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A "GEOMETRIC" DEFINITION OF THE TANGENT TO A CURVE 

In  most calculus courses, s tudents  a r e  introduced t o  t h e  not ions of  

t h e  tangent t o  a curve and t h e  der iva t ive  of a funct ion o f  one r e a l ,  

va r iab le ,  through d e f i n i t i o n s  which a r e ,  e s s e n t i a l l y ,  based upon t h e  

concept of t h e  l i m i t  of  a sequence of  r e a l  numbers. Furthermore, such 

d e f i n i t i o n s  a r e  general ly  expressed i n  terms of t h e  p a r t i c u l a r  funct ion 

which, a n a l y t i c a l l y ,  represen ts  t h e  curve, i . e . ,  i n  terms of a p a r t i c u l a r  

parametrization of  t h e  given curve. 

On t h e  o ther  hand, i n  t h e  same ca lcu lus  course,  t h e  r e l a t e d  not ions 

of t h e  a r e a  enclosed by a curve, and t h e  length of a curve, a r e  o f ten  

conveniently defined by means of upper and lower bounds. I n  t h i s  s e t t i n g ,  

t h e s e  d e f i n i t i o n s  a r e  not dependent upon a p a r t i c u l a r  parametrization. 

Surely,  t h i s  suggests t h e  question of  whether t h e r e  is a p rec i se  d e f i n i t i o n  

of t h e  tangent  t o  a curve (and t h e  der iva t ive  of  a funct ion of one r e a l  

var iab le )  expressed i n  terms of  upper and lower bounds. 

In  t h i s  note  we answer t h e  above i n  t h e  a f f i rmat ive  by construct ing 

such def in i t ions .  For t h i s  purpose we employ a very simple analogue of 

a concept of dewiation, introduced i n  t h e  study of  sur face  a rea  i n  ( 2 1 ,  

and general ized i n  (1 ) .  

1 .  Plane. C U A V ~ A  

Let C be a curve and P a point  of C. Let N(P, 6 )  be a neighborhood 

of  P ( a  d i s c ) .  By D(C; N(P, 611, t h e  deviation of C on N(P, 61, we mean 

the  L.U.B. of t h e  acute  angles between two chords ml and P f l  of C which a r e  

i n  N(P, 6) .  We define D(C; P) ,  t h e  deviat ion of  C a t  P t o  be t h e  G.L.B. 

of t h e  s e t  { a l l  D(C; N(P, 6 ) )  f o r  a l l  6 > 01. 

The.on.em 1 .  Let C be t h e  graph of a funct ion f (x)  and l e t  p be i n  

t h e  domain of f (x ) .  Let P = ( p ,  fW). I f  D(C; F) = 0 ,  then f is 

l ~ h e  author  is g r a t e f u l  t o  t h e  r e f e r e e  f o r  h i s  exce l len t  suggestions, 
which have s impl i f i ed  some of t h e  proofs of  t h e  theorems i n  t h i s  paper. 



d i f f e r e n t i a b l e  a t  p ( i n  t h e  general  sense which permits f l ( p )  t o  be 

i n f i n i t e ) .  

Proof, Let ( Q l ,  Q ,  Qy, ...) be an i n f i n i t e  sequence of  points  of 

C d i s t i n c t  from P, converging t o  P. Let ( VQ , V Q  , V Q  , . . . ) b e  t h e  
1 

corresponding sequence of u n i t  vectors  from P through Q ,  Q ,  Q ,  ... 
respect ively.  

I f  t h e  s e t  V 
Q a v ~ 2 '  v ~ 3 ,  

. is  f i n i t e ,  then there  e x i s t s  a  

convergent subsequence of (V , V Q ,  V Q ,  ... ). I f  t h e  s e t  is i n f i n i t e ,  
Q 1  

then t h e r e  e x i s t s  a  vector  l i m i t  point  of  t h e  s e t .  Then t h e r e  e x i s t s  a  

subsequence of  (V 
Q l y  v ~ 2 y  v ~ 3 y  

... ) which converges t o  t h i s  vector  l i m i t  

point .  Thus, i n  e i t h e r  case, t h e r e  e x i s t s  a  convergent subsequence. 

Suppose now t h a t  t h e r e  e x i s t  two subsequences ( V ,  V ,  V i ,  . . .) and 

(q, V",̂  ... ) which converge, respec t ive ly ,  t o  two d i s t i n c t  l i m i t  

u n i t  vectors  V* and Vf:*. Let 4a = t h e  acute angle between V* and V** 

There e x i s t s  a  p o s i t i v e  i n t e g e r  N such t h a t  i f  n > N, then t h e  angle 

(Vf , V*) between V and V'" is l e s s  than a and t h e  angle (Vi ,  V*'") between n n 
I"' and V** is a l s o  l e s s  than a. It  follows t h a t  (VA, Vl) > a.  This 
n 

cont rad ic t s  t h e  hypothesis t h a t  D(C; P)  = 0. Hence V, t h e  l i m i t  u n i t  

vec tor ,  i s  unique. It follows t h a t  every subsequence of  (V 

has a  subsequence converging t o  V and hence, ( V Q ,  V , ...I converges 
Q2 

t o  V. Consequently, f is d i f f e r e n t i a b l e  a t  P i n  t h e  above indicated 

general  sense of d i f f e r e n t i a b i l i t y .  

The.o>isw 2. Let C be t h e  graph of  a  function f. I f  f is  d i f f e r e n t i a b l e  

a t  p  (whether f f  (p)  i s  f i n i t e  o r  i n f i n i t e ) ,  then D(C; P)  = 0 ,  where 

P = ( p ,  /Â¥(PI) 

Proof. Let X = (a;, f ( x ) )  and l e t  f 1 ( p )  = t a n  a ,  0  S a < IT. Let 

Q(X) denote t h e  l e a s t  p o s i t i v e  angle from the  x- axis  and t h e  chord through 

P and X. 

Let 6 7 0 be given. 

Since f i s  d i f f e r e n t i a b l e  a t  p ,  t h e r e  e x i s t s  6  > 0 such t h a t  i f  

X â C f l  N(P, fit, then I ~ ( x )  - a1 < ~ / 2 .  I f  X a n d X  a r e  i n  C ~ ~ N ( P ,  6 )  

then 18(Xl) - a \ <  e /2  and 1e(x2) - a1 < e/2. Hence I9(xl) - 6(x2)1 < 6. 

Since t h i s  is t r u e  f o r  every e > 0 ,  D(C; P) = 0. 

We now propose the  following d e f i n i t i o n  of  t h e  concept of tangent 

t o  a  curve a t  a  given point  of t h e  curve. 

FIGURE 1 

I f  through t h e  point  P of C t h e r e  e x i s t s  a  s t r a i g h t  l i n e  A such 

t h a t ,  f o r  every 6 > 0 ,  t h e r e  e x i s t s  a  neighborhood N(P, 6) such t h a t  f o r  

every chord through P and a  point  of C i n  S(.P, 6 ) ,  t h e  acute  angle between 

t h i s  chord and t h e  l i n e  A i s  l e s s  than e, then t h i s  l i n e  A i s  s a i d  t o  be 

tangent  t o  C a t  P (See Figure 1). 

A s  an example of t h e  use of t h e  foregoing d e f i n i t i o n ,  l e t  us construct  

t h e  tangent t o  C a t  P. 

FIGURE 2 

Referring t o  Figure 2 ,  we wish t h e  angle a t o  be small.  I t  is  

seen t h a t  a = g. Hence a  = 0 when @ = 0. This implies t h a t  PR and 



be both perpendicular t o  z. It follows t h a t  t h e  l i n e  through P and 

perpendicular t o  is  tangent t o  C a t  P. 

Theohem 3. A curve cannot have two d i s t i n c t  tangents  a t  P. 

Proof. Immediate. 

Tkeohem 4 .  Let C be t h e  graph of  a funct ion f. If f i s  d i f f e r e n t i a b l e  
a t  P (whether f T ( p )  is  f i n i t e  o r  i n f i n i t e ) ,  then t h e r e  e x i s t s  a tangent 

t o  C a t  P:(p,  f ( p ) ) .  

Proof. Suppose f is d i f f e r e n t i a b i e  a t  P. Then D(C; P) = 0 ,  s o  by 
t h e  proof of  Theorem 1, t h e r e  is a u n i t  vec tor  V such t h a t  i f  ( Q ,  Q ,  

&!_, ... ) is a sequence of  po in t s  of C d i s t i n c t  from P converging t o  P and 

f o r  each i V is  a u n i t  vector  from P through Qi, then (V 
Qi 

converges t o  V. 

We now propose t h e  following d e f i n i t i o n  of t h e  der iva t ive .  

Let C be t h e  graph of t h e  given funct ion f. I f  a t  P ? C, t h e  curve C 
has a tangent l i n e  A then f T ( p )  i s  t h e  t r igonometr ic  tangent of t h e  acute  

angle between t h e  x-axis and A .  Thus defined,  f T ( p )  may be f i n i t e  o r  
i n f i n i t e .  

One e a s i l y  shows t h a t  f q ( p )  a s  defined above is prec i se ly  equal  t o  

f q ( p )  a s  defined by sequences i n  t h e  standard manner. Thus. we have here 
a d e f i n i t i o n  of t h e  der iva t ive  which is ,  i n  a sense,  expressed i n  terms 

of upper and lower bounds which occur i n  our newly introduced concept of  

t h e  dev ia t ion  of C a t  P ,  D(C; PI .  
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INTERPOLATION USING THE CUBIC SPLINE FUNCTION - - -  -- 
by Rmdotph J. Tag to t  

CoAciohWLa Poi5j.techvu.c State. UniMwiiLty 

InfloducAt.on 

Consider t h e  problem of f inding an in te rpo la t ing  curve t o  a given 

s e t  of n + 1 d a t a  po in t s .  One s tandard method of in te rpo la t ion  is t o  

construct  a polynomial of degree n which passes through t h e  n + 1 points .  

To improve t h e  accuracy of t h e  in te rpo la t ion ,  we increase t h e  number of  

da ta  po in t s ,  which i n  t u r n ,  increases t h e  degree of t h e  polynomial. 

Generally, t h e  higher t h e  degree of a polynomial t h e  more t h e  funct ion 

o s c i l l a t e s .  Mathematically, we have in te rpo la ted  t h e  da ta  po in t s ,  but  

i n t u i t i v e l y ,  an o s c i l l a t i n g  function is often u n r e a l i s t i c .  The problem 

now becomes t o  f i n d  a smooth curve t o  in te rpo la te  the  given data .  

Draftsmen use s p l i n e s  t o  draw smooth curves through d a t a  points .  A 

sp l ine  i s  a f l e x i b l e  s t r i p  of p l a s t i c  o r  wood which can be bent t o  pass 

through t h e  required po in t s ,  y e t  constructed so t h a t  t h e  sp l ine  s t ra igh tens  

out a s  much a s  possible  while s t i l l  in te rpo la t ing  t h e  data .  The r e s u l t  

is  t h a t  t h e  s p l i n e  avoids sharp corners when s h i f t i n g  between i n t e r v a l s  

of da ta  points .  The mathematical cubic s p l i n e  funct ion is  introduced a s  

a model of the  physical  s p l i n e  used by draftsmen. 

O t i i d ~ v l .  The cubic bpl ine i s  a funct ion y(x)  defined on an in-  

t e r v a l  [a ,  bl which is a pieccwise cubic polynomial on every subinterval  

[xi, x i + ]  of [a, A ] ,  is  twice continuously d i f f e r e n t i a b l e ,  and passes 

through t h e  da ta  points .  

Theohem I .  The cubic i i . terpolai ing ^ l i n e  f ~ n c t i o n  Y ( X )  given by 

the  above def in i t ion  e x i s t s  and is unique. 

Proof. Let thi- i r ~ t e i  /ai [ a ,  b ]  have n~de-s  a = x3 < X l  < 
" '  ^ x ,  = 

b with corresponding data  pohita f ( x ) ,  f ( x ) ,  f ( x )  and l e t  d.r) be 

t h e  sp l ine  function which i n t e r p o ~ a t ~ s  these da ta  points .  For no ta t iona l  

convenience, l e t  

fi = f^) f o r  i  - U, 1, -.-,  71, 



h .  = x  i+l - xi f o r  i = 0 ,  1, - - * ,  n - 1, 

yi(z) = y(x)  f o r  x  c [xi , xi+ll* 

si = y1!(xi) f o r  i = 0,  1, * - - ,  n. 

Since y(x)  i s  a  cubic polynomial on every sub in te rva l  [xi, of 
[a, &I,  then yW(x)  i s  a  l i n e a r  polynomial on each [xi, x i ]  and can b e  

expressed as 

where a: â [xi, x i ] .  Since y(x)  is  twice continuously d i f f e r e n t i a b l e ,  

we obtain y (x)  by i n t e g r a t i n g  (1)  twice. 

From ( 2 )  we obtain 

Since t h e  in te rpo la t ing  s p l i n e  funct ion must pass  through t h e  da ta  po in t s ,  

y(xi) = fi and y(xi1) = fi+l. Using t h i s ,  we now determine t h e  constants  

of i n t e g r a t i o n ,  C  and C ,  from ( 3 )  and ( 4 ) .  1 

sihi
2 

f .  = -+ C x .  + c2 
6  1 1  

'i+lhi2 
fi+l = - 6 + clxi+l  + '2 

Subtract ing (5)  from (6) and solving f o r  C  y i e l d s  

h  s
i

h
i

2 
' i+l  i - f .  = --- 

2 6 + c l ( ~ i + l  - xi) 

Cl = F ' q - 7  fi+,l fi '<+A + & 6 

Subs t i tu t ing  ( 7 )  i n t o  (5 )  and solving f o r  C2 y ie lds  

Subst i tut ing ( 7 )  and (8)  f o r  Cl and C2 i n t o  (21, the  s p l i n e  becomes - 

Subs t i tu t ing  xi = x  i + 1  - hi i n  the  fourth term and s implifying we obtain 

To obtain t h e  in te rpo la t ing  sp l ine  y(x)  i n  ( 9 )  we need t o  determine s i 

f o r  i=  0,  1, . - * ,  n. Dif fe ren t ia t ing  ( 9 )  produces 

On [ x i ,  a:.] from (10) we obtain 

And, on [x 1' x  i + 1  1 from (10) we obtain 

Since y t ( x )  is  continuous, the  s lope a t  t h e  end of one sub in te rva l  must 

be t h e  same as  t h e  s lope a t  t h e  beginning of t h e  next subinterval .  S f c ,  

f o r  sub in te rva l s  [xi-l, x.] and [xi, xi+l] we have y i-1 ( x . )  z = y!(x.) z z  f o r  

i = 1, 2,  --- ,  n - 1. Subs t i tu t ing  (11) and (12) i n t o  t h i s  y ie lds  



Grouping l i k e  terms and s implifying y ie lds  

f o r  i = 1, 2, ..-, n - 1. 

This is a l i n e a r  system of  n - 1 equations i n  n t 1 unknowns, so ,  s l y  * - * ,  

8 .  Allowing the  s p l i n e  t o  s t i c k  out p a s t  t h e  end po in t s  x = a and 
X = b ,  causes t h e  sp l ine  t o  s t ra igh ten  ou t  and have a zero curvature. n 
But, t h e  second der iva t ive  is zero a t  a l l  po in t s  on a curve having zero 

curvature. Thus, so = 0 and s = 0. We now have n - 1 equations and 
n - 1 unknowns. Rewriting (13) we obtain 

c i 8 i 1  + 2(1  t 0 . ) ~ .  + s 
= di f o r  i = 1, 2,  ' - ' ,  n - 1 (14) 

where c - 
z 

We need only show t h a t  si e x i s t s  and is unique f o r  i = 1, 2 ,  - . - ,  n - 1; 

then by (91, t h e  sp l ine  e x i s t s  and is  unique. Writing (14) i n  matrix 

form we obtain a t r i d i a g o n a l  system A s  = d given by 

T T where A = (a. .), s = (si)"", and d = (3.) f o r  i, 3 = 1. 2, 
1.7 

Clearly,  n-1 

Thus, A is diagonally dominant and hence A is  ncnsingular.  Thus, A s  = d 

has a unique solut ion.  Therefore, si e x i s t s ,  is unique, and t h e  s p l i n e  

c& be ca lcu la ted  from (9)  once each si is  determined. a 

Co~nf?wtakion 0 4  hi.  
a -  - - 

To determine t h e  so lu t ion  of  t h e  t r id iagona l  system A s  = d given . 
by (15) we use a recursion algorithm. Let 

si-l = pisi + qi f o r  i = 1, 2, - - - ,  n. (16) 

Subs t i tu t ing  t h i s  i n t o  (14) y ie lds  

^pisi + q . )  1. + 2 ( 1  + O.)Si z + S^ = di 

Thus, 

This has t h e  same form as (16) with 

d .  - O.q 
-1 z z i  and qitl = 

p i t 1  - cipi + 2(1  + ci) 0 .p.  + 2 ( 1  + a 
(17) 

z z  i )  

Le t t ing  pl = 0 and q l  = 0 i n  (16) produces a,, = 0 which is desired.  Now 

using p., q l  , and (17) recurs ive ly  we obtain pi and q i f o r  i = 1, , 
n - 1 providing t h a t  no demoninator is zero. Then, using s n = 0 and (16) 

recurs ive ly  we compute s i i n  t h e  reverse order .  We now prove t h a t  

c i p i + 2 ( 1 + c i ) # 0  f o r i = 1 , 2 , - * * , n .  (18) 

Proof. Since po = 0, l p l  1 < 1, which i n  t u r n  r e s u l t s  i n  Ip., 1 < 1. 

