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FRENET FORMULAS |IN N- DI MENSI ONS
AND SOME APPLI CATI ONS

by Benny Cheng
Massachusetts Institute of Technology

Discussdion. During our freshman calculus course, we encounter briefly
the notion of the curvature function of a space curve. curvature, as
defined in most standard calculus texts, is the rate at which the direc-
tion of the unit velocity vector T of a particle changes or turns as it
moves along the arc of a curve. In mathematical notation, we write
| |dT/ds|| = k(s), s thearclength parameter of the curve. From the fact
that <T,dT/ds>= 0, we have (i) &/& = k(s)¥, where ¥ is the unit nor-
mal vector of the curve. Since <W,dN/ds>= 0 and knowing that
0 = d(L TN >)/ds =<T.dN/ds>+<dT/ds,N >, we see that (ii) di/ds =
-k(s)T. (i) and (ii) are called the Frenet equations (named after Jean-
Frederic Frenet (1816-1900) French mathematician) for plane curves. The
Frenet formulas are of great importance in the study of curves in differ-
ential geometry and in this paper, we give a generalization of the formu-
las to higher dimensional Euclidean space curves, and use them to prove
two interesting theorems in Euclidean differential geometry.
Theonrem 1. ICRZ x:I+f"a C mep with arc length parametrization. W
assume that at each point of X(s), the vectors

x(e), x7(s)...,xB D g

are linearly independent. Then we can find an orthonormal set of linear-
Iy independent vectors, called the Frenet n-frame

Vl(s),Vz(s),...,Vn(s)

satisfying the relations:

1 —
v I kl(S)VZ
= < 2 <, -
V'i = 'ki—l(S)Vi—l+ki(S)Vi+1 251Z2n1
& P
14 o= -kn—l(S)Vn—l
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W call the above relations the generalized Frenet formulas and ki (s) de-

note the £th curvature of Xfs} . In the special case n = 3,7(2 is also
known as the torsion of X(s).

HOOf W apply the Gram-Schmidt orthogonalization process to vectors
ArYs) 157 < me1.

Thus
E (s) = X'(s) , Vy(s) = E (s)/||Ey(s) ]|
A 2]
E.(s) = X" (s) - {x**-(s), V (8D} V,(s)
z > (B, o]
V(e) = E (s)/||E;(s)]| 2215 n1

Vn(s) = the unique vector satisfying <Vn’Vi> =0
1241 fn1.

It follows that <Vi' Vj> = Gij’ the delta function.

Hence <V Vs> 4V vV >0 (%)
J 1 3

Also, each V i isalinear comki:ination of Vl,...,v as can be seen by
i+1

taking E'i(s) and noting that X (s) is a linear®combination of

VZ""’Vi+1 1s 4 < n-1.

i +1
So | et V'i:§ a; Ve V'.:z:a v
51 J =1 Jt t

From (%), we get
i+ J+1

0= ((; ag V) Vi) + ((; a; V)5 Vg)

which imply that

aij + aji -0 forall 2,4
aIJ =0 J < -1
agi =0 g > i+l
Hence
V' = Ba-1Vio1 * % i

'ki-l(S)Vi-—Z + k%(s)Vi”

ki(S) = 127235n-1

Gri+1 = "Y1
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Finally, V’n = linear combination of ¥V 5V implies that

°"7
/T o= - /
k 1(3) 1°

For our first application, we will show that curvature can be int€rpreted
as the rate of turning of osculating hyperplanes. W saw before that in
the two-dimensional case, there is only one curvature, and it is determin-
ed by the rate of turning of the tangent vector, the hyperplane of one
one dimension. To generalize this, we first need some definitions and
lemmas.

Deginition 1. A p-plane, denoted if , IS a subspace spanned by p linear-
1y independent vectors in R In particular, if the p linearly indepen-

dent vectors are VI(S)"' . ,Vp(s) then it is termed the osculating p-plane
of X(s) at s.

In the following lemma, we arrive at a definition of the angle between

two p-planes.

Lenma 1. #P, NP two p-planes. Let {ul,...,up} and {vl,...,vp} be
bases for ¥ and NP respectively. Consider the p-vectors u = uz/\ug/\
o ANu_a v = le.../\v » where A denote the exterior product in R
Then the angle between MPand #Pis equal to the unique angle ¢ between
u and v, satisfying
<LLu, v>>
YLy US> VK0, v>>
| det (<0 .>) I

/det(<u7:,uj>) Ydet(< vi’vj>)

cos¢ =

where det((u.,vg.)) denote the determinant whose entries in the (Z,4)
cell 1s<u7:,03. .

Observe that this is a natural generalization of the well-known cases

p =1 and p = 2, where<Xu,v>3>is the usual Euclidean dot product and
cross product respectively. The proof involves the notion of a reduction
factor for p-dimensional measure under orthogonal projection between two
p-planes, details of which the reader is referred to[2] pp. 1051-3.

Lemma 2. Let S = [s ,slc 1, 7:5+8", a ¢! mep such that ||T(e)|| =u1
for each se€ 5. Let 8(s) denote the angle between T(so) and T(s), then
6'(s, ) = ||T'(so) || + (In taking the derivative, we always choose the

direction of increasing 6, hence 8'(s) 2 0).
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Proof.
<T(s) - T(so),T(s) - T(so)>= 2 - 2<T(s),T(so)>
_ gl B2
Hence =2 -~ 2 cosb (g) = 4(sin 2)
llzts) - 2(s )| = 2sin &
T(s) - T(s,) 2sin e(_.;)
Futhermore llz'(s )| = 1im s—=sem—scal]| = ln e
s s o 8 ¢ o
o )
. 0(s)
sin 5~
=1lim S(f)s ] =B’(so)
85%8 0 5

Theorem 2. Let 8(s) denote the angle between the osculating p-planes
¥is), W(e). Thene'(s) = lﬁ:(s)’ the pth curvature of X(g).

Proof .

Consider the p-vector

TP(s) = Vl(:c)/\.. . /\Vp(s)
| Tp(s) |] =1 since << T(s),T(g)>>= det(<v;,v >) = det(pxp identity
matrix) = 1L

Using the fact that the product rule for differentiation holds for the
exterior product in R , we have
p
7 (a) = ; Vi AV, AV AV o AT,

Substituting the Frenet formulas for Vri and applying the anti-symmetry

axiom V:‘\_l = —E./\Vi ”

' =V ANV '
T P(S) Vl p-lAVp

kp(s) Vl/\"‘/\Vp-lAVp+1
hence by lemma 1 and 2, 8'(s) = ||.’I"P(s)|| = kP(s) .

For our final application of theorem 1, we will prove the n-dimensional
analog of Fenchel's theorem (Wernel Fenchel (1905- ) German mathemati-
cian), which states that if X(s) is a closed unit speed curve of length

- 3
LinR

, then fL]kl(s)Ids > 2w with equality if and only if X(s) is a
convex plane cur\ge. The remarkable fact is that the same theorem is
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true with R3 replaced by Rn. and this is the content of our next theorem.

Theorem 3. Let X(s) be a C* closed curve of length L in R" parametrized
by arclength. Then fL |k, (8) | dS > &r where Kifs) is the first curva-
ture of X(s) . Equali%y occurs if and only if X(s) is a convex planar
curve.

Here we divert our attention for a while and consider the Gauss mg
G:S-»Sn-z(l), the unit hypersphere of dimension n-1 . Then G(s) = Vl(s),
the tangent vector to X(s) . The image curve, called the tangent indi-

catrix, has length

L
A= f|| v' (s)||ds
0
L
But V', (s) = k,(s)V,, hence X = ./0' Ikl(s)ldS

Thus we have to show that A 2 2 . Wewill prove this using integral
geometry and to do so, we need to n-dimensionalized an integral formula
due to Crofton {4].

. -1
Lemma 3. Let g denote a great circle and A a curve on S . Then

fn(m gdg =2 acs™™)

where x is the length of A , A(Sn_l) the surface content of Sn_l , and
n(ANg) the number of intersections of A with g.
Pr oof

Let el(c),...,en(a) be a Frenet n-frame for A with arclength ¢. Then

do = kl(s)ds, s the arclength of g, and the Frenet formulas for A are:

de I/do

e, (nOtekl(o) =1)
dei/do = _ki—l(o)ei—l + KJ(U)eiH 12412%n1
den/dc CJ —kn_l(a)en_l

Next, using generalized polar coordinates [3} , we can describe the pole
of a great circle g as

n n
= Z: ...coso. .sina, .,e. = z:a.e. *
P cosa, _, cosa, 4 cose,_4 5987 oy
i=2 1=2
05&15217, 0 <a.%mn, 221 5n2
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Observe that

3P
—— = cosuo PR S . Y-
am,L n-2 co %1 (cosateH_Z

- sm.a sina. - simi...cosa e

i-1%4+1° 1

= - < 4 < -
coscxn_g cosawlwl 124125 n2.

Clearly, the W. form an orthonormal set of vectors as £ varies from 1

to n-2 . W wish to find the element of area n(ANg)dg of the great
circles. Differentiating P

dp = E dxx + Z a de + cosmn_z...cosal(—ez + kz(u)eg)do
1=1 =3

and rearranging the terms, we can express dP into a linear combination

of orthogonal set of vectors Vi such that

n-2
= - CcosO_ g...C
" osuldcxe] * Z cosa,_ge.. Cosai+1daiVi

i=1

It follows that

n(ANgldg = |product of coefficients of el’Vl""’Vn 9
n-2 i
=| I cos a. da do
=1 bt

. T . r (7,+1 )
Using the known formulas f |cos’”e | de =

0 " Ea)

, I (x) denote the ganmma function, we integrate

. M/2

(%)

the above expression and obtain

and 4¢s*Y =

™ T 2 A
fn(Aﬁg)dg= f.-.fffdo cosba.da. | = 2 ars™?) .
0 Y% R
Proof of Theorem 3.
Let Abe a fixed unit vector in R* | Consider the height function

His) = {A,X(5))
Since H(s) is continuous and bounded, H'(s) = (A,X'(s)) = (A,V(s)) =

has at least two solutions. But A determines one or more great circles

9
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gin Sn'l, hence n(aNg) 2 2 and

2m
A= ——L—ﬁ(Aﬂg)dg 2 -————fdg
as™h as™

Conollary. 1f Ais a great circle of g, then & = 2r for all n 2 1:

2 .

Proof. nfANg) = 2 for all g except for certain sets of measure zero
which have no effect on the integral.

Next, suppose X(s) is a convex curve lying on a hyperplane of dimension
m<n. Then the Gauss nap of X(s) is one-one and traces out a great

circle on 571, hence |k1| ds =

Conversely, suppose that A= 2 r . Then nfANg}) = 2 almost everywhere
except for sets of measure 0). Let g be a great circle which intersects
A in exactly 2 points, Pl and PZ' Claim: Pl and P2 bisect A into two
arcs of equal length. Suppose not. Let (P P, JA denote the longer arc
of A and (P1P2)g, the shorter arc of g. Then because g is a geodesic in

gl , the curve

T = (PP,)g + (P,P,)A

has length <2r . '"Smoothing out" the portion of % at P1 and P, (that

is, making ¢ have a continuous tanget at Pl and PZ ), we can find a

closed curve z'in R* whose tangent indicatrix is g and has length <27,
1

contrary to above results. Thus (P1P2)A = i1 = 3 (length of g). The

tangents to A at Pl
circle. Since the Gauss mg is one-one, X(s) must be a convex planar

and Pz are continuous, hence A is itself a great

curve. This completes the proof.
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DI FFERENTI ABI LI TY AND
DI RECTI ONAL DERI VATI VES

by Nicholas S. Fond
and Moses Glasnen
Pennsylvania State. Univernsity

In the process of introducingthe concept of differentiability for
a function of several variables it is inportant to establish the relation-
ships with the various notions of one-di nensi onal derivatives such as
partial derivatives, directional derivatives or derivatives along differ-
entiable curves.  course differentiabilityinplies the existence of
all the one-dinensional derivatives. That the existence of the deriva-
tive along all differentiabl e curves passing through a poi nt does not
inply differentiabilityis shown by

3
T s if (z,y) # (0,0)
x“Hy
(1) flx,y) =
o, ot herwi se.

(cf. [2], p. 240). Conplete characterizations of differentiabilityat a
point in terns of one-dinensional derivatives seemto be over shadowed by
the el egant result that the exi stence of continuous partial derivatives
in an open set is equivalent to continuous differentiabilitythere. In
order to recapture this innate sinplicity in the characterization of dif-
ferentiability the classical definitions need to be altered(see [1]).
The purpose of this note is to present a characterization of dif-
ferentiability at a point that can be appreciated by advanced cal cul us
students but is not nentioned by the current textbooks on the subject.
For the sake of clarity we consider functions f : ®Z+m! and their
behavi or at 5C1R2. The theoremgi ven here can be established for func-
tions on R”, » > 2 relative to an arbitrary point by sinply making
not ati onal changes.
The function £ givenin (1) does not satisfy the chainrule
formul a

(2) (foy)'(0) =~y'(0) - Vf(0)
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for every straight line y passing through 0 . It is easy to find exam
pl es of nondifferentiabl e functions which satisfy(2) for every straight
line passing through @ . However, if the existence of (fey)'(¢)for
every suitable curve y passing through ¢ is conbined with the require-
nent that (2) hold, then one obtains differentiability.

