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SYSTEMATIC SOLUTIONS OF THE FAMOUS 15-14 PUZZLES 

by Maw. G .  Henne-y and Vagmm R .  Henneg 
The. Geukge Wahhingtun Un..iue~~-c-ty~ 

I n  t h e  e a r l y  1870 's  Sam Loyd- in  h i s  Cyclopedia of Puzz le s  popular ized 

a type  o f  puzzle  t h a t  has  c o n t i n u a l l y  f a s c i n a t e d  t h e  world f o r  almost a 

century .  Although numerous s l id ing-block-puzzles  e x i s t ,  one of t h e  most 

popular  is based upon t h e  15-14 puzzle .  Most gene ra l ly ,  f i f t e e n  numbered 

blocks  a r e  p laced i n  a square  box wi th  t h e  vacant  square  i n  t h e  r ight-hand 

bottom c o m e r  as shown i n  Fig .  1. The problem is  t o  s l i d e  t h e  numbered 

blocks  s e q u e n t i a l l y  u n t i l  one o b t a i n s  a s p e c i f i e d  arrangement. The b e s t  

s o l u t i o n  i s  t h e  one ob ta ined  i n  t h e  minimum number o f  moves ( i n p u t s ) ,  

which we s h a l l  abbrev ia t e  by M N I .  

Sam Loyd's famous ve r s ion  is  shown i n  Fig.  2. Another ve r s ion  (Fig.  

3 )  was popular ized by Krai tchik  [ll. 

FIGURE 1 FIGURE 2 FIGURE 3 

The o r i g i n a l  ve r s ion  o f  t h e  puzzle  s t a r t e d  a widespread puzzle- 

s o l v i n g  f a d  i n  Europe and America. Large sums o f  money were o f f e r e d  f o r  

t h e  M N I  s o l u t i o n  t o  it. Although many people claimed t o  have found t h e  

M N I  s o l u t i o n ,  no one was a b l e  t o  reproduce p u b l i c a l l y  even one v a l i d  

s o l u t i o n .  I n t e r e s t  remained a t  f eve r -p i t ch  u n t i l  s e v e r a l  mathematicians 

[ 2 ]  publ ished a proof t h a t  no s o l u t i o n  t o  Sam Loyd's famous puzzle  was 

poss ib l e .  Examination o f  t h e  proof  r e v e a l s  t h a t  a quick p a r i t y  check 

can be  used t o  determine whether a p a r t i c u l a r  ve r s ion  o f  t h e  puzzle  is 

so lvab le .  One swi t ches  p a i r s  o f  numbers (by removing and r e p l a c i n g  

b locks )  count ing t h e  number o f  swi t ches  u n t i l  t h e  d e s i r e d  p a t t e r n  is  

l ~ h e  au thor s  would l i k e  t o  expres s  t h e i r  a p p r e c i a t i o n  t o  t h e  Com- 
p u t i n g  Center of t h e  George Washington Unive r s i ty  f o r  t h e  use  o f  i t s  
IBM 360. 



obta ined.  No e f f i c i e n c y  is  necessary  i n  ob ta in ing  a value f o r  t h e  number 

o f  swi tches .  I f  t h e  r e s u l t i n g  number is even, a s o l u t i o n  e x i s t s ,  o the r-  

wise no t .2  Applying t h i s  p a r i t y  check t o  K r a i t c h i k l s  ve r s ion  one f i n d s  

t h a t  it is so lvab le .  

However, no a n a l y t i c a l  method is  known through which t o  o b t a i n  t h e  

M N I  s o l u t i o n .  U n t i l  now, t h e  only  method a v a i l a b l e  t o  f i n d  v a l i d  so lu-  

t i o n s  has  been by t r i a l  and e r r o r .  D i rec t  enumeration o f  a l l  sequences 

having a s p e c i f i e d  l eng th  is no t  f e a s a b l e  f o r  any n o n- t r i v i a l  ve r s ion  

such a s  K r a i t c h i k l s .  One can ob ta in  t h e  exact  number o f  sequences o f  

given l eng th  by cons t ruc t ing  a t r a n s i t i o n  matr ix .  The t r a n s i t i o n  ma t r ix  

f o r  any inpu t  a f t e r  t h e  f i r s t  has  t h e  same form. Hence, by r a i s i n g  t h i s  

matr ix  t o  t h e  r e q u i r e d  power and mul t ip ly ing  by t h e  i n i t i a l  t r a n s i t i o n  

ma t r ix ,  one can o b t a i n  t h e  number o f  sequences o f  any d e s i r e d  l e n g t h .  

I f  one computes t h e  number o f  50 move-sequences f o r  K r a i t c h i k l s  ve r s ion ,  

it i s  seen t h a t  one must cons ide r  almost 1016 s e p a r a t e  sequences.  Although 

d i r e c t  enumeration o f  a l l  sequences is n o t  f e a s a b l e  even wi th  a high- 

speed computer, a method does e x i s t  t o  determine an M N I  s o l u t i o n .  

Versions o f  t h e  15-14 puzzle  can be considered t o  be models of  what 

a r e  c a l l e d  s e q u e n t i a l  machines. Each movement of a block is an i n p u t ,  

each arrangement o r  s t a t e  o f  t h e  b locks  is an ou tpu t .  A number is as-  

s igned t o  an output  conf igu ra t ion  based p r i m a r i l y  on t h e  d i s t a n c e  o f  each 

element from t h e  p o s i t i o n  it w i l l  have i n  t h e  f i n a l  arrangement.  The 

number, c a l l e d  t h e  t e s t- va lue ,  may be  obta ined by employing var ious  r u l e s ,  

but  it must possess  t h r e e  p r o p e r t i e s :  

( 1 )  The t e s t - v a l u e  is an i n t e g e r  l e s s  than  o r  equa l  t o  t h e  number 

o f  i n p u t s  r equ i red  t o  ob ta in  t h e  f i n a l  arrangement.  

( 2 )  Af t e r  every  i n p u t ,  t h e  value  of  t h a t  i n t e g e r  remains t h e  same 

o r  changes by one. 

( 3 )  When t h e  r equ i red  arrangement is ob ta ined ,  t h e  t e s t - v a l u e  is 

zero.  

A t e s t - v a l u e  s a t i s f y i n g  t h e  above t h r e e  requirements  has  s e v e r a l  

advantages.  F i r s t ,  it may be used t o  f i n d  t h e  l eng th  o f  MfiI s o l u t i o n s  

without enumerating a l l  poss ib l e  sequences o f  t h a t  l eng th .  In o r d e r  t o  

v i s u a l i z e  t h i s ,  cons ide r  t h e  fo l lowing e x s n i ~ l e .  S u ~ o o s e  i t  i s  known t n a t  

'see, f o r  example, t h e  a r r i c l e  by i h o m s  F o m e l l ,  fis 25-14 Puzzle ,  
t h i s  J o u r r d ,  5,  No. 8 (1973 ) . - -Ed i t o r .  

a c e r t a i n  ma t r ix  o f  elements can be transformed from ' h e  I g i t i a 1  . . 
r a t i o n  i n t o  t h e  f i n a l  conf igu ra t ion  with 12 i n p u t s ,  bu t  it is EO 

whether t h i s  sequence is  an M N I  s o l u t i o n .  An i n i t i a l  s o l u t i o n  is al+ia"s 

r equ i red  but  it need n o t  be very e f f i c i e n t .  Now c o n s t r u c t  a t e s t - v a l  

having t h e  t h r e e  r equ i red  p r o p e r t i e s .  Suppose a t e s t - v a l u e  o f  10 was 

a s s o c i a t e d  with t h e  i n i t i a l  arrangement. Proper ty  ( 1 )  r e q u i r e s  t h a t  it 

be l e s s  than  o r  e q u a l  t o  t h e  M N I  l eng th .  Consider t h e  i n i t i a l  configu-  

r a t i o n  a f t e r  4 inpu t s .  The b e s t  known s o l u t i o n  w i l l  be t h e  one which 

r e q u i r e s  8 more inpu t s .  Compute t h e  t e s t - v a l u e  a s soc ia t ed  wi th  every  

poss ib l e  subsequence o f  4 inpu t s .  By Proper ty  ( 2 )  t h i s  value  may range 

from 6 t o  14. Proper ty  ( 3 )  impl ies  t h a t  any subsequence r e s u l t i n g i n  a 

t e s t - v a l u e  o f  9 o r  g r e a t e r  could no t  l e a d  t o  a s o l u t i o n  i n  8 moves. 

Therefore ,  a l l  sequences s t a r t i n g  wi th  those  subsequences can be  e l imina ted  

from f u r t h e r  cons ide ra t ion .  By r epea ted  a p p l i c a t i o n  o f  t h i s  technique,  

it is p o s s i b l e  t o  e l i m i n a t e  a l a r g e  number o f  sequences be fo re  they  have 

reached t h e  l eng th  a s s o c i a t e d  wi th  t h e  known s o l u t i o n .  

The above d i scuss ion  i n d i c a t e s  t h a t  a t e s t - v a l u e  c l o s e  t o  t h e  value  

a s s o c i a t e d  with an M N I  s o l u t i o n  would e l imina te  more sequences from con- 

s i d e r a t i o n  than would a sma l l e r  t e s t - va lue .  Therefore ,  one should  a t -  

tempt t o  dev i se  r u l e s  t h a t  produce t e s t - v a l u e s  c l o s e  t o  the  t e s t - v a l u e s  

a s s o c i a t e d  wi th  M N I  s o l u t i o n s .  Many d i f f e r e n t  r u l e s  t o  ob ta in  t e s t -  

va lues  could be devised.  I t  is  d e s i r a b l e  t o  s e l e c t  r u l e s  which w i l l  

e l i m i n a t e  a l a r g e  number o f  sequences and which w i l l  r e q u i r e  r e l a t i v e l y  

few c a l c u l a t i o n s .  The fol lowing two r u l e s  have been s e l e c t e d  f o r  t h e s e  

reasons .  

Rat 1 .  The minimum number o f  i n p u t s  r equ i red  t o  t r a n s l a t e  each 

element t o  i t s  f i n a l  p o s i t i o n  i n  t h e  diagram is computed. The t r ans l a-  

t i o n  is  e f f e c t e d  f o r  each element as though it were t h e  only  one i n  t h e  

diagram, a l l  o t h e r  spaces  be ing  vacant .  The sum o f  i n p u t s  obta ined i n  

t h i s  way is t h e  t e s t- va lue .  

R d e .  2. Each row and column is  examined i n  tu rn .  For each one, 

t h e  number o f  elements t h a t  have reached t h e  same row o r  column they  w i l l  

have i n  t h e  f i n a l  arrangement a r e  considered.  For each p a i r  o f  elements 

t h a t  a r e  i n  t h e  r eve r sed  o r d e r  two u n i t s  a r e  added t o  t h e  sum computed 

by Rule 1. I f  more than  two elements a r e  r eve r sed ,  c a r e  must be exe rc i sed  

s o  t h a t  Proper ty  ( 2 )  is n o t  v i o l a t e d .  



As an example o f  how t h e  two r u l e s  a r e  app l i ed  cons ide r  Fig.  3. The 

eleiitenc occupying ma t r ix  p o s i t i o n  ( 1 , l )  must be moved a  minimum o f  two 

u a i t s  t o  a t t a i n  its f i n a l  p o s i t i o n .  The element occupying p o s i t i o n  (1 ,2 )  

nus: a l s o  be moved a  minimum o f  two u n i t s ,  t h e  element occupying p o s i t i o n  

{1,3)  must be moved one u n i t y  e t c .  To i l l u s t r a t e  Rule 2  consider  t h e  

second row. The blocks  numbered 5  and 8  a r e  i n  t h e  same row i n  t h e  f i n a l  

arrangement but  r eve r sed  i n  o r d e r ;  t h e r e f o r e ,  two u n i t s  must be added t o  

t h e  sum computed by Rule 1. 

It  is easy t o  understand why Rule 1 w i l l  produce values  l e s s  than  

o r  equa l  t o  t h e  l eng th  o f  t h e  MNI s o l u t i o n s .  The vacant space  is  always 

assumed t o  be i n  t h e  most f avorab le  p o s i t i o n .  Rule 2  r e f l e c t s  t h e  two 

i n p u t s  r equ i red  i n  removing one of  t h e  two reversed elements ou t  of  t h e  

pa th  o f  t h e  o t h e r  one. 

Fur the r  r u l e s  could be  developed. Most o f  them would be o f  r e l a -  

t i v e l y  minor importance-- especially f o r  sma l l  ma t r i ces .  For every  r u l e ,  

one must consider  whether t h e  number o f  sequences e l imina ted  is worth 

t h e  a d d i t i o n a l  computation r e q u i r e d  t o  o b t a i n  a  t e s t - v a l u e .  This  f e a t u r e  

is important i n  reducing t h e  computer t ime r e q u i r e d  t o  ob ta in  MNI so lu-  

t i o n s .  