Continuing t h i s  we g e t  1 p . l ~  1. Then leipi + 2 ( 1  + ci)1 = + 2) + 21 

?lei t 2 [ >  1 s o  (18) holds f o r  case i. Thus , 

and lc~+lpi+l + 2 ( 1  + ci+l)l > 1. Hence, by induct ion,  (18) holds f o r  ~e 

case i + 1. a 

The.okam 2. The cubic s p l i n e  funct ion is t h e  smoothest i n t e r p o l a t i n g  

curve i n  terms of  t h e  mean square curvature of a l l  twice cont inuously" 

d i f f e r e n t i a b l e  i n t e r p o l a t i n g  funct ions.  

Proof. Let f ( x )  and g(x) be  twice continuously d i f f e r e n t i a b l e  on 



Subs t i tu t ing  t h i s  i n t o  (19) we ob ta in  [a ,  b l .  Let y(x)  be t h e  in te rpo la t ing  cubic s p l i n e  t o  f (x )  a t  a = x 
o <  

x < '.. 
1 < x = b with yt '(x0) = 0 and yl '(x ) = 0. Let g(x)  a l s o  i n t e r-  n n 

polate  f ( x )  a t  a = x < x < - . -  
1 

< x  = b .  
n 

- 
b b b b 

b ( x ) ~ 2 ~  a = f a l,"W - y l f ( x ) ~ 2 < t t  + 1 a [y~l(x)12dc 2/ W W ~ ~  

since  [Fg'l(x) - y~'(x)]2dx ? 0. Thus, t h e  mean square curvature of ~ C X >  
J a 

is l e s s  than o r  equal  t o  t h e  mean square curvature of ode). 
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= Y ' " ( . X ) [ ( ~ ( X ~ + ~ )  - y(xctl)) - (g(xi) - y(x i ) ) l  

= 0 

since Y(X)  and g(x)  both i n t e r p o l a t e  f (x )  a t  t h e  points  xi and xi+l, s o  t h a t  

y(xi) = g(xi) and = g ( x i + ) .  Thus (20) becomes 



ON DIFUNCTIONAL AND CIRCULAR RELATIONS 

The purpose of t h i s  paper i s  t o  inves t iga te  re la t ionsh ips  between 

t h e  not ions of d i func t iona l  r e l a t i o n s  and c i r c u l a r  r e l a t i o n s .  Among 

such re la t ionsh ips  we w i l l  prove t h a t  a  re f lex ive  r e l a t i o n  i s  d i func t iona l  

( c i r c u l a r )  i f  and only i f  it i s  an equivalence r e l a t i o n .  The graph G of 

a  funct ion is d i func t iona l  but  is c i r c u l a r  i f  and only i f  G~ is t h e  

diagonal r e l a t i o n .  Trans i t ive  closure,  d i func t iona l  c losure,  and c i r c u l a r  

c losure f o r  r e l a t i o n s  a r e  a l s o  examined. F ina l ly ,  we show t h a t  subgroups 

of the  product of two groups a r e  d i func t iona l  r e l a t i o n s ,  but subsemigroups 

of t h e  product of two semigroups need not  be difunct ional .  

We begin with some introductory remarks and d e f i n i t i o n s  concerning 

r e l a t i o n s .  Let X and Y be  s e t s .  A r e l a t i o n  R from X t o  Y means R is a 

subset  of  X x Y. The inverse  of such a  r e l a t i o n  i s  defined by R-? = 

{(y ,  a;) 1 (a:, y )  6 R} and is  a r e l a t i o n  from Y t o  X. If S is a r e l a t i o n  

from Y t o  a  s e t  Z ,  then t h e  composition of R with S, denoted R o S, is 

defined by R o S = {(a;, a l l t h e r e  is  a  y 6 Y such t h a t  (a, y )  6 R and 

(y ,  a )  â S}. It should be noted t h a t  R o S is  a r e l a t i o n  from X t o  Z.  

It is rou t ine  t o  show t h e  composition of r e l a t i o n s  i s  a s s o c i t i v e ,  ( i f  T 

is a r e l a t i o n  from 2 t o  W ,  then (R o S ) - o  T = R o ( S  o TI) .  The inverse 

operat ion and composition respec t  each o ther  v ia :  (R o s)-I = 5-I  o  R - ~ .  

The v e r i f i c a t i o n  i s  r o u t i n e  and is  omitted. 

I f  R is a r e l a t i o n  f roq  X t o  X, we say R is a r e l a t i o n  on X. We 

denote t h e  diagonal r e l a t i o n  on X by AX = {(a;, x)\x 6 XI. A r e l a t i o n  R 

on X i s  c a l l e d  ref lexive i f  Ax c R, symmetric i f  .!?-I = R, and t r a n s i t i v e  

i f  R o R c R, R i s  c a l l e d  an equivalence relotion i f  P. i s  r e f l e x i v e ,  

wish t o  examine i n  

ed eirculcar i f  and only 

?, then R i s  ca l led  

insp i ra t ion  of  Professor  

difunct ional  i f  and only i f  R o R-I o  R c R. 

lheo/im 1 .  For any r e l a t i o n  R from X t o  Y, R c R o S'̂  o R. Thus 

R is d i func t iona l  i f  and only i f  R = R o R - ~  o  R. - - -- - 
Proof. Let (a;, y )  â R; then (y,  a) 6 and hence (a;, y )  â R o . 

o R. Thus f o r  any r e l a t i o n  R, R c R o R-I o  R. Thus, R is  difunc- 

t i o n a l  i f  and only if R = R o R-l o  R. 

1he.01.m 2. If R is a r e l a t i o n  from X t o  Y, then R is d i func t iona l  

i f  and only i f  R - ~  is  d i func t iona l .  

Proof. I f  R i s  d i func t iona l ,  then R o R - ~  o  R = R, s o  (R o Rml o R)-I 

= ( R ) - ~  = fl. Thus R-I o  R o r1 = R - ~  and R-I i s  difunct ional .  I t  

follows t h a t  i f  R - ~  is  d i func t iona l ,  then (fl-l)-l = R is also.  

We have an analogous theorem f o r  c i r c u l a r  r e l a t i o n s .  

lheo~em 3.  If S is  a r e l a t i o n  on X, then S is c i r c u l a r  i f  and only 

i f  i s  c i r c u l a r .  

Proof. If 5 i s  c i r c u l a r ,  then S o S C S- l ,  s o  o S-l = ( S  o ~ 1 - l  

c (S-l)-l  = S. Thus S-l o S-l c 5 and 5-I i s  c i r c u l a r .  It  follows t h a t  

i f  is c i r c u l a r ,  then (s-I)-1 = S is a l so .  

Theo>wn 4 .  I f  R i s  a  r e f l e x i v e  r e l a t i o n  on X, then t h e  following 

a r e  equivalent .  

1. R is an equivalence r e l a t i o n .  

2. R is a d i func t iona l  r e l a t i o n .  

3. R is a c i r c u l a r  r e l a t i o n .  

Proof. Assume R is  anequivalence r e l a t i o n .  Then R is symmetric; 

hence R = R - ~ .  Consequently, s ince  R is t r a n s i t i v e ,  R o R - ~  o  R = 

R o R o R C R o R C R. Hence R is  d i func t iona l .  

To t h a t  see R being d i func t iona l  impl ies  R is  c i r c u l a r ,  r e c a l l  t h a t  

R " ~  must a l s o  be d i func t iona l  and re f lex ive .  Therefore R o R = Ax o  R o 

o  R o c R-1 o R o R-1 o R o R-1 c R-1 O R  o R-I c R - ~ ;  thus  R i s  

c i r c u l a r .  

Next assume R i s  c i r c u l a r  and re f lex ive .  Then R-l = Ax o  R - ~  c 

R-I o R-I C R, s ince  R-l i s  a l s o  c i r c u l a r .  Hence R is  symmetric. To 

see R is t r a n s i t i v e ,  no te  R o R C R-l C R. 

Theorem 4 i l l u s t r a t e s  a  connection between d i func t iona l  and c i r c u l a r  



relat ions an a s e t  X .  Using t h i s  theorem for motivation, we invest igate 
further properties i n  order t o  c l a r i f y  connections between the  notions. 

The~kfyn 5. I f  R i s  a symmetric circular re la t ion  on X then R i s  

di functional .  

Proof. Since R i s  symmetric, R = R - I ,  so R o r1 o R = R o R o R. 

Applying c ircular i ty ,  R o R o R c f f - I  o  R = R o R c rl.  Thus R i s  
di functional .  

The converse o f  Theorem 5 can be shown not t o  hold through the  fo l-  

lowing example. Let X = { x ,  y ,  z ,  W }  and R = { ( a : ,  y ) ( y ,  x ) ( z ,  y ) ( y ,  z )  

( w ,  z ) ( z ,  u ) ( x ,  w ) ( w ,  x ) } .  R i s  symmetric and d i funct ional ,  but  i f  R i s  
circular,  (a; ,  y )  and ( y ,  x )  6 R would imply ( x ,  a;) 6 R-I  which i s  fa lse .  

T ~ C O ~ W I  6. I f  R i s  a di functional  re la t ion  from X t o  Y with t he  

property that  for every x 6 X there e x i s t  a y ? Y such tha t  ( x ,  y )  6 R ,  

then R o R '  i s  an equivalence re la t ion  on X .  

Proof. Let x 6 X .  Then there ex i s t  y  6 Y such that  (a: ,  y )  6 R. 
Then ( y ,  a:) 6 R - I ,  so (a:, a:) 6 R o R I .  Thus R o R- I  i s  r e f l ex i ve .  Since 
( R  o R - I ) " ~  = ( . ~ - l ) - l  o r1 = R o then R o r1 i s  symmetric. Now, 
( R  o o (R  o R " ~ )  = ( R  o R - ~  o R) o R " ~  = R o R - ~  using Theorem 1 ,  

hence R o R 1  i s  t rans i t i ve .  Thus R o R-I  i s  an equivalence re la t ion .  

For the  next theorem it i s  u se fu l  t o  define the  s e t  RY = { X I  there 

e x i s t s  y  6 Y such tha t  ( x ,  y )  6 R} and XR = {yl  there e x i s t s  x 6 X such 

that  (a:,  y )  Â R}. I t  should be noted that  i f  R i s  a relat ion from X t o  

Y ,  then R i s  also a re la t ion  from RY t o  XR, so there i s  no loss  i n  gener- 

a l i t y  i n  assuming X = RY and Y = XR. Also note that  i f  f:X-+Y i s  a func- 
t i o n ,  then i t s  graph i s  denoted by G f  = { ( x ,  y ) \y  = f ( x ) } .  

The-otem 7 (Riguft ) .  I f  R i s  a di functional  re la t ion  from X t o  Y ,  

then there e x i s t  a unique b i jec t ion  h : RY/R o R " ~  -* X R / R ~  o R making 

the  following diagram cummutative where f  and g are canonical surjections 

(See also [ 3 ,  4 1 ) .  

Pro j 
R > RY 

Moreover, it follows R = G o G - I ,  hence the  term difunctional .  . 
h f  9 

Proof. Choose a 2 6 RY/R o R " ~ ;  then z  = f ( x )  for some x 6 RY, and 

there ex i s t s  y  such tha t  ( x ,  y )  6 R. Define h ( z )  = g ( y ) .  Let (a;, y )  

and ( a : ' ,  y ' )  6 R, so (a: ,  XI)  6 R o R - I ,  and ( y ,  a; )  ? R " ~ .  Using Th&orem 1 ,  -- - 
R-I o  R = R - ~  o ( R  o R-l o R) .  Now take ( y ,  a:) 6 R " ~ ,  (a:, a ; ' )  6 R o R:' 

and ( a ' ,  y ' )  6 R; then ( y ,  y ' )  6 ~ " ~  o R. Thus h i s  well defined. 

Now choose w 6 X R / R - ~  o R; then w = g ( y )  for  some y 6 XR, and there 

e x i s t s  x  such tha t  (a;, y )  6 R. Consider f ( x )  6 RY; then h ( f ( x ) )  = g ( y )  = 

W .  Hence h i s  surject ive.  Now suppose h ( z )  = h( z ' 1 .  Then there e x i s t  
(a;, y )  and (a:', y ' )  i n  R such tha t  z  = f ( x )  and z = f(x'). Thus lg (y )  = 

h ( z )  = h ( d )  = g ( y t ) .  From (a:, y )  6 R, ( y ,  y ' )  6 R - ~  o R, and ( y ' ,  a ; ' )  6 

R - l ,  taken with R o R-I = ( R  o R-I  o  R) o R - I ,  we see (a:, a;') 6 R o R - I .  

Hence h i s  i n j ec t i ve .  

Now l e t  (a;, y )  6 Ghf o G 9 - I ;  then there e x i s t s  w such tha t  ( a ; ,  W )  6 

G h f and (u ,  y )  â G 9 - I .  Therefore, h ( f ( x ) )  = w a n d g ( y )  = w.  There 

e x i s t s  a y' such tha t  (a: ,  y ' )  6 R and h ( f ( x ) )  = g ( y ' )  = U since g ( y t )  = 
g(y),which also implies ( y ,  y' ) 6 R - ~  o R and ( Y ' ,  y )  6 R - ~  o R. Since 

(a; ,  y ' )  6 R and ( y ' ,  y )  â R " ~  o R, then ( a ; ,  y )  6 R o R'I o  R = R. Thus 

Ghf O Gg 
C R. Now l e t  (a: ,  y )  6 R;  then since h ( f ( x ) )  = g ( y ) ,  (a:, h ( f ( a : ) ) )  

' Gtf and ( y ,  g ( y ) )  6 G with ( g ( y ) ,  y )  6 G - l .  Therefore (a: ,  y )  6 Ghf 0 

G - .  $7 T h u s R = G  o G 1 .  h f  9 

The graphs o f  functions are interest ing relat ions t o  consider. 

Theolan 8 .  The graph G o f  a function g i s  di functional .  

Proof. Let ( x ,  w )  â G o G-I  o  G; then there e x i s t  y and z such 

tha t  ( x ,  y )  6 G ,  (y ,  a )  6 G " ~ ,  and ( z ,  w )  6 G. Since (a;, y )  ( z ,  Y )  and 

( 3 ,  w )  6 G ,  by d e f i n i t i o n  o f  a function, y  = a so u = f ( x )  and (a:,  u )  6 G. 

Thus G i s  di functional .  

Due t o  the  s imi lar i t ies  between difunctional  and circular relat ions 

noted throughout t h i s  paper, it i s  a natural question t o  ask i f  the  graphs 

o f  functions from X t o  X are circular.  This question i s  answered by  the  

next  theorem. 

Theolem 9 .  I f  G i s  the  graph o f  a function,  f  : X ->Â Y ,  G i s  circular 

if and only i f  f 3  = lx; tha t  i s ,  f3 i s  the  i den t i t y  function on X. 

Proof. Assume G i s  circular and l e t  a; ? X ;  then ( a ; ,  f ( a : ) )  6 G so 



f ( x ) â  X and ( f (x ) ,  f 2 ( x ) ) â  G. Since G is  c i r c u l a r ,  (a;, f 2 ( x ) ) â  G - ~  which 

implies (p (x ) ,  X I ?  G thus s t a t i n g  f3(x)  = x. Therefore f 3  = lx. 

Let (x,  y ) ?  G o G; then s ince  G i s  t h e  graph of  a  func t ion ,  

(a;, /(a;))â G and (/(a;), y ) ?  G which implies f2(x)  = y. Now f (y)  = 
f3(x)  = a;, the re fore  (y , f ( y ) ) â  G which i s  t h e  same a s  (y , x ) ?  G. Hence G 

is  c i r c u l a r .  

Difunct ional  r e l a t i o n s  a r i s e  f requent ly  i n  algebra,  i n  p a r t i c u l a r ,  

a s  subgroups of products of  groups. More perc i se ly :  

Theohem 7 0 .  Let G and H be groups and R a subgroup of  G x H with 

coordinate-wise operat ions.  Then R is d i func t iona l .  

Proof. Let e  denote t h e  i d e n t i t y  of H. Let ( x ,  y ) ?  R o R - ~  0 R ;  

then t h e r e  e x i s t  2 and W such t h a t  ( x ,  z ) ?  R, (2 ,  w ) â  R-1, and (w, y ) ?  R. 

Since R is  a subgroup, f o r  every a  ? R ,  then a- l  Â R, s o  consequently 

z - ~ ) ,  (w"', and ( w - ~ ,  y - l )â  R. Also s i n c e  R is  a  subgroup, 

f o r  every c and d C R, cdml ? R. Take (x ,  z ) ?  R and (w-l, R. It 
follows t h a t  (d a2-l) = (xK1,  e l ?  R. Since (w, y )  6 R, it follows t h a t  
( a ~ - l ,  s y )  = (a;, y ) ?  R, hence R is d i func t iona l .  

