and di la ta t ions  on E. Then {f ,* is  a group. 

Proof. We have already proved t h a t  the  product of two inversions 

is a di la ta t ion.  (See section 7.) We s h a l l  study other products, 

Let f and g be two d i l a ta t ions  given by Xf = klX and Xg = k2X. Then 

we observe t h a t  Xf'g = (klk2)X. Thus the product of two d i l a ta t ions  is 

a di la ta t ion.  

Let f be the inversion given by Xf = kX/\\XI2 and g the  di la ta t ion 

given by Xg = hX. Then Xf. fg) = (Xf)g = hk~/ l lxI l~ .  Similarly, 

Thus the  product of an inversion and a di la ta t ion is an inversion.. -- - 
Note tha t  we may obtain a function which looks l i k e  an inversion 

with a negative power. Thus we s h a l l  study 

If we l e t  Xfl = kX/llxIl2 and Xf2 = (-1)X, then [Xfl]f2 = (-l)Xf^ 

= -kX/IIxl12 = Xf. Thus f = f1f where f is an inversion and f is a 
1 2 

d i l a ta t ion  of r a t i o  -1. Consequently {ft is  closed under products. 

Let f 6 if}. We s h a l l  show t h a t  f-l e x i s t s  and f-l â {f}. Let 

Xf = Y. Then there  a re  two cases: 

( i )  In section 3 we have shown t h a t  the inverse of an inversion is 

i t s e l f .  
1 ( i t )  Let f be a di la ta t ion.  Then Xf = hX, and x f l  = -r X. Thus 

f 1  e x i s t s  and f 1  â {f}. 

Consequently, {f} is a group under multiplication [4, p. 115, 1271. 

9 .  The. T m < o m n  0 6  a ffypapiane.. 

A hyperplane i n  E has an equation of the  form 

alxl + a2xs + * *  + anxn = c . ' (1)  

Let ( a l , -* -  ,an) = A and (xl,---  ,xn) = X. Then (1)  becomes (A,X) = c .  

Consider the  inversion 

Then the  transform of (1)  by f w i l l  be 

This w i l l  become (kA,Y) = ell yI12. 

Two cases may be considered: 
A 

( i )  If e = 0, we get k(A,Y) = 0 which is the same hyperplane a s  

(A,X) = 0. 

( i i )  I f  c # 0, then we obtain the  hypersphere k(A,Y) = C I I Y I I ~  with 

center kA/2o and radius I k/2o I II A II and which contains 0. 
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10. The. Tfulfillf,om of, a ffyp~ihphe~e.. 

The equation of a hypersphere i n  E i s  11 X - C \  = r .  We can write 1 

equation a s  (X - C, X - C) = r2. Expanding t h i s  we obtain 

Now consider the  inversion X = ~ Y / I ~ Y I I ~ ,  Y # 0. Then t h i s  inversion 

transforms (1) i n t o  

Two cases may be considered: 
k 

( i )  I f  11C11 = P, then (2) w i l l  become (C,Y) = , 
which is a hyperplane. 

( i i )  I f  11C11 # r, then ( 2 )  w i l l  become the  hypersphere 

There i s  one specia l  case which i s  important. Let the  hypersphere 

be IIXII = i/k. Then the inversion preserves t h i s  par t icular  hypersphere; 

t h a t  is, applying X = kY/IlyII2, Y # 8, we obtain IIYll = k̂. Thus t h i s  

hypersphere is invariant under the  inversion. 
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HYPERPERFECT NUMBERS 

by V 0 f U . d  M.inoLL and Robert  Bern * -- - 
P o L y t e c h ~ c  In&tuLud-e. o f ,  N e w  Yo& 

In t h i s  paper we generalize the  concept of perfect number; some basic 

properties a re  given, along with a few conjectures. 

Ve.f,i&on. Let e be a divisor of m;  e is said  t o  be a proper di- 

visor i f  1 < e < m. 

Ve.&iniXion. An integer  m is n-hyperperfect i f  

m = l + n Z d i  

where the  summation is  taken over a l l  proper divisors of m. 

I t  is  c lea r  t h a t  1-hyperperfect and perfect a re  equivalent concepts. 

An n-hyperperfect number is  highly deficient.  

The.o/ie.m 1 .  If j l m  with 1 < j s n ,  then m i s  not n-hyperperfect 

(n > 1 ) .  

Proof. Say j = m. Then m s n ,  so t h a t  m # 1 + n Edi. Say now t h a t  

j is a proper divisor of m. Thenm/j is also  a proper divisor  of m. Con- 

sider  

where the  dots indicate other divisors of m. Since j 5 n ,  s > m and so 

the def ini t ion is not sa t i s f i ed .  In conclusion, m is not n-hyperperfect, 

as  was t o  be proved. 

CO~O&&LY 1 .  I f  m is  even, then m is  not n-hyperperfect since it has 

n > 1. 

Proof. I f  m i s  even, 2 \ m .  By Theorem 1, m cannot be n-hyperperfect 

f o r  n > 2 .  



A prime number p is  obviouslynot  n-hyperperfect s ince  it has no proper 

d iv i so r s  and 

p > 1 + n - 0  

Simi lar ly ,  i f  m <Â n then m is not n-hyperperfect. This follows s ince  

m < 1 + m Z d i  < 1 + n Z d i  . (mnon prime) 

I t  should be observed t h a t  i f  m i s  n-hyperperfect, then m Z 1 mod n .  

Th~ofuurn 2. An n-hyperperfect number ( n  > 1 )  cannot be a power of a 

prime. 

Pmof. Let m = pk be n-hyperperfect . Then p ,  p2,  , pk-l a r e  

proper d iv isors .  We know t h a t  

so  t h a t  

This implies 

Case 1. n 2 p. Impossible s ince  then m has a d iv i so r  p with p <- n 

(Theorem 1 ) .  

Case 2. Hence n = 2,3 , .*- ,p  - 1; by hypothesis 

This implies 

This implies 0 2 1 - p. Since p > 1, t h i s  is  a cont radic t ion .  Therefore,  

m # pk, completing t h e  proof. 

The-oiem 3. Let m = pq with p , q primes, be n-hyperperfect . Then - 
t h e  following r e l a t i o n  must hold: n < p c 2n < a. 

Proof. Let p < q. Thus . - 

from which follows t h a t  p S 2n. Now p # 2n, otherwise 2lm, which is a 

cont radic t ion  o f  Corollary 1. F ina l ly  p < In .  S imi lar ly ,  pq > 1 + 2np, 

so t h a t  

Pa 2 2%' 

and thus  

q 2 2 n ;  

a s  above, q # 2n so  t h a t  q > 2n. Also (p  - n ) q  = 1 + np > 0,  implying 

p - n > O  o r  p > n ,  a s  was t o  be proved. 

Of course t h i s  theorem says nothing about more genera l  n-hyperperfect 

numbers of  t h e  form pyl p> * * *  pzk. In  view o f  t h e  cons t r a in t s  imposed 

by Theorem 1, l imi t ing  t h e  number o f  candidates f o r  n-hyperperfection, it 

is  n a t u r a l  t o  ask i f  f o r  any given n t h e r e  e x i s t s  a t  l e a s t  one hyperper- 
1 f e e t  number. For example, l e t  M be some pos i t i ve  i n t ege r ;  T M  - P numbers 

a r e  candidates f o r  2-hyperperfection (P = number of  primes between 2 and 
1 1  M I ;  only - M  - - M  - P numbers a r e  candidates f o r  3-hyperperfection ( s ee  2 6 

Theorem 1 ) .  Also, having f ixed  M, t h e  number o f  candidates f o r  n-hyper- 

per fec t ion  decreases t o  zero a s  n approaches M. 

The search conducted by t h e  authors ,  i n  which t h e  i n t ege r s  between 

2 and 25,000 were inves t iga ted ,  gives t h e  following r e s u l t s  ( t a b l e  ex- 

haustive t o  25,000). 



An as tonish ing  r e l a t i o n  e x i s t s  between n-hyperperfect numbers and 

general ized Mersenne numbers-for which we d iscuss  here only t h e  second 

degree extension.  

2 and 4,782,963 x 4,348,905 is  contingent  upon s e t t l i n g  t h e  necessary 

p a r t  of t h e  theorem. 

Prime? 
t 

Ve6-uu^-on, L e t t  be an in teger .  I f  3 - 2 is prime, then  3t-1(3t - 2) 

i s  ca l l ed  a second degree Mersenne number and 3 - 2 a Mersenne prime. 
No 
Yes 
No 
Yes 
Yes 

Observe t h e  s i m i l a r i t y  with t h e  r egu la r  Mersenne numbers defined a s  

2*-'(2* - 11,  f o r  2* - I prime. 
Yes 
No 
No 
Yes 
No 

Theohem 4. I f  f o r  some A ,  3 ( 3  - 2) is  a second degree Mersenne 

number, then m = 3 ( 3  - 2) is 2-hyperperfect. 

Proof. Let m = $-'(3 - 2 ) ;  we want t o  determine xd.. It is known 

from number theory  t h a t  i f  (a ,b)  = 1 then a(a ,b)  = a(a)u(b) .  

By assumption on 3 - 2,  (3*-', 3 - 2) = 1. Then 

t u(m) = ~ [ ( 3 * ' ) ( 3 ~  - 211 = a ( 3 * l ) a ( 3  - 2) 

= (J(3t-1)[(3t - 2) + 11 , 

s ince  3 - 2 is  prime. Now, 

1 - 3 *  1 t o(3*-1) = ( 1  + 3 + . . . + 3*-I) = - = - ( 3  - 1)  1 - 3  2 

We caution t h e  reader  from i n f e r r i n g  t h a t  

t 
( 1  + klt"[(l + k)  - k l ,  k = 1 , 2 , 3 , - w e  

w i l l  always be s u f f i c i e n t  t o  generate k-hyperperfect numbers; i n  f a c t ,  

1 2 
so  t h a t  u(m) = (3' - 1) . Now 

1 + 2 Edi = 1 + 2[a(m) - m - 11 

it is not ,  though it w i l l  work i n  c e r t a i n  s i t u a t i o n s .  The process of 

deriving appropriate Mersenne genera l iza t ions  is  an in t r i gu ing  and d i f-  

f i c u l t  t a s k ,  and is  discussed a t  length  by t h e  authors elsewhere. We 

conclude with two conjec tures  : 

? 
Conje.ftuhe. 1 .  For a l l  n, t h e r e  e x i s t s  a t  l e a s t  one n-hyperperfect 

number. 
4 

Conje.etuhe. 2.  The converse t o  Theorem 4 i s  t rue .  
Factoring,  

Hence m is 2-hyperperfect, ending t h e  proof. 

Whether t h e  above condit ion i s  a l s o  necessary has not  been es tabl i shed .  

The t a b l e  below shows how t h e  2-hyperperfect numbers can be generated; 

t he  quest ion whether t he se  a r e  t h e  only 2-hyperperfect numbers between 



THE HEIGHT OF THE LATTICE OF FINITE TOPOLOGIES 

by RoLand E. L m o n  
B e h w i d  CoUe-ge of, PmyLvavu^L State. Un ivWs^y  

Several a r t  i c l e s  have appeared concerning t h e  l a t t i c e  of topologies 

on a f i n i t e  s e t .  Many o f  these  papers dea l  with counting procedures f o r  

d i f f e ren t  types of topologies definable on n elements. For example, t h e  
n l a t t i c e  o f  topologies on a s e t  containing n elements has 2 - 2 atoms and 

n2 - n anti-atoms. 

Example 1. I f  n is equal  t o  th ree ,  t h e  following diagram taken from 

(9) i l l u s t r a t e s  t h a t  both o f  these  formulas y i e ld  s i x .  

A s  indicated by the  diagram, the re  a r e  29 topologies definable on a f i n i t e  

s e t  of t h ree  elements. I f  t he  f i n i t e  s e t  cons i s t s  of t he  elements a ,  b ,  

and c ,  then t h e  topologies labeled 1 through 7 i n  the  diagram a re  a s  

follows : 

(1 )  The d i sc re t e  topology. 

i 0 ,  Cal, [b l ,  [ e l ,  [a ,b l ,  [ a , e l ,  [b ,c l ,  [a,b,cl} 

( 2 )  One of t he  s i x  anti-atoms. 

{0, [a], Cbl, [ a , b l ,  [b ,e l ,  C a \ b a ~ l l  

( 3 )  {0, [a], Cbla [ a a b l a  C a a b , ~ l }  

The two chains 

and 

a re  both maximal i n  the  sense t h a t  no o ther  topologies may be included i n  

e i t h e r  of  t he  two chains. However, the  f i r s t  is a chain of maximal length ,  

i n  t h i s  case 6,  while t h e  second i s  not .  

We can observe from the  diagram t h a t  t h e  maximum chain length i n  

t h i s  l a t t i c e  is  a l s o  s ix .  This maximumlength i s  ca l l ed  the  h e h t  of  t he  

l a t t i c e .  We w i l l  show i n  t h i s  paper t h a t  t h e  height  of  t he  l a t t i c e  of 

topologies on n elements is (n2 + n) /2 .  

1 .  Notat ion and Ve.f . ini tWni 
For a de f in i t i on  of a l a t t i c e ,  we r e f e r  t h e  reader  t o  (1 )  o r  any of 

severa l  o ther  standard t e x t s  on l a t t i c e s .  

Vef,ivbition. If L is  a l a t t i c e  and C is a subset  of L a  then C is a 

chain i f  f o r  every x ,  y Â C e i t h e r  x s y o r  y s, x .  The length of the 

chain C is  siinply i t s  ca rd ina l i t y .  

F i n i t e  l a t t i c e s  can be represented by diagrams, as  seen i n  Example 1. 

In  these  diagrams, t h e  l a t t i c e  ordering of x & y is  indica ted  by placing 

x lower than y and connecting them with a l i n e .  

Ve{,ivbition. A chain C i n  a l a t t i c e  L is ca l led  maximal if by 

adding any o ther  elements o f  L t o  C, C is no longer a chain. 