A FORTRAN program was w r i t t e n  t o  e f f e c t  t h e  c a l c u l a t i o n s .  Through 

t h e  use  o f  t h e  two s t a t e d  r u l e s y  it was p o s s i b l e  t o  so lve  K r a i t c h i k f s  

Problem i n  a  few minutes o f  computer t ime (IBM 360). The MNI s o l u t i o n  

was unexpectedly s h o r t .  Reference 1 lists K r a i t c h i k f s  own s o l u t i o n  t o  

h i s  problem, which r e q u i r e d  114 i n p u t s .  h a i t c h i k  sugges t s  t h a t  h i s  so lu-  

t i o n  is very  c l o s e  t o  t h e  MNI s o l u t i o n  (mathematical i n s i g h t ? ) .  The 

c o r r e c t  MNI s o l u t i o n  a c t u a l l y  has  58 i n p u t s  and is given below s o  t h a t  

t h e  r e a d e r  may check i t .  

1 2 , 8 , 7 , 6 , 2 y 3 y 4 , 7 , 6 , 2 , 5 , 1 y 3 , 4 y 2 , 1 1 y 8 , 6 , 1 1 , 5 ,  

l o y  8 ,  G Y  11, 5,  1 0 ,  8 ,  9 ,  1 3 ,  1 4 ,  g Y  1 3 ,  1 4 ,  9 ,  1 3 ,  6 ,  1 5 ,  1 3 ,  

6 ,  14 ,  9 ,  6 , 1 3 ,  1 Z Y  11, 15 ,  14 ,  1 3 , 1 2 ,  14 ,  1 3 ,  9 ,  6 ,  1 2 , 1 4 y  

1 3 Â  15 ,  11. 

Thus it seems very d i f f i c u l t  t o  a r r i v e  a t  an MNI s o l u t i o n  without 

proceeding sys t ema t i ca l ly .  Other s o l u t i o n s  t o  v a r i a t i o n s  o f  t h i s  problem 

can be found i n  t h e  l i t e r a t u r e  and a;-e o f t e n  known t o  be i n  e r r o r .  Con- 

s i d e r  f o r  example t h e  Problem Book by Dudney [31. H i s  Problem Number 254 

can be reduced t o  a  v a r i a t i o n  o f  t h e  15-14 Puzzle.  Attacked sys temat i-  

c a l l y ,  it is found t h a t  Dudneyfs MNI s o l u t i o n  o f  30 i n p u t s  is  i n c o r r e c t .  

The c o r r e c t  MNI s o l u t i o n  has  28 inpu t s .  

I n  conclus ion,  i n  o rde r  t o  s e e  t h e  above problem i n  its proper  per-  

s p e c t i v e ,  we quote t h e  e d i t o r s  o f  t h e  American Journal of Mathematics [2]: 

The 1 5  puzzle  has  been prominently be fo re  t h e  American pub l i c ,  
and may s a f e l y  be s a i d  t o  have engaged t h e  a t t e n t i o n  o f  none 
ou t  o f  t e n  persons  o f  t h e  community. The p r i n c i p l e  o f  t h e  
game has  i t s  r o o t s  i n  what a l l  mathematicians o f  t h e  p resen t  ,,*--- 
day a r e  aware c o n s t i t u t e s  t h e  most s u b t l e  and c h a r a c t e r i s t i c  
conception of  modern a lgebra ,  v i z :  t h e  law o f  dichotomy ap- 
p l i c a b l e  t o  t h e  sepa ra t ion  o f . t h e  terms o f  every  complete 
system of  permutat ions  i n t o  two n a t u r a l  and i n d e f e a s i b l e  groups. 
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G I  FFEN' S PARADOX: AN EXERCISE I N  MULTIVARIATE CALCULUS 

by D a v i d  w .  W h  
Pw~dut U n i v m L t y  at F o d  Waync 

Most people have t h e  be l ie f  t h a t  t h e  so-called law of diminishing 

demand always holds f o r  t h e  r a t i o n a l  consumer t ry ing  t o  maximize h i s  

purchases r e s t r i c t e d  by h i s  income. That is, i f  t h e  p r ice  f o r  a product 

goes up, the  quantity purchased a t  t h e  new pr ice  is  l e s s  than the  quantity 

purchased a t  the  old pr ice.  Mathematical economists were able  t o  con- 

s t r u c t  a mathematical model t o  display t h i s  common b e l i e f  a s  a theorem. 

However, a celebrated report  was made by S i r  R. Giffen of an instance 

where consumption went up along with p r ice  (see reference [51, p. 132). 

Such goods f o r  which the  quantity purchased increases with p r ice  a r e  now 

cal ledGiffen goods. A Giffen good could be potatoes among lower income 

people, f o r  example. A s  t h e  p r ice  of  potatoes goes up, the  people have 

l e s s  r e a l  income and hence they cannot afford a s  much meaty a much more 

expensive good. Thus, t o  get enough t o  e a t  they must purchase more 

potatoes than they did before the  pr ice  increase. 

Some economists chose t o  ignore these goods and continued t o  use 

t h e  dove-mentioned mathematical model without correct ing f o r  t h e  ex i s t-  

ence of Giffen goods. However, E. E .  Slutsky [ 71  about 1914 made a more 

care fu l  der ivat ion of the  same basic  model which can mathematically allow 

the  existence of Giffen goods. 

We s h a l l  l e t  x stand f o r  a commodity n-vector (row), t h e  i t h  com- 

ponent xi being t h e  quantity of t h e  i t h  good i n  a market with n goods. 

A l s o , l e t  U(x) be a continuous real-valued function defined on a s e t  

containing a l l  possible commodity vectors X; U(X) is cal led the  u t i l i t y  

function. I f  p .  is the  un i t  p r ice  of t h e  i t h  good, CI t h e  income of t h e  

consumer, then t h e  consumer wishes t o  maximize U(x) subject  t o  t h e  fo l-  

lowing constraints :  

where p is the  pr ice  vector (row) and X'  i s  the  transpose of x. A fu r ther  

cons t ra in t  inequa l i ty  of t h e  form px' 5 CI is c l e a r l y  needed t o  requ i re  

t h a t  t h e  consumer does not spend more than he makes. To s implify the  

ana lys i s ,  we assume t h e  consumer spends prec i se ly  h i s  income (perhaps t h e  

n th  good is  a quant i ty  of shares  i n  a c r e d i t  union). We wish t o  derive 

demand funct ions xi = di(pl, -* - ,pn ,CI) ,  i = 1,2,... ,n, from t h e  soLktign 

x* of the  maximization problem. I n  p a r t i c u l a r ,  we want t o  determine t h e  

s ign of axi/api. The law of diminishing demand implies t h a t  ax./ap. z z i s  

negative. 

The u t i l i t y  funct ion U(x) is introduced primari ly  a s  a device t o  

obtain the  consumer demand funct ions dim We should note  here t h a t  the  

economist adds severa l  r e s t r i c t i o n s  on t h e  u t i l i t y  func t ion y o r  d t i l i t y  

index, and t h e  func t ion ' s  domain. These r e s t r i c t i o n s  imply t h e  consumer 

behaves i n  a r a t i o n a l  manner i n  some sense. For an example of  one axiom, 

i f  xl bundle of goods is  referre red'^ over x2, then U(xl) 2 U(x2). One 

r e a l l y  needs only an ord ina l  u t i l i t y  funct ion ins tead  of a ca rd ina l  func- 

t ion .  Then one could consider a l l  d i f f e r e n t i a b l e  monotonically increasing 

card ina l  transformations of t h e  o rd ina l  u t i l i t y  function. But s ince t h e  

ana lys i s  presented here is invar ian t  under such transformations, we s h a l l  

consider-U(x) t o  be a p a r t i c u l a r  real-valued funct ion of x ,  a funct ion 

f o r  which we can ca lcu la te  a l l  t h e  p a r t i a l  der iva t ives  we need. For 

f u r t h e r  discussion see  [ Q Y  p. 6-8, 16-20]. 

To solve problem (1)  we use Lagrange mul t ip l ie r s  and define t h e  

Lagrangian a s  L(x,A) = U(x) + A(CI - p x ' ) .  The necessary conditions f o r  

a maximum are:  

CI - pxf = 0 . 
The second ordery  o r  s u f f i c i e n t ,  condition f o r  a maximum t o  t h i s  problem 

t o  e x i s t  is  t h a t  t h e  following bordered Hessian matrix be negative d e f i n i t e :  

w h e r e H z  [U. . (x ) ]and  ZJ U..(x) ZJ = a 2 ~ / a x . a x  z j' i , j  = 1 , - - - , n .  Anecessary 

condition f o r  J t o  be negative d e f i n i t e  is  t h a t  a l l  eigenvalues of t h e  

r e a l  symmetric matrix H be negative ([2], p. 126). Since t h e  consumer 

t r i e s  t o  maximize h i s  u t i l i t y  index, we zssume J t o  be negative d e f i n i t e .  



Then t h e  necessary  f i r s t  o r d e r  cond i t ions  ( 2 )  a r e  a l s o  s u f f i c i e n t  f o r  a 

maximum. The system ( 2 )  with t h e  non- singular  nega t ive  d e f i n i t e  Jacobian 

ma t r ix  J can be solved f o r  t h e  n + 1 unknowns x .  and A ,  and we denote 

t h e  s o l u t i o n s  by a s t e r i s k s :  

and 

These a r e  a l s o  t h e  demand func t ions  f o r  t h e  n goods. 

The e f f e c t s  o f  a change i n  a s i n g l e  p r i c e  p E  a r e  obta ined by p a r t i a l  

d i f f e r e n t i a t i o n  o f  ( 2 )  with  r e s p e c t  t o  p a t  (pV:,Af:). I n  matr ix  form 
E 

t h e  d i f f e r e n t i a t e d  equat ions  may be expressed i n  terms o f  a ma t r ix  ax':/ap 

with e n t r i e s  ax . / ap .  a t  x$'z and a row vec to r  axf:/ap: 
2 J 

Next, t h e  e f f e c t  o f  a change i n  p r i c e  when t h e  income is  compensated 

s o  a s  t o  keep u t i l i t y  cons tan t  (dU = A < : p ( d ~ ) ~  = O I y  is de r ived  from (2): 

where t h e  s u b s c r i p t  e denotes  t h e  compensated income case .  

Next, fo l lowing t h e  o r i g i n a l  c o n t r i b u t i o n  o f  S lu t sky ,  cons ide r  t h e  

e f f e c t s  i n  ( 2 )  o f  a change o f  income C I  a t  (x':,A?<). D i f f e r e n t i a t i o n  wi th  

r e s p e c t  t o  CI y i e l d s  

The fundamental ma t r ix  equat ion i n  t h e  theo ry  o f  t h e  household is 

obta ined by combining ( 3 I y  (41, and ( 5 )  a s  fo l lows:  

-1 
S e t t i n g  D = -l/pH p ,  we may w r i t e  t h e  inve r se  o f  t h e  Jacobian ma t r ix  

J i n  t h e  form ( s e e  page 212 of  [ I ] ) :  

where we note  t h a t  D > 0 s i n c e  H is nega t ive  d e f i n i t e .  Hence t h e  s o l u t i o n  

o f  ( 5 ' )  is given by t h e  t h r e e  equat ions:  

M u l t i ~ l y i n g  equa t ion  ( 8 )  on t h e  r i g h t  by X* and then  s u b t r a c t i n g  it from 

equa t ion  ( 7 )  we o b t a i n  t h e  S lu t sky  equat ion 

from which t h e  diagonal  terms may be e x t r a c t e d :  

Here we have t h e  r e s u l t  t h a t  t h e  t o t a l  effect of a change i n  pi on xi i s  

t h e  s u b s t i t u t i o n  effect  of t h e  p r i c e  change on t h e  q u a n t i t y  minus a n  ef- 

f e e t  due t o  ehunge i n  income. 

