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FRENET FORMULAS IN N-DIMENSIONS 
AND SOME APPLICATIONS 

by Benny Cheng 
Ma&~achu~att& IustitItte. of, Te-chnoiogy 

~- tAcub~&n.  During our  freshman ca lcu lus  course, we encounter b r i e f l y  

t h e  not ion of t h e  curvature funct ion of  a space curve. curvature, a s  

defined i n  most s tandard ca lcu lus  t e x t s ,  i s  t h e  r a t e  a t  which t h e  d i rec-  

t i o n  of  t h e  u n i t  ve loc i ty  vector  T of a p a r t i c l e  changes o r  t u r n s  a s  it 

moves along t h e  a r c  o f  a curve. In  mathematical no ta t ion ,  we wr i te  

1 I&/& 1 1 = kfs) ,  s t h e  a r c  length parameter of  t h e  curve. From t h e  f a c t  

t h a t  < T,(fl'/ds> = 0, we have ( i )  &/& = k ( s ) x  where ff i s  t h e  u n i t  nor- 

mal vector  of t h e  curve. Since <%a/&>= 0 and knowing t h a t  

0 = d(<T,N>)/ds =<T-dN/ds>+<dT/ds,fl>, we see  t h a t  ( i i )  dy/ds = 

-kfs)T. ( i )  and ( i i )  a r e  c a l l e d  t h e  Frenet equations (named a f t e r  Jean- 

Frederic  Frenet (1816-1900) French mathematician) f o r  plane curves. The 

Frenetformulas a r e  of g r e a t  importance i n  t h e  study of  curves i n  d i f f e r-  

e n t i a l  geometry and i n  t h i s  paper, we give a genera l iza t ion  of  t h e  formu- 

l a s  t o  higher dimensional Euclidean space curves, and use them t o  prove 

two i n t e r e s t i n g  theorems i n  Euclidean d i f f e r e n t i a l  geometry. 

n - Theokem 1 .  ICR' X:I +R a C map with a r c  length parametrization. We 

assume t h a t  a t  each point  of Xfs), t h e  vectors  

X'fs), XVfs), . . . ,X^-^ (s) 

a r e  l i n e a r l y  independent. Then we can f i n d  an orthonormal s e t  of l i n e a r-  

l y  independent vec tors ,  c a l l e d  t h e  Frenet n-frame 

V1 (el, v/s), . . . , Vnfs) 

s a t i s f y i n g  t h e  r e l a t i o n s :  

V = kl(s)Vg 



Final 
We c a l l  t h e  above r e l a t i o n s  t h e  general ized Frenet formulas and kifs)de- 

note  t h e  i t h  curvature of Xfs) . I n  t h e  spec ia l  case n = 3,k2 is a l s o  

known a s  t h e  to rs ion  of  Xfs). 

l y  , V = l i n e a r  comb 

V r n  = -kn-l I 'S )V~-~ .  

i n a t i o n  of  V1,. . . , V i m p  n 

For our first appl ica t ion ,  we w i l l  show t h a t  curvature can be i n t e r p r e t e d  

a s  t h e  r a t e  of tu rn ing  of  oscu la t ing  hyperplanes. We saw before t h a t  i n  

t h e  two-dimensional case ,  t h e r e  is only one curvature,  and it i s  determin- 

ed by t h e  r a t e  of  tu rn ing  of t h e  tangent  vector ,  t h e  hyperplane of one 

one dimension. To genera l ize  t h i s ,  we first need some d e f i n i t i o n s  and 

lemmas. 

Proof. We apply t h e  Gram-Schmidt or thogonal izat ion process t o  vec tors  

d q s )  1 <. r < n-I. 

Thus 

E (s) = x r ( s )  , v1 fs )  = E~ ~ s ) / \ \ E ~ ~ s )  \ 1 

Vedin^tion. 1. A p-plane, denoted if , is a subspace spanned by p l i n e a r -  
n 

l y  independent vectors  i n  R . In  p a r t i c u l a r ,  i f  t h e  p l i n e a r l y  indepen- 

dent vectors  a r e  V1(s), ..., V f s )  then it is termed t h e  osculat ing p-plane 
P 

of Xfs) a t  s. 

In t h e  following lemma, we a r r i v e  a t  a d e f i n i t i o n  of  t h e  angle between 

two p-planes. 

V (s) = t h e  unique vector  s a t i s f y i n g  < V , V i >  = 0 
n 

1 < . - i < n - 1 .  

It follows t h a t  < V  V . >  = 6 t h e  d e l t a  funct ion.  
i' 3 ijJ 

Hence < V i , v r j >  +<Vf

i,V .>=O (*I 
3 

Lemma 1. M^ , N two p-planes. Let { ul,. . . , u  and { vl, . . .,u 1 be 
P P 

bases f o r  M and N respec t ive ly .  Consider t h e  p-vectors u = u,Au,,/\ 
Also, each V f

i  i s  a l i n e a r  combination of  Vl, ..., V a s  can be seen by 
[<+I] n taking E l i fs)  and not ing t h a t  X f s )  is  a l i n e a r  combination of 

vl,-- -,vi+l 1 Â i 5 n-1. 

L tJ . . . A u a v = 0 A .. . A v ,  where A denote t h e  e x t e r i o r  product i n  Ã  ̂
P 

Then t h e  angle between W a n d  f l P  is  equal t o  t h e  unique angle i)> between 

u and v ,  s a t i s f y i n g  
<<% v>> 

cosi)> = 
^^MÃˆÂ¥^y, 

'+I 
so  l e t  vr i  = 2 aisvs, v r j  = ajtvt - 

S-J. 

where detf<ui,v .>) denote t h e  determinant whose e n t r i e s  i n  t h e  f-i,j) 
3 

c e l l  is<u.,u .>. 
1- 3 

which imply t h a t  

aij  + aji = 0 f o r  a l l  i,j 

a = 0 j < i-1 i j 

a . .  = 0 j > i+1  
3 1- 

V i  = a . .  V 1-2-1 i-1 + "ii+lvi+1 

- - -ki-lfs)Vi-l + k . f ~ ) V ~ + ~  2 

k . f s )  = aii+l = -"i+li 
1 5  -i < n-1 

2 

Observe t h a t  t h i s  is  a n a t u r a l  genera l iza t ion  of  t h e  well-known cases 

p = 1 and p = 2,  where<<u,v>>is t h e  usual Euclidean dot  product and 

c ross  product respec t ive ly .  The proof involves t h e  notion of  a reduction 

f a c t o r  f o r  p-dimensional measure under orthogonal p ro jec t ion  between two 

p-planes, d e t a i l s  of which t h e  reader  i s  r e f e r r e d  t o  [2] pp. 1051-3. 
Hence 

1 Lemma 2. Let S = [so,s]cJ, T:s+R", a C map such t h a t  1 \T(s) \ \ =-J. 

f o r  each seS.  Let Q(s )  denote t h e  angle between T f s )  and TI'S), then 

6 '(so) = 1 \T' (so) 1 1 . ( I n  t ak ing  t h e  der iva t ive ,  we always choose t h e  

d i r e c t i o n  of  increasing 6,  hence 6 ' f s )  ? 0).  
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Proof. 

Hence 

Futhermore 

= l i m  
s +s 
0 

0 f s )  
6 (s) 

s i n  - 
s - s o  

2 

Theohem 2 .  Let 6(s)  denote t h e  angle between t h e  osculat ing p-planes 

g f s ) ,  l f f s ) .  Then e r ( s )  = k (s) ,  t h e  p th  curvature of Xfs). 
P 

Proof. 
Consider t h e  p-vector 

T (s) = V1(x) A. . .  AV (s) 
P P 

1 1  T (s) 1 1 = 1 s ince  <<T(S),T(S)>>= det(<vi,vj >) = detfpxp i d e n t i t y  
P 

matr ix)  = 1. 

Using t h e  f a c t  t h a t  t h e  product r u l e  f o r  d i f f e r e n t i a t i o n  holds f o r  t h e  
n 

e x t e r i o r  product i n  R , we have 

Subs t i tu t ing  t h e  Frenet formulas f o r  V r
i  and applying t h e  anti-symmetry 

axiom V.AV. = -V.AVi , 
1-33 

Tr f s )  = vlA ... A v  AVfp 
P P-1 

hence by lemma 1 and 2 ,  Q r f s )  = 112" f s )  1 \ = k (s) . 
P P 

For our  f i n a l  app l ica t ion  of  theorem 1, we w i l l  prove t h e  n-dimensional 

analog of  Fenchel's theorem (Wernel Fenchel (1905- ) German mathemati- 

c i a n ) ,  which s t a t e s  t h a t  i f  Xfs) is  a closed u n i t  speed curve of length 
L L i n  R3 , then $ \k,(s) Ids 2 2n with equa l i ty  i f  and only i f  Xfs) is a 

0 
convex plane curve. The remarkable f a c t  is t h a t  t h e  same theorem is  

t r u e  with R replaced by R ,  and t h i s  is t h e  content of our next theorem. 

Theohem 3 .  Let X(s) be a C- closed curve of length L i n  Rn parametrized 

by arclength.  Then /' \l(, (s)  \ & >. 21r where k 1 fs )  is t h e  first -cz:ya- 

t u r e  of X(s) . ~ ~ u a l i t ~  occurs i f  and only i f  Xfs) is a convex planar  

curve. 

Here we d i v e r t  our a t t e n t i o n  f o r  a while and consider t h e  Gauss map 

G : S + S ~ " ( ~ ) ,  t h e  u n i t  hypersphere of  dimension n-1 . Then G(s) = V1 (s), 

t h e  tangent vector  t o  X(s) . The image curve, c a l l e d  t h e  tangent ind i -  

c a t r i x ,  has length 

But V (s) = k1 fs)V2, hence A = k s )  I& 

Thus we have t o  show t h a t  X 2 2 . We w i l l  prove t h i s  using i n t e g r a l  

geometry and t o  do s o ,  we need t o  n-dimensionalized an i n t e g r a l  formula 

due t o  Crofton [4]. 
n-1 

~ ~ L I  3 .  Let g denote a g r e a t  c i r c l e  and A a curve on S . Then 

fsfAns)dg = + ~ f / " ~ )  

where X is t h e  length of A , A(?-)  t h e  sur face  content of  , and 

n f A n g )  t h e  number of  i n t e r s e c t i o n s  of A with g. 

Proof 

Let el(u), ..., e ( u )  be a Frenet n-frame f o r  A with a rc leng th  u. Then 

do = kl(s)ds, s t h e  arclength o f  g ,  and t h e  Frenet formulas f o r  A a r e :  

Next, using general ized polar  coordinates  [3] , we can describe t h e  po le  

of  a g r e a t  c i r c l e  g a s  



Observe t h a t  

- - c o s a Ã £ .  . cosa , + I ,  W 1 5 i S n - 2 .  

Clearly,  t h e  W. form an orthonormal s e t  of  vectors  a s  i v a r i e s  from 1 

t o  72-2 . We wish t o  f i n d  t h e  element of a r e a  n(Ang)dg of t h e  g r e a t  
c i r c l e s .  Di f fe ren t ia t ing  P 

and rearranging t h e  terms, we can express dP i n t o  a l i n e a r  combination 

of  orthogonal s e t  of vectors  V .  such t h a t  
2 

It follows t h a t  

n ( ~  ng)dg = lproduct of c o e f f i c i e n t s  of  el,Vl,. . . , 
~ n -  2 \ 

i = I i 2  cos a .  da.dn1 
i=l 2 2 

Using t h e  known formulas 

_n/2 
Ci It 

and A(,?'! = - , r ( x )  denote t h e  gamma funct ion,  we i n t e g r a t e  

t h e  above expression and obtain 

Proof o f  Theorem 3. 
n Let A be a f i x e d  u n i t  vector  i n  R . Consider t h e  height  funct ion 

H(s) = (A,X(s) )  

Since H(s) is continuous and bounded, H ' ( s )  = (A,Xr ( s )  ) = (A,  V ( s )  ) = 0 

has a t  l e a s t  two so lu t ions .  But A determines one o r  more g r e a t  c i r c l e s  

g i n  8 ,  hence n (Af lg)  2 2 and 

n C O & O . & ~ Y .  I f  A is a g r e a t  c i r c l e  of  S , then \ = 2n f o r  a l l  n 2 11 

Proof. n ( A n g )  = 2 f o r  a l l  g except f o r  c e r t a i n  s e t s  of  measure zero 

which have no e f f e c t  on t h e  i n t e g r a l .  

Next, suppose X(s) is a convex curve l y i n g  on a hyperplane of  dimension 

m<n. Then t h e  Gauss nap of  X(s) is one-one and t r a c e s  ou t  a g rea t  

c i r c l e  on S""', hence \k,\ dS = 21r . I 
Conversely, suppose t h a t  A = 2 n . Then n(A f lg )  = 2 almost everywhere 

(except f o r  s e t s  of  measure 0) .  Let g be a g rea t  c i r c l e  which i n t e r s e c t s  

A i n  exact ly 2 po in t s ,  PI and P2. Claim: P and P b i s e c t  A i n t o  two 1 2 
a r c s  of  equal length.  Suppose no t .  Let (P,Pp)A denote t h e  longer  a r c  

- - 

of A and (P P )g, t h e  shor te r  a r c  of  g .  Then because g is a geodesic i n  
sn-l 1 2  

, t h e  curve 

has length <ZIT . llSmoothing out" t h e  por t ion  of r, a t  PI and P2 ( t h a t  

is,  making r, have a continuous tanget  a t  PI and P2 ), we can f i n d  a 

closed curve g i n  R whose tangent i n d i c a t r i x  is  r, and has l eng th  <ZIT, 
1 

contrary t o  above r e s u l t s .  Thus (P 1 2  P ) A  = IT = ( length of  g ) .  The 

tangents  t o  A a t  P1 and P2 a r e  continuous, hence A i s  i t s e l f  a g r e a t  

c i r c l e .  Since t h e  Gauss map is one-one, X(s) must be  a convex planar  

curve. This completes t h e  proof. 
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DIFFERENTIABILITY AND 
DIRECTIONAL DERIVATIVES 

by N-tchoh S .  Fohd 
and M o b u  G h n a  

Pe.nn.by.ivania State.  U L u m - L t y  

In the process of introducing the concept of differentiability for 

a function of several variables it is important to establish the relation- 

ships with the various notions of one-dimensional derivatives such as 

partial derivatives, directional derivatives or derivatives along differ- 

entiable curves. Of course differentiability implies the existence of 

all the one-dimensional derivatives. That the existence of the deriva- 

tive along all differentiable curves passing through a point does not 

imply differentiability is shown by 

f ( x , y )  = 

otherwise. 

(cf. [2], p. 240). Complete characterizations of differentiability at a 

point in terms of one-dimensional derivatives seem to be overshadowed by 

the elegant result that the existence of continuous partial derivatives 

in an open set is equivalent to continuous differentiability there. In 

order to recapture this innate simplicity in the characterization of dif- 

ferentiability the classical definitions need to be altered (see [l]). 

The purpose of this note is to present a characterization of dif- 

ferentiability at a point that can be appreciated by advanced calculus 

students but is not mentioned by the current textbooks on the subject. 

