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A TEST FOR PRIMENESS U S I N G  
STERN'S D I A T O M I C  S E R I E S  

M i c h a r t  L .  C a U  
ROM-Huiman lnh. t i . t~, te .  o f ,  Te-c-hnoiogy 

Before reveal ing t h i s  " tes t"  f o r  primeness, I would l i k e  t o  d i s-  

cuss t h e  h i s t o r y  of a  r a t h e r  curious a r ray  of  numbers c a l l e d  "Stern 's  

Diatomic Ser ies ."  The h i s t o r y  begins with a  l e t t e r  from G .  Eisenstein 

t o  Stern i n  1850 and ends ( f o r  t h e  time being) with t h i s  a r t i c l e .  The 

r e s t  i s  out l ined below i n  t h e  order  of i t s  order  of "discovery." 

The l a t e s t  reference t o  t h e  s e r i e s  occurs i n  t h e  f i r s t  volume of 

t h e  number theory a b s t r a c t s :  B-84-2, "A Family of In tegers  and a  Theorem 

on Circles,"  by T.  T .  Williams and D. H .  Browne. This a r t i c l e  appeared 

i n  t h e  American Mathematical Monthly, volume 59,  pages 534-536 (1947). 

The a r t i c l e  had a s  a  reference a  1938 a r t i c l e ,  "Fractions," by 

L. R .  Ford [2] which touched only b r i e f l y  on t h e  geometric i n t e r p r e t a t i o n  

of  t h e  a r ray .  The 1947 a r t i c l e  a l s o  had an e d i t o r ' s  reference t o  a  

Monthly problem #4236 proposed by H .  D. Grossman i n  t h e  advanced problems 

sec t ion  of  t h e  American Mathematical Monthly, volume 59, page 112. 

Although of  no merit  i n  i t s e l f ,  t h e  problem led  t h e  inves t iga t ion  

t o  t h e  so lu t ion .  The so lu t ion  appeared i n  the  American Mathematical 

Monthly [6]. The problem was, i n c i d e n t a l l y ,  solved by a  number of  prom- 

inen t  mathematicians including Howard Eves, William Gustin, P .  T .  Bateman, 

Y .  S. Luan, L. M. Kelly, Ivan Niven, Leo Moser, and R. Steinberg. In  a  

lengthy e d i t o r i a l  note ,  references were given not  only t o  t h e  1947 arti- 

c l e ,  but  a l s o  t o  a  1929 a r t i c l e  by D .  H.  Lehmer, "On Ste rn ' s  Diatomic 

Ser ies"  [3]. This a r t i c l e  contains  a  wealth of information about t h e  

a r ray  ( including a t i e - i n  t o  t h e  Fibonacci sequence) and is  s trongly rec-  

ommended f o r  anyone who is i n t e r e s t e d  i n  studying t h e  proper t i es  of t h e  

a r ray .  This a r t i c l e  referenced S t e r n ' s  o r i g i n a l  paper, "Ueber e i n e  zah- 

Â¥Lentheoretisch Funktion" [4]. 

Although Stern was t h e  first t o  publ ish r e s u l t s  about t h e  a r ray ,  

and t o  inves t iga te  its proper t ies  thoroughly, Eisenstein "discovered" 

t h e  a r ray  and d id  some preliminary work with it. I n  h i s  1858 paper, 

Stern says t h a t  t h e r e  was published i n  1850 "a paper by Eisens te in  on a 

number t h e o r e t i c  function t o  which he v)as l e d  i n  h i s  inves t iga t ion  of 

the higher  r e c i p r o c i t y  tea} [reciprooitittsgesetz]. He  isen en stein] fm- 

t h e r  remarked t h a t  the  study of t h i s  function led  him t o  a  notmorthy 

number sequence." Stern quotes Eisenstein a s  having s a i d  ( i n  h i s  lfl50 -- -- 

l e t t e r  t o  S t e r n ) ,  %nj p o o f s  of the  sentences [theoremslare r a t h e r  com- 

pl ieated,  perhaps you can f ind  s impler  ones." In  wr i t ing  h i s  1858 paper, 

Stern f u l f i l l e d  Eisens te in ' s  request  of e i g h t  years  e a r l i e r .  