From t h e  informat ion D > 0 ,  A$: = (aU/axi)/pi > 0 f o r  i = 1 , - - - , n ,  

and H symmetric and nega t ive  d e f i n i t e ,  one can show t h a t  a~ ' : /ap  le  is nega- 

t i v e  d e f i n i t e .  (Hint :  Two u s e f u l  lemmas a r e  ( a )  a ma t r ix  A is  p o s i t i v e  

d e f i n i t e  i f  and only  i f  A-I is p o s i t i v e  d e f i n i t e  and ( b )  a symmetric 

ma t r ix  A is p o s i t i v e  d e f i n i t e  i f  and only  i f  A = PIP where P i s  a p o s i t i v e  

nonsingular  matr ix .  Also s e e  chap te r  7 o f  [31. )  Another easy e x e r c i s e  

is ax.f:/ap. 1 < 0 f o r  a l l  i. Thus a compensated i n c r e a s e  i n  t h e  p r i c e  o f  z z e  
a good always r e s u l t s  i n  a decrease  i n  demand f o r  t h e  good. But t h e  t o t a l  

e f f e c t  according t o  t h e  S lu t sky  equa t ion  ( 9 )  could  be p o s i t i v e  i f  t h e  

income e f f e c t  is  s u f f i c i e n t l y  nega t ive .  A good is c a l l e d  i n f e r i o r  i f  t h e  

consumption goes down a s  income r i s e s y  t h a t  i s y  i f  ax .f:/aCI < 0. The 

Gi f f en  goods, which do no t  obey t h e  law o f  d iminishing demand, a r e  s u f-  

f i c i e n t l y  i n f e r i o r  goods s o  t h a t  ax.f:/ap > 0. Some goods may be i n f e r i o r  z i 
goods without being Gi f f en  goods. Margarine is u s u a l l y  considered an 

example o f  one such i n f e r i o r  good. a 

E x p l i c i t  u t i l i t y  func t ions  f o r  goods, one o f  which is  a Giffen good, 

can be cons t ruc ted  a s  shown i n  r e f e r e n c e  [El by Wold. H i s  paper a l s o  



con ta ins  t h e  theorem t h a t  G i f f en ' s  phenomenon cannot occur  i n  t h e  complete 

f e a s i b l e  r eg ion  f o r  goods. For a d i f f e r e n t  d e r i v a t i o n  of S lu t sky ' s  equa- 

t i o n  and a look a t  some o t h e r  mathemat ica l ly  o r i e n t e d  economics, s e e  

r e fe rence  C61. 
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SUMMATION OF SPECIAL CLASSES OF SERIES 

b y  G m d  P. Ph0t0t7I&5.tkO 
LoyoLLl u ~ u m a y  

I n  a s t anda rd  ca l cu lus  t e x t ,  l i k e  Le i tho ld  [l] t h e  au thor  i l l u s t r a t e s  

t h e  d e f i n i t i o n s  o f  p a r t i a l  sums and sum o f  an  i n f i n i t e  s e r i e s  by p resen t ing  

an  example l i k e  

1 - - - -  ' - and t h u s  One u s u a l l y  no te s  t h a t  n(n + + 1 

Then t h e  sum S o f  t h e  i n f i n i t e  s e r i e s  is  a s  fo l lows:  

I n  t h i s  a r t i c l e  we consider  g e n e r a l i z i n g  t h e  above procedure.  We 

s h a l l d e v e l o p  formulas f o r  t h e  sum o f  two c l a s s e s  o f  i n f i n i t e  - - p i e s .  I n  

a l l  examples i n  t h i s  a r t i c l e  we a r e  asked t o  f i n d  t h e  sum S o f  t h e  given 

i n f i n i t e  s e r i e s .  I t  is no t  ha rd  t o  show t h a t  S e x i s t s  by t h e  Limit Com- 

par i son  Tes t .  

SoZution. F i r s t  n o t e  t h a t  

Hence 

2 2 2 1 
-+-+-+-*- = -  2 '  

1 
and thus  S = - 4 . 



1 1 1 
mt-t- *-â t 1 

3*5-7 5-7-9 (2n - 1) (2n  t 1 ) (2n  t 3 )  t * * *  . 

Soko5ion. F i r s t  note  t h a t  

Hence 

4 4 4 1 m+mtm+*** = -  3 '  

l and thus S = - . 
1 2  

We now general ize t h e  above examples and consider deriving a formula 

f o r  t h e  sum S of t h e  following c l a s s  of  i n f i n i t e  s e r i e s :  

Hence 

Solut<on. F i r s t  note  t h a t  

5 
and thus S = 2 

1 1 
a(a  t b ) ( a  t 2 b I t  ( a  + b ) ( a  t 2b)(a + 3b) t --â . 

F i r s t  note  t h a t  

- 1 
- m- 

Hence 

Example 3. 

Solution. Note a = 2 and b = 3' and thus  by s u b s t i t u t i o n  i n  (1) 
1 1  we have S = - = - 

12.5 60 ' 

We now consider a second c l a s s  of  i n f i n i t e  s e r i e s  which requi res  more 

ingenuity t o  f ind  t h e  sum S. 

Example 5. 

2 3  ... + n t - - -  . 
1-3-5  3-5-7 5-7.9 (2n - 1) (2n  + 1) (2n  + 3 )  

SoZution. F i r s t  note  t h a t  

Hence 

1 
and thus S = - 8 . 

In deriving a formula f o r  t h e  above type of i n f i n i t e  s e r i e s ,  t h e  

computations a r e  more de ta i led .  We first wr i te  t h e i r  general form as 

follows : 

c + d  c  t 2d t - ' -  . 
a ( a t b ) ( a t 2 b )  ( a t b ) ( a t 2 b ) ( a t 3 b )  

Then note 

b c + a d t b d  - bc t a d t  3bd - b e  + a d  + 5bd [ a ( a  t b )  (?:b;f~+?g)] + [ ( a  + b ) ( a  t 2b) ( a  + 2b)(a  t 3b) 

be + ad + bd 
a(a  t b )  

Hence 

2b2(c t d )  + 

2b2(c t 2d) t ... = bc t ad t bd 
a (a  t b ) ( a  t 2b) ( a  t b ) ( a  t 2b)(a  + 3b) a(a  + b )  ' 



2 10 

and thus 

We conclude t h i s  a r t i c l e  by considering an appl ica t ion  of t h e  above 

formula. 

Example. 6. 

Solution. Note a = 2, b = 3 ,  c = 1, and d = 2. Then by s u b s t i t u t i o n  

i n  (2)  we have 

REFERENCE 

1. Leithold,  L. , The Calculus with Analytic Geometry, 2nd ed. , Harper 
6 Row, New York, 1972. 

1976 NATIONAL MEETING I N  TORONTO 
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MENELAUS THEOREM I N  A VECTOR sPACE1 

by ALi R. Am&-Moez and PaVu.CA.a A. S-tubb~ 
T ~ . X O A  Tech U L u m - L t y  

Techniques of  vector  algebra i n  geometry c rea te  some i n t e r e s t s  i n  

both l i n e a r  algebra and geometry [I]. A s  an example, we s h a l l  study 

Menelaus theorem. Since it involves incidence proper t i es ,  it can be gen- 

era l ized  t o  any n-dimensional vector  space;  t h a t  is,  one does not need 

t h e  concepts of  length and angle. 

1 .  NotO-fct.on-4 

We s h a l l  use standard notat ions of l i n e a r  algebra. Capital  l e t t e r s  

a r e  used f o r  vectors and points .  Small l e t t e r s  a r e  elements of  a f i e l d ;  

i n  p a r t i c u l a r ,  we consider the  f i e l d  o f  r e a l  numbers. 

2. hknehuh Theofiem. Let t h e  points  L, M, and N be respect ively on 

t h e  s ides  BC, CAY and AB of the  (nondegenerate) t r i a n g l e  ABC (Fig. 1 ) .  

Then a necessary and suf f ic ien t  condition f o r  t h e  points  L ,  M ,  and N t o  

be co l l inear  is: 

where d i rec ted  l i n e  segments a r e  considered. 

Proof. We s h a l l  give a vector proof. Let A be chosen f o r  the  o r i g i n ,  
-?Â 

t h a t  is,  A = 0. Thus there  e x i s t  h and k such t h a t  

M = hC and N = k B .  

Since L is  on t h e  l i n e  BC, it follows t h a t  there  a r e  r e a l  numbers p and 

q such t h a t  

LB 
Now we compute t h e  r a t i o s  of (1).  Let - LC = t. Then we observe that  

B - L = t ( C - L )  - (3 )  

'presented t o  the  Mathematical Association of America, April  11, 1975, 
a t  San Anglelo, Texas. The theorem f o r  t h e  plane was proved by t h e  second- 
author named a s  a term paper i n  geometry. 



FIGURE 1 

Thus 

One observes t h a t  

C - M =  ( 1  

which imply 

S i m i l a r l y  one o b t a i n s  

Therefore ( 1 )  becomes 

This  e q u a l i t y  is equ iva len t  t o  

h p  + k q  = h k  

Now we s h a l l  p re sen t  t h e  proof .  I f  N ,  M,  and L a r e  c o l l i n e a r ,  t hen  

t h e r e  e x i s t  r and s such t h a t  

L = r M + s N ,  r + s = l .  

S u b s t i t u t i n g  f o r  M  and N  t h e i r  va lues  i n  terms o f  B  and C ,  we o b t a i n  

L  = r h C  + s k B  , r + s = l .  ( 5 )  

i s f y  t h i s  s e t  o f  

Comparing ( 2 )  and ( 5 ) ,  we ob ta in  

r h C  + s k B  = pB + qC . 

Since { B , C }  is taken t o  be  l i n e a r l y  independent,  we g e t  

I h r - q = 0  

k s - p = O  

r + s - 1 = 0  . 
A necessary  and s u f f i c i e n t  cond i t ion  f o r  r and s t o  s a t  

equat ions  is ( a s  shown i n  [21):  

which is  t h e  same a s  ( 4 ) .  Thus ( 4 )  is  a necessary  and s u f f i c i e n t  condi- 

h 0  -q  

o k  

1 1 -1 

t i o n  f o r  L  t o  end a t  t h e  po in t  o f  i n t e r s e c t i o n  o f  l i n e s  BC and MS. 

- p = O .  

3 .  A Ge.ne~aLLzcutA.on 

Let {A.,-.-,A n } be  a s e t  o f  l i n e a r l y  independent vec to r s  i n  an n- 

dimensional vec to r  space.  Let L end on t h e  n-dimensional l i n e a r  element 

( c o s e t )  P which is  generated by t h i s  s e t ,  i . e . ,  

This e q u a l i t y  is equ iva len t  t o  

h p  + k q  = h k  

Consider t h e  vec to r s  

Mi = hiAi , h i # O .  i = 1,. . . ,n . 
Let t h e  l i n e a r  element ( c o s e t )  genera ted by { M , - . - , M }  be 2. Thpn a 

necessary  and s u f f i c i e n t  condi t ion f o r  L t o  end on P n 0 i s :  

(This  e q u a l i t y  is equ iva len t  t o  



Proof. I f  L ends on 0, then 

Comparing ( 1 )  and ( 2 ) ,  we o b t a i n  

A necessary  and s u f f i c i e n t  cond i t ion  f o r  t h i s  system o f  equat ions  t o  have 

a s o l u t i o n  f o r  ( I * ~ , -  , r n )  i s :  

One may s tudy  t h e  case  n = 3 i n  o rde r  t o  understand t h e  idea  b e t t e r .  

A v a r i e t y  o f  o t h e r  g e n e r a l i z a t i o n s  is  a l s o  poss ib l e .  
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A GENERALIZED GAME OF CRAPS 

by Joe Van A ~ t ~ t i n  
Emofitf U n L v e ~ ~ v L y  

The game o f  c r a p s ,  played wi th  a p a i r  o f  d i c e ,  is  one of  t h e  mor& 

i n t e r e s t i n g  gambling games s t u d i e d  i n  elementary p r o b a b i l i t y .  This  paper  

gene ra l i zes  t h e  u s u a l  r u l e s  t o  a game wi th  two n- sided d i c e  ( o r ,  more 

a c c u r a t e l y ,  t o  a game us ing  two n- sided sp inne r s  having a l l  s i d e s  e q u a l l y  

l i k e l y ,  s i n c e  only  f i v e  r e g u l a r  n- s ided d i c e  can be cons t ruc ted ) .  The 

p r o b a b i l i t y  o f  winning t h i s  gene ra l i zed  game is obta ined a s  is t h e  l i m i t  

o f  t h i s  p r o b a b i l i t y  a s  n becomes i n f i n i t e .  

Conventional c raps  i s  played wi th  two s i x- s i d e d  d ice .  Only t h e  sum 

o f  t h e  two d i c e  is considered.  The p l a y e r  r o l l s  t h e  d i c e  and wins i m -  

mediate ly  i f  t h e  sum is 7 o r  11, l o s e s  immediately i f  t h e  sum is 2,  3 ,  

o r  12 ,  and any o t h e r  sum r o l l e d  is h i s  p o i n t .  I f  t h e  f i r s t  r o l l  produces 

a p o i n t ,  t h e  p l a y e r  cont inues  t o  r o l l  t h e  two d ice  u n t i l  t h e  sum is h i s  

po in t  o r  i s  7 .  I f  h i s  po in t  is r o l l e d  f i r s t ,  he wins and i f  7 is  r o l l e d  

f i r s t ,  he l o s e s .  The problem u s u a l l y  considered is t o  f i n d  t h e  proba- 

b i l i t y  t h a t  t h e  p l aye r  wins t h e  game. A s o l u t i o n  is  given i n  [l, p. 

24-26]. 

Thus i n  t h e  usua l  game o f  c raps  two r e g u l a r  6- sided d i c e  a r e  used, 

n = 6. In  t h e  gene ra l i zed  game two n- sided d i c e  a r e  used. Again, only  

t h e  sum o f  t h e  two d i c e  is  considered.  Ro l l ing  n + 1 o r 2 n  - 1 wins i m-  

mediate ly ,  r o l l i n g  2 ,  3 ,  o r  2n l o s e s  immediately,  and r o l l i n g  any o t h e r  

sum is t h e  p o i n t .  I f  a po in t  is  r o l l e d ,  t h e  p l aye r  cont inues  t o  r o l l  

t h e  two d i c e  u n t i l  he r o l l s  h i s  po in t  o r  r o l l s  n + 1. A s  above, i f  t h e  

po in t  is  r o l l e d  f i r s t ,  he wins,  and i f  n + 1 is r o l l e d  f i r s t ,  he l o s e s .  

We s h a l l  o b t a i n  t h e  p r o b a b i l i t y  t h a t  t h e  p l aye r  wins t h i s  gene ra l i zed  

game. 

The s o l u t i o n  is s i m i l a r  t o  t h a t  used i n  t h e  r e g u l a r  game. The proba- 

b i l i t y  o f  winning is  given by t h e  fo l lowing:  

P [win] = 
n In-2 .. 