For the sake of clarity we consider functions f  : lR2+iR1 and their 
2 behavior at 0 â ‚ ¬  . The theorem given here can be established for func- 

tions on lRn, n > 2, relative to an arbitrary point by simply making 

notational changes. 

The function f  given in (1) does not satisfy the chain rule 

formula 

for every straight line y  passing through 0 . It is easy to find exam- 

ples of nondifferentiable functions which satisfy (2) for every straight 

line passing through 0 . However, if the existence of ( f  0 y )  ' ( 0 )  . for 
every suitable curve y  passing through 0 is combined with the Feqfiire- 
ment that (2) hold, then one obtains differentiability. 

The.oJLm . A function f : lR2 + iR1 is differentiable at 5 if and 
only if (2 holds for every curve y  : lR + X y  ( 0 )  = 5 g y  ' ( 0 )  

existing. 

The necessity is a consequence of the chain rule. The proof of 

the sufficiency proceeds by contradiction. Assume that ( 2 )  holds for 

every y  of the sort under consideration but that f  is not differenti- 
2 

able at 0 . We first show that if T  is a rotation of JR then f O T  

satisfies these conditions as well. 

Clearly, f O T  is not differentiable. To show that f O T  satis- 

fies (3) for every y  we note that 

Indeed, the choice of y ( t )  = ~ ( t ; )  in (2) gives & ( f  OT)  ( 0 )  = T; - V f  ( 7 ) .  

This and the formula corresponding to the choice y ( t )  = ~ ( t 3 )  imply (3). 

If y  is one of the curves under consideration, then so is T o y .  Thus 

using (2) relative to T  Oy and (3) gives 

This establishes the claim about f  0T.  

The assumption that f  is not differentiable at 0 implies that 
there is an E > 0  and a sequence of points {x} with lim = 0, ; 
- 0  n 
xn # 0 and 
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f o r  n  = l , Z ,  ... . W hout  l o s s  of  genera l i ty  we may assume t h a t  t h e  - 
sec tor  s = { x  = fx,y); 3-'" 5 y/x  5 3'"} contains  i n f i n i t e l y  many 

po in t s  of  t h e  sequence { s }  , s ince  t h i s  must be t r u e  f o r  a t  l e a s t  one 

o f  t h e  s e c t o r s  obtained by r o t a t i n g  S through an angle of  1rk/6, 

k  = 1,2,. . .,11. We choose a subsequence, again denoted by { a;} , of 
- 

poin t s  ly ing  i n  S . Set  x  = ( x , y ) ,  M = y / x  and M = l i r n  sup M 
n  ' 

Clearly 3-'I2 5 M 2 3'". By respectedly passing t o  subsequences we may 

assume t h a t M  = l i m  M and t h a t  {a; } is s t r i c t l y  decreasing. 
n  2  We def ine  a curve y  : ( - l , x l )  + X , ~ f t )  = ( x f t ) , y f t ) )  by s e t t -  

i n g  x ( t )  = t and 

We claim t h a t  y  is t h e  s o r t  of  curve spec i f ied  i n  t h e  theorem. For 

t h i s  t h e  only d e t a i l  t h a t  needs some j u s t i f i c a t i o n  i s  t h e  exis tence of  

~ ' ( 0 )  . Since t h e  der iva t ive  of  y  from t h e  l e f t  i s  M we s h a l l  show 

l i m  + y f t ) / t  = M, a s  well.  Note t h a t  y f t ) / t  = y ( t ) / x f t )  is t h e  s lope 
t +o - 

of t h e  l i n e  joining 0 t o  ( x f t ) , y f t ) )  and ( x f t ) ,  y ( t ) )  is on t h e  l i n e  seg- 

ment joining f x , ,  y , )  t o  ( x ,  y )  f o r  a s u i t a b l e  n  . Thus y f t ) / t  is 

between t h e  s lopes M , M I  which shows t h a t  l i m  y ( t ) / t  = M . 
t +o+ 

We have l i m  f y ( t )  - t y ' f 0 )  )/t = 0 and consequently 
t + o  

On t h e  o ther  hand, s ince  we a r e  assuming t h a t  f  and y  s a t i s f y  (21 ,  we 

have 

(6)  

Subtract ing 

In  p a r t i c u l a r ,  i f  we take t h e  l i m i t  along t h e  sequence { x }  , then we 

ob ta in  

(7)  

- - 

If(<) - f f 0 )  - x ~ f ( 0 )  1 
l i m  = 0. x  n + -  n  

The l i m i t  i n  (7 )  continues t o  be 0  i f  x  is  replaced by t h e  l a r g e r  
- 

quant i ty  1 x 1  . This con t rad ic t s  (4 )  and completes t h e  proof of  t h e  

theorem. 
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small a s  poss ib le ,  where 

OBTAINING THE SHORTEST CONFIDENCE INTERVAL 
FOR AN UNKNOWN PARAMETER 

In  t h i s  a r t i c l e  we look a t  severa l  examples o f  confidence i n t e r-  

v a l  est imation of an unknown parameter. In  each example we determine 

how t o  make t h e  i n t e r v a l  a s  shor t  a s  poss ib le ,  and hence maximize t h e  

prec i s ion  of  t h e  est imate.  

EXasipit 1. Let X I  X2,. . . , X be a random sample of  s i z e  n  from -.- 
2  n 

a N(u9 a ) . Assume t h a t  x i s  unknown and a  i s  known. Define t h e  sample 
mean by 

1  n x =  - E  n  i=l ' 

Then it is  well known t h a t  X is normally d i s t r i b u t e d  with mean U and 
2  - 

variance a  /n, i . e . ,  X is N f y ,  0 2 / M ) .  I t  follows t h a t  

is  N(0,l).  

Now suppose we would l i k e  t o  ob ta in  a 95 percent confidence i n t e r-  

v a l  f o r  y .  We use t h e  following process. From standard t a b l e s  of  t h e  

NfO.1) d i s t r i b u t i o n ,  s e l e c t  numbers a  and b  (with a < b  ) such t h a t  

Pr(a 5 Z 5 b )  = .95. The following i n e q u a l i t i e s  a r e  then equivalent :  

Prfa  5 Z <. b )  = .95, 

The (random) i n t e r v a l  [X - ba//n, - aa/v%] is c a l l e d  a 95 percent  

confidence i n t e r v a l  f o r  u ,  and it contains  t h e  unknown value o f  y f o r  

95 percent  of  a l l  random samples of s i z e  n.  

We a r e  concerned here with making t h e  width of  t h e  i n t e r v a l  a s  

Thus we must minimize (b  - a ) ,  sub jec t  

Pr(a 5 Z 5 b )  = .95, where Z is N(0, 1 

t o  t h e  condit ion t h a t  

). Let F ( Z )  = PPCZ $ 2 

cumulative d i s t r i b u t i o n  funct ion f o r  2 . Then 

where 

) be t h e  

is t h e  N f O ,  1) probabi l i ty  densi ty funct ion.  We there fore  want t o  mini- 

mize ( b  - a ) ,  sub jec t  t o  &(a 5 2 5 b )  = F(b) - Ffa )  = .95 . 
Now thinking of  a a s  a funct ion o f  b , we have 

d- [ ~ ( b )  - ~ ( a ) ]  = 0, Sb 

Fr(b)  - ~ ' ( a ) g  = 0, 

da 
f ( b )  - ffa)-& = 0. 

We a l s o  have 

g b  - a )  = 0 ,  

Equations (1) and (2)  imply t h a t  



Thus t h e  so lu t ion  is  t o  choose b  = -a > 0,  and t h i s  y i e l d s  t h e  

s h o r t e s t  95 percent confidence i n t e r v a l  f o r  u  . 
E m p &  2. Let X1,X2, ..., X be a random sample of s i z e  n from 

a f f f u , a 2 ) .  Assume t h a t  u and a  a r e  both unknown. He would l i k e  a 
2  95 percent confidence i n t e r v a l  f o r  a  . 

We have already defined t h e  sample mean X. The sample variance " 
8' is  defined by 

2  2  
We use t h e  f a c t  t h a t  Y  = f n -1 ) s  / a  has a chi-squared d i s t r i b u t i o n  

with n - 1  degrees of  freedom. From t h e  chi-squared t a b l e s  we can se-  

l e c t  a  and b  (with 0 < a  < b < QJ)  such t h a t  P r f a  5 Y 5 b) = .95. The 

following i n e q u a l i t i e s  a r e  then equivalent :  

P r f a  5 Y 5 b )  = .95 , 

2  2  The random i n t e r v a l  [ ( n  - 1 ) s  /b, fn - 1 ) s  / a ]  is a 95 percent confi-  

dence i n t e r v a l  f o r  t h e  unknown value of  a ,  and 95 percent  of a l l  such 
2  i n t e r v a l s  w i l l  contain 0 . 

Now t h e  w i d t h  of t h e  i n t e r v a l  is 

2  width = f n  - 1 ) s  - fn - 1 ) s  2  

a  b 

2  2  Using t h e  f a c t  t h a t  f n  - 1 ) s  / a  is chi-squared with n  - 1  degrees 

of  freedom, and t h e  expected value of a chi- square random var iab le  is  

equal t o  i t s  degrees of  freedom, we have t h a t  

We there fore  wish t o  minimize ( ( l / a )  - f l / b ) ) ,  sub jec t  t o  - -- 
-.- - 

P r f a  5 Y 5 b )  = .95. 

Now l e t  G(y)  be the  cumulative d i s t r i b u t i o n  funct ion f o r  Y ,  t h a t  

is ,  G ( y )  = Pr(Y 5 y), and l e t  g ( y )  = G ' ( y )  be t h e  corresponding prob- 

a b i l i t y  dens i ty  funct ion f o r  Y .  We wish t o  minimize f f I / a )  - f l / b ) ) ,  

subject  t o  Pr(a  5 Y 5 b )  = G(b)  - G f a )  = -95. Again, thinking of 

a a s  a funct ion of b,  we have 

In  add i t ion ,  we have 

Combining equations (4 )  and (5)  we have 

Now t h e  a c t u a l  a lgebra ic  form of  g f x )  i s  

EL - 1 - E 
e 

2  
x  

g ( x )  = n-1 , O < . X 5 Q J ,  

r (9) 2 
2 



and zero elsewhere. Thus we should t r y  t o  choose a and b such t h a t  

(7 )  

Equation (8)  ind ica tes  t h a t  we choose a and b such t h a t  

where h f x )  i s  t h e  probabi l i ty  densi ty funct ion f o r  a chi-squared random 

var iab le  with n + 3 degrees o f  freedom. Condition ( 7 )  can a l s o  be ex- 

pressed a s  

The a c t u a l  determination of  a and b v i a  ( 9 )  would have t o  be done numeri- 

c a l l y ,  i . e . ,  using t h e  computer. This t a s k  has i n  f a c t  been performed 

by LindLey, East and Hamilton ( see  Reference [2]). They have prepared a 

t a b l e  giving t h e  appropriate  values o f  a and b f o r  degrees of  freedom 

varying from 1 t o  100 (sample s i z e  from 2 t o  101). 

We have discussed t h e  problem of  f ind ing  t h e  s h o r t e s t  possible  

confidence i n t e r v a l  f o r  an unknown parameter i n  two s p e c i f i c  cases .  The 

method of  t h i s  a r t i c l e  is  q u i t e  general ,  and should apply t o  o ther  cases  

a s  well.  

REFERENCES 

1. Brunk, H . ,  An Introduction to  Mathematical S ta t i s t i c s ,  Xerox College 
Publishing (1975). 

2. Lindley, D . ,  East ,  D . ,  and Hamilton, P., Tables for making inferences 
about the variance o f a  n o m Z  distribution,  Biometrika, 47, 433-8, 
(1960 ). 

3. Parzen, E. ,  Modem Probability Theory and I t s  Applications, J. Wiley 
and Sons, 1960. 

4. Wilks, S., Mathematical S ta t i s t i c s ,  J .  Wiley and Sons, 1962. 

TAXICAB GEOMETRY: 
ANOTHER LOOK A T  CONIC SECTIONS 

By Vav-uf Iny 
Rere~h e ^ a a  Potyte.chnk InA-tUute 

The following a r t i c l e  is  wr i t t en  i n  response t o  [1] Moser and 

Kramer. They attempt t o  answer a question posed by [2] Reynolds. 

The a r t i c l e  by [2] Reynolds defines t h e  t ax icab  d i s tance  between 

fa1,a2) and fbl,bJ by dfA,B) = \a--bl 1 + la2-b21. She then deduces t h e  

nature of c i r c l e s ,  e l l i p s e s ,  and hyperbolas using d e f i n i t i o n s  analogous 

t o  those of  Euclidean geometry. 

The a r t i c l e  by [1] Moser and Kramer defines a parabola a s  t h e  

locus of  p o i n t s  equ id i s tan t  from a focus fxo,yo) and a l i n e  ( t h e  direc-  

t r i x )  o f  t h e  form { (x,y) \Ax + By + C = O } .  The approach taken is  not  

e n t i r e l y  s a t i s f y i n g  s ince  they do not attempt t o  j u s t i f y  t h e i r  d e f i n i t i o n  

of a l i n e .  

In  Euclidean geometry, a l i n e  i s  defined a s  t h e  locus of  po in t s  i n  

a plane equid i s tan t  from two d i s t i n c t  po in t s .  A s  121 Reynolds po in t s  ou t ,  

t h i s  locus does not necessar i ly  t ake  t h e  form { f x , y )  \Ax + By + C = 01. 

For t h e  purposes o f  t h i s  paper, we define a l i n e  t o  be t h e  locus 

of  po in t s  equ id i s tan t  from two d i s t i n c t  points .  We a l s o  define t h e  d i s-  

tance between a point  P and t h e  l i n e  1 a s  t h e  minimum of  dfQ,P) where Q 

is any point  on I. We define a parabola a s  t h e  locus of  po in t s  equidis-  

t a n t  from a focus and a l i n e  ( t h e  d i r e c t r i x ) .  

I n  Figure 1, t h e  l i n e  H is equid i s tan t  from A(-2,#) and Bf2,2). 

The diagram p i c t u r e s  t h e  parabola with focus (5,4)and d i r e c t r i x  I. Two 

more parabolas a r e  shown i n  Figures 2 and 3. Note t h a t  i n  Figure 3 our 

d e f i n i t i o n  of a l i n e  agrees with [1] Moser and Kramer. Therefore, t h e  

reader  should not be surpr i sed  t h a t  of t h e  t h r e e  parabolas shown, only 

t h e  one i n  Figure 3 is a parabola according t o  [l] Moser and Kramer. 

In  [2] Reynolds def ines  an e l l i p s e  by {P E R2 \ d ( p , ~ )  + dfP,B),=c} 

where A and B a r e  two f ixed po in t s  ( f o c i )  and a is a constant .  For a 

descr ip t ion  of such e l l i p s e s ,  t h e  reader  is r e f e r r e d  t o  t h e  a r t i c l e  [2] 

quoted above. 