Theorem . Afunctionf 11?2 ->1R1 is differentiableat 0 if and

only if (2) holds for every curve y : r! + R? with y(0) = 0andy'(0)
exi sting.

The necessity is a consequence of the chainrule. The proof of
the sufficiency proceeds by contradiction. Assune that (2) holds for
every vy of the sort under consideration but that £ is not differenti-
able at 0. Véfirst showthat if Tis arotation of &2 then feT
satisfies these conditions as well.

Qearly, foT isnot differentiable. To showthat f°T satis-
fies(3) for every y we note that

(3) V(foT)(D) = TEVFCE) .

Indeed, the choice of y(t) = T(tZ) in(2) gives 3'3; (for)(0) = T1 -vf(0).
This and the formil a corresponding to the choice v(¢) = T(tj) inply (3).
If y is one of the curves under consideration, then so is T°y. Thus
using(2) relativeto T°y and(3) gives

((ferT) ° y)'(0)

(fe(Tey))'(0)

(Tovy)'(0) - V(D)

]

(T v'(0)) - vf(0)
v'(0) -+ T vF(0)

]

Y'(0) +V(foT)(D).

This establishes the clai mabout forp,

The assunption that f is not differentiableat @ inplies that
there is an z; >0 and a sequence of points {z,} with lim En =0, .
z, #0 and

£tz ) - £(0) - En - VF(0)]
(4) i 2 €.
z,
n
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forn=1,2,u.u . Without loss of generality we may assume that the
sector § = {;: (x,y); 3-1/2 Zy/x < 31/2} contains infinitely may

points of the sequence {En} , since this must be true for at least one
of the sectors obtained by rotating S through an angle of k/8,
k=1,2,...,11. Ve choose a subsequence, again denoted by { "’_”,2 , of
points |y|_r;92I nsS. 1S;2t x, = (xn’yn)’ Mn = yn/:nn and M = lirn sup Mn'
Clearly 3 M2 37% By respectedly passing to subsequences we may
assume that ¥ =1lim M, and that {xn} is strictly decreasing.

V¢ define a curve v = (-1,x,) + R?, y(t) = (x(t),y(t)) by sett-
ing z(¢t) = ¢ and

Mt, if tg (-1,0],

y(t) =
Yy ~ ¥y 1

r - T

3 > (t-z ) +y, if t€ [:x:n,xn_l) B

n=2,3,...

We claim that +y is the sort of curve specified in the theorem. For
this the only detail that needs some justification is the existence of
v'(0) . Since the derivative of y from the left isM we shall show

l:t'Lm - y(t)/t =M, as well. Note that y(t)/t = y(t)/x(t) is the slope
-+

of the line joining 0 to (x(t),y(t)) and (x(t),y(t)) is on the line seg-
ment joining (xn-l’yn—l) to (xn,yn) for a suitable n. Thus y(t)/t is

between the slopes M, Mn-Z which shows that 1im . y(t)/t =M.
t+0

V¢ have lim (y(t) - ty'(0))/t =0 and consequently
t+0

(5) lim
t+0

(y(t) - ty'(0)) - Vf(0)
T

n the other hand, since we are assuming that f and v satisfy (2), we

have

(6) 1m  fO(8)) - f£0) - ty'(0) - Vf(0)
t >0 -

Subtracting (5) from (6) gives
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1im fey(t)) - fro) ;Y(t) -_Vfo) o _ 0.
t+0

In particular, if we take the limit along the sequence {xn} , then we

obtain _ _ _ _
|fGx,) - F(0) - =, - vF(0)|

(7) lim " =0

N> n

The limit in (7) continues to be O if z, is replaced by the larger
quantity |5n| . This contradicts (4) and completes the proof of the

theorem.

REFERENCES
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OBTAINING THE SHORTEST CONFIDENCE INTERVAL
FOR AN UNKNOWN PARAMETER

by B. Crain G. Hefmer, M. Hsueh,
R. Jagfe and T. Kim

In this article we look at several examples of confidence inter-—

val estimation of an unknown parameter. |n each example we determine
honv to make the interval as short as possible, and hence maximize the

precision of the estimate.

Example 1. Let Xz XZ""’ Xn be a random sample of size n from

2
a Wlu, 9%, Asume that ¥ is_unknownand o i's known. Define the sample

mean ¥ by

X = X

Liog %5

7

S =

n

Then it is well known that X is normally distributed with mesn u and

variance Oz/n, i.e., X is ¥(y, az/n). It follows that

all
1
=

|

N
3

is N(0,1).

Nw suppose we would like to obtain a 95 percent confidence inter-
val for u. W use the following process. From standard tables of the
N(0,1) distribution, select numbers a and b (with a<? ) such that
Pr(a 5 Z £ b) =.95. The following inequalities are then equivalent:

Pr{a 2 7 £b)=.95,

Pr(X - 22 <p<c ¥-% - 95.

/n /n

The (random) interval [X - bo/¥n, X - ao/¥n] is called a 95 percent
confidence interval for u, and it contains the unknown value of u for

95 percent of all random samples of size n.
W are concerned here with making the width of the interval as
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small as possible, where

width = (F- 92 ) - (¥ - 22
n n

L b-a.
n

Thus we must minimize (b - a), subject to the condition that

Prla < Z <b)=.95 where Z is N(0, 1}). Let F(Z) = Pr(Z ¢ z) be the

cumulative distribution function for 2 . Then

z 2

Rz
where 2
f(z) = —1"—2—2 /2 § ~EIC @,
Vo

is the N(p, 1) probability density function. We therefore want to mini-
mize (b - a), subject to Pr(a £ 2 £ b) = F(b) - Fl(a) = .95 .

Nw thinking of a as a function of » , we have

L [F(b) - Fl@)] = 0,
- da _
F'(b) F'(a)db =0,
fib) - Fl% <o, (1)
W also have
%(b -a) =0,
da _
1 - = o,
% =1. (2}

Equations (1) and (2)2imply that 2
1 ,b/2 _ 1 a2 gy (3)
/2

f(b) =

N
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Thus the solution is to choose b = -a > 0, and this yields the

shortest 95 percent confidence interval for u .

Example 2. Let XZ’XZ""’XVL be a random sample of size n from

a N(u,cz). Assume that y and 02 are both unknown. He would like a

95 percent confidence interval for a2.

W have already defined the sample mean X. The sample variance
2 . .
8" is defined by
n _2
s” = r (X.-X)°
=1 °

V% use the fact that Y = (n-l)sz/cr2 has a chi-squared distribution
with #» - 1 degrees of freedom. From the chi-squared tables we can se-
lect aand b (with O < a < b < ») such that Pr(a Y £ b) =.95. The
following inequalities are then equivalent:

Pr(a <Y £ b)=.95 ,

2 2
Pr(_(n_-_b_l_)s_< @ Mn=1s" , _ oo
a

The random interval [(n - l)sz/b, (n - l)sz/a] is a 95 percent confi-

dence interval for the unknown value of o 2, and 95 percent of all such

. . . 2
intervals will contain g”.

Nw the width of the interval is

(n - 1)s2

a

width =

(n - l)s2
b

2,1 1
(m - 1)s (a—--g) .

Using the fact that (n - 1)32/02 is chi-squared with n - 1 degrees
of freedom, and the expected value of a chi-square random variable is
equal to its degrees of freedom, we have that

Elwidth] = E[(n - 1s°(L - D]

2
= E[(n - 1)s ]cz(é_ l)

2 b

6u3

2,1 1
=(n—1)c(zz——'g)

¢ therefore wish to minimize ((1/a) = (1/b)), subject to -
Pr(a 2Y 5 b) = .95, .

Nw | et G(y) be the cumulative distribution function for ¥, that
is, Gly) = Pr(Y £ y}, and l et g(y) = G'(y) be the corresponding prob-
ability density function for Y. W wish to minimize ((1/a) - (1/b)),
subject to Prfa £ Y £ b) = G(b) - G(a) = .95. Again, thinking of

a as a function of b, we have

Liew) - e@l-o0,

6'(b) - 6@ =0,

g(b) - g@Z=0. (1)
In addition, we have
£t Lo,
- ?%’L;%:O’
C_i‘i:g_z_ . (5)
b 42

Combining equations (4) and (5) we have

2
g(b) = % gla) ,
b

»2 g(b) = o gt . ()

Nw the actual algebraic form of g(z) is

n-1 1 x
X 2 ) e_ 2
glzg) = ——————n-1— , 05z 2=,
i} 2
rsdy)
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and zero elsewhere. Thus we should try to choose a and b such that

n-1 b n-1 a
, 2 -1 "3 , 2 1 "z
b°b e = a“a e » (7
n+3 b n+3 a
2 -1 -3 7 -1 -3
b e = a e 5
n+3 b n+3 a
7 -1 -3 s -1 -3
b e a e
ﬂ - ZH'_S (8)
2
n+ 3 n+3
I‘(—Z )2 I‘(—2 )2

Equation (8) indicates that we choose a and b such that p(g) = n(p),
where h(z) is the probability density function for a chi-squared random
variable with » + 3 degrees of freedom. Condition (7) can also be ex-

pressed as
L n+1
2 2
b e = a e 5

Do

tolR

Z)n+1 e_b - zn+le-a (9)
The actual determination of a and b via (9) would have to be done numeri-
cally, i.e., using the computer. This task has in fact been performed
by Lindley, East and Hamilton (see Reference [2]). They have prepared a
table giving the appropriate values of a and b for degrees of freedom
varying from 1 to 100 (sample size from 2 to 101).

W have discussed the problem of finding the shortest possible
confidence interval for an unknown parameter in two specific cases. The
method of this article is quite general, and should apply to other cases

as well.

REFERENCES
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TAXICAB GEOMETRY:
ANOTHER LOOK AT CONIC SECTIONS

By David Iny
Rensselaern Polytechnic Institute

The following article is written in responseto[1] Moser and
Kramer. They attempt to answer a question posed by [2] Reynolds.

The article by [2] Reynolds defines the taxicab distance between
(ajsay) and (by,b,) by d(A,B) = |a1-b1| + |a2-b2]. She then deduces the
nature of circles, ellipses, and hyperbolas using definitions analogous
to those of Euclidean geometry.

The article by [1] Moser and Kramer defines a parabola as the
locus of points equidistant from a focus (xo,yo) and a line (the direc-
trix) of the form {(z,y) |4z * By + ¢ = 0}, The approach taken is not
entirely satisfying since they do not attempt to justify their definition
of a line.

In Euclidean geometry, a line is defined as the locus of points in
a plane equidistant from two distinct points. As [2] Reynolds points out,
this locus does not necessarily take the form {(x,y)} |4z *+ B/ + ¢ = 0}.

For the purposes of this paper, we define a line to be the locus
of points equidistant from two distinct points. V& also define the dis-
tance between a point P and the line 1 as the minimum of d(g,P) where @
is any point on 1. Ve define a parabola as the locus of points equidis-
tant from a focus and a line (the directrix).

In Figure 4, the line 2 is equidistant from A(-2,4) and B(2,2).
The diagram pictures the parabola with focus (5,4) and directrix 1. Two
more parabolas are shown in Figures 2 and 3. Note that in Figure 3 our
definition of a line agrees with [1] Moser and Kramer. Therefore, the
reader should not be surprised that of the three parabolas shown, only
the one in Figure 3 is a parabola according to [1] Moser and Kramer.