P[S = n + 11 + PIS  = 2n - 11 + P[S = k] .P [ ro l l  k be fo re  n+1 1 S = k l  
k = 4 / - \  \ 



where S is  the  sum of  t h e  two dice on t h e  first r o l l .  By considering 

which of  t h e  n2 outcomes give various sums, it is easy t o  show t h a t  

fo r  j = 0 ,  1, 2, - * - ,  n - 1 and thus t h a t  

P [ r o l l  n + 1 Â j before n t 1 1 S = n + 1 Â jl = . j 
n - j + n  (3) 

f o r  j = 1, 2, .--, n - 1. Using t h e  r e s u l t s  of equations (2)  and (3)  i n  

equation (1) y i e l d s ,  a f t e r  a l i t t l e  a lgebra,  

For n = 6 t h i s  gives t h e  usual p robabi l i ty  of  a regu la r  game of  craps. 

Table 1 gives the  P [win] f o r  t h e  f i v e  regu la r  polyhedral dice-- i .e . ,  t h e  
n 

f i v e  possible  regular  dice.  

PROBABILITY OF S W I N G  
GENERALIZED CRAP FOR 
THE FIVE REGULAR POLY- 
HEDRAL VICE 

TABLE 1 

Next we inves t iga te  t h e  l i m i t  of  P [win] a s  n tends t o  i n f i n i t y .  

Writing 

i n  ( 4 ) ,  evaluating t h e  sums, and s implifying gives 

A s  n + - ,  2/n2 -*Â 0 and t h e  second term Â¥ -1. For t h e  summation p a r t  of  
l 

is decreasing i n  k f o r  n f ixed.  Using an i n t e g r a l  t o  obtain ( 5 )  
upper and lower bounds on the summation f o r  a given n y i e l d s  

In tegra t ing  and simplifying gives 

Let t ing n -*Â - gives t h a t  

A s  both s ides  i n  (7)  tend t o  In  2 a s  n becomes i n f i n i t e ,  we have, 

n 
1 l i m  ^> - = l n 2 .  

n + a  k=3 k + " 
Final ly,  using t h i s  l i m i t  i n  (5) we obtain 

l i m p  [win] = 2 In  2 - 1 , 
n+m 

o r  about .3863 using a t a b l e  of  na tura l  logarithms. 
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COMMENTS ON CALCULUS FROM READERS 

Occasional ly ,  t h e  E d i t o r  r e c e i v e s  obse rva t ions  from r e a d e r s  about 

undergraduate mathematics which might be used i n  t h e  classroom and could 

be h e l p f u l  t o  a s tuden t  i n  undergraduate mathematics. We have c o l l e c t e d  

four  such i tems t o  be presented here .  

Ronald D. Rossi ,  Behrend College o f  Pennsylvania,  p o i n t s  out  a dy- 

namic method f o r  s o l v i n g  c e r t a i n  polynomial i n e q u a l i t i e s .  Suppose it is  

d e s i r e d  t o  f i n d  t h e  va lues  o f  x f o r  which 

p ( x )  > 0 

where p ( x )  is a polynomial t h a t  is  f a c t o r a b l e  i n t o  i n t e g r a l  powers o f  

l i n e a r  f a c t o r s  o f  t h e  form ax + b: 

F i r s t  e l i m i n a t e  a l l  f a c t o r s  (except  c )  which occur  t o  an even power, posi-  

t i v e  o r  nega t ive .  Then so lve  f o r  t h e  r o o t s  o f  t h e  new polynomial p ( x )  

by s e t t i n g  each l i n e a r  f a c t o r  equa l  t o  zero.  Next, 1-ine t h e  r o o t s  up i n  

numerical o r d e r  on t h e  r e a l  l i n e :  rl < r2 < - * -  < rm. I f  c > 0 ,  t h e  

s o l u t i o n  s e t  is  comprised of  a l t e r ' na t ing  f i n i t e  open i n t e r v a l s  determined 

by r < r 
2 < r 3  < ...* ffi 

beginning a t  t h e  l e f t  and proceeding t o  t h e  

r i g h t ,  ending wi th  ( r , = )  i f  m is odd. I f  c < 0 ,  proceed a s  b e f o r e ,  bu t  

t ake  t h e  complement o f  t he  s e t  obta ined above. 

Exmnp&. x3(2x  + 3 ) ( x  - I ) ~ ( x  - 2) > 0.  Reduce lo  t h e  inequa l i ty  

x ^ ( ~ x  + 3 ) ( ~  - 2 )  > o , c = l .  

Since c > 0 ,  t h e  s o l u t i o n  s e t  is  i n d i c a t e d  by t h e  shading i n  t h e  diagram 

below : 

Brian M i l l e r ,  Her r i ck ,  N . Y . ,  proposes a s h o r t c u t  t o  sirnplifvir 'g de- . . 
r i v a t i v e s  of a l g e b r a i c  express ions  o f  t h e  form U p .  Assuming 11 and V 

a r e  d i f f e r e n t i a b l e  f u n c t i o n s ,  upon d i f f e r e n t i a t i n g  t h e  product up, we 

f i n d  

(W)' = i f l P 1 ( m ~ ~ ~  + nuv l )  . 
This formula can be used c o n s i s t e n t l y  f o r  a l a r g e  c l a s s  o f  d e r i v a t i v e s  

normally encountered i n  elementary ca l cu lus  courses .  

Here, U(X) = x 2  + 1, V(X) = x 2  - 1, m = 1 /2 ,  and n = -2/3, s o  

(x2 - 1 )  - 2- (.c2 + 1)(2x)]  
3 

- 1 )  - 4(x2 + 1 ) l  

= - E 3 ( ~ 2  + l)-1/2(x2 - 1)-5/3(x2 + 0 

Norman Schaumberger, Bronx Community College o f  CUNY,  sugges t s  f i r s t  

t a c k l i n g  t h e  i n t e g r a l  f c s c  x dx be fo re  a t tempt ing / s e c  x dx. Adding 

t h e  fo l lowing two equat ions  (which a r e  well-known hal f- value  formulas)  

x 1 - cos x X 1 + COS x 
t a n  - = sin , 2 

co t  - = 2 s i n  x ' 

we f i n d  

x x 
2 c s c  x = t a n  - + co t  - . 2 2 

Therefore ,  

= l o g  l s i n  1-1 - log cos + c 

= l o g  I tan  + c 



= logll - cos x 
s i n  x I + C  

= l o g [ c s c  x - co t  x \  + C . 
Since sec  x = csc(1r/2 - x ) ,  t h e  i n t e g r a l  f sec  x dc can be read i ly  worked 

out by subs t i tu t ion .  The above i d e n t i t y  can a l s o  be used t o  solve t h e  

i n t e g r a l  f csc3x dc, hence f sec3x dx: 

/ c s ~  A = +/[tan 5 2 + co t  

8 
dc 

t an  3 5  2  

X -3 1 x = V [tan 5 + 2(tan r1 + (tan T) I T  sec2 + 

1 1 = - - csc  x cot  x  + - log[csc  x - co t  x \  + C  
2 2 

Laura McCarten, University of  Wisconsin a t  Janesv i l l e ,  suggests t h r e e  

methods of solving f s e c  x dx which seem l e s s  a r t i f i c i a l  than conventional 

textbook presentat ions.  The f i r s t  is  t o  use a  change of var iab le :  Set 

sec x = t. Then 

which can be worked out with t h e  help of t h e  f u r t h e r  subs t i tu t ion  t = 

cosh 6.  

The second is t o  use the  i d e n t i t y  cos x = sin(ir/2 - x ) :  

1 - s e c  x = - - 1 - 1 

cos x s i n [ ^ -  x) 2  s i n [ ^ -  q c o s [ ^ -  x  -) 2  4 2  4 2  

x sin2(: - $) + c o s 2 ( z  4  - .) 
- 

2  s i n  (t - ;) cos (t - 5) 

1 1 
( i n  t h i s  l a s t  is equivalent t o  tan[: - + - 2  co t  

is only a  s l i g h t  var ia t ion  of Schaumberger's method.) 

= loglsec x + t a n  x\ + C . 
The t h i r d  method is t o  use t h e  iden t i ty  

1 + t a n 2  5 
s e c  x = 

1 - t a n 2  5 2 

x 
and then l e t  u = t an  : 

Now add t h e  equations 

x 
2 t an  - 

tan x = 
2  

1 - t an 2 .̂ ' 2 

= log 

1 + t an2 5 
sec  x = 

1 - tan2 5 
2 

t o  obtain 

x x + 2 t an  Â¥_ + t an2 .̂ 1 + t a n  - 
2 - 2 sec  .c + t a n  X = x 

1 - tan2 
'2 1 - t an  - 2  

and again the  desired r e s u l t  follows. 

"Ã 

x s i n  (Z - .̂) . cos (f - -) - 21+ 
x 2 cos(-"-- 4  -) 2 2  s i n ( ? -  5) 

4  2  



WELCOME TO NEW CHAPTERS 

The J o u r n a l  welcomes t h e  following new chapters of  P i  Mu Epsilon 

recen t ly  i n s t a l l e d :  

CALIFORNIA KAPPA a t  Loyola Marymount University, i n s t a l l e d  Apri l  29, 

1975, by E. Allan Davis, Council President .  

KENTUCKY GAMMA a t  Murray S t a t e  University, i n s t a l l e d  May 1, 1975, 

by J. C. Eaves, Past Council President .  

MISSOURI DELTA a t  Westminster College, i n s t a l l e d  May 7 ,  1975, by 

R. V.  Andree, Council Vice-president. 

PENNSYLVANIA X I  a t  Saint  Joseph's College, i n s t a l l e d  Apri l  18,  1975, 

by Eileen Poiani,  Councilor. 

RHODE ISLAND GAMMA a t  Providence College, i n s t a l l e d  Apri l  11, 1975, 

by Eileen Poiani,  Councilor. 

TEXAS IOTA a t  The University of  Texas a t  Arlington, i n s t a l l e d  

Apri l  24, 1975, by R. V. Andree, Council Vice-president. 

TEXAS KAPPA a t  West Texas S t a t e  University, i n s t a l l e d  May 1, 1975, 

by J .  C. Eaves, Past Council President.  

MOVING?? 

BE SURE TO LET THE JOURNAL KNOW! 

Send your name, old address with z i p  code 

and new address with z i p  code t o :  

P i  Mu Eosilon Journal  
601 E l m  Avenue, Room 423 
The University of Oklahoma 
Norman, Oklahoma 73019 

PUZZLE SECTION 

With t h i s  i s sue  the  Journal is beginning a new fea ture  on an experi- 

I mental bas i s .  Many readers  who f o r  a var ie ty  of reasons do not wish t o  

compete i n  solving problems i n  our Problem Department may be more appro- 

I p r i a t e l y  challenged by a puzzle. Puzzles take on many forms and occur 

p r o l i f i c a l l y  i n  mathematics. We have chosen a pecu l ia r  kind of "double 

crossword" puzzle which was kindly submitted by R. Robinson Rowe, one of 

our a c t i v e  problem solvers .  This type of puzzle, t o  our knowledge, is 

r a r e ,  having once been a fea ture  of t h e  T e c h n o l o g y  Rev iew f o r  severa l  

years ,  which was ca l led  a d o n b l e - c r o s t i c  i n  t h a t  publication. The present 

puzzle w i l l  be c a l l e d  a m a t h e m a t i c r o s t i c  f o r  t h e  obvious reasons. 

Send your solut ions d i r e c t l y  t o  t h e  Editor ,  601 E l m ,  Room 423, The 

University of Oklahoma, Norman, Oklahoma 73019 (please note  t h e  new z ip  

code). A s  i n  t h e  Problem Department, t h e  names of cor rec t  puzzle so lvers  

and so lu t ion  w i l l  be published i n  a forthcoming i s sue .  Readers a r e  urged 

t o  submit puzzles of  t h e i r  own which do not f a l l  i n t o  the  category of 

problems. The Editor reserves t h e  r i g h t  t o  use o r  not use such puzzles 

f o r  fu ture  i s sues  i n  any manner deemed appropriate. 

Mathematicrostic No. 1 

1wdtA.ucti.owd. 

The 179 numbered squares of t h e  a c r o s t i c  on t h e  following page a r e  

t o  be f i l l e d  with l e t t e r s  corresponding t o  t h e  same numbers i n  t h e  defined 

4 words. The unnumbered squares a r e  t o  be l e f t  blank; they simply ind ica te  

spaces between words. When completed, t h e  a c r o s t i c  w i l l  be a profound 
Y statement by a renowned mathematician. The i n i t i a l  l e t t e r s  of the  29 de- 

f ined  words w i l l  i d e n t i f y  him and t h e  source of t h e  quotation. Including 

t h e  author and two i n  t h e  a c r o s t i c ,  t h e  so lu t ion  i d e n t i f i e s  10 well-known 
4 

mathematicians. I f  you f ind them, count yourself a s  t h e  11th. 



Ve.fiÂ¥Lvu t̂io and Ke.y 

A. Direct path on a curved surface 

B. Mathematician o f  3rd century 

C .  Percentage points  

D. Secondary mathematics 

E. Linear mercator course 

F. Means t o  dupl icate  what precedes 

G.  Produce 

H. Cartesian coordinate 

I. Problem-solving procedure 

J. Mathematicienne 1718-1799 

K .  This century 

L. Pleasure lover  

M .  Mathematician, 3rd century B. C .  

