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THE PAPPUS CONFIGURATION AND ITS GROUPS 

by H.S.M. C o x n t a l  
UiM.um.tA/ of, Tomn-to 

* - 
Consider, i n  a p ro jec t ive  plane,  a hexagon AB 'CA 'BC' with i t s  --- - 

a l t e r n a t e  v e r t i c e s  on two l i n e s :  ABC on one, A'B'C' on t h e  other .  The - 
theorem of  Pappus s t a t e s  t h a t  the- intersect ions of p a i r s  of  opposi te  

s i d e s ,  namely 

l i e  on one l i n e .  Thus t h e  complete f i g u r e  cons i s t s  of  n ine  po in t s  and 

nine l i n e s :  a se l f- dua l  configurat ion g3. A more symmetrical no ta t ion  

is  obtained by wr i t ing  

ins tead  of  A, B, C, A ' ,  B ' ,  C ' ,  L, M, N. Then t h e  condit ions f o r  points  

A ,  \i, v t o  be on one l i n e  a r e  simply 

This Pappus configurat ion was rediscovered i n  1839 by J.T. Graves, 

who regarded it a s  a cycle  of t h r e e  t r i a n g l e s ,  each inscr ibed  i n  t h e  

next.  From t h e  t h r e e  t r i a n g l e s  (Figure 1 )  

the  complete s e t  o f  s i x  such Graves cycles  is  obtained by repeated 

doubling (and reduction modulo 9 ) ;  f o r  ins tance ,  t h e  next  cycle a f t e r  

t h e  given one is  

 he second l e c t u r e r  i n  t h e  J. S u t h e r l a n d  Frame L e c t z r e  Series o f  
P i  Mu Epsilon. This a r t i c l e  is a summary of Professor Coxeter ts  l e c t u r e ,  
presented t o  t h e  F r a t e r n i t y  a t  Toronto, Canada i n  August, 1976, repr in ted  
by permission of Koninkl. Nederl. Akademie Van Wetenschappen, Amsterdam- 
The f u l l  t e x t  i s  t o  appear i n  t h e  P ~ o c e e d i n g s  of t h e  Amez&an Mathemat%& 
S o c i e t y  -- E d i t o r .  



FIGURE 1 

Such a configurat ion e x i s t s  no t  only i n  t h e  r e a l  plane b u t  i n  any 

"Pappian" plane except PG(2, 2 )  (which contains  only seven po in t s ) .  For 

ins tance ,  t h e  n i n e  po in t s  o f  t h e  f i n i t e  a f f i n e  plane EG(2, 3) form a 

Pappus configurat ion when we omit t h r e e  of  its twelve l i n e s :  those i n  

one d i rec t ion .  In  t h i s  f i n i t e  plane,  each of  t h e  18  Graves t r i a n g l e s  

forms ( o r  is inscr ibed  i n )  a parabola whose diameters a r e  i n  t h a t  s p e c i a l  

d i rec t ion .  Products of  p a i r s  of p o l a r i t i e s  with respec t  t o  these  

parabolas generate  a group of 108 a f f i n i t i e s .  These a f f i n i t i e s ,  which Ã 

a r e  co l l inea t ions  of  t h e  p ro jec t ive  plane PG(2, 31, a r e  p r e c i s e l y  t h e  

108 automorphisms o f  t h e  configuration. The genera l  Pappus configurat ion 

( i n  t h e  r e a l  plane,  f o r  ins tance)  has t h i s  same group of automorphisms. 
I 

The above use of  t h e  f i n i t e  f i e l d  GF[3] provides a convenient represent-  

a t ion .  Embedding t h e  f i n i t e  a f f i n e  plane i n  a r e a l  Euclidean plane and 

then reducing t h e  r e a l  coordinates  modulo 3, we represen t  the  18 Graves 

t r i a n g l e s  by t h e  18 faces  of  a regu la r  map on a t o r u s ,  and thus  i n t e r p r e t  

the  automorphism group as t h e  symmetry group G ~ J ~ J ~  of t h a t  map. I n  terms 

of  two generators  

t h i s  group has t h e  presen ta t ion  

- 
Its commutator subgroup, generated by By and C2, i s  t h e  Burnside group *- 

By,, of  order  27. 

S imi la r ly ,  t h e  18 p o l a r i t i e s - o f  t h e  configurat ion i n  t h e  f i n i t e  

plane appear a s  d u a l i t i e s  of  t h e  general  Pappus configuration, and 

generate a group of  o rder  216 i n  which G 3 A 6  occurs a s  a subgroup of 

index 2. Observing t h a t  B leaves one po in t  invar ian t  while C leaves 

one l i n e  invar ian t ,  we can i d e n t i f y  one such d u a l i t y  with an involutory 

element D t h a t  transforms B i n t o  C (and C i n t o  B), s o  t h a t  t h e  enlarged 

group, o f  order  216, has t h e  p resen ta t ion  

I n  t h e  group of  108 automorphisms o f  t h e  general  Pappus configura- 

t i o n ,  one subgroup of  order  3, generated by t h e  permutation (036)(147) 

(2581, always cons i s t s  o f  co l l inea t ions .  I n  general ,  however, a t  most 

s i x  of  t h e  involutory d u a l i t i e s  (such a s  D) can be p o l a r i t i e s .  I f  two 

Graves t r i a n g l e s  belonging t o  t h e  same cycle a r e  a p a i r  o f  perspect ive 

t r i a n g l e s ,  then each is  l ikewise perspect ive with t h e  remaining t r i a n g l e  

i n  t h a t  cycle ,  and t h e r e  a r e  t h r e e  conics such t h a t  each t r i a n g l e  is 

inscr ibed  i n  one conic,  circumscribed t o  another ,  and se l f- pola r  f o r  t h e  

t h i r d .  The corresponding p o l a r i t i e s  generate a d ihedra l  group of o rder  

6 whose c y c l i c  subgroup i s  generated by t h e  c o l l i n e a t i o n  (036)(147)(258). 

For a s u i t a b l e  t r i a n g l e  of  reference and u n i t  p o i n t ,  t h i s  co l l inea t ion  

appears a s  a c y c l i c  permutation o f  t h e  t h r e e  pro jec t ive  coordinates, and 

t h e  conics have t h e  equations 

The v e r t i c e s  of  t h e  th ree  t r i a n g l e s  can then be wr i t t en  i n  the  form 

(223, 2 ,  -r2) (28, 2 ,  -a2) (2t ,  2 ,  - t 2 )  
( - r 2 ,  2 ~ ,  2) (-S2, 28, 2)  ( - t  , 2 t ,  2) 
(2 ,  - r 2  2 r )  (2 ,  -82, 2s)  (2 ,  -t2, 2 t )  

Iwhere r, 8 ,  t a r e  t h e  r o o t s  of  t h e  cubic equation 
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012, 345, 675 

FIGURE 2 

I f  t h e  coordinates a r e  r e a l ,  k may take any value g r e a t e r  than 1. 

In  t h e  Euclidean plane with a r e a l  o r  t r i l i n e a r  coordinates based on 

an e q u i l a t e r a l  t r i a n g l e ,  t h e  conics a r e  rectangular  hyperbolas and t h e  

whole f i g u r e  has a very pleasing appearance ( see  Figure 2 ) .  

Another way t o  draw t h e  same pro jec t ive  configurat ion i s  shown i n  

Figure 3 ,  where t h e  conics cons i s t  of one rectangular  hyperbola and two 

parabolas. A t h i r d  way, shown i n  Figure 4 ,  involves a rectangular  hyper- 

bola,  a parabolaand  a c i r c l e  (due t o  P.2.L. Lemmens of  Utrecht) .  

FIGURE 3 



FIGURE 4 
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NUMERICAL INTEGRATION BY POLYNOMIAL INTERPOLATION 

The i n t e r e s t  i n  numerical i n t e g r a t i o n  by using t h e  d i g i t a l  computer 

has prompted t h e  development of  many computational algorithms. Various 

techniques have gained popular i ty  no t  a s  un iversa l  in tegra t ion  algorithms, 

bu t  because of  the  varied,  y e t  favorable  c h a r a c t e r i s t i c s  t h a t  each pos- 
b sesses .  To evaluate  / f(x)&c, t h e  method presented here f i r s t  produces 

an n t h  degree Chebyshev-based in te rpo la tory  polynomial pv,(.x) of t h e  i n t e -  

grand over [a,b]. Using t h e  Fundamental Theorem of I n t e g r a l  Calculus, 
b t h e  value of I p n ( x ) d x  is  computed and used a s  an est imate of  t h e  o r i g i n a l  

i n t e g r a l .  By computerizing t h e  e n t i r e  algorithm and s t o r i n g  t h e  coef f i-  

c ien ts  of the  a n t i d e r i v a t i v e  of  p ( x ) ,  only two addi t iona l  polynomial 
d evaluat ions a r e  required t o  evaluate  / f(x)dc where Caydl c Ca,bl. Exist-  

ing algorithms would r e q u i r e  a complete reformulation of  t h e  problem. A 

theorem i s  derived which gives a maximum bound on t h e  in tegra t ion  e r r o r .  

This e r r o r  bound is  v a l i d  f o r  in tegra t ion  over t h e  o r i g i n a l  i n t e r v a l  o r  

any sub in te rva l  of t h e  o r i g i n a l  i n t e r v a l .  The paper concludes with 

numerical comparisons between t h e  new algorithm and s e v e r a l  e x i s t i n g  

algorithms. 

2 .  Ve.viiopme.nt 0 6  ,the Ma-tfiod 
Given f (x)  i n  t h e  met r ic  space of  a l l  continuous funct ions on Ca,bl, 

b denoted by C[a,b], it is desired t o  evaluate  { f(x)dx. To t h i s  end, f (x )  a 
is approximated over [a,b] by an n th  degree polynomial, p ( x ) ,  then the  

r e s u l t i n g  approximation is  in tegra ted ,  viz.: 

'^he author wishes t o  express h i s  appreciat ion t o  D. C. S t .  C la i r  
f o r  h i s  help with t h i s  research pro jec t .  

a 

performed by Theresa McKelvey. 



where p '  (x) = p ( ~ ) .  I t  should be emphasized t h a t  although p ( x )  and 
n t 1  n 

pnt1(x) a r e  defined over [a,&], they a r e  a l s o  v a l i d  approximations over 

any sub in te rva l  [c ,d l  & [a ,b l .  

The following theorem not  only v e r i f i e s  t h e  exis tence of p  and 
n 

pntl, but ind ica tes  a  bound on the  e r r o r  produced by t h e  approximation 

and in tegra t ion  s teps .  To t h e  au thor ' s  knowledge, t h i s  theorem represen ts  

a  new contr ibut ion t o  t h e  l i t e r a t u r e .  

1heofte.m. Let f (x )  E C[a,bl. Given e > 0 ,  t h e r e  e x i s t s  a  poly- 

nomial p  (XI E CCa,bl such t h a t  1 [pntl(b) - pn+l(a)l - &*)& I 5 E n t  1 
(b - a ) .  

Proof. Let f i x )  E C[a,bl and l e t  E > 0 be given. Then by the  

Weierstrass Approximation Theorem [I], t h e r e  e x i s t s  p  (x )  such t h a t  
n  

Ipn(x) - f ix)  I 5 E where a  5 x 5 b ,  and b # a .  Since f (x )  E C[a,bl 

and s ince  p (x) i s  a  polynomial, both a r e  i n  R[a,bl, t h e  s e t  of Riemann n 
in tegrab le  funct ions on [a ,b l .  Thus 

Clearly,  f o r  p '  (x)  = p ( x ) ,  we have by t h e  Fundamental Theorem of 
n t  1 n 

I n t e g r a l  Calculus 

Several usefu l  conclusions follow from t h e  theorem: (1) one may 

approximate f (x )  by a  polynomial and i n t e g r a t e  t h a t  approximation, ( 2 )  

t h e  degree of  t h e  an t ider iva t ive  pn+l(x) i s  one higher than t h e  degree 

of  t h e  in te rpo la t ion  polynomial p ( x ) ,  ( 3 )  the  e r r o r  bound on in tegra t ion  

is E (b - a )  where E i s  an e r r o r  bound on t h e  polynomial t h a t  approximates 

f ( x ) ,  and (4 )  i f  (b - a )  = 1, t h e  e r r o r  is not  increased by in tegra t ion  

while i f  (b - a )  < 1, t h e  e r r o r  i s  decreased by in tegra t ion .  Hence, t h e  

e r r o r  is a funct ion of i n t e r v a l  width and t h e  e r r o r  o f  t h e  in te rpo la t ing  

polynomial. 