In [2] Reynolds defines an ellipse by {P¢ R, |d(p,4) + d(P,B).=c}
where A and B are two fixed points (foci) and a is a constant. For a
description of such ellipses, the reader isreferred to the article [2]

quoted above.
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Let us define an el lipse of the second kind wth respect to a
givenline s(the directrix), a given point F(the focus), and a given
eccentricity ef0 < e < 1). Then such an ellipseis defined by
{Pe R2 |d(p,F)/d(P, ) = e} vhere d(P,2) denotes the shortest distance
fromP to 2.

In Fgure 4, theline ¢is equidistant from(-2,8) and (3,-4).
The diagrampictures the ellipse corresponding to the directrix I, focus
(1,4) and eccentricity 2/2. It isleft tothereader to showthat this
ellipseis a convex hexagon wth vertices at (1,7}, (-1,5), ( -_2§ »4),
(-1,11/3), (1,3) and (2,4). It is asinple matter to showthat this
el lipse does not have the formgiven by[2 Reynol ds.

In this paper we started with the natural definition of aline as
the locus of points equidistant fromtwo distinct points. W showed how
this affects the results obtained by[1 Mser and Kramer. F nally, we
showed that an ellipse defined using a |Iine, focus, and eccentricityis
not equivalent to an ellipse using two foci. W& conclude that equival ent
definitions under an Euclidean normnay yiel d contradictory definitions
when general i zed to a taxi cab norm

REFERENCES'
1 Moser, J., and Kramer, E, " Lines and Parabolas in Taxicab Geometry,"
PZ Mil Epsilon Journal, Vol. , No. , uy1-uug,

2. 2Reynol ds, B , " Taxicab Geometry, " Pi Mu Epsilon Journal, Vol. 7 , No.
, 11-88.
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COMPLEX MATRICES AND POLYNOMIALS

by ALan C. Witde
Univernsity of Michigan

A circulant matrix is an nxn matrix with arbitrary entries in
the top row and forming each successive row by moving the entries over
one place to the right from the order in the previous row. A typical
circulant X is of the form:

}r‘""o “1 “e s Tp-1
Tsg g Ty Fgye Tp-2
1) x =
xl -'32 -'L"3 :L'4 s W @ .’L‘D

A particular circulant K i s one with x1=1 and z, =0 forh#1.

It is of the form:

0 1 0 0... 0]

0O 0 1 0...0

0 0 0 1 0
(2) XK =

1 0 0 0...0

Let Eh,:; be an nx# matrix with the (A + 1, 4 + 1) entry equal
to 1 and all the other entries equal to 0. Then the set {Eh,j |o < h
sn-10 24 <n1}, is abasisfor the vector space of nxn complex
matrices. The Eh g have the property that
>
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(3) E

.E = VYE
hsd "psq

hq 't I=P

0 if j#p . .
By the definition of K,

n-1

() K= Es,s+1 )

s=0
Using equation (3) and mathematical induction, we find that

. n-1
) ¥ =3 3 for0 < 4 < n-1.

amp Ss8%

Thus ¥ is the circulant with xj =1 and xh =0 for all h # j. Also,
every circulant is a polynomial function of K, i.e.

n-1 .
x5
. J

J=0
where K" = 1. (See Davis [1] ).
eZml/n.

Let z = Since K satisfies the polynomial equation

. 2 - .
o1 = 0, then the solutions 1, , ¢ 5, « « & zn 1 of the equation are
the eigen-values of X. (See Davis [1] ). So the diagonal matrix equi-

valent toK is

F g -]
4 0
;2
(7)
0
;n—l
L - :
Then :
n-1 s
(8) A=Z 4 Es’s.

8=0



650

Nw we state the theorem.
Theorem. Every mx n complex matrix i s a complex polynomial
function of K and A.

Proof. By equations (8) and (3) and induction,

@) a5 B for0<h< i
—Z z . or = s n-1.

s=0
Using (3), (5), and (9),

n-1

j.h h(s+g)
(10) x%a" = Tt By e
s=0
and
hg n-1 hs
(11) AKJ—Z A
=0
So

(12) Ath = c'hj x .

In particular, X = c-lKA, so any finite product of X's and A's can

reduce to the form csKJAh.

Nw since
n-1
1 M oliisn=0
= 0ifh #£0
n-1
1 -hs ,8
- = < < —
(13) = z A E’h)hforo_h_nl.
8=0
Also,
(14) Eh’h EJ.,J. = E’h’h ifh =

0ifh#4,

i.e. the Eh h's are orthogonal idempotents and add to I.
£d

By equation (3),
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4 Kj n=1 n=1
1s) £VE), =( Esjs_h)Eo,o > Et,t+j)
a=0 =0

n-1
= Eh,o( ) Et,t+j)

t=0
=K, .
hyd
. 7 n-1 .
But by equation (13), Eo,o =5 Z A% .
So s=0
-1 .
_ hfz " s
(16) Eh,j_K (n > A)K‘7 .
s=0

Finally, by equation (12),

_ -k 1l hs o
(17) Eh)j—]{‘j (—)_:z; A).

n
s=0

Since every complex nx»n matrix is a linear combination of Eh,j's over
7', we have proved our theorem.

Thus our proof gives the polynomials explicitly by equation (17).
In conclusion, the algebra of complex nX»n matrices can be generated by

exactly two matrices.

REFERENCE
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AN UPPER BOUND ON THE ERROR FOR
THE CUBIC INTERPOLATING POLYNOMIAL

by John C. Beasfey
Louwisiana Tech University

A bound for the error in cubic interpolation is derived as a
corollary of the following theorem, whose proof is found in [1]. This
bound i s then used to determine the spacing in a table of equally spaced
values so that interpolation with a cubic polynomial will yield any de-
sired accuracy.

Theonem 1. Let f(x) be a real-valued function defined on [a,b]
and n+ 1 times differentiable on (a,b). If pn(x) is the polynomial of
degree less than or equal to »n which interpolates f(x) at the n+1 dis-
tinct points X,,, TysenesTy in [a,b] , then for all x e fab), there ex-
ists £ = £(x) € (a,b) such that the error, e, of the interpolating poly-
nomial is:

n
e (z) = flz) - p (x) = £ () T T - =
(n+1)! j=0

Consider the third-degree interpolating polynomial p3{:z:) evalu-

ated at the equally spaced points Ty 5 <Ty 4 < Xi <x with incre-

ment, h. By Theorem 1, the error in this interpolating polynomial is:

| es(:c)} =| flz) - pg(x)l =
ibidi3} | (2 -2, J(x -z, )(x-2z)(x-ax,, )|
4 1-2 12/ (F = T T = Ly

where & = E(x) € (xi—Z’xi+1)'

Since we do not know £, we can merely bound |j‘(4) (g)| by the

maximum value of the fourth derivative of | frx) | , which we denote
by M:
£ ) | € maximum | £ w | =w .
LA DY
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Needed also is the maximum value of

W) = | (@ - x;, )z -z, J)x-a)l-z;,,),

i+1
for x e[=;_,, xi+1]'

VW let s =x- X so that X =X, + ah. Each factor of ¥(x) can be

h
written
x -z 9= (z; + sh) - (z, - 2h) = (s + 2)h
X= &, ,=(x, + sh) - (z, = h) =(s + 1)h
X -z =(:ci+sh} - (xi'oh)= sh
X_xi+1:(xi+8h) - (x. +h) = (s~ 1)h

By making this change of variables we obtain

3

vie) =his + 20(s + 1)(s)(s - 1) = Wite? + 28° - &% - 2s).

The maximum value of this function, l ¥(s) l, occurs at one of the criti-
cal numbers, which are found by solving:

d (W + 23 - 62 - 28)] =H'asS+6s% - 25 -2) =0
&

The rational root theorem implies that possible roots of this cubic poly-

nomial are 1, 2, *4, i% . By synthetic division, a root of ¥'(s) is

ey ="L. 1t follows from(s + 3 (4€ + 45 - 4) = 0 that ¢, = (1 + /5)/2

and ¢, = (1~ /5)/2 are also roots.
Now, the madmum value of the function | ¥(s) | occurs at either

By calculating | ¥ (e;) |, | ¥(ey) | , and |‘l’(c3)| we

cz, ¢y OF g
find that
-9 44
| ¥(e,) | = TR
| ey | =4* Y
| ¥e) | =2t
Thus,
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) | =#

max | (x - z, -z, M-z )lx-x, .,

It follows that for any X ¢ [Xi 90 Xt- ], the error is,

4
S_Mﬂ_

| eglx) | = | fz) - pylz) |
3 3 54

Using this bound for es(m), we are able to determine the spacing hin a
table of equally spaced values of a function f(z) on [a,b], so that
cubic interpolation yields a desired accuracy.

Example: Determine the spacing hin a table of equally spaced
values of the function f(x) = vz between 1 and 2, so that cubic inter-
polation will yield a desired accuracy.

Solution: Using the above formula;

4
Ies(x) | = %Z—Where M = maximum | f(4)(;3) [ =§—5-
1%x22
4
5h
leg(z) | =355

For seven-place accuracy, we would choose h so that

8

5B <5 % 1078, or h=0.0336.
8

For six-place accuracy, we would choose h so that
su?

-7
m<5 x 10 ", or h=0.0598 .

The number of entries in the table, N, would be given by
N=(2- 1)/h = 1/h. To obtain seven-place accuracy, ¥=30 , and for
six-place accuracy, N =17.

REFERENCE
1. Conte, S. and de Boor, C., Elementary Numerical Analysis, An Algori-
thmic Approach, McGraw-Hill, Nav York, (1980).

" This work was initiated wider the direction of Dr. S. E. Sms
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A FAMILY OF CONVERGENT SERIES WITH SUMS

by Steven Kahan
Queens College

In a standard calculus course, little time is actually devoted
to the determination of the exact value of a convergent infinite series.
In fact, with the exception of some simple geometric and telescoping

series, one must usually wait until power series are developed before
obtaining a different source for these computational examples. W now

investigate another family of such convergent series.

Theorem, For any positive integer m,

S Ll _im
= k+m m

(1+m)

Proof.

(k-1)! 1(k-1)1
o =TT - ”%ﬂ)‘:v = (1) B =
(2+m) (1+4m) ! (k-1)!

m!
(14m) R+ TT kee) -~ (erm)
© me 1
Then it suffices to show that Z R(R+1) (k#2) -~ (kF) —m

i - f(k) - f(k+1),

accomplish this, we observe that — -
P K(k+1) (k+8) «+ « (ktm)

14

T paytpt

- m! .

where f(k) = Ea w2 kD) ()RR S
telescoping series whose nth partial sum, sn , is given by

m1 (-0 () w1 (1))
f(1) - f(n+l). That is s, = E —_— " z i » from

. 1+ .

=0 i=0

m1 (-1%(")
which we find that 1lim s = Z — Our result therefore

nie 1=0

1 »
follows i f we can verify that this summation is equal to 7= To d0 80,
. L ome1, i . . . m-1 .
consider z (i Jx”, the binomial expansion of (I+x) . Integration

i=0
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’";1 (m;:l)xlﬂ: (142)™
produces -t G with the choice of x = 0 yield-
1=0 1+ m-1
1 m-1 ('1) ( . ) 1
ing ¢ =-— . Next, we select x =-1 to obtain Y ——m cm
1=0

Dividing this last equation by -1 completes the argument.

This result permits us to immediately compute the sum of the
reciprocals of the entries on any diagonal of Pascal's triangle beginning
beneath the second row.

THE ELEVENTH ANNUAL P1 MU EPSILON STUDENT CONFERENCE
AT
MIAMI UNIVERSITY
IN
OXFORD, CHIO

SEPTEMBER 28-29, 1984

Ve invite you to join us! There will be sessions of the student
conference on Friday evening and Saturday afternoon. Free overnight
facilities for all students will be arranged with Miami students. Each
student should bring a sleeping bag. All student quests are invited to
a free Friday evening pizza party supper and speakers will be treated
to a Saturday noon picnic Tunch. Talks may be on any topic related to
Mathematics, Statistics or Computing. W welcome items ranging from
expository to research, interesting applications, problems, summer
employment, etc. Presentation time should be fifteen or thirty minutes.

& need your title, presentation time (15 or 30 minutes), preferred
date (Friday or Saturday), and a 50 (approximately) word abstract by
September 20, 1984.