Vef,-wition. If L is  a l a t t i c e ,  then t h e  height  of  L is t h e  maximum 

length of a chain i n  L. 
d 

ExUMp& 2 .  Note t h a t  it is  possible t o  have maximal chains o f  d i f-  

ferent  lengths.  A simple example is  i l l u s t r a t e d  i n  the  diagram below: 



This  l a t t i c e  has  a h e i g h t  o f  f o u r ,  bu t  a long wi th  a maximal cha in  of l e n g t h  

f o u r ,  it a l s o  has  a maximal cha in  o f  l e n g t h  t h r e e .  

V e d L f i o n .  If L is  a l a t t i c e  with l e a s t  element 0 ,  then  a is  c a l l e d  

an atom o f  L i f  0 < c S a impl ies  c = a .  The d u a l  n o t i o n  o f  an atom is 

c a l l e d  an anti-atom. 

I f  X i s  a s e t ,  t h e n  we use z(X) t o  denote t h e  l a t t i c e  o f  topolog ies  

on X under t h e  o r d e r i n g  o f  s e t  i n c l u s i o n .  In  t h i s  paper ,  we w i l l  assume 

t h a t  X is f i n i t e .  

I n  t h e  proof  o f  o u r  main theorem, we w i l l  r e l y  h e a v i l y  upon F r S h l i c h ' s  

u l t r a t o p o l o g i e s  [51 which form t h e  ant i- atoms i n  S(X). If X is f i n i t e ,  

t h e  ant i- atoms i n  z(X) a r e  p r e c i s e l y  t h e  u l t r a t o p o l o g i e s  of t h e  form: 

T(a,b)  = [G c - X 1 a 9 G o r  b G I .  

F rShl ich  has shown t h a t  T(a,b)  = T(c,d) i f f  a = c and b = d, and t h a t  

S(X) is an t i- a tomic ;  t h a t  is, any topology i n  may be w r i t t e n  a s  t h e  

i n t e r s e c t  ion  o f  ant i- atoms . 
Maximal cha ins  i n  S(X) may be n i c e l y  represen ted  by sequences of 

u l t r a t o p o l o g i e s  i n  Z(X) a s  fol lows.  Assume we have a maximal cha in  i n  

S(X) o f  l e n g t h  k :  [.9,X] = Tl & T 2  C T = P(A'). Tk-l must be  an u l t r a -  - k  
topology,  s a y  T ( a , b )  and Tk-2 must be t h e  i n t e r s e c t i o n  o f  t h i s  u l t r a -  

topology wi th  ano ther ,  say  T - T ( a , b )  n T(a2 ,b2) .  We may cont inue 
2-2 - 

t h i s  p rocess  t o  o b t a i n  a sequence o f  u l t r a t o p o l o g i e s  such t h a t  T k -m 
= T ( a  ,b ) 11 T(a2,b2) n n T ( a , b ) .  There w i l l  b e  e x a c t l y  k - 1 

1 1  
u l t r a t o p o l o g i e s  i n  t h i s  sequence s i n c e  t h e  d i s c r e t e  topology P(X) i s  

g r e a t e r  than  any u l t ra topology .  

Ve,jLn-iUon. A sequence [Tl,T2 ,- *. ,Tn] o f  u l t r a t o p o l o g i e s  i n  2(X) 

is  <ndepen&nt i f  f o r  every  k s n ,  n[Ti 1 i < k l  # n[Ti 1 i s k l .  A se-  

quence which i s  n o t  independent is  c a l l e d  dependent. 

Example. 3.  The sequence [T(a ,b) ,  T ( a , c ) ,  T(a,d)  I is independent a s  

long  a s  a ,  b,  c, and d a r e  d i s t i n c t .  

Example 4 .  The sequence [T(a ,c ) ,  T ( c , b ) ,  T ( a , b ) l  is dependent s i n c e  

T(a ,c )  n T(c ,b)  = T(a ,c )  n T(o,b) n T(a ,b) .  This  example does no t  -depend 

upon t h e  s e t  X a s  long  a s  X has  a t  l e a s t  t h r e e  elements .  Note t h a t  the " 

o rder  o f  a sequence o f  u l t r a t o p o l o g i e s  may be c r i t i c a l  t o  i t s  dependence 

o r  independence. I n  t h i s  example, i f  we r e o r d e r  t h e  sequence t o  produce 

[ T ( a , c ) ,  T ( a , b ) ,  T ( c  ,b) I ,  we o b t a i n  an independent sequence. 

Ve&in-c-fccon. If S is a sequence of u l t r a t o p o l o g i e s  i n  S(X),  then  by 

t h e  b a s i c  s e t  of t h e  sequence we mean t h e  s e t  o f  a l l  a ,  b 
X such t h a t  

T(a ,b )  e 5. 

2 .  Hexgfct o<( Â£(X 

Theomm 1 .  If X is f i n i t e  and i f  an independent sequence o f  d i s t i n c t  

u l t r a t o p o l o g i e s  i n  S(X) possesses  a b a s i c  s e t  c o n t a i n i n g  n elements ,  then  

t h e  sequence c o n t a i n s  a t  most [ (n2  + n ) / 2 ]  - 1 u l t r a t o p o l o g i e s .  

Proof. The proof is  by induc t ion  on n .  I f  n = 2,  t h e  only pos- 

s i b l e  u l t r a t o p o l o g i e s  i n  t h e  sequence would be o f  t h e  form T(a,b)  and 

T(b ,a ) .  Since f o r  n = 2 ,  [ (n2 + n ) / 2 ]  - 1 = 2 ,  t h e  result is obvious. 

I f  n = 3 ,  {.(.n2 + n) /2]  - 1 = 5 and s i n c e  t h e r e  a r e  a t  most s i x  d i s t i n c t  

u l t r a t o p o l o g i e s  i n  a sequence whose b a s i c  s e t  has  t h r e e  elements ,  it is 

c l e a r  t h a t  any sequence o f  more t h a n  f i v e  d i s t i n c t  u l t r a t o p o l o g i e s  i s  

dependent s i n c e  it would conta in  a subsequence l i k e  t h a t  o f  Example 4. 

We w i l l  assume t h e  theorem t o  be t r u e  f o r  n - 1. That i s ,  any in-  

dependent sequence having a b a s i c  s e t  o f  n - 1 elements cannot have 

[ ( n  - 1)' + ( n  - 1) ] /2  d i s t i n c t  u l t r a t o p o l o g i e s .  

Assume S = [ T ( a , f c ) ,  T(a2 ,b2) ,  *-â , T(ak,bk) I is  a sequence o f  d i s -  

t i n c t  u l t r a t o p o l o g i e s  i n  Â£(X where k = (n2 + n ) / 2 ,  and assume t h a t  t h e  

b a s i c  s e t  o f  S c o n t a i n s  n elements .  

Case 1. I f t h e r e  e x i s t s a n  elementmsuch tha tmappearsnor less t imes  

a s  e i t h e r t h e  f i r s t  o r  second element i n  t h e  r e p r e s e n t a t i o n  o f  t h e  u l t r a -  

t o p o l o g i e s ,  t h e n  t h e r e  would be a t  l e a s t  [ (n2  + n) /2]  - n u l t r a t o p o l o g i e s  

i n  S whose r e p r e s e n t a t i o n s  involved only t h e  remaining n - 1 elements o t h e r  

than m .  Since [ (n2  + n ) / 2 ]  - n = [(n - 1) '  + ( n  - 1 ) ] / 2 ,  we may apply 

t h e  induc t ion  assumption t o  t h i s  subsequence involv ing  t h e  n - 1 elements 



o t h e r  t h a n  m t o  conclude t h a t  t h e  subsequence is  dependent. I t  i s  e a s i l y  

seen  t h a t  any subsequence o f  an independent sequence must be  independent;  

t h e r e f o r e ,  we conclude t h a t  S is dependent. 

Case 2. If every  element o f  t h e  b a s i c  s e t  o f  S appears  e x a c t l y  n + 1  

t imes  i n  t h e  r e p r e s e n t a t i o n  of t h e  u l t r a t o p o l o g i e s  i n  S,  t h e n  we w i l l  

focus upon t h e  u l t ra topology  T(ak,bk). Note t h a t  no element i n  t h e  b a s i c  

s e t  can appear  more t h a n  n t 1 t imes  i n  t h e  r e p r e s e n t a t i o n  o f  t h e  u l t r a -  

topolog ies .  We l e a v e  t h i s  v e r i f i c a t i o n  f o r  t h e  r e a d e r .  Since a, could  

o n l y  have appeared i n  t h e  second p o s i t i o n  i n  a t  most n - 1 u l t r a t o p o l o g i e s  

i n  S, t h e r e  must e x i s t  some a S. X such t h a t  a # b and T(ak,a)  Â S. If 
k 

T(a,bk) S, then  n[T(aiybi) 1 i < k l  = n[T(a, ,b . )  1 i 5 k l  and t h e  proof  
2 2  

would be complete. Therefore,  assume T(a,bk)  9 5. We a l s o  assume t h a t  

t h e  subsequence [T(x,y) e S 1 x,y # a,.] is  independent ,  s i n c e  i f  it were 

dependent, t h e n  S would be  dependent. However, by a d j o i n i n g  T(a,b ) a s  
k 

t h e  f i n a l  term of t h i s  subsequence, we o b t a i n  a sequence on [ (n  - 1 l 2  

+ (n - 1) ] /2  elements  whose b a s i c  s e t  has  only n - 1 elements .  A s  i n  

Case 1, we can  apply  o u r  induc t ion  assumption t o  conclude t h a t  t h i s  new 

sequence i s  dependent. S ince  t h e  subsequence without  T(o,b ) was inde-  
k 

pendent b u t  w i t h  T(a,bk)  is  dependent, t h e  fol lowing i n t e r s e c t i o n s  must 

be equal :  

C a l l  t h i s  topology T and l e t  T = n[T(a. ,b.) 1 i Â¥ k l .  We c la im t h a t  
2 2 

T n T(ak,bk) = T2. To s e e  t h i s ,  choose G â 5. By t h e  i n c l u s i o n  

T 5 T 5 T(c,bk) we know t h a t  G e T(c ,bk) .  Also, we know T 5 T(ak , a )  
2, 

which impl ies  t h a t  G T(a  , a ) .  A s  i n  Example 4 ,  t h i s  impl ies  G e k 
T(a  b and our  p roof  is  complete. 

k '  k 

C o ~ & k A ~ .  If X has n elements ,  t h e n  every  c t a i n  i n  z(X) has  a l e n g t h  

o f  a t  most (n2 + n ) / 2 .  

T~Â£oA. 2 .  I f  X = [ 1 , 2 , * * -  ,%I t h e r e  e x i s t s  a chain o f  l e n g t h  

(.n2 + n) /2  i n  S(X). 

Proof. We claim t h a t  t h e  fol lowing sequence o f  u l t r a t o p o l o g i e s  is  

independent : 

V e r i f i c a t i o n  o f  t h i s  claim is messy, b u t  s t r a i g h t f o r w a r d .  We w i l l  

This  sequence has n - 1 u l t r a t o p o l o g i e s  whose f i r s t  term i s  1, n - 1 

whose first term is 2, n - 2 whose f i r s t  term is 3, and s o  on. Therefore ,  

we have ( n  - 1 )  t ( n  - 1 )  + ( n  - 2) + --â + 3 t 2 t 1 = [(n2 + n ) / 2 ]  - 1 

u l t r a t o p o l o g i e s  i n  t h e  sequence. S ince  P(X), t h e  d i s c r e t e  topology,  i s  

g r e a t e r  t h a n  any o f  t h e s e  u l t r a t o p o l o g i e s ,  we may form a cha in  o f  l e n g t h  

(n2 + n ) / 2 .  

The combination o f  t h e  f i rs t  two theorems b r i n g s  us t o  our  t h i r d  

i n d i c a t e  a method of proof  by t h e  fo l lowing  t a b l e .  If t h e  sequence is 

r e l a b e l e d  [Tl,T2,*** ,T 1, t h e n  by G we mean a s e t  G T n T2 n k 
n Tm-l such t h a t  Gm $? Tm. 

- . - A- 

theorem. 

T11evke.m 3. The he igh t  o f  t h e  l a t t i c e  o f  t o p o l o g i e s  on n elements 

is (n2 + n) /2 .  

> .  

The fo l lowing  t a b l e  compares f o u r  d i f f e r e n t  dimensions o f  SCX) f o r  

* * -  

--â 

T(2,3)  

c21 

T ( l , n )  

[1 ,2 ,* - - ,n  - 11 

- - -  
* * -  

number o f  
t o p o l o g i e s  r6 1 

4 
29 

355 
6942 

209527 
9535241 

646555994 

T ( l , 3 )  

[1,21 

'm 

Gm 

h e i g h t  

3 
6 

10 
1 5  
2 1 
2 8 
36 

number 
o f  atoms 

2 
6 

14 
30 
6 2 

126 
2 54 

T(1,2)  

[ll 

number of 
ant i- atoms 

2 
6 

1 2  
2 0 
30 
42 
5 6 



One i n t e r e s t i n g  s ide  r e s u l t  concerning chains of  maximal length  i n  

Â £ ( I  is t h a t  they  cannot contain a non- t r iv i a l  p a r t i t i o n  topology. By 

glancing back a t  t h e  diagram o f  Z(X) where X = [ a ,b , c I ,  we see  t h a t  t h e  

t h r e e  topologies  i n  t h e  center  of t h e  l a t t i c e  which a r e  not  contained i n  

a chain of maximal length  a r e  t h e  p a r t i t i o n  topologies 10, [b l ,  [ a , c l ,  X I ,  

10, [a], Cb,cl, XI, and 10. [el, [ a ,b l ,  X I .  

Ve,$b&i.on. A topology on X is  c a l l e d  a p a r t i t i o n  topology i f  t h e  

minimal open s e t s  of t h e  topology form a p a r t i t i o n  on X. P a r t i t i o n  topol-  

ogies  a r e  ca l l ed  symmetric topologies i n  (7) .  

Th tmrn  4. A chain of maximal length  i n  Z(X) cannot contain a non- 

t r i v i a l  p a r t i t i o n  topology. 