Let us define an ellipse of the second kind with respect to a 

given line i (the directrix), a given point F (the focus), and a given 

eccentricity e(0 < e  < 1 ) .  Then such an ellipse is defined by 

{ P e  R2 \ d ( ~ ,  ~ ) / d  (P, i )  = e  } where d f P ,  i )  denotes the shortest distance 

from P to i .  

In Figure 4 ,  the line i is equidistant from ( - 1 , 6 )  and ( 3 , - 4 ) .  

The diagram pictures the ellipse corresponding to the directrix I, focus 

f 1 , 4 )  and eccentricity 1 / 2 .  It is left to the reader to show that this 
- 3 ellipse is a convex hexagon with vertices at ( 1 , 7 ) ,  ( - 1 , 5 ) ,  ( , 4 ) ,  

f - 1 , 1 1 / 3 ) ,  f 1 , 3 )  and ( 2 , 4 ) .  It is a simple matter to show that this 

ellipse does not have the form given by [2] Reynolds. 

In this paper we started with the natural definition of a line as 

the locus of points equidistant from two distinct points. We showed how 

this affects the results obtained by [1] Moser and Kramer. Finally, we 

showed that an ellipse defined using a line, focus, and eccentricity is 

not equivalent to an ellipse using two foci. We conclude that equivalent 

definitions under an Euclidean norm may yield contradictory definitions 

when generalized to a taxicab norm. 

REFERENCES ' 

1. Moser, J., and Kramer, P., "Lines  and Parabolas  i n  T a x i c a b  Geometry," 
P i  Mil E p s i l o n  Journal ,  Vol. , No. , 441-448.  

2. Reynolds, B. , "Taxicab Geometry, " P i  Mil E p s i l o n  Journal ,  Vol. 7 , No. 
2, 11- 88.  

REGIONAL MEETINGS 

Many ne.g.ionai me.e^ingA of,  the. fhUhemati.acLt 

Aa~o(n-ation 0 6  he/iit.ca ne.guJLaJuJiJA have A ~ A A - L ~ ~ A  
i o n  u n d e ~ g f ~ ~ . d ~ & e .  p a p e ~ & .  16 -fttio on mom 
coU.e.ge~ and at f!wt one. t o d  c h a p t v i  foe.& 

6 p o n ~ o - t  on ptUtticAJpate. Jim. A& unde~.gnadwLte. 
A e&~&ns, &LmncJuaJL h e l p  AA auaJULalaSLe. up -to 

$ 5 0 .  W>uJLe t o :  

Dr. Richard Good 
Department o f  Mathematics 
U n i v e r s i t y  o f  Maryland 
Col lege Park, Maryland 20742 

THELINE 

A. 
1-2  

FIGURE 1 

FIGURE! 



COMPLEX MATRICES AND POLYNOMIALS 

A c i r c u l a n t  matrix is an n x n  matrix with a r b i t r a r y  e n t r i e s  i n  

t h e  top  row and forming each successive row by moving t h e  e n t r i e s  over 

one place t o  t h e  r i g h t  from t h e  order  i n  the  previous row. A t y p i c a l  
c i r c u l a n t  X  i s  of  t h e  form: 

A p a r t i c u l a r  c i r c u l a n t  K i s  one with x = I  and xh = 0 f o r  h # 1. 1 
It i s  of  t h e  form: 

0 1 0 o . . . o  

0 0 1 o . . .  0 

0 0 0 I . . .  0 

1 0 0 o . . .  0 

Let E . be an n x n  matrix with t h e  (h  + 1, j + 1) en t ry  equal 
h, 3 

t o  1 and a l l  t h e  o ther  e n t r i e s  equal t o  0. Then t h e  s e t  {E . \ 0 5 h 
h, 3 

5 n-1, 0 5 j 5 n-1) , is  a  b a s i s  f o r  t h e  vector  space of  n x n  complex 

matrices. The E have t h e  property t h a t  
h, 3 

By t h e  d e f i n i t i o n  o f  K ,  

Using equation ( 3 )  and mathematical induct ion,  we f i n d  t h a t  

. n-1 
( 5 )  r' = Es,s+j f o r  0 5 j 5 n-1. 

s=O 

Thus $ i s  t h e  c i r c u l a n t  with x = 1 and x = 0 f o r  a l l  h # j. Also, 
,7 h 

every c i r c u l a n t  is  a  polynomial funct ion of  K,  i . e .  

n-1 
(6) X =  I: ',/ 

j=o 

where X" = I. (See Davis [1] 1. 

Let C = e. Since K s a t i s f i e s  the  polynomial equation 
2 

1" - 1 = 0, then t h e  so lu t ions  1, (, s , . . . cn-I o f  the  equation a r e  

t h e  eigen-values of  K. 

valent  t o  K is 

Then 

(See Davis [l] 1. So t h e  diagonal matrix equi- 



Now we s t a t e  the  theorem. 

Th1Z0te~. Every n x  n complex matrix i s  a complex polynomial 

funct ion o f  K and A .  

Proof. By equations ( 8 )  and (3)  and induct ion,  

and 

1 I n  p a r t i c u l a r ,  AK = t ,  KA, so  any f i n i t e  product o f  K's and A ' s  can 

reduce t o  the  form esdAh. 

Now s ince  

n-1 
(13) ; E t,-hs As = E  f o r  0 5 h 5 n-1 . 

h.h 
s=O 

Also, 

(14) Eh,h Ej,j = 

O i f h # j ,  

i . e .  t h e  E 's a r e  orthogonal idempotent 
h. h 

By equation (31, 

s and add 

n-1 
But by equation (131, Eo0  = ; E A" . 

Fina l ly ,  by equation (121, 

Since every complex n x n  matrix is a l i n e a r  combination of  E .'s over 
h, J 

0, we have proved our theorem. 

Thus our proof gives t h e  polynomials e x p l i c i t l y  by equation (17) .  

I n  conclusion, t h e  algebra of  complex n x n  matrices  can be generated by 

exact ly two matrices. 
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Needed a l s o  is  t h e  maximum value of  

AN UPPER BOUND ON THE ERROR FOR 
THE CUBIC INTERPOLATING POLYNOMIAL 

by John C. Bed4&y 
Lom^-tAna Tech UVU.ue~.iky 

A bound f o r  t h e  e r r o r  i n  cubic i n t e r p o l a t i o n  i s  derived a s  a  

coro l la ry  of  t h e  following theorem, whose proof is found i n  [ I ] .  This 

bound i s  then used t o  determine t h e  spacing i n  a  t a b l e  o f  equal ly spaced 

values s o  t h a t  i n t e r p o l a t i o n  with a  cubic polynomial w i l l  y i e l d  any de- 

s i r e d  accuracy. 

The.0fie.m 1 .  Let f (x )  be a  real-valued funct ion defined on [a,b] 

and n+1 times d i f f e r e n t i a b l e  on (a,b) .  If p ( x )  i s  t h e  polynomial o f  n 
degree l e s s  than o r  equal  t o  n which i n t e r p o l a t e s  f f a )  a t  t h e  n+1 dis-  

t i n c t  po in t s  x  ,, X ,  . . .,x i n  [a,&] , then f o r  a l l  x  E fa, b ) ,  the re  ex- n 
ists C = Cfx) E (a,b) such t h a t  t h e  e r r o r ,  e o f  t h e  i n t e r p o l a t i n g  poly- 

n 
nomial is: 

Consider t h e  third-degree i n t e r p o l a t i n g  polynomial p f x )  evalu- 3 
a t e d  a t  t h e  equal ly spaced po in t s  x i  c x i l  < x  < xi+l with incre-  i 
ment, h. By Theorem 1, the  e r r o r  i n  t h i s  i n t e r p o l a t i n g  polynomial is:  

Since we do not  know c, we can merely bound 1 f ( 4 )  (c) 1 by t h e  

maximum value of t h e  fourth der iva t ive  o f  1 f f x )  \ , which we denote 

by M: 
( 4 )  

f  (5) 15maximum 1 f f 4 )  ( X I  1 = M .  

XG 2^i+1 

f o r  x  E [ ~ i+ l '  a 

We l e t  s  = x - xi s o  t h a t  x  = x .  + ah. Each f a c t o r  of  Y(x) can be 
2 

h 

wri t ten  

x - x  - ( a i + s h )  - ( x i -  2h) = ( ~ + 2 ) h  
i-2 - 

x  - xi-1 = (xi + sh) - (xi - h) = f s  + 1)h 

x  - xi = (xi + a h )  - (xi - Oh)= sh 

x  - xi+1 = (x. + sh) - f x .  + h) = ( s  - l ) h  

By making t h i s  change o f  var iab les  we ob ta in  

The maximum value o f  t h i s  funct ion,  I Y ( s )  I ,  occurs a t  one o f  t h e  c r i t i -  

c a l  numbers, which a r e  found by solving:  

4 3  d [h4(s4 + 2s3 - s2 - 2s)]  = h (4s + 6s '-  2s - 2 )  = 0 - 
ds 

The r a t i o n a l  r o o t  theorem implies  t h a t  poss ib le  r o o t s  o f  t h i s  cubic poly- 

1 nomial are Â±1 Â±2 Â±4 Â± . By s y n t h e t i c  d iv i s ion ,  a  r o o t  of  Y' (s )  is 2 

c = -  1 2  
It follows fromfs + -) (4s + 4s - 4) = 0 t h a t  c  = (1 + &)/2 

1  2 -  2  

and c3 = (1 - 6 ) / 2  a r e  a l s o  roots .  

Now, t h e  maximum value o f  t h e  funct ion 1 ~ ( s )  1 occurs a t  e i t h e r  

el, c y  o r  c3. By ca lcu la t ing  1 l ' ( c l )  I, 1 Y ( c )  1 , and 1 Y ( c )  1 we 

f i n d  t h a t  

9 4 1 Y(cJ 1 = = h  

Thus, 



A FAMILY OF CONVERGENT SERIES WITH SUMS 

I t  follows t h a t  f o r  any x e [xi  2, xi+- 1, t h e  e r r o r  is, - 

In  a s tandard calculus course, l i t t l e  time is  a c t u a l l y  devoted 

t o  t h e  determination of t h e  exact  value of  a convergent i n f i n i t e  s e r i e s .  

I n  f a c t ,  with t h e  exception of  some simple geometric and telescoping 

s e r i e s ,  one must usual ly wait  u n t i l  power s e r i e s  a r e  developed before 

obtaining a d i f f e r e n t  source f o r  these computational examples. We now 

inves t iga te  another  family of  such convergent s e r i e s .  

Using t h i s  bound f o r  e ( x ) ,  we a r e  able  t o  determine t h e  spacing h i n  a 
3 

t a b l e  o f  equal ly spaced values of  a function f ( x )  on [a,b], so  t h a t  

cubic i n t e r p o l a t i o n  y i e l d s  a des i red  accuracy. 

Example: Determine t h e  spacing h i n  a t a b l e  o f  equal ly spaced 

values of  t h e  funct ion f ( x )  = /c between 1 and 2, s o  t h a t  cubic i n t e r-  

polat ion w i l l  y i e l d  a desired accuracy. 

Solution: Using t h e  above formula 

The.ô e.m. For any pos i t ive  i n t e g e r  m, 

4 
I e f x )  I S % where M = maximum 

1 5 x 5 2  

For seven-place accuracy, we would choose h s o  t h a t  

&< 5 x lo-', o r  h = 0.0336. 
128 

For s ix- place accuracy, we would choose h s o  t h a t  
m m ! 

Then it suf f ices  t o  show t h a t  - - 1 .  To 
k(k+l) (k+2) Ck+m) - m 

k=l 

m ! - f ( k )  - f (k+l) ,  accomplish t h i s ,  we observe t h a t  k ( k + l ) ( k + Ã £ , Ã  - 

The number of  e n t r i e s  i n  t h e  t a b l e ,  N, would be given by 

N = (2  - l ) / h  = 1/h. To obta in  seven-place accuracy, N = 30 , and f o r  

s ix- place accuracy, N = 1 7. 
te lescoping s e r i e s  whose n

th p a r t i a l  SUB, s n , i s  given by 

i m-1 i m-1 m-1 (-1) f , ) m - l  (-1) ( ^ 
f f l )  - f(n+l). That i s  s n =  = 1 A  

- n+lA , from 

i = O  1 4  
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- 1  ( - I ) ( ; )  

which we f i n d  t h a t  l i m  s = ^ 1 A  
. Our r e s u l t  therefore 

n-xÃ z=O This work was in i t ia ted wider the direction of Dr. S. E. Sims 

of Louisiana Tech University. T o d o s o ,  follows i f  we can v e r i f y  t h a t  t h i s  summation i s  equal  t o  

m- 1 
consider (:')xi, the  binomial expansion of  (l+x) . In tegra t ion  

i = O  



produces -- - l x m  + C with the  choice of  x = 0 y ie ld-  
1=0 m 

144 m-l m-1  (-1) f .. l 
1 

ing  C =-; . Next, we s e l e c t  x = -1 t o  ob ta in  
2 1 

1+i = - - -  rn 
1=0 

Dividing t h i s  l a s t  equation by -1 completes the  argument. 

This r e s u l t  permits us t o  immediately compute the  sum of  t h e  

rec iproca l s  of  t h e  e n t r i e s  on any diagonal of  Pasca l ' s  t r i a n g l e  beginning 

beneath the  second r o w .  

THE ELEVENTH ANNUAL P I  MU EPSILON STUDENT CONFERENCE 

AT 

MIAMI UNIVERSITY 

IN 

OXFORD, OHIO 

SEPTEMBER 28-29, 1984 

We i n v i t e  you t o  j o i n  us! There w i l l  be sessions o f  t h e  s tudent  
conference on Fr iday evening and Saturday afternoon. Free overn ight  
f a c i l i t i e s  f o r  a l l  students w i l l  be arranged w i t h  Miami students. Each 
student  should b r i n g  a s leeping bag. A l l  student quests a r e  i n v i t e d  t o  
a f r e e  Fr iday evening p izza p a r t y  supper and speakers w i l l  be t rea ted  
t o  a Saturday noon p i c n i c  1 unch. Talks may be on any t o p i c  r e l a t e d  t o  
Mathematics, S t a t i s t i c s  o r  Computing. We welcome i tems ranging from 
exposi tory  t o  research, i n t e r e s t i n g  app l i ca t ions ,  problems, summer 
employment, e tc .  Presentat ion t ime should be f i f t e e n  o r  t h i r t y  minutes. 

We need your  t i t l e ,  p resen ta t ion  t ime (15 o r  30 minutes), p re fe r red  
date (Fr iday o r  Saturday), and a 50 (approximately) word abs t rac t  by 
September 20, 1984. 

PLEASE SEND TO: 

PROFESSOR MILTON D. COX 
DEPARTMENT OF MATHEMATICS AND STATISTICS 

MIAMI UNIVERSITY 
OXFORD, OHIO 45056 

We a l s o  encourage you t o  a t tend  the  conference on "Mathematics Curr icu la:  
C r i s i s  In te rven t ion"  which begins Fr iday afternoon, September 28. 
Featured speakers inc lude  Peter  Lax, John Saxon, Anthony Ralston and 
Ar thur  Coxford. Contact us f o r  more d e t a i l s .  