PLEASE SEND TO:

PROFESSOR MILTON D. QX
DEPARTMENT OF MATHEMATICS AND STATISTICS
MIAMI UNIVERSITY
OXFORD, OHIO 45056

We also encourage you to attend the conference on "Mathematics Curricula:
Crisis Intervention™ which begins Friday afternoon, September 28.
Featured speakers include Peter Lax, John Saxon, Anthony Ralston and
Arthur Coxford. Contact us for more details.
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ANOTHER DEMONSTRATION CF THE
EXISTENCE OF EULER'S CONSTANT

by Nonman Schaumberger,
Bronx Community College

For all positive integers n
n+1

n
(1+%) <e<(1+?—11-) (1)

In this note we use both sides of this familiar inequality to

n-1 1
prove that if y, = ; - lnn then
=1

(a) 0<yn<1and

(b) Yntendstoalimityasn—»m.

The number y is called Euler's constant and its decimal expansion
starts y = 0.57721566. .. . Likee and 7, vy is defined as a limit and
appears often in analysis and number theory. Although it is not yet
known whether vy is rational or not there are a number of ways of demon-
strating its existence. The use of (1) to accomplish this purpose can
serve to introduce the student to another important mathematical constant
quite early in a standard calculus course.

n-1
using I L=n it follows that
k=1

-1
£ Zn(1+—1—\=lnn. (2)
& )

Combining (2) with the left side of (1), we get In n =

n-1

1 n-1 1 1\ n-1 1 . n-1 1 ;
Zn<1+—)= —Zn(l +—) < =lnes= /(Z: . ence
ng k gz k k gz K = K

n-1 1
Y, =;=:1 z-nn>0.
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Now using (2) and the right side of (1), we have
)k+1 n-1 n-1 1

Znn-kzlm(u z)- g_; oy infl+# > X mine= 3 B

g w1l 1
Hence In n > /<2=:1 %#7 and consequently y = kz—:l ¥ lmm<1-37<1

This completes (a).

(b) now follows by observing that - In(n+1) + In n.

S|

1

Ynt1,~
Taking logs on the left side of (1), we get = (

) In(n+l) - In n.

Thus v > 0 and Y, increases as »n increases. Hence since Tn

w1 Tn
is bounded above by 1, it tendsto alimitSlasn » o .

L2 l-l
466 0
ﬁ 222 "
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A COLLEGE A.CSARY
DEANITIONS F RHRASSS UED IN
COLLEES AND UNIVERSTIES WHEN
ANSMERNG STUDENTS QUESTIONS

Anonymous

IT ISIN THE FROCESS So wrapped up in red tape that the situation
i s almost hopeless.

WE WILL LOX INTO IT: By the time the wheel makes a full turn we
assume that you'll have forgotten all about it.

FROGRAM:  An assignment that can't be completed by one phone call.
EXPEDITE  To compound confusion with commotion.

GOCRDINATOR  The guy who has a desk between two expediters.
CHANNELS The trail left by intra-office memos

QONSLLTANT (OR EXPERT):  Ary ordinary guy with a briefcase more
than 50 miles away from home.

ACTIVATE To make carbons and add more names to the mamo.
IMALBMENT A FROGRAM:  Hire more people and expand the office.
UNDER OONSDERATION:  We're looking in the damn files for it.
MEETING: A mass mulling of masterminds (goof offs).

RELIABLE SOURCE The guy you just met.

INFORVIED SOURCE  The guy who told the guy you just met.
UNIMAEACHABLE SOURCE The guy who started the rumor in the first
place.

CLARIFICATION: W area little stupid on this subject, tell us
more about it and we'll give you an answer.

VEE ARE MAKING A SURVEY: W need more time to think of an answer.
A THOROUGH ARH WIS MADE (F FILES: Somebody looked in the waste
basket.

SFE ME OR LET'S DISCUSS Care down to my office; we'll play a
game of cribbage.

VE WILL ADVISE YOU IN OLE TIME When we get it figured out we'll
l et you know.

LET'S GBI TOGETHER ON THIS: | an assuming that you are as con-
fused as | am.
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21. FORAVARDED FCR YR QONSDERATION:  You hold the bag awhile.

22. NOED AND FORMARDED. | don't know what this damn thing is about.
maybe you do.

23. BEXFERT: Ore who knows more and more about less and less, this
college's full of them.

24k.  NO FURTHER ACTION IS DEEMED NECESSARY: Don't confuse me with facts,
ny mind is made up.

FRATERNITY KEY-PINS

Gol d Clad xey-Pine are available at the National Office
at the Special Price of $8.00 each. Write to:
Dr. Richard Good, National Office
Department of Mathematics
University of Maryland
College Park, Maryland 20742
Please indicate the Chapter into which you were initiated
and the approximate date of initiation.
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It is Lime tO be making plans to send an undergraduate defegate on

speaker §rom yowr Chapten tO the Annual. Meeting of, P1 MU EPSILON i n Eugene,

Oregon i N August of, 1984. Each Speaker WO presents a paper will receive
travel benegdits up to $500 and each delegate, up to $250 {only one speaker
on defegate can. be funded §rom a single Chapien, but othens can attend.)
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PUzzLE SECTI ON

Edited by
Joseph D.E, Konhauser

This Department i s for the enjoyment of those readers who are
addicted to working doublecroetice or who find an occasional mathematical
puzzle attractive. V& consider mathematical puzzles to be problems
whose solutions consist of answers immediately recognizable as correct
by simple observation and requiring little formal proof. Material
submitted and not used 'here wilt be sent to the Problem Editor i f
deamed appropriate for that Department.

Address al | proposed puzzles and puzzle solutions to Prof. Joseph
Konhauser, Department of Mathematics, Macalester College, St. Paul,
Minnesota 55105. Deadlines for puzzles appearing i n the Fall |ssue
will be the next February 15, and for puzzles appearing in the Spring
Issue will be the next September 15.

Mathacrostic No. 18

Submitted by Joseph D.E. Konhausen
Macatester College, St. Paul, Minnesota

Like the preceding puzzles, this puzzle (on the following two
pages) is a keyed anagram. The 234 letters to be entered in the diagram

in the numbered spaces will be identical with those in the 26 keyed
words at the matching numbers. The key numbers have been entered in
the diagram to assist i n constructing your solution. When completed,
the initial letterswill give the name of an author and the title of a
book; the completed diagram will be a quotation from that book. (See
an example solution in the solutions section of this Department.)



1 ol2 3 v 4 F|5 P|6G 7 8 9 R|10 Xx|1l1 12 M
13 qfl4 15 Djl6 Y17 E 18 19 20 21 N 22 123 24 U
25 26 K|27 2 28 M|29 30 31 32 P|{33 D|34 L 35 T
36 wW|37 38 Uj39 A[40 I 41 42 43 J{44 F|45 46 H
47 Y|48 49 U|50 E 51 F|52 53 54 55 I|56 L{57 J 58 X
59 W60 61 V|62 B|63 Q]64 Y|65 66 67 68 T 69 5|70 71 H
72 73 Y|74 N|[75 1Il76 L}77 78 79 80 U 81 1I}82 83 W
34 c|35 86 z|87 A|BB s|89 0}90 9l 92 F[93 Q|94 D|95
96 K|97 98 V|99 F 100 Aj1901 102 103 P]104 Q 105 106 I
107 #1108 109 W|110 Bj1ll 2z 112 113 114 ¥|115 H}1le Q|117 118 D
119 120 Mj121 Fj122 T{123 C[124 125 126 127 J| 128 V|129 E 130 M
131 s|132 133 K| 134 D|135 W|136 137 138 139 I]140 U[1l41 Rj142
143 0144 145 X{146 C 147 148 149 150 ] 151 B[152 0] 153 154 3
155 156 x}157 ¥ 158 K|159 160 16l 162 F|163 Q{l64 165 R
166 s 167 Ijl68 2 169 H|170 171 172 173 B|174 P}175 N|176 177 s
178 179 c|180 E 181 Xx|182 183 184 185 s|186 2|187 v|188 189 B
190 191 K192 s 193 K| 194 195 196 197 EJ198 s[199 I]200
201 Bj202 203 5] 204 J]205 M 206 207 208 Y| 209 C[210 R 211 T
212 w 213 D|214 J| 215 H|21le BJ217 218 219 220 Vv 221 B|222 223 X
224 0}225 226 A|227 M|228 229 @ 230 231 232 P|233 L|234 V

S

173

1l4e

66 99
154

96 193
144
131 185
58 113

87 “39 226 7 184 100 136 67
125 216 151 221 91 62 110 189 37 201
153 720 225 179 209 84 42 161 123 195
213 170 118 ~94 15 134 188 33
50 77 17 180 105 129 197
147 194 51 ~4 ~92 ~44 121 162 18 137
02 160 29 54
46 124 215 23 71 115 169
2I7 ~75 "8I 139 167 55 40 199 106 22
214 127 25 57 "97 1768 43 204 "6 79
60 I17 I33 41 191 ~26 207 172 72 158
~76 56 233 150 101 "34 11
227 28 112 12 130 2 205 90 53 120
138 "21 I75 107 ~74 230 45
143 70 I32 224 31 "I 108 I5Z "89
149 103 174 "52 200 32 232 78 5
104 229 48 163 147 63 ~93 115 "IT
9 82 30 165 210 222 141 102 126
192 218 198 166 203 177 69 8 88 228
211 122 735 "68
T19 80 38 164 182 14 49 24 140 176
234 I71 220 98 187 148 128 ~3 61
159 "59 135 212 231 109 36 19 83
"95 I96 219 18I 190 145 156 223 10 B85
16 208 47 183 114 73 157 64
TIT 765 168 1B6 206 155 86 27

Definitions

abstractions of information
processi ng devi ces

a probl emnost difficult of
solution (2 wds.)

that property of real nunbers
whi ch asserts that no real nunber
is an upper bound for the integers

kind of translation known as a
screw di spl acenent

Engl and' s greatest inventor of
mat hemat i cal puzzl es (1847-1930)

lying on; passing through (2 wds.)
free fromadm xture or dilution

tending in probability toa limt-
ing formwhich is independent of
the initial position

fermenting agent for proof analysis

conci sely (3 wds.)

of 1401-1464 -
dinal who_ Bel |evecs that --Lhé'Dcefne,
being infinite, is inaccesibleto
the mnd of man." (2 wds.)

stratagemin which one appears to
decl i ne an advant age

"corresponds to water as the cube
does to earth"
Pl at o, Ti naeus

georretry in which no parallel
postul ate i s assuned

ki nd of reasoni ng whi ch suggests
concl usi ons

the place or point of entering or
begi nni ng

truncated syllogi smin which one
of the propositions, usually the
prem se, i s understood but not

st at ed

a dance figure in which one or nore
coupl es dance round and round with
hands j oi ned

its trilingual inscription furnished
the key to ancient Egyptian (2 wds.}

in conbi natorial geonetry, a bounded,
cl osed convex set

relating to the study of control and
communi cationin the animal and the
nachi ne

established or settled firmy
its conbi nation of clockw se and

count er cl ockwi se spiral s consists of
successi ve Fi bonacci numbers

bridge stratagem (3 wds.)

to scale

i ncrease, accumul ate, expand, or
multiply rapidly
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SOLUTIONS

Mathacrostic No. 17. (See Fall 1983 Issue) ({Proposed by Joseph D.E.
Konhausen, Macalestern College, St. Paul, Minnesota)

Words:

A. Rosolio K. Insolation U. Dithyramb
B. Umpteenth L. Noggin V. Tychonoff
C. Diesis M. Fata Morgana W. Halophytic
D. Yeshiva N. Isinglass X. Eyewash

E. Ratsbane 0. Nanosecond Y. Misology

F. Unless P. Ichnite Z. Inquest

G. Chiffchaff Q. Teaser a. Navel Point
H. Kettle of Fish R. Yokefellow b. Dextral

I. Equa S. Aptronym

J. Rakoczy T. Nibble

First Letters: RUDY RUCKER INFINITY AND THE MND

Quotation: Fully formalized proofs have a witpicking, obsessive
quality. 'Sat by the tame token, they are satisfyingly solid and self-
explanatory. Nothing .is Left to the imagination, and ... one can check
whether On. not a sequence Of.stnings of,symbols <s a proof in a wholly
mechanical fashion.

Sofved by: David Bahnemann, Northwest Missouri State University,
Maryville, MO; Jeanette Bickley, Webster Groves High School, MO;

Betsy Curtis, Meadville, PA; Victor G. Feser, May College, Bismarck,
ND; Robert Forsberq, Lexington, MA; Robert C. Gebhardt, County College
of Morris, Randolph, NJ; Joel Haack, Oklahoma State University, Still-
water, OK; Henry S. Lieberman, John Hancock Mutual Life Insurance Co.,
Boston, MA; Robert Prielipp, The University of Wisconsin, Oshkosh, WI;
Sister Stephanie Sloyan, Georgian Court College, Lakewood, NJ; Michael
J. Taylor, Indianapolis Power and Light Co., Indianapolis, IN; Patricia
A. and Allan M. Tuchman, University of Illinois, Champaign, IL.