Proof. Assume P(X) = To, T ,  * a - ,  Tk = [@,XI is t h e  chain and as- 

sume t h a t  it is represented by a sequence of  u l t ra topologies  s = 

[ T ( a , b ) ,  - * *  , T(ak,bk)] where T = T(a ,b ) n n T(a .,b .). Assume 3 1 1  33 
t h a t  Ti, i # 0,  i # k ,  is  a p a r t i t i o n  topology. Since T .  i sgnon- t r i v i a l ,  

1, 

t h e r e  must be a t  l e a s t  two d i s t i n c t  minimal open s e t s  i n  t h e  p a r t i t i o n  and 

one of  them must have a t  l e a s t  two elements. Say t h e  p a r t i t i o n  i s  

[ P  ,P2, , P I  where P = [pl ,p2, ,pp]. The sequence of  u l t ra topologies  
- 

has t h e  property t h a t  i f  j < i, then a .  and b .  a r e  both i n  t h e  same 
3 3 

equivalence c l a s s  i n  t h e  p a r t i t i o n .  Since r < n - 1, we know one of  t h e  

members of P ,  say p ,  appears a t  most n - 1 times a s  some a o r  b .  where 
j 3 

j i. We may a l s o  assume t h a t  i f  i < j, then  a .  # pl  and b .  # pl. If 
3 3 

e i t h e r  a o r  b . were equal  t o  p they  could be replaced by p .  F ina l ly ,  
li 3 1 

t h e  sequence [T(x,y) â s 1 x,y # p ]  can have a t  most [ (n  - 1 I 2  
+ (n - 1)]/2 - 1 elements, and s ince  pl appeared a t  most n - 1 times i n  

t h e  sequence S, t h e r e  is a t  most [(n - 1 I 2  + (n - 1)] /2  - 1 + (n - 1 )  

= [(n2 + n) /2 ]  - 2 u l t ra topologies  i n  t h e  sequence. Therefore,  t h i s  se-  

quence could not  generate a chain of  maximal length  and we have a contra-  

dic t ion .  This completes t h e  proof. 
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ANOTHER PUZZLE 

The day before h i s  execution a pr i soner  was brought before t h e  

king. The people were demanding execution, bu t  t h e  high cour t  

was seeking a s t a y  of  execution i n  favor of  a l e s s e r  penalty.  

The king decided on a compromise i n  t h e  form of a wager. The 

pr i soner  was presented t h r e e  urns ,  1 black b a l l  and 23 white 

b a l l s ,  and was t o l d  t h a t  t h e  next  day th ree  palace guards would 

be bl indfolded and would independently take  a b a l l  from one of 

t h e  urns ,  without rep lac ing  t h e  b a l l .  The pr i soner  was t o  be 

allowed t o  d i s t r i b u t e  t he  b a l l s  i n  t h e  urns. If t h e  black b a l l  

was chosen by any one of t he  t h r e e  guards, he was t o  be executed, 

How should the  pr i soner  arrange t h e  b a l l s ?  

INITIATION CEREMONY 

The e d i t o r i a l  s t a f f  of  t h e  Journal  has prepared a spec i a l  publica- 

t i o n  e n t i t l e d  Ini t-kztion R i tua l  f o r  use by l o c a l  chapters  containing de- 

t a i l s  f o r  t h e  recommended ceremony f o r  i n i t i a t i o n  of  new members. 1.f 
d 

you would l i k e  one, w r i t e  t o :  

Dr. David C. Kay 
Edi tor ,  P i  Mu Epsilon Journal  
601 Elm Avenue, Room 423 
The Universi ty of  Oklahoma 
Norman, Oklahoma 73069 



MATRIX MULTIPLICATION A S  AN APPLICATION O F  
THE PRINCIPLE O F  COMBINATORIAL ANALYSIS 

The pvk ' ip l e  of combInatoria2 d y s i s  s t a t e s  t h a t  if t h e r e  a r e  two 

events  A and B which a r e  independent ( t h a t  i s ,  t h e  outcome o f  n e i t h e r  

event  depends on t h e  outcome of t h e  o t h e r ) ,  t h e r e  a r e  m p o s s i b l e  outcomes 

f o r  even t  A ,  and t h e r e  a r e  n p o s s i b l e  outcomes f o r  even t  B, t h e n  t h e r e  

a r e  m-n t o t a l  outcomes f o r  t h e  two events  A and B. For example, i f  a  

s tudent  is  t o  t a k e  an examination c o n s i s t i n g  o f  two problems, one problem 

from a l i s t  A o f  t h r e e  problems and one problem from a l is t  B o f  f i v e  

problems, t h e n  t h e  t o t a l  number o f  p o s s i b l e  examinations is 3-5  = 15. 

It t h e r e f o r e  fol lows t h a t  i f  A ,  A 2 ,  - - - ,  A a r e  k even ts  which a r e  p a i r -  
k  

wise independent ( t h a t  is,  every  two e v e n t s  a r e  independent) and t h e r e  

a r e  a p o s s i b l e  outcomes f o r  A f o r  I = l , 2  ,- ,k, t h e n  t h e  t o t a l  number 
I i' 

of outcomes f o r  a l l  k e v e n t s  i s  a -a -- *ak. 3 
1 2  

A s  a somewhat d i f f e r e n t  i l l u s t r a t i o n  o f  t h i s  p r i n c i p l e ,  suppose we 

a r e  given t h r e e  s e t s  X, Y ,  Z o f  c i t i e s .  Suppose f u r t h e r  t h a t  t h e r e  a r e  

roads from c i t i e s  i n  X t o  some c i t i e s  i n  Y and roads  from c i t i e s  i n  Y t o  

some c i t i e s  i n  Z, bu t  no road  from any c i t y  i n  X t o  any c i t y  i n  Z ( t h a t  

i s ,  t o  t r a v e l  from a c i t y  i n  X t o  a  c i t y  i n  Z, one must pass  through a 

c i t y  i n  Y). I n  t h i s  c o n t e x t ,  we s a y  t h a t  a  " route"  f r o m  a  c i t y  x X t o  

a  c i t y  z  â Z c o n s i s t s  o f  a  road  from x t o  some c i t y  y â Y fol lowed by a  

road from y t o  a .  A s  a  more s p e c i f i c  example, assume t h a t  X = {x1,x2,x3}, 

Y = {yl,y2,y3,y4}, Z = {z1,z2,zy} and t h a t  t h e  var ious  roads a r e  a s  de- 

p i c t e d  i n  t h e  "graph" G o f  Fig. 1, where t h e  c i t i e s  a r e  represen ted  by 

' v e r t i c e s "  and t h e  roads  by "edges". 

The graph G o f  Fig. 1 is  s a i d  t o  model t h e  road  system c o n s i s t i n g  

o f  t h e  t e n  c i t i e s  and t h e  var ious  roads  between c e r t a i n  p a i r s  o f  c i t i e s .  

We now c o n s i d e r  t h e  number o f  r o u t e s  from a c i t y  i n  X t o  a  c i t y  i n  Z .  

The number o f  d i f f e r e n t  r o u t e s  from x, t o  a ,  f o r  example, can be d e t e r -  

mined by c a l c u l a t i n g  t h e  number o f  such r o u t e s  which pass  through each 

of  t h e  c i t i e s  y  
1' 

y , y ,  and y and adding t h e s e  f o u r  numbers. To 

c a l c u l a t e  each o f  t h e s e  f o u r  numbers, one can t h i n k  o f  employing t h e -  p r in-  

c i p l e  o f  combina tor ia l  a n a l y s i s .  There is  one road from x t o  yl  and one 

road from y 1 t o  zl ;  t h e r e f o r e ,  t h e r e  i s  1-1 = 1 r o u t e  from x t o  z  through 
1 

y .  In  a  l i k e  manner, we s e e  t h a t  t h e r e  a r e  0 r o u t e s  from a ;  t o  2 -  through 
1 - 

y ,  0 through y ,  and 1 through y .  Hence, t h e  t o t a l  number o f  r o u t e s  

from x t o  zl, i s  1 + 0 + 0 + 1 = 2. S i m i l a r l y ,  we can c a l c u l a t e  t h e  

number o f  d i f f e r e n t  r o u t e s  from x.  t o  a,, f o r  any x ( i  = 1 ,2 ,3)  and any I 
2, (k = 1 ,2 ,3) .  

FIGURE 1 

In  a  n a t u r a l  way, two mat r ices  A and B may be a s s o c i a t e d  with t h e  

graph G. The m a t r i x  A is a r e p r e s e n t a t i o n  o f  t h e  roads between X and Y ,  

and, i n  p a r t i c u l a r ,  A = [a. .I is  a 3-by-4 mat r ix ,  where a .is t h e  number 
23 I 3  

of  roads from x t o  yj. Since t h e r e  is one road  from xl t o  yl,  it fol lows 

t h a t  a ,  = 1. S i m i l a r l y ,  a l2 - - 1, a13 = 0 ,  a = 1, and, i n  f a c t ,  

(X t o  Y) 

The mat r ix  B i s  a  r e p r e s e n t a t i o n  o f  t h e  roads from Y t o  Z, namely, 

B = [b . .I is a 4-by-3 mat r ix ,  where b t o  t h e  number o f  roads from y t o  
t-3 I j i 

a s o  t h a t  3 



i s  t h e  number Since a i s  t h e  number o f  roads  from x  t o  yl 
11 and 

o f  roads from y t o  z ,  a -b i s  t h e  number o f  roads  from x  t o  2 
11 11 1% 

through y .  Hence, t h e  t o t a l  number of d i f f e r e n t  r o u t e s  from x t o  z 
1 

can be w r i t t e n  a s  

which we observed e a r l i e r .  Th is  i s  remin iscen t  o f  mat r ix  m u l t i p l i c a t i o n ;  

i n  f a c t ,  t h i s  number is c a l c u l a t e d  i n  p r e c i s e l y  t h e  same manner a s  t h e  

e n t r y  i n  row one, column one o f  t h e  product m a t r i x  C = A*B. The mat r ix  

C = [ e .  . I ,  t h e r e f o r e ,  is a 3-by-3 mat r ix  f o r  which e  is t h e  number o f  
I 

1-3 i j 
d i f f e r e n t  r o u t e s  from x  t o  z Hence, we f i n d  t h a t  i j' 

The foregoing  d i scuss ion  concerning road systems may be  extended s o  

t h a t  f o u r ,  f i v e ,  o r  more s e t s  of c i t i e s  a r e  involved.  There is  a par-  

t i c u l a r l y  i n t e r e s t i n g  consequence when f o u r  s e t s  o f  c i t i e s  a r e  considered.  

Let us suppose t h e r e  is a f o u r t h  s e t  W = {w1,w2,w3,w4} o f  c i t i e s  and t h a t  

t h e  road system i s  now r e p r e s e n t e d  by t h e  graph H o f  Fig. 2. (We say  

t h a t  t h e  graph G of F ig .  1 is a subgraph of H.) 
We now i n v e s t i g a t e  t h e  number o f  r o u t e s  from a c i t y  i n  X t o  a  c i t y  

i n  W. (By a  route from a c i t y  x â X t o  a  c i t y  w â W, we, o f  course ,  mean 

a  road  from x t o  some y â Y, followed by a  road from t h a t  y  t o  some z Â Z, 

which is  t h e n  followed by a  road from t h a t  z t o  w . )  Suppose we wish t o  

c a l c u l a t e  t h e  number o f  r o u t e s  from x t o  w .  We a l r e a d y  know t h a t  t h e r e  
1 

a r e  2 r o u t e s  from x t o  z .  Since t h e r e  is a road  from z t o  w ,  it f o l -  

lows by t h e  p r i n c i p l e  o f  combina tor ia l  a n a l y s i s  t h a t  t h e  number o f  r o u t e s  

from x t o  w through z is 2 - 1  = 2.  S i m i l a r l y ,  we s e e  t h a t  t h e r e  a r e  
1 1 1, 

1 - 0 - 0  r o u t e s  from x  t o  w through z2 and 2 - 1  = 2 r o u t e s  from xl t o  zJl 
1 1 

:hrough z3. Therefore,  t h e  t o t a l  number o f  r o u t e s  from x t o  wl i s  
1 

2 + 0 + 2 = 4. In  a  l i k e  manner, one can c a l c u l a t e  t h e  number o f  d i f -  

f e r e n t  r o u t e s  from xi t o  w g ,  f o r  any x (i = 1 ,2 ,3)  and any wg (E = 1 ,2 ,3 ,4 ) .  i 
We may now in t roduce  a  3-by-4 mat r ix  D = [d . . ]  t o  r e p r e s e n t  t h e  roads 

1-3 - 
retween Z and W, where d e q u a l s  t h e  number o f  roads  from z t o  w - *- i j  i j' 
From what we have now seen ,  t h e  number o f  d i f f e r e n t  r o u t e s  from a c i t y  

x X t o  a  c i t y  w W can be determined by c a l c u l a t i n g  t h e  product i 
Z = CD. The mat r ix  E = [e i j ]  is a 3-by-4 mat r ix  where eij  i s  t h e  number 

3f  r o u t e s  from x  t o  w We s e e  t h a t  i j' 

There is another  way o f  determining t h e  number o f  d i f f e r e n t  r o u t e s  

from xi t o  w .  If we were t o  e v a l u a t e  t h e  product F = BD, then  we s e e  

:hat F = [f. .I i s  a  4-by-4 mat r ix  where f i s  t h e  number o f  r o u t e s  from 
1-3 i j  

+ (i = 1 ,2 ,3 ,4 )  t o  W .  ( j  = 1,2,3,4) .  Therefore,  
3 

FIGURE 2 



We know t h e r e  is one road from x t o  y and one r o u t e  from y t o  0 1 
Thus, by the  p r i n c i p l e  o f  combina tor ia l  a n a l y s i s ,  t h e r e  is 1-1 = 1 r o u t e  

from x t o  u through y .  S i m i l a r l y ,  t h e  number o f  r o u t e s  from x t o  ul 
1 1 

through y,, is 1, through y is  0 ,  and through y4 is  2.  Therefore ,  t h e  
- 

t o t a l  number o f  r o u t e s  from x t o  w i s  1 + 1 + 0 + 2 = 4. In t h i s  manner, 
1 1 

we can determine t h e  number o f  r o u t e s  from xi ( i  = 1 , 2 , 3 )  t o  w .  ( j  = 1 , 2 ,  
1 

3,4) .  This ,  however, is equiva len t  1-0 c a l c u l a t i n g  t h e  product M = AF,  

where then  M = [m.  .] i s  a  3-by-4 mat r ix  and m is t h e  number o f  r o u t e s  
1-3 i j  

from x .  t o  !iÃ The c a l c u l a t i o n s  g ive  us  
-L j' 

O f  course ,  M = E s i n c e  M and E count t h e  same t h i n g s .  T h i s  says  

t h a t  M = AF = CD = E, o r  s i n c e  F  = BD and C = AB, we conclude t h a t  

This  v e r i f i e s  t h e  a s s o c i a t i v e  law o f  m u l t i p l i c a t i o n  f o r  t h e  t h r e e  mat r ices  

A ,  B, and D. This  may make it appear  more reasonable  why mat r ix  mul t i-  

p l i c a t i o n ,  i n  g e n e r a l ,  is a s s o c i a t i v e .  