Unfortunatly, r e l a t i o n s  which a r e  subsemigroups of  t h e  product of  

two semigroups need no t  be d i func t iona l .  If S and T a r e  semigroups having 

l e f t  t r i v i a l  mul t ip l ica t ion ,  then 5 x T with coordinate-wise operat ions 

has l e f t  t r i v i a l  mul t ip l ica t ion  and any subset  i s  a  subsemigroup. Simply 

choose a  subset  R of S x T which is  no t  a  d i func t iona l  r e l a t i o n  t o  f i n d  

an example. 

I t  w i l l  be i n t e r e s t i n g  t o  look a t  t h e  i n t e r s e c t i o n  of fami l ies  o f  

c e r t a i n  c lasses  of r e l a t i o n s .  I t  w i l l  be shown t h a t  these  c lasses  a r e  

closed under t h e  formation of in te r sec t ions .  

T h e o h m  7 1 .  If {Ri : i ? I }  is a s e t  of d i func t iona l  r e l a t i o n s  from 

X t o  Y,  then 0 Ri is  a  d i func t iona l  r e l a t i o n .  

Proof. Let ( x ,  U\(.z, w) and ( a ,  y ) ?  I"! R,; then by d e f i n i t i o n  of 

i n t e r s e c t i o n ,  (a;, w),(z, a )  and ( a ,  y ) ?  Ri f o r  every i 6 I. Since Ri is 

d i func t iona l ,  then (a;, y ) ?  Ri ,  so  ( a ,  y ) ?  0 Ri and hence n Ri is  

d i func t iona l .  

Similar  proofs w i l l  e s t a b l i s h  t h e  following two r e s u l t s .  

The-o/im 7 2 .  If {Ri : i ? I }  is a s e t  of c i r c u l a r  r e l a t i o n s  on X,. 

then I"! R i  is a c i r c u l a r  r e l a t i o n .  

The.ohm 1 3 .  I f  {Ri : i ? 11 is  a s e t  of  t r a n s i t i v e  r e l a t i o n s  on - X, L 

* .  
then I7 Ri is  a t r a n s i t i v e  r e l a t i o n ,  -- - 

Since t h e  ind ica ted  c lasses  of. r e l a t i o n s  a r e  closed under t h e  

formation of  i n t e r s e c t i o n s ,  we may ob ta in  closure operat ions i n  t h e  

following way. If I f  c X x Y ,  def ine d i func t iona l  c losure,  &,to be  t h e  

i n t e r s e c t i o n  of  a l l  d i func t iona l  r e l a t i o n s  from X t o  Y containing R. 

Analogously define c i r c u l a r  c losure,  cff, and t r a n s i t i v e  closure,  tR. of 

a  r e l a t i o n  R. 

C o / w & ~  1.  Let R and S be r e l a t i o n s  from X t o  Y. Then 

1. d(R U 5') = d(R) U d(S). 

2. R C S implies  dR C &. 
3 .  dR = R if and only i f  R is difunct ional .  

4. dR-1 = (dR)-1. 

S i m - ~ a r  statements hold f o r  c i r c u l a r  and t r a n s i t i v e  closures .  

It  is known t h a t  t h e r e  e x i s t  r e l a t i o n s h i p s  between d i func t iona l  

c losure and t r a n s i t i v e  closure. More prec i se ly ,  a  r e s u l t  due t o  Riguet [ 6 ]  

s t a t e s  t h a t  dR o dR-l = t(R 0 R - ~ ) .  I t  would be i n t e r e s t i n g  t o  know i f  

such r e l a t i o n s h i p s  e x i s t  f o r  c i r c u l a r  c losure.  
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HOW TO DESIGN AND IMPLEMENT 
A P I  MU EPSILON STUDENT CONFERENCE 

The present  pol icy of  t h e  Council of P i  Mu Epsilon is t o  subsidize 

t h e  organizing or  host  chapter of  a t  l e a s t  a two-college s tudent  confer- 

ence t o  t h e  ex ten t  of $50. In  t h e  few years  s ince  t h i s  o f f e r  was made, 

few chapters have par t i c ipa ted .  Yet, a s tudent  conference can be a 

unique and f u l f i l l i n g  experience f o r  p a r t i c i p a n t s ,  and an exce l len t  way 

t o  ca r ry  out  t h e  f r a t e r n i t y  motto: To promote scholarship and mathematics, 

It is a good idea  t o  schedule a s tudent  conference i n  conjunction with 

a mathematics meeting o r  conference of i n t e r e s t  t o  facu l ty ,  and c e r t a i n l y  

there  a r e  a p r o l i f i c  number of these. Examples a re :  National annual con- 

ferences on spec ia l  top ics  (e .g. ,  t h e  topology conferences),  regular ly-  o r  

i r regular ly- scheduled reg iona l  conferences ( see  t h e  Notices o f  the Ameri- 

can Mathematical Society f o r  announcements of such meetings), t h e  s e c t i o n a l  

meetings of t h e  American Mathematical Society,  t h e  reg iona l  meetings of  t h e  

Mathematical Association of America (see the  American Mathematical Monthly 

f o r  da tes  and loca t ions) ,  o r  when a speaker of na t iona l  prominence v i s i t s  

your school. Thus, it is poss ib le  t o  sponsor a s tudent  conference e i t h e r  

as  a one-time event o r  a s  an ongoing annual event.  The reg iona l  confer- 

ences hold t h e  advantage of involving l e s s  t r a v e l  expense. 

After  your chapter decides t o  organize a conference t h e  first task  

is t o  prepare an a t t r a c t i v e  one-page announcement of t h e  event and a 

t e n t a t i v e  schedule, and possibly,  what accomodations and t r a v e l  arrange- 

ments a r e  being made ava i lab le ,  and then mail  these  t o  a l l  schools i n  

t h e  appropriate  region. Natural ly ,  t h e  up t o  $50 ava i lab le  t o  defray 

expenses is  not  enough t o  support t r a v e l  o r  lodging, but  occasional ly 

e i t h e r  a l o c a l  chapter o r  t h e  corresponding mathematics department can 

f i n d  such funds i f  it i s  decided t o  sponsor speakers ,  o r ,  as  a more 

common arrangement, facu l ty  members can bring t h e i r  top  s tudents  along 

with them. In  addi t ion ( o r  i n  l i e u  o f ) ,  a chapter could sponsor a 

' ~ r o f e s s o r  Cox i s  p resen t ly  a n a t i o n a l  Councillor,  and is  a l s o  the  
advisor of t h e  Ohio Delta Chapter. 

s p e c i a l  P i  Mu Epsilon Travel  Award f o r  promising s tudent ( s )  t o  p resen t  

papers; under t h i s  arrangement matching funds a r e  ava i lab le  from t h e  

n a t i o n a l  cof fe rs .  Such awards, however, should be made formal and 

presented a t  a s p e c i a l  meeting. 
-? - -  -- 

It has been t h e  author 's  experience, however, t h a t  i f  announcements" 

a r e  mailed out c a l l i n g  f o r  s tudent  papers and t h i s  is  a l l  t h a t  is  done, 

then t h e r e  w i l l  be l i t t l e  response. The chapter advisor  must make 

telephone contact  with f a c u l t y  f r i ends  a t  nearby schools i n  order  t o  

c rea te  i n t e r e s t .  O r ,  a t  your next  reg iona l  MAA meeting, why no t  make 

contacts  and plan f o r  such a conference a t  a f u t u r e  reg iona l  meeting? 

Follow-up c a l l s  a r e  sometimes necessary regard less  of t h e  mutual agree- 

ments o r  the  exce l len t  plans which may have been formulated. 

I t  is  recommended t h a t  t h e  s tudent  sess ion  no t  c o n f l i c t  with t h e  

f a c u l t y  sess ion  s o  t h a t  t h e  s tudent  can experience t h e  facu l ty- leve l  

sessions and present  a paper, and f a c u l t y  members can be  present  a t  t h e  

s tudent  sessions t o  guide and support t h e i r  s tudents .  

Student p a r t i c i p a t i o n  by one's own chapter members has been no 

problem a t  Miami University (where t h e  four th  annual s tudent  conference 

was j u s t  recen t ly  he ld) .  Usually one or  two a r e  w i l l i n g  t o  present  

papers and a l l  a r e  eager t o  he lp  a t  t h e  conference. The s tudent  confer- 

ence is  held on Saturday afternoon following an annual f a c u l t y  l e v e l  con- 

ference sponsored by t h e  department on Friday and Saturday morning. The 

chapter members of Ohio Delta share t h e i r  dorm rooms o r  apartments with 

overnight s tudent  v i s i t o r s  s o  t h a t  no lodging expense is incurred. This 

arrangement is  advert ised and some students  a r e  encouraged t o  come because 

they f e e l  t h a t  they w i l l  no t  only be lea rn ing  mathematics a t  t h e  sessions 

bu t  a l s o  making new f r iends  and exploring a new school. 

It has been found i n  running t h e  conferences a t  Miami Universi ty  

t h a t  the  $50 from t h e  na t iona l  t reasury  adequately covers t h e  adver t i s ing  

and p r i n t i n g  cos t s .  When poss ib le ,  a f r e e  lunch has been provided f o r  

s tudent  speakers. 

Our f i r s t  conference a t t r a c t e d  f i v e  speakers ,  t h e  second e i g h t ,  the  

t h i r d  n ine ,  and t h i s  year ,  eleven. The experience and confidence gained 

i n  present ing a t a l k  has encouraged many students  t o  present  t a l k s  a t  t h e  

National P i  Mu Epsilon meetings; o thers  i n  t h e  audience a r e  encouraged t o  

t r y  t h e  next  year. It is hoped t h a t  you w i l l  soon t r y  a s tudent  P i  Mu 
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Epsilon Conference i n  your area. 

REGIONAL MEETINGS OF MAA 

Many regional  meetings of t h e  Mathematical Association regu la r ly  

have sessions f o r  undergraduate papers. I f  two or  more col leges and 

a t  l e a s t  one l o c a l  chapter  help sponsor o r  p a r t i c i p a t e  i n  such under- 

graduate sessions,  f i n a n c i a l  help i s  ava i lab le  up t o  $50 f o r  one l o c a l  

chapter t o  defray postage and o ther  expenses. Send request  t o :  

D r .  Richard A. Good 
Secretary-Treasurer,  P i  Mu Epsilon 
Department of Mathematics 
The University of Maryland 
College Park, Maryland 20742 

MATCHING PRIZE FUND 

If your chapter  presents  awards f o r  outstanding mathematical papers 

o r  s tudent  achievement i n  mathematics, you may apply t o  the  National 

Off ice t o  match t h e  amount spent by your chapter.  For example, $30 

of awards can r e s u l t  i n  the  chapter receiving $15 reimbursement from 

the  National Office. These funds may a l s o  be used f o r  t h e  r e n t a l  of 

mathematical f i l m s .  To apply, o r  f o r  more information, wr i te  t o :  

D r .  Richard A.  Good 
Secretary-Treasurer,  P i  Mu Epsilon 
Department of Mathematics 
The University of Maryland 
College Park, Maryland 20742 

1975- 1976 MANUSCRIPT CONTEST WINNERS 

The judging f o r  the  b e s t  expository papers submitted f o r  

t h e  1975-76 school year  has now been completed. The winners 

a r e  : 

FIRST PRIZE ($200): Brent Hailpern, University of 

Denver, f o r  h i s  paper "Continuous Non-differentiable Functions" 

( t h i s  Journal, Vol. 6 ,  No. 5, pp. 249-260). 

SECOND PRIZE ($100): P h i l i p  D. O l i v i e r ,  Texas Tech 

Universi ty ,  f o r  h i s  paper "Two Applications of Pseudoinverses" 

( t h i s  Journal, Vol. 6 ,  No. 5, pp. 261-265). 

THIRD PRIZE ($50) : Karen M. Lesko, Central  Missouri 

S t a t e  University, f o r  her paper " A Generalization t o  Almost 

Divis ible  Groups" ( t h i s  Journal, Vol. 6, No. 6 ,  pp. 345-347). 

1977- 78  CONTEST 

Papers f o r  t h e  1976-77 contes t  a r e  now being judged, and we a r e  

receiving papers f o r  t h i s  y e a r ' s  con tes t ,  so  be sure  t o  send us your 

paper, o r  your chapter 's  papers ( a t  l e a s t  5 e n t r i e s  must be received 

from t h e  same chapter i n  order  t o  q u a l i f y ,  with a $20 p r i z e  f o r  the  

bes t  paper i n  each chapter) .  For a l l  manuscript con tes t s ,  i n  o rder  

f o r  authors t o  be e l i g i b l e ,  they must not have received a Master's 

degree a t  the time they submit their  papw. 

I N I T I A T I O N  CEREMONY 

The e d i t o r i a l  s t a f f  of t h e  Journal has prepared a s p e c i a l  puolica- 

t i o n  e n t i t l e d  Ini t ia t ion Ritual f o r  use by l o c a l  chapters  containing de- 

t a i l s  f o r  t h e  recommended ceremony f o r  i n i t i a t i o n  of new members. If 

you would l i k e  one, w r i t e  t o  t h e  National Off ice.  



WELCOME TO NEW CHAPTERS 

The Journal welcomes t h e  following new chapters of  P i  Mu Epsilon, 

recen t ly  i n s t a l l e d :  

UORTH CAROLINA ETA a t  Appalachian S t a t e  University, i n s t a l l e d  i n  

November of 1976 by Robert M .  Woodside, Councillor.  

SOUTH CAROLINA GAMMA a t  The College of Charleston, i n s t a l l e d  

March 31, 1977 by Robert M. Woodside, Councillor.  

TEXAS MU a t  East Texas S t a t e  University, i n s t a l l e d  Apri l  12 ,  1977 

by R. V. Andree, Council Vice-president. 

CONNECTICUT BETA a t  The University of Hartford, i n s t a l l e d  Apr i l  26, 

1977 by R. A. Good, Council Secretary-Treasurer.  

TEACHING OPPORTUNITIES OVERSEAS 

More than 1000 English-language oriented schools and col leges i n  

over 150 foreign countr ies  o f f e r  teaching and administrat ive opportuni t ies  

t o  American and Canadian educators. Posi t ions e x i s t  i n  most a l l  f i e l d s ,  

on a l l  l e v e l s ,  from kindergarten t o  the  un ivers i ty .  Sa la r ies  vary from 

school t o  school ,  but i n  most cases they a r e  comparable t o  those i n  t h e  

U.S. Vacancies occur and a r e  f i l l e d  throughout t h e  year. Some schools 

overseas do not  requ i re  previous teaching experience o r  c e r t i f i c a t i o n .  

I f  you a r e  i n t e r e s t e d  i n  a  posi t ion with an overseas school o r  col lege,  

contact : 

FRIENDS OF WORLD TEACHING 
3643 Kite S t r e e t  
San Diego, CA 92103 

Friends of  World Teaching is  an independent t eachers '  information 

agency, dedicated e n t i r e l y  t o  a s s i s t i n g  American educators i n  securing 

teaching o r  administrat ive pos i t ions  overseas and serving American 

educators s ince 1969. FOWT is an a c t i v e  member of the  San Diego Bet te r  

Business Bureau. 

PUZZLE SECTION 

*/* - 
This department i s  for the enjoyment o f  those readers who are . 

addicted to  working crossword pussies or who find an occasional mathe- 

matical puzzle attractive,  We consider mathematical puzzles to  be 

problems involving numbers, geometric figures, patterns, or logic whose 

solution consists of an answer immediately recognizable as correct by 

simple observation, and not necessitating a formal mathematicallproof. 

Although logical reasoning of a sort  must be wed  to  solve a puzzle i n  

th i s  section, l i t t l e  or no w e  of algebra, geometry, or calculus w i l l  be 

necessary. Admittedly, t h i s  statement does not serve t o  precisely dis- 

tinquish material uhich might we22 be the domain of the Problem Depart- 

ment, but the Editor reserves the right t o  make an occasional arbitrary 

decision and w i l l  publish puzzles submitted by readers when deemed 

suitable for t h i s  department and believed to be new or -not accessible 

i n  books. Material not used here w i l l  be sent to the Problem Editor for 

consideration i n  the Problem Department, i f  appropriate, or returned t o  

the author. 

Address a l l  proposed puzzles, puzzle solutions or other correspond- 

ence to  the Editor, Pi Mil Epsilon Journal, 601 E l m  Avenue, Room 423, 

The University of Oklahoma, Norman, Oklahoma, 73019. Please do not send 

such material to  the Problem Editor as t h i s  w i l l  dslq v o w  recognition 

as a contributor to  t h i s  department. Deadlines for solutions of puzzles 

appearing i n  each Fall issue i s  the following Mopch, and that for each 

Spring issue, the following September. 