In  h i s  proof of  t h e  Weierstrass Approximation Theorem, Goldberg [l] 

uses Bernstein Polynomials t o  construct  p ( x ) .  However, t o  make t h e  

method computationally f e a s i b l e ,  it was decided t o  obtain 
" - 

by t h e  in te rpo la tory  method of  undetermined coef f ic ien t s .  This technique 

is equivalent  t o  solving t h e  system of  n + 1 l i n e a r  equations 

where 

x , .  . . x o  1 

i s  the  matrix of  powers o f  the  in te rpo la t ion  po in t s  a:-, and a and 0 a r e  

the  column vectors  

Having determined the  c o e f f i c i e n t s  ai of p ( x ) ,  t h e  desired solu-  

t i o n  is obtained by polynomial in tegra t ion ,  viz.: 



Remember t h a t  t h e  approximation p (x )  i s  good f o r  t h e  i n t e r v a l  
n+1 

[a.bl and f o r  any sub in te rva l  of  [a&]. Thus, i f  [o,dl & [a ,bl  

which is  e a s i l y  ca lcu la ted  using equation (3) .  

A s  ind ica ted  by t h e  Theorem, t h e  e r r o r  i n  equations (1 )  and (4)  i s  

bounded by e (b  - a )  where E 5 If(x) - p ( x )  1 is  the  e r r o r  f o r  t h e  

general  i n t e r p o l a t i n g  polynomial. P izer  [21 s t a t e s  t h i s  e r r o r  a s  

n 
f o r  câ‚¬Ca, and H(x) = ( x  - xi). 

i = O  

For a given value o f  x, a given funct ion /(a;), and a given poly- 

nomial p ( ~ ) ,  t h e  e r r o r  i n  equation (5)  is  a funct ion o f t h e  x t h e  is 
in te rpo la t ion  po in t s .  Thus, t o  minimize t h e  maximum value of E ,  it i s  

des i rab le  t o  choose xi i n  such a way a s  t o  minimize t h e  maximum value of  

H(x). P izer  shows t h a t  t h e  b e s t  choice of  xi f o r  t h i s  purpose a r e  t h e  

zeros of  t h e  (n + l ) s t  Chebyshev polynomial. Since Chebyshev polynomials 

a r e  defined on C - 1 ,  11 and we a r e  i n t e r e s t e d  i n  t h e  i n t e r v a l  [a ,bl ,  the  

xi a r e  chosen by t h e  t r a n s l a t i o n  

where i = 0 ,  1, .-, n and n is  t h e  degree of  p ( x )  used i n  t h e  i n t e r-  

polat ion.  

P izer  v e r i f i e s  t h a t  choosing t h e  x .  a s  zeros of t h e  ( n  + l ) s t  

degree Chebyshev polynomial y i e l d s  t h e  following bound on t h e  interpo-  

l a t i o n  e r r o r  

Hence, t h e  e r r o r  produced by t h e  in tegra t ion  i n  equations (1) and (4)  is  

bounded by 

- 
This implies t h a t  t h e  new method is of  order  n. -- - 

3. Mum&& ExompLe~ 

In  t h i s  s e c t i o n ,  of  t h e  new method is  compared with 

performances of  t h e  well- establ ished Simpson, Romberg, and ~auss-chebyshev2 

methods of numerical quadrature. In  order  t o  allow f o r  e r r o r  comparisons 

between algorithms, t h r e e  problems having known a n a l y t i c  so lu t ions  were 

se lec ted  f o r  t e s t i n g .  The r e s u l t s  presented were obtained t o  seven 

s i g n i f i c a n t  d i g i t s  using algorithms w r i t t e n  i n  BASIC-PLUS and executed 

on a PDP 11/45. 

The first problem considered was t h a t  o f  evaluat ing t h e  i n t e g r a l  

J;[Qex + - s i n ( s i n  x )  cos XI& 

whose so lu t ion  is  

Table 1 contains computational r e s u l t s  f o r  t h i s  problem. 

In  addi t ion t o  an est imate of  t h e  i n t e g r a l  value,  t h e  new method 

appl ied over n sub in te rva l s  a l s o  produces t h e  (n + 1 ) a t  degree polynomial 

P ,  o f  equation (3) .  This makes t h e  new method p a r t i c u l a r l y  a t t r a c t i v e  

when it is des i red  t o  i n t e g r a t e  over a s u b i n t e r v a l  such a s  [l, n/2]. 

Using P v ( x )  produced by t h e  o r i g i n a l  in tegra t ion  over s ix teen  subinter-  

v a l s ,  t h e  new i n t e g r a l  can be computed by ca lcu la t ing  P 7 ( n / 2 )  - P u ( l ) .  

The e r r o r  is 0 . 3 0 ~ 1 0 " ~ .  Evaluation of  t h e  i n t e g r a l  over L2.5, 3.11 with 

t h e  same polynomial gave an e r r o r  of  0 . 3 8 ~ 1 0 - ~ .  In  both cases ,  no addi- 

t i o n a l  evaluat ions of  t h e  o r i g i n a l  funct ion were required.  

For each of  t h e  conventional algorithms, evaluat ion o f  t h e  i n t e g r a l  

over [l, n/2] and [2.5, 3.11 would requ i re  two complete reformulat ions 

of  t h e  problem. In  t e s t s ,  t h e  Gauss-Chebyshev method required 100 addi- 

t i o n a l  funct ion evaluat ions f o r  each addi t iona l  in tegra t ion  t o  produce 

%his  method i s  of  i n t e r e s t  s i n c e  it a l s o  uses  t h e  Chebyshev zeros 
a s  i n t e r p o l a t i o n  po in t s .  An exce l len t  development of  t h i s  algorithm can 
be found i n  Hildebrand [3]. 



Number No. oj 
of Functior 

'tethod I n t e r v a l s  Values 

New 10 11 
16 17 
2 0 21 

Simpson 10 15 
16 24 
20 30 

500 750 
1000 1500 

Romberg 6 126 
10 2046 
16 131070 

Gauss- 10 10 
Chebyshev 16 16 

20 2 0 
500 500 

1000 1000 

Problem # l  
CPU 

Time Er ror  

Problem #2 1 Problem #3 
CPU CPU 

Time Error  Time Error  

Note: One u n i t  o f  CPU time is equivalent  t o  about 0.1 second. 

TABLE 1 

e r r o r s  of 0 . 3 7 ~ ~ 0 ~  and 0.17 x 1 0 2  respect ively.  This computation required 

an addi t iona l  64 u n i t s  of  computer time. 

The second example t e s t e d  was t h a t  o f  i n t e g r a t i n g  

where !(t) i s  t h e  Gamma function. The integrand is  Student 's  t proba- 

b i l i t y  dens i ty  funct ion with f i v e  degrees of freedom. The value of t h e  

i n t e g r a l ,  0.3995, represen ts  t h e  p robabi l i ty  t h a t  an observation f a l l s  

i n  t h e  i n t e r v a l  E0.267, 6.8591. A s  Table 1 i n d i c a t e s ,  numerical r e s u l t s  

were competitive with t h e  Gauss-Chebyshev method. 

Since t h e  nature of  t h i s  type o f  problem of ten  requ i res  evaluat ion 

of  t h e  i n t e g r a l  over a  sub in te rva l ,  t h e  value of  t h e  i n t e g r a l  over C1.476, 

2.5711 was determined by using Pii(x) from t h e  method. The r e s u l t i n g  

e r r o r  was 0 . 1 6 ~ 1 0 - ~ .  Evaluation of  t h i s  i n t e g r a l  using the  Gauss-Chebyshev 

method over t e n  sub in te rva l s  required t e n  addi t iona l  funct ion evaluat ions 

and two addi t iona l  u n i t s  of  computer time t o  produce an e r r o r  of  0 .39xl0-~.  

The t h i r d  problem 

whose so lu t ion  is 0.746824, was suggested by Conte C41. Table 1 ind ica tes  

t h e  new method produced r e s u l t s  s i m i l a r  t o  those obtained f o r  Simpson's 

method . 
4. ConcÂ£u6ion  

The numerical quadrature method presented here produces a poly- 

nomial in te rpo la t ion  of  t h e  integrand i n  question. This polynomial is  

computer in tegra ted  t o  obtain an an t ider iva t ive  which no t  only allows 

one t o  i n t e g r a t e  over t h e  o r i g i n a l  i n t e r v a l ,  but  t o  perform a d d i t i o n a l  

in tegra t ions  over sub in te rva l s  by simply evaluat ing polynomials. Hence 

i n  problems where a  number of  i n t e g r a l s  a r e  t o  be computed within a  

spec i f ied  i n t e r v a l ,  t h e  new method represents  a  considerable savings i n  

computer time. This savings i s  even more pronounced when funct ion 

values a r e  expensive t o  evaluate .  The author observed tha t  applying 

t h e  new method repeatedly t o  sub in te rva l s  of  t h e  o r i g i n a l  i n t e r v a l  

required only a  modest increase i n  t h e  amount of programming bu t  pro- 

duced b e t t e r  answers. 

The numerical r e s u l t s  c i t e d  ind ica te  t h e  new method i s  competitive 

with,  and i n  some cases b e t t e r  than t h e  o ther  methods t e s t e d .  Due t o  

t h e  i l l- condi t ion ing  inherent  i n  t h e  l i n e a r  system of  equation (21, 

severa l  numerical methods were t r i e d  f o r  solving t h i s  system. Gaussian 

el iminat ion [5] was found t o  be t h e  most cons i s ten t ly  successful .  In  

add i t ion ,  t h e  use of  more s i g n i f i c a n t  d i g i t s  i n  computation could be 

used t o  f u r t h e r  reduce round-off e r r o r s .  

Further study i n  t h i s  a rea  seems worthwhile. In addi t ion ,  o ther  

function approximations such a s  Fourier s e r i e s  might be used t o  replace 

t h e  o r i g i n a l  integrand. 
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Let gp(a)  be any c y c l i c  group i n  the  d i r e c t  sum of K ,  with the  

' order  of a being m. Then m is necessar i ly  l e s s  than p. Also, 

a r e  the  elements i n  p ( g p ( a ) ) .  Suppose ipa  = jpa, where i and j are  

in tegers  between 0 and m, with i > j .  Then (i - j ) p a  = 0 ,  or p(i - j )  = 
km f o r  some in teger  k.  Since p and m a r e  r e l a t i v e l y  prime, t h i s  implies 

t h a t  m divides (i - j ) .  However, t h i s  i s  a contradict ion,  s ince  (i - j )  

is  an in teger  between 0 and m. Therefore, a l l  of t h e  elements above a r e  

d i s t i n c t .  Since p(gp (a ) )  contains m d i s t i n c t  elements and a has f i n i t e  

order  which is  r e l a t i v e l y  prime t o  p ,  p (gp (a ) )  = gp(a) .  Then pK w i l l  

equal K since gp(a) was chosen a t  random. Thus t h e r e  ex i s t san  i n f i n i t e  

number of primes p such t h a t  pK = K ,  and a l s o ,  pG = p(D @ K )  = pD 9 pK = 

D S K = G .  

By t h i s  theorem, one can see  t h a t  d i v i s i b l e  groups and AD groups 

need not behave i n  a s imi la r  manner. This is  not t o  say,  however, t h a t  

they never a c t  a l i k e .  I t  is already known [2] t h a t  t h e  homomorphic image 

of  a d i v i s i b l e  group is d i v i s i b l e ,  and t h i s  r e s u l t  w i l l  a l s o  hold f o r  AD 

groups. 