Thus f a r  we have been d i scuss ing  graphs. The above a n a l y s i s  can a l s o  

be a p p l i e d  t o  c e r t a i n  k inds  o f  networks. A netuork is  a graph i n  which 

each edge is a s s i g n e d  a  number o r  va lue .  ( I n  f a c t ,  a s  we s h a l l  s e e ,  a  

graph i t s e l f  may be cons idered  a s  a  network i n  which each edge is a s s i g n e d  

t h e  number 1 . )  We c o n s i d e r  two examples o f  networks. 

A mult igraph is a network i n  which each edge is  ass igned  a  p o s i t i v e  

i n t e g e r .  Often a  mult igraph is  r e p r e s e n t e d  by a  diagram i n  which a  p a i r  

o f  v e r t i c e s  i s  jo ined  by t h e  number o f  edges e q u a l  t o  t h e  va lue  ass igned  

t h e  a p p r o p r i a t e  edge. For example, we might use a  mult igraph M t o  d e p i c t  

roads between a  s e t  X = {xl,x2} o f  c i t i e s  and a  s e t  Y = {yliyy,y3} of c i t i e s  

a s  wel l  a s  roads  between Y and a  s e t  Z = { z  } of c i t i e s  (one c i t y  i n  t h i s  1 
c a s e ) .  Such an i l l u s t r a t i o n  i s  given i n  Fig.  3. 

As with  t h e  graphs we cons idered  e a r l i e r ,  we may a s s o c i a t e  two mat- 

r i c e s  A  and B with t h e  mult igraph M. The mat r ix  A is a r e p r e s e n t a t i o n  

o f  t h e  roads between X and Y ;  namely, A = fa .  .I is a 2-by-3 mat r ix ,  where 
1-3 

FIGURE 3 

a is t h e  number o f  roads from x i j  t o  y j .  The mat r ix  B is a r e p r e s e n t a  

t i o n  o f  t h e  roads from Y t o  2 ,  t h a t  i s ,  B = [b. .I is a 3-by-1 m a t r i x ,  
Z J  

where b .  - is  t h e  number o f  roads from y t o  z Hence, it fo l lows  t h a t  
Â¥1- I-3- 

The product mat r ix  C = AB d e s c r i b e s  t h e  number o f  r o u t e s  from c i t i e s  

i n  X t o  c i t i e s  i n  Z ;  i n  p a r t i c u l a r ,  C = re. .I i s  a  2-by-1 matr ix,  where 
^3 

c is  t h e  number o f  d i f f e r e n t  r o u t e s  from xi t o  z .. I n  t h i s  case,  we i j  .7 
f i n d  t h a t  

A s  i n  t h e  d i scuss ion  wi th  graphs,  t h e  number o f  r o u t e s  from c i t i e s  

i n  X t o  c i t i e s  i n  Z given by t h e  m a t r i x  C can be i n t e r p r e t e d  a s  an appl.1.- 

c a t i o n  o f  t h e  p r i n c i p l e  o f  combina tor ia l  a n a l y s i s .  Furthermore, t h e  d i s-  

cussion on mult igraphs may be  extended t o  any number o f  c i t i e s .  From 

t h i s ,  one can deduce t h e  v a l i d i t y  o f  t h e  a s s o c i a t i v e  law o f  m u l t i p l i c a t i o n  

of mat r ices  whose e n t r i e s  a r e  non-negative i n t e g e r s .  



A s  a  second example o f  networks we c o n s i d e r  " p r o b a b i l i t y  networks". 

For a  s p e c i f i c  i l l u s t r a t i o n ,  we i n v e s t i g a t e  t h e  network N o f  Fig.  4. 

FIGURE 4 

The network of  Fig.  4  is d i r e c t e d ,  t h a t  i s  each edge i s  "directed" .  

We may i n t e r p r e t  t h e  network N a s  a  model o f  a  road system; i n  f a c t ,  it 

i s  t h e  same road  system a s  i n  t h e  graph G of  Fig.  1. Each edge o f  N is  

ass igned  a  number, namely a  p r o b a b i l i t y ;  t h e  p r o b a b i l i t y  o f  going t o  one 

c i t y  given t h a t  we a r e  a t  a  s p e c i f i c  c i t y .  In  p a r t i c u l a r ,  t h e  numbers 

ass igned  t o  t h e  edges o f  N imply t h e  p r o b a b i l i t y  o f  be ing  a t  c i t y  x and 
1 

going t o  y  is  1 / 4 ,  o f  going t o  y2 i s  1 /2 ,  o f  going t o  y  is 0, and of 
1 

going t o  y  is 1/4.  Hence, t h e  p r o b a b i l i t y  o f  be ing  a t  x and going t o  

a  c i t y  i n  Y is 1/4 + 1/2  + 0 + 1 / 4  = 1. In  t h e  language o f  p r o b a b i l i t y  

t h e o r y ,  t h e  c o n d i t i o n a l  p r o b a b i l i t y  o f  going t o  y  given t h a t  we a r e  a t  
1 

x  is ~ ( y , [ x , )  = 1/4.  A l l  o t h e r  p r o b a b i l i t i e s  can be  descr ibed  i n  a  
1 

l i k e  manner. 

In a  p r o b a b i l i t y  network, each p r o b a b i l i t y  i s  a  number p such t h a t  

0  < p s 1 (a l though  an edge with p r o b a b i l i t y  0  is o r d i n a r i l y  omi t ted)  

and t h e  sum o f  t h e  p r o b a b i l i t i e s  o f  t h e  edges i n c i d e n t  from a  v e r t e x  o f  

X o r  a  v e r t e x  of  Y is  one. I n  symbols, t h i s  says  t h a t  

4  
P ( y . \ x . )  = 1 f o r  i = 1 , 2 , 3  

j=l 3 ' 
and 

3  
~ ( z \ y ~ )  = 1 f o r  j = 1,2,3, i t .  

k = l  

The p r o b a b i l i t y  of be ing  a t  k1 and going t o  2  w r i t t e n  P ( x \ ~ , ) ,  
1' 

can a l s o  be computed. Again, we t u r n  t o  t h e  p r i n c i p l e  o f  combinatorial  

a n a l y s i s .  In  p r o b a b i l i t y  t h e o r y  n o t a t i o n ,  we have , 

Thus, t h e  p r o b a b i l i t y  o f  beginning a t  xl and going t o  zl is  5/16. Observe 

t h a t  t h e  method o f  computing t h i s  is  very s i m i l a r  t o  t h e  method used t o  

determine t h e  number o f  r o u t e s  from x t o  z i n  t h e  graph G o f  Fig.  1. 

The foregoing  d i scuss ion  sugges t s  t h e  i n t r o d u c t i o n  o f  two mat r ices ,  

namely a  3-by-4 m a t r i x  A = [a i j ] and a  4-by-3 mat r ix  B  = [b.j], where 

a ij = P ( y . \ x . )  and b - ~ ( z  . Iy . ) .  Hence we have 
3i- i j  - 3 I- 

and 

The p r o b a b i l i t y  o f  going t o  c i t y  z  ( j  = 1 ,2 ,3)  given t h a t  one beg ins  a t  3 
c i t y  x can be  determined w i t h  t h e  a i d  o f  t h e  p r i n c i p l e  o f  combina tor ia l  i 
a n a l y s i s  ( a s  we have seen)  o r  by computing t h e  product  m a t r i x  C = AB, 

where C = [ a .  .] is  a  3-by-3 m a t r i x  w i t h  e - P(z  . \a : . ) .  In  p a r t i c u l a r ,  
23 ij - 3I- 



We n o t e  t h a t  t h e  sum of  t h e  e n t r i e s  i n  each row o f  t h e  mat r ix  C i s  one; 

t h a t  is, 

This ,  o f  course ,  s t a t e s  t h a t  t h e  p r o b a b i l i t y  o f  going t o  some c i t y  o f  Z 

given t h a t  we begin a t  some c i t y  o f  X is one. 

I n  a l i k e  manner, p r o b a b i l i t y  networks may involve a l a r g e r  number 

of s e t s  o f  c i t i e s .  I n  a n a t u r a l  way, s e v e r a l  mat r ices  may b e  introduced 

and t h e  a s s o c i a t i v e  law o f  matr ix m u l t i p l i c a t i o n  may be v e r i f i e d  f o r  

mat r ices  having r a t i o n a l  numbers a s  e n t r i e s .  

A s  a f u r t h e r  i l l u s t r a t i o n  o f  t h e  preceding d i scuss ion  on p r o b a b i l i t y  

networks, we cons ider  a manufacturing process .  Assume t h a t  a raw p a r t  

s t a r t s  o f f  wi th  t h r e e  choices of  assembly l i n e s ,  with c e r t a i n  p r o b a b i l i t i e s  

t h a t  it w i l l  go t o  each assembly l i n e .  On each assembly l i n e  t h e r e  a r e  

s p e c i f i e d  p r o b a b i l i t i e s  t h a t  t h e  p a r t  w i l l  t a k e  var ious  r o u t e s  during 

t h e  manufacturing process  t o  even tua l ly  become one of  t h r e e  d i f f e r e n t  

f i n i s h e d  products .  The p r o b a b i l i t y  network o f  Fig.  5 models t h e  above 

s i t u a t i o n  with t h e  p r o b a b i l i t i e s  o f  a p a r t  proceeding from one s t e p  t o  

ano ther  d i sp layed  nex t  t o  t h e  appropr ia te  d i r e c t e d  edge. 

This  manufacturing process  may be descr ibed  i n  terms o f  t a s k s .  One 

t a s k  T i s  t o  move a raw p a r t  t o  an assembly l i n e ,  a second t a s k  T t o  
1 2 

t r a n s f e r  t h e  p a r t  t o  a manufacturing process  from t h e  assembly l i n e ,  and 

a t h i r d  t a s k  T3 is t o  f i n a l l y  produce a f i n i s h e d  product .  We might a l s o  

F I G U R E  5 

consider  t h e  "composite t a s k"  T o f  manufacturing a f i n i s h e d  product from 

a raw p a r t .  The e n t i r e  p rocess  o f  conver t ing  a raw p a r t  i n t o  a f i n i s h e d  

product may be descr ibed  by means o f  t h r e e  m a t r i c e s ,  which we denote i n  

t h e  same manner a s  t h e  corresponding t a s k s ,  T ,  T ,  and T .  These m a t r i & s  
"- - 

a r e  given below: 

(Raw p a r t  t o  (Assembly l i n e s  (manufacturing 
assembly l i n e s )  t o  manufacturing process  t o  

process  ) f i n i s h e d  product)  

The product mat r ix  T = ( T  .T )*T3 = 
1 2  

T - ( T - T )  is then  a 1-by-3 

- a t r i x  whose (I,,?) e n t r y ,  j = 1 ,2 ,3 ,  r e p r e s e n t s  t h e  p r o b a b i l i t y  t h a t  a 

raw p a r t  R becomes t h e  f i n a l  f i n i s h e d  product  P Here, we have t h a t  3-  

, i n  terms o f  percen tages ,  

Yis  a n a l y s i s  could a s  w e l l  be a p p l i e d  t o  t h e  p r o b a b i l i t i e s  o f  d e f e c t s  

ccur r ing  i n  t h e  assembling process .  Such a n a l y s i s  has  many a p p l i c a t i  ons . 
2 genera l ,  it can he used t o  descr ibe  t h e  end r e s u l t s  of  a process  o r  

task t h a t  can be expressed  a s  a success ion  o f  component t a s k s .  

4 MATCHING PRIZE F U N D  
1 - 

-f your c h a p t e r  p r e s e n t s  awards f o r  ou ts tand ing  mathematical papers  

3r s t u d e n t  achievement i n  mathematics, you may apply t o  t h e  Nat iona l  

: f f i ce  t o  match t h e  amount spen t  by your chap te r .  For example, $30 

i f  awards can r e s u l t  i n  t h e  c h a p t e r  r e c e i v i n g  $15 reimbursement from 
1 

--he National  O f f i c e .  These funds may a l s o  be  used f o r  t h e  r e n t a l  o f  I 
-.athematical f i l m s .  To apply,  o r  f o r  more in format ion ,  w r i t e  t o :  

D r .  Richard A. Good 
Secre ta ry- Treasurer ,  P i  Mu Epsi lon 
Department o f  Mathematics 
The Univers i ty  o f  Maryland 
College Park,  Harvland 207 



-- - 

1973-1 974 MANUSCRIPT CONTEST WINNERS 

The judging f o r  t h e  b e s t  expos i to ry  papers  submit ted f o r  

t h e  1973-74 school  y e a r  has now been completed, The winners 

a r e  : 

FIRST PRIZE ($200):  Charles  D. Keys, Louisianna S t a t e  

Univers i ty ,  f o r  h i s  paper  "Graphs C r i t i c a l  f o r  Maximal Book- 

th ickness ' '  ( t h i s  Journaly Vol. 6 ,  No. 2, pp. 79-84). 

SECOND PRIZE ($100) : S .  Brent  Morrisy Duke Univers i ty ,  

f o r  h i s  paper  "The Bas ic  Mathematics o f  t h e  Faro Shuff le 1'  

( t h i s  Journal, Vol. 6 ,  No. 2 ,  pp. 85-92). 