M a t h a c r o s t i c  No. 4 

bubnu-fcted by R. R o b h o n  Rome 
Sackamento, C0JSJLiohn-i-a 

Like the  preceding t h r e e ,  t h i s  a c r o s t i c  is a keyed anagram. The 

235 l e t t e r s  t o  be entered i n  t h e  diagram i n  t h e  numbered spaces w i l l  be 

i d e n t i c a l  with those i n  t h e  32 key words a t  matching numbers and t h e  l e y  

l e t t e r s  have been entered i n  t h e  diagram t o  a s s i s t  i n  cor re la t ion  during 

your solut ion ( s e e  next two pages). When completed, t h e  i n i t i a l  l e t t e r s  



A. Imaginary domain boundary 
49 65 75 89 99 8 73/J63 53 1 3  63 105 

B. Nature and beauty l o v e r  
104 133 354 Ã 393 212 235 

C. Author ' s imaginary domain 
37 66 77 94 114 12754 24 69 9 

D. Locus o f  equa l  r a i n f a l l  
- - - .- 

20 1EO 5 5  I29 230 2L4 365 
E. Author's l o g i c  ------- - 
F. Related in terchangeably 

233 208 115 224 141 172 El  46 

i n  mathematics ---------- 
40 68 10 227190139'107 13 96 78 

G. Without f reeboard ----- 
22L 206 358 159 148 

H.  Real meaning o f  " b i s c u i t"  
106 324 87 223 215 203 391 

I. Met r i ca l  form ------ 
J. Headquarters of new 

218 213 396 183 175 350 

mathematics jou rna l  

K. River Hades 
225 147 122 217 220 = 

L. S a i l e d  t o  Windward 
195 234 119 202 173 

M. Two hundredths 
184 232 182 22 3s6 204 -- ------ ---- 

N. Customary way o f  l i f e  
1 79 3 19 12 4/16 2 6 7 118 32 1C6 -------- 
38 57 14  11025 48 It7 81  

0. New mathematics jou rna l  
174228 211 176 309 237 

P. Midway ------- 
Q. King Ar thur ' s  dad 

177 186 160 209 131 143 185 ----- 
162 140 157 149 167 

R. Headquarters o f  this Journal 
216 231 135 229 88 394 

S. P l a t o n i c  s o l i d  ----------- 
42 23 5 1  2 1  93 26 44 67 33 11 111 

T. Spor t s  league --- 
U. General power o r  term 

l58 '137 144 --- 
V. Flowed copiously  

199 U2 123 

W. S i n g u l a r i t y  
171 76 215 113 130 132 ------ 

X. Thermal s c a l e  
226 179 188 145 102 136 
---------A 

Y. General explanat ion 
5 13241 28 52 13843 6 1  39 55 ------ 

ID0 103 86 181 9 1  62 
2.  Hemp d e r i v a t i v e  

92 205 222 85 137 201 71  
a.  Worn o u t  ------ 
b. Understaffed 

83 121 156 90 84 72 ----------- 
1EQ lD118 30 58 56 161146 12827 170 

c .  Crazy ----- 
d. Heavenly mathematics 16915 97 70 45 --------- 

178 153 64 82 20 187 126 95 36 
e .  Parallelograin -------- 

74 60 12 31  35 29 116152 
f .  Act obsequiously ------- 

34 47 98 59 210 125 142 

N o h .  The 2 words o f  A and M a r e  sepa ra ted  by /. A ,  C and E a r e  - 
key words i n  t i t l e s  of 3 o t h e r  books by t h e  same author .  



of t h e  32 key words w i l l  s p e l l  a famous mathematician and t h e  t i t l e  of 

h i s  book t h a t  was fea tured  i n  its centennial  i n  1976. The diagram w i l l  

then quote t h e  surpr i s ing  conclusion of t h e  book. 

Greek Crosses and Squares 

In t h e  diagrams below a r e  i l l u s t r a t e d  a number o f  f igures  of v a r i -  

ous shapes and dimensions. Discover i n  each case t h e  arrangement which 

w i l l  nroduce e i t h e r  t h e  Greek crosses o r  squares indicated.  Solver must 

determine t h e  cor rec t  number of f igures  which must be used. 

End with: St& with: 

n 
End Muth: 

A Cross-number Puzzle 

The blanks i n  t h e  11 x 11 square on t h e  following page a r e  t o  be 

f i l l e d  i n  with s i n g l e  d i g i t s  a s  i n  a crossword puzzle s o  t h a t  t h e  r e s u l t -  

ing  numbers s a t i s f y  t h e  condit ions given. 



ACJLOAA 
A square  number 
Square r o o t  o f  1 4  a c r o s s  
A squa re  number 
Sum o f  d i g i t s  is  36 
Cube r o o t  o f  39 ac ross  
A squa re  number which r e a d s  
same bo th  ways 
A squa re  number 
A m u l t i p l e  o f  35 down 
The th ree- ha lves  power of  
1 4  ac ross  
A l l  d i g i t s  t h e  same 
Product o f  24 down and 33 a c r o s s  
A square  number 
A m u l t i p l e  o f  bo th  19 and 41 
A l l  d i g i t s  a l i k e  except  c e n t r a l  
one 
P e r f e c t  squa re  ending i n  6 
See 20 down 
A f o u r t h  power 
Product  o f  2 down and 4 ac ross  
A t r i a n g u l a r  number 
Two-thirds o f  36 a c r o s s  
D i g i t s  sum t o  26, and middle 
t h r e e  numbers a r e  7 
An odd number 
A l l  d i g i t s  even, excep t  one, 
and t h e i r  sum is  25 
An odd cube 
A p e r f e c t  number 
Twice t h e  square  o f  37 down 

Down - 
1. Reads same bo th  ways 
2. Square r o o t  o f  28 ac ross  
3. Sum o f  1 7  ac ross  and 2 1  down 
4. Sum o f  d i g i t s  is  37 down 
5. D i g i t s  sum t o  24 
6. Dif ference  o f  14  a c r o s s  and 

37 down 
7. A f o u r t h  power 
9.  A cube number 

10 .  Product  o f  4 ac ross  and 14  a c r o s s  
12.  D i g i t s  sum t o  35 
14. A l l  d i g i t s  t h e  same except  t h e  

f i r s t  *> 

16. Last  3 d i g i t s  i n  a r i t h m e t i c  
p rogres s ion  

18. A l l  d i g i t s  t h e  same excep t  t h e  "it 

f i r s t  3 
20. A m u l t i p l e  of  4 1  which even ly  

d i v i d e s  22 a c r o s s  
21. A m u l t i p l e  of  19 
22. Square number 
24. An even number 
26. Sum of  d i g i t s  i s  37 down 
28. Fourth power o f  4 ac ross  
29. Sum o f  14 ac ross  and 35 down 
30. A t r i a n g u l a r  number 
32. D i g i t s  sum t o  27 and end i n  8 
34. A square  number 
35. A square  number 
37. The n i n t h  prime 
38. A cube t imes  10 

S o l u t i o n s  

Mathaao~tic  No. 1 [Spring, 19761 JC -- - 

WO ~ o i v e d  by VICTOR G. FESER, Mmy CoUege, S^mmk, No& Dakota. 

[ inadvWt.ewUy omi t t ed  born olu.gA.MUL u&-t 06 ~ot \ im;  ~ e e  F a ,  1976 iLti~ue 

doh Aotii t ion] . 
M a t h a a o ~ t i c  No. 2 [Fa1 1 ,  19771 

Late ~ o - Â £ u , f c c o n  w e ~ e  iubnwtte-d by EZRA BROWN, V^n.g^yu.a Po iy techn ic  

I n b t i M i t e  and S t a t e  UtM-vm-c-ty; LOUIS H .  CAIROLI,  KwOA State Univm-iA/; 

DONALD G. CASCI, Phovidun.ce, Rhode I ~ i a n d ;  VICTOR G. FESER, Ma/uj College, 

BAmmk, NoA-Oi Dakota; ROBERT C. GEBHARDT, Hopatcong, N e w  Jmey; SHARON 

E. GORDON, Univm-Lty o i  No& Ccuuotina at Chapel HJUUL; PATRICIA GROSS 

and ALLAN TUCHMAN; U d v m - t - t y  04 ISULwo-C4; and DAVID DEL SESTO, NO& 

Phovidence, Rhode I ~ h n d .  (See  Splu.ng, 1977 ~ A U E  doh ~ o t u k i o n .  .} 

hkAAion<VU.Ui and Cannib& [Fa l l  , 19761 

Late ~ o H u t i o n ~  wm ~ u b m i t t e d  by LOUIS H .  CAIROLI, Kwa S t a t e  

U n i v w , ^ }  ROGER E.  KUEHL,  Kan~a C^ty, k4h~ouA-t:; and STEVE LEELAND, 
Un ive~ i . cA/  06 South  Fiohida,  Tampa, Fi0lu.d.a. (See S p h h g ,  1977 A A U ~  

M a t h a a o ~ t i c  No. 3 [Spr ing,  19771 

D e f i n i t i o n s  and key: 

A. Conjugate E. Upper I. I n t e g e r  M. Inve r s ion  
B. Fermat F. Show J. Sl im N. S h i r t  
C. Grog G. Shee t  K. Quaternion 0. I l l i c i t  
D. Apollonius H. Diophantus L. U t t e r  P. T i c  

Q. I r i d i c  V. Archimedes 2. Hel l  d. I r e n i c  
R. Owner W .  Rhymed a .  Mersenne e .  Cheer 
S. N i m  X. I t c h y  b. E r i c  f .  Algebra 
T. E ra tos thenes  Y. Tigh t  c .  Terms g. Etch 
U. Simply 

F i r s t  l e t t e r s :  C F GAUSS DISQUISITIONES ARITHMETICAE 

Quotation: As a resul t ,  it seems proper to  call  th i s  subject Elementary 

Arithmetic and t o  distinguish from it Higher Arithmetic which properly 

includes more general inquiries concerning integers. We consider only a 

Higher Arithmetic i n  the present volume. 

Soived  by GORDON R. BAKER, Hou-ton, Texu.6; JEANETTE BICKLEY,  WebUtyi. 

G h o v ~ i  High Scftoo-fc, S-t. L o u ,  W o u h i ;  CHRISTOPHER CACAS, E a t  T e x a  



S-tata U n i v e ~ l i ^ t n ,  Come~ce,  TexoA; LOUIS CAIROLI, K w a f ,  StoJLe U L u e ~ ~ i - t g ;  

DAREN CLINE, Huhueg Mudd Collage, Cia^wowk, CaU6ohLa; EDWIN COMFORT, 

Hipon CoUege, Ripon, UiUconb& ELEANOR S. ELDER, U d v e ~ & U . q  06 N U  

Ontern;  VICTOR G. FESER, Mahq College, B-limoAfe, N o a h  Vakota; PATRICIA 

GROSS and ALLAN TUCHMAN, U d u e w i t y  06 ISULLnoiU; MARK JAEGER, Ufu-ueAli-Uy 

06 WconbLn; JOSEPH D. E. KONHAUSER, Macuh- teh  Coflnge, St.  Paul, 

MLnnuota.; LISA J .  LASHER, St. Lwikance Uniueu^tq, Canton, New Yohk; 

BARBARA LEHMANN, B&i.gawti.ne, New Jmq; MARIANNE MANCUSI, Ade lp lu  

Uniue~&^tq, G0Ade.n CJULq, New Yo&; BETTY MCELROY, Soi.ith.e~n lSuLin.oi.4 

Ufu-ueAi-L-tg at Edwuhdhuuia; SIDNEY PENNER, Bhonx Commom^q Cotte.ge 06 

CUNY; BOB PRIELIPP, U L u m U q  06 U-licowtiW at Ubhkobh; RITA PRINCI, 

HotJLu H.UUL, FtoMda.; EDITH E. RISEN, Oregon C@, Umgon; FORREST K. 

RUSSELL, Umlxh&ty 0 6  No& Cuhof ia ;  RICHARD D. STRATTON, Coiomdo 

Sph&b, Cohmdo; and CHARLES W. TRIGG, Son Uiego, CoJUi&o'w^a.. 

ViUbadLng -the L & t t e h  E [Spring, 19771 

The d e s i r e d  d i s s e c t i o n s  a r e  a s  shown below: 

F iue  Piece U-UiiedLon FOWL Piece VV'UiedLon 
( 2  poAt i  -ulue/Lted) 

Soived by VICTOR G. FESER, Muhy CoUcga, Rcimcmck, No& VakoZa 

and CHARLES W. TRIGG, San Uiego, Cai i iohnia.  

E d c t o ~ ' b  Note. 

Charles W. Tr igg comments t h a t  t h i s  puzzle  is  p r e c i s e l y  Problem 184, 

p. 55 of H.  E. Dudeney's Puzzles  and Curious Problems, Thomas Nelson and 

Sons, 1931, appears a s  Problem 330, p.  114 i n  H.  E .  Dudeney's 536 Puss ie s  

and Curious Problems, e d i t e d  by Martin Gardner, Sc r ibne r ,  1967, and is  

found i~ Harry Lindgren's Geometric Dis sec t ions ,  Dover, 1972, p. 78. 

A PtuA 06 EigfctA 

"ere a r e  a ? a i r  o f  s o l u t i o n s  i n  s p i t e  o f  t h e  erroneous claim of 

uni<tier.ess ~ a d e  i n  t h e  o r i g i n a l  s t a t ement :  

S o l u t i o n s  were accepted a s  c o r r e c t  i f  e i t h e r  one ( o r  bo th )  o f  t h e s e  was 

submitted. 

Sotued by  GORDON R. BAKER, Houston, Texo~; LOUIS H. CAIROLI,, K r n a b  

S-tate. UniuehA-Lty; JOHN M. FERRO, St. Jokn'b U n L ~ ~ ~ i ' u t y ,  Jamaica, New Yolk; 

VICTOR G. FESER, M m j  CoUege, B-cAmmk, No& Vako-te; HOWARD FORMAN, 

Bucfen&Â£ (Mt.um.t-ty, LemLsbu~g, Penmqtvada; KEVIN KARPLUS and GARY 

LIEBEMAN, S-tonf,oAd Un-CvrmLty; BOB PRIELIPP, U fu -vm^ty  of, W-LAcomin ô: 

Obkobh; EDITH E. RISEN, Ohegon U y ,  Oh~gOn; NGUYEN THI THANH NHA, 

LouAA-uuia S t a t e  UVu.uc~~.L.ty; and CHARLES W .  TRIGG, San Viego, C ~ o h n i a .  

WILL YOUR CHAPTER BE REPRESENTED I N  PROVIDENCE? 

It is t ime t o  b e  making p lans  t o  send an undergraduate de lega te  

o r  speaker  from your chap te r  t o  a t t e n d  t h e  annual  meeting of P i  

Mu Epsi lon i n  Providence, Rhode I s l a n d  dur ing August 8-12, 1978. 

Each speaker  who p resen t s  a paper  w i l l  r e c e i v e  t r a v e l  funds of 

up t o  $400, and each d e l e g a t e ,  up t o  $200. 

MOVING?? 

BE SURY TO LET THE JOURNAL MOW! 

Send your  name, o l d  address  wi th  g p  code 

and new address  wi th  Z ip  t o :  

P i  Mu Epsi lon J o u r n a l  
601 Elm Avenue, Room 423 
The Unive r s i ty  of Oklahoma 
Norman, Oklahoma 73019 



GLEANINGS FROM CHAPTER REPORTS 

ARKANSAS BETA a t  Hendrix College heard severa l  s tudent  members 

speak during t h e  year ,  Tom Cannon., Janet  D a a h w v t y ,  LLia Olton, Don t 

Haqman, B ^ U  Ulton,  and Hike. T^.e,&nback, and Ph06ebboh W^SJU-am 0. MuMiaq 

a l s o  presented a l ec ture .  In add i t ion ,  P - l ~ f e b b ~ h  David P f t m o n  of t h e  

University of Central  Arkansas discussed an i n t e r e s t i n g  problem i n  
Ã 

probabi l i ty ,  and Professor Kiyoshi I s e k i ,  from Kobe University i n  Japan 

v i s i t i n g  a t  t h e  University of Arkansas, presented some of h i s  research 

f indings on f ixed  point  theorems. Several members par t i c ipa ted  i n  t h e  

regional  MAA meeting a t  Oral Roberts University i n  Apri l .  

IOWA ALPHA a t  Iowa S t a t e  University heard Pkof .~ iboh  A. M. f ink t a l k  

on "How t o  Probate a Peanut Butter  and J e l l y  Coffeecake" a t  t h e  54th 

Annual I n i t i a t i o n  Banquet. 

KENTUCKY GAMMA a t  Murray S t a t e  University heard t a l k s  by Rob4 L .  

S G d a  on "Divergence and Curl of a Vector Field" and Je.UfLe.9 C U k A  on 

"The Mento Wheel". 

LOUISIANA EPSILOS a t  McNeese S t a t e  University heard a paper on the  

cor re la t ion  of col lege dropouts with background information by MbW 
PaJiachek and LLgh EA-UI Joneb. 

MICHIGAN ALPHA a t  Michigan S t a t e  University heard severa l  s tudent  

papers: M-cchael Aknotd on "Number Wheels", C d  Page on "Representation 

of Informal Knowledge i n  Computers", and S t i v w  F&llA- on "Dyadic Vector 

Products" and "Surreal  Numbers". The chapter a l s o  heard P & v ~ ~ ^ & o H  Daub 

speak on "The F i r s t  Theorem" a t  t h e  annual i n i t i a t i o n  banquet. 