In  t h e  next sec t ion ,  I would l i k e  t o  introduce S t e r n ' s  Diatomic 

s e r i e s  and prove a  theorem due t o  S te rn .  From t h e  nature of t h e  theorem 

and i ts  proof ,  t h e  " t e s t "  f o r  primeness should be obvious t o  t h e  reader .  

Theofism. In t h e  following a r r a y  

1 1  

1 2  1 

1 3  2 3 1 

where t h e  next row is  obtained by i n s e r t i n g  between any 2 numbers t h e i r  

sum, t h e  i n t e g e r  n is prime i f  and only i f  n  appears n - 1 times i n  t h e  

n th  row. 

Proof. F i r s t ,  we introduce t h e  following notat ion:  l e t  [%b] denote t h e  

presence of  a and b a s  in tegers  having consecutive pos i t ions  i n  some row 

of  t h e  a r ray  and be c a l l e d  a  p a r t i t i o n  of n(where n = a t b  ). Note a l s o  

t h a t  [a,&] # [b,a] f o r  d i s t i n c t  a  and b.  I f  a and b have no common fac- 

t o r  o ther  than 1, [a,&] s h a l l  be c a l l e d  a  r e l a t i v e l y  prime p a r t i t i o n  

of  n. 

I. Suppose some p a r t i t i o n  of n  a s  [a,&] occurs i n  t h e  mth row of t h e  

a r ray .  Because of t h e  method of construct ion of t h e  a r r a y ,  e n t r i e s  i n  

t h e  mth row a l t e r n a t e  between sums of  e n t r i e s  i n  t h e  (m- 11th row and 

e n t r i e s  i n  t h e  (m -1)th row. Since t h e  f i r s t  row contains  [l,l] , closure 

guarantees t h a t  a l l  e n t r i e s  a r e  p o s i t i v e  in tegers .  Let [x,y] be t h e  par- 

t i t i o n  i n  t h e  ( m-11th row from which a ,b is derived. Thus, a; = a and 

a; + y = b o r  a; + y = a and y = b.  From t h i s  r e s e t  a; =a, y  = b - a ,  o r  

x = a - b ,  y  = b.  If a > b ,  then t h e  l a t t e r  must be t h e  case s i n c e .  

b  - a < 0; i f  a < b ,  t h e  former must be  t h e  case s ince  now, a  - b < 0. 

Since t h e  presence of  [a - b,b] o r  [a,b - a]  i n  t h e  (m -11th row implies 

t h e  presence of [a ,b] i n  t h e  mth row, it follows t h a t  given a  > b , [a ,b] 



occurs i n  t h e  mth row i f  and only i f  [ a  - b,b] occurs i n  t h e  f.m-11th row. 

Given b > a ,  [a ,  b] occurs i n  t h e  mth row i f  and only i f  [a, b - a] occurs 

i n  t h e  (rn -11th row. This argument and i ts conclusion s h a l l  be c a l l e d  

t h e  reduction argument. 

11. A l l  p a r t i t i o n s  [a,b] which occur i n  t h e  a r ray  a r e  r e l a t i v e l y  prime. 

To prove t h i s ,  assume [a,b] occurs i n  t h e  mth row where a and b have a 

common f a c t o r  k ;  a = kx, b = ky and k > 1. By t h e  reduct ion argument, 

e i t h e r  [a - b,b] o r  [a,b - a ]  occur i n  t h e  (m -11th row. But a - b = 

k(x - y ) ,  b - a =  k(y - x ) ,  s o  t h a t  t h e  p a r t i t i o n  i n  t h e  (m -11th row a l s o  

has a common f a c t o r  k. Inducting upon t h i s ,  t h e r e  must be a p a r t i t i o n  

i n  t h e  f i r s t  row which has k a s  a common f a c t o r .  Since t h e  f i r s t  row i s  

j u s t  [l,l 1, and k > 1 by assumption, we have t h e  con t rad ic t ion  neces- 

sary  t o  complete t h e  proof. 