TBIRD PRIZE ( $ 5 0 ) :  H. Joseph S t r a i g h t ,  Western Michigan 

U n i v e r s i t y ,  f o r  h i s  paper  "Applicat ions o f  F i n i t e  Di f fe rences  

t o  t h e  Summation o f  S e r i e s t'  ( t h i s  Journal, Vol. No. 2, 

pp. 93-98). 

- 

1975-1976 CONTEST 

Papers f o r  t h e  1974-75 c o n t e s t  a r e  now be ing  judgedy and we a r e  

r e c e i v i n g  papers  f o r  t h i s  y e a r ' s  c o n t e s t ,  s o  be  s u r e  t o  send us your 

paper ,  o r  your c h a p t e r ' s  p a p e r s ( a t  l e a s t  5 e n t r i e s  must be  rece ived  f r o m  

t h e  same c h a p t e r  i n  o r d e r  t o  q u a l i f y ,  wi th  a  $20 p r i z e  f o r  t h e  b e s t  pa- 

p e r  i n  each c h a p t e r ) .  For a l l  manuscript  c o n t e s t s y  i n  o r d e r  f o r  au thors  

t o  be e l i g i b l e y  they must not have received a Master's degree a t  the 

eime they submit t h e i r  paper, 

MOVING?? 

1 BE SURE TO LET THE JOURNAL KNOW! 

Send your namey o l d  address  w i t h  z i p  c o d e  
and new address  wi th  z i p  w d ~  t o :  

P i  Mu Epsi lon Journa l  
601 ~ l m -  Avenue, Room 423 
The Univers i ty  o f  Oklahoma 
Norman, Oklahoma 73069 

PROBLEM DEPARTMENT 

- - -  - 
This hpartment welcomes p~oblerns believed t o  be new and, as a rule,  

demanding no greater ab i l s ty  i n  problem solving t b  that of  khe average 

member of the Fraternity. 0ccasio~a2ly  we shall publish problems that 

should chullenge the a b i l i t y  of the advanced undergraduate or candidate 

for the Masterfs Degree. Old problems displaying novel and elegant methods 

of solution m e  also acceptuble. Proposals s h u l d  be accompanied by solu- 

tions,  i f  available, and by any information that  w i l l  a ss i s t  the edi tor ,  

Solutions should be subdt ted  on separate sheets containing the m e  

and a e e s s  of  th solver and should be m i l e d  before June 15, 1976. 

Address a l l  c o m i c a t i o n s  concerning problems t o  L?r, Leon Bankoff, 

6360 Wilshire Boulevard, Los AngeZes, California 90048. 

Problems f o r  S o l u t i o n  

350. P h o p b e d  b y  R. R o b h o n  RoweY Scu%ameaoy C ~ ~ o ~ .  
I n  t h e  game o f  ELDOSy a n  acronym f o r  Each Loser Doubles Opponents

f 

Stacks, each of n p l a y e r s  s t a r t s  wi th  h i s  'bankt ( B )  and a t  any p o i n t  i n  

t h e  p lay  ho lds  h i s  ' s t a c k t  ( S l y  which he b e t s  on t h e  nex t  round. For 

each round t h e r e  is j u s t  one l o s e r ;  i n  paying t h e  n - 1 winners ,  he doubles 

t h e i r  s t a c k s .  Consider  h e r e  a unique game wheny a f t e r  n roundsy each 

? layer  has  l o s t  once and a l l  p l a y e r s  end w i t h  e q u a l  s t a c k s .  

( a )  For n = 5 ,  what was t h e  minimum bank, B y  f o r  each p layer?  

( b )  How many p l a y e r s ,  n ,  were t h e r e  i f  t h e  l e a s t  i n i t i a l  B was 11 

( c )  Find a  g e n e r a l  formula f o r  Bmy t h e  i n i t i a l  B o f  t h e  m t t h  p l a y e r  

l o s e ,  a s  a  f u n c t i o n  o f  m and n. 

( d )  Using t h e  formula o r  any o t h e r  a p p r o p r i a t e  -method, what was t h e  

i a l  bank B o f  t h e  g t t h  o f  1 3  p l a y e r s  t o  l o s e ?  



351. Pmpobed by Jack G a + n k & ,  F o k a Z  H i L &  H igh  School ,  F l a h L n g ,  

NW Yotk.  

Angle A and angle B a r e  acute  angles o f  a t r i a n g l e  ABC. I f  angle 

A = 30Â and ha, t h e  a l t i t u d e  i s su ing  from A ,  i s  equal t o  mb , t h e  median 

i ssu ing  from By f i n d  angles B and C. 

352. Ptopobed by C h d a  W .  T ~ g g ,  San Viego,  C d ~ o h n h .  

The edges of  a semi-regular polyhedron a r e  equal .  The faces  cons i s t  

of  e igh t  e q u i l a t e r a l  t r i a n g l e s  and s i x  r e g u l m  octagons. In  terms of  t he  

edge e ,  f i n d  t h e  diameters of  t h e  following spheres: ( a )  t he  sphere 

touching t h e  octagonal  f aces ,  (b )  t h e  circumsphere, and ( c )  t he  sphere 

touching t h e  t r i angu la r  faces.  (See so lu t ion  t o  problem 198, on page 

390 of  t h i s  J o m a Z ,  Vol. 4 ,  No. 9.) 

353. Pkopobed by C h y t o n  W .  Dodge, U n i u m a y  0 6  M ~ n e  & Omno. 

I t  is easy t o  show t h a t  i f  a and b a r e  complex numbers such t h a t  

a t b = 0 and la1 = l b l ,  then a2 = b2. Prove t h a t  i f  a ,  b a n d c  a r e  

complex numbers such t h a t  a t b + c = 0 and la 1 = 1 b 1 = 1 c 1 then  a 

= b3 = c3. Can t h i s  r e s u l t  be extended t o  more than  t h r e e  numbers? 

354. Ptopobed bq A x t h m  E m h &  and VauLd C. Kay? UniuehhLty 0 6  
Oklahoma, Noman9 Oklahoma. 

In  a t r i a n g l e  ABC with angles l e s s  than 2 ~ 1 3 ,  t h e  Fernat  poin t ,  de- 

f ined  a s  t h a t  poin t  which minimizes t h e  function f(X) = AX t BX t cx, n y  

be determined a s  t h e  point P of concurrence o f  l i n e s  AD BE and CF, where 

BCD, ACE and ABF a r e  e q u i l a t e r a l  t r i a n g l e s  constructed ex t e rna l ly  on t h e  

s i d e s  of  t r i a n g l e  ABC, If R ,  S and l' a r e  t he  poin ts  where PD, PEy and 

PF meet t h e  s i d e s  of t r i a n g l e  ABCy prove t h a t  PD, PE and PF a r e  twice t h e  

ar i thmet ic  meansy and t h a t  PR, PS and Pl' a r e  h a l f  t h e  harmonic means of  

t he  p a i r s  of  d is tances  (PBy PC), (PC, PA) and (PA, PB) respect ive ly .  

355. Pmpobed by John M. How&, L i A X e m c k ,  C&~o&a. 

On t h e  TV game show ca l l ed  llWhols Who?ltY four  p a n e l i s t s  t r y  t o  match 

t h e  occupations of  fou r  contes tants  with s igns  marking t h e i r  occupations. 

I f  t he  first pane l i s t  matches c o r r e c t l y y  t he  contes tants  ge t  nothing and 

the  game is over. I f  t h e  second pane l i s t  succeeds i n  matching co r r ec t ly ,  

t h e  contes tants  ge t  $25. I f  t h e  second pane l i s t  f a i l s  but  t h e  t h i r d  suc- 

ceeds, t h e  contes tants  ge t  $50. I f  t h e  four th  pane l i s t  matches a f t e r  t h e  

t h i r d  f a i l s ,  t h e  contes tants  get  $75. I f  t he re  is  no match, t h e  contest-  

a n t s  win $100. What is  t h e  expected value of t h e  contes tants '  winnings? 

Assume pure guessing and t h a t  no pane l i s t  repea ts  a previous arrangeimnt. 

356. Pmpobed by E& S L L ~ ~ ,  Bmnx C o m m d y  CoUege? Bmnx,  NW 

Yo&. 

From t h e  s e t  of  i n t ege r s  contained i n  [l, 2n] a subset  K cons i3 t ing  

of n t 2 in t ege r s  is  chosen. Prove t h a t  a t  l e a s t  one element of K is  t h e  

sum of two o the r  d i s t i n c t  elements of K. 

357. Pmpobed by David L. SLLueman, Wat Lob A n g d a ,  C d L 6 o h n h .  

Able, Baker and Char l ie ,  with respect ive  speeds a > b > C ,  s t a r t  a t  

point  P with Able designated 1lit'l i n  a game of Tag which terminates when 

Able has tagged both Baker and Charl ie .  A t  t ime -T, Baker heads nor th  

and Charl ie  south,  Af ter  a count t ak ing  time l', Able s t a r t s  chasing one 

of t h e  two quarr ies .  Assuming t h a t  Baker and Charl ie  w i l l  maintain t h e i r  

speeds and d i r ec t ions ,  whom should Able chase f i r s t  i n  order  t o  minimize 

the  time required t o  make t h e  second and f i n a l  t ag?  

358. Pmpobed by Sidney Pennet and H. Ian Ub.i t lock, @wnx C o m m d y  

CoUege, Emnx,  NW Yo&. 

From a 2n t 1 by 2n t 1 checkerboardy i n  which t h e  corner squares 

a r e  blacky two black squares and one white square a r e  deleted.  I f  t h e  

deleted white square and a t  l e a s t  one of  t h e  deleted black squares a r e  

not edge squares,  then  t h e  reduced board can be t i l e d  with 2 x 1 dominoes. 

359. Pkopo~ed by Gtegoty Wdczyn ,  BuckneU U n i u e ~ L t q ,  L w ~  butg,  

Penu  y luan ia .  

Show t h a t  t h e r e  is an in f in i tude  o f  p a i r s  of  consecutive i n t ege r s ,  

each p a i r  cons i s t i ng  of a pentagonal number p5 n = (3n - 2) and an hexag- 

number p6 = (4m - 2).  m 
360. Pmpobed by P a d  Ekdab and ~ m 5 . t  S t m u b ,  UnLueai2.y 0 6  CULL- 

~ o m i a  at Lob A n g d a .  

Denote by An t h e  l e a s t  common mult iple of  t he  i n t ege r s  5 n and ds- 

note by d (n )  t h e  number o f  d iv i so r s  o f  n. 
ca 

( a )  Prove t h a t  En=l & is i r r a t i o n a l .  
n 

m 
(b)  Prove t h a t  Zn=l i s  i r r a t i o n a l .  

n 

( c )  Prove t h a t  EiZl i s  i r r a t i o n a l ,  where f(z) is a polynomial 

with i n t ege r  coe f f i c i en t s .  n 



361. P k o p o ~ e d  by  C d  A. A h g A ,  De La  S&e C o f l e g e ,  M a n i l a ,  

P W p p . i n ~ .  

Consider any t r i a n g l e  ABC such t h a t  t h e  midpoint P of  s ide  BC is 

joined t o  t h e  midpoint Q of  s i d e  AC by t h e  l i n e  segment PQ. Suppose R 

and S a r e  t h e  p m j e c t i o n s  of  P and Q respect ive ly  on ABy extended i f  

necessary. What r e l a t i onsh ip  must hold between t h e  s i d e s  of t h e  t r i a n g l e  

i f  t h e  f i gu re  PQRS is a square. 

So1 utions 

326. [ F a l l  19741 P k o p o ~ e d  by  Zazou K d x ,  B t w e ~ &  f f U ,  CuLL6ok- 

nia . 
Find so lu t ions  of  t h e  equation x2 + y2 + z 2  = a2 + b2 + c2 + dZy 

where each of  t h e  s e t s  x y  y z and a ,  b ,  c y  d cons i s t s  of  consecutive 

in tegers .  

1. S o l h o n  by  J .  S. F m e ,  ~ U L c h i g m  Sa%te UniwULAay.  

Writing t h e  two ar i thmet ic  sequences i n  t h e  form 

y - 1 ,  y ,  y + l  and b - l y b y b + l y b + 2  (11 

the  equa l i t y  of  t h e  two sums of  squares requi res  

y2 = i + (2b + 112/3 

A l l  pos i t i ve  i n t e g r a l  so lu t ions  of  t he  Diophantine equation 

y2 = 1 + 3u2 a r e  given by t h e  formula 

where P = 2 + 6 and l/r = 2 - 6 a r e  t h e  eigenvalues of  t h e  squam matrix 

i n  (31. Since 3u = 2b + 1 i s  odd, k must a l s o  be oddy say k = 2m + 1. 

I f  q = $ = 7 + 4 G Y  then  

Using [tl t o  denote t h e  g rea t e s t  i n t e g e r s t  we have 

* 
The f i r s t  few solu t ions  f o r  t h e  midvalues (ym, bm + 1/21 i n  the-two 

ithmetic progressions (1 )  a r e  

For exampley t h e  second pos i t i ve  so lu t ion  f o r  y and b y i e ld s  

r .  S o u o n  by C l a y t o n  W ,  Dodge, U d w e ~ L t y  0 6  M a h e  a.t Omno.  

We have (y - 1 l 2  + y2 + ( y  + 1l2 = a2 + ( a  + 1l2  + ( a  t 212 + ( a  + 3 1 ~ ~  

i ch  can be wr i t t en  i n  t h e  form 3y2 - 3 = (2a + 312Â s o  a is d i v i s i b l e  

y 3. Let a = 3r.  The equation reduces t o  y2 - 1 = 3(2r + 1 l 2  o r ,  l e t t i n g  

= 2r  + ly we obta in  t h e  Pel1  equation y2 - 3u2 = ly where a = 3(u - 11 /2y  

hich r equ i r e sy  of course y t h a t  u be odd. 