ANOTHER DEMONSTRATION OF THE 
EXISTENCE OF EULER'S CONSTANT 

For a l l  p o s i t i v e  in tegers  n 

In t h i s  note  we use both s i d e s  of t h i s  f a m i l i a r  inequa l i ty  t o  

n-1 
prove t h a t  i f  yn = - Zn n then 

( a )  0 < y <  1 and 

(b)  y tends t o  a l i m i t  y a s  n + m . 
The number y is c a l l e d  Eule r ' s  constant and i t s  decimal expansion 

s t a r t s  y = 0.57721566. .. . Like e and TT, y is defined a s  a l i m i t  and 

appears o f t e n  i n  ana lys i s  and number theory. Although it is  not  y e t  

known whether y is r a t i o n a l  o r  not t h e r e  a r e  a number of ways of demon- 

s t r a t i n g  i t s  exis tence.  The use of  ( 1 )  t o  accomplish t h i s  purpose can 

serve t o  introduce t h e  s tudent  t o  another important mathematical constant  

q u i t e  e a r l y  i n  a s tandard ca lcu lus  course. 

n- 1 
s i n g  ' y  = n it follows t h a t  

k=l 

Combining ( 2 )  with t h e  l e f t  s i d e  of  (I), we ge t  In n = 



Now using ( 2 )  and t h e  r i g h t  s i d e  of  ( I ) ,  we have 

n- 1 
1 n- 1 

Hence In n > 1 1 
+ and consequently y -,- - Zn n < 1 - - < 1. 

n 

This completes ( a ) .  

( b )  now follows by observing t h a t  
y 1  - y 

Taking logs  on the  l e f t  s i d e  of  (I), we ge t  

Thus y - y > 0 and y increases a s  n increases.  Hence s ince  yy, n+1 

is  bounded above by 1, it tends t o  a l i m i t  5 1 a s  n + - . 

POSTERS AVAILABLE FOR LOCAL ANNOUNCEMENTS 

We have a supply of 10 x 14-inch Fraternity Crests available, and one in 
each color will be sent f ree  to each local chapter on request. Additional 
posters may be ordered a t  the followinq.rates: 

(1) Purple on Go1 denrod stock ------------------- $1 .50/dozen 
(2) Purple on Lavender on Goldenrod ------------- $2,00/dozen 

Send orders or  requests to: 

V h .  ??&had Good 
Ve.pantment o f ,  Ma-ffce.ma-fctc-4 
UWLvmJULy o f ,  Man.yia.nd 
CoUe.ge. Pmk, M a ~ y h n d  20742 

MATCHING PRIZE FUND 

If  your Chapter presents awards fo r  Outstanding Mathematical Papers or  

Student Achievement in Mathematics, you may apply to the National Office 

to  match the amount spent by your Chapter. For example, $30 of awards 
can resul t  in you Chapter receiving $15 reimbursement from the National 
Office. The maximum matching fo r  one chapter i s  $50. These funds can 
also be used fo r  the rental of Mathematics Films. Write to: 

V h .  Ri.ckaAd Good 
Ve.paJitme.ni o f ,  McLtheJmatiu 
U n i v Â £ ~ ~ i ^ .  o f ,  Mmqtand  
Coflrge.  P m k ,  M q h d  20742 

A COLLEGE GLOSSARY 
DEFINITIONS OF PHRASES USED IN 
COLLEGES AND UNIVERSITIES WHEN 
ANSWERING STUDENT'S QUESTIONS 

Ananymoiii 

IT IS I N  THE PROCESS: So wrapped up i n  r e d  tape  t h a t  t h e  s i t u a t i o n  

is  almost hopeless. 

WE WILL LOOK INTO I T :  By t h e  time t h e  wheel makes a f u l l  t u r n  we 

assume t h a t  y o u ' l l  have forgo t ten  a l l  about it. 

PROGRAM: An assignment t h a t  can ' t  be completed by one phone c a l l .  

EXPEDITE: To compound confusion with commotion. 

COORDINATOR: The guy who has a desk between two expedi ters .  

CHANNELS: The t r a i l  l e f t  by in t ra- of f ice  memos. 

CONSULTANT (OR EXPERT): Any ordinary guy with a b r i e f c a s e  more 

than 50 miles away from home. 

ACTIVATE: To make carbons and add more names t o  t h e  memo. 

IMPLEMENT A PROGRAM: Hire more people and expand t h e  o f f i c e .  

UNDER CONSIDERATION: We're looking i n  t h e  damn f i l e s  f o r  it. 

MEETING: A mass mulling of masterminds (goof o f f s ) .  

RELIABLE SOURCE: The guy you j u s t  met. 

INFORMED SOURCE: The guy who t o l d  t h e  guy you j u s t  met. 

UNIMPEACHABLE SOURCE: The guy who s t a r t e d  t h e  rumor i n  the  first 

place. 

CLARIFICATION: We a r e  a l i t t l e  s t u p i d  on t h i s  sub jec t ,  t e l l  us 

more about it and w e ' l l  give you an answer. 

WE ARE MAKING A SURVEY: We need more time t o  th ink  o f  an answer. 

A THOROUGH SEARCH WAS MADE OF FILES: Somebody looked i n  t h e  waste 

basket.  

SEE ME, OR LET'S DISCUSS: Come down t o  my o f f i c e ;  we ' l l  play a 

game of  cribbage. 

WE WILL ADVISE YOU I N  DUE TIME: When we ge t  it figured out  w e ' l l  

l e t  you know. 

LET'S GET TOGETHER ON THIS: I am assuming t h a t  you a r e  a s  con- 

fused a s  I am. 



FORWARDED FOR YOUR CONSIDER ION:  You hold t h e  bag awhile. 

NOTED AND FORWARDED: I don't  know what t h i s  damn th ing  is  about. 

maybe you do. 

EXPERT: One who knows more and more about l e s s  and l e s s ,  t h i s  

co l lege ' s  f u l l  of  them. 

NO FURTHER ACTION IS DEEMED NECESSARY: Don't confuse me with f a c t s ,  

my mind is made up. 

FRATERNITY KEY-PINS 

Gold Clad Key-% are available a t  the national Office 
a t  the Special Price of $8.00 each. Write to: 

Dr. Richard Good, National Off ice 
Department of  Mathematics 
University of  Maryland 
College Park, Maryland 20742 

Please indicate the Chapter into  which you were M t i a t e d  
and the approximte date of in i t ia t ion.  

1984 NATIONAL P I  MU EPSILON 

MEETING 

It -LA turne to be makwg p h n ~  -to hend an undmgno.duo-te d&g& OA. 
4pe.akeh &om YOWL Chap* to t h e  Annual. Meeting of, P I  MU EPSILON i n  Eugene, 
Omgon i n  Augu&t of, 7984. Each S p M f c a  who pu wtii a p a p a  wiWL ivi.c.UMi 
tULveJL benefiits. up t o  $500 and each d&gate., up -to $250 ( o n l y  one h p e a k e ~  
on deJLegate. can. be  fiunded f,&m a ~ i n g L e  Chap-tat, bu t  o t h m  can flAfend.1 

PUZZLE SECTION 

Edii-ted by 
Jodeph V.E.  Konhcm&eA 

This Department i s  for the enjoyment o f  those readers who are 
addicted t o  working donblewostics or who find an occasional mathematical 
puzzle attractive. We consider mathematical puzzles to be problems 
whose solutions consist of answers immediately recognizable as correct 
by simple observation and requidng l i t t l e  formal proof. Material 
submitted and not used 'here wilt be sent to the Problem Editor i f  
deemed appropriate for that Department. 

Address a l l  proposed pussies and p u d e  solutions t o  Prof, Joseph 
Konhauser, Department of Mathematics, Macalester College, St. Paul, 
Minnesota 55105. Deadlines for puzzles appecdng i n  the Fan Issue 
will be the next February 15, and for puzzles appearkg i n  the Svring 
Issue will be the next September 15. 

M a t h a c r o s t i c  No. 18 

Submitted by Joheph P.E. KonhuueA 
Macatutm CoUege, S t .  P d ,  AUnnÂ£4ota 

Like t h e  preceding puzzles ,  t h i s  puzzle (on t h e  following two 

pages) is  a keyed anagram. The 234 l e t t e r s  t o  b e e n t e r e d  i n  t h e  diagram 

i n  t h e  numbered spaces w i l l  be i d e n t i c a l  with those i n  t h e  26 keyed 

words a t  t h e  matching numbers. The key numbers have been entered i n  

t h e  diagram t o  a s s i s t  i n  construct ing your so lu t ion .  When completed, 

t h e  i n i t i a l  l e t t e r s  w i l l  g ive  t h e  name of  an author  and t h e  t i t l e  of  a 

book; t h e  completed diagram w i l l  be a quotat ion from t h a t  book. (See 

an example s o l u t i o n  i n  t h e  so lu t ions  s e c t i o n  of t h i s  Department.) 



Words 

N. --- 
138 21 175 107 74 230 45 

0.  - - - - - - - - - 
143 70 132 224 31 1 108 152 89 

p.  - - - - - - - - - 
149 103 174 52 200 32 232 78 5 

Q. - - - - - - - 
104 229 48 163 142 63 93 U6 "IT 

Definitions 

abstractions of information 
processing devices 

a problem most difficult of 
solution (2 wds.) 

that property of real numbers 
which asserts that no real number 
is an upper bound for the integers 

kind of translation known-%=.. a 
screw displacement 

England's greatest inventor of 
mathematical puzzles (1847-1930) 

lying on; passing through (2 wds.) 

free from admixture or dilution 

tending in probability to a limit- 
ing form which is independent of 
the initial position 

fermenting agent for proof analysis 

concisely (3 wds.) 

- Of - (1401-1464), car- 
dinal who believed that the Divine, 
being infinite, is inaccesible to 
the mind of man." (2 wds.) 

stratagem in which one appears to 
decline an advantage 

"corresponds to water as the cube 
does to earth" 

Plato, Timaeus 

geometry in which no parallel 
postulate is assumed 

kind of reasoning which suggests 
conclusions 

the place or point of entering or 
beginning 

truncated syllogism in which one 
of the propositions, usually the 
premise, is understood but not 
stated 

a dance figure in which one or more 
couples dance round and round with 
hands joined 

its trilingual inscription furnished 
the key to ancient Egyptian (2 wds.) 

in combinatorial geometry, a bounded, 
closed convex set 

relating to the study of control and 
communication in the animal and the 
machine 

established or settled firmly 

its combination of clockwise and 
counterclockwise spirals consists of 
successive Fibonacci numbers 

bridge stratagem (3 wds.) 

to scale 

increase, accumulate, expand, or 
multiply rapidly 



SOLUTIONS 

h b % U Y ~ ~ t - f c c ~  NO. 17 .  (See F a l l  1983 I ssue)  [Phopoted by Jotvph V . E .  

Konhmue~~, MacatebtVi CoU-ege., S t .  Paul, Mnnebo-te) 

Words : - 
Rosolio 
Umpteenth 
Diesis  
Yeshiva 
Ratsbane 
Unless 
Chiffchaff 
Ket t l e  of  Fish 
Equal 
Rakoczy 

Inso la t ion  
Noggin 
Fata Morgana 
I s ing lass  
Nanosecond 
Ichni te  
Teaser 
Yokefellow 
Aptronym 
Nibble 

U. Dithyramb 
V.  Tychonoff 
W. Halophytic 
X.  Eyewash 
Y.  Misology 
2 .  Inquest 
a .  Navel Point  
b. Dextral 

F i r s t  Le t te r s :  RUDY RUCKER INFINITY AND THE MIND 

Quotation: FULLY 4 o ~ d z e . d  pmo& have a obbu&iive 

quaLity.  'Sat by t h e  tame token,  theif m e  bOALA<q.ingly toLLd and t<sJL1<- 
e.xptonatonq. Nothing Â¥L &fit t o  the. -Unag.iMUU.on, and . . . one can check 
(tide-th~. on. no t  a t&~uenc .e  o f .  ttfu.ng.4 o f ,  tymbotk -ci a px-oof, .in a w h o m  
me.c.hafu.cat f ,a~hion.  

Solved by: David Bahnemann, Northwest Missouri S t a t e  University, 

Maryville, MO ; Jeane t te  Bickl ey, Webster Groves High School, MO; 

Betsy Curtis, Meadville, PA; Victor G .  Feser, Mary College, Bismarck, 

ND; Robert Forsberq, Lexington, MA; Robert C. Gebhardt, County College 

of  Morris, Randolph, N J ;  Joel  Haack, Oklahoma S t a t e  Universi ty ,  S t i l l -  

water,  OK; Henry s. Lieberman, John Hancock Mutual L i fe  Insurance Co., 

Boston, MA; Robert Pr ie l ipp ,  The University of  Wisconsin, Oshkosh, W I ;  

S i s t e r  Stephanie Sl oyan, Georgian Court College, Lakewood, N J ;  Michael 

J . Taylor, Indianapolis  Power and Light Co . , Indianapolis ,  IN; P a t r i c i a  

A.  and Allan M. Tuchman, University o f  I l l i n o i s ,  Champaign, IL. 

Puzzle Ed-t-to~~b NO&: The names of Robert Forsberg, Lexington, MA and 

Robert C. Gebhardt, Hopatcong, NJ were inadver ten t ly  omitted from t h e  

l is t  o f  so lvers  of  Mathacrostic No. 16.  

COMMENTS ON PUZZLES 1 - 7 (See Fa1 1 1983 I ssue)  

Three readers  responded t o  Puzzle $ 1 .  Victor G .  Feser, John H .  

Sco t t  and Richard A. Wilson proved t h a t  t h e  construct ion is impossible 

by three-coloring t h e  8 x 8 ~ 8  = 512 subcubes i n  such a way t h a t  each 

1 x 3  block contains  one subcube o f  each color .  The two removed corner 

cubes a r e  of t h e  same color .  ~n easy counting argument now can be used 

t o  s e t t l e  t h e  question. The proposer, I .  J .  Good, provided an equivalent 

argument without introducing a coloring.  Ten answers were submitted 

f o r  Puzzle $2 .  Victor  G .  Feser and Alan Hinkle, F.S.A., submitted 

7 - /7/.7. Robert W .  P r ie l  i p p  submitted /7/.7. J o i n t l y ,  Tommy 

Leavelle and David Sutherland submitted [/7 t 7 t 7 1  . Steve White, 

F.S.A., and Victor G. Feser submitted o t h e r  so lu t ions  involving t h e  

g r e a t e s t  in teger  funct ion.  Puzzle # 3  drew s i x  responses. Five o f  t h e  

answers were asked-for five-piece d i ssec t ions  of  t h e  swastika. Emil 

Slowinski discovered a four-piece d i ssec t ion  whose exis tence was t o t a l l y  

unsuspected by t h e  proposer. I t  is  shown below. 