111. The in teger  n is  prime i f  and only i f  t h e r e  a r e  n - 1 r e l a t i v e l y  

p a r t i t i o n s  of n .  F i r s t ,  note  t h a t  t h e r e  a r e  n - 1 p a r t i t i i o n s  of  n ,  a s  

may be seen by l i s t i n g  them: [l ,n - 11, [2,n -21 . . . . . [n -l,l] . 
Assume n i s  not  prime; thus  n has a f a c t o r  k, where kx = n ,  a: > 1 and 

1 < k < n . I f  x = y + z ,  then [ky ,kz] is one of t h e  n - 1 p a r t i t i o n s  

of  n and is  not r e l a t i v e l y  prime. Conversely, l e t  n be prime and assume 

t h e r e  a r e  not  n - 1 r e l a t i v e l y  prime p a r t i t i o n s  of  n. Since t h e r e  must 

be l e s s  than n -1 r e l a t i v e l y  prime p a r t i t i o n s  of n ,  a t  l e a s t  one of t h e  

n - 1 p a r t i t i o n s  of  n i s  not r e l a t i v e l y  prime. Thus, [fcc,ky] i s  a par-  

t i t i o n  of  n with k > 1. Since n = k(x  t y ) ,  n has a f a c t o r  k ,  contrary 

t o  n being prime. This con t rad ic t ion  shows t h a t  t h e r e  must be n - 1 

r e l a t i v e l y  prime p a r t i t i o n s  of  n .  Hence, n is  prime i f  and only i f  t h e r e  

a r e  n - 1 r e l a t i v e l y  prime p a r t i t i o n s  o f n .  

I V .  A l l  r e l a t i v e l y  prime p a r t i t i o n s  of  n occur exac t ly  once i n  t h e  a r r a y ,  

and occur within t h e  first n - 1 rows. To prove t h i s ,  assume t h e  hypoth- 

e s i s  f o r  a l l  in tegers  from 2 up t o  n - 1. 

Let [a,b] be a r e l a t i v e l y  prime p a r t i t i o n  of  n ,a  > b. From t h e  r e-  

ductionargument, [a,b] occurs (exac t ly  once) within t h e  first n - 1 rows 

if and only i f  [a-  b.b] occurs (exac t ly  once) within t h e  first n - 2 rows. 

Clearly,  [a - b,b] is  a r e l a t i v e l y  prime p a r t i t i o n  o f  n - b ,  ( i f  no t ,  

a - b =  kx, b = ky, k > 1 s o  [a,b] = [k(x + y),ky] contrary t o  t h e  choice 

of  r e l a t i v e l y  prime [a,b ] ). Since n - b< n - 1, [a - b ,b] does occur 

exac t ly  once within t h e  first n - 2 rows (by assumption), then [a,b] w i l l  

occur exac t ly  once within t h e  f i r s t  n - 1 rows. Arguments f o r  t h e  case 

b > a  a r e  nearly i d e n t i c a l .  

The proof i s  completed by not ing t h a t  [a,&] is an a r b i t r a r y  r e l a -  

t i v e l y  prime p a r t i t i o n  of  n and not ing t h a t  the  induct ion hypothesi%Ã‘i 

t r u e  f o r  n = 2 ( i - e . ,  [l,l] occurs i n  the  f i r s t  row). 

Since each p a r t i t i o n  of  n-causes n t o  appear i n  every row below 

t h a t  i n  which the  p a r t i t i o n  appears, and (from IV) every r e l a t i v e l y  prime 

p a r t i t i o n  of  n occurs exac t ly  once, within t h e  f i r s t  n - 1 rows, and 

(from 11) every "non- relat ively prime" p a r t i t i o n  of  n does not  occur, we 

conclude t h a t  t h e r e  a r e  a s  many occurrences of  n i n  t h e  n t h  row a s  t h e r e  

a r e  ( d i s t i n c t )  r e l a t i v e l y  prime p a r t i t i o n s  of n. Combining t h i s  with t h e  

r e s u l t  of  I11 y i e l d s  the des i red  implicat ion:  n i s  prime i f  and only i f  

n occurs n - 1 times i n  t h e  n t h  row. 

n occurs exact ly $(n)  times i n  t h e  n th  row, where $ i s  

Eule r ' s  phi  funct ion.  