The so lu t ions  t o  t h i s  equation a r e  well  known and a r e  found by 

e t t i n g  y + u f i  = (2  + where n i s  an odd pos i t i ve  i n t ege r .  Thus 

y,u) = ( 2 y 1 ) y  (26,151, (362Â 209Iy which produce ( y y a )  = (2 ,  01, 
2Cy 21Iy  (362Â 312Iy * * - ;  t h a t  i s y  

At20  bo lwed  by LOUIS H .  CAIROLI, S y m c u e  U d w m L t y ;  VICTOR G. 

tSER, St. L o u h  U n i w e m a y ;  R. C.  GEBHARDT, U o p t c o n g ,  N. J . ;  MARK 

EGER, A m u ,  Iowa; ARTHUR M .  KELLER, Bmofz lyn ,  NW Yo&; ROY HAGGARD, 

w e m i t y  0 6  A k m n ,  Ohio;  JOHN M .  HOWELL, L L t t L m c k ,  C&dohnk; J.A. 

NTER, T o m n t o ,  Cmada;  EDITH E. KISEN, PohiTand S t a t e  U L w m & y ,  

gon; J IM METZ, G & i 6 @ ~  H i g h  S c h o o l ,  Sp&ing6i&d, 1 f i n o A ;  BOB PRIELIPP, 

U n i w e m ~ q  0 6  W h c o n b i n - O b h k o ~ h ;  R. ROBINSON ROME, S a ~ e d o ,  Cd-43.; 

ES W .  TRIGG, Sun V i e g o ,  C&6o&a; GREGORY WULCZYN, B u c k n a  Uni -  

y ,  L e d b ~ ~ g ,  Penn4yLwania; and t h e  Pkopobm.  d 

Charles W. Trigg of fered  t h e  following references :  

1. H, L. Alder, 'In and n + 1 Consecutive In tegers  With Equal Sums 

quaresYt '  A m ~ i c a n  MrthemticaZ MonthZyy 69  (Apr i l  19621, 282-285. 



2. Brother U. Al f red y "n and n + 1 Consecutive In tegers  With Equal 

Sums of Squares Mathematics Magaz<ne 35 ( ~ a y  1962) Â 155-164. For 

z < y < z a n d a  < b < c < d y  t h e  given equation reduces t o  3(x t 1 I 2  - 3 

= (2a + 312. Alfred g ives  t h e  f i r s t  f i v e  values of  ( x y a )  a s  (25y21)y  

( 3 6 l Y  312) (5O4ly 4365) (70225 60816) and (978 l2 ly  8470770). 

Louis H. Ca i ro l i  supplied a reference t o  t h e  a r t i c l e  by Brother 

Alfred noted above and t o  an a r t i c l e  by Brother Alfred i n  t h e  September 

1967 i s sue  of  t h e  Mathemat<cs k g a z i n e .  

Metz supplied a BASIC program and Kel ler  a FOR!l'RAN I V  program used 

t o  generate so lu t ions  and t o  confirm t h e i r  r e s u l t s .  

The Proposer derived so lu t ions  by using convergents o f  t he  simple 

continued f r a c t i o n  expansion of  6 i n  connection with t h e  Pel1  equation 

p2 - 3q2 = 1. 

327. [Fall 19741 Pmpobed by C h d u  W .  T L g g ,  San V i e g o ,  CULL- 

6 o W .  

On a remnant counter  t h e r e  a r e  s i x  rolls of  ribbons containing 31, 

1gY 1 7 Â  1 5 Â  1 3  and 8 yards.  There a r e  two widths of  r ibbons some r o l l s  

being twice a s  wide a s  t h e  o thers .  There a r e  no p r i ce  marksy but  a l l  

t h e  r ibbons s e l l  f o r  t h e  same p r i ce  pe r  square inch.  I f  you wish t o  buy 

$14.00 worth o f  each widthy buying every r o l l  but  oney which r o l l  would 

you leave on t h e  counter? 

S o U i o n  by  CLayXon W .  Dodge, Un i vea ,c t y  06  hi&ne at Ukono. 

I n  t h e  f i v e  r o l l s  we buy t h e r e  must be twice a s  many yards of  t h e  

narrow width a s  of  t h e  wide width. Hence t h e  t o t a l  yardage must be 

d i v i s i b l e  by 3. Since t h e  t o t a l  yardage of  t h e  6 r o l l s  is 103 1 (mod 3 l y  

we must omit t h e  31-Â 19-Â o r  13-yard r o l l .  The remaining yardages a r e  

72Â 84Â and 90 respect ive ly .  Now no combination o f  t he  remaining r o l l s  

w i l l  add up t o  e i t h e r  24 ( =  72/31 o r  30 ( =  90/3). Since 15 + 1 3  = 28 

= 8413 and 31 + 17  + 8 = 56 = 2-28, t h e  19-yard r o l l  must be l e f t .  

Ak2o b o l v e d  by  VICTOR G .  FESER, S t .  l o&  U n i v e f ~ & L t y ,  h f h b o d . ;  

RICHARD A. GIBBS, F o d  1 U  CoUege ,  V m n g o ,  C o l o m d o ;  ROY HAGGARD, 

U n i v m L t y  0 6  Akaon, U k i o ;  ARTHUR M. KELLER, Bkook&n C o U e g e ,  Nw Yo&; 

EDITH E .  KISEN, P o k t l a n d  s a t e  U n L v m L t y ,  Okegon C a y ,  Uaegun; STEVE 

LEELAND, U n i v m L t y  0 6  S o d h  F l o L d a ;  CHARLES H .  LINCOLN, R a l e i g h ,  N o d h  

C m L i n a ;  R. ROBINSON ROWE, Sacmmento ,  C&6o&a; and t h e  P m p o b e ~ .  

328. [Fa1 1 19741 Pkopobed by  J o e  Van A a f i n ,  Emoky ULve fL&L ty ;  

A group of  366 people a r e  sequent ia l ly  asked t h e i r  da te  of  b i r t h .  

.$ssuming b i r thda t e s  a r e  independent and a l l  days a r e  equally like@-- 

f ind  Pk Â t h e  p robab i l i t y  t h a t  t h e  f i r s t  match is obtained when t h e  k ' t h  

person is  asked. A s  366 people m u s t  have a t  l e a s t  one matchy 

Show t h i s  d i r ec t ly .  

S o l u t i o n  by  R. R o b i m o n  Rowc, Sumamento ,  Caf i6okn ia .  

The t e x t  assumes no leap-day b i r thda t e s .  In  addi t ion  t o  t h e  def i-  

n i t i o n  of  P a s  t h e  probabi l i ty  of  a first match when t h e  k t t h  person k 
is asked, we def ine  Q by 

k 

The f i r s t  person asked has no one t o  matchy so Pl = 0 and Ql = 1. 

The next person has only one t o  matchy so  P2 = 11365 and Q2 = 3641365. 

For t h e  t h i r d  person, t h e r e  i s  a chance o f  Q2 t h a t  t h e r e  has been no 

previous match and 2 persons with d i f f e r e n t  b i r t hda t e s  t o  matchy so  

P3=(364/365)(2/365) and Q3 = Q2 - P3 = (364/365)(363/365). 

With t h e  sequence o f  persons y corresponding r e l a t i o n s  w i l l  be of  t h e  

form P = Qn-l(n - 111365 and Qn = Qn-l(366 - n)/365. 
n 

This can be expressed general ly 

P = (k  - 1 )  365! 
k 365 (366 - k  - l ) !  

which answers t h e  f i r s t  ques t iony and 

For t h e  second quest ion,  note from (1 )  t h a t  with k = 366 a s  t h e  upper 

l i m i t  
4 

s ince  f a c t o r i a l  -1 is  i n f i n i t e .  



At20 h o l v e d  by JOHN M .  HOWELL, L.Ltttmo&, C&do&a; ZAZOU KATZ, 

B e v M y  HA%, C&60&a; NOSMO KING, Weigh, N .  C.; MARK JAEGER, 

C W o n  CoUege ,  N 0 & 6 i d d ,  M.inncbota;. and t h e  P m p o h m .  

329. [Fa1 1 19741 Phopohed bg B m n a ~ ~ d  C. Andemon, Henhy Fohd Com- 

m d y  CoUege ,  V e a ~ ~ b o m ,  M ich igan .  

Show t h a t  f ( x )  = 2x + s i n  x is  a s t r i c t l y  i n c r e a s i n g  func t ion  on 

( - a a  t-1 by us ing  o n l y  pre- ca lcu lus  methods. 

Solu.tion by  N. J. Kuenz i ,  The  U ~ v ~ L t y  06 U d c o a i n - O b h k o h h .  

More g e n e r a l l y a  it can be shown t h a t  any f u n c t i o n  o f  t h e  form 

f ( x )  = ax + s i n  x wi th  a 2 1 i s  s t r i c t l y  i n c r e a s i n g  on (--, +-I. Let R 

and v be any r e a l  numbers with u < v.  Then 

f ( ~ )  - f ( u )  = a ( v  - 1.4) + s i n  v - s i n  u.  

Reca l l  t h a t  i f  x > 0 t h e n  s i n  x < x. (Refer  t o  t h e  u n i t  c i r c l e . )  Hence, 

and 

Using a s t a n d a r d  t r i g o n o m e t r i c  i d e n t i t y  y i e l d s  

I s i n  V - s i n  U I  < V - u a 

o r  e q u i v a l e n t l y y  

-(v - u )  < s i n  v - s i n  u < v - u . 
Adding a ( v  - u) t o  each term y i e l d s  

( a  - 1 ) ( v  - u )  < f ( v )  - f ( u )  c ( a  + 1 ) ( v  - u) . 
Since  a 2 ly it fo l lows  t h a t  f ( u )  < f ( u )  whenever u < v .  

U o  h o l v e d  by JEFFREY BERGEN? BmokLyn  CoUege ,  BhookLyn, N. Y . ;  

R. C. GEBHARDT, t fopatcong, N .  J.; RAY HAERTEL, C e n Z m l  Ohegon CommwLty 

CoUege;  CHARLES H. LINCOLN, R d c i g h l  N. C.; C. B. A. PECK, S M e  CoUege l  

P e n a  y l v a d a ;  R .  ROBINSON ROWE, S a c ~ ~ a m e n t o ,  C & 6 o k a ;  CHANDER LEKHA 

SABHARWAL, P h  C o l l e g e  0 6  3. L o u d  U n i v m i A q ,  C a h o L a ,  1 U n o i . b ;  and 

t h e  Phopuhm. 

330. [ F a l l  19741 Phopobed by R. R o b i a o n  Rowel S a c m e n Z o ,  C a l i -  

6 o m i a .  

S t a r t i n g  a t  zero- zero l a t i t u d e  and longi tude  a t  12 : 00 noon on Monday, 

umline Crowe flew h i s  plane a t  a cons tan t  180 knots  loxodromical ly Nbrth 

West. Where was he on Tuesday a t  12:OO noona l o c a l  s t a n d a r d  t ime? 

S o l u t i o n  b y  Zazou Ka tz ,  Bevehty  H Z & ,  C&do&a. 

Since  t h e  n o r t h e r l y  and w e s t e r l y  components o f  t h e  p l a n e ' s  veJqci ty 

a r e  each e q u a l  t o  180 knots  d iv ided  by fia t h e  n o r t h e r l y  p o s i t i o n  a f t e r  

2' hours is  1 8 0 ~ / f i  t imes  t h e  converSion f a c t o r  o f  lo p e r  60 n a u t i c a l  

mi lesa  o r  3 0 ~ / f i  N.  La t i tude .  

One degree o f  longi tude  corresponds t o  60 n a u t i c a l  mi les  t imes  t h e  

cosine o f  t h e  l a t i t u d e .  Hence t h e  wes te r ly  v e l o c i t y  o f  1 8 0 / f i  kno ts  can 

o f  degrees o f  l o n g i t u d e  a s  3O s e c ( l a t i t u d e ) / f i  o r  

Then 

Longitude = 3OT [E s e c  - 
fi 6 

A f t e r  24 hoursa  t h e  p o s i t i o n  o f  t h e  plane w i l l  be 2 4 ( 3 0 / f i ) ~  o r  

50.91Â North L a t i t u d e  and, by s u b s t i t u t i o n  o f  24 f o r  T i n  (11,  59.3Q0 

iiest Longitudea the reby  p l a c i n g  Rumline f o u r  t ime zones wes ta  where t h e  

l o c a l  s t a n d a r d  t ime i s  8:OO A.M. He now has f o u r  a d d i t i o n a l  hours  o f  

f l y i n g  t ime a t  h i s  d i s p o s a l .  

Trying T = 28 i n  (1 )  a we f i n d  Rumline a t  L a t i t u d e  59.40Â North, 

Longitude 74.26O West, t h u s  reach ing  t h e  f i f t h  t ime zone west and allow- 

i n g  one e x t r a  hour o f  f l y i n g  t ime.  

F i n a l l y a  a t  T = 29 a Rumline's p o s i t i o n  is 

L a t i t u d e  61.52O o r  61Â°31'06 N 

Longitude 78.56O o r  78O33'54" W a  

which is  s t i l l  i n  t h e  f i f t h  t ime zone w e s t a  with 75th-meridian t ime ( s i n c e  

one t ime zone is  equiva len t  t o  15O o f  l o n g i t u d e ) .  

ALAO h o l v e d  by STEVE LEELAND, U d v e u L t q  0 6  S o u t h  FloJLLda, Tampa,; 

FLoJLLh; LEONARD BARR, Bevehty H i L . b 1  C&6ohnia; and -the Phopobeh, who 

notu XhaL R d n e  h e a c h u  t h e  e a t  bhohe 0 6  Hudbon Bay neah Kingway, 

Quebec o.t 1 2 :  00 noon on T u c b h y .  TWO i n c o ~ e d  h o l u t i o a  wehe hecc i ved .  



331. [Fall 19741 Phopo~ed by Jack GaA&nkel, Fohc4.C H U  High 
Schooi, F i~^hing ,  New Yohk. 

In a r ight  t r iangle  ABC, A = 60Â and B = 30Â° with D ,  E ,  F t h e  points 

o f  t r i sec t ion  nearest A, B, C on the  sides AB, BC and CA respect ive ly .  

Extend C D ,  AE and BF t o  in tersect  t h e  circumcircle (0) at points P, Q ,  R. 

Show tha t  t r iangle  PQR i s  equilateral.  

I .  Solution bq Jeana-fcte. %cfeC.eq, Web4.Ce.h Ghovu High Schooi, WebAte~. 