Puzzle Editor's Note: The names of Robert Forsberg, Lexington, MA and
Robert C. Gebhardt, Hopatcong, NJ were inadvertently omitted from the

list of solvers of Mathacrostic No. 16.

-

B
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COMMENTS ON PUZZLES 1 - 7 (See Fall 1983 Issue)

Three readers responded to Puzzle #1, Victor G. Feser, John H.
Scott and Richard A, Wilson proved that the construction is impossible
by three-coloring the 8 x8 x8 = 512 subcubes in such a way that each
1x3 block contains one subcube of each color. The two removed corner
cubes are of the same color. An easy counting argument now can be used
to settle the question. The proposer, |I. J. Good, provided an equivalent
argument without introducing a coloring. Ten answers were submitted
for Puzzle #2. Victor G. Feser and Alan Hinkle, F.S.A., submitted
7 - /77.7. Robert W Prielipp submitted ¥/7/.7 + 7. Jointly, Tanmy
Leavelle and David Sutherland submitted [/W] . Steve White,
F.S.A., and Victor 6. Feser submitted other solutions involving the
greatest integer function. Puzzfe #3 drew six responses. Five of the
answers were asked-for five-piece dissections of the swastika. Emil
Slowinski discovered a four-piece dissection whose existence was totally
unsuspected by the proposer. It is shown below.

[

|
Eleven responses were received for Puzzle #4. Solutions varied from
several particular trios of numbers for a, b and ¢ to infinite
families of solutions. Robert W. Prielipp and Patrick Costello
suggested taking a=s(33+t3), b =t(s3+t3) and c =53tt3, where s and
t are unequal positive integers greater than unity. David E. Penney
established the generalization that if m and n are relatively prime,
then the equation a"+bM=c" has infinitely many solutions in distinct
positive integers a, b, and c.
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Puzzle #5 attracted solutions from four readers. The solution shown
below, which avoids a pair of nodes joined by two distinct arcs, was
submitted by John H. Scott.

Using three colors, it is impossible to color the arcs so that no two
arcs of the same color terminate at the same node. Six solutions were
received for Puzzle #6. Orne reader claimed that six marks were needed.
The other five produced the five-mark solution with marks separated by
successive distances 1, 3, 10, 2, and 5. In responding to Puzzle #7,
seven readers did the obvious and subtracted 1 from each of the eight
given numbers to obtain the set (1, 2, 3, 5, 8, 13, 21, 30) with aum
83. The set (4, 2, 3, 5, 9, 15, 20, 25) with lower am 80 was
completely overlooked.

List of Solvers: Mauremn J. Brennan (3, 4, 7), Paul Buis (4), Patrick
Costello (4), Victor G. Feser (1, 2, 6), Alan Hinkle (2}, Tamy
Leavelle (2, 4}, Marijo LeVan {7), Glen E. Mills (3, 4, 6, 7}, Patricia
A. Mills (1), David E. Penney (4), Robert W. Prielipp (2, 4), John H.
Scott {1, I, 3, 4, 5, 6, 7}, Eml Slowinski (2, 3, 4, 5, 6, 7}, David
Sutherland (2, 4), Michad J. Taylor (2, 3, 4, 5, 6, 7], Steve White
{2), and Richard A. Wilson {1, 3, 5, 6, 7).

Late Solutions: Susan Sadofsky (Puzzles #1 and #3, Spring 1983 Issue)
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PUZZLES FOR SOLUTION “

1 Proposed by Joseph Konhauser, Macalester College, St. Pad,
Minnesota.

With just one sphere and one cube, what is the largest number of
pieces into which three-space can be divided?

2. Proposed by Joseph Konhauser, Macalester College, St. Paul,
Minnesota.

Using each of the ten digits 0, 1, 2, 3, 4, 5, 6, 7, 8 and 9
exactly one time, write two fractions whose aum is unity.

3. Proposed by Joseph Konhauser, Macalester College, St. Paul,
Minnesota.

Can every odd integer which is a multiple of three be written as
a sum of four perfect cubes? For example,

2= M3+ @+ 23+ (3.

4, Proposed by Joseph Konhauser, Macalestpn College, St. Pauf,
Minnesota.

Using just two colors, in how maly distinguishable ways can one
color the edges of a regular tetrahedron?

5. Pnoposed by Joseph Konhauser, Macalester Coflege, St. Pad,
Minnesota.

A certain light signal goes on at precisely 12:00 noon. Thereafter
the light goes off and on at equal time intervals each lasting a whole
number of minutes. If thelight is off at 12:09 p.m., on at 12:17 pm.
and on at 12:58 p.m., is thelight on or off at 2:00 pm.?
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6. Proposed by Joseph Konhausen, Macalester College, St. Paul,
Minnesota.

By means of an example, show that three colors are not sufficient
for coloring all the points of the plane so that no two points spaced
one unit apart are colored alike. [Hadwiger, H., Ungeloste Probleme,
Nr. 40, Elemente der Math. 16(1961), 103-104 ]

7. Proposed by Joseph Konhauser, Macalester College, St. Paul,
Minnesota.

In a certain country postage stamps are available in four
denominations. Al postages from 1 through 24 require at most three
stamps. Wha are the four denominations?

e u O

LETTER TO THE EDITOR =========-=
Dear Editor:

| saw the article tan™ 1 + tan™l2 + tan13 = n in the Fall 1983,
No. 9 Issue of the P Mi Epsilon Journal. The above resultis a
particular case of the following general theorem:

Ifa 1, b 1, then

tan™ 22 + tanlb + tan-1 a'ﬂll =T
ab”

This general resulti s not difficult to prove.
Sincerely,
R $. Luthar

The University i fWisconsin
Janesville, Wisconsin 53545
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PROBLEM DEPARTMENT

Edited by Clayton W. Dodge
Univensity of Maine

This department welcomes problems believed to be new and at a
level appropriate for the readers of this Section. Old problems
displaying novel and elegant methods of solution are also invited.
Proposals should be accompanied by solutions i f available and by any
information that will assist the editor. An asterisk (#) preceding a
problem number indicates that the proposer did not submit a solution.

All eommmications should, be addressed to ¢. ¥. Dodge, Math
Dept., University of Maine, Orono, ME 04469. Please submit each
proposal and solution on a separate sheet (one side only) properly
identified with name and address. Solutions to problems i n this issue
should be mailed by December 15, 1984.

Corrections

554. [Fall 19831 Proposed by Charkes W. Trigg, San Diego,
Califonnia.

The S.P.F.A (Society for Persecution of Feline
established a PURR. Animals)
FREE
AREA at its headquarters.

In the word square each letter uniquely represents a decimal
digit, and each word and acronym represents a square integer. Wha
are these squares?

In problem 557 [Fall 1983] _ thelimits on the integral

were reversed; the lower |imit should be 0, the upper limit 1. Also
the figures for problems 558 and 560 [Fall 1983] were reversed; that .
for problem 558 appears on page 616 while that for problem 560 is on ‘
page 615.
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Probl ems for Sl ution

561. Proposed by 1. Don, Guiva Dam, California,
For what values of »n does n! have 6 for its last nonzero digit?

562. Proposed by Walter BLumberg, Conal Springs, Florida.
Prove that tan 12 tan 61° = tan 3° tan 31° .

563. Proposed by Morwis Katz, Macwahoc, Maine.

There is a unique solution to this odd alphametric when TEN
is divisible by 9 and when TEN is taken either odd or even (I've for-
gotten which).

TVELVE
TEN
TEN

TH RTY

564. Proposed by Charles W. Taigg, San Diego, California

A tetrachromatic square is a square i n which each of the four
triangles formed by drawing the diagonals has a different color. With
four specific different colors, six distinct tetrachromatic squares
can be formed, not counting rotations. The six distinct tetrachromatic
unit squares can be assembled into a 2-by-3 rectangle with matching
colors on the edges that come into contact. The rectangle then con-
tains seven solidly colored squares. This may be done in a variety of

ways, one of which is shown in the figure.

Show that in any matched-edge assembly:

a) There are never only two colors of solidly colored squares;

b) The assembly can never have central symmetry; and

¢) The perimeter of the rectangle can never consist of unit
segments of just two alternating colors.

(For a related problem, see problem 282[Fall 1973, pp. 480-1].)
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565. Proposed by Walter Blumberg, Coral Springs, Florida.

Let ABCD be a square and choose point E on segment AB and point
F on segment BC such that angles AED and DEF are equal. Prove that
EF = AE t+ FC. o

566. Proposed by N. J. Kuenzi, University of Wisconsin-0shkosh.
If {pn} is a sequence of probabilities generated by the recur-
rence relation
pn+1=pn-%p72‘for nz0,
for which initial probabilities Py does limit by exist?
567. Proposed by R. S. Luthar, University of Wisconsin-
Janesville.
Find the exact value of sin 202 sin 40° sin 80°.

568. Proposed by Robert C. Gebhardt, Hopeitcong, Nw Jersey.

Find a simple expression for the power series

2 3 4 5 6 7
o _ &

X
Ttor-3r-art 5Tt 67~ 77~ 8!

569. Proposed by Robert C. Gebhandt, Hopatcong, N w Jersey.
a) Find the largest regular tetrahedron that can be folded

from a square piece of paper (without cutting)..
b) Prove whether it is possible to fold a regular tetrahedron

from a square piece of paper without overlapping or cutting.

570. Proposed by Richard |. Hess, Rancho Palos Verdes,
California. .

The natural logarithm of a complex number z = rev,e i s defined

by
AN
In 2 = se
where
8 = ({In 1')2 + 62)1/2, A =tan T (6/In r),
and
0<x2w/2forr21 or /2 <X <7 for 0 <»< 1.

Find a number 2, such that In ZO _ 3y .

571. Proposed by Chuck ALLison, Huntington Beach, California.
Assume a pegboard with one line of holes numbered 1 through » .
Find the probability of pi.king correspondingly numbered pegs one at a
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time at random and placing them in their corresponding holes contigu-
ously. That is, if peg number k is chosen first, then the second peg
must be next to it, either number k - Zor number k+ 1. [f pegs D,
pti1, pt2 ---, g have already been chosen, the next peg must be
either p-1 or g + 1, so that no gaps ever appear between pegs.

572. Proposed by Jack Garfunkel, FLushing, New York.

Let ABD be a parallelogram and construct directly similar tri-
angles on sides AD, BC, and diagonals AC and BD . See the figure, in
which triangles ADE, ACH, BDF, and B3G are the directly similar tri-
angles. Wha restrictions on the appended triangles are necessary for
EFGH to be a rhombus?

573. Proposed by Wwilliam S. Cariens, Lorain County Community
College, Elyria, Ohio.
Prove that when any parabola of the form

(1) y = xZ +ax + b
is intersected by a straight line

then the saum of the derivatives of equation (1) at the two points of
intersection is always twice the slope of the straight line.
Solutions

213. [Spring 1969, Spring 1979] Proposed by Gregory Wulezyn,
Bucknell University.
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11. Comment by Leo Sauue:, Editon, Crux Mathematicorum 9 (1983)
181, Ottawa, Ontario, Canada..

The theorem is false. This was proved recently by O. Bottema
and J. T. Groenman i n Nieww Tijdschrift voor wiskunde, 70 (1983) ‘143-4
151. Readers are invited to try and find the error in the Wulczyn
solution. If they find it, they should inform the Problem Editor of
PMEJ . If they don't find it, then it may be that Bottema and Groenman
are "in Dutch.”

I1I. Disproog by Leroy F. Meyers, Ohio State University,
Columbus, Ohio.

In response to Leo's prodding (see II, above), the error is that
the length of the exsymmedian Xy (which is the tangent at A to the
circumcircle of triangle 4BC) should have absolute value bars:

bsinc
- 3
[sin (B - ¢}
and similarly, of course, for xb and X

X
a

If the triangle is isosceles, that is, if a= 5, then A =58 and
z, =z follows readily.

a
Ifma:xband
bsincC _ _asinc¢
sin (B- O sin (4 - O

then the proposer's solution holds and the triangle is isosceles.
So suppose that % =%, and we have

b sinC - __asinc
sin (B - ¢) sin (4 - ¢)
Then we have that
bsinA cosC-bcosAsinC=-asinBcosC+ acosBsing¢

and

b sin 4 cos C a sin B cos C

~bcos 4 =- + a cos B.

sin ¢ sin €
By the law of sines we make the replacements (sin 4)/(sin C) = a/e and
(sin B)}/{(sin C) = b/c . Also using the law of cosines we replace “
cos C = ( a2 + b2-c2)/2ab and similarly for cos A and cos B. W then
have
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Q_a2+b2—02_b2+c2—a2_ ab a2+b2—02+a2+02—b2
e 2ab 2¢ T T e’ 2ab 2e
a2+b2-cz—bg—c2+a2=—a2—b2+c2+a2+02-bz,

and finally,

a2+b2=202.