Proof. We simply need t o  replace (111) from above with t h e  s t a t e -  

ment, "There a r e  exac t ly  $(n)  r e l a t i v e l y  prime p a r t i t i o n s  of  n." Let x, 

be one of  the  $(n)  numbers such t h a t  x < n and x, and n a r e  r e l a t i v e l y  

prime. Now, assume t h a t  x and n - xl a r e  not r e l a t i v e l y  prime. Thus, 1 
xl = k and n - x, = k r ,  f o r  some i n t e g e r s  r, q ,  k with k > l .  Hence, 

q 
n = k(q + r ) ,  and n and x, have k a s  a common f a c t o r .  This con t rad ic t ion  

shows t h a t  x, and r - xl a r e  r e l a t i v e l y  prime, so  t h a t  [x,, n - xl] is  

a r e l a t i v e l y  prime p a r t i t i o n  of  n. 

Conversely, i f  x and n have a common f a c t o r  k(k > 1, x >n) ,  then 

n = kq and x = k r  f o r  some i n t e g e r s  q ,  r. Hence, n - x = k(q  - r } ,  x0 

and n - x have k a s  a common fac tor ,  and [ x ,  n - x ] i s  not a r e l a t i v e-  

l y  prime p a r t i t i o n  of  n. So, a l l  t h e  numbers of  t h e  form o f  x, and only 

those numbers generate a r e l a t i v e l y  prime p a r t i t i o n  of  n. Since t h e r e  

a r e  $(n)  numbers of  t h e  form x ,  t h e r e  a r e  $(n)  r e l a t i v e l y  prime p a r t i -  

t i o n s  of  n ,  and t h e  proof is  complete. 

S te rn ' s  Diatomic Ser ies  has a multitude of  p roper t i es ,  involving 

such widely varying concepts a s  the  Fibonacci numbers, t h e  Farey s e r i e s ,  

and continued f r a c t i o n s .  Below a r e  l i s t e d  a few of  these  which t h e  

reader  may enjoy proving f o r  himself.  

n-1 
1 )  t h e  number of  terms i n  t h e  n t h  l i n e  is  2 + 1, and t h e  sum of these  



n-1 
terms is  3 + 1 

t h e  number of terms i n  a l l  rows up t o  and including t h e  n t h  i s  

2" + n -1 and t h e  sume of  these terms is 1 / 2 ( 3  + 1 )  + n - 1 

t h e  l a r g e s t  number i n  t h e  n t h  row is t h e  (n + l ) s t  Fibonacci number 

(1, 1, 2 ,  3, 5 ,  8, 1.1, 21 ... ). The average value o f  the  numbers i n  

t h e  n th  row is  near ly  (3/2)n-1; t h e  average value of  t h e  numbers i n  

a l l  rows up t o  and including t h e  nth row is  about 1/2(3/2)n-1 

I f  a ,  b ,  and e appear consecutively i n  some row of  t h e  a r r a y ,  then 

b i s  a d i v i s o r  of  ( a  + c )  

I f  [a,b] i s  a r e l a t i v e l y  prime p a r t i t i o n ,  it appears i n  t h e  row whose 

number i s  equal  t o  t h e  sum of t h e  quot ien t s  i n  t h e  continued f r a c t i o n  

expansion of  a /b .  

I n  closing,  I would l i k e  t o  thank D r .  Roger Lautzenheiser,  who 

showed me the  i n i t i a l  problem and gave me constant  encouragement; Mrs. 

Mary Lou McCullough, who has spent hours typing and retyping t h e  manu- 

s c r i p t ;  and Dan Hatten ( a l s o  of  Rose-Hulman) who was kind enough t o  

t r a n s l a t e  S te rn ' s  27-page a r t i c l e  from German t o  English. 
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THE INTEGRATION OF sec3x dx 

by M.icfcae  ̂ Lee W a U o g a  
UYU.vm>uty of, South FLoJrida 

The following is an in tegra t ion  of  /sec3x dx using trigonometric 

subs t i tu t ions .  The author  has searched various introductory q r  f i r s t  

year ca lcu lus  textbooks f o r  t h i s  type of  in tegra t ion  o f  /set% dx. Some 

of  these  t e x t s  a r e  l i s t e d  i n  t h e  bibliography. In a l l  cases ,  when shown 

o r  mentioned, t h e  " in tegra t ion  by par t s"  method was used, suggested, o r  

sa id  t o  be t h e  only method t o  use. 