N .  Any t i n e i d  

0. Norse mathematician, 1802-1829 

P. Congruent p a i r  

Q.  Beyond the  googol 

S. Brief time 

T. Par t  of  a sum 

U. English mathematician, 1642-1727 

W. Astronomer-mathematician , 
1801-1892 

X.  Fake 

Y. Modern pr in t ing  method 

Z.  Spherical  angle 

a. Host frequent 

b. German mathematician, 1777-1855 

C. 5800 Angstroms 



PROBLEM DEPARTMENT 

Edited b y  Leon Bank066 
Lob A n g e l a ,  Ca^@ii^-a 

This department welcomes problems believed t o  be new and, as a ru le ,  

demanding no greater a b i l i t y  i n  problem solving than that  of the average 

member of the Fraternity. Occasionally, we shall  publish problems that  

should challenge the a b i l i t y  of the advanced undergraduate or candidate 

for the Master's Degree. Old problems displaying novel and elegant methods 

of solut ion w e  also acceptable. Proposals should be accompanied by 

solutions i f  available and by any information that  w i l l  a s s i s t  the edi tor.  

Solutions should be submitted on separate sheets containing the name 

and address of the solver and should be mailed before the end of November 

1976. 

Address a l l  communications concerning problems t o  D r .  Leon Bankoff, 

6360 Wilshire Boulevard, Los Angeles, California 90048. 

Problems f o r  Solution 

362. Ptopobed by  Zelda Ko-tz, BeveAty HUU, CaLi6o1~1ua.  

As shown i n  Fig.  1, a diameter  AB o f  a c i r c l e  ( 0 )  passes  through C ,  

t h e  midpoint o f  a chord DE. M is  t h e  midpoint o f  a r c  AB and t h e  chord 

MP passes  through C .  The r a d i u s  OP c u t s  t h e  chord DE a t  Q .  The tangent  

c i r c l e s  ( 0 ^ ) ,  ( 0 2 ) ,  ( V ,  ) and (W2) a r e  drawn a s  shown. Show t h a t  DQ = m. 

FIGURE 1 

363. Ptopobed by  Rob& C .  GebhaAdt, Hopattong, New J m e y .  
s i n 1  s i n 2  s i n 3  Does - + - t - t converge, and i f  s o ,  t o  what? 

1 2 3 

364. Ptopobed by  C h d a  W .  T/iyigg, Sun Diego, CaLifiotwLa.. 

Show t h a t  t h e r e  is  on ly  one th i rd- orde r  magic square  with p o s i t i v e  - - - 
prime elements and a magic cons tan t  o f  267. 

365. Ptopobed by  C lay ton  W .  Dodge,  U h W i ^ t y  0 6  Maine, Omno,  IIaine. 

Find a l l  f r a c t i o n s  a ,̂L such t h a t  c a n c e l l i n g  t h e  d i g i t  c y i e l d s  an  e e 
166 165 - 16 equ iva len t  f r a c t i o n ,  such a s  - = - - -. A s  i n  t h e  i l l u s t r a t i o n ,  n o t  
664 564 64 

a l l  t h e  d i g i t s  a ,  b ,  c ,  d ,  e need be d i s t i n c t ,  bu t  t hey  should n o t  be 

a l l  equal .  

366. Ptopobed b y  Ric.hcui.d F a d ,  San ta  Monica, CoJUL6ofiw-a. 

Let Q = [$I, where p is a prime ? 5 ,  and n is t h e  cyc le  l eng th  o f  

t h e  r e p e a t i n g  decimal 1 /p ;  [ X I  denotes  t h e  g r e a t e s t  i n t e g e r  i n  x. Can 

Q be a prime? 

367. Ptopobed by  R. Rob-uiacm Roue, SacAame.nto, C ~ L ~ & ~ I A L .  

A box o f  u n i t  volume c o n s i s t s  o f  a square  prism topped by a pyramid, 

Find t h e  s i d e  of  t h e  square  base  and h e i g h t s  o f  prism and pyramid t o  mini- 

mize t h e  su r face  a r e a .  

368. Ptopobed by  Jack Gcui.f.unkel, F o t a t  H-tZ&A High SchooL, FÂ£u~(u:ng 

Neiu Yotk .  

Given a t r i a n g l e  ABC with i t s  i n s c r i b e d  c i r c l e  (I). Lines AT, BI,  

CI c u t  t h e  c i r c l e  i n  p o i n t s  D ,  E, F r e s p e c t i v e l y .  Prove t h a t  

AD + BE + CF 2 (Per imeter  o f  t r i a n g l e  D E F ) / / ~ " .  

369. PJiopobed by P a d  Etdo'b, Spacali-Lp Eavth. 

Determine a l l  s o l u t i o n s  of  [$ = p . 
psn 

370. Ptopo^ed by David 1 .  S-ULuvtlnan, Wu. t  L o t ,  A n g e l a ,  CatL&otnia .  

Able, Baker and Char l i e  t a k e  t u r n s  c y c l i c a l l y ,  i n  t h a t  o r d e r ,  t o s s i n g  

a coin  u n t i l  t h r e e  success ive  heads o r  t h r e e  success ive  t a i l s  appear .  

With what p r o b a b i l i t i e s  w i l l  t h e  game t e rmina te  on Able's  t u rn?  On Baker ' s?  

371 . P t o p o ~ e d  by  1.  P. S a m ,  S t a t e  CoUcge a t  Rt/Ldgewiztm, llo4ba- 

cfe1LA ctti . 
Jk 

A u n i t  f r a c t i o n  is any r a t i o n a l  number o f  t h e  form 1 /n ,  where n is  

a p o s i t i v e  i n t e g e r .  Write 2 / n  a s  t h e  sum o f  4 ( o r  6 o r  10 o r  1 4 )  d i s t i nc t  

u n i t  f r a c t i o n s .  



372. Phopohed by  S idney  Penneh, Bkonx Commw^ty CoUe.ge 06 CUNY. 

Prove t h e  fo l lowing:  

~ ~ V L & ? I :  Let ( X l , ~ i )  and (X,,T,) be t o p o l o g i c a l  spaces  and l e t  f 

be a func t ion  from a s u b s e t  o f  X, i n t o  X2. The func t ion  f is  continuous 

i n  t h e  r e l a t i v e  topology on i t s  domain i f  and on ly  i f  f o r  every  a T~ 

t h e r e  e x i s t s  b e T, such t h a t  

( i )  Dom f n b C f-'(a) 

( i i )  i f  c C a  n Ran f t h e n f f i c )  C Dom f n b.  

373. Phopohed by  Joe  Van A u s t i n ,  Emohy U n i v m A J t y ,  man&, Ge0it.g.k 

Assume t h a t  t h e  number o f  s h o t s  a t  t h e  g o a l  i n  a hockey game is  a 

random v a r i a b l e  Y t h a t  has  a Poisson d i s t r i b u t i o n  wi th  parameter A. Each 

sho t  is  e i t h e r  blocked o r  is a goa l .  Assume each s h o t  is  independent o f  

t h e  o t h e r  s h o t s  and p = P[a s h o t  i s  blocked] f o r  each s h o t .  Find t h e  

p r o b a b i l i t y  t h e r e  a r e  e x a c t l y  k goa l s  i n  a game f o r  k = 0 ,  1, 2,  

Solut ions 

338. [Spring 19751 Phopo~ed by  Hung C .  L i ,  Southvi.n. Cof.ofi0.do S M e  

c o u e g e .  

Let  ( 0 ) a  be  a c i r c l e  cen te red  a t  0 with r a d i u s  a. Let  P ,  any p o i n t  

on t h e  circumference o f  (01, be  t h e  c e n t e r  o f  c i r c l e  (P ) .  What is  t h e  

r a d i u s  o f  (P)  such t h a t  it d i v i d e s  t h e  a r e a  o f  ( 0 )  i n t o  two reg ions  whose 

a r e a s  a r e  i n  t h e  r a t i o  s : t ?  

SotuLtion by R. Rob imon  Rome, SacA.ame.nto, CaU&oit.nia. 

We n o t e  f i r s t  t h a t  OPQ is i s o s c e l e s  (Fig .  2 )  s o  t h a t  its base  ang les  

$ a r e  one h a l f  t h e  e x t e r i o r  ang le  8. Let A = Lime PQR and 

FIGURE 2 

A = C i r c l e ( 0 )  - A then  s' 

Lune PQR = Sec to r  OQR + Sec to r  PQR - OQPR 

A = a 2 ( n  - 9 )  + î $ - a 2  s i n  9 . 
Now 

1 
P = 2a cos $ and i)) = Ã 9 , 

t>2̂  = 6 4a2 cos2 6 = a 2 9 ( l  + cos  9)  , 
2 2 

making 

A = a 2 ( n  + 9 cos  9 - s i n  9 )  . 

Then 

A = v a 2 - A  = a 2 ( s i n  9 - 8 cos 9 )  t 

and t h e  given r a t i o  

s - A s - I T + 9 c o s 9 - s i n e -  IT z - q -  - 1 s i n  9 - 9 cos 9 s i n  9 - 9 cos 9 ( 6 )  

whence 

For a p a r t i c u l a r  problem, k can be computed from t h e  given r a t i o  s/t, 

( 7 )  used by " cut- try"  t o  f i n d  9 ,  t hen  

1 
r = 2a cos - 6 2 ( 8 )  

For example, suppose s / t  = 1, making k =  IT/^ = 1.57079 6327. 

Try 9 = s i n  9 -8 cos 9 

1 . 7  .9917 .2190 

1 . 8  .9738 .4090 

1 .9  .946300088 .614250176 

1 .91  .943019932 .635526229 

1.9056 .944474838 .626149195 

1.9057 .9444419745 .626362038 

1.9056957 .9444433880 .626352886 

1.9056958 -9444433549 -626353098 

1.9056957296 .9444433779 .626352948 

Then, u s ing  ( 8 ) ,  r = 1.15872 8473 a .  

Sum 

1.2107 

1.3828 

1.560550264 

1.578546161 

1.570624093 

1.570804013 

1.570796274 

1.570796453 

1.570796327 

Sum - k 

-. 3601 

-. 1880 

-.010246063 

+.007749834 

-.000172294 

+.000007686 

-.000000053 

+.000000126 

.000000000, 



It is, of course, possible  t o  deduce an impl ic i t  r e l a t i o n  between 

r and t h e  given da ta ,  such a s  

but it would be awkward f o r  a  cut- try so lu t ion  f o r  r d i r e c t l y .  

AÂ£& boÂ£ve. by R. ROBINSON ROWE, Sawme.wto ,  C w o h y u M . .  

339. [Sp r i ng  19751 Pt0po-ie.d by P a d  Bi.d'6^, BudapeAt, Hung*. 

Let al < a 2  < be a  sequence of in tegers  (ai,a.) = 1; 
1 3 

ait2 - aitl 2 
- ai. Prove t h a t  1 - < -. 

ai 
SdwU-on by E m t  G. StMuub, U h m J t J L y  of ,  CaLi6otVIA.a at Lob Angel%. 

Set d = anti - an. 
Then we have 1 5 dl 5 d2 5 - - - .  The number of 

n 
times t h e  same difference d can occur is  < 2p where p is  the  smallest  

prime which does not divide d. To see t h i s  we only need t o  observe t h a t  

among p consecutive numbers i n  an ar i thmetic  progression, a ,  a  + d ,  

a + Id, --., the re  is  one term d i v i s i b l e  by p. Thus i n  2p consecutive 

terms there  would be two numbers d i v i s i b l e -b y  p ,  contrary t o  t h e  condition 

(a  a . ) = l f o r i # A  i ' J  
To estimate t h e  magnitude of  t h e  smallest  prime p which does not 

divide d, we could use some number t h e o r e t i c  considerations t o  prove 

p < a log d f o r  a  s u i t a b l e  constant a .  However, we r e s t r i c t  ourselves t o  

using t h e  following: 

BUltK.and'& Po- i tda te . .  For every x > 1 t h e r e  e x i s t s  a  prime number 

between x and 2x. 

Now d can have a t  most one prime d iv i sor  p > /7 since t h e  product 

of two such primes would be too  big.  But by Bertrand's Postulate ,  the re  

a r e  a t  l e a s t  two primes between /d and 4/2T and thus p < 4/7. (Of course, 

by an exact ly analogous argument we can prove p < 8 /̂3, p < 16 /̂d, e t c .  

but we don' t  need t h i s ) .  

, , md,, - be the  m u l t i p l i c i t i e s  of t h e  d i f -  So, i f  we l e t  m ,  m * * *  

ferences 1, 2, . * * ,  d, - - then md < 2p < 8/1 and f o r  n = m + m2 + - - *  

+ TO,-., + md, ,with 0 s md, 5 TO,, we have d i d. Then n 

n < 8(/T + fi + --â + /?) 5 8d3l2 

and 

Afcio io tve .d  by the. PI MU EPSILON CALIFORNIA ETA PROBLEM SOLVING 

GROUP, U n i v m - i t y  o f ,  Santa  Ciaha, Santa. C h a ,  C&f,otnia; ZAZOU ~ T Z ,  

B e . u d g  H.UUL&, C q o m i a ;  and the. Ptopo- im. Two h c o ~ ~ e . e <  boLwU-on~ 

340. [Sp r i ng  19751 Ptopobe.d by ChnfiÂ£.&l W .  T/u.gg, Sun 'Diego, C&- 

< { o t n i a .  