Eleven responses were received f o r  Puzzle ^#. Solut ions varied from 

severa l  p a r t i c u l a r  t r i o s  of  numbers f o r  a ,  b and c t o  i n f i n i t e  

fami l ies  o f  so lu t ions .  Robert W .  Pr ie l ipp  and Patr ick Costel lo  
3 3 3 3 3 suggested taking a = s ( s  t t  ), b = t ( s  + t  ) and c = s  t t 3

,  where s and 

t a r e  unequal p o s i t i v e  in tegers  g rea te r  than uni ty.  David E .  Penney 

es tab l i shed  t h e  genera l iza t ion  t h a t  if m and n a r e  r e l a t i v e l y  prime, 

then t h e  equation am + bm = cn h a s  i n f i n i t e l y  many so lu t ions  i n  d i s t i n c t  

p o s i t i v e  in tegers  a ,  b, and c .  



P u z d e  5̂ a t t r a c t e d  so lu t ions  from four  readers .  The so lu t ion  shown 

below, which avoids a p a i r  of  nodes joined by two d i s t i n c t  a r c s ,  was 

submitted by John H. Scott. 

Using t h r e e  co lors ,  it is impossible t o  co lor  t h e  a r c s  so  t h a t  no two 

a r c s  of  t h e  same co lor  terminate  a t  t h e  same node. Six so lu t ions  were 

received f o r  P U Z Z ~ C  # 6 .  One reader  claimed t h a t  s i x  marks were needed. 

The o ther  f i v e  produced t h e  five-mark so lu t ion  with marks separated by 

successive d i s tances  1, 3, 10, 2, and 5. I n  responding t o  PUZZ& # 7 ,  
seven readers  d id  t h e  obvious and subtracted 1 from each of  t h e  e i g h t  

given numbers t o  ob ta in  t h e  s e t  (1 ,  2, 3, 5, 8 ,  13, 21, 30) with sum 

83. The s e t  (1, 2, 3, 5, 9 ,  15, 20, 25) with lower sum 80 was 

completely overlooked. 

L i s t  of  Solvers: Maureen J. Brennan (3, 4 ,  7 ) ,  Paul Buis ( 4 1 ,  Patrick 
Costello ( 4 ) ,  Victor G .  Feser ( I ,  2 ,  6 ) .  Alan Hinkle ( Z ) ,  Tommy 
Leavelle ( 2 ,  4 ) ,  Marijo LeVan ( 7 ) ,  Glen E .  Mills ( 3 ,  4 ,  6 ,  7 1 ,  Patricia 
A. Mills ( I ) ,  David E. Penney ( 4 ) ,  Robert W .  Prielipp ( 2 ,  4 ) ,  John H .  
Scott ( 7 ,  I ,  3 ,  4 ,  5 ,  6 ,  7 ) ,  Emil Slowinski ( 2 ,  3 ,  4 ,  5 ,  6 ,  7 1 ,  David 
Sutherland ( 2 ,  4 1 ,  Michael J.  Taylor ( 2 ,  3 ,  4 ,  5 ,  6 ,  7 1 ,  Steve White 
( 2 ) ,  and Richard A.  Wilson [1, 3, 5 ,  6 ,  7 ) .  

Late Solut ions:  Susan Sadofsky ( P u z d & ~  #I and # 3 ,  Spring 1983 ~ s s u e )  

PUZZLES FOR S O L U T I O N  

1. Paoposed by J o s e p h  K o n h a u b e ~ ,  WaQaJLe4te~ CCoUege, S t .  P a d ,  

m.nnuo.ta.  
With j u s t  one sphere and one cube, what is  t h e  l a r g e s t  number of 

pieces i n t o  which three- space can be divided? 

2. Paoposed by J o s e p h  KondouAe~,  M a d e ~ t e ~  C o U e g e ,  S t .  P a d ,  

Minnuota. .  
Using each of  t h e  t e n  d i g i t s  0, 1, 2, 3, 4 ,  5, 6 ,  7 ,  8 and 9 

exac t ly  one time, wr i te  two f r a c t i o n s  whose sum i s  un i ty .  

3 .  P m p o ~ e d  by J o ~ e p h  KonhauAe~., Mac.aJi.uteA C o h g e ,  S t .  P a d ,  

M^nnuo-to. 
Can every odd in teger  which is a mult iple  o f  t h r e e  be wr i t t en  a s  

a sum o f  four  p e r f e c t  cubes? For example, 

3 3 
21 = ( I ) ~  + (113 + (-2) + ( 3 )  . 

4. P m p o s e d  by J o ~ e p h  Konhau~vi . ,  I t a d u t f ~  CoU-ege, S t .  P d ,  

Mt.nnuoi(tt. 
Using j u s t  two co lors ,  i n  how many d i s t inguishab le  ways can one 

co lor  t h e  edges of a r e g u l a r  tetrahedron? 

+ 5 .  P a o p o ~ e d  by J o s e p h  KonhcuJLSi~i, MocAfcuta CoJiiege, S t .  P a d ,  

AltnneAo-ta. 

1 
A c e r t a i n  l i g h t  s i g n a l  goes on a t  p rec i se ly  12:OO noon. Thereafter 

t h e  l i g h t  goes o f f  and on a t  equal  time i n t e r v a l s  each l a s t i n g  a whole 

number of  minutes. If t h e  l i g h t  i s  o f f  a t  12:09 p.m., on a t  12:17 p.m. 

and on a t  12:58 p.m., i s  t h e  l i g h t  on o r  o f f  a t  2:00 p.m.? 



6. P&oposed b y  Joseph KonhaiUim, MacsJL&~tm CoUege, S t .  P d ,  

Atinne~o.ta. 

By means o f  an example, show t h a t  t h r e e  co lors  a r e  not  s u f f i c i e n t  

f o r  coloring a l l  t h e  points  o f  t h e  plane so  t h a t  no two po in t s  spaced 

one u n i t  a p a r t  a r e  colored a l i k e .  [ ~ a d w i ~ e r ,  H. ,  Ungeloste Probleme, 

N r .  40, Elemente der  Math. 16(196l) ,  103-104.1 

7. Ptopobed by Jobeph Konhau&m, h~acoJLutm CoUege, St. P d ,  

Att.nne-4o.ta.. 

I n  a c e r t a i n  country postage stamps a r e  ava i lab le  i n  four  

denominations. A l l  postages from 1 through 24 r e q u i r e  a t  most t h r e e  

stamps. What a r e  t h e  four  denominations? 

LETTER TO THE E D I T O R  ----------- 

Dear Editor: 

I S ~ I J  the art-Lcle + t k 1 2  + t a n 1 3  = TT i n  the Fall 1983, 

No. 9 ~ s s u e  o f  the  Pi. Mu Epsilon Journal. The above r e s u l t  i s  a 

particular case o f  t he  following general theorem: 

I f  a 1, b 1, then 

1 1 a + h  = t u n a  + t a n  b + tan- - 
ab-I 

This  general r e s u l t  i s  not  d i f f i c u l t  t o  prove. 

Sincerely, 

R. S. Luthar 
The University i f  Wisconsin 
Janesvi l le ,  Wisconsin 53545 

- -- - -- - 
PROBLEM DEPARTMENT 

EcUte.d b y  U a y t o n  IH. Dodge. 
U n i v e / ~ i - L t y  0 4  Muine 

This  department welcomes problems believed t o  be new and a t  a 

leve l  appropriate for the  readers o f  t h i s  Section. Old p m b k r n  

displaying novel and elegant methods o f  solut ion are a lso  inv i ted .  

Proposals should be accompanied by solut ions i f  available and by any 

information t ha t  will a s s i s t  the  ed i tor .  An as ter i sk  ( 4 )  preceding a 

problem number indicates tha t  the proposer did not  submit a solut ion.  

A l l  comun ica t ims  should, be addressed t o  C. W. Dodge, Math 

Dept., University o f  Maine, Orono, ME 04469. Please submit each 

proposal and solut ion on a separate sheet (one side only)  properly 

i den t i f i ed  with m e  and address. Solutions t o  problems i n  t h i s  i s sue  

should be mailed by December 15, 1984. 

Corrections 

554. [ F a l l  19831 Pkopobed b y  ChoAEe-4 U. T l i g g ,  San Viego,  

CaLq0&nia. 

The S. P. F .  A. (Society f o r  Persecution of Fel ine 

P U R R .  Animals ) 
es tab l i shed  a 

F R E E  

A R E A  a t  i t s  headquarters.  
Â 

In  t h e  word square each l e t t e r  uniquely represen ts  a decimal 

d i g i t ,  and each word and acronym represen ts  a square in teger .  What 
I 

a r e  these  squares? 

I n  problem 557 [ F a l l  19831 - the  l i m i t s  on t h e  i n t e g r a l  

were reversed;  t h e  lower l i m i t  should be 0,  t h e  upper l i m i t  1. Also 

t h e  f igures  f o r  problems 558 and 560 [ F a l l  19831 were reversed;  t h a t  . 
d 

f o r  problem 558 appears on page 616 while t h a t  f o r  problem 560 is on 

page 615. 



Probl ems for Sol u t i  on 

561. Phopo~ed by 1. Von, Gvmia Darn, C w o h n k .  

For what values of  n  does n! have 6 f o r  i ts l a s t  nonzero d i g i t ?  

562. Phopo~ed by WaLteA Vtumbvig, C o d  Spbingb, Ft0 'u .d~.  
Prove t h a t  t a n  I' t a n  61' = t a n  3' t a n  31' . 

There is a unique s o l u t i o n  t o  t h i s  odd alphametric when TEN 

is d i v i s i b l e  by 9 and when TEN is  taken e i t h e r  odd o r  even ( I ' v e  fo r-  

got ten which). 

TWELVE 

TEN 

TEN 

THIRTY 

564. Phopo~ed by ChivULe~ W .  T e g ,  San Picgo, CaLi6ohni.a 
A te t rachromatic  square is  a square i n  which each of t h e  four  

t r i a n g l e s  formed by drawing t h e  diagonals has a d i f f e r e n t  color .  With 

four  s p e c i f i c  d i f f e r e n t  co lors ,  s i x  d i s t i n c t  te t rachromatic  squares 

can be formed, not  counting r o t a t i o n s .  The s i x  d i s t i n c t  te t rachromatic  

u n i t  squares can be  assembled i n t o  a 2-by-3 rec tangle  with matching 

co lors  on t h e  edges t h a t  come i n t o  con tac t .  The rec tangle  then con- 

t a i n s  seven s o l i d l y  colored squares. This may be  done i n  a v a r i e t y  of  

ways, one of which is shown i n  t h e  f i g u r e .  

Show t h a t  i n  any matched-edge assembly: 

a )  There a r e  never only two co lors  of s o l i d l y  colored squares; 

b) The assembly can never have c e n t r a l  symmetry; and 

c )  The perimeter of t h e  rec tangle  can never c o n s i s t  o f  u n i t  

segments of j u s t  two a l t e r n a t i n g  co lors .  

(For a r e l a t e d  problem, see problem 282 [Fall 1973, pp. 480-11. ) 

565. Pkopo~ed by W&eA Btumbag, C o d  SphhgA,  Fto'u.dU. - 

Let ABCD be a square and choose po in t  E on segment AB and po in t  

F on segment BC such t h a t  angles  AED and DEF a r e  equal.  Prove t h a t  

EF = AE + FC. - 
* - *- 

566. Phopobed by N .  J .  Kuenz-t., Ur ium-c . t y  06 W-tAconbLn-O~hkob'h. 

I f { p }  is a sequence of  p r o b a b i l i t i e s  generated by t h e  recur-  

rence r e l a t i o n  
1 2  pn+l = p  - - p  f o r  n 2 0, 

n  2 n  

f o r  which i n i t i a l  p r o b a b i l i t i e s  p  does l i m i t  n-pn e x i s t ?  

Find t h e  exact  value of s i n  20' s i n  40' s i n  80'. 

from a 

from a 

568. Phopobed by Rob& C .  Gebhmdt, Hopeitcong, NW J m e y .  

Find a simple expression f o r  t h e  power s e r i e s  

569. Phopo~ed by RobwL C .  Gebhividt, Hopeitcong, N w  J m e y .  

a )  Find the  l a r g e s t  r e g u l a r  te t rahedron t h a t  can be folded 

square piece of paper (without cu t t ing) . .  

b )  Prove whether it is poss ib le  t o  f o l d  a regu la r  te t rahedron 

square piece o f  paper without overlapping o r  c u t t i n g .  

570. Phopo~ed by R i c h d  I .  H u h ,  Rancho P d o ~  V e ~ d u ,  

c&,60hth. 
l 8  

The n a t u r a l  logarithm of  a complex number z  = re  is defined 

by 

I n  z  = ee i\ 

where 

2  2 1 / 2  - 1  
s = ( ( I n r )  + 0 )  , A = t a n  ( 0 / l n r ) ,  

and 

0 5  A 5  i r / 2 f o r r ?  1  o r  n/2 < A <  ir f o r  0  < P <  1. 

Find a number zo  such t h a t  I n  z  
0  = ' 0 -  a 

571. P ~ w p o ~ e d  by Chuck W o n ,  Uunti.q.tan Bwch,  C ~ O A ~ .  

Assume a pegboard with one l i n e  of holes  numbered 1  through n . 
Find t h e  probabi l i ty  o f  pie-king correspondingly numbered pegs one a t  a 



time a t  random and placing them i n  t h e i r  corresponding holes  contigu- 

ously. That i s ,  i f  peg number k  is chosen f i r s t ,  then t h e  second peg 

must be next  t o  it, e i t h e r  number k  - l o r  number k +  1 .  I f  pegs p,  
p + 1, p + 2, -.., q have already been chosen, t h e  next  peg must be 

e i t h e r  p- 1  o r  q + 1 , s o  t h a t  no gaps ever  appear between pegs. 

572. Phopo6ed by Jack Gahdunk&i, F&iAd-t.wg, M e w  Yo&. 
Let ABCD be a  parallelogram and construct  d i r e c t l y  s imi la r  tri- 

angles on s i d e s  AD, BC, and diagonals AC and BD . See t h e  f i g u r e ,  i n  

which t r i a n g l e s  ADE, ACH, BDF, and BCG a r e  the  d i r e c t l y  s i m i l a r  tri- 

angles. What r e s t r i c t i o n s  on t h e  appended t r i a n g l e s  a r e  necessary f o r  

EFGH t o  be a  rhombus? 

573. Phopobed by IDWL/uam S .  C d m ,  L o h h  County Community 

CoLLege., EiyhAJS., Ohio. 

Prove t h a t  when any parabola o f  t h e  form 

is in te rsec ted  by a  s t r a i g h t  l i n e  

( 2 )  y = px + q, 

then t h e  sum o f  t h e  der iva t ives  o f  equation (1)  a t  t h e  two po in t s  of  

i n t e r s e c t i o n  is  always twice t h e  s lope of  t h e  s t r a i g h t  l i n e .  

Solutions 

21 3. [Spring 1969, Spring 19791 Pmpobed by Gnegony Wwkzyn, 
B u c k n a  UtM.um-t*y. 

11. Cornme.& by & ~ a i w &  E(Litoh, Crux Mathematicom 9 (1983) 

181 , Ottawa, 0-0, Canada.. 

The theorem is f a l s e .  This was proved recen t ly  by 0. Bottema 

and J. T. Groenman i n  Ni.ew Ti. jdschrif t  voor wiskunde, 70 ( 1  983) f43- .  