The i n t e g r a t i o n  is a s  follows: 

/sec3x Ac = $Isec x (2sec2x) dx 

= %/set x (sec2x + 1 + tan2x)  dx 
= %/set x ds: t v ( s e c 3 x  + sec x tan2^) Ac 

= %/(set x t a n  x + sec2x)/(sec x + t a n  x )  dsc 

t iff(sec3x + sec x tan2x)  dx. 

We now use t h e  subs t i tu t ions :  

v = sec x t a n  x 

dv = (sec3x + sec  x tan2x) dx 

and 

K = sec x + t a n  x 

du = (sec2x + sec x t a n  x )  dx. 

Now it follows t h a t  

h 5 - n  \u\ + b v + C  
= \ in lsec x t t a n  X I  + \(set x + t a n  x l  + C. 

Therefore 

/sec3x Ac = %(set x t a n  x + an lsec x + t a n  X I  ) + C. 
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1979-80 STUDENT PAPER COMPETITION 

The p a p m  {\oi the. 1979-&0 Student Papa Competition have been judged 
and the  d n n w  ate: 

F i r s t  Pr ize  ($200) Ziad Haddad, UCLA, "Two Remavks On the 
Quaternions", (To Appear i n  t h e  next 
i s s u e  of t h e  Journal ) 

Second P r i z e  ($100) Robert Smith, Vniversi-ty o f  Arkansas, 
"Uniform Algebras and Scattered Spaces", 
(To appear i n  t h e  next  i s s u e  of t h e  
Journal ) 

Third Pr ize  ($50) Alma Posey, Hendrix College, "Rolling 
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ROLLING CONES 

The cycloid i s  a curve generated by r o l l i n g  a c i r c l e  on a l i n e  and 

observing t h e  curve t raced out  by a f i x e d  po in t  on t h e  c i r c l e .  The 

o r i g i n s  of  t h i s  observat ion a r e  unknown, but  Bouelles is  g iven  c r e d i t  

f o r  i ts study i n  1500. He f e l t  t h e  a r c  was a p a r t  of  a c i r c l e  with a 

rad ius  of 5 /4  t h a t  of  t h e  generat ing c i r c l e .  In  1599 Gali leo was con- 

cerned with t h e  quadrature of t h e  cyc lo ida l  a r c .  Gal i leo gave t h e  

curve i t s  name, however it is  a l s o  c a l l e d  a r o u l e t t e  o r  a t rochoid.  

G i l l e s  Persone de Roberval e f fec ted  the  quadrature i n  1634. After  t h i s ,  

discussion began on t h e  construct ion of t h e  tangent t o  t h e  curve. 

T o r r i c e l l i  published t h e  r e s u l t s  o f  t h e  quadrature and tangent i n  1644. 

Blaise  Pascal, i n  1658, a f t e r  e i g h t  days of  in tense  work, composed a 

f u l l  account of  t h e  geometry o f  t h e  cycloid.  Later  i n  1686, Leibniz 

wrote t h e  equation of  t h e  curve i n  t h i s  form: 

Present ly t h e  equation appears i n  parametric form with y = a( l -cosa)  

and x = a(a -s ina)  (Figure 1). 

FIGURE 1 



After  t h e  work of  Leibniz, t h e r e  began t o  appear general  methods f o r  

determining t h e  nature of  curves generated by r o l l i n g  o ther  conic sec- 

t i o n s  [3]. In t h i s  paper we examine curves generated by such r o l l i n g  

conics .  

An example of  these r o l l i n g  cones appeared a s  a problem on t h e  

William Lowell Putnam Mathematical Competition [l, Problem A-51, which 

s t a t e s  : 

Consider t h e  two mutually tangent parabolas y = x  2 

2 and y = -x  . ['These have f o c i  a t  (0 ,1/4)  and (0,-1/4), 

and d i r e c t r i c e s  y = -1/4 and y = 1/4 ,  respec t ive ly . ]  

The upper parabola r o l l s  without s l i p p i n g  around t h e  

f ixed  lower parabola. Find t h e  locus of t h e  focus of 

t h e  moving parabola. 