IUSSOUiU DELTA a t  Westminster College witnessed a t a l k  and s l i d e  

presentat ion given by P~ofebbon. S .  R. F&ppone, from t h e  University of 

Wisconsin a t  Parkside on "A Linear Algebra Approach t o  Fibonacci 

Numbers", and a s  p a r t  of t h e  spring i n i t i a t i o n  a c t i v i t i e s ,  heard s tudent  

papers on "A Random Survey of Missouri Voters i n  t h e  1976 Election" by 

M a ~ k  R. Rudof(< and "A S t a t i s t i c a l  Evaluation of t h e  Peer Counselling 

Progra.  a t  Westminster College f o r  1976-77" by The-odole, S .  WÂ¥C&Aon 

NEW JERSEY DELTA a t  Seton Hall University heard l e c t u r e s  by P&~&eAboh 
J. W .  Anhlt~fcfcuO on "Some Problems Related to t h e  Triangles  Inscr ibed 

i n  a Given Triangle and Their Generalizations" , and Pn.of.ebbon. Rondd 

Infante, on "Generalized Sine and E l l i p t i c  Functions". 

NEW JERSEY EPSILOS a t  Sa in t  P e t e r ' s  College sponsored l e c t u r e s  b y -  

LflAAy of B e l l  Laboratories who presented the  Second Annual 

Coll ins  Lecture, and Pn.ofebbon. W i w L o ~  G. LLi&Ut. of SUNY a t  Stony Brook. 

The chapter a l s o  heard Phoj<eb<Soh Thomas, McLUtol~ speak on the  t o p i c  " I n f i n i t e  

Sums and F i n i t e  Differences" and PhOftl~i&ol. LcV&i E. Thoma,  on "Atonal 

Music and Bizarre  Se t  Theory". 

NORTH CAROLINA GAMMA a t  North Carolina S t a t e  University heard t a l k s  

by Sco-fit Robb, a s tudent ,  on "Looking a t  Mosaics" and P J L o & u & o ~  R. E. 
Chcu/ldta on "A Rolling Ci rc le  Gathers No Moss". 

OKLAHOMA BETA a t  Oklahoma S t a t e  University par t i c ipa ted  i n  a 

problem-solving event i n  November where 20 members tackled Putnam 

Examination problems, and 6 members competed i n  t h e  1976 Putnam Examina- 

t i o n  i n  December with t h e  following 4 scoring on t h e  t e s t :  Ro&n 

ChAi!.kuffe~&on, fkI .#Ig SUÂ£LLvan W o n d e r ,  and m h y  SkWCWt. The 

February meeting consis ted of a quiz  game i n  which t h e  undergraduate 

members quizzed t h e i r  professors  on mathematicians and t h e  h i s t o r y  of 

mathematics. 

PENNSYLVANIA NU a t  Edinboro S t a t e  College heard P / l ~ f . e A b ~ h  Fke^tag 

l e c t u r e  on "Tiling" and Ph0f.ebbut Lane., on "Pascal 's  T r i a n g l e ~ A n o t h e r  

Look". Student members who presented t a l k s  were Michael Lynn on 

"Impossible Scores", D&& Pa& on "Fibonacci Sequences and t h e  

Golden Ratio", and Mh. k t b o n  presented a l e c t u r e  on "Optimal Controls". 

SOUTH CAROLINA GAMMA a t  t h e  College of Charleston heard 3 student  

speakers a t  t h e  i n i t i a t i o n  banquet: LOMU S p w  on "How t o  Model f o r  

P o l i t i c i a n s" ,  JO Em R&z on "A History of Numerals", and U W # L ~  

R0geAi on "The Game of Life". 

TEXAS BETA a t  Lamar University heard P h o W o / i  Rhh#Ld Â O discuss  

t ay lor ing  of degree plans f o r  mathematics r e l a t e d  job opportuni t ies  and 

LLeOte,nant CoLuneL Thomiu J .  Huhdg on "Job Opportunities i n  the  A i r  

Force f o r  Mathematics Majors". 

TEXAS DELTA a t  Stephen F. Austin S t a t e  University heard l e c t u r e s  

given by P - t o ~ Â £ ~ b o J  P a t  Boston on "What I Know About Recursions i n  



Combinatorial Analysis", P h 0 6 ~ h 0 k  Wagne PkOdoh on "Order by C h o i ~ e " ~  

M&&e Vm&on on I1Women i n  mat he ma tic^^'^ Mk. Bunch on "Latin Squares". 

The guest speaker a t  t h e  spr ing  banquet i n  February was P & ~ ~ C A A O ~  

KenneAh Rdd of Louisiana S t a t e  University who spoke on "After-Dinner 

Combinatorics" . 
TEXAS IOTA a t  t h e  University of  Texas a t  Arlington heard l e c t u r e s  

by S h a k d &  VeVi OR "Amazing Feats with Numbers", CLV& FhunklLn from 

Southwestern Bel l  on "What Do Employers Look For?'Iy and Tom shdbg and 

Ken fiqneA on 1'Opportunities and Problems i n  Actuarial  Science". 

TEXAS MU a t  East Texas S t a t e  University held i t s  formal i n s t a l l a t i o n  

ceremony i n  Apri l ,  1977. Guest speaker was P h 0 6 ~ h 0 k  Richad V .  Anbee 

of the  University of Oklahoma who spoke on "Secret Writing: Codesy 

Ciphers and Cryptarithms". The chapter  a l s o  heard Cop&and, honors 

s tudent y present  h i s  paper on "Numerical Quadrature: The Trapezoidal 

Rule and Modifications", 

mST VIRGINIA ALPHA a t  West Virginia  University co-hosted t h e  

s tudent  sessions of t h e  Allegheny Mountain Section of t h e  Mathematical 

Association of America meeting a t  S t .  Francis  Collegey Lore t toy  Pennsyl- 

vania. The following s tudents  presented papers a t  t h i s  meeting: JUJTICA 

V L ~ ,  EchaeL MonneaY, E h d  WeAmanny and Rob& Golakick (Allegheny 

College) Echael K u c h h ~ k L ~  Suzanne Rexy and C.hgton Tenneg (west 

Virginia  un ivers i ty )  JCWICA Sngda and Vougla B W e g  (Butler  Comty 

community co l lege) ,  8k0.tha Jot Robiuon (S t .  Francis seminary) and 

David LoA (S t .  Francis  College). 

POSTERS AVAILABLE FOR LOCAL ANNOUNCEMENTS 

A t  t h e  suggestion of the  P i  Mu Epsilon Council we have had a 

supply of 10 x 14-inch Fra te rn i ty  c r e s t s  p r in ted .  One i n  each 

co lor  w i l l  be s e n t  f r e e  t o  each l o c a l  chapter on request .  

Additional pos te rs  may be ordered a t  t h e  following r a t e s :  

(1)  Purple on goldenrod stock - - - - - - $1.50/dozen, 

( 2 )  Purple and lavendar on goldenrod- - - $2 .OO/dozen. 
L 

PROBLEM DEPARTMENT 

This department welcomes problems believed t o  be n m  and a t  a 'Level 

appropriate for the readers of thCs journal. Old problems displaying 

novel and elegant methods of  solut ion are also acceptable. The choice 

of proposals for publication w i l l  be based on the edi tor ' s  evaluation o f  

t he i r  anticipated reader response and also on the i r  i n t r i n s i c  in tepes t .  

ProposaZs should be accompanied by solutions i f  availabZe and by m y  

information that  IA 11 as s i s t  the edi tor .  &a2 lenging con jectures and 

prob'Lem proposals not accompanied by solutions w i l l  be distinguished by 

an as ter isk  (*I. 
To fac i l i t a t e  consideration o f  solutions for publication, solvers 

should submit each solution on a separate sheet properly i den t i f i ed  with 

name and adokess and mailed before the end of June, 1978. 

Address a l l  comnica t ions  concerning t h i s  department t o  D r .  Leon 

Bankoff, 6360 WiZshire Bou le~md ,  Los Angeles, California 90048. 

Problems f o r  So lu t ion  

399. Pfiopohed by Jack Ga&wfzel, Fohe~t ffim High SchooL, F h K n g ,  

Mw Yo&. 
Show t h a t  a r c  s i n  (e) 3 + 2 a r c  c o s m  = 1~12,  ( 3  5 x 5 6 ) .  

400. Phopohed bq Richm~d A. Gibbh, Foa Lao.& CoUege, V m n g o ,  

Colomdo . m 
Evaluate [kn/ml + {kn/ml,  

k= 1 

where m and n a r e  p o s i t i v e  in tegers ,  [XI is t h e  g r e a t e s t  i n t e g e r  not  

exceeding x and 1x1 = -[-XI is t h e  smallest  in teger  not l e s s  than x. 

401. Pkopohed bg Zelda K d z ,  B e v d g  ff.U.6, C d 6 0 h n . h .  

From a po in t  250 yards due north of Tomy a p i g  runs due e a s t .  S t a r t i n g  

a t  the  same t imey  Tom pursues t h e  p ig  a t  a speed 413 t h a t  of  t h e  p i g  and.. 

changes h i s  d i rec t ion  s o  a s  t o  run toward t h e  p ig  a t  each i n s t a n t .  With 



each running a t  uniform 

caught? 

speed, how f a r  does the  p i g  run before being 

This is  problem 28 of The MathematicaZ Puzzles of Sam Loyd, Volume 

Twoy Dover Publicat ions,  1960. (Selected and Edited by Martin Gardner), 

Loyd's so lu t ion  i s  based on t h e  average of t h e  d i s tance  t rave led  by t h e  

p ig  i f  both ran forward on a s t r a i g h t  l i n e  and t h e  dis tance t rave led  i f  

both ran d i r e c t l y  toward each other .  How did Loyd a r r i v e  a t  what he c a l l s  

t h i s  "simple r u l e  f o r  problems of t h i s  kind" and how can we j u s t i f y  i t ?  

- 
FIGURE 1 

402. Prnpobed by Ch&!u  W .  T&iggJ S u n  VLegol CcdX60knLa. 
The f i r s t  e igh t  non-zero d i g i t s  a r e  d i s t r i b u t e d  on the  v e r t i c e s  of  

a cube, Addition of  t h e  d i g i t s  a t  t h e  ex t remi t ies  of each edge forms 

twelve edge-sums. Find d i s t r i b u t i o n s  such t h a t  every edge-sum is t h e  

same a s  t h e  sum on t h e  opposite (non-cofacial) edge. [The so lu t ion  t o  

t h e  r e l a t e d  problem 304 appears on pages 36-37 of t h e  F a l l  1974 Pi Mu 

Epsilon JournaZ . I  

403. Phopobed by VauLd L .  S ~ v ~ a n l  W a t  Lob A n g d u  C ~ 6 o f i n i a .  

Two players  play a game of "Take It o r  Leave It" on t h e  u n i t  i n t e r v a l  

(Oy 1 ) .  Each player  p r iva te ly  generates a random number from t h e  uniform ' 

d i s t r i b u t i o n  and e i t h e r  keeps it as  h i s  score o r ' r e j e c t s  it and generates 

a second number which becomes h i s  score.  Neither player  knowsy p r i o r  t o  

h i s  own play,  what h i s  opponent's score i s  o r  whether it is t h e  r e s u l t  

of an acceptance o r  a re jec t ion .  (Howevery va r ian t s  based on modifying 

t h i s  condit ion,  e i t h e r  u n i l a t e r a l l y  o r  b i l a t e r a l l y y  a r e  i n t e r e s t i n g ) .  

The scores  a r e  compared and the player  with t h e  higher  score wins 

$ 1  from t h e  o ther ,  

a .  What s t ra tegy  w i l l  g ive a p layer  t h e  highest  expected score? 

b. What s t r a t e g y  w i l l  g ive a player  t h e  b e s t  chance of winning? 

c ,  I f  one player  knows t h a t  h i s  opponent is  playing s o  a s  t o  

maximize h i s  score,  how much of an advantage w i l l  he have i f  he emplaGs- 

t h e  bes t  counter- strategy? 

404. Phopobed by Bob P J L L ~ L L ; ~ ~  The U n i u m i A y  0 6  WAcon~Ln-Ubhkobh. 

Let x be a p o s i t i v e  i n t e g e r  of t h e  form 24n - 1. Prove t h a t  i f  a 

and b a r e  p o s i t i v e  in tegers  such t h a t  x = ab, then a + b is  a mult iple  

of 24. 

405. Pkopobed by Noman Schu.umbe,kgaD Bhonx CommunLty CollegeD 

Bhonxl Nw Yohk. 

Locate a point  P i n  t h e  i n t e r i o r  of a t r i a n g l e  such t h a t  t h e  product 

of  t h e  t h r e e  dis tances from P t o  t h e  s i d e s  of t h e  t r i a n g l e  is  a minimum. 

406. P~~opobed by P a d  E h d h  SpaccAkp E d .  

Let there  be given 5 d i s t i n c t  points  i n  the  plane. Suppose they 

determine only two dis tances.  Is it t r u e  t h a t  they a r e  the  v e r t i c e s  of 

a regu la r  pentagon? 

407. Phopobed by Ben GoLdl John ff. f f o ~ &  and Umce lob 

AngeLu C a y  College. 
Two s e t s  of  n dice a r e  r o l l e d .  (n = 1, 2 Â  3, Q Y  Sy 6 ) .  What is 

t h e  probabi l i ty  of  k matches? ( k  = O y  ly n). 

408. Phopobed by Chy-ton W .  Dodgel UnLvm.Lty 06  Maine at Ukono. 

Squares a r e  erected on t h e  s i d e s  of a t r i a n g l e ,  e i t h e r  a l l  ex te rna l ly  

o r  a l l  in te ,mal ly .  A c i r c l e  is centered a t  t h e  center  of each square with 

each rad ius  a f ixed mult iple  k > 0 of t h e  s ide  of t h a t  square. Find k SO 

t h a t  t h e  r a d i c a l  cen te r  of t h e  th ree  c i r c l e s  f a l l s  on t h e  Euler l i n e  of 

t h e  t r i a n g l e  and f i n d  where on t h e  Euler l i n e  it f a l l s .  (See Fig. 2. ) 

409. Phopobed by Zazou KatzD Beu&y f f d Y ~ ~  C&do&a. 

A point  E is chosen on s i d e  CD of a t rapezoid ABCD, (ADI~BC), and is 

joined t o  A and B. A l i n e  through D p a r a l l e l  t o  BE i n t e r s e c t s  AB i n  F. 1 

Show t h a t  FC is p a r a l l e l  t o  AE. (See Fig. 3 . )  



FIGURE 2 

FIGURE 3 

410. Phopobed by M m y  S .  K h f z &  Unive.)~4Lty oh A L b d ,  Edmonton, 

Albe,tta, C m a h .  

If x ,  y, z a r e  t h e  dis tances of an i n t e r i o r  point  of a t r i a n g l e  ABC 

t o  t h e  s i d e s  BCy CA, ABy show t h a t  

where P i s  t h e  i n ~ a d i u s  of the  t r i a n g l e .  

411. Pkcpobed bg R. S .  L u t k ,  Unive&.iAy 04  Wdconbin? JanehvLUe. 

Find a l l  polynomials P(x)  such t h a t  

p(x2 + 1 )  - [p(x)12 - 2x[P(x)] = 0 and P(0) = 1. .. - -  -- 

Solut ions 

374. [Fa1 1 19761 Phopobed bg Jack Guhdunkd? Foha t  H d l . 4  High 

School, F h k L n g ,  NW Yokk. 

I n  a t r i a n g l e  ABC inscribed i n  a c i r c l e  (O), angle b i s e c t o r s  ATly 

BT2, CT3 a r e  drawn and extended t o  t h e  c i r c l e  ( see  Fig. 1). perPeAdicu- 

lam TlHl, T2HZy T3H3 a r e  dpawn t o  s i d e s  AC, BA, CB respec t ive ly .  Prove 

t h a t  TIHl t T2H2 + T3H3doesnot exceed 3R7 where R is t h e  rad ius  of t h e  

circumcircle. 

l l  

FIGURE 1 

From TIHL = ATl sin(A/2) 5 2R sin(A/2) and two s i m i l a r  r e s u l t s ,  we 

get 

T,H, + T7H7 + T3H3 5 2R[sin(A/2) t sin(B/2) + s i n  C/2)I7 



and t h e  required r e s u l t  follows from sin(AI2) + sin(B/2) + sin(CI2) S 312, 

which can be found on page 20 (formula 2.9) of 0. Bottema e t  a l ,  Geometric 

I n e q u a l i t i e s  a Uolters-Noordhoff , Groningen 1969. 

A h o  ~ o l v e d  69 STEVE FROM, &eighton Udveh.d&q, Omaha, Nebmhka; 

DAVID C .  KAY, U n L u m m  0 6  OkLahoma; GERRIANNE VOGT, S2, L o u  U n L v m i A g ,  

SZ. Lo&, U~0wt.L; and .the ~ W P O A ~ J L .  

375. [ F a l l  19761 Pmpobed 69 l?,ichu~d S. F i a d ,  S& M o ~ c a ,  

C ~ ~ o ~ .  

Approximate t h e  value of 2l  O o O  without using penc i l  and paper ( o r  

chalk and blackboard o r  s i m i l a r  equipment). 

SohA ionb  h u u l k i n g  i n  .the 6u.t a p p h o h a t i o n b  w a e  ~ub&ed 69 Chg.ton W .  

Dodge, U n L u m L t q  06 M&e a.t Omno; Mmk J a e g a ,  Ma&6on, WAconbLn; 

Theodohe Jungked ,  B&oo/&gn, N u  Yokk; R. R o 6 i ~ o n  ROW, S a w e n & ,  

C d i d o m k ;  K m &  M. WakeD Topeka, Kma, and E c h a h d  Fi&, f i e  

phOpOAfVL. 