Al the above steps are reversible.

Editorial note. Triangles ABC having of + 5% = 2°

, called

& i soscel es, or autonedi an, or RMS triangles, have been di scussed
at length in Crux Mathematicorum: problem210 [1977: 10, 160, 196;
1978: 13, 1931, probl em 309 [1978: 12, 200], and probl em 313 [1978:

35, 207], where other references are given.

518. [Spring 1982, Spring 1983] Propobed by Michaef U. Eckenr,
Pennsylvania State. University, Wonthington Scranton Campus

A basebal | player gets a hit and observes that his batting aver-
age rises by exactly 10 points, i.e., by .010, and no rounding is

necessary at all, where batting average is ratio of nunber of hits to
tinmes at bat (excluding wal ks, ec.). If thisis not the player's
first hit, hownany hits does he now have?

11. Commet and Sofution by the Proposen.

\¢ nat henati ci ans ought to give preference to nathenatics (over
conputers) in our probl emcol utms whenever there exists an el egant
mat hemat i cal solution. In particular, a conputer sol ution shoul d not
be allowed i n this unnecessary case.

Let h and b be the nunbers of hits and at bats before the | ast
tine at bat. Then the condition requires that

h+1 h_ _ 1
F# 1% = 0010 =555
which can be rewitteninthe form
h_b(99 - b)
- 100 ’

so 0 <b < 99(since h>0). Sncewe seek positive integral solutions,
then (99 - b) nust be divisible by 100. Since b and 99 - b have
opposite parity, we nust factor 100 into one odd and one even factor
and then b nust be divisible by one factor and 99 - b by the other.
Qearly 100 =1 - 100 i s unusable and 100 = 5 - 20 requires that both

b and 99 - b be divisible by 5, which is inpossible since 99 is not
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divisible by 5. Thus we have 100 = 25 - 4. If bor 99 - b is 25, then
the other is 74, which is not divisible by 4. S nce the nenber divisible
by 25 nust be odd, we have b or 99 - b equal to 75 and the other equal
to 24. Ether way, -7

_ 75 - 24 _
ho= DSt = 18,

and he nowhas h + 1 = 19 hits. The batting averages are k/b = 18/75 =
.240 and 19/76 = .250 when b = 75 and 18/24 = .75¢0 and 19/25 = .760
when b = 24.

Editorial note. Mchael Ecker is ProblemEditor for Popular
Computing. Hence hi s chastisement carries doubl e weight and this editor
wi || do doubl e penance by not sw tching on his conputer for two full
weeks.

534. [Spring 1983] Proposed by Chartes W. Trigg, San Diego,
California,

Find the nathenatical termthat is the anagramof each of the
fol I owing words and phrases: (1) RITES OF, (2) NILE GETS MEW, (3)
PANTS GONE, (4) IRAN CLAD, (5) COVERT, (6) CLERIC, (7) GRABS ALE,
(8 ) IRON LAD, (9) TRIED AVIVE, (10) HAG ND SEX (11 ) ALTERING,
(12) RELATING.

Amalgam of solutions submitted {independently by RCBERT C GEB-
HARDT, Hopatcong, NeW Jeasey, R QHARD |, HESS, Rancho Palfos Verdes,
California, CLEN E MLLS, Pensacola Junior Coflege, Flonida,
PRUELI PP, Univensity of, Wisconsin-Oshkosh, LEO SAUVE, Atgonquin College.,
Ottawa, Ontario, Canada, and the. PROPOSER

\¢ have (1) RITES F = FORTIES (2) NILE GETS MEN = LINE SEG-
MENT, (3) PANTS GONE = PENTAGONS (4)  IRAN CLAD = CARDINAL, (5)
COVERT = VECTOR, (6) CLERIC = CIRCLE, (7) GRABS ALE = ALGEBRAS (8)
IRON LAD = ORDINAL, (9 ) TRIED A VIVE = DERIVATIVE, (10) HAG ND X =
HEXAGONS (11) and (12) ALTERING = RELATING = TRIANGLE = INTEGRAL.

ALso mostly sofved by JEANETTE Bl CKLEY, St. Louis, MO, MCTCR G
FESER Mary College., Bismarck, ND, ROGER KUEH., Kansas City, MO,
M CHAEL J. TAYLCR Indianapofis Power § Light Co., IN, and KEVIN THEALL,
Laurel, MU

A 'so GEBHARDT listed(2) ~ILE GETS MEN = ELEMENT SIGN. KUEHL
poi nted out that PROFESOR CHARLES W. TRIGG = PROWLS RECHARGES FOR
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GIST = GRASPS ABEW TO FRESH RIGOR = FIGGERS SPRAWL, SORT CHORE = OTHERS
WRIGGLE FOR SCRAPS = CHARGE GIRLS, WREST PROOFS (possible advice to
women mathematicians). PRI ELIPP stated that (1) RITES OF =RISE CF T.
The PRCOPCBER nused that: The contradiction S SM = MINUS nay be anus-
ing. Aso observethat inthe follow ng pairs, each is the anagram of
the other: O% SO.E. (not otherwise enumerated), TAO TOW, SEVEN EVENS
NEIN SIHE, and TEN NET. The last pair is palindromic. Too bad that "a
minima" i s bad gramar.

535. [Spring 1983] Proposed by Stanley Rabinowitz, Digital
Equipment Coup., Mewnimack, New Hampshire.

Inthe small hamet of Abacinia, two base systens are in cormon
use. Al so, everyone speaks the truth. (ne resident said, "26 people
use ny base, base 10, and only 22 peopl e speak base 1u." Another said,
"G the 25 residents, 13 are bilingual and 1 is illiterate." How nany
residents are there?

Sofution by Rogm Kuehf, Kansas City, Missouri.

Let the first resident speak base 4. Then the second resi dent
speaks base b + 4 since in that base the total population will be re-
presented by a smaller nuneral (25) than the nuneral used by the first
speaker as is the case. The total population is therefore 2(b+4) +5=
2b t 13 . The nunber of peopl e speaking base b, according to the first
speaker, is 2b * 6 and the nunber speaking base b + 4is 2 + 2. Accord-
ing to the second speaker 1(b + 4) + 3 = b + 7 peopl e speak both bases
and 1 isilliterate. Therefore the total populationis

(8b + 6) + (2b + 2) +1 - (b+7) =3b+ 2.
Equating this to 20 + 13, we get that the two bases are
b =11 b+ 4 = 15.
Now t he total population, 2b +1S is 35(base ten).

Also solved by WALTER BLUMBERG Coial Springs, FL, who interpre-
ted the first resident's statenent to nean that 26 ot her peopl e al so use
base 10, so the total using base 10 is 27, and the total popul ation then
is 33(base ten) people, MARK EVANS, Louisvifle, KY, RICHARD |. HESS,
Rancho Palos Verdes, CA, QEN E MLLS, Pensacola Junion College, FL.,

VANCE E  PI NOHBECK, Vathatfa, NY, HARRY SEDINGER St. Bonaventwre lUniv-
ensity, NY, MCHAEL J. TAYLCR Indianapofis Powen & Light Co., IN., and
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the. PROPCSER  Three incorrect sol utions were recei ved, one of which
assuned that the first speaker's 10 meant ten and hence the statenent of
the probl emwas inconsi stent. =

537. [Spring 1983] Proposed by Charfes W. Trigg, San Diego,
California.

Find the unique four-digit integer in the decinal systemthat can
be converted into its equivalent in the septenary system(base 7) by in-
terchanging the left hand the right hand digit pairs.

Sofution by Kenneth M. WiLke, Topeka, Kansas.

The nunber sought is abed,, = edab,, so ¢ > a. Hence ve have the
equation

1000a * 100b * 10e t+ d = 343¢c + 49d t 7a t+ b
or
33la + 33b = 111c * 16d.
Then ve see that a =d (mod 3) and ¢ + 84 = a (mod 11). A so we have
a, b, e d each <7 and a < e. Then we have the fol | owi ng tabl e:

a b e d
1 2 3 4
2 5 (e =9 - impossible)
3 6 8 (b =7 - impossible).

Hence 1234, = 3412 i s the unique sol ution.

7
ALso scfved by FRANK BATTLES, Massachusetts Maritime Academy,
Buzzands Bay, MA, JEANETTE BI CKLEY, St. Louis, MO, VALTER BLUMBERG
Coral Springs, FL, ICTCR G FESER Mary Coffege, Bismarck, ND, RCBERT
C GEBHARDT, Hopateong, NJ, RICHARD |. HESS, Rancho Palos Verdes, CA,
ROER KUEH., Kansas City, MO, HENRY S LI EBERVAN Waban, MA, GEN E
MLLS, Pensacola, FL, WH T MURRI LL, Baton Rouge., LA, PR ELI PP, Uniu-
esity of Wisconsin-0shkosh, M CHAEL J. TAYLCR Indianapolis Power &
Light Co., IN, KEVIN THEALL, Lauret, MJ and the PRPoSER VADE H
SHERARD, Furman Universdity, Greenville, SC interpreted the problemto be
abadw = bade. He found the solution 1431, , = 4113,. (There is a

second sol ution 1454, = 41457 - ed.) A'so two incorrect solutions *

0
wer e recei ved.

538. [Spring 1983] Proposed by Emmanuel, O.C. Imonitie, North-
west Missourd State. University, Maryville.
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The roots of ax2 + bx + ¢ =0, where none of the coefficients a,

b, and ¢ is zero, areaand 8 . The roots of a2><2 + b2X +e2=0 are
20 and 26. Showthat the equation whose roots are na and ng i s
x2 + onz + an® = 0.

Solution by Russell Todd, Bristof, Rhode, 1sLand.

Since the roots of ax® + bx + ¢ =0 are a and 8, the equation

nay be witten as

0=(z-a(x-8) =z°- (a +8)z+as.
Dviding the original equation by a and conparing coefficients wth that
above we have that

Qo

== (o + 8) and %=u8.

Snilarly for the second equati on we get that

2 2
a—z:-z(a+a) and 0—2:4as .

These rel ations nay readi |y be solved to get that

o

Q

a+B=2 af =4 . (1)
The roots of the final equation are no and ng, SO we have

0= (x - na)(x - ng) =a‘,2 - n(at g) +n2aB,
whi ch, fromequations (1), becones the desired result

22 - x4’ =0 .

Also sofved by FRANK P. BATTLES, Massachusetts Maritime Academy,
Buzzards Bay, MA, JEANETTE BICKLEY, St. Louis, Mo, WALTER BLUMBERG,
Cowl Springs, F£, BRUCE EDNVARDS , Undversity of, Flornida, Gainesv.ille,
RUSSELL EULER, Nonthwest Missouri State University, Maryville, MO,
VICTOR G. FESER, Mary College, Bismarch, NU, JACK GARFUNKEL, Flushing,
NY, ROBERT C. GEBHARDT, Hopatcong, NJ, RICHARD I. HESS, Rancho Pafos
Vendes, CA, RALPH KING, St. Bonaventuwre, NY, ROGER KUEHL, Kansas City, MO,
HENRY S. LIEBERMAN, Waban, MA BXB PRIELIPP , University of, Wisconsin-
0shkosh, HARRY SEDINGER, St. Bonaventwrie University, NY, WACE H. SHERARD,
Futman Univensity, Greenvifle, SC, MICHAEL J. TAYLOR , Indianapolfis
Power & Light Co, IN, KEVIN THEALL , Looted, MD, W. R. UTZ, Colambia, MO,
HAO-NHEN QU VU, Purdue Univernsity, West Lafayette, IN, KENNETH M.
WILKE, TOPEKA, KS, and the. PROPOSER. FESER, KUEHL, and THEALL each

sol ved equations (1), obtaining a,8 = -1+ /3 as part of their sol utions.
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539. [Spring 1983] Proposed by Hao-Nhien Q. Vu, Purdue Univer-
Adty, West Lagayette, Indiana.