\ 1 / Ã̂‘Ã t h e  r o i l i n g  parabola 

(0,1/4), t h e  o r i g i n a l  p o s i t i o n  
o f  t h e  moving focus 

/ 1 \ ] t h e  f i x e d  parabola 

I n  o rder  t o  solve t h i s  problem we need t o  use t h e  r e f l e c t i o n  property o f  

t h e  parabola. 

d i r e c t r i x  

FIGURE 2 

Consider Figure 2. For any point  P on t h e  parabola, t h e  tangent  l i n e  t o  

t h e  parabola a t  P b i s e c t s  t h e  angle between t h e  l i n e  from t h e  focus t o  

P and the  l i n e  through P perpendicular t o  t h e  d i r e c t r i x .  

FIGURE 3 

Now i n  solving t h e  Putnam problem l e t  F be the  focus o f  t h e  f ixed  

parabola and M be t h e  moving focus (Figure 3 ) .  I f  P is  t h e  point  of  

mutual tangency, then using t h e  r e f l e c t i o n  property along with t h e  con- 

gruence of  t h e  parabolas ,  t h e  l i n e  segment from M t o  P, denoted i@ , is 

perpendicular t o  t h e  d i r e c t r i x  of  t h e  f ixed  parabola and @ and @ have 

equal l eng th ,  denoted UP = FP. Thus M is on t h e  d i r e c t r i x  o f  t h e  f i x e d  

parabola. So t h e  locus of  t h e  focus of t h e  r o l l i n g  parabola i s  t h e  

d i r e c t r i x  o f  t h e  f ixed  parabola. 

Now l e t  us consider  t h e  two mutually tangent hyperbolas y = -1 

and y = 1- and t h e  curve t raced  ou t  by t h e  focus of  t h e  upper hyper- 

bola  a s  it rolls without s l i p p i n g  along t h e  lower hyperbola. (These have 

f o c i  a t  (0 , /2) ,  (0,-2-/2) and (0 ,  -a), (0,2+/2) respec t ive ly ,  with s lope 

o f  t h e  asymptotes equa l  t o  21). 

We f i r s t  note  t h a t  a hyperbola has a r e f l e c t i o n  property s i m i l a r  

t o  t h a t  of  t h e  parabola. 



F I G U R E  4 

Consider Figure 4. For any point  P on t h e  hyperbola, the  tangent l i n e  t o  

the  hyperbola b i s e c t s  t h e  angle between and F'P where F and F1 a r e  the  

f o c i  o f  the  hyperbola. Another property of  the  hyperbola is  t h a t  the  

d i f fe rence  between t h e  lengths of  these  two l i n e s  i s  a constant ,  and f o r  

t h e  s p e c i f i c  hyperbolas above, t h i s  constant  i s  2. 

Let F and F1 be t h e  f o c i  o f  t h e  f i x e d  hyperbola, and M and M1 the  

f o c i  of  t h e  moving hyperbola (Figure 5 ) .  If P i s  t h e  point  of  mutual 

tangency, then using t h e  r e f l e c t i o n  property along with t h e  congruence o f  
- 

t h e  hyperbolas, FP and M'P correspond i n  d i rec t ion ,  and so  do F'P and @. 
Since FP = UP, F I P  = MIP, and F I P  - FP = 2 ,  F I P  - UP = 2 which implies  

M i s  2 u n i t s  away from F'. Therefore an a r c  of  a c i r c l e  of  rad ius  2 is 

t raced  out  by t h e  focus M. 

A s  P moves along t h e  hyperbolas, t h e  l i n e  segment F'P approaches a 

pos i t ion  p a r a l l e l  t o  t h e  asymptote o f  t h e  f ixed  hyperbola, and2'OF1M 

approaches ir/4 radians.  Therefore t h e  locus of  t h e  focus of  t h e  r o l l i n g  

hyperbola is  an a r c ,  TT u n i t s  i n l e n g t h w i t h o u t  endpoints,  of  t h e  c i r c l e  

centered a t  F' with rad ius  2. 

Now consider t h e  curve t raced  ou t  by t h e  focus of  t h e  parabola 
2 

y = x when it r o l l s  without s l i p p i n g  along t h e  x-axis. 