The most succinct  vers ion a submitted by Kenneth M. Uilke, goes a s  

follows : 

Since loglo2 % .30103, l o g ~ 0 2 1 0 ~ 0 0 0  %3010.3, s o  t h a t  21Â°yoo % 

2 103010. 

ALbo ~ o l v e d  69 VICTOR G. FESER, M a g  Coaege,  BdmuAckD NoMh DakoXa; 

STEVEN FROM, CheighLon U d v m L t g ,  Omaha, N e 6 m k a ;  JOHN HOWELL, W ~ ~ o c k ,  

C d i 6 o m k ;  DAVID C .  KAY, U n i v m L t q  06 Ofddoma; MURRAY S. KLAMKIN, 

U n . i v ~ & g  06 W & a ,  Ehon ton ,  Canada; STEVEN 6. LEELAND# L a u d a d a t e  

L u k u ,  Fb&ida; EDITH E .  R I S E N ,  Okegon U g ,  O~egon;  and GERRIANNE VOGT, 

s t .  LOU& U J ' L ~ U P L ~ ~ ~ ,  sx. LO&, U A O ~ .  

The proposer remarks t h a t  almost everybody t r i e s  t o  solve t h i s  problem 

by using t h e  approximation 2'' E 1000. This l ead  t o  2103000 2 

which i s  o f f  by more than 10 orders  of magnitude! 

Clayton Dodge marvels a t  t h e  accuracy ava i lab le  t o  us  by using t h e  

r e s u l t  2 103010 considering t h a t  a 12-digi t  ca lcu la tor  y i e l d s  t h e  r e s u l t  

2103000 = (2392)25 2196 . 24 S 1.99506311505 l ~ ~ ~ ~ ~ .  

376. [ F a l l  19761 Phopobed 69 Solomon W .  Gobm6, U V I L V U A ~  06 
Southehn C a L i ~ o h n h 8  Lob Ang&u8 CafXdo&~.La. 

Let t h e  sequence 1%) be defined induct ively by a l  = 1 and %+I = 

s i n ( a r c  t a n  f o r  n21.  Let t h e  sequence {bnl be defined induct ively 

by b l  = 1 and bn+l = cos(a rc  t a n  bn) f o r  n 2 1. Give e x p l i c i t  expressions 

f o r  % and bn, and f i n d  l i m  % and l i m  b,., a s  n approaches -. 
1. S o U o n  bg David C. Kag, U d u m L t g  0 6  Uklkthoma. 

The values of t h e  two sequences may be deduced from t h e  r i g h t  

t r i a n g l e s  i n  t h e  two fami l ia r  s p i r a l - l i k e  f igures  below: 

The induct ive r e l a t i o n s  a l  = 1 and = s i n ( a r c  t a n  an)  a r e  i m p l i c i t  

i n  a r i g h t  t r i a n g l e  i n  (a )  with acute  angle en and s i d e s  1, &, and m: 
For, suppose it has been proved t h a t  t a n  On = a,, = I/&; then = 

s i n  en = 11- and t a n  = %+I = l/ma s o  induction c a r r i e s ,  

S imi la r ly ,  bl = 1 and bn+l = cos(arc t an  bn) a r e  i m p l i c i t  i n  a r i g h t  

t r i a n g l e  with acute  angle $n and whose s i d e s  a r e  t h e  square r o o t s  of  3 

consecutive members of  t h e  Fibonacci sequence: For, suppose tan  $,, = 

bn = then bn+1 = cos $,., = G I G  and t a n  $,,+I = bn+1 = 

GIG. Hence we have 

1 l i m  % = l i m  - & = 0 

and 

where p = 9 is t h e  Golden sec t ion .  Geometrically t h i s  means t h a t  

i n  t h e  sequences of r i g h t  t r i a n g l e s  i n  f igures  ( a )  and (b) ,  On+O while * 

$n+arc tan  = 38.17271.. s o .  



11. S o W o n  by R. R o b h o n  ROW, SacJmtnento, C a U d o k t t h .  

I f  $ i s  t h e  angle i n  ++I = s i n ( a r c  t a n  a n ) Â  then + = t a n  $I and 

%+I = s i n  4, whence 

anti = an/- (1)  

Using (1)  recurs ive ly  from al  = ly we have genera l ly y 

an = n -% (2)  

and t h e  l i m i t  a t  i n f i n i t y  is  

l i m  a = 0 
n 

Similar ly with bn = t a n  and bntl = cos $I, 

and using (4)  recurs ive ly  from bl = 1 

bn = (5 )  

where F ' s  a r e  t h e  Fibonacci numbersy 

ly 1, z y  5, 8 . . . . .  

For t h e  l i m i t ,  l e t  bn+l = bn i n  ( 4 ) -  

and b4  t b2 - 1 = 0 

from which 

b = d q  = fi= 0,786 151 378 

where G i s  t h e  Golden Ratio and a t  t h i s  l i m i t  

cos $ = t a n  $I and $ = 38.172 7 0 7 6 2 ~  

ALAO ho lued by CLAYTON W .  DODGE, U n i u e ~ i A g  od Maine aA Okono; 

VICTOR G. FESER, Mmy CoUege, Edmahck, No& Vako.ta; STEVE FROM, 

CkeighXon U n i u e ~ L t y ,  Omaha, Nebkaka;  JOHN HOWELL, ~ W L O & ,  CaLL&o&a; 

MARK JAEGER, Machon,  W h c o f i i n ;  THEODORE JUNGREIS, Bkooklyn, NW Yohk; 

MURRAY S. KLAMKIN, U n i u m a y  od ALbek-tu, EhonZon, Canada; LEO S A U V ~ ,  

ALgonquLn CoUege, OL tma ,  Canada; GERRIANNE VOGT, S t .  Lo& UtdueM-&l, 

S t .  Lo&, W h o & ;  and .the phopohU~, SOLOMON W .  GOLOMB. 

377. [ F a l l  19761 Pkopohed by C h m L e ~  W .  T L L ~ ~ ,  Sun V iego,  C a U & o h L a .  

From t h e  following square a r ray  of t h e  f i r s t  25 p o s i t i v e  in tegers ,  

choose f i v e ,  no two *om the  same row or  column, s o  t h a t  t h e  maximum of 

t h e  f i v e  elements is  a s  small a s  possible .  J u s t i f y  your choice. 

20 19 6 5 17  

1. S o h 5 o n  by S idney P e n n a ,  Emnx  CommunLty CoUege od CUNY, Bkonx, 

N u  Yohk. 

The f i v e  we choose a r e  ly 3 Â  6 Â  11. Crossing out t h e  numbers 

1 2 Â  13 ,  ..., 25, we see  t h a t  a l l  t h e  numbers i n  t h e  t h i r d  row a r e  cmssed  

out except 8. Choosing 8 fo rces  us  t o  cross  out  t h e  o ther  e n t r i e s  i n  t h e  

5th column, Whence t h e  only en t ry  l e f t  i n  t h e  4th row is 3. Choosing 3 

fo rces  us t o  cross  out  t h e  o ther  en t ry  i n  t h e  1st column. Whence t h e  only 

en t ry  l e f t  i n  t h e  1st row is  11. 

11. CompuLa ~ o . h X o n  by Jean&e BLckley, W e b b t a  G k o v e ~  Shah High  

School,  WebbkeA GmveA, U A O ~ .  (Submitted a t  t h e  request  of t h e  

problem e d i t o r ) .  

I used a D i g i t a l  Equipment Corporation PDP 11/70 computery with t h e  

program wr i t t en  i n  BASIC. This program searches t h e  given matrix f o r  

f i v e  elements (no two from t h e  same row o r  column) and p r i n t s  both t h e  

maximum and t h e  f i v e  chosen elements. I t  examines each poss ib le  remaining 

choice of f i v e  elements and p r i n t s  only those choices t h a t  give a lower 

maximum element. The l a s t  row of t h e  output  shows t h e  b e s t  choice---11, 

1% B y  s y  6. (See following page f o r  display of program. ) 

Ak20 hoLved by CLAYTON W .  DODGE, U t d u m m  06 M&e a.t Omno; VICTOR 

FESER, M m y  CoUege, E d m m c h ,  NoMh UufzoXa; ROBERT C. GEBHARDT, f foputmng,  

NW J m e g ;  JOHN HOWELL, LLi%m&, CuLLdoknLa; lMEODORE JUNGREIS, 

E m o U y n ,  NW Yo&; DAVID C. KAY, U n i u m a y  od Oklahoma, Noman, Oklahoma; 

HARRY NELSON, L L u w o k e ,  Cd idoknLa ;  BOB PRIELIPP, U L u m a y  0 4  Wdcon.4.h- 

Ohhkohh; EDITH E .  RISEN, Okegon CL@, Okegon; GERRIANNE VOGT, Sk. L o u d  

U Y L L V ~ ~ ~ ,  SX. Lou-&, A lhho~r .L ;  DALE WATTS, U e n u a ,  CobJuzdo; and &e 

pkopoha ,  CHARLES W .  TRIGG. 

378. [ F a l l  19761 Pmpohed by M. L. G h h a  and M. S. K h & ,  

U n i v m L t y  od Wa.tml.00, W a . t d o o ,  O W o ,  Canada. 
4 

Show t h a t  

f o r  1 > x > 0. 
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COMPUTER PROGRAM FOR PROBLEM 377 

5 T=O 
1 0  MAT READ M(5,5)  
20 DATA 2 ,  1 3 ,  1 6 ,  11, 23 
30 DATA 1 5 ,  1 ,  9 ,  7 ,  10  
40 DATA14,  1 2 ,  2 1 ,  24 ,  8 
50 DATA 3 ,  25 ,  22 ,  1 8 ,  4 
60 DATA 2 0 ,  1 9 ,  6 ,  5 ,  17 
70  FOR H=l TO 5 
80 A ( l ) = M ( l , H )  
90 FOR I= !  TO 5 
100 I F  I=H THEN 260 
110 A (2 )  = M ( 2 , I )  
120 FOR J = l  TO 5 

I F  J=H OR J= I  THEN 250 
A(3)=M(3,J )  
FOR K=l  TO 5 
I F  K=H OR K=I OR K=J THEN 240 
A ( 4 )  = M(4,K) 
FOR L = 1 TO 5 
I F  L=H OR L=I  OR L=J OR L=K 
THEN 230 
A ( 5 )  = M(5,L)  
I F  T=O GO TO 500 
GO SUB 600 
NEXT L 
NEXT K 
NEXT J 

260 NEXT I 
270 NEXT H 

280 PRINT "THE REQUIRED ELEMENTS 
ARE IN THE LINE ABOVE." 

290 END 
500 B = A ( l )  
510 FOR C=2 t o  5 
520 I F  B>A(C) THEN 540 
530 B=A(C) 
540 NEXT C 
560 T = l  
570 GO TO 230 
600 D=A(1) 
610 FOR E=2 TO 5 
620 I F  B>A(E) THEN 640 
630 D=A(E) 
640 NEXT E 

680 RETURN 

READY 

RUN 
1 8  2 1 8 1 8 6  
12 2 9 1 2 4 5  
1 1  1 1 1 8 3 6  

THE REQUIRED ELEMENTS ARE I N  THE 
LINE ABOVE 

READY 

S o i n t i o n  by G h a m i i  Vogt ,  S t .  Lo& U v u M e ~ i U y ,  S t .  Lo&, M^AboUJUL. 

When x = . 5  is  subs t i tu ted  i n  the  s t a t e d  i n e q u a l i t i e s  we obtain:  

Lef t  term = .6204032394; Middle term = .6924500897; Right term = .544331054. 

In f a c t ,  within t h e  e n t i r e  range of x given, t h e  second term is  t h e  l a r g e s t  

of  the  th ree .  Therefore t h e  f i r s t  inequa l i ty  does not hold. 

Sol i i t i on .6  wme. o{,&ehn.d. aUo by ZELDA KATZ, Be.vedy H îU, Cal.^ohvbia; 

C. B. A. PECK, S ta te .  C o U i g n ,  PenninfLvanLa; and the. p h o p o ~ e A i ,  M. L .  GLASSER 

cw.d MURRAY S. KLAMKIN. Ze lda  Katz  ~ub.~-fcc&i-te.d .25 and .75 to o b t a i n  the. 

q u e . n c u  .85523776S, .SS374&061, .756593287 and .386641537, .477007720, 

.375563532 -t~pe.c.Uue&. The  p - t o p o ~ e u  h u - t o t e .  ths. 4e.cond -Un.e.quatuty cHi 

G ( z )  = (1 - x)F(l t x) + xF(x) > 1 ,.. 
where E(x) = 2"'. Since F(x) is  convex f o r  x 2 0 ,  

G(x) > F ( l  - z2 + x2) = 1. 

379. [ F a l l  19761 Piopo6e.d by Dav id  L. SJULvWMan, Wu-t Lo6 Ange^&t>, 

Cati&oIWA.a. 

You play i n  a non-symmetric two-man sub t rac t ive  game i n  which the- 
F 

players  a l t e r n a t e l y  remove counters from a s i n g l e  p i l e ,  t h e  winner b e i n g -  

t h e  p layer  who removes t h e  l a s t  counter(s1. A t  a s tage  when t h e  p i l e  

contains k counters, i f  it is your-opponent's move, he may remove 1, 

2 ,  a - - ,  up t o  counters, where [a:] is  t h e  l a r g e s t  i n t e g e r  s x. If 

it i s  your move, you may remove 1, 2 ,  - -  , up t o  (k) counters, where 

4 is the  Euler t o t i e n t  funct ion.  If you play f i r s t  on a p i l e  of 1776 

counters, can you assure yourself  of  a win against  bes t  play by your 

opponent? 

S o l u t i o n  by the .  phopobm.  

Yes, and t h e  s t r a t e g y  is simple. Remove, a t  each s t a g e ,  enough 

counters so  a s  t o  leave your opponent any number of counters o ther  than 

1, 3 o r  4. It is  r e a d i l y  v e r i f i e d  t h a t  these a r e  unsafe leaves by you 

and t h a t  2 is a s a f e  leave by your opponent. By induction it can then 

be shown t h a t  every leave by you > 4 i s  s a f e  f o r  you, while every leave 

> 2 by your opponent i s  unsafe f o r  him. The f i r s t  follows d i r e c t l y  from 

t h e  f a c t  t h a t  if n is a s a f e  leave f o r  you, then n + 1 is an unsafe 

leave f o r  him. 

The end-play alone is c r u c i a l  and t h e  game i s  heavi ly stacked i n  

favor  of  t h e  <()-player, namely "you". 

Comment, by  the .  p-topobe-i. 

Perhaps some reader  can design a non-symmetric two-man sub t rac t ive  

game t h a t  is not  so  t r i v i a l .  

M&o b o i v e d  by HARRY NELSON, L ivwnohe. ,  Ca t i f , o /~W-a  and by R. ROBINSON 

ROME, Sac~cme.nto,  C w o - i n i a .  

380. [ F a l l  19761 P-iopobed by V .  F. Z v a w ~ ~ ( { & ,  Sew C d o b ,  CaLi@nia. 

Form a 'square from a quadrangle (ABCD) by b i sec t ing  segments and 

t h e  angles. 

Comb-incvtion of, bolixAt.on4 by C l a y t o n  W .  Dodge., U y u . v ~ i ' i ^ y  of, Maine at 

OfLOm, and the.  p-iopobm, V. F. l vanodd,  Sun C&b, C ~ . L & W & L  

Let t h e  midpoints of t h e  s i d e s  of quadrangle ABCD be E, F ,  G,  H . 
a s  shown i n  Figure 3. Then EFGH is a parallelogram s ince ,  f o r  example, 

EH and FG a r e  each p a r a l l e l  t o  and ha l f  t h e  length of BD (when E is the  

midpoint of d B ,  F is  the  midpoint of  BC, e t c . ) .  Let t h e  i n t e r n a l  b i s e c t o r s  



of angles E, F, G,  H meet one another a t  3, K ,  L ,  M. ( I f  we draw t h e  

ex te rna l  angle b i s e c t o r s ,  we g e t  another rec tangle ,  not shown on t h e  

f i g u r e . )  If t h e  i n t e r n a l  b i s e c t o r s  of  angles E and H meet a t  J, then 

fJHE + IJEH = (,/GHE + ZFEH)/2 = 180Â°/ = go0, 

from which it follows t h a t  [3 = go0. Thus JKLU i s  a rectangle.  F ina l ly ,  

l e t  t h e  i n t e r n a l  b i s e c t o r s  of angles J, K ,  L, meet one another a t  P ,  

Q ,  R ,  S. By symmetry, PQRS is  a square. 

Another square is  formed by t h e  in te rsec t ions  of t h e  ex te rna l  angle 

b i sec tors  of angles J, K ,  L ,  M. 

B 

F I G U R E  3 

381 [ F a l l  19761 Phopo~ed by Ctaqfon W ,  Dodge., UVU.um-U.q 06 M h e ,  

Omno, Maine.. 

Solve t h e  following wintery, s l ippery  alphametrics ( a l s o  known a s  

cryparithms and alphametics) : 

(ICE13 = ICYWHEEE. 

(ICE) = ICYOHOH. 

S o l u t i o n  by CkOAle-4 U. T>u.gg, San Diego, CaLi.(!oivu.a. 