Theo~em 2.  Any homomorphic image of an AD group is  AD. 

Proof, By d e f i n i t i o n ,  any decomposition of an AD group G a s  D f @ K ,  

where D is  d i v i s i b l e  and K is reduced, is  such t h a t  K contains a t  most a 

f i n i t e  number of independent elements. Therefore, under any homomorphism, 

t h e  image of t h e  d i v i s i b l e  port ion of G w i l l  s t i l l  be d i v i s i b l e  and t h e  

image of t h e  reduced port ion of  G w i l l  contain a t  most a f i n i t e  number 

of  independent elements, a s  t h e  homomorphic image of any group must 

contain fewer o r  t h e  same number of independent elements a s  i ts pre-image. 

Therefore, the  homomorphic image of G w i l l  s t i l l  be AD. 

Thus d i v i s i b l e  groups and AD groups may a c t  a l i k e  under ce r ta in  

circumstances, but  AD groups a r e  a more general  c l a s s  i n  which some 

proper t ies  f o r  d i v i s i b l e  groups a r e  l o s t .  
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dlALEMBERT ENUMERATION AND PROBABILITY 

I .  1rt^Lodii&*t.on 

Jean dlAlembert (1717-1783) is known i n  the  h i s t o r y  of p robabi l i ty  

a s  one of  a group of  "prominent mathematicians [who] sometimes committed 

e r r o r s  i n  so lv ing  elementary p r o b a b i l i s t i c  problems" (see  11, p. 123-1291'), 

H i s  " errors"  were not casuaT; they arose i n  p r inc ip le .  Simply pu t ,  

dlAlembert bel ieved t h a t  t h e  enumeration of  possible  outcomes of  an 

experiment depends on t h e  p r o b a b i l i s t i c  event under consideration. 

Class ica l  p r o b a b i l i t y t h e o r y  r e s t s  on t h e  contrary.  The author a s s e r t s  

t h a t  dtAlembert was not  wrong, and t h a t  h i s  pos i t ion  is d i r e c t l y  analogous 

t o  t h e  views of  those who f i r s t  questioned t h e  i n v i o l a b i l i t y  of t h e  f i f t h  

pos tu la te  i n  Euc l id l s  geometry. P a r a l l e l  t o  what happened i n  geometry, 

t h i s  note  shows t h a t  a non- classical  p robabi l i ty  theory can be generated 

when d'Alembertls ideas  a r e  appl ied t o  a c l a s s  of  f i n i t e  outcome 

experiments. 

2.  Are Example. 

Consider two successive t o s s e s  of  a coin. Ca l l  t h e  poss ib le  out-  

comes of a t o s s  H and T. Class ica l  enumeration of  t h e  two-toss outcomes 

gives HH, HT, TH and TT before any event is spec i f ied .  Let 2H, Iff and 

OH represent  t h e  events  t h a t  exac t ly  two, one and no H T s  respec t ive ly  

occur i n  t h e  two tosses .  These events a r e  mutually exclusive and 

exhaustive i n  terms of  the  number of  H ' s  which appear. Thus, c l a s s i c a l  

p robabi l i ty  has 

Again consider  two t o s s e s  of  a coin. For t h e  event 2H, d1Alembert 

would enumerate a l l  t h e  two-toss outcomes a s  HH, HT and Tb, where b 

ind ica tes  t h a t  t h e  outcome of t h e  second t o s s  is  ignored s ince  2H cannot 

occur i f  t h e  first t o s s  r e s u l t e d  i n  T. Only one o f  t h e  outcomes is 2H, 

and t h e r e  a r e  t h r e e  poss ib te  outcomes. Le t t ing  Q symbolize t h e  dTAlembert 
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probabi l i ty ,  Q(2H) = 1/3, For t h e  event IS, t h e  d'Alembert outcomes - 

a r e  t h e  same as t h e  c l a s s i c a l .  Q(lH) = 2/4 = 1/2. For OH, a dlAlembert 

enumeration gives Hb, TH and TT, and hence Q(OH) = 1/3. 

The h i s t o r i c a l  record does not  show t h a t  d1A1embert inquired &so 

the  probabi l i ty  of  compound events. We s h a l l  see  t h a t  t h i s  fo rces  a - 

0 
decis ion regarding t h e  r e j e c t i o n  o f  one o r  t h e  o t h e r  of  t h e  following 

two axioms of  c l a s s i c a l  p robabi l i ty :  

I. Q(S) = 1, where S is  t h e  sample space, t h e  s e t  cons i s t ing  of 

* a l l  elementary outcomes; S = {OH, Iff, 2H} i n  t h i s  two-toss example. 

11. Q(A o r  B) = Q(A) + Q(B), where A and B a r e  any two mutually 

exclusive events ,  t h a t  i s ,  A and B cannot occur i n  a s i n g l e  experiment. 

Again f o r  t h e  two-toss case,  an example of t h e  app l ica t ion  of  t h i s  axiom 

i s  

1 1 5  
( " l e s s  than two heads") = Q(OH o r  Iff) = Q(OH) + Q(lH) = - + F =  g. 

Both axioms cannot be r e t a i n e d  s ince  I1 implies 

Q(S) = Q(0H o r  I H  o r  2H) = &?(OH o r  Iff) + Q(2H) 

= @(OH) + Q(lH) + Q(2H) = A + 3- + = 1 
3 2 3 6  (2)  

contradict ing I. We choose t o  r e j e c t  I because t h e  values of Q(S) serve 

a s  convenient measures o f  t h e  d i s p a r i t y  between c l a s s i c a l  and d1Alembert 

systems. I n  t h i s  approach, I1 is  used t o  define t h e  probabi l i ty  of any 

non-elementary event.  Enumeration is  required only i n  t h e  determination 

of elementary outcome p r o b a b i l i t i e s .  Further ,  it might be argued t h a t  

I1 has more s t r u c t u r a l  s ign i f icance  than I. Spec i f ica t ion  of  a f ixed  

value f o r  Q(S) i n d i c a t e s  a r e s t r i c t i v e  a r b i t r a r i n e s s  comparable t o  t h a t  

included i n  t h e  f i f t h  pos tu la te .  

3. The. GenmaH Case. 
Now consider n t o s s e s  of  a coin. In  t h e  event t h a t  exac t ly  i- H's 

occur , 

P(iH) = (:) 2-n, i, = 0 ,  1, ..., n. 

Q(iH) is no t  so  e a s i l y  obtained. A dVAlembert enumeration considers 

successive t o s s  outcomes u n t i l  i-H cannot occur. I f  on t h e  j t h  t o s s ,  

t h e  ( i + l ) s t  H appears, then the  remaining t o s s  outcomes would be labe led  



b.  This  i s  the  case  o f  too many H's. For each o l  some j ' s ,  t h e r e  a r e  

of t h e s e  sequences; ,j must be  a t  l e a s t  i + 1 and can be  a s  l a r g e  

a s  n.  Thus 

g i v e s  t h e  number o f  experiment outcomes i n  t h i s  case .  

Consider now t h e  case  i n  which t h e r e  a r e  n o t  enough H's. I f  on 

t h e  i t h  t o s s ,  t h e  ( n  - i t l ) s t  T appea r s ,  then aga in  t h e  remaining 
j-1 outcomes a r e  b'.s. There a r e  ( . )  o f  t hese  sequences f o r  a g iven j, 

3 has  a range from n - i t 1 t o  n .  Th i s  sum is  

We can now w r i t e  t h e  dfAlerabert  p r o b a b i l i t y  o f  t h e  event  in as 

From (51, n o t e  t h a t  Q(iH)  = Q\.(n - i ) H l  ho lds  a s  i n  c l a s s i c a l  p r o b a b i l i t y .  a 

To prove t h a t  

observe  t h a t  Q(iH) 2 l / ( n  + 1 )  f o r  a l l  i. Thi s  l a s t  i n e q u a l i t y  is 

e q u i v a l e n t  t o  ( n  t 2 ) ( n  - i ) i  ? 0 ,  which is t r u e .  The e q u a l i t y  ho lds  i f  

and on ly  i f  i = 0  o r  n. Hence f o r  n > l ,  t h e  proof  is complete. 

An e x a c t  closed- form express ion  f o r  T (n )  has  proved i n t r a c t a b l e .  

By r e t a i n i n g  on ly  t h e  f i r s t  t h r e e  terms i n  t h e  d i v i s i o n  expansion o f  ( 5 )  

and then  summing. 

T in )  en- 1 + i n  - l ) n ( n  + 2 )  
+ (n  t 1 )  

6 ( n  + 1) '  5(n  + I ) ~  

Exact  and approximate ( u s i n g  (611, va lues  

a r e  l i s t e d  below. 

n - T(n) -exac t  - 
2 7/6 K 1.167 

3 19/14 K 1.357 

4 599/385 ~i 1.556 

5 211/120 ?a 1.758 

6 30984/15785 sa 1.963 

7 26417/13572 2.169 

of T(n)  f o r  n = 2 through 7 
"Z - - 

T(n)-approximate 

1.165 

1.352 

1.545 

1.742 

1.940 

2.138 

Note: T(n)  i n c r e a s e s  almost l i n e a r l y  wi th  n .  

I t  is  n o t  t h e  purpose o f  t h i s  n o t e  t o  d i s c u s s  t h e  p h i l o s o p h i c a l  

a s p e c t s  o f  a l t e r n a t i v e  p r o b a b i l i t y  sys tems.  I t  should  be  mentioned, 

however, t h a t  t h e  above dfAlember t  system i s  a Carnap cs?: a uniform 

p r i o r  d i s t r i b u t i o n  on a s t r u c t u r e  d e s c r i p t i o n .  Readers a r e  r e f e r r e d  

t o  Hacking's e x c e l l e n t  book [2], and h i s  chap te r s  14  and 1 5  i n  p a r t i c u l a r ,  

f o r  t h i s  d i s c u s s i o n .  
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ANOTHER PROOF OF THE 
ARITHMETIC-GEOMETRIC MEAN INEQUALITY 

by N o m a n  ScJh.aumbvi.ge~ and B& Kabak 
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The c l a s s i c a l  inequa l i ty  connecting t h e  a r i thmet ic  and geometric 

means of n q u a n t i t i e s  s t a t e s  t h a t  i f  a > 0, a > 0 ,  --- ,  a > 0 then 
2 

(al + a2 + -*.+an)/n s (ala2 an) l n  where equa l i ty  holds i f  and 

only i f  al = a2 = = a There a r e  many proofs  of  t h i s  fundamental n' 
theorem none of which i s  p a r t i c u l a r l y  simple. In  t h i s  note  we o f f e r  a 

new proof which uses only b a s i c  algebra and t h e  p r i n c i p l e  of mathematical 

induction. Ins tead  of  proving t h e  above inequa l i ty  we s h a l l  prove t h a t  

i f  x > 0 ,  x > 0,  - - - ,  x > 0 then n 
n xl

n + x p  + - + x 6 nx1x2 & n 
with e q u a l i t y  i f  and only i f  xl = X, = . . . = x The equivalence between n' 
t h e  two statements  becomes apparent i f  we put xl = al . , . 'In, x2 = a2 , , 

1 /n x = a  . n n 
Let xl > 0, x2 > 0 and x3 > 0. Since ( X ~ - X ~ ) ( X ~ - X )  i s  nonnegative 

it follows t h a t  x1
2 + xZ2 2 2x1x2 and t h e  theorem is  t r u e  f o r  n = 2. 

Furthermore each term i n  

(x12 - x̂ )(xl - x2) + (x12 - X ~ ~ ) ( X ^  - x3) + (xz2 - x32)(x2 - x3) 

is nonnegative and s o  t h e  e n t i r e  expression is nonnegative. Expanding, 

we g e t  

2 ( ~ 3  + ~3 + ~ ~ 3 )  

z x 1 2  x 2 + x2x12 + x1x2 + x3x2 + xx32 + x3x22 

= x̂ x̂  + x32) + x2(x12 + x32) + x3(x12 + x̂ -1 

e x1(2x2x3) + a2(2x1x3) + x3(2x1x2) 

6 x x x  
1 2 3  

Consequently 

x13 + x 3  + x 3  S 3 x x x  1 2  3' 

which is the  des i red  r e s u l t  f o r  n = 3. Clearly equa l i ty  holds i f  xl = 

x2 = x,, and it is  easy t o  show t h a t  i f  x13 + xZ3 + x33 = 3xlx2x3 then 

( x 2  - x22)(x1 - x2) + (x12 - a^)(xl - x3) + (x̂  - x32)(x2 - x3) = 0. 