F I G U R E  5 

Figure 6 shows the  o r i g i n a l  pos i t ion  of t h e  parabola and Figure 7 shows 

the  pos i t ion  of t h e  parabola a f t e r  it has r o l l e d  i n t o  a p o s i t i o n  tangent 

t o  t h e  x-axis a t  point  B1. Point B corresponds t o  B1 i n  Figure 7 and the  

o ther  po in t s  correspond s i m i l a r l y  s o  t h a t  d i s tances  and angles a r e  con- 

gruent.  For example, the  l eng thof  where F is t h e  focus i n  Figure 6 i s  
- 

equal t o  t h e l e n g t h o f  FIB1 i n  Figure 7 

In  order  t o  f i n d  t h e  curve t raced out by t h e  focus F 1 ,  we determine 

i ts coordinates  - i n  terms of x ,  t h e  f i r s t  coordinate of  B. Construct t h e  

l i n e  CIF1 perpendicular t o  t h e  hor izon ta l  a x i s .  

Construct the  tangent a t  B and extend it u n t i l  it i n t e r s e c t s  t h e  

y-axis a t  point  A. It follows from t h e  r e f l e c t i o n  property of  t h e  para-  

bola t h a t  AABF is  an i s o s c e l e s  t r i a n g l e  s o  ?%? b i s e c t s  D. For t h e  &a- 

bola y = x ,  t h e  d i s tance  from t h e  ver tex  t o  the  focus is  1 /4 ,  thus  
2 2 2 

FB = x t 1/4.  Since FA = x t 1/4 a l s o ,  A has coordinates  (0,-x 1. 



FIGURE 6 

/lT 
Therefore AB = 1x1 -and BC = \x \ - . Using the  Pythagorean 

Theorem, FC = - which is a l s o  t h e  second coordinate of  F t  . 
To determine t h e  f i r s t  coordinate of  F' we must sub t rac t  B^c" = 

1x1 /l+4a;2 from t h e  a r c  length of t h e  parabola from Oto B .  This a r c  

length is given by '1+4* dt . Using t h e  s u b s t i t u t i o n  s inh  s = 

2 t  we get :  

lIx' m d t  = lzlq + 114 Arc s inh  21x1. 

Therefore, F' has coordinates  (114 Arc s inh  2 1x1 ,q. Subs t i tu t ing  

2 = 1 / 4  Arc s inh 2 lx 1 , the  coordinates  become ( z i C F ) .  Thus, t h e  

equation of  t h e  curve generated by t h e  focus of  t h e  parabola y = x 2 

r o l l i n g  on t h e  x- axis  is t h e  catenary, y = 1/4  cosh 4a:. (This r e s u l t  i s  

mentioned i n  [2] ) . 
These a r e  j u s t  a few curves generated by cones. Many more may be 

formed with o ther  conics .  
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ON EVALUATING THE LEGENDRE SYMBOL 

To evaluate  t h e  Legendre symbol (2 )  where n i s  an i n t e g e r  and p 
P 

a prime, one could take  up t h e  lengthyjob of l i s t i n g  the  quadrat ic  r e s i -  

dues mod p and then checking d i r e c t l y  t o  see i f  n ,  reduced mod p ,  is 

i n  the  l i s t .  To do t h i s  is a tedious task which i s  usual ly made simple 

by not ing t h a t  (E) = ("-)(z) and by proving t h e  following t h r e e  proper- 
P P P 

t i e s  of  t h e  Legendre symbol: 

( 1  i f  p s 1 (mod 4) 

1 i f  p = 21 (mod 8 )  

-1 i f  p s ?3 (mod 81, and 

1:) i f  p o r  q Â 1 (mod 4) 

( i i i )  = 

-(:) if p and q 5 -1 (mod 4) I 
where p and q a r e  odd primes. The purpose o f  t h i s  paper i s  t o  show t h a t  

an a r b i t r a r y  Legendre symbol can be evaluated f a i r l y  quickly by using 

only t h e  t h i r d  o f  t h e  th ree  proper t i es  above, t h e  s o  c a l l e d  Quadratic 

Reciprocity Law. To show t h i s ,  it i s  s u f f i c i e n t  t o  give t h e  procedure 
- 1 2 

t o  use i n  t h e  cases  when (-1 o r  (-) a r i s e s .  
P P 

For convenience p w i l l  now designate a prime g r e a t e r  than th ree .  
n 

If (2) should occur i n  t h e  process of  eva lua t ing  (-), then t h e  p k c e d -  
P P 

ure being introduced is t o  rewr i te  t h e  Legendre symbol thus ly  Jt 



How consider what happens i n  the  two cases p 1 (mod 4 )  and p s - 1  (mod 

4) :  

C a s e l .  p E l ( r n o d 4 ) .  
r 

Write p - 4 = fl pi, where t h e  pi a r e  odd (not  necessar i ly  d i s -  

i =l 

p i  t i n c t )  primes. Since p E 1 (mod 41, (-1 = (2) and 
P pi- 

a s  was t o  be expected. 