G m u ,  MtAiou/n.. 
In tr iangle  BCD, DB = 4r /3 ,  CB = r f i ,  where r i s  the  radius o f  the  

circumcircle o f  t r iangle  ABC ( see  F i g .  1 ) .  With angle DBC = 30Â° t h e  

Law o f  Cosines yields CD = r / 7 / 3 ;  from the  Law o f  S ines ,  s i n  BCD = 2 / / 7 .  

Hence cos BCD = /3/7. 
Similarly i n  t r iangle  BAE, AB = 2r, BE = r /3 /3 ,  angle ABE = 30Â° 

Hence AE = r/7/3, s i n  BAE = /7/14 and cos BAE = /27/28. 
Then cos PQR = cos(PRB + BRQ) = cos(BCD + BAE) = 1 / 2 ,  and angle PRQ 

= 60Â°  

In tr iangle  BAF, AF = 2r /3 ,  AB = 2r ,  angle BAF = 60Â° Hence 

BF = 2r/7/3 ,  s in  ABF = f i / 1 4  and cos ABF = 5/7/14. 

In tr iangle  ACD, AC = r ,  AD = 2r /3 ,  angle CAD = 60Â° Hence 

CD = r / T / 3 ,  s i n  ACT = /sTY, and cos ACT = 2 / / 7 .  

Since cos RQP = cos(RQA + A@) = cos(ABF + ACD) = 1 / 2 ,  it follows 

that  angle RQP = 60Â° 

Then angle PRQ = angle RQP = 60Â implies tha t  t r iangle  PQR i s  equi- 

l a t  era1 . 

1. NeMY ide.nCka^ 40iwbion.h by R. Robiaon Row% Ghegoty Wulc-zyn, . 
IWA&U H. Lincoln, Hike Ke-lth, Miuik. Jaegm, Je6&~eg Behgen and Zazou 

atz .  
On t h e  unit  c i rc le  x2 + y2 = 1 ,  t h e  coordinates o f  t h e  ver t ices  o f  

* 

riangle ABC are A = (-1,O); B = (1 ,O) ;  C = ( -1 /2 , /3 /2 )  whence D = (--l/^,O); 

= ( 1 / 2 , / 3 / 6 ) ;  F = ( -2/3 , /3 /3) .  

A f t e r  t h e  slopes o f  C D ,  AE and BF are computed, t h e i r  intersections 

i t h  the  c i r c l e  are found t o  be P = ( - 1 / 7 ,  4 / 3 / 7 1 ;  Q = (13 /14) ,  3/3/14) ; 

= (-11/14, 5 /3/14] .  

Application of t he  distance formula shows that  PQ = QR = RP = /3. 
..s a r e s u l t ,  t r iangle  PQR i s  equi la teral .  

Comment by thi Pmbtwm iditon.. 
I f  CD i s  a Cevian t o  side AB o f  any tr iangle  ABC, it i s  eas i l y  ver i-  

fied that  AD/DB = AC s in  ACD/CB s i n  CBD. Applying t h i s  principle t o  the  

Cevians AE and BF with respect t o  (AC, AB) and ( 4 5 ,  C B ) ,  and noting tha t  

AC:AB:CB = 1 : 2 : / 3 ,  we find that  tan  QAB = t an  CBR = /3/9, with the  resu l t  

AÂ£A &oi\ie.d ~iffK.!sJliH by t h e  Pmpohm. 

l 

that arc RC and BQ are equal,  t r iangles  BCR and RQB are congruent and 

RQ = CB = /3" i n  t h e  circumcircle o f  unit  radius. Hence angle RPQ = 60Â° 

In a similar manner, considering t h e  Cevian AS with respect t o  

( A B ,  AC) and t h e  Cevian CD wi th  respect t o  (AC, CB), we obtain tan CAE 

= tan PCB, so tha t  angle CAE = angle PCB and arc CQ = arc PB. I t  then 

follows tha t  arc RQ = arc PQ and tha t  RQ = PQ = CB = /3" and tr iangle  PQR 

i s  equi la teral .  

Note tha t  CP i s  perpendicular t o  AQ. Why? 

332. [Fall 19741 Pmpo~ed bq Ruihahd Field, S a m  Monica, CaJLi- 

~0IWA.a. 

Several years ago I was spending t h e  evening a t  the  home o f  a friend 

who i s  a musicologist. While there ,  I received a c a l l  from t h e  president 

o f  my company, who apologetically t o l d  me tha t  he had traced me t o  ask a 

uestion he had t o  answer a t  the  next morning's board meeting. Spec i f i -  

A 
ca l l y ,  was our monthly average rate  o f  sales growth ( 6 % )  compatible with 

is forecast tha t  our business would double i n  t h e  next year? I promised 

o ca l l  him back as quickly as possible with an answer. A t  f i r s t  I thought 

ould have t o  dash home t o  consult my s l ide  r u l e ,  log t a b l e s ,  e t c .  - 
t then i n  a f lash it occured t o  me tha t  my musicologist 's  l ibrary  should 

vide the  answer. And indeed it did! I called back i n  5 minutes with 

FIGURE 1 



t h e  answer and proceeded wi thout  f u r t h e r  d i s tu rbance  t o  my s o c i a l  evening. 

What do you suppose gave me t h e  answer? 

S o l u t i o n  by  R. Robinhon R o w ,  SacAome.wfo, CaL i f ,ohn ia .  

The i n t e r v a l  between two mus ica l  n o t e s  is t h e  r a t i o  o f  t h e  frequency 

o f  t h e  h i g h e r  n o t e  t o  t h a t  o f  t h e  lower. For consonance, t h e  r a t i o  should  

be  e x p r e s s i b l e  w i t h  smal l  numbers-such a s  3/2 f o r  a p e r f e c t  f i f t h  (G/C) 

o r  4 /3  f o r  a p e r f e c t  f o u r t h  (F/C). On a s t r i n g e d  ins t rument ,  such r a t i o s  

a r e  p o s s i b l e  i n  any s c a l e ,  b u t  i n  t h e  s c a l e  o f  G,  f o r  i n s t a n c e ,  t h e r e  is 

an F- sharp and i n  t h e  s c a l e  o f  D- f l a t ,  t h e r e  is a G-flat- with a s l i g h t  

d i f f e r e n c e  ( c a l l e d  a 'comma') between F- sharp and (7-flat. Such d i f f e r -  

ences were compromised f o r  t h e  p iano  and i ts  predecessors  by ' tempering '  

s o  t h a t  t h e r e  were 12 equa l  i n t e r v a l s  between any n o t e  and its octave.  

Now t h e  oc tave  i n t e r v a l  is 2,  s o  i f  each o f  t h e  1 2  e q u a l  i n t e r v a l s  ( c a l l e d  

semitones)  is i, t h e n  i12 = 2, whence i = 1.059463094**-. Analogously, 

i f  s a l e s  growth was 5.9463094% p e r  month, bus iness  would double i n  12 

months-a year .  Sure ly  t h e  va lue  o f  i could  be  found i n  t h e  m u s i c o l o g i s t ' s  

l i b r a r y ;  s i n c e  6% was even more, t h e  boss  cou ld  be  assured  o f  doubling 

i n  t h e  nex t  year .  

A&io botue.d by  CLAYTON W .  DODGE, Unive./u.^ty o f ,  Ma ine  at Oftono, 

h e . ;  VICTOR G. FESER, S t .  Lou ib  U n L v m ^ t y ,  S t .  Lou ib ,  M ^ b o d ;  R. C. 

GEBHARDT, Hopatcong, N. J.; MARK JAEGER, C O A i i t o n  CoUe.ge., No>tthU<iid, 

Mhne-4o- t~ ;  and t h e  Pmpobe.~..  

333. [Fall 19741 Pmpobed by  ChOJ^Lru W .  T/u.gg, San V i e g o ,  CULL- 

f,ofWAXt. 

Find i n t e g e r s  i n  t h e  s c a l e  o f  e i g h t  whose 6- dig i t  squares  a r e  per-  

mutat ions o f  s e t s  o f  consecu t ive  d i g i t s .  

SoLwUon  by the. Phopo~e .~ t .  

If IS2 c o n t a i n s  e x a c t l y  s i x  d i g i t s ,  t h e n  266 5 N < 1000. 

I f  N2 i s  composed o f  s i x  consecut ive d i g i t s  t h e n  it is  a permutat ion 

o f  

0,  1, 2,  3, 4 ,  5 with N2 S 1 (mod 7) and N E 1 o r  6; o r  

1, 2, 3, 4 ,  5, 6 with N2 = 0 (mod 7) and N = 0;  o r  

2, 3, 4 ,  5 ,  6, 7 w i t h  IS2 = 6 (mod 71, an impossible  s i t u a t i o n .  

C l e a r l y ,  IS cannot end i n  0. I f  N ends i n  2 preceded by an odd d i g i t ,  o r  

ends i n  6 preceded by an even d i g i t ,  t h e n  N2 ends i n  44. If N ends i n  3 

preceded by a 0 o r  4 ,  o r  ends i n  5 preceded by a 3 o r  7 ,  then  N2 ends 

i n  11. 

These c o n d i t i o n s  reduce t h e  number o f  p o s s i b l e  va lues  o f  IS i n  t h e  

i s t a b l i s h e d  range from 142 t o  97. O f  t h e s e ,  on ly  t h r e e  have squares  with 

i i s t i n c t  consecut ive d i g i t s ,  namely: (527)' = 345621 ; (627)' = 503421; 

md (634)' = 513420. 
+" . -- .. - .- 

AC4o boi\)e.d by  R. ROBINSON ROWE, Sac~ame.nto ,  CaLLf,o&a. 

334. [Fall 19741 Pfiopobed b y  V i c h a ~ d  FÂ¥i?JLd Sawta Monica, CaLL- 

\o&a. 

What is  t h e  37 ' th  d i g i t  i n  t h e  decimal f r a c t i o n  

t f t e r  how many d i g i t s  does t h e  first z e r o  occur? 

; o w o n  by  Bob P ~ e l L p p ,  The. Unive.m^ty o f ,  Uhconh-Ln-Obhkobh. 
1 - 1 - 1 - 1 -  - -- -  It is  e a s y  t o  s e e  t h a t  - 1 0 - 1  - - 9 - , gg - -01 ,  

10' - 1 

1 - 1 - - - - = ,001, ... 1 , and i n  g e n e r a l  - = -00- - -01 .  
~ 0 3 - 1  999 10" - 1 

n-1 zeros  

,e t  ~ ( k )  denote t h e  number o f  p o s i t i v e  i n t e g e r  d i v i s o r s  o f  t h e  p o s i t i v e  

is thought  o f  as an i n f i n i t e  sum o f  decimals ,  Integer  k.  If 2lZ1 - 
10" - 1 

:hen t h e  number o f  1's which appear  i n  t h e  k t h  column t o  t h e  r i g h t  o f  t h e  

iecimal p o i n t  i s  ~ ( k ) .  Using t h e  procedures o f  e lementary number t h e o r y  

me can e a s i l y  determine t h a t  t h e  s m a l l e s t  p o s i t i v e  i n t e g e r  s o l u t i o n  o f  

:he equa t ion  ~ ( k )  = 1 0  = 5-2  is 4 ~ ( 2 ~ - 3 ) .  Also ~ ( 4 9 )  = ~ ( 7 ' )  = 3 and 

~ ( 5 0 )  = ~ ( 2 - 5 2 )  = 2 - 3  = 6. Thus t h e  f i rs t  zero  i n  t h e  given decimal 

f rac t ion  occurs  i n  t h e  f o r t y- e i g h t h  p lace .  Because t h e r e  i s  no " c a r r y  

lumber" involved,  t h e  3 7 ' t h  d i g i t  i n  t h e  g iven  decimal f r a c t i o n  i s  ~ ( 3 7 1 ,  

thich is  2 s i n c e  37 i s  a prime. 

A^6o ~ o i v e . d  by  LOUIS G. CAIROLI, Syfia.c~&ie. U r ~ L v a u U y ,  N. Y.; VICTOR 

i. FESER, St. Lou ib  U n i v m ^ t y ,  I H c A b o d ;  RICHARD A. GIBBS, F o M  L w h  

;oUe.ge., VuAango, Co.Â£ohado MIKE KEITH, H a z W ,  N. J.; EDITH E. KISEN, 

lovUan.d &tote. UIM-VMA-L-CY; CHARLES H .  LINCOLN, Rakb igh,  N. C.; SIDNEY 

'ENNER, Bitonx CommUJtiCty CoU.e.ge., B m n x ,  New Yoak; R. ROBINSON ROWE, 

~ac/iame.nto, C w o & a ;  and t h e .  P - t o p o ~ e ~ .  , 

335. [Fall 19741 P m p b e d  by  V-Lctoh G, F u n i ,  S t .  LO& U n L v ~ ~ 4 ^ t q ,  

it. LOU^&, M - L A i o d .  

Problem 65 i n  t h i s  JoumaZ ( f i r s t  p resen ted  i n  A p r i l  1954; r e -  

r e s e n t e d  i n  F a l l  1968; so lved  i n  F a l l  1969) showed t h a t  every  s imple 



non-triangular polygon has a t  l e a s t  one i n t e r i o r  diagonal, t h a t  is, a 

diagonal lying en t i r e ly  ins ide  the  polygon. 

( a )  Show t h a t  every simple polygon of n s ides ,  n 2 3, has a t  l e a s t  

(n - 3) i n t e r i o r  diagonals. 

(b )  Show t h a t  for  every n 2 3, there  e x i s t s  a simple polygon having 

exactly (n - 1 )  i n t e r i o r  diagonals. 

S o l u t i o n  by C h d u  ff. L-LncoRn, Ra le igh ,  Nonth CcvwJUna. 

( a )  A polygon with 4 s ides  has a t  l e a s t  one i n t e r i o r  diagonal, so 

s ince  n = 4, the  statement is  t r u e  f o r  n = 4. ( I t  i s  t r i v i a l l y  t r u e  for  

n = 3.  ) Assume t h a t  the  statement is  t r u e  f o r  a l l  simple polygons up 

t o  n - 1 sides .  Let P be a polygon with n s ides .  It  has a t  l e a s t  one 

i n t e r i o r  diagonal. This diagonal creates  two simple polygons, one having 

k s ides ,  the  other  having n - k + 2 s ides .  