- - Hence x = x = x s ince  each term must vanish. 
1 

Essen t ia l ly  t h e  same procedure can be used t o  prove t h e  general  

case: Let x. 2 0, (i = 1, 2, . . .-, n, n+1) and assume t h e  ar i thmetic-  
1, 

geometric mean inequa l i ty  holds f o r  any n of t h e  xi. F i r s t  observe t h a t  

s i n c e  each term of  t h e  summation is nonnegative, 

Hence 

It  follows t h a t  

~ 3 ) -  \ - 
9 

j#i ' 
Using t h e  induct ive hypothesis,  we have 

Consequently, 



Equali ty  holds i f  and only i f  x ,  = x2 = --â = x s ince  each term n+ 1 
n + l  n + l  

i n  E E <zy - $)(x5 - x . )  is nonnegative. 

i=l j=1 
3 
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THE RELATIONSHIP BETWEEN SOME 
DISCRETE AND CONTINUOUS PROBABILITY MODELS 

by Gw.oue.vo 1ope.z and Johe.ph M. M O ~ ~ J L  
San v iego  State. ui<.vm.ctg 

This paper p resen ts  simple, d i r e c t  proofs  of  theorems which show 

t h e  respec t ive  re la t ionsh ips  b e k e e n  various probabi l i ty  models: 

(1)  d i s c r e t e  uniform and continuous uniform; 

(2) geometric and exponential;  and 

( 3 )  negat ive binomial and gamma. 

2 .  1ntA.oduatmn 
It i s  known t h a t  i n  the  d i s c r e t e  case t h e  d i s c r e t e  uniform, t h e  

geometric, and t h e  negat ive binomial p robabi l i ty  models have a r o l e  very 

similar t o  t h a t  i n  t h e  continuous case f o r  t h e  continuous uniform, t h e  

exponential and the  gamma probabi l i ty  models. (See Freeman [l] and 

Parzen [2], f o r  ins tance) .  This f a c t ,  however, is  no t  usual ly exploi ted 

i n  introductory courses. 

F e l l e r  [3] has shown the  b a s i c  re la t ionsh ips  among t h e  geometric, 

t h e  exponential,  t h e  negat ive binomial and t h e  gamma probabi l i ty  models 

by considering appropriate  d i s c r e t e  d e n s i t i e s  and then performing a 

l i m i t i n g  process t o  obtain t h e  corresponding continuous d e n s i t i e s .  In 

[4], Prochaska shows t h e  r e l a t i o n s h i p  between t h e  geometric and t h e  

exponential p robabi l i ty  models by considering t h e i r  respec t ive  d i s t r ibu-  

t i o n  funct ions cumulative d i s t r i b u t i o n  funct ions,  However, a se r ious  

preliminary e f f o r t  w i l l  convince one t h a t  t h i s  method becomes very 

d i f f i c u l t  t o  use i n  considerat ion of  t h e  d i s c r e t e  uniform, t h e  continuous 

uniform, t h e  negat ive binomial and t h e  gamma probabi l i ty  models. There- 

f o r e ,  t h r e e  theorems which r e l a t e  t h e  respec t ive  d e n s i t i e s  already 

mentioned a r e  proved here. The method used i n  t h e  present  paper cons i s t s  

of  showing t h a t  t h e  d i s c r e t e  moment generat ing funct ion becomes, by a 

s u i t a b l e  l i m i t i n g  process ,  t h a t  of t h e  corresponding probabi l i ty  model. 

Because t h e  moment generating funct ion of t h e  geometric p robabi l i ty  

model cannot be obtained d i r e c t l y  from t h e  negative binomial p robabi l i ty  



model, a separate  theorem must be s t a t e d  and proved. This is done i n  

Theorem 2. 
Therefore, t h e  moment generat ing funct ion of  t h e  random var iab le  X In  n 
is given by t h e  expression 

/ \ 
A 
n lkeokem 1. Let Yn = where X i s  a random var iab le  following 

n 
u t h e  negat ive binomial p robabi l i ty  d i s t r i b u t i o n  with parameters p = - 

n n 
and r ( u  i s  a f ixed p o s i t i v e  r e a l  number), where p is t h e  probabi l i ty  n 
of  success on independent t r i a l s  and X is t h e  number of  f a i l u r e s  which 

n 
occur before t h e  r t h  success [ t h a t  is, 

where Yn = Xn/n. 

Moreover, 

TkeokfLtn 2. Let W = X / n ,  where X i s  a random v a r i a b l e  following 
n 

a geometric p robabi l i ty  d i s t r i b u t i o n  with parameter A = n p ;  [ t h a t  is, 
Xn f(Xn) = pnqn , X = 0,  1, 2 , l .  Then 

Then 

A 
l i m  M ( t )  = - A - t  
n-xÃ n 

L- 

^n where M ( t )  = ECe I .  Equivalent ly,  y converges i n  d i s t r i b u t i o n  t o  
^n a gamma random var iab le  with parameters u and r. 

where M ( t )  denotes t h e  moment generat ing funct ion o f  W and t h e  r i g h t  
wn n 

s ide  o f  the  equa l i ty  i s  t h e  moment generat ing funct ion of  a random var iab le  

following an exponential p robabi l i ty  model with parameter A. 

Proof. The moment generat ing funct ion of a random var iab le  following 

a negative binomial p robabi l i ty  d i s t r i b u t i o n  with parameters p and r is n 
given by t h e  formula 

Proof. Theorem 2 is a s p e c i a l  case of  Theorem 1 with r = 1. 

lht20hem 3. Let Zn = X I n ,  where t h e  random var iab le  Xn follows a 
n 

d i s c r e t e  uniform probabi l i ty  d i s t r i b u t i o n ;  [ t h a t  is, f ( X )  = 1/n, Xn = 0, 

1, ..., n]. Then 

e t  - 1 l i m  M ( t )  = 7 
n-xÃ 'n 

Then, 

"n r t x  -1 x 
~ [ e  I = P ~ ~ (  x =o *net)n=p:(+]=(+J, 1-q e 1-q e 

n 
f where Mz (t) denotes t h e  moment generat ing funct ion of Z and t h e  r i g h t  

n 
s i d e  o f  t h e  e q u a l i t y  is t h e  moment generat ing funct ion o f  a random 

var iab le  following a continuous uniform probabi l i ty  model defined on t h e  

u n i t  i n t e r v a l .  

where of course p + qn = 1. Next, 

Proof. The moment generat ing funct ion of  a random var iab le  follow- 

ing a d i s c r e t e  uniform probabi l i ty  model is given by t h e  formula = P - ( 1  - p n x e t  - 1 ) .  

NOW i f  u = n p ,  then 

'"n - n - u 
t - u  

- 
u t 

1 - Ã n e ; - ( 1  - ) ( e  - 1 )  u - ( 1  - 3 n(et - 1)' 



The moment generating funct ion of  Z i s  then given by t h e  formula n 

Now, 

Moreover, r e c a l l  t h e  f a c t  t h a t  

Subs t i tu t ing  t h i s  i n t o  t h e  preceding r e l a t i o n ,  one obtains  t h e  following 

expression. 

I t  now follows r e a d i l y  t h a t  
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PUZZLE SECTION 

Mathacrostic No. 3 

Like t h e  preceding two, t h i s  a c r o s t i c i s  a keyed anagram. The 204 

l e t t e r s  t o  be entered i n  t h e  diagram i n  t h e  numbered spaces w i l l  be iden- 

t i c a l  with those i n  t h e  32 key words a t  matching numbers and t h e  key 

l e t t e r s  have been entered i n  t h e  diagram t o  a s s i s t  i n  cor re la t ion  during 

your so lu t ion  ( see  next  two pages). 

When completed, the  i n i t i a l  l e t t e r s  of  t h e  32 key words w i l l  s p e l l  

a famous mathematician and t h e  t i t l e  of a c l a s s i c  he wrote. The diagram 

w i l l  then quote two sentences from t h e  English t r a n s l a t i o n  of t h e  book. 

This year  (1977) i s  h i s  bicentennial .  

Dissect ing the  L e t t e r  E 

A block l e t t e r  E has a uniform thickness  o f  3 i n . ,  s tands 15 i n .  

t a l l ,  i s  9 i n .  wide, and t h e  hor izon ta l  middle s t roke  is h a l f  a s  long a s  

t h e  top  and bottom s t rokes .  Show how t h i s  l e t t e r  can be cu t  i n t o  5 

pieces so  they w i l l  f i t  toge ther  t o  form a p e r f e c t  square without turning 

over any of  t h e  pieces.  Can t h e  number of  pieces be reduced t o  4 i f  t h e  

freedom of  tu rn ing  p ieces  over is granted? 

Puzzle: A P a i r  o f  Eights 

The following long d iv i s ion  problem, i n  which t h e  known d i g i t s  appear 

nowhere e l s e ,  has only one so lu t ion .  Find it. 
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V e 6 ~ 0 ~  and Keg 
A. I n  mathy r e c i p r o c a l l y  r e l a t e d  - 

2s E 3F T s  F 3  iT7 Ei Bi 
B. Mathematiciany 1601-1665 - - -  

76 I58 lE6 1T2 = F 4  
C. Watered rum 

B Z - 5 i z r n  
D. Geometer 260-200 BC 

T i 7 ~ W F i i Z i ' ~ ~ T T  
E.  An i n t e g r a t i o n  l i m i t  

- 3 2  c 3  F 2  r 7  F 6  
F. Exhibi t  - 

I s  F 4  5 0  F 7  
G. Continuous p a r t  of a su r face  - 

* l ! % E r n i Z F 8  
H. Mathematician, c ,  200-270 AD - 

62 ~~~~~~~~~~ 
I. Number l i k e  3gY 79 o r  116 ~ ~ ~ i z ~ i z ~  
J. Slender - 

332 5 9  % 
K. Number expressed wi th  i, j - 

and k ~ ~ W E ~ E ~ T S E ~ O ~  
L. Speak - 

133 %i T i  F 4  ZE 
M. A r everse  t ransformation - 

58 E E l x C 7  
N. Trunk cover 

= G = F 7 =  
0. Unlawful 

i z i ? z F 9 m 5 T = 5  
P. Involuntary twitch 

F 9  3 I3 
Q. Like t h e  eye 's  rainbow 

i T o ~ i E ~ ~ 9 i E  
R. P ropr ie to r  

x 7  57 r5 33 r 4  
5. Game, t o  draw last - 

E l  T 2  T 9  
T. Mathematician, c. 276-194 BC i 
U. With connect ivi ty  number 1 

7Ti i iKiEiZiFo  
V. Mathematician 287-212 BC ~ ~ ~ ~ E Z G ~ Z ~  
W. What p len ty  d id  t o  twenty - 

l W ~ ~ ~ ~ 6 ~ 6  
X. P r u r i t i c  

g 3  EZ E 9  T2 KO 
Y. Dense and compaat 

T i T 4 E E z T  
Z. What Bea t r i ce  was shown = F 4  s 9  zl 
a. Mathematician 1588-1648 

i z ~ ~ ~ w m ~ 8 3 F  
b. F i r s t  name of a math author  

i E F 3 i z i E  
c ,  Members o f  math expressions ?z i r 3  r 8  35 F 8  
d. P a c i f i c  35' 3 i54 YE ZO v 
e.  Shout o f  joy - 

142 F 2  r 5  s 6  r 8  
f .  Math from Arabia m T T i ~ Z ~ F 3  
g. Draw with ac id  - I 9  TO E6 KO 



Solutions 

M d h ~ o ~ k L c  No. I [Springy 19761 
A Late boLuCbn w a ~  m c d v e d  by Greg Fol ey,  AuA.tin, T e x a .  