The ar i thmetic  mean of the  twin primes 17 and 19 is  t h e  heptagonal 

number 18. Heptagonal numbers have t h e  form n(5n - 3)/2. Are there  any 

o ther  twin primes with a  heptagonal mean? 

SolwU-on by R i c h a d  A. Gibb-i, Font  Leuu-A Co l l ege ,  'Du~ango, CoÂ£otado 

If H = n(5n - 3)/2, then H - 1 = (5n t 2)(n - 1) /2  which is composite 

f o r  n = 2 and n > 3. Therefore (17,191 is t h e  only twin prime p a i r  having 

a  heptagonal mean. 

U o  boi\)id by DAVID B. ANDERSON, b t u d e n t ,  U n i v m - i t y  o f ,  C&f,otVu,a, 

V a u h ;  JEFFREY BERGEN, Undmgtaduate ,  Znooklyn CoUege.; LOUIS H .  CAIROLI, 

S g m c u ~ e  UiM.vm-c.ty, S .  Euc^cd, Ofcm; CLAYTON W .  DODGE, UvU .u~~s -L tg  of, 

Maine at Utono; ALIZA DUBIN, F a  Rockoioag, New Yotk;  STEVEN J .  EBERHARD, 

Cambddge., Muh-iachube-ttA; VICTOR G. FESER, Makg Co l l ege ,  B^Amack, Noivth 

'Dakota.; PETER A. LINDSTROM, G e n m e  Commuriity College., Bo-tau&, New Yo&; 

HENRY OSNER, M o d u t o  J L o t  CoU.e.ge., C ~ o t n i a ;  PI M U  EPSILON CALIFORNIA 

ETA PROBLEM SOLVING GROUP, U . w . v & ^ ~ d q  of, S a m 3  Ctafia, Cat i f ,cui .nh;  BOB 

PRIELIPP, U n i v m L t y  o f ,  W-ii iconii in-hhko-ih; R .  ROBINSON ROWE, SacJlcmento, 

Cal3fiotVIA.a; I .  PHILIP SCALISI, B ^ d g w a t m  S t a t e  CoUege., E u - d g w a t v i ,  

Muh-sachubcX.tA; RICHARD SIBNER, Lob Ange^ i ,  CaUf.otnLa; BRUCE A. YANOSHEK, 

CÂ¥inc.int~a^i Ohio;  and the .  P topobm.  

341. [Sp r i ng  19751 Ptopo-ied by Jack Gaf,unke^,  F u t c b t  H^Â£Â High 

Schoo l ,  FLubh.ing, New Yo tk .  

Prove t h a t  the  following construct ion t r i s e c t s  an angle of 60Â° 



Tr iang le  ABC is  a 30Â°-60Â°-9 r i g h t  t r i a n g l e  i n s c r i b e d  i n  a c i r c l e .  Median 

CM is  drawn t o  s i d e  AB and extended t o  M' on t h e  c i r c l e .  Using a marked 

s t r a i g h t e d g e ,  po in t  N on AB is l o c a t e d  such t h a t  CN extended t o  N' on t h e  

c i r c l e  makes NN' = AIM'. Then CN t r i s e c t s  t h e  60Â ang le  ACM. 

Sot i i t i on  by C h a A i ~  W .  TMgg ,  San V-ie-go, CaLLdohvbia.. 

A s  shown i n  Figure  3 ,  r = MC = M A ,  s o  t r i a n g l e  CMA is i s o s c e l e s  wi th  

LMCA = LMAC = 60Â° whereupon LCMA = 60Â° 

Also, r = MM' = NN' = M S ' ,  s o  t r i a n g l e s  N'MC and MN'N a r e  i s o s c e l e s  

with LMCN = LMS'S = x ,  and LN'MN = LNINM = (180Â - ~ ) / 2 .  

The v e r t i c a l  ang le  o f  LS'NM i s  an e x t e r i o r  ang le  o f  t r i a n g l e  CMN and 

t h e r e f o r e  is equa l  t o  60Â t a;. 

Consequently (180Â - x ) / 2  = 60Â + a;, and x = 20Â° which is LACM/3. 

FIGURE 3 

A^io botved in. a b-UnJULah manna by JEFFRY BERGEN, Qnooklyn CoUe.ge; 

JEANETTE BICKLEY, We.bbta G h o v ~  High School,  hl^Abou^t.; VICTOR G. FESER, 

MOAY CoUege, B,<-Amo~c.k, Nofuth Dakota; BOB PRIELIPP, The U h ~ i ^ t y  06 

Whconbin-Obhko~h. TMgonome^Uc bo t t i tmnh  wehe. of.dehed by CLAYTON W .  

DODGE, UVU.vm-ity 0 6  Mo-yie. at On-ono, and by the. P h o p o ~ a .  

Bo6 P/U.eJUpp comme.nh!> that headuui i v i t v i u t ^ d  i n  thLf i  p~wbtam wo&d 

phobabty enjoy the. dottouling d&: A. H.  UghtSi-tone., "A C o m t ~ . u a t i o n  

hofi. T>bU>e.ating t h e  Ang-te, Mathematics Magazine, Mahch-ApA^'. ( ? 962 1, 99-  7 02 - 
342. [Spring 19751 Phopobcd by David L. W u v m a n ,  Wut Lob A n g e l u ,  

C ~ o / i n m .  

I n  The Game of t h e  Century two p l a y e r s  a l t e r n a t e l y  s e l e c t  d a t e s  of 

t h e  Twentieth Century ( 1  January 1901 - 31 December 2000) s u b j e c t  t o  t h e  

fo l lowing r e s t r i c t i o n s :  

1. The f i r s t  d a t e  chosen must be i n  1901. - - 
2. Following t h e  f i r s t  p l ay ,  each p laye r ,  on h i s  t u r n ,  must advance 

h i s  opponent 's  l a s t  d a t e  by changing e x a c t l y  one o f  t h e  t h r e e  "components" 

(day,  month, y e a r ) .  

3. Impossible d a t e s  such a s  31 A p r i l  o r  29 February o f  a nonrfeap 

yea r  a r e  p roh ib i t ed .  

The p l a y e r  a b l e  t o  announce 31 december 2000 is t h e  winner. 

a .  What a r e  t h e  opt imal  responses  by t h e  second p laye r  t o  f i r s t  

p l aye r  openings o f  4 J u l y  1901? 25 December 1901? 

b .  Who has  t h e  advantage and what is t h e  opt imal  s t r a t e g y ?  

c .  What is  t h e  maximum number o f  moves t h a t  can occur i f  both p l a y e r s  

p l ay  opt imal ly?  

S o t i i t i o n  by Zelda Katz, BeveAJiy H L U A ,  CaLi(,oivu.a. 

a .  4 J u l y  1970. 25 December 1994. 

b .  I f  every  month had 30 days ,  t h i s  would be a s imple  r e a l i z a t i o n  

o f  N i m  with t h r e e  p i l e s  o f  12 ,  30, and 100 counters .  The f a c t  t h a t  t h e  

months a r e  n o t  o f  uniform l e n g t h  compl icates  t h i n g s  somewhat, b u t  t h e  N i m  

p rope r ty  o f  " safe  l eaves"  remains i n t a c t .  S ince  it c o n s t i t u t e s  t h e  win- 

n ing  s t r o k e ,  31 December 2000 is  t h e  most obvious "safe" o r  "winning" 

d a t e .  Consider t h e  d a l e  31 October 1999. I t  is  a l s o  winning, s i n c e  t h e  

only  l e g a l  r e p l i e s  t o  i t  a r e  31 December 1999 o r  31 October 2000, both o f  

which can be conver ted  t o  3 1  December 2000. This sugges t s  a sys t ema t i c  

method f o r  determining a l l  winning d a t e s .  Using a two-dimensional day- 

month coord ina te  a x i s  and working South and West from December 31s t  ( s e e  

t a b l e  on next  page ) ,  t h e  winning y e a r  f o r  each day-month p a i r  (obviously  

unique) is  generated a s  fo l lows :  f i r s t ,  t h e  s i x  i l l e g a l  day-month p a i r s  

a r e  blocked o u t .  The yea r  2000 ( abbrev ia t ed  0 i n  t h e  t a b l e  with a l l  o t h e r  

yea r s  abbrev ia t ed  by t h e i r  l a s t  two d i g i t s )  is en te red  i n  the  31 December 

p o s i t i o n .  Henceforth,  t h e  yea r  en te red  i n  each p o s i t i o n  is t h e  most ad- 

vanced yea r  t h a t  does not  a l r eady  appear e i t h e r  d i r e c t l y  North o r  Las t ,  

with t h e  s p e c i a l  p rov i so  t h a t  i n  t h e  case  o f  29 February, t h e  yea r  en te red  

must be a l e a p  year .  That t h i s  i n  f a c t  gene ra t e s  winning d a t e s  is c l e a r  

by d e f i n i t i o n  of  t h e  a lgor i thm.  I f  a p l aye r  reaches  a day-month p a i r  wi th  

a yea r  sma l l e r  than t h a t  i nd ica t ed  i n  t h e  diagram, t h e  winning play is t o  

advance t h e  yea r  t o  t h e  l a t t e r .  I f  i n s t e a d  he reaches  a day-month p a i r  

with a yea r  l a r g e r  than t h a t  i nd ica t ed  i n  t h e  diagram, t h e  a lgor i thm enf 

s u r e s  t h a t  h i s  opponent w i l l  f i n d  t h e  y e a r  i n  ques t ion ,  e i t h e r  North o r  



East  o f  t h e  day-month p o s i t i o n  ( o r  bo th )  and can,  t h e r e f o r e ,  r e t a i n  h i s  

advantage by advancing e i t h e r  t h e  day o r  t h e  month. 

co 

m  

The "contour map" rep resen ted  by t h e  diagram o f  winning d a t e s  shows 

a l ack  o f  apparent  s t r u c t u r e  b u t  i n d i c a t e s  c l e a r l y  t h a t  t h e r e  is e x a c t l y  

one winning y e a r  f o r  each day-month p a i r  and t h a t  t h e  second p laye r  has  

t h e  advantage. I n  f a c t ,  he has  t h e  advantage even i f  t h e  f i r s t  p l a y e r  Is 

allowed t o  s e l e c t  any d a t e  i n  t h e  f i r s t  64 y e a r s  o f  t h e  century .  

c .  An op t ima l ly  p layed game can be prolonged t o  72 moves (36 moves 

each)  by f o r c i n g  t h e  second p laye r  t o  advance t h e  yea r  36 t imes ,  from 

1965 t o  2000. One such sequence involves  t h e  success ive  day-month p a i r s :  

1 January, 2 January,  3 January,  3 February, 3 May, 3 August, 3 October,  

and 3 through 31 December. 

So{.Hitiovu, iv&ne. at&o o6@~e.d by  R.  ROBINSON ROME, Sactmie.nto,  CaLL- 
f io tn ia ,  and the. P w p o ~ v i . .  

~ O x ~ x g ~ x g x ~ x g :  
o m o m r - w m a m m  

m  r n m m m m m m 2 X Z Z  

m m m o w r - d ' m m ~ ' ^ 0 ~ 4 ~  
m  m  m m m m m m m w m m  

m m w o m C O m m d ' m 4 W W  
m m  m m m m m m m m m  
r - m m o m m d ' d m o m c -  
m m m m m  m m m m m m m m  

w r - m d - o m i - l o m m r - w  
m m m m m  m m m m m m m  

m = f m m m i - l m o m r - w m w m  
m m m m m m m  m m m m m m  

c o d - m m o w m o m r - r - m d '  
m m m m m m m m  m m m c o m  

C O m C O d - 4 m o r - m o m w d - ~  
m m m m m m m m  m m m m  
m . - i m o a c ^ m w t ^ - w o m m m  
m m m m m m m m m m  m m m  
O m C O W r ^ w < D ~ ~ O W d  
m m m m m m m w w m m  
o m O r - t w r - m w m m d - ~ o o  
m m m m w w m m w m m m  
m w m r - o w d m a m m r - m m  
d w w m m m m m w m m m m i - l  
C O I - m t 0 m m . d - f - l o m m m r - m  
d m m m w m m m m m m m m i - ^  
r - m m m c o o m d - d d Â ¥ w r  
. + w m m ~ m m m m w m m m ~  

W m w r - C O m m C O d o C O m w  
~ m m m m w ~ c o ~ w m m r n ~  
m d - m ~ ~ w m r ^ w m o r n d C O m  
m w w m m m m m m r - a m 4  
m m i - l w o m m r - m w d  
d m m m w w m m m m w r - r - d  

c n m m d = f o m m r - c o w m r - m  
d m w m m m m r - w c o m c - r - i - l  
m d m o m - I - m m c - r - w w w m  
m m m m m t > - c - I - m m w r - i - ^  
i - l o d m m m w a w w m r - m r - i  
d w w m r - m r - m ~ - m a r - p i - ^  

o m o w ~ r - w m ' - n m * m a o  
m r - m r - r - w c - m m m r - d  
m w m r - o w 4 m - l - m m m m m  

r - r - w r - m m r - I - r - m m  

m r - m m w m o d m = f m 3 ~ m  
~ ~ W m r - I - r - m  

r - w r - m m m 3 C O i - l m i - l m O b  
r - r - r - r - r - r - b m r - r - m a  

w m w d ' r - c o ~ ~ m o m o i - l d w  
r - c - I - r - r - m r - r - c - m  

m m w i - l m m m o o m  
r - r - r - r - w m r -  

= f m ~ m m i - l o r - m t 0 w m m = f  
r - c - I - r - w a r -  

m m m d ~ o m w m r - m m r - - m  
r - r - r - r - r - w r - c - w w  

m . - i m m o = f m m m r - r - w w n  
I - r - r - c - r - w r - w a r - r - w  

o m m m w 3 r - w i D m m d  
w r - r ^ w r - w ~ r - r - w  

343. [ S p r i n g  19751 Pi.opo&e.d by  R. Rob-uiAon Rome., Sactume.ivt.o, CaLL- 
{lofinia. 