Fnd a quadratic equation with integral coefficients that has
cos 72° and cos 144° as roots.

*Dpes there exist such a quadratic with roots sin 72° and sin
144°2

. Solution by Flank Battles and Lawra Kelleher (fointlyl,
Massachusetts Macitime Academy, Buzzards Bay.

V& repl ace 72° and 144° by their radian equival ents 2n/5 and

an/5 and ve let z = €25 . cos(2in/s) + 4 sin(2in/5). Note that
z5 = 1 and that 4
2n _z+z  2+2
Ccos 5 = 2 i 2

and

Qearing of fractions and addi ng we obtain

4008235_'"_,_2 cosgg1 22+2+23+z+z4

4
=1+1+z+zg+zg+z
_35
=1""1--:«1 =1

fromwhi ch we see that cos ( 2w/5) is aroot of the quadratic equation
4w+ 2 -1=0.
A simlar procedure shows that cos (4n/5) = (zz + 22 )/2 al so satisfies
this sane quadratic. Because cos (2n/5) > 0 and cos (4n/5) < O then
these quantities are the two distinct roots of the stated quadrati c.
B/ solving the above quadratic for cos (2n/5) = (-1 + /5)/4 and

. . .2 .
usmgtherelatloncosze +sin®8=1 we obtain

in 21 _ 4[5t 7B
81n5—- g

If this value is a solutionto a quadratic equation mZ *nx=pwth
i nteger coefficients my n, and p, which we rewite in the form

2
.,

=2 _
= 2

then we nust have
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N

5+ /5
8

5 +
8

=:E—-.
n

B EE

Now squar e both sides of this equation and solve for /3 to get that /7
isarational function of my, n, and p wth integer coefficients, a con-
tradictionsince /5 is irrational. Thus there is no quadratic equation
with integer coefficients having sin (2n/5) as a root, so of course there
i s no such equation having both sin (2n/5) and sin (4n/5) as roots.

11. Solution to the. §irst pant by Henry S. Lieberman, Waban,
Massachusetts.

Gonsi der the "golden triangle" with unit base, shown in the fig-
ure. By the law of sines we have that

x = 1
sin 36°  sin 78°
o o Sin 380 _ sin 36°  _ 1
sin 2 2 sin 36° cos 36° 2 cos 36°

so cos 36° = 1/2x. But, by sinilar triangles, we have z/1 = 1/(1 * z),
sox’+x-1=0 The positive root of this equationis x = (-1 +v/5)/2,
so that

Y5 + 1

(]
Cos 36 = 4
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Ther ef ore
o 2 0
COS 2 =cos (2 - 3°) = 2cos” 3 -1
o, 5+ 25+ 1 _ -1+ /5 AT
= &f 76 )-1= —3
and
cos 144":-cossb‘°=-1:'/§

It foll ows that

cos 72° * cos 144°='1+'/g+'1' 5o _ -l

2 4 2
e /5 /5
0 o_=-1+V5 -1-¥V5_1-5_-1
cos 727 cos 144" = ) . 2 =T =7
Hence the quadratic equation
:c2+%:c-%=o or 4x2+2:c-1=0

has cos 7 2 and cos 144° as roots.

Also solved by JEANETTE BICKLEY , St. Lowis, MO, WALTER BLUMBERG,
Conal Springs, FL, BRUCE EDWARDS , Gainesifle, FL, RUSSELL EULER ,
Nonthwest Missourni State University, Maryville, JACK GARFUNKEL, Flushing,
NY, RICHARD I. HESS , Rancho Patos Verdes, CA, DAVID INY, Rensselaer
Pofytechnic Institute, Thog, NY, RALPH KING , St. Bonaventure, NY,
HENRY S. LIEBERMAN, Waban, MA, G. MAVRIGIAN , Youngstown State Universdity,
OH, GLEN E. MILLS , Pensacofa Junion College, FL, BOB PRIELIPP , Univer-
adity of, Wisconsin-0shkosh, HARRY SEDINGER , St. Bonaventure Univensdity,
NY, CHARLES W. TRIGG, Son Diego, CA, W. VANCE UNDERHILL , East Texas
State. Univensity, Commerce, TX, KENNETH M. WILKE , Topeka, KS, and the.
PROPOSER.  Sofutions to the §inst pant of, the problem were also submitted
bg ROGER KUEHL, Kansas City, MO, and MICHAEL J. TAYLOR, Indianapolis
Power § Light Co., IN.

540. [Spring 1983] Proposed by M S. Klamhin, University of
Atbenta, Edmonton, Canada.

If the radii 75 Py, 73 of the three eseribed circles of a given
triangl e A1Ag‘13 satisfy the equation,

r r
(r_-z.- 1)(-1'.1_- 1 =2, "
2 3

det ermi ne whi ch of the angl es Ags Ags A, is the largest.
Amalgam of, solutions by WALTER BLUMBERG, Coraf Springs, FL, and
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HANRY S. LIEBERMAN, Waban, Massachusetts.
Let a, denote the l ength of the side opposite angl e A5 let s=

(a1 + a2+a3)/2 and let A be the area of trlangIeA1A2A3 . Then A =
r.(s - a2) for £ =1, 2, 3, so we have

*p_ 8%  T1-%- 3

1'2 8—a1 1".3 a-al

fromwhich it follows that

8§ - a 8 -a
a2~1)(3_a3-1)=2.
o= By 1

Now mul tiply through by (s = a,)° to clear of fractions, mitiply out
and sinplify to arrive at

1

Hence A1A2A3 isaright triangle with right angl e at A5 SO A, isthe
| argest angle of the triangle.

Also sofved by DAVID INY, Rensselaer Polytechnic Institute, Throy,
NY, MICHAEL J. TAYLOR, Indianapofis Power & Light Co., IN, CHARLES W.
TRIGG , San Diego, CA, and the. PROPOSER

541. [Spring 1983] Proposed by Stanley Rabinowitz, Digital
Equipment Cohp., Mewrimack, New Hampshire.

A line neets the boundary of an annul us Al(the ring between two
concentriccircles) infour points P, Q, R, Swith Rand S between P
and Q. A second annul us A, is constructed by draw ng circles on PQ
and 75 as diameters. Find the relationship between the areas of 4, and

Solution by Russefl Euler, Northwesi Missouri State. Universdity,
Maryville.

The figure sunmari zes t he hypotheses. Then the area of 4, is

niug® - M) =[R2 - &) - (& - )= il - F)
vhich is the area of Al'

Also solved by WALTER BLUMBERG, Conal Spiings, FL, RICHARD 1. HESS,
Rancho Pafos Vendes, CA, DAVID INY, Rensselaer Polytechnic Institute,
Troy, NY, ROGRR KUEHL, Kansas City, MO, HENRY S. LIEBERMAN, Waban, MA,
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G. MAVRIGIAN, Youngstown Stout~University, OH, HENRY SEDINGER , St.

Bonaventure Univensity, NY, WACE H. SHERARD , Fwwman University, Green-
ville, SC, MICHAEL J. TAYLOR , Indianapolis Power & Light Co., IN, HAO-
NHIEN Q. VU , Purdue University, Wesi Lagayetfe, IN, and the. PROPOSER

542. [Spring 1983] Phopobed by Hetbert R. Bailey, Rose Poly~
technic Institute, Tenre Haute, Indiana.

Acircle of unit radius is to be covered by three circles of
equal radii. Fnd the nmininumradi us required.

solution by Hawwy Sedingen, St. Bonaventure University, New York.

Let the three circles have radius ». Note that at |east one cir-
cle nust cover at least 1/3 of the unit circle's circunference, A chord
correspondi ng to such a third has length v3, so » > v3/2. Nowdraw
three such chords by inscribing an equilateral triangleinthe circle
and take three circles with radii v3/2 and centers on the nidpoints of
the chords. It is easy to see that the three circles formthe desired
covering. Hence » = /3/2 is sufficient.

Also sofved by RICHARD |. HESS, Rancho Pafos Verdes, CA, JOHN
M. HOWELL, Littterocck, CA, DAVID INY, Rensselaer Polytechnic Institute,
Ttoy, NY, ROGR KUEHL , Kansas City, MO, VANCE E. PINCHBECK, Vathatla, .
NY, MICHAEL J. TAYLOR, Indianapolis Power & Light Co., IN, HAO-NHIEN qQuif
VU , Purdue Univensity, West Lagayette, IN, and the. PROPOSER. G. MAVRI-
GIAN, Youngstown State. Univensity, (H interpreted the probl emas seeking
three circles that surround the given circle. He found that the radius
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of ncircles tangent externally to the unit circle and tangent each
toits neighbors is 1/[ese (n/n) - 1].

543. [Spring 1983] Proposed by Dominic C. Milioto, Southeast-
ern Lowdsdiana University, Hammond.

A linkage devi ce, shown in the figure, consists of a wood bl ock
with two tracks cut perpendicul ar to one another and crossing at the
center of the block. Rding withinthe tracks are two small skids A and
B, joined together by a long handle. As the handle is turned, the skids
nmove within their respective tracks: A up and down and B fromside to
side. Describe the curve generated by point ¢(at the end of the handl e)
as the handl e is turned.

Side View

I. Solution by David Iny, Rensselaen Polytechnic Institute,
Troy, New Yohk.

Introduce a Cartesian coordinate systemwhere point A runs al ong
the y-axis and B runs along the x-axis. Let the fixed di stances between
A and B be » and between A and ¢ be R Wen Ais at (g, -a), then Bis

at (= /rZ - a2_, 0) and, by simlar triangles, ¢is at (+(R/r) /1»\2 - a2,

(R/r)a - 3 Now set x and y equal to the coordinates of ¢, square each
equation, and elimnate a between themto obtain

2 2

“"—2 +—-—~3i~———2 =1
R (R - r)

an ellipsewith center at the origin(the center of the block), semi-

3

maj or axi s equal to AC, and sem-ninor axis equal to BC.

11. Sofution by Robert C. Gebhandt, Hopatcong, New Jersey.

The curve is an ellipse. This device is well-known to nechani cal
engi neering students, the elliptical trammel. See pp. 281-5 of Schwanb,
Merrille and Jares, Elements of Mechanism, 3rd ed. (New York: John Wl ey
& Sons, Inc., 1921).
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ALso solved by WALTER BLUMBERG, Coral Springs, FL, RICHARD I.
HESS, Rancho Palos Verdes, CA, RALPH KING, St. Bonaventure University,
NY, ROGER KUEHL, Kansas City, MO, HENRY S. LIEBERMAN, Waban, MA, WHIT
MURRILL, Univensity of Lowisiana, Baton Rouge,HARRY SEDINGER, St. Bona- ]
venture Univernsity, NY, MICHAEL J. TAYLOR , Indianapofis Power & Light
Co., IN, KEVIN THEALL, Lautef, MD, RUSSELL TODD, Brnistof, RI, HAO-NHIEN
QUI VU, Purdue University, West Lagayette, IN, and the PROPOSER. KUEHL
stated that he had seen this |inkage described as a "do nothing" in
souveni r shops in Mssouri and | owa.

544. [Spring 1983] Proposed by Jack Garfunkel, Flushing, New
York, and CLifford Gandnenr, Austin, Texas.

Showthat a quadrilateral ABCD with sides AD = BC = s and
34 + 3B =120° has naximumarea if it is an isoscel es trapezoid. A
solution without cal culus is preferred.

I. Solution by M. S. Klamkin, University of Alberta, Edmonton,
Canada.

As the problemis stated, there is no naxi numarea since AB and
(D can be arbitrarilylarge. Therefore we change the probl emby addi ng
the restrictionthat BC + CD + DA = p.

Then, if we reflect ABCD across AB, the resulting figure CDAD'C'B
will be a hexagon of naxi numarea having a given perineter 2p. Hence
it nust be a regul ar hexagon, so ABCD i s an isosceles trapezoid with
# = 3B = 60°.

11. Sofution by Henny S. Liebewman, Waban, Massachusetts.

In order that ABCD have nmaxinumarea it nust be cyclic. See
Theorem 3.36 in Nven: Mxina and Mnima Without Calculus, pp. 53-4,
which states: A quadrilateral inscribed inacircle has alarger area
than any other quadrilateral with sides of the same | engths in the same
order. (This is proven w thout cal cul us, of course).

So suppose we have a quadrilateral as described in the probl em
and inscribed ina circle. S nce chords AD and BC are equal, their arcs
are equal. Nowangle Ais nmeasured by hal f the sumof arcs BC + CD,
whi ch equal s hal f the sumof the arcs (D + DA, which neasures angl e B, 5
so #4 = #B and ABCD i s an isoscel es trapezoi d.