M i b ~ i o n d a  and C d b &  [ Fa1 1 , 1 9761 
The optimal number o f  crossings is  1 3 y  consis t ing o f  t h e  following 

moves (M f o r  missionaries ,  C f o r  cannibals)  : 3C, lCa 2Cy lCa  3M, IM and 

lCa  1 M  and lC(rower), W and lC(non-rower) , 3Ma lCa 3C, lC,  and 2C. ( I f  

more than one cannibal could row t h e  boat then 11 crossings would suf f ice . )  

SoLved by Sidney Penner, ?3h.onx Com&y College oh CUNY. 

One &WJUL& boLuLion hecdved. 

Mdhac~~ob.tic No. 2 [Fa1 1 a 1 9761 
Defini t ions and Key: 

A. Eighty-two F. Ethyl K .  Boole 
B. Ren6 Descartes G. Modulus L. El l ipse  
C. Inversion H, Photon M. Lavoisier 
D. calculus . I. Leader N .  Loathed 
E. Todhunter J, Eddied 0. Mighty 

P. Ef fe te  U. Asphodel 2. Arithmetic 
Q. Napier V. Twelve a ,  T h i s t l e  
R. Oshkosh w. Haversine b.  Integer  
S. Fifty-two X. Eggheads c. cauchy 
T. Moffat Y. Mayo d. shrubby 

F i r s t  l e t t e r s :  E R I C  TEMPLE BELL MEN OF MATHEMATICS 

Quotation: fiough the idea behind it a l l  i s  chiZdishly simple, yet the 

method of analytic geometry i s  so pmerfuZ that very ordinary boys o f  

seventeen can use it t o  prove results  whzch would have baffled the great- 

e s t  of the Greek geometers: Euclid, A~chirnedes, and Apollonius. 

Five Mathematicians: Descartesa Todhuntery Boolea Napiera and Cauchy. 

SoLved by Jeanetie Bickley, Webb2e.h G m v a  High School, Web~x2.t 
Gkova, h & b o d ;  Ezra Brown, V&g.inia Polqte&nic l ~ ~ e  and S t d e  
UnivemLty, RLacfz.4 bmg, Vhginia; Bradford E . Carter, a d & e  Tennubee 
-5Xde UnivcAbaq, M ~ i h e u b o m ,  Tennubee; Edwin Comfort, Ripon CoUege, 
Ripon, W h w n d n ;  Eleanor S .  Elder, Nw O d e m ,  LouAiana; Joseph D. E. 

Konhauser, MacdeAtm CoUege, SX. Pad,  &naoto; Barbara Lehmann, 
3. P e X W  College, Jemeq U y ,  Nw J w e q ;  Sidney Penner, Bhonx Comun- 
t y  CoUege 0 6  C U N Y ,  B&onx, Nw Yo&; Bob Pr ie l ipp ,UdvWay  06  W h c o ~ & h  
d Uhhkobh, Uhhfzo~h, Whcon&in; and Richard D .  Stratton, CoLohado S p ~ n g b ,  
CoLOhado. 

One b01ve.h did noz give .the b o r n e  no4 -the 5 m d h m d & m  c a e d  doh. 
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WELCOME TO NEW CHAPTERS 

The J o m Z  welcomes t h e  following new chapters  of  P i  Mu Epsilon 

which were recen t ly  i n s t a l l e d :  +." - -- - 
TEXAS W D A  a t  t h e  University of  Texas, i n s t a l l e d  October 30a lg75 

by E. Allan Davis, Council President.  

VIRGINIA EPSILON a t  Longwood College, Farmville, Vi rg in iaa  i n s t a l l e d  

January 28, 1976 by R. A. Good, Council Secretary- treasure^. 

ALABM ZETA at Alabama S t a t e  Universi ty y i n s t a l l e d  March 2ga 1976 

by Milton D. Cox, Councilor. 

ARKANSAS BETA a t  Hendrix Collegey Conway, Arkansas, i n s t a l l e d  

Apri l  12, 1976 by Robert M. Woodside, Councilor. 

*>-= 
MTCHING PRIZE FUND 

I f  your chapter  p resen ts  awards f o r  outstanding mathematical papers 

o r  s tudent  achievement i n  mathematicsy you may apply t o  t h e  National 

Off ice t o  match the  amount spent  by your chapter.  For examplea $30 

of  W ~ d e  can r e s u l t  i n  t h e  chapter  rece iv ing  $15 reimbursement from 

t h e  National  Office. These funds may a l s o  be used f o r  t h e  r e n t a l  of 

mathematical f i lms .  To apply, o r  f o r  more information y w r i t e  t o :  

D r .  Richard A. Good 
secmtaFJ-T-l-mmma P i  Mu E p s i r n  
Department of Mathematics 
The U n i v e ~ s i t y  o f  Maryland 
College Parky Maryland 20742 

INITIATION CEREMONY 

The e d i t o r i a l  s t a f f  of  t h e  Journal has prepared a s p e c i a l  publics; . 
t i o n  e n t i t l e d  I n i ~ a t i ~ n  Ri*aZ f o r  use b y  l o c a l  chapters  containing de- 

t a i l s  f o r  t h e  recommended ceremony f o r  i n i t i a t i o n  of new members. If 

you would l i k e  one, w r i t e  t o  t h e  National Office. 



PROBLEM DEPARTMENT 

This department welcomes probZems believed to  be n m  and, as a 

rule demanding no greater ab i l i t y  i n  problem solving than that of the 

average member of the Fraternity. Occasionally we shaZZ publish pro- 

blems that should chuzlenge the abi l i ty  of the advanced undexgraduate 

or candidate for the Master's Degree, Old problems displaying novel 

and elegant methods of solution are also acceptabZe. ProposaZs should 

be accompanied by solutions i f  mailable and by any information that 

w i l l  ass is t  the editor. 

Solutions should be submitted on separate sheets containing the 

nme and &ess of the solver and should be mailed before the end o f  

November, 29 77. 

Address a l l  c m i c a t i o n s  concerning problems t o  Dr. Leon Bankoff, 

6360 WClshire Boulevard, Los AngeZes, California 90048. 

Problems f o r  S o l u t i o n  

386. Phopobed by CMu U .  T L g g #  Sun Viego,  C&{O&. 

Show t h a t  t h e  volume o f  Kepler ts  S t e l l a  Octangula ( a  compound of  

FIGURE 1 

two in te rpene t ra t ing  te trahedrons)  is t h r e e  times t h a t  of  t h e  octahedron 

t h a t  was s t e l l a t e d .  

387. Phopobed by Jack Gahdunkd, FofiaX H U  High SchooL, + - 
F.Puhhing, N e u ~  Yohk. 

O n  t h e  s i d e s  AB and AC o f  an e q u i l a t e r a l  t r i a n g l e  ABC mark the  

po in t s  D and E respec t ive ly  such-tha t  AD = AE. Erect  e q u i l a t e r a l  

t r i a n g l e s  on CDy AE and ABy a s  i n  t h e  f i g u r e y  with P y  Q y  R a s  t h e  

respec t ive  t h i r d  v e r t i c e s .  Show t h a t  t r i a n g l e  PQR is e q u i l a t e r a l .  Also 

show t h a t  the  midpoints of PE, AQ and RD a r e  v e r t i c e s  of an e q u i l a t e r a l  

t r i a n g l e .  

FIGURE 2 

388. Phopobed by David 1. Si . t vman> UUX Lob A n g e l a ,  C&{ohnia. 

In  t h e  game of  "Largery But Not That Large" two players  each w r i t e  

down a p o s i t i v e  in teger .  The numbers a r e  then disclosed and t h e  winner 

(who is  pa id  a d o l l a r  by t h e  l o s e r )  is  t h e  player  who wrote t h e  l a r g e r  

number, unless  t h e  r a t i o  of  l a r g e r  number t o  smaller  is t h r e e  o r  more, 

i n  which case t h e  player  with t h e  smaller  number wins. If t h e  same 

number is picked by both p layers ,  no payment i s  made. 

a )  What is  t h e  optimal s t ra tegy?  

b)  Suppose ins tead  t h a t  t h e  players  a r e  not  r e s t r i c t e d  t o  integezs 

bu t  t o  t h e  s e t  [l, m )  and t h a t  l a r g e r  number wins provided t h e  larger- to-  

smaller  r a t i o  is  l e s s  than r ( f o r  some r > 1 ) ;  otherwise l a r g e r  number 

loses .  Find an optimal s t ra tegy .  



389. Phopobed by Pad Ehdb'b, Spaccbkip E d h .  

Find a  sequence of pos i t ive  in tegers  1 a l  < a2 c which omits 

i n f i n i t e l y  many in tegers  from every a r i thmet ic  progression ( i n  f a c t  it 

has densi ty 0) but which contains  a l l  but  a  f i n i t e  number of terms of 

every geometric progression. Prove a l s o  t h a t  there  is a  s e t  S of  r e a l  

numbers which omits i n f i n i t e l y  many terms of any a r i thmet ic  progression 

but contains every geometric progression (disregarding a  f i n i t e  number 

of terms ) . 
390. Phopobed by Robb Kodhck and David C .  Kay, U L v ~ a y  0 6  

OM!&oma. 

Let t h e  diagonals of  a  regu la r  n-sided polygon of  u n i t  s i d e  be 

drawn. Prove t h a t  t h e  n - 2 consecutive t r i a n g l e s  thus  formed which 

have t h e i r  bases  along one diagonal,  t h e i r  l egs  along two o t h e r s o r  a  s i d e ,  

and one ver tex  i n  common with a  ver tex  o f  t h e  polygon each have t h e  

property t h a t  t h e  product of two s i d e s  equals  the  t h i r d .  

391. P~~opobed by CLayton W .  Dodge, U n i v m i t y  od Maine at Ohono. 

Solve t h i s  i lphametic  where, of  course, NINE is d i v i s i b l e  by 9: 

TWELVE 

N I N E  

N I N E  

THIRTY 

392. Phopohed by R. Robiruon Rome, S a w e n t o ,  CaLL6oka. 

Solve i n  d i s t i n c t  p o s i t i v e  i n t e g e r s ,  

393. Phopohed by PeAa A ,  L h d A ~ o m ,  G e n a u  CommunLty CoUege, . 
Bdavia,  NeM Yohk. 

Cunsider the  sequence f (n)  = n2 - n 41. Find the  GCD of f (x)  

and jYn.+l). 

394. Phopobed by Emin J u b X  and Be&Ctam Kabafz, Bhonx Cornunity 

CoUege. 

Prove t h a t  i f  A l ,  A2  and A3  a r e  t h e  angles o f  a  t r i a n g l e ,  then 

395. Phopobed by Joe Van A u Z h ,  Emohy U n h ~ m a y ,  -a, 

Geohgia. 

Assume t h a t  n  independent Bernoull i  experiments a r e  made with 

p = P [success],  1 - p = P [ fa i lu re ] ,  and 0 < p < 1. I n t u i t i v e l y  .it?-- 

seems t h a t  P [success on t h e  f i r s t  t r i a l  1 exact ly one  success^ is  always 

l e s s  than P [success on t h e  f i r s t  T r i a l  1 a t  l e a s t  one success]. 

d i r e c t l y  t h a t  t h i s  is  indeed t h e  case. 

396. Pkopobed by David R. Simon&, Rmb&aeh PoLyXechnic 

I n b L i t u , t ~ ,  Thoq, NW Yokk. i 

Let [mIn denote the  i n t e g r a l  p a r t  of t h e  quot ient  when m is 

by n.  Prove t h a t  
k [ m l  n  k = C m l n ,  V m ,  n ,  k  â N, 

k 
where [mln  means [[-.-fm]n*.-]n]n (k s e t s  of b racke ts ) .  