151. Readers a r e  i n v i t e d  t o  t r y  and f i n d  t h e  e r r o r  i n  t h e  Wulczyn 

so lu t ion .  If they f i n d  it, they should inform t h e  Problem Editor  of  

PMEJ . If they don' t  f i n d  it, then it may be t h a t  Bottema and Groenman 

a r e  " in Dutch." 

III. 'O.ihpLood by L e ~ o y  F. M e y e ~ i ,  Ohio s-ta-te ~ d u m - i - C y ,  
Co-Â£umbu~ Ohio. 

In  response t o  ~ e o ' s  prodding ( see  11, above), t h e  e r r o r  i s  t h a t  

t h e  length of  t h e  exsymmedian x (which is t h e  tangent a t  A t o  t h e  a 
circumcircle  o f  t r i a n g l e  ABC) should have absolute  value bars:  

x = 
b s i n  C 

a I s i n  (B - C) 1 ' 
and s i m i l a r l y ,  of course, f o r  x and x . b 

I f  t h e  t r i a n g l e  is  i s o s c e l e s ,  t h a t  is, i f  a = b. then A = B and 

x = xb follows read i ly .  

I f  a; = x and a b  

b s i n  C - - a s i n  C 
A 

s i n  fB - 0 s i n  (A - 0 
then t h e  proposer's so lu t ion  holds and t h e  t r i a n g l e  is  i sosce les .  

So suppose t h a t  x = X  and we have a b  

b s i n  C - - - a s i n  C 
s i n  (B - C) s i n  (A - C) 

Then we have t h a t  

b s i n  A cos C - b cos A s i n  C = -a s i n  B cos C t a cos B s i n  C 

and 

By t h e  law of  s i n e s  we make t h e  replacements ( s i n  A) / ( s in  C) = a /c  and 

( s i n  B) / ( s in  C) = b/c . Also using t h e  law o f  cosines we rep lace  
2 2 2  cos C = ( a t b - c  )/Zab and s i m i l a r l y  f o r  cos A and cos B. We then 

have 



and finally, 
2 2  2 

a + b  = S o  . 
All the above steps are reversible. 

2 2 
E d i t o r i a l  n o t e .  Triangles ABC having a + b = 2c , called 

&-isosceles, or automedian, or %triangles, have been discussed 

at length in Crux M a t h e m a t i c o m :  problem 210 [1977: 10, 160, 196; 

1978: 13, 1931, problem 309 [1978: 12, 2001, and problem 313 [1978: 
35, 2071, where other references are given. 

518. [Spring 1982, Spring 19831 Propobed by WL ĥasJL U .  Ecka, 

Penn.li ytvan^a. State. Univm-Lty, WoWthA.ngton Swinton Campus. 

A baseball player gets a hit and observes that his batting aver- 

age rises by exactly 10 points, i.e., by .010, and no rounding is 

necessary at all, where batting average is ratio of number of hits to 

times at bat (excluding walks, etc.). If this is not the player's 

first hit, how many hits does he now have? 

11. Comment and S o U o n  by the '~ro~obe / i . .  
We mathematicians ought to give preference to mathematics (over 

computers) in our problem columns whenever there exists an elegant 

mathematical solution. In particular, a computer solution should not 

be allowed in this unnecessary case. 

Let h and b  be the numbers of hits and at bats before the last 

time at bat. Then the condition requires that 

which can be rewritten in the form 

h = 
b f 9 9  - b )  

100 ' 

so 0 < b < 99 (since h > 0 ) .  Since we seek positive integral solutions, 

then b ( 9 9  - b) must be divisible by 100. Since b and 99 - b have 
opposite parity, we must factor 100 into one odd and one even factor 

and then b must be divisible by one factor and 99 - b by the other. 
Clearly 100 = 1 - 100 is unusable and 100 = 5 20 requires that both 

b and 99 - b be divisible by 5 ,  which is impossible since 99 is not 

divisible by 5 .  Thus we have 100 = 25 4. If b or 99 - b is 25, then 

the other is 7 4 ,  which is not divisible by 4 .  Since the member divisible 

by 25 must be odd, we have b or 99 - b equal to 7 5  and the other equal - - 
to 24. Either way, 

and he now has h + 1 = 19 hits. The batting averages are h/b  = 18/75 = 

.240 and 19/76 = .250 when b = 7 5  and 18/24 = .750 and 19/25 = .760 

when b = 24. 

E d i t o r i a l  note. Michael Ecker is Problem Editor for Populor 

Computing. Hence his chastisement carries double weight and this editor 

will do double penance by not switching on his computer for two full 

weeks. 

534. [Spring 19831 P/iopoie.d by ChcuULu U. TkLgg, San Viego, 

CWorWM.. 

Find the mathematical term that is the anagram of each of the 

following words and phrases: (1) RITES OF, (2) NILE GETS MES, (3) 

PANTS GONE, (4 IRAN CLAD, (5 ) COVERT, ( 6  ) CLERIC, (7) GRABS ALE, 

(8 ) IRON LAD, ( 9 ) TRIED A VIVE, (10 ) HAG, NO SEX, (11 ) ALTERING, 

( 1 2 ) RELATING. 

Amaigam 06 &obxtLon.li bubmuted independwU.y by ROBERT C. GEB- 

HARDT, Hoputcong, New J w ,  RICHARD I. HESS, Rancho Pdob VU~de.5, 

Cat i f ,o~nia ,  GLEN E. MILLS, Pe.n.liacoia. Junior Colle.ge., Flomxia., BOB 

PRIELIPP, Uniu~ul-ity of, WconliW-Ohhkobh, LEO SAUV~, Aigonquin College., 

Ottawa, OntcUU.0, Canada., and the. PROPOSER. 

We have (1) RITES OF = FORTIES, (2) NILE GETS MEN = LINE SEG- 

MENT, (3) PANTS GONE = PENTAGONS, (4) IRAN CLAD = CARDINAL, ( 5  ) 

COVERT = VECTOR, (6 ) CLERIC = CIRCLE, (7) GRABS ALE = ALGEBRAS, (8) 

IRON LAD = ORDINAL, (9 ) TRIED A VIVE = DERIVATIVE , ( 10 HAG, NO SEX = 

HEXAGONS, (11) and (12) ALTERING = RELATING = TRIANGLE = INTEGRAL. 

A^Ao m0bfiy bolve.d by JEANETTE BICKLEY, S t .  Lo&, MO, VICTOR G. 

FESER, Mo~y College., RcAmo~ck, NP, ROGER KUEHL, Kan.lic~& C i t y ,  MO, 

MICHAEL J. TAYLOR, InciiawipoLu, Powa S LLght Co., I N ,  and KEVIN THEALL, 
L o a t e l ,  MU. 

Also GEBHARDT listed (2) NILE GETS MEN = ELEMENT SIGN. KUEHL 
pointed out that PROFESSOR CHARLES W. TRIGG = PROWLS, RECHARGES FOR 



GIST = GRASPS CLEW TO FRESH RIGOR = FIGGERS SPRAWL, SORT CHORE = OTHERS 

WRIGGLE FOR SCRAPS = CHARGE GIRLS, WREST PROOFS (possible advice t o  

women mathematicians). PRIELIPP stated that (1) RITES OF = R I S E  OF T .  

The PROPOSER mused that: The contradiction I S  SUM = MINUS may be amus- 

ing. Also observe that in the following pairs, each is the anagram of 

the other: OSE S.O.E. (not  otherwise enumerated), TWO TOW, SEVEN EVENS, 

HEIS SIHE, and TEN NET. The last pair is palindromic. Too bad that "a 

minima" is bad grammar. 

535. [Spring 19831 Pn.opo4e.d by St0.nte.y Rabhowc tz ,  VLgJitcJL 

Equ.Lpnie.nt Coup., M h a c k ,  New Hamph^Ue.. 

In the small hamlet of Abacinia, two base systems are in common 

use. Also, everyone speaks the truth. One resident said, "26 people 

use my base, base 10, and only 22 people speak base 14." Another said, 

"Of the 25 residents, 13 are bilingual and 1 is illiterate." How many 

residents are there? 

SoJbukion by Rogm Kuehi, Kantiah Ĉ ty, Uusoa^L .  

Let the first resident speak base b. Then the second resident 

speaks base b + 4 since in that base the total population will be re- 

presented by a smaller numeral (25) than the numeral used by the first 

speaker as is the case. The total population is therefore 2 ( b + 4 )  + 5 =  

2b + 13 . The number of people speaking base b ,  according to the first 

speaker, is 2b + 6 and the number speaking base b + 4 is 2b + 2. Accord- 

ing to the second speaker f ib  + 4 )  + 3 = b + 7 people speak both bases 

and 1 is illiterate. Therefore the total population is 

Equating this to 2b + 13, we get that the two bases are 

Now the total population, 2b + IS, is 35 (base ten). 

AÂ£i bo i ved  by WALTER BLUMBERG, CoiwJL SpbJLwb, FL, who interpre- 

ted the first resident's statement to mean that 26 other people also use 

base 10, so the total using base 10 is 27, and the total population then 

is 33 (base ten) people, MARK EVANS, Lo1U4vÂ¥UULe. KY, RICHARD I. HESS, 
Rmcho PoJLoh V m d e ~ ,  CAI GLEN E. MILLS, Penhacoh  J u L o u  CoUe.ge., FL., 

VANCE E. PINCHBECK, Vi tU iaUa,  NY, HARRY SEDINGER, S-t. B o w ~ v e w t u ~ e  U h -  

mity, NY, MICHAEL J. TAYLOR, IwSJia.mpoUsi Powm S L i g h t  Co., IN.,  and 

the.  PROPOSER. Three incorrect solutions were received, one of which 

assumed that the first speaker's 10 meant ten and hence the statement of 

the problem was inconsistent. 

537. [Spring 19831 Ptopohed by ChOAJLe4 W .  TbJLgg, San V-ie-go, - 
C & < O A ~ .  

Find the unique four-digit integer in the decimal system that can 

be converted into its equivalent in the septenary system (base 7) by in- 

terchanging the left hand the right hand digit pairs. 

SoSLILtt.on by Ke.nnvth M. WJULke., Topeka, Kanhah. 

The number sought is abedlo = cobb7, so e > a. Hence we have the 

equation 

1000a + lOOb + loo  + d = 34312 + 49d + 7a + b 

or 

331a + 33b = I l i a  + 16d. 

Then we see that a : d (mod 3)  and a + 5d Z a (mod 11). Also we have 

a, b, e, d each < 7 and a < e .  Then we have the following table: 

a b e d  

1 2 3 4  

2 5 f c  = 9 - impossible) 

3 6 6 (b  = 7 - impossible). 

Hence 123410 = 341Z7 is the unique solution. 

A&o hoive.d by FRANK BATTLES, Mahhache. t t i  MoAc-fcune. Aaa.dwiy, 

Buzzo~ciA Bay, MA, JEANETTE BICKLEY, S t .  Lo1U4, MO, WALTER BLUMBERG, 

CoiwJL Sp/u,ngb, FL, VICTOR G. FESER, M a y  CoU.e.ge., Us.ma~.ck, W ,  ROBERT 
C. GEBHARDT, Hopcutcong, NJ, RICHARD I. HESS, Rancho PoJLoh VeAd&4, CA, 

ROGER KUEHL, Kantiah m y ,  MO, HENRY S. LIEBERMAN, Uaban, MA, GLEN E. 
MILLS, Pe.nhacoh, FL, WHIT MURRILL, Bo-ton Rouge., LA, BOB PRIELIPP, Unh- 

o< WLhconh-ui-Ohhkohh, MICHAEL 3 .  TAYLOR, TnciLa.no.poUsi P o w a  S 

L i g h t  Co., IN ,  KEVIN THEALL, L o u A ~ L ,  MU, and the. PROPOSER. WADE H. 

SliERARD, Til/wm UW.vv~l~y, GMe-rnWLe.,  SC interpreted the problem to be 

abedlo = b a d e .  He found the solution 143llO = 41137. (There is a 

second solution 1454.. = 4145 7 - ed.) Also two incorrect solutions '. 
were received. 

538. [Spring 19831 Paopohed by EmmunueZ, O.C. Tmon^tie., No^ith- 

WeAZ Mt4h0UAit S ta te .  Uyu.urn'uty, Mim.yvÂ¥UULe. 



2 The roots of ax + bx + c = 0, where none of the coefficients a, 
2 2  2 b, and c is zero, are a and 6 . The roots of a x + b x + c2 = 0 are 

2a and 26. Show that the equation whose roots are na and nfi is 
2 x + 2nx + 4n2 = 0. 

SoJitLtLon by RuAA~JUL Todd, W u S t o l ,  Rhode, 1~L l .nd .  
2 

Since the roots of ax + bx + c = 0 are a and 6, the equation 

may be written as 

2 0 =  fx - a)(x - 6) = x  - (a + 6)x + a6 . 
Dividing the original equation by a and comparing coefficients with that 

above we have that 

Similarly for the second equation we get that 

2 2 
-=  b2 a + 6) and 5 = 4a6 . 
a a 

These relations may readily be solved to get that 

a + 6 = 2  a 6 = 4 .  

The roots of the final equation are na and n 6 , so we have 
2 0 =  (x - na)fa; - n8) = a ;  - nfa + 6) + n  a6, 

which, from equations (11, becomes the desired result 

2 x2-2m:+4n = o .  

AÂ£A ~ o l v e d  by FRANK P .  BATTLES, M o ~ ~ a c h u ~ e - t t A  MoA^fcune Academy, 

BuzzmdA Bay, MA, JEANETTE BICKLEY, S t .  Lo&, Mo, WALTER BLUMBERG, 

C o w l  SpdngA,  F l ,  BRUCE EDWARDS , Un-t.ue~~.t-Cy of,  Flo/bida, Gu inuvLUe, ,  

RUSSELL EULER, N o v t h w u t  fU^&ou^L S t a t a  UvO.vWi^y, MmyvLUe., MO, 

VICTOR G. FESER, M t ~ u j  CoU.e,ge, Bhrnmck,  NU, JACK GARFUNKEL, F h W L n g ,  

NY, ROBERT C.  GEBHARDT, Hopatcong, NJ, RICHARD I .  HESS, Rancho P&OA 

V m d u ,  CA, RALPH KING, S t .  Bonauentwce, NY, ROGER KUEHL, Kavi&oi C a y ,  MO, 

HENRY S. LIEBERMAN, Waban, MA, BOB PRIELIPP , U t t L u ~ ~ ~ l i t q  of, (H^covi&.t.n- 

O ~ h k o ~ h ,  HARRY SEDINGER, S t .  Bonauentwce Un-t.ue~~JuLy, NY, WADE H .  SHERARD, 

F m a n  U n - t . u e ~ ~ ~ ,  Gn.e,e,nWe,, SC, MICHAEL J. TAYLOR , 1nd-co.napo.Lui 

Powm S L i g h t  Co, I N ,  KEVIN THEALL , Looted, MV, W .  R .  UTZ, Cotambh, MO, 

HAO-NHIEN QUI V U ,  Pwcdue, U r ~ & m U y ,  W u t  Laf,aye.tte,, IN, KENNETH M. 