Note that this proof is independent of the magnitude of #A * #B.
Inthe particular case of this problemwe woul d have, of course, #4 = #B
= 60° at maxi numarea,
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ALso sofved by WALTER BLUMBERG, Coral Springs, FL, RAFH KING,
St. Bonaventure Univensity, NY, HARRY SEDINGER, St. Bonaventuré Univer-
sity, NY, MICHAEL J. TALOR , Tndianapolis Power & Light Co., IN, and the.
PROPOSERS.

545. [Spring 1983] Proposed by Stanley Rabinowitz, Digital
Equipment Conp., Mewnimack, New Hampshinre,

Let f, denote the nth Fibonacci nunber (f; =1, f, = 1,
fn+2 = fn + fn+1 for n a positiveinteger). Fnd aformula for fm_m
interns of T and fn(only).

1. Solution by Bob Prielipp, University of, Wisconsin-0shkosh.
¢ shal | show t hat

=1 m 1 n
Foim = % T \SF0 + -7 + 5 £ o587 + 4-1)" .

To aid us in proving the above, we use the follow ng wel | -known resul ts,
whi ch can readi |y be proved by nmathenatical induction: If m, n, and j
are positive integers and letting f0 =0, then

S fm+n=fm—1fn+fmjn+1
and .
2 _ J
(2) (Fsq + Fyep) = 555 ¥ 20107

From (2) ve get
J - - 2 _
-1+ 55 - ((Fyy = F) + £5,9° = 0,
which we mul tiply out and divide by 4 to get

fjﬁ - fjfj+1 - fﬁ - (-1)7 =0,

a quadratic in fj+1 . Solving by the quadratic formula, we see that

_1 J
(3) f1e1=7 T +45f§ +40-1)7) .

Finally, from (1) and (3), we get that

fm+n = (fm+1 - fm)‘fn t Jc.rrlfrrl-l

7 m 1 n

2 (Jsffn + 21" - FOf + 2 (Jsfi +4-1)" 4 £F .
1 m 1 n

1 fanfri +4-1)" + 3 fm‘ls_f‘i + a-1)" .
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11. Sofution by M. S. Kfamkin, University of, Alberta, Edmonton,
Canada..
If In denotes the nth Lucas nunber (I =1, 12 =3, and & -

n+2"

N t Lop1 ) then the formul a[of Solution I] fol | ows i nmedi atel y

fromthe foll ow ng known rel ati ons:
L 2 pin = Tt * f
and

2 J
52 4 4(-
(2) L Sfj & B

Also solved by RUSELL EULER , Northwest Missouri State Univer-
sity, Maryville, KEVIN THEALL, Lawref, MU, and the PROPOSER. EULER

used the formila fa = [(1 + /&)™ - (1 - /5)™/2"/5 o

wpite fm+n interns of fn, fm, (1+ V/5), and (1 - v/5) . Two incorrect
sol uti ons were recei ved.

546. [Spring 1983] Proposed by Robert C. Gebhardi, Parsippany,
New Jernsey.

Show that the square of the sumof the squares of four integers
can be expressed as the sumof the squares of three integers, as in
2+ & +2 £5%=14% ¢ 28% + 447,

[.  Solution by Victor G. Feser, Mary Cortege., Bismanck, Noath
Dakota..

As stated, the problemis trivial: for any, a b, e, d ve can
wite

(a2+b2+c‘2+d2)2= (a2+b2 + g +7d“) 2+ 02+ 02 .
Unfortunately, it will not work sinply to exclude zeros, since in some
cases they nust be allowed. For exanple,

(12+ 12+12+ 12)2=16

and the only way 16 can be expressed as the sumof three squares i s
42+ 02+ 02. Another such exanpleisa=b=1and e =d = 2.

11. Additional comment by M. S. Klamkin, Univernsity of, Alberta;,
Edmonton, Canada.

The result is not true. Atheoremof Gauss states that an

natural nunber is either of the forma® +b2+ 02 or a2+ b2 + 2¢
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where a, b, e are natural numbers. Hence
(1+1+1+2)%=16=22+2%4+2- 2
and

2 2 2 2

22128 v1+0?-100=5%2+5%+2.5

111. Sofution by Walter Blumberg, Conal Springs, Flonida.

Using the proposer's example as a guide, we are led to the follow-
ing special case: The square of the sum of the squares of four unequal
positive integers in arithmetic progression can be expressed as the sum
of the squares of three positive integers. To prove this statement we
let a and X be positive integers, and we leave it for the reader to
verify the identity

[a2+ (a +:n)2+ (a + 2::)2+ (a t 3.1:)2]2 =

(daz + 6222 + (Bam + 18292 + (4a2 + 12ax + 4292 .

IV. Amafgam of sofutions by JACK GARFUNKEL, Flushing, NeW Yok,
and DAVID INY, Rensselaer Polytechnic Institute, Troy, New Yohk.

The following is an identity due to Lebesgue (see Long: Elemen-
tary Introduction to Mumber Theory, p. 143):

(a2+ b2+ 02+ d2)2 =

@2+ 0% - c?- a2+ (2ac - Bd)? + (2ad + 2be)? .
Also solved by RCHARD |. HESS Rancho Palos Verdes, CA, BOB
PRIELIPP , University of Wisconsin-Oshkosh, KENNEH M. WILKE, Topeka,
KS, and the PROPOSR WILKE gave the reference Carmichael, Diophantine
Analysis, pp. 35-8, Nav York: Dover, 1959.
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CHAPTER REPORTS

IOWA ALPHA CHAPTER (lowa State University) The 60th Annual Initiation
Banauet of the lowa Alpha Chapter was held on May 1, 1983. Forty new
members were initiated. Professon Stephen J. Willson of the Mathematics
Department was the guest speaker and talked about "Composing a Function
with Itself.”

Pi Mu Epsilon Scholarship Awards of $50 each were presented to Deborah
Hwang and Craig McCLanghan who scored highest on a competitive examina-
tion. An additional award of $50 was presented to William Somsky for
outstanding achievement on the Putnam Exam.

Other department awards were presented as follows:

The Dio Lewis Holl Awards to outstanding graduating senior mathematics
majors; William Somsky and Fred Adams.

The Gertrude Herr Adamson Awards for demonstrated ingenuity in
mathematics; David Bachman, Rita Hanion, Kurtis Ruby and Wileiam Somsky.

Other lowa Alpha activities for the 1982-83 year included the following
talks: "Summation of Series"' by Prof. Peter Cofwelf of the lowa State
Mathematics Department; "Shape of the Universe Through the Glasses of
Finite Geometry" by Prof. Lesfaw Szezerba, Warsaw, Poland; " Fractions
That @ On Forever” by Prof. Bryan Crain of the lowa State Mathematics
Department.

KANSAS GAMMA CHAPTER (Wichita State University) Talk by Ph. Geoage
MiLiken. "Uses and Misuses of Statistics i n Sex and Race Diserimination
Cases. ” Banquet lecture by Dn. Mefuin Snyder, "Digression on Sne

Small Nurmbers.” Lecture by Lewi{s Townsend, "On Robotics.” Lecture by
Drn. D. V. Chopra, "History of Pi Mu Epsilon.”

MASSACHUSETTS GAMMA (Bridgewater State College) The Initiation Address
was a talk given by Dr. fugo D'Alarcao entitled "Platonie Solids and
Brussels Sprouts.! This talk was one of a series of three talks held
that week at Bridgewater State College sponsored by Massachusetts Garma
The week was referred to as "Euler WeK' during which we used the 200th
anniversary of the year of Euler's death to learn some of the achievements
of that great mind. The other talks, also given by members of the
Bridgewater State College mathematics faculty were: "Leonard Euler:
#is Life and WorkY, by Prof. 1. P. Scalisdi; and "Euler and the Case of
the 3 OfficersV, by Prof. Thomas E. Moore. In the spring term, 1984,
Massachusetts Gamma wil | sponsor a week whose theme will be Waren and
Mathematics.
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MICHIGAN DELTA CHAPTER (Hope College) The following programs and
activities were sponsored by Pi Mi Epsilon and Math Club: Mt. Rogen
Klassen, Purdue University, spoke on "The Use of QualityControl Charts
i n Statistical Quality Control"; Da. Richard Vandervelde, Hope College,
spoke on "Why Are Manhde Covers Round?"; Prof. John Van Iwaarden, Hope
College, spoke on "An Introductory Look at Mathematical Modeling"; Dr.
Harotd Johnson, Trinity College, spoke on "The CAT. Scanner and
Applications to Geology"; Dr. Mel Nyman, Alma College, spoke on "A
Growth Modd for the Giant Kel p": Ma. John Stoughton, University of
North Carolina-Ashville, spoke on "Derivation of the Trig Functions
Using Differential Equations’; and Réick Meyers, Senior Member of the
Technical Staff at Apple Computer, Inc., spoke on "Smalltalk-80" and
"The LISA Personal Office System".

MISSOURI GAVMA (St. Louis University, Fontbonne College, Lindenwood
College, Parks College) Presented the following awards: The James W.
Garneau Mathematics Award was given to Cherylyn Meek Claiborne; The
Francis Regan Scholarship was presefited to Danief Deneufbourg; The
Missouri Ganmma Undergraduate Award was earned by Mauteen SLattery; The
Missouri Gamma Graduate Award was given to Leona Martens; The winners
of the Pi Mu Epsilon Contest Awards were: Senior - Lynn Marie Noxrd,
Junior = John Martin; The John J. Andrews Graduate Service Award was
presented to M, Uictoria K€amon; and The Beradino Family Fraternityship
Award was given to Robert Quast. The James Case Memorial Lecture was
presented by Prof. Patrick Cassens of Central State University in
Oklahoma; the title of his talk was "Digtance i N Geometry as Defined by
the Metric".

NSV YORK PHI CHAPTER (Clarkson College of Technology) Dr. Philip
Schwartau, Brandis University, spoke on "From Potsdam tO a Ph.D."
Mareia Borden won the coveted Clarkson Memorial Award for the highest
four year overall grade point average. This is the sixth consecutive
year that this graduating senior award has been won by a member of the
chapter.

NBV YORK ALPHA CHAPTER (Queens College) ?Da. Kenneth B. Kramer of the
Queens College Mah Department spoke on "Trap-Door Funetions and Secret
Codes': Dn. Ronatd 1. Rothenberg of the QueensCollege Math Department
spoke on "Using the Computer Language BASC i n the Math Classroom.
Linda Hechtman and Hal Weinstein were the recipients of the 1983 Pi M
Epsilon prize for excellence in mathematics and service to the Nav York
Alpha Chapter.

ALPHA CHAPTER (University of Pennsylvania) The Chapter conducted the
following activities: Workshop, "Job-Seeking Strategies i n Mathematics-
Related Fields"; Workshop, "Careers i n Mathematics at 1.B.4." by Of.
John Sims of 1.BM. 3 Lecture, "Mathematics and Econometrics® by Prof.
Michael McCarthy of the Economics Department; and Lecture, “"Soap Bubbles
ad Surface Areas! by Dr. Jernry Kazdan of the Mathematics Department.
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A Guide for Teaching Mathematics #

Some persons have said that Euler's Formula is the most interesting
equations 1n all of mathematics

e +1=0

It contains the five most important constants; e, m, i, 1, and 0.
It contains the three fundamental arithmetic operations; addition,
multiplication, and exponentiation and, finally, it contains the
equality.

LETTER TO THE EDITOR ==========--=
Dean. Editon:

| am weiting in nedponse 1O yowr "challenge to the reader" in the
Fall 1983 issue of, Pi M1 Epsilon Journal. Under the article entitled
"oes fa + 4b) (¢ * ) Equap a Real? qou asked if the neaden coubd
gind any othern intenesting cases of a real resultina from raising a
complex number tO a complex power, besides i* = ¢ ™/Z wete, |'ve.
been working on that i n my spare time as a senion physics major Cut
Lamar University in Beaumont, Texas., | have fairly easily compiled a
List of sevenal cases, plus a few other interesting (useless) tidbits.

These were afl derdived using:

2o &dn &x = & sinh X
a2+ b2=/:.2 c0s Ax = cosh X
/tan6=£ tan ix = 4 tanh X

Lnla+4b) =wn + 48 Zanh ix = 4 Zan x
0 < argument < 2m  cosh ix = cos X

4 s4in x

sinh 4ix

(Naturally, everything is in nadians.)
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