Verify 

divided 

and more general ly  t h a t  

where F ( t ) / F l  (t) is a polynomial i n  t2 with i n t e g r a l  c o e f f i c i e n t s ,  and n 
- 1 n i l 4  

x = u ~ ? l , z = u / ~ , a n d u + u  = t e  . (3 )  

398. Phopobed by ~ C ~ L V L ~  s. Fidd ,  ~~ ~ J ~ c C L ,  c&&l.VLk 

Find so lu t ions  i n  in tegers  A = B # C # R and A # B # C = R f o ~  t h e  

q u a d r i l a t e r a l  inscr ibed i n  a  semicircle  of  rad ius  R, a s  shown i n  t h e  

FIGURE 3 



f igure .  Alsoy f i n d  so lu t ions  i n  in tegers  A # B + C # R o r  prove t h a t  

none e x i s t .  

Solutions 

362. [Spring 19761 Ptopo~ed by Zelda K d z ,  B e v d q  H U ,  

CaLidoJWIia. 
A s  shown i n  Figure ly  a diameter AB of  a  c i r c l e  ( 0 )  passes through 

Ca t h e  midpoint of a  chord DE. M i s  t h e  midpoint of a r c  AB and t h e  

chord MP passes through C, The rad ius  OP cu ts  t h e  chord DE a t  Q. The 

tangent c i r c l e s  (01) (02) a (Wl) and (W2) a r e  a s  shown. Show t h a t  

FIGURE 1 

by R. R o b d o n  RoNe, S a ~ e ~ o ,  C a t 2 6 0 t k .  
Let t h e  r a d i i  be a,  b and a  + b and t h e  unknown r a d i i  be F. In  

t r i a n g l e s  0 W F and OWIFl, 
1 1 .  

( a  + r12  - ( a  - P ) ~  = ( a  + b - r I 2  - ( a  - b - P)'. 
I 

Whence r = ab/(a+b) and WIF = 2a&/(a + b) .  

Similar ly i n  t r i a n g l e s  02W2G and OW2Gy 

r = ab/(a+b) and W2G = 2bJa/(a + b ) .  

Then 

FIGURE 2 

In t r i a n g l e  OCD, OD = a + b ,  OC = a - b ,  CD = 2 a .  In t r i a n g l e  OMC, 

s i n  C = ( a  + b)/-. In  t r i a n g l e  Ope, s i n  P = ( a  - b ) / ( a  + b). 

s i n  C = ( a  - b ) / w ,  and L 0 = C - L P. Hence s i n  0 = 

2ab/(a2 t b 2 ) ,  tan 0 = 2ab/(a2 - b2) .  In t r i a n g l e  OCQ, CQ = ( a  - b ) t a n  0 = 

2ab/(a + b ) ;  DQ - DC - CQ = 2 a  - ~ a b / ( a  + b )  = WlW2. 

11. SoluxXon by Leon Banko66, LOA Angela ,  Ca!..i6ohnh. 

The configuration i s  a  Shoemaker's Knife ( o r  a rbe los )  and i t s  

r e f l e c t i o n  i n  t h e  diameter AB. We make use of p roper t i es  described on 

pages 116 and 117 of  Roger A. JohnsontsAdvaneed EueZi&an Geometry 

(Modern Geometry) Dover Reprint ,  1960. 1 )  The c i r c l e s  (Wl) and (W2) . 

insc r ibed  i n  t h e  curv i l inear  t r i a n g l e s  ACE and BCE a r e  equa ly  t h e  

diameter of  each being equal t o  AC*BC/ABy o r  h a l f  t h e  harmonic mean of  

AC and CB. 2) The smallest  c i r c l e  t h a t  is  tangent t o  and circumscribes 



t h e  two c i r c l e s  ( W )  and ( W )  is  e q u a l  t o  t h e  c i r c l e  on CD. By t h e s e  

two p r o p e r t i e s  it is  seen t h a t  W p 2  is  equa l  t o  CD minus h a l f  t h e  

harmonic mean o f  AC and CB. It now remains t o  show t h a t  QC i s  a l s o  e q u a l  

t o  h a l f  t h e  harmonic mean o f  AC and CB. 

We first show t h a t  QC = QP. I n  t r i a n g l e  QOC, L&'C t L Q O C  = 

90Â = LQPC t Z P C Q  t L O A P  + LAPO.  Now L A P 0  + L Q P C  = 45O. Hence 

f  PCQ + OAP = 45O = Z OAP + QPC. Therefore  LPCQ = /. QPC and QC = QP. 

It fol lows t h a t  Q is t h e  c e n t e r  o f  a c i r c l e  t angen t  t o  AB a t  C and 

t o  t h e  c i rcumference o f  t h e  o u t e r  c i r c l e  ( 0 )  a t  P.  Then 0C2 = 
O p ( ~ p  - 2pQ), from which we o b t a i n  PQ ( o r  PC)  = ( 0 p 2  - O C 2 ) / 2 ( O P )  = 

(OP + OC)(OP - O C ) / 2 ( O P )  = AC*CB/AB,  t h u s  proving t h a t  QC is a l s o  e q u a l  

t o  h a l f  t h e  harmonic mean o f  AC and CB. 

ExcuSawt  h o l u t i o m  w w .  d o  o4ivte.d by Clayton W .  Dodge, U L & V J L A ~ ~ Y  

of, M&e at Ohono; Dr. John T .  Hur t ,  B/u/an, T e x o ~ ;  Barbara S e v i l l e ,  

Rohh-UK. C o n ~ e ~ v a t o h y ,  Bologna, 1taÂ£.y and the. p t o p o b ~ ,  Zelda Katz. 

363 .  [Spr ing 19761 Pmpohed by Robert  C. GebhuJ~dt, Hopatcong, 

New J w e y .  
s i n 1  s i n 2  + +.. ,  Does - t - 

1 2 3 
converge, and i f  s o ,  t o  what? 

S o l d o n  by Clayton W .  Dodge, Unive^'U.y 0 4  M&e at Ohono. 

A Four i e r  s e r i e s  expansion f o r  t h e  i n t e r v a l  0 < x < IT i n  s i n e  term 

on ly  y i e l d s  t h e  equa t ion  

I T - x  1 1 1 = s i n  x + - s i n  2x + - s i n  3x t - s i n  4x t 2 3 4 

f o r  0 < x < IT. When x = 1 we g e t  t h a t  

i l -  1 1 1 1 
s i n  1 + - s i n  2 t - s i n  3 t - s i n  4 t  2 3 4 

whose decimal va lue  is  1.070796327... 

S-tIwUitUL h o l d o n h  wms.  &u.bn^tte.d by Fred Ahrens, Pomona, CaLi.f,o'wi.a; 

P. Bl oernendaal , Te.chnotogicaJi U ~ L v w i t y ,  Bi.ndhove.n, The. NithvULondi; 

Michael W .  Ecker, C^ty ( J n i v w i t q  of,  New Yohk; Jack ie  E .  F r i t t s ,  Rocky 

M o w  N. C.; John T .  Hur t ,  Bhqan, Texa4; Bob P r i e l i p p ,  The. U n i v w - i t y  

o< W-UsconbÂ¥<-Ãˆl-Obhkoh Henry J .  Ricardo, Manho-fctan CoU.e.ge., Bhonx, N. Y. ;  

R .  Robinson Rowe, Sac~amen-to, CaLLf,o'uuJO.; 1. P h i l i p  S c a l i s i ,  Bu-dgewate.h 

Stain. CoUs-ge, Bfu.dgwiatu., Mcmach~~be-t t i ;  and the.  phopoheh, Robert C. 

Gebhardt. 

Bob P r i e l i p p  suggested t h a t  r e a d e r s  who enjoyed t h i s  problem would 

probably f i n d  "A Monotonic Tr igonometr ic  Sum" by Richard  Askey and John 

S t e i n i g  found on pp. 357-365 o f  t h e  Summer 1976 i s s u e  ofAmerican Journal 

of Mathematics o f  i n t e r e s t .  Ricardo and S c a l i s i  c i t e d  Bromwich's An 

Introduction t o  the Theory of Inf in i te  Series PP 356, 383, 386 , while  

Rowe c a l l e d  a t t e n t i o n  t o  Smithsonian P u b l i c a t i o n  2672, Formula 6 .81s . -  

Dodge proposed t h e  ques t ion :  What is "Yea t yea t yea  t yea"? t h e  ' 

answer t o  which is "A Four i e r  Se r i e s" .  

364. [Sp r ing  19761 Phopohtd by ChoAÂ£ W. Tn^gg, Son D-iego, 

CaJU.f,o'wi.a. 

Show t h a t  t h e r e  is  only one th i rd- orde r  magic squa re  wi th  p o s i t i v e  

prime e lements  and a magic c o n s t a n t  o f  267. 

I. SoluAc.on by ClaqXon U. Dodge, U n i v w - i M j  of ,  Mooie. at Otono. 

Since  t h e  cons tan t  is 267, t h e  c e n t e r  element is  267/3 = 89. Now 

we need prime p a i r s  adding t o  267 - 89 = 178. We f i n d  t h a t  

178 = 5 + 173 = 11 t 167 = 29 t 149 

= 41 + 137 = 47 t 131  = 71 + 107. 

For any element k t h e r e  must be  a t  l e a s t  one sum o f  two o t h e r  primes 

adding t o  267 - k. Th i s  e l i m i n a t e s  5 ,  41, 137 and 173. Corner elements 

must have two such sums. For tuna te ly  we f i n d  t h a t  

267 - 29 t 238 = 7 1  t 167 = 107 + 131,  

267 - 7 1  = 29 t 167 = 47 t 149,  

267 - 107 = 11 + 149 = 29 t 131, 

267 - 149 = 11 t 107 = 47 t 71. 

The corner  e lements  then  a r e  29, 71, 107 and 149. We e a s i l y  o b t a i n  t h e  

unique magic square:  

11. S o l u t i o n  by- .the phopohth.. 

The magic c o n s t a n t  o f  a t h i r d- o r d e r  magic squa re  can be  r ea r ranged  

i n t o  a square  a r r a y  i n  which t h e  elements o f  t h e  rows a r e  i n  a r i t h m e t i c  

p rogres s ion  wi th  t h e  same common d i f f e r e n c e ,  and l i k e w i s e  f o r  t h e  

e lements  o f  t h e  columns, and conversely .  

I n  any a r i t h m e t i c  p rogres s ion  o f  primes wi th  a f i r s t  term > 3 ,  t h e  

common d i f f e r e n c e  d is a m u l t i p l e  o f  6. 

Now 9 - 4 = 5 and 9 + 6 = 1 5 ,  s o  i f  89 i s  t h e  a r i t h m e t i c  mean, d d  

cannot t e r m i n a t e  i n  4 o r  6. Furthermore,  89 - 12 = 77, 89 t 30 = 119, 

and 89 t 72 = 161. Consequently t h e r e  are on ly  f i v e  a r i t h m e t i c  pro- 



gressions of t h r e e  p o s i t i v e  primes with 89 a s  a middle term,  namely: 

A ( l l ,  89, 167) ,  B(29, 89, 1491, C(41, 89, 137). D(47, 89. 131)s and 

E(71, 89, 107). These can be pa i red  i n  t e n  ways. However, t h e  p a i r i n g s  

AB, AC, AD, AE, BC, BD and CD produce square a r rays  with negat ive 

elements,  and CE and DE produce a r rays  with an element o f  t h e  form 5k. 

Therefore t h e  only magic square with prime elements and a magic 

constant  o f  267 der ives  from BE. That i s  

ALbo botved by V i c t o r  G .  Feser, M a ~ j  CoLLege, V^irna~-ck., No& 

Dakota; John T .  Hur t ,  S w a n ,  Texub; R. Robinson Rowe, SaCAdffIeWto, 

CoJLi6o'vm.a; and Kenneth M .  W i l ke ,  Topeka, K a n ~ o ~ .  

Charles W. Trigg c a l l e d  a t t e n t i o n  t o  t h e  dup l ica t ion  o f  h i s  

proposal  which f i r s t  appeared a s  problem 325 i n  t h e  Spring 1974 i s s u e  

with a so lu t ion  published a year  l a t e r .  Your problem e d i t o r  has o f ten  

wondered how many times he must make t h e  same mistake twice. 