Since the  first cube has e igh t  d i g i t s ,  215 < IC < 465. The common 

beginning, IC, of t h e  number and i t s  cube reduces t h e  span f o r  consider- 

a t ion  t o  315-320. The unique reconstruct ion is  (320?= 32768000. 

Since t h e  second cube has seven d i g i t s ,  99 < ICE < 216. The common 

beginning, TC, of the  number and i t s  cube r e s t r i c t s  t h e  span t o  100-103. 

The unique reconstruct ion i s  ( 1 0 3 ) ~  = 1092727. 

SoÂ£u*<:o WWL ot3t3~~ed aXMO by JEANETTE BICKLEY, S t .  LomA, MUbauAt.; 
JOHN FERRO, South Ozone Pan-k, Nw Yo& and the. NEW YORK RHO PROBLEM 

SOLVING TEAM, St. J o b i ' b  Ut i t .ue~~L. ty ,  New Yokk; VICTOR C. FESER, B-cAmo~cfz, 

No& Vako-te; ROBERT C. GEBHARDT, Hopatcong, Nw J m y ;  JOHN HOWELL, 

Uttf.mck, Ca&6o/mU; THEODORE JUNGREIS. B/wo&n, New Yohk; D A V ~ ~ ~ C - .  

KAY, UnLum^ty  of, Oktahoma, Noman, Oklahoma; JAMES METZ, s p r i n g 6 ~ d , *  

l&fcuio-tA; HARRY NELSON, LiveAmote., CaU<o>UUJH.; R.  ROBINSON ROWE, Sac~ameWto, 

CaU<o>wia; KENNETH M .  WILKE, Topeka, KUVUOA; GERRIANNE VOGT, S t .  Lou^S, 

MtA~ouAc; and the. ptopobvi ,  CLAYTON W .  DODGE. 

Some of these  so lu t ions  were derived by t h e  l i m i t a t i o n  of t h e  number 

o f  t r i a l s  while o thers  were obtained by d i r e c t  table- searching.  I n  

questions of  t h i s  s o r t ,  answers a r e  of hardly any i n t e r e s t ;  our quest  is 

f o r  t h e  most s a t i s f y i n g  l o g i c a l  ana lys i s .  Unquestionably, so lu t ions  

supersede answers. 

382. [ F a l l  19761 Phopo~ed by R. Robwion Rowe,  Sacwxmewt:~, 

CatiioIWAJO.. 

Two cows, Lulu and Mumu, a r e  t e thered  a t  opposite ends of  a 120-foot 

rope threaded t h r u  a knothole i n  a pos t  of  a s t r a i g h t  fence separat ing 2 

uniform pastures .  How much a r e a  can they graze,  presuming they e a t ,  nap 

and ruminate on i d e n t i c a l  schedules and t h e  rope length i s  a l s o  t h e  

extreme reach from muzzle t o  muzzle of Lulu and Mumu? A s  a sequel ,  i f  

Mumu is  replaced by t h e  h e i f e r  Nunu with h a l f  t h e  a p p e t i t e ,  what is t h e  

a r e a  access ib le  t o  Lulu and Nunu? 

S o l u t i o t l  by the. pfiop06vi. 

I n  t h e  f i r s t  diagram, K is t h e  knothole i n  fence FG. When Lulu 

grazes an a r c  AB of i n f i n i t e s i m a l  width and rad ius  u, Mumu grazes a r c  CD 

of t h e  same length and rad ius  120 - u (Fig. &a) ,  and hence of c e n t r a l  angle 

i n  rec iproca l .  For u l e s s  than 60, Mumu's grazing l i m i t  is defined by 

2r$ = (120 - r ) v  and f o r  u g r e a t e r  than 60 Lulu is l imi ted  by a s i m i l a r  

curve. These curves a r e  t h e  a r c s  of  4 s p i r a l s  EF, EG, FH and GH. In  

t h e  first quadrant we have r = 120n/(2$ + ir) i n  polar  coordinates  and 

s ince  i n  general  t h e  a r e a  is  ^fr2d4, t h e  a rea  EFGH grazed is A = 4 $ 

14400lt~/,"'~d@/(2$ + F ) ~  = 7 2 0 0 ~ .  

In  t h e  second diagram (Fig. 4-b), Nunu's a r c  CD is only h a l f  a s  

long as Lulu's A B ,  and the  r e l a t i o n  continues u n t i l  Lulu has 80 f e e t  of 

t e t h e r  and Nunu only 40 f e e t .  Their s p i r a l  bounds d i f f e r ,  equations a r e  

shown on t h e  diagram, and a reas  derived a s  before a r e  48007~ f o r  Lulu and 



JG 

FIGURE 4 

2400n f o r  Nunu, adding again t o  7200ir. 

Comment: With l e s s  elegance, one can note t h a t  when Lulu has l e s s  

than h a l f  t h e  rope,  she can graze a semicircle  with an a r e a  of 18OOn and 

Mumu has a wider range t o  graze an equal  area.  Vice versa ,  Mumu with 

l e s s  than ha l f  t h e  rope grazes 1800'ff while Lulu has a wide range t o  match 

it. A l l  t h i s  adds t o  7200n. Simildr ly f o r  Lulu and Nunu, dividing t h e  

rope 2/3 t o  1/3. However, these  shor t  cu t s  do no t  develop t h e  curves I 

c a l l  'bovine s p i r a l s ' .  

383. [Fall 19761 Pkopo&e,d by N o m n  Schuumbe~geA, Bmnx Commwiitij 

CoVLe,ge,, Nw Yo&. 

Find a pentagon such t h a t  t h e  sum of  t h e  squares of  i ts s i d e s  is  

equal  t o  four  times i ts  area.  

I. SoÂ£ut^o by Uag-ton W. Dodge,, U w - l v e ~ ~ - t A /  0 6  M&c, OAOHO, M&e. 
There a r e  many fami l ies  of so lu t ions  t o  t h i s  problem, and we shall 

consider j u s t  th ree  of  them. We l e t  E s 2  and K denote t h e  sum of  t h e  - 
squares of  t h e  s i d e s  and t h e  a r e a  of  t h e  pentagon respec t ive ly .  We first 

consider a square of s i d e  a + b with an i sosce les  r i g h t  t r i a n g l e  of  l e g  

b cu t  o f f  from one corner ,  a s  shown i n  Figure 5-a. We have 

Now E s 2  = 4K reduces t o  2b2 = 4ab, s o  b = 0 o r  b = 2a. That i s ,  a square 

s a t i s f i e s  t h e  equation zs2  = 4K; t h e  f i g u r e  f o r  b = 2a is shown i n  

Figure 5-a. 

Figure 5-b shows an e q u i l a t e r a l  t r i a n g l e  of s i d e  a + b t c with an 

e q u i l a t e r a l  t r i a n g l e  of  s i d e  a cu t  from one corner and one of  s i d e  c cu t  

from another. Since t h e  a r e a  of an e q u i l a t e r a l  t r i a n g l e  of  s i d e  a is 

s2/?/4, we have 

The equation E s 2  = 4K can now be wr i t t en  i n  t h e  form 

which we solve f o r  b t o  ob ta in  
8 

b = 2/?(a + C )  Â f i ( 3  + /3-)[(i + /?)m - a2 - ~ 2 1 " ~  
6 

This so lu t ion  does n o t  seem espec ia l ly  exc i t ing ,  b u t  we s e t  a = c t o  

obtain t h e  so lu t ion  f o r  t h a t  symmetric f i g u r e ,  obtaining 

The t h i r d  case we consider is a rec tangle  of  base a and a l t i t u d e  b 

surmounted by an i sosce les  t r i a n g l e  o f  a l t i t u d e  c, a s  shown i n  Figure 5-c. 



By t h e  Pythagorean theorem we have 

d2 = (a/2I2 + c2  = a2/4 + c2,  

s o  t h a t  
3  

E S ~  = a2 + 2b2 + 2(a2/4 + c2)  = -a2 + 2b2 t 2c2 2 

Then Â£s = 4K can be wr i t t en  i n  t h e  form 

4 ~ 2  - 4ac + (3a2 - 8& + 4b2) = 0. 

Assuming a and b a r e  given, we solve t h i s  quadrat ic  equation f o r  a:  

It seems of  i n t e r e s t  t o  note  t h a t ,  when a = 2b, we ge t  c = 0 o r  a = 2b. 

The first case is degenerate while t h e  second one gives t h e  i sosce les  

t r i a n g l e  s i d e s  of  length b 6 .  

(b)  

FIGURE 5 

11. So^uAton b y  R. R o b L n ~ o n  Rome, S a c A a m w t o ,  CCLLL{,o^MM.. 

We a r e  t o  f i n d  a  pentagon such t h a t  S, the  sum of t h e  squares of 

i ts 5 s i d e s ,  equals 4.4, where A is i ts  area.  It cannot be  a regu la r  

pentagon, f o r  which S Ri 2.94. Lacking o ther  s p e c i f i c a t i o n s ,  it need no t  

be convex, nor i n s c r i p t ,  nor  i n t e g r a l ,  so  t h e r e  a r e  i n f i n i t e l y  many 

so lu t ions .  Here a r e  a  few of  each kind, i l l u s t r a t e d  i n  Figure 6 ,  a- f. 

( a )  A r i g h t  t r i a n g l e  a ,  b ,  c  a top a  cxd rec tangle  s a t i s f i e s  with d = c * 
/ab. However ab is never a  square. With a  = 3, b = 4, c = 5, d 1.5359 

o r  8.4641 and A = 13.68 o r  48.32. 

(b) Add t o  ( a )  a  r i g h t  t r i a n g l e  d ,  e ,  f on one s i d e ,  and d2 - d(2c + e )  - 
ab + c2 + ce + e2 = 0.  This i s  s a t i s f i e d  w i t h a =  3 ,  b  = 4 ,  c = 5, c = 2 ,  

FIGURE 6 

and d = 3 o r  9. Then A = 24 o r  60. A l l  a r e  in tegers  except f. 

(c )  Two r i g h t  t r i a n g l e s  back-to-back atop a  rec tangle  f inds  d = 2b Â 

Â¥Ib + 2ab - a2.  This is s a t i s f i e d  with a  = 12,  b = 5,  c  = 13 and d = 9 

o r  11. A = 150 o r  170. Hence these  two so lu t ion  a r e  e n t i r e l y  i n  

i n t e g e r s ,  which may have been t h e  au thor ' s  i n t e n t .  

(d )  Like (c) with t h e  t r i a n g l e s  re- en t ran t ,  f ind ing  d = 2b Â±^b - l ab  - a2. 

The radicand i s  negat ive unless  b > a ( l  + fi). Using a  = 7 ,  b  = 24, 

= 25, d =  4 8 Â ± / 1 9 1  A =  2136 Â 48 /191. U s i n g = =  2 , b =  5, c =  /29, 
d = 9 o r  11 and A = 80 o r  100, which is  near ly  i n t e g r a l  -- a l l  except c. 
( e )  Inves t iga t ing  an i n s c r i p t  so lu t ion ,  I s t a r t e d  with t h e  symmetrical 

f igure  with chords a ,  b ,  b ,  a ,  c, with corresponding c e n t r a l  angles 2A, 

25 and 2C, leading t o  sin2-! + 2sin2;? + 2sin2C = k i n  2A + s i n  25 + s i n  2C. 

If A i s  chosen a r b i t r a r i l y  between l i m i t s ,  t h i s  can be solved f o r  B and 

C. Choosing A = 45', 2  sin2;? + 2 s i n 2 c  = s i n  2B + s i n  2C = /2" s i n  B, 

C = %Â± t h a t  i s ,  B and C a r e  interchangeable, using one s ign o f  

5 f o r  B and t h e  o ther  f o r  C. For a  = 1, b = 1.14092521, c  = 0.335415004, 

S = 1 + fi. The lower l i m i t  f o r  A is  0' when t h e  pentagon becomes a  



square with a n u l l  s i d e  a = 0. A t  t h e  upper l i m i t ,  B = C, when v = 

s i n  25 = 0.760776413, being t h e  only r e a l  r o o t  of 8v5 + 8v4 - 8v3 + 5V - 
5 = 0 and A = 8 0 . 9 3 4 6 1 4 ~ ~ ,  B = C = 24.7663463. 

( f )  With 4 equal  s i d e s ,  which can be made i n t e g e r s ,  t h i s  i s  an i n t e r e s t i n g  

solut ion.  It  happens t h a t  i f  we make b = c = 14, then a = 33.00192808 

and near ly  an in teger .  A = 468.2818143. The circumradius is  16.70968173. 

Comment: I was surpr i sed  by t h e  var ie ty  of shapes and enjoyed the  

extended recrea t ion .  The a l l- in teger  so lu t ion  (c )  is  probably what was 

wanted, bu t  I l i k e  (f) the  most. 

I n  a d d i t i o n  -to t h e  f,okego.tng botofceon, an amazhg vaAce-ti/ of, 

conf,iguAa-fccom we. con^u.bu-ted by JEANETTE BICKLEY, Webbteh Ghoue H igh  

Schooi,  M h ~ o l U u . ;  STEVE FROM, Counc^JL BÂ£u,3& Iowa; JOHN M .  HOWELL, 

ULWLEAOC~, C m o f w J u a ;  MARK JAEGER, MadcAon, W-l&cow~-ui; THEODORE 

JUNGREIS, BhoofeZgn, Nw Yo&; MURRAY S. KLAMKIN, U d v v i l i w  of, W b m ,  

Ednowton, A l b e r t a ,  Canada; C .  B. A. PECK, S t a t e  Co&ge, Pennl iyhamh;  

CHARLES W .  TRIGG, San Piego, C u t i d o ~ n L a ;  GERRIANNE VOGT, S t .  LO& 

Um.v&uUg, S t .  LOLLLA, McA~ouAt.; and i h e  phopobe~ ,  NORMAN SCHAUMBERGER. 

384. [ F a l l  19761 Phopo~ed by R. S. Lu^ iar ,  Un^um-t^q of, U^L&con&&, 

Jan&iivWLe. 

Discuss t h e  convergence o r  divergence of t h e  s e r i e s  

where p means t h e  n t h  prime. 

Sofu tLon  by Bob P.t-t.&Upp, The UWLUÂ£AAÂ¥O of, W-LAco?4Vft.-O~hkobh. 
n l n n  

It  is known t h a t  p > - for n > 1. [For a derivat ion o f  t h i s  
4 

r e s u l t ,  see  pp. 148-150 of  S ie rp insk i ,  Elementary Theory of Numbers, 

Hafner Publishing Company, New York , 1964.1 Thus 

f o r  n > 1. But it is well-known t h a t  

is  convergent i f  and only i f  a > 1. Hence 

converges by t h e  Comparison Test.  

AÂ£A bo ived  by CLAYTON W .  DODGE, UnivWi-L ty  of, Maine at Ohono; 

RICHARD A. GIBBS, fo /v t  L& CoSULege, VWungo, Coioftodo; MARK JAEGER, 

MadcAon, W^&c.on&w; C .  B. A. PECK, S M e .  C o U i g e ,  Pennty ivun ia ;  EDITH E .  

RISEN, Ohegon Wy, 0'iegon; R .  ROBINSON ROME, S a m e w t o ,  C a & j o i n i a ;  

GERRIANNE VOGT, S t .  Lo& Un^ve.hbw, S t .  LoOCA, t t i & ~ o w L ;  and t h e  

phopobeh, R. S . LUTHAR, UmMw>-t^g of, Whcon&.tn-JanuuWLe. 

385. [ F a l l  19761 P~opobed by John T .  HuA-t, Bhgan, Te -xa .  

Solve: s i n  a = t a n ( a  - 6) + cos a t a n  B. 
So lo tcon  by t h e  p m p o ~ e ~ .  

Rewrite as :  

s i n  0 s i n ( a  - 6)  s i n  a - cos a -= 
cos 6 cos(a - 6) 

from which 

s i n ( a  - B) = s i n ( a  - B) 
cos B cos(a - 6) '  

From t h e  numerator, ( a  - 0)  = nn; from t h e  denominator, Â 0 = a - g +  2nn, 

and from these  we have a l l  t h e  so lu t ions :  

a = 0 mod 2v 

a = 0 mod n 

a = 20 mod 2n. 

A&o ~ o i v e d  by JACKIE E .  FRITTS, T e x a  A Â M UWLvmÂ¥t-tq STEVE FROM, 

Counc i l  BÂ£u<f,b Iowa; CLAYTON DODGE, UVU.ve.hbity of, M h e  at Ofiono; JACK 

GARFUNKEL, Foh& H i U d  H igh  SchooL, F i ~ ~ h L n g ,  Nw Yo&; ROBERT C. 

GEBHARDT, Hopatcong, Nw J m e y ;  C .  B. A. PECK, SÂ¥tot CoHege, Pw.MnqivanLa; 

R .  ROBINSON ROME, S a m n w t o ,  CaJllf,ofwJua; GERRIANNE VOGT, S t .  L o u d  

U n i v m - t A / ,  St. LoU-LA, HLi&ou^i.; and ZELDA and ZAZOU KATZ ( j o i n t l y ) ,  

Bw&g HUJUl, CaLLf,oIWA.a. 