Current  s e r i o u s  promotion o f  a t u n n e l  under t h e  Engl ish  Channel, 
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combined wi th  t h e  energy crunch, has  renewed i n t e r e s t  i n  a f a l l- th rough  

t u n n e l  under Bering S t r a i t .  From Cape Pr ince  o f  Wales on Alaska 's  Seward 

Peninsula  t o  Mys Dezhneva (Eas t  Cape) on S i b e r i a ' s  Chukuski Peninsula  is  

5 1  miles .  A s t r a i g h t  t u n n e l  58 miles  long could be d r iven  i n  e a r t h  below 

t h e  bed o f  t h e  S t r a i t ,  which is  20 fathoms deep nea r  each shore  and 24 

fathoms n e a r  mid- St ra i t .  A f r i c t i o n l e s s  v e h i c l e  could " f a l l "  through 

such a t u n n e l  without motive power. How long would it t ake?  (At l a t i t u d e  

66O North, t h e  e a r t h ' s  r a d i u s  is  3954 miles  and t h e  a c c e l e r a t i o n  o f  g r a v i t y  

g = 32.23 f t / s e c 2 . )  

FIGURE 4 
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S o l u t i o n  by  the. Pmpobm.  
Subterranean accelerat ion due t o  gravi ty is proportions 1 t o  dis tance 

from t h e  geocenter. In  Figure 4,  0 is t h e  geocenter,  AB t h e  tunnel,  M 

its midpoint, and P a point  d i s t a n t  x from M. Let t h e  e a r t h ' s  rad ius  

A0 = R and OP = r. Then grav i ta t iona l  a t t r a c t i o n  of a mass m a t  P is 

F = mgr/R and t h e  component along AB is  F r  = F-x / r  = mgx/R. This w i l l  

produce an accelerat ion a t  P toward M of  a = qx/R. Now g and R a r e  con- 

s t a n t s ,  s o  accelerat ion i s  proport ional  t o  dis tance from the  midpoint and 

the  motion is simple harmonic. Like a pendulum with small amplitude, t h e  

half-period is 7~^B/g. This w i l l  a l s o  be t h e  elapsed time f o r  t raverse  of  

t h e  tunnel ,  s o  

T = / = 2528.45375 sec  

= 42 min, 8.45375 sec.  

Comme.wt 
Paradoxically, T is independent of t h e  length of t h e  tunnel ,  whether 

t h a t  length be an inch o r  7908 miles through t o  t h e  antipodes. Of course, 

i f  the  tunnel  be too  long, t h e  e a r t h ' s  i n f e r n a l  heat  and/or molten rock 

would make it impracticable, but here the  maximum depth a t  M is only 

561.5227 f e e t .  I f  t h i s  depth a t  any point is  h ,  t h e  ve loc i ty  there  is  

which becomes t h e  fami l ia r  v2 = 2gh a t  t h e  surface.  A t  point M, t h i s  

ve loc i ty  is  129.716277 mph, which is not impract ical .  

Corntne.wt by t h e  Pn.obiem Edvtoh 

According t o  information supplied by t h e  proposer, t h e  "fal l - thru" 

tunnel  problem first appeared i n  C i v i l  Engineering, 18, No. 9 (19481, 70.  

Other references pertaining t o  t h i s  and r e l a t e d  problems were located by 

your e d i t o r ,  namely: 

1. The Mathematical Gazette, (19681, 376. 

2. The Mathematiaal Gazette, (1970)- 352. 

3. The American Mathematical Monthly, (1968), 708. 

By a weird coincidence, Rowels proposal a r r ived  a t  t h i s  e d i t o r ' s  

desk on January 19, 1975, exact ly one day before t h e  appearance i n  t h e  

Wall S t r e e t  J o u ~ n a l  of an a r t i c l e  announcing t h a t  Par i s  was "stunned" a t  

B r i t a i n ' s  re jec t ion  of channel-tunnel plans. 

A^Ao Aolued by  MARK JAEGER, Madron. W-cAco~i6Ln. and -the P A O ~ ~ M .  

344. [Spring 19751 Phopo~ed by  J .  A. H .  Hu.wtmP Tohon^o, Canada. 
Three c i r c l e s  whose r a d i i  a r e  a ,  b and e a r e  tangent external ly i n  

p a i r s  and a r e  enclosed by a t r i a n g l e  each s i d e  of which is an extended 

tangent of two of the  c i r c l e s .  Find the  s i d e s  of t h e  t r i a n g l e .  (see 
Figure 5. ) 

FIGURE 5 

S o l u t i o n  b y  the. P k o p o m .  

We have i n  Figure 6a 

EF = /(a + bI2  - ( a  - f c I 2  = 2 a  . 
Similar ly,  GH = 2 / b o ,  and KL = 2&. 

s i n  a = a - b  
Z-TF  

b - c  s i n  6 = s i n  y = 2 ~ 2  
a + c 3  

2ab cos a = - 2 b ~  
a t b  cos 0 = - 

b + e  
cos y = 2 2 E  

a + e '  

Also, 

where 

so  

s i n  6 = 2/s(s - [a t b l ) ( s  - Cb + e l ) ( s  - [a t e l )  
(a  + & ) ( a  t e )  

s i n  8 = 2v'abc(a + b + c )  
(a  + & ) ( a  t e )  



FIGURE 6 

Similar ly,  

By inspection: LFQG = ( $  + a - B), LEPL = (6 - a - y) so  

LKRH = 180Â - ([6 + $1 - [ B  + + I ) .  

Obviously, i n  Figure 6b, FQ = GQ; s imi la r ly ,  KR = HR, and EP = LP. 

Then, 

L F Q G = M $ + ~ - B  FQ = b co t  - 2 2 

Similar ly,  

LKRH - a cot[goo - Ã + $1 - [ B  + Y] 
K B =  a cot- - 2 2 

and 

= a t a n  [6 + $1 - [ B  + Y] 
2 

8 - a - Y .  EP = a cot(LLPE) = a cot  

Thence 

6 - a - y  
PQ = a co t  + b ~ o t * + ~ - ~ + 2 > S t  

~ = b c o t l f > + ~ ' B t c t a n  [8 + $1 - 2 [6 + Y] + 2& - - - 
9 - a - Y + c t a n  [8 + $1 - C B  + YI + 2/aa RP = a co t  2 

where 

a - b  b - a  a - a s i n  a = s i n  6 = E ,  s i n  y = - 
- y  a + c t Y  

with a 3. b Q ,  w h i c h i s t h e  general  so lu t ion .  

ExampLe. S a y a  = 5 , b  = 4 , a  = 3. 

Then 6 = 4E0 1 2 ' ,  ifi = 5E0 24',  a = 6O 23',  B = 8O 1 3 ' ,  y = 14O 29'.  

Thence, t h e  t r i a n g l e  s ides  a r e  approximately 38.94, 17.06, and 31.01. 

A&io t o t u e A  by R. ROBINSON ROWE, Samamento ,  Cali6oftnX.a. 

345. [Spring 19751 Pftopoted by UUdun.(A F. luano66, Sun C ~ O A ,  

CaLL(S0ftVU.O.. 

Resolve t h e  paradox: 

i ( / Â £ + / ^ T ) = i / i + i / ^ T = / ^ ^ - t / i  /^-+Ãˆr7' 

S o l u t i o n  by t h e  P i  Mu Epbgon  CflLtjfioftnk E-ta P f t o b h  r .  So&+ Gmup. 

1; so  t h a t  t h e  The roo ts  of a r e  Â and of a r e  Â - - - 

possible  number of expressions f o r  /^- + /^T is four:  

On multiplying each expression by i we get t h e  corresponding sums: 

f o r  (1) i ( ^ T  + /^T) = -/T t /T 



f o r  ( 2 )  i ( 6 t  4 7 )  = -at /? 

f o r  ( 3 )  <(dl+/=?") = /=7- / r  

f o r  (4)  i (^Lt  ^T) = a- /;Â 

In no case is <(/r + ^T) = ^T + /?; the re fore ,  < ( K t  /̂ i") # /? + G. 
The mistake stems from t h e  f a c t  t h a t  t h e  complex numbers a r e  not  ordered. 

&O bo tvuA by JEFFREY BERGEN, ZnookJLun CoUege., New Yohk; LOUIS H .  

CAIROLI, Symcii&e UWLum.Ubj, S. EucJUd, U L o ;  CLAYTON W. DODGE, UWLum-Lty 

of, Maine a^t O ~ O H O ;  VICTOR G. FESER, Mmy CoUcge,  B^Ammck, NovCh Vakota;  

RICHARD A. GIBBS, F o v i  Lewd  CoUcge,  V ~ ~ u n g o ,  Co iomdo;  MARK JAEGER, 

Madition, Whconb in ;  JEAN LANE, W u t  N w  Yo&, New J m i y ;  PAUL W .  MERRIAM, 

Lob Ang&Â£e^ Co^c6ohiua; C. B. A. PECK, State. CoUe.ge, Pe.nnbqiua.nA.a.; BOB 

PRIELIPP, The. U W L u m t y  of ,  WhcormM-Uhhkobh; and the. Phopobe~.  

346. [Sp r i ng  19751 Phopohe.d by R. S. L u t h m ,  UWLum* 06 W h c o n b h ~ ,  

Junuu.iU-e.. 

The i n t e r n a l  angle b i sec tors  of  a convex quadr i la te ra l  ABCD enclose 

another quadr i la te ra l  EFGH. Let FE and GH meet i n  M and l e t  GF and HE 

meet i n  N. If the  i n t e r n a l  b i sec tors  of  angles EMH and ENF meet i n  L ,  

show t h a t  angle NLM is  a r i g h t  angle. 

S o t d o n  by C h a n i ~  W.  1-g, San V iego ,  CaLi6ohVUJH. 

The sum of t h e  i n t e r i o r  angles of a quadr i la te ra l  is 360Â° From 

t r i a n g l e s  AHD and BFC i n  Fig. 7 ,  

LAHD = 180Â - * (LEAD t LADC) , 
1 LBFD = 180' - y (LDCB t LCBA).  

Then 
1 

LAHD + LBFD = 360' - y (360' ) = 180' 

s o  quadr i la te ra l  EFGH is  i n s c r i p t i b l e .  

FIGURE 7 

1 In  Fig. 8, LLMS = 1- (LFMN + LHMN) and LLNM = - (LFNM + U N M )  .   hen 
2 

from t r i a n g l e s  MLN, MFN and MHN,  

LMLN = 180Â - LLMN - LLNM - 
= 1800 - * (LFMN t LFNM + LHMN + LHNM)" - 

FIGURE 8 

M&o h o t v i d  by JEFFREY BERGEN. Bkook iyn  C o U q e . ,  New Yohk; CLAYTON 

W .  DODGE, U n L u m L t y  0 6  Maine. oJt Uhono; VICTOR G. FESER, Mmy CoUige. ,  

B-tArnmck, Nov ih  Dakota..: and the. Ptopo&in.. 

347. [Sp r i ng  19751 Phopobe-d by Joe. Van A u s t i n ,  Emoty UWLuWi^ty, 

Atlanta., Ge.oi.g^a.. 

It  is  easy t o  show t h a t  f ( x )  = ~ s i n x  - - - 9 ~ + 1 f o r x > 0 ,  
x 

993; 
( i )  has a l i n e a r  asymptote y = - - + 1, and 

4 

( i i )  f ( x )  crosses  t h i s  asymptote f o r  a l l  x = TZTT f o r  re = 1 , 2 , - - - .  

Show t h a t  t h e  der iva t ive  f f ( x )  is never zero f o r  x > 1. 



solut ion by Pad U .  MVifwJm, Lob AngdaA, CoJUL~ofiVUJO.. 

For x > 0, we have 

c o s x  s i n x  99 
f ' ( x )  = 7- 7- 7. 