365. [Spr ing 19761 P m p o ~ e d  by d a y t o n  W .  Dodge, U~U.UBAA&~ 0 6  

Mtwie, Uhono, Mtwie. 

Find a l l  f r a c t i o n s  abc/cde such t h a t  cance l l ing  t h e  d i g i t  c y i e l d s  

an equivalent  f r a c t i o n ,  such a s  166/664 = 166 / $64 = 16/64. A s  i n  t h e  

i l l u s t r a t i o n ,  no t  all t h e  d i g i t s  a ,  b ,  c, d ,  e need be d i s t i n c t ,  bu t  

they should n o t  be a l l  equal .  

SoLu5on  by Chcwtu  W .  T^igg, San Viego,  CoJLi6o'vm.a. 

( l o x  + c)/(lOOc + y)  = x/y,  where x and y a r e  two-digit  i n t e g e r s ,  

can be manipulated i n t o  t h e  form 

x = cy/(lOOc - 9y). 

For c = 1, 2,  3 ,  4, 5 ,  and 8, t h e  only s o l u t i o n s  i n  two-digit  

i n t e g e r s  a r e  those which give f r a c t i o n s  with s i x  l i k e  d i g i t s .  Otherwise: 

c = 6,  (x ,y)  = (16,64) and (26,65); 

c = 7 ,  (x,y) = (21,751; 

0 = 9 ,  (x ,y)  = (19,95), (24,96), and (49,98). 

Thus t h e r e  a r e  s i x  f r a c t i o n s  with th ree- dig i t  numerators and 

denominators t h a t  can b e  reduced t o  equivalent  f r a c t i o n s  by i l l e g a l  

" cancel la t ion"  i n  t h e  manner specif ied.  They a r e :  166/664, 266/665, 

199/995, 249/996, 499/998, and 217/775. I n  none o f  t h e s e  does t h e  

s p e c i f i e d  "cancel la t ion"  reduce it t o  lowest terms,  although a second 

"cancel la t ion" w i l l  do s o  i n  t h e  first t h r e e  cases .  

There a r e  seven more proper f r a c t i o n s  with l i k e  d i g i t s  i n  t h e  c 

pos i t ions  t h a t  can be reduced t o  lowest terms by two i l l e g a l  "cancel- 

la t ions" ,  namely: + - -- - -  - 
163/326, 316/632, 244/427, 455/546, 127/762, 139/973, and 187/748. 

Also, t h e r e  a r e  e i g h t  f r a c t i o n s  with l i k e  d i g i t s  i n  t h e  c pos i t ion  

t h a t  can be reduced t o  lowest terms by r e s i s t i n g  t h e  impulse and "cancel- 

l ing"  b and d instead.  They a r e :  143/341, 253/352, 154/451, 374/473, 

275/572, 176/671, 385/583 and 187/781. In  each of these  f r a c t i o n s  the  

denominator is t h e  reverse  of t h e  numerator. 

The 15  f r a c t i o n s  given i n  t h e  two paragraphs above a r e  among t h e  

116 m o p e r  f r a c t i o n s  with denominators l e s s  than 1000 t h a t  can be reduced 

t o  lamest terms by i l l e g a l  " cancel la t ion"  a s  given i n  my so lu t ion  t o  

problem 434, Mathematics Magazine, 34 (September 19611, 367-368. 

A^Ao ~ o i u e d  by Jackie  E .  F r i t t s ,  Rocky Moun^, N o a h  CcumUna: 

Robert C .  Gebhardt, Hopateong, New J m e y ;  John T .  Hur t ,  Shyan, T e r n ;  

Ed i th  E .  Risen, Omgon QJLkq, Umgon; R .  Robinson Rowe, S a w e n t o ,  

CoJLi6ohnia; Kenneth M .  Wi 1 ke, Topeka, Kan~ub;  and the. phopobe~., Clayton W .  

Dodge. 

Robert C. Gebhardt found t h e  requ i red  so lu t ion  through a quick 

search by a programmed desktop e l e c t r o n i c  c a l c u l a t o r  and of fe red  t h e  

following comment : 

I r a t h e r  wonder about problems l i k e  No. 365. I ' m  n o t  s u r e  t h a t  

they "demand no g r e a t e r  a b i l i t y  i n  problem-solving than t h a t  o f  t h e  

average member of t h e  Fraterni ty" .  What they do seem t o  r e q u i r e  i s  t h e  

a b i l i t y  t o  l o c a t e  a programmable e l e c t r o n i c  c a l c u l a t o r  and t o  r e t u r n  t o  

it l a t e r  t o  discover  what answers it has found i n  i ts search.  That i s ,  

I wonder about t h e  usefulness  o f  problems i n  which it is s u f f i c i e n t  t o  

l e t  a 'high- speed machine do a search f o r  answers ins tead  of solving by 

t r a d i t i o n a l  means. 

A r e p l y  t o  t h i s  content ion can be found i n  t h e  a r t i c l e  "Reflect ions 

of a Problem Editor" published i n  t h e  F a l l  1975 i s s u e  o f  t h i s  Journal .  

To quote: 

I t  may be hard t o  be l i eve ,  bu t  your problem e d i t o r  

occasional ly  rece ives  an answer t o  a problem ins tead  of 
* 

a so lu t ion .  P a r t i c i p a n t s  i n  t h i s  arena a r e  n o t  r e a l l y  

concerned with answers; t h e i r  primary i n t e r e s t  is i n  t h e  



way t h e  so lu t ion  was found--the t r a i n  of thought t h a t  l ed  

t o  the  so lu t ion ,  t h e  transparency of the  s o l v e r ' s  h e u r i s t i c  

approach t o  t h e  problem, e s s e n t i a l l y ,  the  s o l v e r ' s  a b i l i t y  

t o  take t h e  reader  by t h e  hand and l i t e r a l l y  l ead  him over 

t h e  various s t e p s  of  t h e  proof. 

Charles W. Trigg remarks a s  follows: 

The value of a  problem should no t  be judged s o l e l y  on the  

b a s i s  of whether o r  not  it can be solved by a  machine. 

Frequently problems which may appear t o  be s u i t a b l e  only 

f o r  so lu t ion  by machine can, with the  proper i n s i g h t ,  be 

solved by hand i n  t h e  time t h a t  it would take t o  wr i te  a  

program. Admittedly, one is more l i k e l y  tomake  e r r o r s  

than would a  properly programmed machine. In  t h a t  case 

t h e  machine can a c t  as  a  check on t h e  r e s u l t s .  There is  

a  modern danger t h a t  dependence on computer so lu t ions  is  

l i k e l y  t o  reduce t h e  p o s s i b i l i t y  of h i t t i n g  upon an 

elegant  approach. 

366. [Spring 19761 Phopobed by Richand F i i t d ,  S d a  ~ o ~ c a ,  
cati<SoIWA.a. 

n 
Let Q = [ l o  /PI,  where p i s  a  prime > 5,  and n i s  t h e  cycle length 

of t h e  repeat ing decimal 1 /p ;  [XI denotes t h e  g r e a t e s t  in teger  i n  a. 

Can Q be a  prime? 

WL the. i io iut ion~ heceived wme pm.cbicaU.y identi.cd bo me[Lit bhodd 

be div-idud among tke. <SoVLoMM.ng boivw.': Je66he.y Behgen, Bhoofe^yn, 

N e w  YO&; CLagXon W .  'Dodge, UÃˆicve^i.Lt 06 Maine o-t Owno; Ut.chaeÂ W. 
Eckm, CcA/ UnivmLtg o<S N e w  Yokk; V-Lvton. G .  Fum, M O A ~  CoUn.ge, 

St^ma~cfe, No& 'Dakota.; Richan.d A. Gibbb, Fokt L&MUA CoUqe ,  'Du^ango, 

Coiomdo; Kuncth M. W k e ,  Topeka, KanAoi and Xhe pkopobe&, RA-c^io~d 

F i e l d ,  whobe boiiiti-on -L& 04 6oVLo~li : 

Q i s  the  repeat ing p a r t  of t h e  decimal representat ion of 1 /p ,  

expressed a s  an in teger .  (Example: f o r  p  = 13,  1/p = .0769230769...; 

n = 6 ,  Q = [lo6/13] = 76923.) Thus 1/p may be wr i t t en  a s  t h e  geometric 

s e r i e s  ~ / 1 0 "  + Q/102" + Q / I O ~ "  + - .  - . Summing, we obtain pQ = 10" - 1. 

Since 10" - 1 i s  d i v i s i b l e  by 9 and s ince  p i s  prime, Q must be d i v i s i b l e  

by 9 ,  s o  cannot be prime. 

367. [Spring 19761 Ptopobed by R. Robdon  Row, Sumamento, 
Ca&joiw>La. 

A box of  u n i t  volume cons i s t s  of  a  square prism topped by a  pyramid. 

Find t h e  s i d e  of t h e  square base and heights  of  prism and pyramid t o  

minimize t h e  sur face  area.  - 

FIGURE 3 

Soiwbion by the. P-topo-ie~. 
Let the  dimensions of  t h e  prism be 2u x 2u x V and t h e  height  o f  

the  pyramid be w. 
Then t h e  surface a r e a  is  

A = 4u2 + Buv + 4 u & v  

and t h e  volume 

v = 1 = 4u2v + 4u2w/3. 

From (2)  

v = l /4u2 - w/3. 

Then with ( 3 )  i n  (1)  

A = 4u2 + 2/u - 8W/3 + 4 u m .  

Di f fe ren t ia t ing ,  

Times 3-/4u: 

Whence 

5 ~ 2  = 4u2 and w = 2u/i/5" 

u2 + ~2 = 9u2/5 and = 3 ~ / &  . 
With (7, 8) i n  (4) 



From ( 7 )  

From ( 3) 

1 
V = YQ- ( 5  + 2 /5" )v12(47  - 2 1 6 )  = 0.757 212 8273 (14 )  

Not asked f o r ,  

A = 5.733 712 667, which is  l e s s  t h a n  A  = 6  f o r  a  u n i t  cube 

and more than  A = 3'36-ir = 4.835 975 86. .. f o r  a  u n i t  sphere .  

A&6o b o l v e d  b q  John T. Hurt,  B-tyan, T e x o i .  

368. [Spring 19761 P-topobed b y  Jack  Gm6unk&, FohÂ£Ai U i l h  High 

S c h o o l ,  F i~ l i fc t .ng ,  New Yokk.  

Given a  t r i a n g l e  ABC wi th  i ts i n s c r i b e d  c i r c l e  ( I ) .  Lines AX, B I ,  

CI c u t  t h e  c i r c l e  i n  p o i n t s  D, E ,  F  r e s p e c t i v e l y .  Prove t h a t  AD + BE + 
CF 2 (Pe r ime te r  of  t r i a n g l e  DEF)//S. 

Solivtiion b q  Cf.aq.ton W. Dodge, U n L v e U q  o f ,  U d n e  at On-ono. 

I n  0. Bottema e t  a l ,  Geometvic I n e q u a Z i t i e s ,  we f i n d  t h a t  

A I  + B I  + C I  > 6 r  Item 12.3  

and 

a + b + a 5 3 ~ / 3  Item 5 .3  

where i? i s  t h e  i n r a d i u s ,  R t h e  c i rcumradius ,  and a, b ,  a t h e  s i d e  l e n g t h s  

o f  t r i a n g l e  ABC. From i t em 1 2 . 3  it immediately fo l lows  t h a t  

s i n c e  DI = E l  = F I  = r. Now apply  i t em 5.3  t o  t r i a n g l e  DEF and i t s  

c i r c u m c i r c l e ,  t h e  i n c i r c l e  o f  t r i a n g l e  ABC, whose r a d i u s  is r. We g e t  

DE + EF + FD 5 3 r G .  

Dividing t h i s  l a s t  i n e q u a l i t y  by 6 and combining it wi th  t h e  preceding 

i n e q u a l i t y ,  we g e t  t h e  d e s i r e d  r e s u l t :  

AD + BE + CR 2 3 r  2 (DE + EF + F D ) / / ~ .  