WILKE, TOPEKA, KS, and the. PROPOSER. FESER, KUEHL, and THEALL each 

solved equations (11, obtaining a, f3 = -1 Â i 73 as part of their solutions. 

539. [Sp r ing  19831 P-topo~ei 

~ a y ,  W u t  laf,aye^te,, Ind iana.  

Â¥ by Hao-NWLe,n 2. Vu, Pwcdue, U n b m -  

Find a quadratic equation with integral coefficients that has -- - 
cos 72O and cos 144O as roots. 

*Does there exist such a quadratic with roots sin 72' and sin 

144O? 

I .  So.tuti.on by Flank Ba-ttie.6 and L a u ~ a  K&U.e.ha [fo-LWULu}, 

M a ~ ~ a c h u ~ e - t t A  M e n .  Academy, Buzzo/idi Bay. 

We replace 72O and 144O by their radian equivalents 2~/5 .and 

4~/5 and we let z = e = cos(2-ii~/5) + i sin(2b/5). Note that 

z = 1 and that 
27, z + z  2 + 2  

4 
COS -= -  =- 

5 2 2 

and 

Clearing of fractions and adding we obtain 

3 4 
4cOs2-+2 5 coSk=Z2+ 5 2 + Z  + Z  + Z 

from which we see that cos ( 2~/5) is a root of the quadratic equation 

4 x 2 + 2 x - 1 = 0 .  

A similar procedure shows that cos (4~/5) = (z2 + r2 )/2 also satisfies 

this same quadratic. Because cos (2v/5) > 0 and cos f4~/5) < 0, then 

these quantities are the two distinct roots of the stated quadratic. 

By solving the above quadratic for cos f2~/5) = (-1 + 6)/4 and 
2 

using the relation cos2 6 + sin 0 = 1, we obtain 

If this value is a solution to a quadratic equation mx2 + nx = p with 

integer coefficients m y  n, and p, which we rewrite in the form 

then we must have 



Now square both sides of this equation and solve for 6 to get that 6 
is a rational function of m, n ,  and p with integer coefficients, a con- 

tradiction since /5 is irrational. Thus there is no quadratic equation 

with integer coefficients having sin ( 2 n / S )  as a root, so of course there 

is no such equation having both sin ( 2 n / 5 )  and sin ( 4 n / S )  as roots. 

11. Sotu^ion t o  the. f,W pant  bg Hemg S. L iebuman,  Waban, 

Consider the "golden triangle" with unit base, shown in the fig- 

ure. By the law of sines we have that 

x -  1 - 
sin 36' sin 72' ' 

sin 36' x=- = s in36 '  - - 1 

sin 72' 2  sin 36' cos 36' 2  cos 36' ' 

so cos 3 6  = l / 2 x .  But, by similar triangles, we have x / 1  = 1 / f 1  + x ) ,  
2  

so x  + x - 1 = 0. The positive root of this equation is x  = (-1 + / 5 ) / 2 ,  

so that 
/5+ 1 cos 36' = - 

4  

Therefore 
2  cos 72' = cos ( 2  - 36') = 2  cos 36' - 1 

and 
l + 7 s  cos 144' = - cos 36' = - - 

4  
It follows that 

- I + &  - 1 - ^ 5 - 1  cos 72' + cos 144' = - 
4  

+- 
4  - 2  

and 

Hence the quadratic equation 

1 2  x 2 + l - x - - = o  or 4x + 2 x - 1 = 0  
2  4  

has cos 7 2  and cos 144' as roots. 

AÂ£a ~ o t v i d  bq JEANETTE BICKLEY , S t .  LO&, MO, WALTER BLUMBERG, 

C o w L  SPhbIgA, FL, BRUCE EDWARDS , Gdne^WLe., FL, RUSSELL EULER , 
N o v t h w u t  ML4~ouA-t. S t a t e  U b m - U g ,  McuiyvWLe, JACK GARFUNKEL, Ft.lt4tU.ng, 

NY, RICHARD I .  HESS , Rancho P&OA Vmde4, CA, DAVID INY, ReweJLavi. 
PotytachnLc l . n t U w t e ,  Thog, NY, RALPH KING , S t .  Bonavefutwi.e., NY, 

HENRY S. LIEBERMAN, Waban, MA, G. MAVRIGIAN , YoungAtown S t a t e  U n i v ~ i - U y ,  

OH, GLEN E .  MILLS , PewAacoh JuWLoh CoUege, FL, BOB PRIELIPP , UKLV~A-  

A - U ~  of ,  WÂ¥CAcon^wO~hko~h HARRY SEDINGER , S t .  Bonaventu~.e U n i u m - U y ,  

NY, CHARLES W .  TRIGG, Son V iego,  CA, W .  VANCE UNDERHILL , EUA< T e r n  

S t a t e .  U w w w U . 9 ,  Comme~ce, TX, KENNETH M. WILKE , Topeka, KS, and the. 
PROPOSER. So&iAt- on^ t o  t h e  f,&t pant  o f ,  -the p i o b h  w m e  &o ~ u b m W x d  

bg ROGER KUEHL, Kaniiab W y ,  MO, and MICHAEL J.  TAYLOR, I n d i a n a p o i U  

Powvi. 6 Light Co., IN. 

540. [Sp r ing  19831 Pkopo~ed by M. S. Kiamkin., U n i v m - U y  of,  

A t -bwta,  Edmon-Con, Canada. 

If the radii r rZJ P of the three escribed circles of a given 
3  

triangle AIA& satisfy the equation, 

determine which of the angles A  ,, A2, A  is the largest. 3  

Amalgam of, ~ o t u ^ i o . n  by WALTER BLUMBERG, C o w L  Spt ingA, FL, and 



HENRY S. LIEBERMAN, Waban, Mubba&ubeAt&. 

Let a .  denote the length of the side opposite angle Ai, let s = 
2 

( a  + a2 + a 3 ) / 2  and let A be the area of triangle A J I J I ,  . Then A = 
1  

p . (a  - a . )  for i, = 1 ,  2, 3,  so we have 
2 

2 a - a  
-=- 3  r1 s - a 2  and -=- 
5 a - a l  r3 a  - a1 

from which it follows that 

Now multiply through by ( s  - al l6  to clear of fractions, multiply out 
and simplify to arrive at 

Hence A1Af13 is a right triangle with right angle at A1,  so A, is the 

largest angle of the triangle. 

At&o boLve.d by DAVID INY, Renibetem Poly technic  InbkubvLe., T l o y ,  

NY, MICHAEL J.  TAYLOR, InAuiitdpo.^ P o w a  & Light Co., IN, CHARLES W .  

TRIGG , San VJuuao, CA, and the. PROPOSER. 

541. [Spr ing 19831 Phopobed by S-tentey RabhouiLtz, Vig-c-teZ 
Eq&pme.n.t Cohp., M6WUMack, New Hamp~kin.e.. 

A line meets the boundary of an annulus A. (the ring between two 

concentric circles) in four points P, Q ,  R ,  S with R  and S between P 

and Q .  A second annulus A is constructed by drawing circles on PQ 
2  

and RS as diameters. Find the relationship between the areas of Al and 

S o l u t i o n  by Rub& E d a ,  N o i t h w u t  HL&&oU/U. State. Unive*aÂ¥Lty 

M#Ly\nJUe.. 

The figure summarizes the hypotheses. Then the area of A2 is 

2  2  2  2  
~ ( M Q ~  - MS ) = T [ ( R  - d 2 )  - (R: - d 2 ) ]  = n(R2 - R,) , 

which is the area of A _ .  

A&4o b o h d  bg WALTER BLUMBERG, C o M  Sp&ingb, FL, RICHARD I .  HESS, 

Rancho PaJLob V m d u ,  CA, DAVID I N Y ,  Renbbeteat PoLyÂ¥te.&WL I ~ ~ k u b v L e . ,  

T m y ,  NY, ROGER KUEHL, Kanbo~ CLbj, MO, HENRY S. LIEBERMAN, W a n ,  MA, 

G. MAVRIGIAN, Youngbtown S t o u t ~  U W L u m i t y ,  OH, HENRY SEDINGER , S t .  

Bonave.re.tuAe. UWLvm'Uy, NY, WADE H .  SHERARD , F m a n  U n i v m . i A / ,  Gte.e.n- 

vWLe., SC, MICHAEL J .  TAYLOR , l&napo.̂  Powm S Light CO., IN, HAO- 

N H I E N  Q. VU , P d u e .  U n i v m i t y ,  W u t  Laiagvt-te., IN, and the. PROPOSER. 

542. [Spr ing 19831 Phopobed by H m b w t  R. BaJJLe.y, Rob& PaLy- 

t e c h n i c  Inbtit(Lte., T m e .  HouXe., Indiana. 

A circle of unit radius is to be covered by three circles of 

equal radii. Find the minimum radius required. 

s o l u t i o n  by H q  suLLn.gm, S t .  Voitdve.wtuft.e. Univuui-Lty, New Yotk. 

Let the three circles have radius r .  Note that at least one cir- 

cle must cover at least 1 / 3  of the unit circle's circumference, A chord 

corresponding to such a third has length f i ,  so r ? ^ 3 / 2 .  Now draw 

three such chords by inscribing an equilateral triangle in the circle 

and take three circles with radii f i / 2  and centers on the midpoints of 

the chords. It is easy to see that the three circles form the desired 

covering. Hence r = / 3 / 2  is sufficient. 

At&o boLvid by RICHARD I .  HESS, Rancho PaJLob VeAdu, CA, JOHN 

M. HOWELL, W a o c k ,  CA, DAVID I N Y ,  Renb-ietea P o L y t e c h ~ c  I ~ ~ k u b v L e . ,  

T toy ,  NY, ROGER KUEHL , Kanbub C t t y ,  MO, VANCE E .  PINCHBECK, ViLihaUa., . 
NY, MICHAEL J. TAYLOR, Inditina.po.^ Powm & LLght Co., IN, HAO-NHIEN Q U ~  

VU , PuAdiie. UnivuUiUy,  W u t  Laiayvt-te., IN, and the. PROPOSER. G. MAVRI- 

GIAN, Y0ungbt0~1~1 State. UWLve*aÂ¥ity OH interpreted the problem as seeking 

three circles that surround the given circle. He found that the radius 



of n circles tangent externally to the unit circle and tangent each 

to its neighbors is l /[csc ( v / n )  - 11. 

543. [ S p r i n g  19831 Pkopohed by VoffM-H-Lc C .  WUUioto,  Sonth iÂ£t6 t  

ULVZ Lom^-uina U v u M v u i i A j ,  Hammond. 

A linkage device, shown in the figure, consists of a wood block 

with two tracks cut perpendicular to one another and crossing at the 

center of the block. Riding within the tracks are two small skids A and 

B ,  joined together by a long handle. As the handle is turned, the skids 

move within their respective tracks: A up and down and B from side to 

side. Describe the curve generated by point C (at the end of the handle) 

as the handle is turned. 

I .  S o W o n  b y  D a v i d  I n y ,  R e i i ~ h e l a e ~ .  P o l y t e c h n i c  I m t U L l i t e ,  

T k o y ,  New Yohk. 

Introduce a Cartesian coordinate system where point A runs along 

the y-axis and B runs along the x-axis. Let the fixed distances between 

A and B be P and between A and C be R. When A is at (0, -a), then B is 

at (2 0) and, by similar triangles, C is at f ? ( R / r )  n, 
fR/r)a - a). Now set x and y equal to the coordinates of C ,  square each 

equation, and eliminate a between them to obtain 

an ellipse with center at the origin (the center of the block), semi- 

major axis equal to AC, and semi-minor axis equal to BC. 

1 1 .  S o l v i t i o n  b y  Rob& C. GebhcUuU, Hopmkong,  New J m e y .  

The curve is an ellipse. This device is well-known to mechanical 

engineering students, the elliptical trammel. See pp. 281-5 of Schwamb, 

Merrille and James, E l e m e n t s  of Mechanism,  3 r d  e d .  (New York: John Wiley 

6 Sons, Inc., 1921). 

AZAO boLved by WALTER BLUMBERG, C o d  S p d n g b ,  FL, R 

68 5 

IARD I .  

HESS, Rancho P d o b  V u i d a ~ ,  CA, RALPH KING, S t .  BonavenAiAe UvuMvui-Lty, 

NY, ROGER KUEHL, K w o 4  C-c-ty, MO, HENRY S.  LIEBERMAN, Waban, MA, W H I I  

MURRILL, UH-Lvem^ty o f  LoUAJti-uina, Ea ton  F?ugt,HARRY SEDINGER, S t .  B ~ n a ~ ' .  

veivtane U n i v v u i i i t y ,  NY, MICHAEL J .  TAYLOR , I n i i w i a p o L U i  Powui S L i g h t  

Co . ,  I N ,  KEVIN THEALL, Lam&Â£ MO, RUSSELL TODD, B ^ t A t o l ,  R I ,  HAO-NHIEN 

QUI VU, P w d u e  UH-Lvw,^y, We t̂ Lafay&, I N ,  and  the  PROPOSER. KUEHL 

stated that he had seen this linkage described as a "do nothing" in 

souvenir shops in Missouri and Iowa. 

544. [ S p r i n g  19831 P k o p o ~ e d  by Jack Go~funkoJL, FtiUihLng, New 

Yokk,  and C w o h d  G d n u i ,  A u ~ i t o i ,  T e x o ~ .  

Show that a quadrilateral ABCD with sides AD = BC = s and 
0 +A + 3B = 120 has maximum area if it is an isosceles trapezoid. A 

solution without calculus is preferred. 

I .  S o W o n  b y  M. S .  Ktamfccn, U n b v u i - U l f  0 6  A t b w t a ,  Edmowton, 

Canada. 

As the problem is stated, there is no maximum area since AB and 

CD can be arbitrarily large. Therefore we change the problem by adding 

the restriction that BC + CD + DA = p.  

Then, if we reflect ABCD across AB, the resulting figure CDAD'C'B 

will be a hexagon of maximum area having a given perimeter 2 p .  Hence 

it must be a regular hexagon, so ABCD is an isosceles trapezoid with 

u = +B = coo. 
1 1 .  S o l u t i o n  by H e w  S .  L i e b u m a n ,  Waban, Mo~hachu~e-fr tA.  

In order that ABCD have maximum area it must be cyclic. See 

Theohwn 3 . 3 6  in Niven: Maxima and Minima W i t h o u t  C a l c u l u s ,  pp. 53-4, 

which states: A quadrilateral inscribed in a circle has a larger area 

than any other quadrilateral with sides of the same lengths in the same 

order. (This is proven without calculus, of course). 

So suppose we have a quadrilateral as described in the problem 

and inscribed in a circle. Since chords AD and BC are equal, their arcs 

are equal. Now angle A is measured by half the sum of arcs BC + CD, 

which equals half the sum of the arcs CD + DA, which measures angle B ,  . 
a 

so 4A = 5!B and ABCD is an isosceles trapezoid. 

Note that this proof is independent of the magnitude of #A + a. 
In the particular case of this problem we would have, of course, ̂ 4 = #B 

= 6 0  at maximum area. 