Then s ince  cos x s 1 and s i n  x -1, we have, f o r  x > 1, 

AÂ£A bolved by VICTOR G .  FESER, Mmy Coitege, &^immck, NoA-th Dakota; 
MARK JAEGER, Madron, W^c.on&w, THE P I  MU EPSILON C A L I F O R N I A  ETA PROBLEM 

SOLVING GROUP, UnivWsity of, Sawta. Cta^a . ,  CaLi@uvU,a; and the. Pfiopobeh, 

who itemmb: "When <studying L L m m  a^ymptotu ,  -it ik o6te.n 6 e i t  t h a t  &j 

f [ X I  ik neveh 2-0 then f ( x ]   do^ not (yiobh t h e  asymptote.. WWLe th>u> 

ik tn.ue doh. hohizontai afiymptotu, t f c c i  example b h o ~ l ,  that thLk Â¥U not 
tfw.e i n  genekal. " 

348. [ S p r i n g  19751 Piopo~ed by Bob P~Lntipp and N .  J .  Kuwzi ,  The 

UvU.ve/i~-itq 0 6  W-Litco~~in-Oiihkobh. 

When t h e  d i g i t s  of t h e  pos i t ive  in teger  N a r e  wr i t t en  i n  reverse 

order ,  t h e  pos i t ive  N t  i s  obtained. Let N + N t  = S. Then S i s  ca l led  

the  sum a f t e r  one reversa l  addi t ion.  A palindromic number is a pos i t ive  

in teger  t h a t  reads t h e  same from r i g h t  t o  l e f t  a s  it does from l e f t  t o  

r i g h t .  T h e n t t h t r i a n g u l a r n u m b e r T n = n ( n + 1 ) / 2 , n = 1 , 2 , 3 , - " .  

Prove t h a t  t h e r e  a r e  i n f i n i t e l y  many t r i angula r  numbers which have 

a  palindromic sum a f t e r  one reversa l  addi t ion i n  t h e  base b,  where b is 

an a r b i t r a r y  pos i t ive  in teger  2 2. 

Solution by P i  Mu. Epb-cton CaLi6ofivwi Eta Pfioblein Solving Gfioup, Un.ive/iAijty 
o 6 Santa C l a m .  

I t  is s u f f i c i e n t  t o  show t h a t  t h e r e  e x i s t s  an i n f i n i t e  sequence 
ai(ai + 1 )  

{ai} f o r  which has a  palindromic sum a f t e r  one reversa l  ad- 

d i t i o n  i n  t h e  a r b i t r a r y  base b f o r  a l l  i. Take 

{ail = {b2,  b 3,  b 4,  - . - I  - 
To show t h i s  s a t i s f i e s  t h e  condit ions,  consider two cases. 

( i )  When b is even. 

( i i )  When b is  odd. 
b  (b + 1 )  = &. . b which 

( i )  I f  b  is even, then 2 
+ ^ .  

b b 
when wri t ten i n  base b is Ã 00.**0 - 00--.0, a  number with 2k d i g i t s .  2 

b b 
The f i r s t  d i g i t  is  -, followed by k - 1 zeros,  then another -, followed 2 2 
by k - 1 zeros. After  one reversa l  add i t ion ,  t h e  sum is 

- 
* -  - a number with 2k d i g i t s  which is  obviously palindromic. 

k k  
( i i )  If b is  odd, then t h e  representat ion f o r  (b + is not so  

simple. 

which when wr i t t en  i n  base b is 

again a  number with 2k d i g i t s ,  t h e  l a s t  k of which a r e  zeros. After one 

r e v e r s a l  addi t ion,  t h e  sum is 

a number with 2k d i g i t s  which is  obviously palindromic. 

AÂ£i <solved by CLAYTON W .  DODGE, UVIA.vmJUi.y 0 6  Mo/cne at Uiwno; VICTOR 

G. FESER, Mo~y CoSULege, &L4man.ck, Nonth Dakota, CHARLES W. TRIGG, Sun 
Diego, CaJLi~oAVM-a; and t h e  Pfiopo~ &AA . 

349. [ S p r i n g  19751 Pfiopobed by R. %ivmamakm^hnan, Govehnment 

Engineming CoUegi, Thichw~,  1ndJLa.. 
n If 2 (n > 1 )  is  t h e  highest power of 2  dividing an even per fec t  

2 number m, prove t h a t  0(m ) + 1 E O(mod 2n+1), where o h )  denotes t h e  sum 

of t h e  d iv i sors  of m. 

Solution by Ciayton W .  Dodge, U n i v ~ i j t y  0 6  Maine at OHono. 

We know t h a t  m = 2n(2n+1 - 1 )  where 2n+1 - 1 = p is  a prime number. 
2  2n 2 Now m = 2 p , s o  

which reduces t o  

2 4n+3 - ,3n+2 - 22n+l + ?n+1 - u(m ) = 2 

n+1 2 It is e a s i l y  seen t h a t  2  divides o(m ) + 1. A 

AÂ£A botve.d by JEFFREY BERGEN, &ioofeÂ£y CoUe.gc, New Yofik; L O U I S  H .  

C A I R O L I ,  Syfiacube Unive/i~Lt.y, S. End id ,  0\w, VICTOR G. FESER, Maw 



CoUe.ge., ^Um/vick, NovCh Uakota;  RICHARD A. GIBBS, FovC L w h  C o h g e . ,  

Urnango, Co iomdo ;  I. P H I L I P  S C A L I S I ,  BU-dgewatm State. Co l l ege ,  W d g e -  

w a t v i ,  Mo~.iachu-~eAfcs; C. B. A.  PECK, S t a t e  CoU.e.ge, Pe.nn&ytvania; P I  MU 

EPSILON CALIFORNIA ETA PROBLEM SOLVING GROUP, U n i v e . u i t y  0 6  Sawta. Ciaf ia,  

Cc~L+ f i -  BOB P R I E L I P P ,  The. Univ2~4JULq 0 6  Whcou^.n-Ohhkobh; CHARLES 

W .  TRIGG, Sun U-ingo, CaJU.f.a/i.nia; and the .  Pfiopobvi. 

FRATERNITY KEY- PINS 
a 

Gold key-pins a r e  a v a i l a b l e  a t  t h e  Na t iona l  Of f i ce  ( t h e  Univer- 

s i t y  o f  Maryland) a t  t h e  s p e c i a l  p r i c e  o f  $5.00 each,  pos t  pa id  8 
t o  anywhere i n  t h e  United S t a t e s .  

ERRATA FOR LAST ISSUE 

The name o f  Edi th  Risen, Por t l and  S t a t e  Un ive r s i ty ,  er roneously  

appeared a s  Ed i th  Kisen i n  t h e  l i s t  o f  s o l v e r s  o f  Problem 326, p. 181. 

If your  chap te r  has  p resen ted  o r  w i l l  p re sen t  awards t o  e i t h e r  - 
undergraduates o r  graduates  (whether members of P i  Mu Epsi lon or  . 
n o t ) ,  p l e a s e  send t h e  names o f  t h e  r e c i p i e n t s  t o  t h e  E d i t o r  f o r  

pub l i ca t ion  i n  t h e  Journal. - 

I N I T I A T I O N  CEREMONY 

The e d i t o r i a l  s t a f f  o f  t h e  Journal, has  prepared a s p e c i a l  publ ica-  

t i o n  e n t i t l e d  Initiation Ritual f o r  use  by l o c a l  chap te r s  con ta in ing  de- 

t a i l s  f o r  t h e  recommended ceremony f o r  i n i t i a t i o n  o f  new members. I f  

you would l i k e  one,  w r i t e  t o :  

D r .  Richard A. Good 
Secre tary- Treasurer ,  P i  Mu Epsi lon 
Department o f  Mathematics 
The Unive r s i ty  o f  Maryland 
College Park ,  Maryland 20742 

POSTERS A V A I L A B L E  FOR LOCAL ANNOUNCEMENTS 

A t  t h e  suggest ion o f  t h e  P i  M u  Epsi lon Council  we have had a 

supply  o f  10 x 14-inch F r a t e r n i t y  c r e s t s  p r i n t e d .  One i n  each 

c o l o r  w i l l  be  s e n t  f r e e  t o  each l o c a l  chap te r  on r e q u e s t .  

Addi t ional  p o s t e r s  may b e  ordered a t  t h e  fo l lowing r a t e s :  

( 1 )  Purple  on goldenrod s tock  - - - - - - $l.SO/dozen, 

( 2 )  Purple  and lavendar  on goldenrod-  - - $2.00/dozen. 



LOCAL CHAPTER AWARDS WINNERS 

CALIFORNIA ETA (Un ive r s i ty  o f  Santa C la ra ) .  An award f o r  ou t s t and ing  

achievement i n  upper d i v i s i o n  

Recognition f o r  d i s t ingu i shed  

mathematics courses  was p resen ted  t o  

MeZ^i~a B u h n h  

Jameh Dcchene 

Jain&i Hafinm 

s e r v i c e  t o  t h e  F r a t e r n i t y  went t o  

Anne. AIilJULLgan 

COLORADO DELTA (Un ive r s i ty  o f  Northern Colorado).  The ~u-fcs. t~i ldhg 

Ffiehhan A L W ~  was presented t o  

JOBIU FLuke. 

The hb??Lnd.big S~IILOA A ~ u c w . ~  was p resen ted  t o  

Sam Sandh 

FLORIDA EPSILON (Un ive r s i ty  of South F l o r i d a ) .  The two winners o f  

t h e  0ii~i~a~i&licj Schotc~i. Aiua~d were 

WLtoU K O A I I I ~ ~  

Umy GLGn P o & ~ h  

GEORGIA GAmA (Armstrong S t a t e  Co l l ege ) .  College sponsored member- 

s h i p s  i n  t h e  American Mathematical Soc ie ty  were 

Ponald &af,{,.Ut John 

P ~ L L C L ~  S . ~ C V I A  hi Ainic 

The ~u.t&.tancLing Ffiehhman and O~its,tancLiilg Scnk~ f i  

r e s p e c t i v e l y  , 
Benjmin Z 4 p p e A  

Donaid B h w t  

Spec ia l  r ecogn i t ion  was made t o  

Pl7 a L p  s t 4m ILL 

presen ted  t o  

F-mdehA 

Huh on 

mathematics majors were,  

who was among t h e  top f i v e  p a r t i c i p a n t s  n a t i o n a l l y  i n  t h e  1974 Vlilliam 

Lower Putnam competit ion and was a  member of  t h e  c o l l e g e ' s  Putnam team 

which ranked 44 th  n a t i o n a l l y .  

MISSOURI BETA (Washington Unive r s i ty ) .  The P i  Mu Ep4-ilon P^-cze f o r  

e graduat ing member o f  P i  Mu Epsi lon wi th  t h e  b e s t  mathematics r eco rd  

s awarded t o  

W-UULLcun E .  Alomnm - 
- -  -- 

NEW YORK PHI ( S t a t e  Un ive r s i ty  College a t  Potsdam). The OIX-tAtancLing. 

a d d n g  Sam-04 i n  HcithemwUu f o r  1973-74 was 

~ f l ~ n e i /  L .  Watson 

NEW YORK PSI ( Iona Col lege) .  Nominated f o r  t h e  ~ u t U v a n  hlaAd and 

e JuLia Fhiedinan Aiucuid was 

Elizabvth ReAchm,  

d t h e  J o ~ e p h  E .  PVWW Awmd nomination went t o  

Michael. Sa&^o 

OHIO DELTA (Miami Un ive r s i ty ) .  A t e s t  c o n s i s t i n g  o f  1 4  c a l c u l u s  and 

near  a lgebra  problems was adminis tered,and awards based on t h i s  t e s t  

r e  p re sen ted  t o  

Lwltcnce R o g m  ( F i r s t  P r i z e )  

Chehyl KS.au^e.y (Second P r i z e )  

F f i eddck  Davenport, and 

John N&on ( T h i r d  P r i z e ,  T i e )  

OHIO EPSILON (Kent S t a t e  Un ive r s i ty ) .  The r e c i p i e n t  o f  t h e  1975 

Mu EpUon  MathemwUu h m d  w a s  

David ttlu^on 

OHIO NU (Un ive r s i ty  o f  Akron). Recognition f o r  ou t s t and ing  academic 

cords was given t o  

Gfiegoky 0av.i~ Lukc A1ak.L 

JucLLth Hcwi^i&on VcU'uvt .̂na KanoJLcU, 

Noma Ho fi drn(~~tm Elizabeth SclzCe^m 

VeVUJke. Joneh G a h y  S~on.4cJUe~ 

Gayteen Kotaczeiu~ k,L Rogm Wluddon 

David Kuntz 

r ou t s t and ing  achievement i n  mathematics a  membership i n  t h e  Mathematical 

s o c i a t i o n  o f  America was awarded t o  

Robmt Butin&Â£ W .  Ku^h ShL(iSLt't.t 

Nancy Chai~i~eUL G a y  sp0n4 l i i i e h  

ECLzabctli Schiciek Raga WhL-ldon 



A $25 savings bond was presented t o  

Cohinne C O O M A ,  

t h e  f i r s t  p lace  winner i n  t h e  Akron Publ ic  School 's Science F a i r ,  Mathe- 

matics Division. 

A plaque was presented t o  

P / ~ o ~ u ^ o h  Lo& RoAA, 

permanent f a c u l t y  correspondent,  i n  appreciat ion f o r  h i s  guidance and 

e f f o r t s  i n  e s t a b l i s h i n g  t h e  l o c a l  chapter .  

OHIO ZETA (Univers i ty  o f  Dayton). The OllÂ£itandin Sophomohe. AWLVL~ 

w a s  presented t o  

Randy S m a  

OREGON ALPHA (Univers i ty  of  Oregon). The lk CVU PhizE awarded t o  
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