ACAo b o t u i d  b y  John T. Hurt and the. P h o p o b e ~ ,  Jack Garfunkel. 

369. [Spring 19761 P m p v h e d  b q  P d  ~ h d o ' b ,  S p a c d p  Ecuvtk. 
n  

Determine a l l  s o l u t i o n s  o f  ( k )  = fT p .  
p5n 

S o l d o n  bij John T .  Uu&, R y a n ,  T e x o i .  + .. - 
C l e a r l y  t h e r e  can be  no s o l u t i o n s  u n l e s s  

max n  o 5 k  s n  (,) 2 np. 
p5n 

Since  ( )  a r e  t h e  b inomial  c o e f f i c i e n t s  t h e  maximum va lue  is k n - 1 n ! / ( n / 2 ) !  (n /2)!  i f  n is even and n ! / ( Ã ‘ Ã ‘ Ã ‘ Ã ‘ ) !  f o r  n  odd. ' From 

t h e  t a b l e  

n 

we s e e  t h a t  n  = 1, 2 ,  4 ,  10 w i l l  g i v e  t h e  s i o lu t ions  

From t h e  above, t h e  on ly  n o n- t r i v i a l  s o l u t i o n s  a r e  

4 ( ) = 2 x 3 = 6  

10  ( ) = 2 x 3 x 5 x 7 = 2 1 0  

No s o l u t i o n s  e x i s t  f o r  n  > 10. 



A&Ao boS.ued by  t h e  p ~ . o p o b e ~ ,  Paul Erdos. Thus, f o r  example, we might wr i te  

370. [Spr ing  19761 Phopobed b y  Dauid L. SiHumman, U u t  Lob A n g d u ,  
1 1  1; - +  - 1 1 1 1 1 

cw0WU.a . .  n n n + 1 + n ( n + 1 ) ~ t + n ( n + 1 7 n t + ) ( n t 2 )  

Able, Baker and Charlie take tu rns  c y c l i c a l l y ,  i n  t h a t  order ,  

toss ing  a  coin u n t i l  th ree  successive heads o r  th ree  successive t a i l s  

appear. With what p r o b a b i l i t i e s  w i l l  t he  game terminate on Able's tu rn?  

On Baker's? 

S o l u t i o n  b y  the. Phopobe~ .  

A t  Charl ie 's  first t u r n  he is confronted with one of two equal ly 

l i k e l y  s i t u a t i o n s :  f i r s t  two throws t h e  same o r  d i f f e r e n t .  I f  the  

same, he has ha l f  a  chance of ending t h e  game on the  f i r s t  t o s s  and ha l f  

a  chance of s t a r t i n g  a  new run,  pu t t ing  him i n  Able's pos i t ion .  I f  

d i f f e r e n t ,  he is  e f fec t ive ly  t h e  second player  i n  a  newrun, t h a t  i s ,  i n  

Baker's posi t ion.  

Thus 

Of t h e  3 out of 4  cases (OOX, 0x0, OXX) i n  which Able ge t s  a  second 

t o s s ,  the  f i r s t  two cases place him i n  Baker's pos i t ion  and the  t h i r d  

a f fords  him equal  chances of ending t h e  game or  of resuming h i s  i n i t i a l  

s t a t e .  Thus 

, , 
From t h e  equation a + b t c = 1, t h e  so lu t ion  a  = 9/31, b = 8/31, 

c = 14/31 is  obtained. 

A&Ao bo lved  by R .  Robinson Rowe. Two hco i~e . c ^ .  boS.u^tion~ we^e. 

~eca-Cued. 

371. [Spr ing  19761 Pmpobed b y  I .  P. ScaJLL&i, S ta t e .  CoUe.ge at 
E h i d g w i a t e ~ ,  M m  achubeÂ¥ccs, 

A u n i t  f r a c t i o n  is  any r a t i o n a l  number of t h e  form 1/n,  where n 

is a p o s i t i v e  in teger .  Write 2/n a s  the  sum of 4 ( o r  6 o r  10 o r  14)  

d i s t i n c t  u n i t  f r a c t i o n s .  

I. SoSLution b y  CSLayXon W. Dodge, U n i u e ~ ~ . < M l  ofi Maine ad. Onono. 

There a re  many ways t o  obtain a  so lu t ion  f o r  t h i s  problem. One is  

t o  u t i l i z e  severa l  times the  well-known equation 

2 1  1 +  - =  - +  - 1 1 
n n n t 1 n(n  + 1 )  t 1 [n(n t l ) l [ n ( n  + 1 )  + 11 ' 

Extending t h e  idea  of t h e  second example, f o r  k terms we have 

1 1 1 I s - t  t .'. t 1 1 
n n n(.n + (n + l ) ( n  + 2) (ntk-3)(n+k-2) + w-k-2 ' 

11. S o l u t i o n  b y  R. Rob-onion Rowe, Sac/Kimen-to, C(Lfct.fiokn-iU. 

2/3 = 1/2  t 1/12 t 1/20 + 1/30 

2/5 = 1/6 t 1 / 8  t 1/15 t 1/24 

2/7 = 1 / 5  + 1/15 t 1/60 t 1/420 

2/3 = 1/3 + 1 / 4  + 1/30 + 1/40 + 1/60 + 1/120 

2/3 = 1/4 + 1/6 + 1/10 t 1/15 t 1/30 + 1/40 t 1/60 + 1/120 

2/3 = 1/6 + 1 / 8  t 1/10 t 1/12 t 1/15 + 1/24 t 1/30 + 1/40 + 1/60 

+ 1/120 

which a r e  3 so lu t ions  with 4 terms adding d i f f e r e n t l y  and 3 more t o  the  

same sum but  6 ,  8 and 10 terms'respect ively.  Enuf? 

A&4o f io ived  b y  Fred Ahrens,  Pomona, CaLLi0fUu-a.; Gordon R. Baker,  

Houston, T e x o ~ ;  A l i z e  Dubin, FOA Rockaway, N e w  Yoitk; Michael W. Ecker,  

CLtg Un ivvu iL tq  o i  N w i  Yo&; V i c t o r  G .  Feser ,  RcAmo~ck,  No& Dakota; 
Mike Khal i l  , C h m y  HWL, N e w  J vu i ey ;  Robert  C .  Gebhardt,  Hopatnong, 

N e w  J w e q ;  John T .  Hur t ,  S / o r ~ ,  T e x o ~ ;  Ed i th  E .  R isen ,  Oregon m y ,  

Omgon; Kenneth M .  M i  1 ke ,  Topeka,  K o n ~ u b ;  and the. p h o p o ~ e ~ ,  I .  P .  S ca l i  s i  . 
372. [Spr ing  19761 Pn.opo&e.d b y  S i d n e y  PenneA, Rtonx Comnun^ty 

CoU.e.ge 06 CUNY. 
Prove t h e  following theorem: 

Let (XI, f , )  and ( X ,  T-) be topological  spaces and l e t  f b e  a  

funct ion from a subset of XI i n t o  X .  The funct ion f is  continuous i n  

t h e  r e l a t i v e  topology on i t s  domain i f  and only i f  f o r  every a â T- 

t h e r e  e x i s t s  b â T such t h a t  

( i )  Dom f ll b c /--'Â¥(a 

(ii.1 i f  c c a fl Ran J@ then f - l (a )  c Dom f ll 6.  
- 

S o i a t i o n  b y  David VeÂ S e ^ t o ,  No& PhauJLdence, Rhode liiiand. 

Necessity: Let a â T-. Then a s  f i s  continuous on Dom f ,  t h e r e  



-1 
is a b ? T such t h a t  f (a )  = Dorn f D b;  and s o ,  a t  l e a s t  Dorn f H b C 

f-^a). 

Also, if c c a n Ran f ,  then f l ( c )  C f f l (a  n Ran f ) .  But a n Ran f 

c a ;  hence .fl(a ll Ran f )  c r l ( a )  = Dom f b .  
-1 

Suff iciency:  Let a ? T_; by ( i ) ,  it s u f f i c e s  t o  show f (a )  c Dorn 

f fl b ,  f o r b  ? T .  

Let Z ? f l ( a )  c Dorn f. Therefore, f (x )  ? a and f (x)  ? f(Dom f )  = 

Ran f ;  i . e . ,  f ( x )  ? a 0 Ran f o r ,  f[{x}] c a n Ran f. By ( i i )  we g e t  

~ ' C ~ C ~ X I I I  c Dorn f n b. But {XI c fl[fl{x}]],  and thus  x 6 Dorn f H b.  
A^Ao i o l u e d  by Fred Ahrens, Pomona, CaLL<soimia; Jackie E .  F r i t t s ,  

Rocky Moiin-t, NoAth C a m h a ;  and the. propo~u . ,  Sidney Penner. 

373. [Spring 19761 Propo^e.d by Joe. Van AubÂ¥tin Emory U n L v i ~ i X y ,  

Attoi-ta, Giohgia. 

Assume t h a t  t h e  number of sho ts  a t  t h e  goal  i n  a hockey game is  

a random var iab le  Y t h a t  has a Poisson d i s t r i b u t i o n  with parameter A .  

Each sho t  is e i t h e r  blocked o r  is a goal.  Assume each shot  is independent 

of t h e  o ther  sho ts  and p = P[a sho t  is  blocked] f o r  each sho t .  Find t h e  

probabi l i ty  there  a r e  exac t ly  k goals i n  a game f o r  k = 0,  1, 2 ,  . 
Solu t ion  by the. Propo~u. .  

The possible  ways t o  have exact ly k goals a r e  a s  follows: exact ly 

k sho ts  and none blocked, exact ly k + 1 shots  and 1 blocked, * - - ,  exact ly 

k + j shots  and j blocked, - .  - . These a r e  a l l  d i s j o i n t  and t h e  prob- 

a b i l i t y  is  

PLexactly k + j shots  l l  j blocked] 

= PCexactly k + j shots] ,P[j  blocked1 k + j l  

Summing t h e  p r o b a b i l i t i e s  f o r  j = 0 ,  1, 2 ,  ... gives 

Pcexactly k goals1 = e A k - ! I 2 & j ! 

f o r  k = 0 ,  1, 2 ,  . Thus t h e  number of goals  scored i s  a l s o  Poisson 

with parameter A(l - p ) .  

Comments by the. Problem Editor: 

a )  Only one misprint  was detected i n  the  problem Department of 

the F a l l  1976 i s sue :  Gusses on page 315 should read guesses. 

b )  The so lu t ion  t o  p a r t  ( c )  of problem 360,  t e n t a t i v e l y  scheduled - - 
f o r  t h i s  i s s u e ,  is  no t  y e t  ready f o r  presentat ion.  

c )  Readers with an i n s a t i a b l e  addict ion and an uncontrol lable  

p r o c l i v i t y  t o  t h e  highly c i v i l i z e d  a c t i v i t y  of problem solving a re  

encouraged t o  l i q u i d a t e  t h e i r  f r u s t r a t i n g  compulsions and obsessions by 

p a r t i c i p a t i n g  i n  the  problem departments of the  following mathematical 

journals : 

The American Mathematical Monthly 

The Mathematics Magazine 

The Tuo-Year College Mathematics Journal  

Eureka (Algonquin College, Ottawa, Ontario, Canada) 

The Mathematics Association of Two-Year Colleges Journal  

School Science and Mathematics 

The Ontario Secondary School Mathematics Bul le t in  

The Mathematics Student Journal  

The Journal  of Recreat ional  Mathematics 

The Problem Department of the Techno logy Review. 

Readers a re  urged t o  communicate with me regarding suggestions f o r  

extending t h i s  l i s t .  Subscription information is  ava i lab le  on request .  

LOCAL AWARDS 

I f  your chapter has presented o r  w i l l  present awards t h i s  year 

t o  e i t h e r  undergraduates o r  graduates (whether members of  P i  Mu 

Epsilon o r  n o t ) ,  please send t h e  names of t h e  r e c i p i e n t s  t o  t h e  

Edi to r  f o r  publ icat ion i n  the  Journal .  
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