AAio ~ o i v i d  by WALTER BLL'MBERG,  CohcJL Spdngh ,  F L ,  RALPH K I N G ,  

S t .  Bonawe.ntuA.e. Uvu.vWi^ty, NY,  HARRY S E D I N G E R ,  St; Bonauen-tuAe UnLveA- 

h a y ,  N Y ,  MICHAEL J .  TAYLOR , IndmnapoiUi Powa 6 Uqht Co., IN, and the. 
PROPOSERS.  

545. [Spring 19831 Phopobed by S-tante/ RabinoMctz, Vig-LtaJL 
Equipment Cohp., M u a c k ,  Nw Hampihihe.. 

Let fn denote the nth Fibonacci number f f  = 1,  f 2  = 1, 1 
fn+2 = fn + fn+l for n a positive integer). Find a formula for f  m+n 
in terms of f  and f  (only). n 

1. So lu t ion  by Bob P~L(Litpp, UnLvw-Uby of, (l!-u>cottiJLn-Wobh. 
We shall show that 

To aid us in proving the above, we use the following well-known results, 

which can readily be proved by mathematical induction: If m, n ,  and j 
are positive integers and letting f  = 0, then 

0 

and 
(2) + ) 2  = sf? + 4(-1)J' . 

3 

From (2) we get 

2 11-11' + 5 8  - ( ( f j + l  - f j )  + f j+l)  = 0,  a 
which we multiply out and divide by 4 to get 

a quadratic in f  . Solving by the quadratic formula, we see that 
j+1 

1 
( 3  f j f l  = 2 ( f j  + 4 5 4  + 4 f - 1 ) j )  . 

Finally, from (1) and ( 3 ) ,  we get that 

11. S o U o n  by M .  S .  Kicmhin, Urzhm-uty  of, Mbwta., Edmonton, 

Canada.. 
If I n denotes the nth Lucas number ( I  = 1 ,  I 2 = 3, and I F -  - 

= In + IÃ£,. ), then the formula [of Solution I ]  follows immediately - 
from the following known relations: 

and 

AAio ~otvu .d  by RUSSELL EULER , No&& MLAAoUAA. S-tote UnLua- 

b a y ,  MmyvW,e., K E V I N  THEALL, Lam&Â£ MU, and .the PROPOSER. EULER 

used the formula f  n = [ ( I  + 6" - ( 1  - /s)n]/2n/5 to 

mite fm+n in terms of f  fd ( I+ a), and ( 1  - 6) . Two incorrect 
n' 

solutions were received. 

546. [Spring 19831 Phopo~ed by Rob& C .  G e b h d t ,  P a ~ i p p w i y ,  

New J m e g .  
Show that the square of the sum of the squares of four integers 

can be expressed as the sum of the squares of three integers, as in 
2 2 2 2 2  2 2  2 

( 2  + 3  + 4  + 5 )  = 1 4  + 2 8  + 4 4  . 
I. Solu t ion  by Viatoh G. F&A&A, Mmy Cortege., Bhfwyick, No^1 

Dakota.. 
As stated, the problem is trivial: for any, a, b ,  c ,  d we can 

write 

2 2 2 2 2 2 2  
( a 2 + b 2 + c 2 + d 2 ) 2 = ( a  + b  + a  + d l  + O  + O  . 

Unfortunately, it will not work simply to exclude zeros, since in some 

cases they must be allowed. For example, 

2 2 , 2 2 2  
( 1  + 1  + 1  + 1 )  = 1 6  

and the only way 16 can be expressed as the sum of three squares is 
2 2 2  

4 + 0 + 0 . Another such example is a = b = 1 and c = d = 2. 

11. Ad(Luhi.onaÂ£ comme.nt by M .  S .  K h k n ,  U n L v e ~ ~ i t y  of, AUaeAta.~ 

Edmonton, Canada. 

The result is not true. A theorem of Gauss states that any 
2 2  2 2  2 

natural number is either of the form a .  + b + c or a + b + 2C 



CHAPTER REPORTS where a ,  b ,  c a r e  n a t u r a l  numbers. Hence 

2 2 2 f 1 + 1 + 1 + 1 )  = 1 6 = 2  + 2  + 2 *  22 
and 

111. So-iu^ion by W&UL Wuunbu.g, CotwX. SpiUM&, Fi0Iu.d~. 
Using t h e  proposer's example a s  a guide, we a r e  l e d  t o  t h e  follow- 

ing  s p e c i a l  case: The square o f  t h e  sum of  t h e  squares of  four  unequal 

p o s i t i v e  i n t e g e r s  i n  a r i thmet ic  progression can be expressed a s  t h e  sum 

o f  t h e  squares o f  t h r e e  p o s i t i v e  in tegers .  To prove t h i s  statement we 

l e t  a and x be p o s i t i v e  in tegers ,  and we leave it f o r  t h e  reader  t o  

v e r i f y  t h e  i d e n t i t y  

2 2 2 2 2 [a + (a + x )  + (a + 2x) + fa + 3x) ] = 

2 2 2 2 2 2 2 (4a.x + 6 x )  + f8ax + 12x ) + (4a + 12ax + 4x ) . 
IV. ha tgam 06 ioiu^uoni  by JACK GARFUNKEL, F&iifct.ng, N e w  Yo&, 

and DAVID I N Y ,  Ren&he^au. Pohjtechnic Ini-fctAitn, Thoq, New Yohk. 

The following i s  an i d e n t i t y  due t o  Lebesgue (see Long: Elemen- 
tary Introduction t o  Number Theory, p. 143 : 

2 2 2 2 2  (a + b  + c  + d )  = 

2 (a2 + b2 - c2 - d2)' + (Sac - 2bdJ2 + (Sad + 2bc) . 
A h 0  boived by RICHARD I .  HESS, Rancho P d o i  Vudu, CA, BOB 

PRIELIPP , Unive~i-cty  o<j W.hcowLn-Obhkobh, KENNETH M .  WILKE, Topeka, 

KS, and t h e  PROPOSER. WILKE gave t h e  reference Carmichael, Diophantine 

Analysis, pp. 35-8,  New York: Dover, 1959'. 

IOWA ALPHA CHAPTER (Iowa S t a t e  Un ivers i ty )  The 60th Annual I n i t i a t i o n  
Banauet of t h e  Iowa Alpha chante rwas  held on May 1. 1983. Forty new- 
members were in i t i a ted .  P/Lo)(&o~ Stephen 3.  When of t h e  ~athematfc? 
Department was t h e  guest  speaker and talked about "Composing a Function 
with I t s e l f .  " 
Pi  Mu Epsilon Scholarship Awards of $50 each were presented t o  Ve-boiah 
lIwa-ng and CJdg McCtongdan who scored highest  on a competitive examina- 
t i o n .  An addi t iona l  award o f  $50 was presented t o  S0mlik.y f o r  
outstanding achievement on t h e  Putnam Exam. 

Other department awards were presented a s  follows: 

The Dio Lewis Ho l l  Awards t o  outstanding graduating sen ior  mathematics 
majors; W m  Somliky and Fhed Adomi. 

The Gertrude Herr  Adamson Awards f o r  demonstrated ingenuity i n  
mathematics; David Bachman, R.h% Hanion, KuA-fctA Ruby and WWflm Som&ky. 

Other Iowa Alpha a c t i v i t i e s  f o r  t h e  1982-83 year included t h e  following 
t a l k s :  frSunnnation of Series" b!jPhof. PutsA Co&& o f  t h e  Iowa S t a t e  
Mathematics Department; "Shape of the Universe Through the Glasses o f  
Finite Geometry" by PWd. L u i a w  S z c z a b a ,  Warsaw, Poland; "Fractions 
That Go On Forever" by PAoK. BIw C d n  of t h e  Iowa S t a t e  Mathematics 
Department. 

KANSAS GAMMA CHAPTER (Wichi ta  S t a t e  Un ivers i ty )  Talk by Ph. Gnohgn 
W k e n .  "Uses and Misuses o f  Stat is t ics  i n  Sex and Race Discrhimtion 
Cases. " Banquet l e c t u r e  by Dk. Me^vin Snydm,  "Digression on Some 
Small Numbers. Lecture by Leut^A TOW end, "On Robotics. " Lecture by 
Vh. V. V .  Chopha, " H i s t o r y  o f  P i  ffu Epsilon." 

MASSACHUSETTS GAMMA (Bridqewater S t a t e  Col 1 ege) The I n i t i a t i o n  Address 
was a t a l k  eiven b~ Dh.  HUOO V1A'=-0 e n t i t l e d  "Platonic Solids and 
Brussels ~ ~ r o u t s .  This t a l k  was one o f  a s e r i e s  o f  t h r e e  t a l k s  held 
t h a t  week a t  Bridgewater S t a t e  College sponsored by Massachusetts Gamma. 
The week was r e f e r r e d  t o  a s  rlEder Week" during which we used t h e  200th 
anniversary of  t h e  year of  Eule r ' s  death t o  l e a r n  some o f  t h e  achievements 
of  t h a t  g r e a t  mind. The o t h e r  t a l k s ,  a l s o  given by members of  t h e  
Bridgewater S t a t e  College mathematics f a c u l t y  were: "Leonard M e r :  
His Life and Worku, by Phofi. 1. P. ScaAcAi; and "Euler and the Case o f  
the 36 Officersw, by Phof,. Thoma E. Moohe.. In  t h e  spring term, 1984, 
Massachusetts Gamma w i l l  sponsor a week whose theme w i l l  be Women and 
Mathematics. 



MICHIGAN DELTA CHAPTER (Hope College) The following programs and 
a c t i v i t i e s  were sponsored by P i  Mu Epsilon and Math Club: hk. R0qe-t. 
KtoAben, Purdue University, spoke on "The Use o f  Quality Control Charts 
i n  Stat is t ical  Quality Control"; V t .  l&LhUJd vcwde~.udde, Hope College, 
spoke on "Why Are Manhole Covers Ro~nd?~~;  P-lo/. John Van hk l#cdW~,  Hope 
College, spoke on "An Introductory Look a t  Mathematical Modelingrr; Pa. 
H d ~ o l d  Johntion, Trin i ty  College, spoke on "The C.A.T. Scanner and 
Applications to Geology"; VJL. hfd Nt/man, Alma College, spoke on "A 
Growth Model for the Giant Kelp": Mt. John S-toughton, University of 
North Carolina-Ashville, spoke on "Derivation of the !Trig Functions 
Using Differential Equations"; and Gck l d e ( / e ~ ~ ,  Senior Member of t h e  
Technical S taf f  a t  Apple Computer, Inc.,  spoke on rrSmalltalk-80rr and 
"The LISA Personal Office System". 

MISSOURI GAMMA (St.  Louis  Un ive rs i t y ,  Fontbonne Col 1 ege, L i  ndenwood 
College, Parks Col lege) Presented t h e  following awards: The James W .  
Garneau Mathematics Award was eiven t o  Chautun Me.ek Ctalboi~ne; The 
Francis Regan Scholarship was presented t o  6&d Veneukbomg;The 
Missour i  Gamma Undergraduate Award was earned by Mameen S t a t t a g ;  The 
Missour i  Gamma Graduate Award was given t o  Leona MaA-tenb; The winners 
of the  P i  Mu Epsi lon Contest Awards were: Senior - Lynn M d e  Notd, 
Junior - John Moft-fcm; The John J. Andrews Graduate Service Award was 
presented t o  M.  V-Â£c-toA<u Ktcmwn; and The Beradino Family F r a t e r n i  t y s h i p  
Award was given t o  Rob& 9.~~2. The James Case Memorial Lecture was 
presented by Pm<. Pdt/u.c.k CaAAen.6 of  Central S t a t e  University i n  
Oklahoma; the  t i t l e  of h i s  t a l k  was "Distance i n  Geometry as Defined by 
the Metric". 

NEW YORK PHI CHAPTER (Clarkson Col lege o f  Technology) Va. P W p  
Sc-, Brandis University, spoke on "From Potsdam to a Ph.D. 
M~A& Bo^den won the  coveted Clarkson Memorial Award f o r  the  highest 
four year overa l l  grade point  average. This is the  -consecutive 
year t h a t  t h i s  graduating senior  award has been won by a member of  t he  
chapter. 

NEW YORK ALPHA CHAPTER (Queens College) VJL. Kenneth 8. Kma of t he  
Queens College Math Department spoke on "Trap-Door Functions and Secret 
Codes": VJL. KO& I .  Rothenbag of t he  Queens College Math Department 
spoke on "Using the Computer Language BASIC i n  the Math Classroom. 
Linda Hwfctwian and H d  Wek~iZEicn were the  r ec ip i en t s  of the  1983 P i  Mu 
Epsilon prize f o r  excellence i n  mathematics and serv ice  t o  the  New York 
Alpha Chapter. 

ALPHA CHAPTER ( U n i v e r s i t y  o f  Pennsylvania) The Chapter conducted the  
following a c t i v i t i e s :  Workshop, "Job-Seeking Strategies i n  Mathematics- 
Related Fields"; Workshop, "Careers i n  Mathematics a t  I. B . H .  " by Of. 
John S h b  of I .B . M .  ; Lecture, "Mathematics and Econometricsrr by PJLod. 
a c h d  ~cCoA-tfe(/ of t he  Economics Department; and Lecture, "Soap Bubbles 
and Surface Areasu by 1)1. J ~ i i f  Kazdan of the  Mathematics Department. 
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LETTER TO THE EDITOR ------------ 
Dean .  E(Lut01t.: 

I am Wuting Â¥i h u p o n b e  to y o o ~  "chauenge. .to .the teaduct' Â¥i the 
F a t 2  7 983 -Ut~ue of, P i  Mu Ep&^on J o u ~ n o t .  U n d a  the. OA-fctdLe. en.tLz2e.d 

l 1 ~ o u  la + i b l  ' + '  quai a R&? qou C L & ~ C ~  -t< t h e  mads contd 
6Lnd anq o- t fea  Â¥u'l-tau-t-t.n mu 0 4  a heal huaÂ£-fcc.n j(It.om A(HAAig a 
complex numbm to a complex p o w ,  b u m  2 = e f f / z .  WsJUL, I've.  

bee.n wo/thing on that i n  mq ~ p o ~ e  turne cui a ~ e n i o i  phqb-t-u majoIt. cut 
Lamm UniWm-Lty i n  Beaumont, Te.xa4. I have f&q ea~-t^q comp'Litd a 

LL&t oh ilevvwJL tau, pÂ£o a f,w o t h m  L n t a u t i n g  (a4&ee4bl tulb^t&. 

2 = -1 &t.n Â¥i = i ~ & h  x 

2 2 2  a + b  = A  COA Â¥i = c o ~ h  x 

b t u n e = Z  t a n  i x  = Â¥ -tank x 

0 5 OAgumivt < 2lT cobh i x  = COA X 



(a + i b ) (~  + i d )  = Real = Real 

i e - ~ / 2  0.2079 

\F ,IT/ 2 4.810 

n i  2 
e-IT /4  0.08480 

(: 1ni)lni e - $ / 4  0.08480 

Â¥sin - IT s i n h l  

t an i  IT e- tan1 0.3023 

tanhi  I T  e- tan 1 0.08661 

i i ~ ~ ~ i  - -K IT coshl 0.8858 

Thothy R.  VUAQW 
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