The f i r s t  has k - 3 i n t e r i o r  diagonals; the  second has n - k + 2 - 3. 

Thus the  two together have n - 4 i n t e r i o r  diagonals, a l l  of which a re  

i n t e r i o r  diagonals of P. They are ,  of course, d i f ferent  from the  one 

which separated P i n t o  two polygons. Hence, there  a re  a t  l e a s t  n - 3 

i n t e r i o r  diagonals i n  P. 

(b)  This par t  is shown by giving a method of constructing a simple 

polygon with n s ides  and exactly n - 3 i n t e r i o r  diagonals. 

On a c i r c l e  0 ,  choose points A and B so  t h a t  a r c  AB = 6 0 Â °  Let T 

be the  point of in tersect ion of the  tangents t o  0 a t  A and B. For 

n 2 3, put n - 3 points on 0 between A and B. Polygon TAPlP2-*-Pn-3 

has exactly n - 3 i n t e r i o r  diagonals: TPl, TP2, *-- , TPn_3. 

At&o b o l v e d  by R.  ROBINSON ROWE, Sawurnento, CaLL60tUu.a; and the. 

Puipo&e.^.. 

M u ~ / m g  S. K h E n ,  0 6  t h e  Univutb-cty 0 6  Wcut.viH.00, On taMo,  Canada., 

btatu t h a t  a bo iu t - i on  t o  th^ili p/wb&m may be 6 o w d  -in th.e Amevioan 

Mathematical Monthly, Vecembm 1970, page 11 11, 'pn.obK.m E 2274. Fa^. 

mom dL66.icu.U un&oiund ^.eAzted pmbicm,  be.e. 7-25 SIAM Review. 

336. [ F a l l  19741 Piopobed by Zazou Ko tz ,  Bewe<̂  H a ,  CuLi6otUu.a. 

On the  diameter AB of a semicircle (0)  perpendiculars are  erected 

a t  a rb i t r a ry  points C and D cutt ing the  semi-circumference a t  points E 

and F respectively.  A c i r c l e  (P) touches t h e  a rc  of the  semicircle and 

each of the  two half-chords. Show t h a t  PQ, the  distance from P t o  the  

diameter AB, is  equal t o  t h e  geometric mean of AC and DB. 

FIGURE 2 

oSLutuan by C h c u d . ~  W.  T M g g ,  San Diego, C w o w u ^ - p w a t i c A U t /  LdentiCJaJL 

o t h o b e  bubm-ttted by C l a y t o n  W .  Dodge, U n L v m L t y  06 M d n e  cut. Omno, 
n d  by ChoALu H. L i n c o l n ,  Rale igh,  Nonth CafioHna and R. Rob-mion Rowe, 

w m w t o ,  CoJU.60fW.a. 

D r a w  the  radius of t h e  semicircle,  OPY = R = A0 + OB, and the  r a d i i  

the  c i r c l e  (PI ,  XP = PZ = r = PY = CQ = QD. Then 

AC = A0 - CQ - Q0 = R - P - 00, 

DB = OB - QD + QO = R - r + QO. 

ese equations hold whether 0 f a l l s  on t h e  segment CD o r  outside i t . )  

(AC)(DB) = (R - P ) ~  - ( w ) ~  = (pol2 - (@I2 = ( P Q ) ~ .  

At20 b o l v e d  by VICTOR G .  FESER, St. Lo& UnLv&u^ty; RICHARD A. 

IBBS, Font   led^ CoUs-ge, V w g o ,  Coiofiado; DAVID C. KAY, UnLve.uUy 

0 6  Okiahoma, Noman, Oklahoma; GUS MAVRIGIAN, Youngbtown S t a t e  U n L v e a L t y ,  

Youngbtoum., N o ;  and the. P u i p a e n .  

337. [ F a l l  19741 Puipobed by the. Paoblem Editor. 

I f  R, P and L+ denote the  circumradius, the  inradius and the o r th ic  

iangle inradius respectively of an acute t r i ang le  ABC, show t h a t  

2 Aff. (The o r th ic  t r i ang le  is determined by the  f e e t  of the  a l t i tudes  

f the  parent t r i a n g l e ) .  

o i u t i o n  by Zazou Ko tz ,  BevMZy H-cÂ£^A Ca^~oAy^LO.. d 

It is known t h a t  the  distance between the  incenter I and the  ortho- 

n te r  B of a t r i ang le  i s  given by the  re l a t ion  I H ~  = 2r2 - 4R cos A 

s B cos C and t h a t  4 ,  t he  inradius of the  o r th ic  t r i ang le  i s  equal t o  

cos A cos B cos C. 



It follows t h a t  

4/25 s cos A cos B cos C = (2p2 - 1ff2)/4R2 5 r2/2R2 

and t h a t  +R 5 r2. 

ALbo lioivzd. b y  R. ROBINSON ROME and the. P m p o b m .  

298 [Spring 1973; Spring 19741 Pwpo.6e.d b y  Pad E r d 2 ,  8&pe4t ,  

H u n g a ~ y ,  and Jan MycLeJLiiki, U n b e . u L X y  06  C o t o m d o ,  EouLde.fi, Co&ow.do. 
Prove t h a t  

1 
(1)  g g  Ã (42 + Vn + +%) = 1' 

1 l / l o g  3 + l / l o g  4 + . . . + (2 )  @ ; (n  
W o g  n )  = e .  

The. ~oiUL&ion t o  paAt ( I ] ,  b y  V o n n e l i y  J .  Johv~ ion ,  WOA pubtit,he.d -in the. 
Spfu.ng I974 .hue.. The. f^o.ttodng b0iidJLon t o  ph-t (2) JLh b y  the. PRO- 

p0.6 iVi . 
l/m 3 > n l / l o g  4 + . . . + W o g  n 

F i r s t  o f  a l l ,  observe t h a t  n 

5: (n - 2)e s ince  nl'log = e and the  terms a r e  decreasing. Next we 

give an upper bound f o r  t h e  sum a s  follows : 

Put 

where i n  2 ,  3 5 k 5 n l'lOO; i n  x2, n 1/100 < k 5 n/ log  n and i n  2 3' 

n/ log n < k S n.  

We evident ly  have 

Z2 < e o O o g  n )  <*qn f o r  every 11 i f  n > no(,,) 

Thus 

which proves t h e  r e s u l t .  

c o m w t e  

The following observation was sen t  t o  t h e  Problem Edi tor  by John 

Oman, The Universi ty of Wisconsin-Oshkosh: 

"I would l i k e  t o  comment on problem 294. The comment by K. R. S.. 

r y  t h a t  Michael Goldberg's so lu t ion  holds f o r  any r egu la r  polygon i s  

ccorrec t .  The January 1971 i s sue  o f  Mathematics Magazine conta ins  some 

omments by J. F. Rigby (pages 45-53) which includes a counter-example t o  -- "- 
be analogous problem f o r  hexagons. In  t h e  same comments by Rigby there. 

s a proof f o r  problem 294. 

Two o the r  i ssues  o f  t h e  Mathematics Magazine which contain r e s u l t s  

n analogous problems a r e  t h e  November 1970 and t h e  May 1971 i s sues .  

I personally th ink  it would be o f  i n t e r e s t  t o  publish a s  many d i f -  

erent  so lu t ions  t o  problem 294 a s  possible."  

.ommwt. b y  the. P w b i e m  E d i t o r .  

It is  t h e  pol icy  o f  t h e  Problem Department t o  welcome novel and* 

elegant  so lu t ions ,  including s i g n i f i c a n t  improvements on those previously 

osoooeottÂ¥i.^OWXSOISOOQQOOQ0iE>30 

FRATERNITY KEY-PINS 

Gold -key-pins a r e  ava i l ab l e  a t  t h e  National  Off ice  ( t h e  Univer- 

s i t y  of  Maryland) a t  t h e  spec i a l  p r i c e  o f  $5.00 each, pos t  paid 

t o  anywhere i n  t h e  United S t a t e s .  

Be AWL& t o  icncticate. the. c h a p t m  -into w k i c h  you i.vtLtiat&.d 
and the. approx imate  Me. of ,  i v t i k i a t i o n .  I 

O~@C<~"!?~~<MOCOO~~?S~~&S~~E~C(M<^^=--& 

REGIONAL MEETINGS OF MAA 

Many r eg iona l  meetings of t he  Mathematical Association r egu la r ly  

have sess ions  f o r  undergraduate papers. If two o r  more col leges  and 

a t  l e a s t  one l o c a l  chapter  he lp  sponsor o r  p a r t i c i p a t e  i n  such under- 

graduate sess ions ,  f i nanc i a l  help is ava i l ab l e  up t o  $50 f o r  one l o c a l  

chapter t o  defray postage and o the r  expenses. Send reques t  t o :  

D r .  Richard A.  Good 
Secretary-Treasurer ,  P i  Mu Epsilon 
Department of  Mathematics 
The Universi ty of  Maryland 
College Park,  Maryland 20742 



JOURNAL WELCOMES NEW OFFICERS 

The P i  Mu Epsilon F ra t e rn i ty  e lec ted  a new s l a t e  of  o f f i c e r s  during 

the  pas t  year,  so  we congratulate them and wish them wel l  i n  t h e i r  new 

o f f i ces .  For the  bene f i t  of t he  membership a t  l a rge ,  we introduce them 

below and include a b r i e f  background sketch f o r  each o f f i ce r .  

P r e s i d e n t  

E. & ~ n  QUV.~, Professor of  Mathematics a t  t he  University of Utah, 

received h i s  bachelor ' s  and master 's  degree from t h e  Universi ty of Cali-  

fo rn ia  a t  Berkeley and earned h i s  Ph. D. i n  1951 the re  a lso .  He came t o  

the  University of Utah i n  1955, and has taught a t  t he  Univers i t ies  of 

Cal i fornia  and Oregon. He was t h e  Associate Program Director of  t h e  

National Science Foundation Special  P ro jec t s  i n  Science Education i n  

1961-62 and was Program Director f o r  t he  Student and Cooperative Program 

in  Pre-College Education i n  Science from 1967 t o  1970. He has a l s o  served 

a s  the  f acu l ty  advisor of  t h e  Utah Alpha Chapter. 

Pres iden t- E lec t  

Rich& V .  Andhee., Professor of  Mathematics and Professor of  Infor-  

mation and Computing Sciences a t  t he  Universi ty of Oklahoma, received h i s  

bachelor 's  degree a t  t he  University o f  Chicago, Ph. M .  and Ph. D. degrees 

a t  t he  Universi ty of Wisconsin. He has been National Secretary-Treasurer 

s ince  1957. An a c t i v e  teacher,author and research worker both i n  mathe- 

matics and computing sc ience ,  he has wr i t t en  a dozen books and more than 

200 a r t i c l e s  on mathematics and computing. He is a frequent l e c t u r e r  a t  

na t iona l  and in t e rna t iona l  meetings a s  wel l  a s  a t r a v e l l i n g  l e c t u r e r  f o r  

MAA, SIAM, and ACM. 

Secretary- Treasurer  

Hicha~d A. Good, Professor of Mathematics a t  t h e  University of Mary- 

land,  received h i s  bachelor 's  degree a t  Ashland College and h i s  master 's  

and Ph. D. degrees a t  the  Universi ty o f  Wisconsin. Renowned teacher ,  

author, e d i t o r ,  and l e c t u r e r ,  he is ac t ive  i n  many l o c a l  and nat ional  

athematical organizations.  He i s  t h e  author and co-author o f  severa l  

:>oks and numerous expository and research a r t i c l e s .  Director o f  s eve ra l  

SF supported p ro jec t s  on teaching o f  mathematics a s  wel l  as  supervising 

idergraduate mathematics i n s t ruc t ion  a t  t h e  Universi ty o f  Maryland, he - , 
j the  o r ig ina to r  and producer o f  t he  Universi ty o f  Maryland t e l ev i s ion  

rthemat i c s  i n s t ruc t ion  program. 

Counci 1  l o r s  

!&.&on 0. COX, Ass is tant  Professor o f  Mathematics a t  Miami Universi- 

y,  Ohio, received h i s  bachelor ' s  degree a t  Depauw Universi ty and h i s  

a s t e r ' s  and Ph. D. degrees a t  Indiana University. He served as  Research 

nalyst  a t  Aerospace Research Labs, Wright-Patterson AAB. Has been spon- 

a r  of Ohio Delta s ince  1969, and has sponsored t h e  regional  P i  Mu Epsi- 

an meeting i n  the  spr ing  o f  both 1974 and 1975. 

Robert M. WoodALde., Associate Professor o f  Mathematics a t  t he  Uni- 

s r s i t y  o f  East  Carolina,  received h i s  bachelor 's  and master 's  degrees 

t North Carolina S t a t e  Universi ty,  and has completed post  master 's  work 

t Indiana Universi ty and Harvard. He is founder and sponser o f  North 

aro l ina  Delta Chapter, and has sponsored student speakers a t  s i x  na t iona l  

i Mu Epsilon meetings, as  well  a s  organizing a regional  meeting. He 

as served a s  chairman of t he  Faculty Senate a t  t h e  University o f  East  

a ro l ina ,  and i s  a member o f  numerous honorary and profess ional  organiza- 

ions. 

We a l s o  welcome back E. MauAcce. B e . U i e . t l ,  Professor and Chairman o f  

he Department of  Mathematics a t  t h e  University o f  Nevada, and El2e.e.n L 

OM, Assistant  Professor o f  Mathematics a t  Sa in t  Pe te r ' s  College ( Je r -  

ey Ci ty) ,  who w i l l  each be serving another term as  Com&or. Profes- 

o r  Beesley has been a Councillor s ince  1969, and Professor Poiani ,  s ince  

972. ffou&ton T .  k . J ~ a & ,  Professor o f  Mathematics a t  Louisiana S t a t e  

n ive r s i ty ,  w i l l  serve a s  Poet-President, and David C. K<U/, Associate 

rofessor  of  Mathematics a t  t h e  Universi ty o f  Oklahoma, w i l l  continue a s  

06 Editor. 
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