366. [Sp r ing  19761 Phopobed by Richard F i e l d ,  Sawta Monica, CaLLf,o~tda. 
Let Q = where p is a prime > 5 ,  and n is  t h e  cycle length of  

t h e  repeat ing decimal 1/p;  [a;] denotes t h e  g r e a t e s t  in teger  i n  a;. Can Q , 

be a prime? 

I .  So.eu-tt.on by Kanne^i 5 .  W-t̂ -uuni, Cat^e-ton UnLue.hb.t-tg, O&aufa, Canada. 

Since p # 2, 5 ,  p-l has a per iod ic  decimal expansion of t h e  form 



= 0.; a 6 . - A  . 
1 2  n 

Hence, with Q = a l a 2 * * * a  ( i n  decimal no ta t ion) ,  we have 
n 

t h a t  i s ,  

10" - 1 = Qp. 

Now 32 = 9 = 10 - 1110" - 1, s o  3qQp. But p # 3; hence 3 2 \ ~ .  That i s ,  

9 I Q ,  and s o  Q is  never a prime. 

11. Comment b y  Lio S U ~ ,  Mg0nqiM.n CoUege., Ottawa, Canada. 

If t h e  cycle  length n of 1 /p  is even--that i s ,  if i n  decimal notat ion 

Q = a a 2 - - - a  a Â ¥ - -  P r + l  2 r  

( t h i s  occurs, i n  p a r t i c u l a r ,  i f  10 i s  a pr imit ive r o o t  of p ,  when n = 

p - 1)--then we have t h e  s t ronger  r e s u l t  

a l  + a H l  = a 2  + a w  = . - -  9. 

For a discussion and proof of  t h i s  s ta tement ,  s e e ,  f o r  example, Higher 

Algebra, by S .  Bamard and J. M. Child, Mamil lan,  London, 1969, pp. 439-443. 

363. [Spring,  19761 Pkopobed by Rob& C .  Gebhat t ,  Hopatcong, New 

J m e y .  
s i n 1  s i n 2  s i n 3  Does - + - + - + . converge, and i f  s o ,  t o  what? 
1 2 3 

So.bi.tLon b y  ~ i o  ~ a u u i ,  AigonqubLn. Cof lege ,  Ottawa, Canada. 
A rou t ine  expansion of t h e  funct ion %(n - x) i n  a Fourier s e r i e s  gives 

and s e t t i n g  x = 1 gives t h e  required sum 

sin+,+2+ sin.. = $(= - 1 ) .  
1 2 3 

I t  may be of  i n t e r e s t  t o  f i n d  a t  t h e  same time the  sum of t h e  

corresponding cosine s e r i e s  by s e t t i n g  x = 1 i n  t h e  following Fourier 

expansion: 

cos nx 
- 1 0  s i n  w = 7; 

t h i s  gives 

'cos 1 cos 2 + - +  1 2 Â£^s-3Â 3 . . a  = -log(2 sin h) .  

A l l  t h a t  t h i s  shows is  t h a t  i f  one knows t h e  answer it i s  very e a s  

t o  j u s t i f y  it. I t  is  not  s o  easy t o  f i n d  t h e  l e f t  s i d e  of (1 )  and (.2) 
. . 

when only t h e  r i g h t  s i d e  is given. This can be done i n  s e v e r a l  ways, as 
can be seen i n  An In t roduc t ion  t o  the  Operations with S e r i e s ,  by I. J.  

Schwatt, Second Edit ion,  ~ h e l s e a ,  New York , 1961, pp. 211-214. 

FRATERNITY KEY-PINS 

Gold key-pins a r e  ava i lab le  a t  t h e  National Off ice ( t h e  Univer- 

s i t y  of Maryland) a t  t h e  s p e c i a l  p r ice  of $5.00 each, post  paid 

t o  anywhere i n  t h e  United S ta tes .  

Be -to indicate sthi chapZa i n t o  which you wvis. i s v i t i a t e d  
and the appmÂ¥mwat dote 04 JLwitiaCLon. 

A NEW PUBLICATION DEVOTED 
TO UNDERGRADUATE MATHEMATI CS 

An informal bimonthly publ icat ion pr in ted  i n  t h e  form of a news- 

l e t t e r  has  r e c e n t l y  come t o  t h e  a t t e n t i o n  of  t h i s  Journa l ,  and we 

recommend it highly t o  our readers .  I t  is t h e  Eureka, sponsored by 

t h e  Carleton-Ottowa Mathematics Association ( a  Chapter of  t h e  Ontario 

Association f o r  Mathematics Education). The e d i t o r  is Professor  Leo 

Sauve, Agonquin College, Ottawa. Send i n q u i r i e s  regarding subscrip-  

t i o n s  t o :  

F. G. B. Maskell 
Algonquin College 
200 Lees Avenue 
Ottowa, Ontario K1S OC5 



LOCAL CHAPTER AWARDS WINNERS 

ARKASSAS BETA (Hendrix College). The MoHenry-Lane Freshman 

Mathematics Award was presented t o  

M q  Sudman, 

t h e  Hogan Senior Mathematics h a r d  went t o  

Donald Hayman, 
Wit Ovton, 

and s p e c i a l  recognit ion was given t o  

WLc.haeJL Tiedenback 

f o r  ranking highest  i n  t h e  Oklahoma-Arkansas Section on t h e  1976 Putnam 

Examination. 

GEORGIA BETA (Georgia I n s t i t u t e  of  Technology). Book awards were 

presented t o  t h e  following outstanding graduates i n  mathematics (grade 

point  of a t  l e a s t  3.8, with 4.0 p e r f e c t ,  i n  a l l  mathematics courses 

taken 1 : 
R o g a  1. G m y ,  
M o ~ g a t e t  Anne R&a.  

INDIANA DELTA (Indiana S t a t e  Universi ty) .  An award of $100 was 

presented t o  

R06b h k k n n a ,  

a junior ,  who had t h e  highest  index (GPA of 4.0) i n  mathematics. 

IOWA ALPHA (Iowa S t a t e  Universi ty) .  P i  Mu EpsiZon SchoZorship 

Awards of $50 each were presented t o  

Rob& GebhaAdt, 
John Spohnh&e.'i, 

who were t h e  top  two scorers  of a competitive examination conducted by 

members of the mathematics department. For outstanding achievement i n  

mathematics, an add i t iona l  $50 award was given t o  

K e n t  Pftob6-t. 

The Dia L& Hall Award of $50 f o r  an outstanding graduating sen ior  

mathematics major went t o  

B i l l  Rockenbach. 

The Gertrude Herr Adamson Awards o f  $50 each f o r  demonstrated ingenuity 

i n  mathematics were presented t o  

Gaten AAwegan, F. Ge-otge Janvhin,  
John Bhiggh, P W c k  Ryan, * - "- 

Pav-id C h a U . a ~ a ,  Van S c o t t ,  
Manjohie faddy ,  Sv~&an Sco.tt. 

MARYLAND ALPHA (Universi ty  of Maryland). The Milton Abrammitz 
Memorial Prize f o r  a sen ior  mathematics major who has demonstrated 

super io r  competence and promise f o r  t h e  f u t u r e  i n  t h e  f i e l d  of  mathematics, 

was won by 

Chewier CoSUmm. 
The Bigginbotham Award f o r  t h e  outstanding junior  s tudent  majoring i n  

mathematics was presented t o  

G t u w ,  Jodeph Ga&nd. 

NEW JESSES BETA (Douglass College). Two juniors  qua l i f i ed  f o r  g i f t  

c e r t i f i c a t e s  f o r  mathematics books because of  excel lence and achievement 

i n  mathematics. They were 

Kcuthg Chapman, 
L e ~ L e y  Chapman. 

NEW JERSEY EPSILON (Sa in t  P e t e r ' s  College 1. The Janes B .  Coilin 

Award was won by 

Thomciii Murphy. 

NEW YORK EPSILON (S t .  Lawrence Universi ty) .  The D r .  0 .  Kenneth 

Bates Mathematics Award has been i n s t i t u t e d  i n  honor of  Professor Bates 

who served a s  mathematics chairman a t  S t .  Lawrence 1933-1967 and was a 

char te r  member of  t h e  Epsilon chapter .  The award i s  presented annually 

t o  a sen ior  f o r  super io r  performance i n  mathematics courses ,  departmental 

a c t i v i t i e s  and general  i n t e r e s t  i n  and enthusiasm f o r  t h e  d i sc ip l ine .  

The first annual award was presented t o  

Con~-tance R. We-EAon. 

OHIO EPSILON (Kent S t a t e  Universi ty) .  Cash c e r t i f i c a t e s  of  $25 

each f o r  books went t o  

Pa.tfu.CAJd WeAJwann, 

Howfl~d FWUL 
who were t i e  winners of t h e  1977 P i  Mu. EpsiZon Mathematics Award. 



OHIO THETA (Xavier Universi ty) .  The K r m - M i l l e r  Mathematics 

Award f o r  outstanding sen iors  was presented t o  

Thoma Fagede4, 
Rcchmd W .  Hack. 

The Riahard J. Wehrmeyer Memorial P i  Mu Epsilon Award f o r  excellence i n  

problem solving went t o  

Bamy T .  NegeA, 

and t h e  Comer Memorial Fund Award f o r  t h e  outstanding s tudent  i n  s t a t i s t i c s  

was won by 

J a n u  R. S c h o t t .  
The Robert F. Cissell Memorial Award f o r  except ional  undergraduates went 

Robert F. NimovJULc~, 
V d d  J .  R o m n e A ,  
h a  M .  Schoattcngeh, 
Mmg Jo S t w t z .  

OKLAHOMA BETA (Oklahoma S t a t e  Universi ty) .  The 0. H. Hamilton Award 

of $100, i n  honor of t h e  l a t e  Professor  Olan H.  Hamilton and presented t o  

t h e  outstanding graduate s tudent  i n  mathematics, went t o  

Max Hi6 b-i . 
The Mathematical Sciences Alumni Award f o r  outstanding sophmores was 

presented t o  

Suzanne. McCoy, 
Cvlu- te .  WhUJe., 

and an Alumni Certificate of Merit was given t o  

Quita Ann Bmneb. 
The winners of  the  W. R. Pogue Award f o r  outstanding juniors  were 

Janette.  Mo y a ,  
Kmcn  sonde^, 

and a Pogue Certificate of Merit was awarded t o  

m a  Love.. 

The Mathematical Sciences Faaulty Achievement h a r d  f o r  outstanding 

sen iors  went t o  

MmIKA C d e . ,  

Ch/ iL&ty  G&m, Veboiah Huddrnan WWUM, 
Kathy SuJULivan, Em.@ WondeAÂ£g 

with t h e  two outstanding seniorswho received t h i s  award recognized a s  

Robert Hage.45, 
Mah.g Stone.. 

* 

RHODE ISLAND BETA (Rhode I s land  College). The MitcheZ Award & - 
Mathematics was presented t o  

SOUTH CAROLINA GAMMA (College of  Charleston). The Harrison Randolph 
Calculus Award was won by 

E/U.c S& Webb, 
and t h e  Outetanding Mathematics Major Awards were presented t o  

CtaA.ence. tAi.dw.eJL P h a X p - i ,  
L o r n  sai.ve.g. 

TEXAS BETA (Lamar Universi ty) .  High school s tudents  who exhibi ted 

outstanding a b i l i t y  i n  mathematics competition and who were each awarded 

R. S. Burl ington 's  Handbook o f  Mathematical Tables and Formulas were 

Mmk Rcppatoe, 
ChA-iti E>u.cfe4on, 
P o u t  Sfct.nncA. 

In  the  annual Homer A. Dennis Freshman Contest, a competition consis t ing 

of 6 problems ranging from algebra t o  calculus,  t h e  winners were 

Jo&eph Boue/laid, First Place, 

John Mat&on, Second Place. 

TEXAS DELTA (Stephen F. Austin S t a t e  Universi ty) .  The Outstanding 
Senior Mathematics Student f o r  1976-77 was 

S h w i y  swuvt. 

- 
PI MU EPSILON AWARD CERTIFICATES 

Is your chapter making use of t h e  exce l len t  award c e r t i f i c a t e s  

t o  help you recognize mathematical achievements? For f u r t h e r  

information wr i te :  

D r .  Richard A. Good 
Secretary-Treasurer,  P i  Mu Epsilon 
Department of Mathematics 
The University of Maryland 
College Park, Maryland 20742 



SUMMER MEETING I N  SEATTLE 

P i  Mu Epsilon held i t s  annual summer meeting i n  cornunction with 

t h e  American Mathematical Association i n  S e a t t l e ,  Washington August 12-16, 

1977 on t h e  University of Washington campus. On Monday, t h e  Governing 

Council held i ts annual luncheon and business meeting a t  Husky Den. After  

approving t h e  minutes t h e  Council was advised of  t h e  continuing adequate 

f i n a n c i a l  s t a t u s  of t h e  Fra te rn i ty  by t h e  Secretary-Treasurer,  Richard A. 

Good, and of a s u b s t a n t i a l  increase i n  JowmaZ subscript ions by the  

Journal  Edi to r ,  David C. Kay. Allan Davis, President ,  reported on new 

chapters  of t h e  Fra te rn i ty .  Ei leen Poianni suggested holding a pre-meeting 

with s tudent  speakers and delegates ,  and Milton Cox discussed s tudent  

sessions a t  reg iona l  meetings and conferences. I t  was moved by Maurice 

Beeseley, seconded and passed t h a t  t h e  Fra te rn i ty  (1)  have an a c t u a l  

banquet each year r a t h e r  than c a f e t e r i a  type meals and ( 2 )  subsidize 

any banquet cos t s  beyond $4.00 per  member. I t  was decided t o  give 

t r a v e l  support t o  p a s t  presidents  and staunch supporters of t h e  Fra te rn i ty  

equal t o  present  delegate  support,  t h a t  t h e  $400 l i m i t  f o r  t r a v e l  

support of delegates  and speakers t o  the  S e a t t l e  meeting be continued 

i n d e f i n i t e l y ,  and t h a t  t r a v e l  expenses include ground t ranspor ta t ion  t o  

and from t h e  a i r p o r t ,  depot o r  terminal.  I t  was moved by Richard Good, 

seconded and passed t h a t  a s  of Ju ly  1, 1979 t h e  pr ice  of t h e  gold 

Fra te rn i ty  pins  be r a i s e d  t o  $8.00 and t h a t  t h i s  be announced wel l  i n  

advance of t h a t  da te .  

Monday evening t h e  annual banquet was held a t  t h e  Sherwood Inn, 

and a t  8:00 t h e  t h i r d  3 ,  Sutherland Frame Lecture was del ivered by 

Professor Ivan Niven, University of Oregon, on t h e  t o p i c  "Techniques of 

Solving Extremal Problems". 

The Dutch Treat  Breakfast was held 8:00 a.m. Tuesday morning a t  

Husky Inn. 

The following s tudent  papers were presented i n  Guggenheim Hall on 

Monday and Tuesday afternoons : 

1. Pa/iadox .& fhe Ve.vi&opm& of, Mo.tfcmô .eA, Wayne Heym, Ohio Delta. 

2. The. Value o/  MaXhemott.ei Ln Phe-&gat Edu.c.a,ti.on, Bruce FOX, 

I l l i n o i s  Alpha. 

3 .  Comm&tive. R h g i  wid Fk2fd.5, Kathyrn Dowdell, Pennsylvania X i .  

4. Codnuou.Si C O ~ ~ V U L ~ U C ~  06 Fune-fcton~, Robert Childa, North -: - 

Carolina Delta. 

5. Core-fcuiuoiiA ConveAgence. C ( X ] ,  James Lewis, North Carolina Delta. 

6. A Chci~aatvU.zott.on 06 6 .  Se/t4 in Mê M-c SpUceA, Je f f  Thompson, 

New York Theta. 

7. Wont t o  Mod& /oh Po^tAt.Ccui~, Lonita B. Spivey, South Carolina 

Gamma. 

8. M a X h t m a t i d  Mode-Ung of, U Sewage P ~ m i t ,  John Gimbel, Michigan 

Gamma. 

9. The. S-&iucAiAe of, Lhe. Solu t ion  Space of, 5th O h d a  Linean. 'DLf,<Â£~ewU.a. 

~ q l L & h ~ ~ ,  Ernest Lowery, Texas Gamma. 

10. Sink L i k t  S-&iucA/AeA -in. C~mpa^tme.nhaJL Ana&n~.C&, James Bel l inger  , 
I l l i n o i s  Delta. 

11. A Computa AppLication 06 &gu.&Zic6, Alfredo Garcia, Missouri 

Gamma. 

12. S i t  Swipii.f,Lcati.on SwipiLf,Led, Dale Watts, Colorado Beta. 

13. The E 6 6 e . d  06 F-uu^e 'inf,Ln-cttu on Rationut! Numbem, Victor Meyer, 

Michigan Beta. 

14. Ma,ththlati.eA FL&d Vay, Kenneth P i t z ,  Nebraska Beta. 

15. An Tnt/wdu.ation t o ,  and an AppLicoAcon o/ EUULptLcat Inttg.to^A, 

Mark Goldsmith, Ohio Delta. 

ERRATA FOR VOLUME 6. NUMBER 5 

Page 268, l i n e  -7 : Replace "Q' i s  l/iil' by I'R is  

l i n e  1: Replace "Q' i s  1/%" by "R is  1/Rrt. 

1/%". Page 269, 
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