Case 2. p E -1 (mod 4). 

r 

Again wr i te  p - 4 = n- pi. Since p = -1 (mod 41, p - 4 s -1 

i=l 

(mod 4) s o  t h a t  t h e r e  a r e  an odd number of p s -1  (mod 41, giving i 

again a s  was t o  be expected. 

The two cases together  show t h a t  (A) w i l l  always r e a d i l y  a i d  i n  
-1 

evaluat ing (-1 i f  we don't  have proper t i es  ( i )  and ( i i )  of  Legendre 
P 

symbols. In  essence, property ( i )  has been proven v i a  property ( i i i ) .  
2 

To evaluate  (-1, t h e  procedure being introduced i s  t o  rewr i te  t h e  
P 

Legendre symbol thus ly  

(E) = (y) if p E 1 (mod 4)  

(1) = (*) i f  p E -1 (mod 4) .  
P P 

To show (*A) leads  quickly t o  t h e  des i red  conclusion, it w i l l  be conven- 

i e n t  t o  use both property ( i )  and ( i i i )  which, s ince  ( i )  follows from 

( i i i ) ,  insures  t h a t  property ( i i i )  need only be used. Consider t h e  

cases a s  before: 

Case 1. p 5 1 (mod 4) .  

r - - 

Write p t 1 = 2 n pi, where t h e  p i a r e  odd primes. If p =-1 

r 
(mod 8 ) ,  then pi = ( p t 1 ) / 2  s 1 (mod 4) so  t h a t  t h e r e  a r e  an 

i=l 

even number of  p = -1 (mod 4); the re fore  i - 

t h e r e  a r e  an odd number of p; E -1 (mod 4) ;  hence 

giving (Ã‘ = -1. 
P 

r 
Write p - 1 = 2 pi, where t h e  pi a r e  odd primes. In  a 

similar manner t o  Case 1, i f  p = 3 (mod 8). then t h e r e  a r e  an even num- 

b e r  of pi s -1 (mod 4)  s o  t h a t  
P 



For p -1 (mod 81, there  a r e  an odd number of  P i  -1 (mod b )  so t h a t  

Combining t h e  r e s u l t s  of  t h e  two cases proves property ( i i )  v i a  property 

( i i i ) .  

Final ly,  a s  an example of how t h e  technique described above would 
6 1 be used, t h e  following shows t h e  s t e p s  f o r  evaluat ing (-1: 
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A COMPARISON OF COMPUTER ALGORITHMS 
TO SOLVE FOR KNIGHT'S TOUR 

b y  G m y  Riccmd 
S o o t h  Dakota Schoo l  of ,  M-cna and Technology  

Probably some of  t h e  most common chess puzzles a r e  those where one 

i s  required t o  move a chess piece i n  such a manner t h a t  it s h a l l  move 

successively t o  every possible  c e l l  on a chessboard once and only once 

[l]. The task i s  r id icu lous ly  easy f o r  a king, queen o r  rook and ob- 

viously impossible f o r  a bishop. However, a knight ,  with i t s  L-shaped 

moves, o f f e r s  a unique and r a t h e r  d i f f i c u l t  puzzle. 

A g rea t  dea l  of  research has gone i n t o  the  kn igh t ' s  t o u r  puzzle. 

The e a r l i e s t  systematic  so lu t ion  is a t t r i b u t e d  t o  Euler i n  1759 [3]. 

This method involved moving a knight a t  random around the  chessboard un- 

til only a few c e l l s  were l e f t  open. Euler then gave a s e t  of r u l e s  by 

which t h e  open c e l l s  could be incorporated i n t o  the  kn igh t ' s  path [l]. 

The method works but t h e  r u l e s  a r e  very involved and consequently t h e  

method is  extremely tedious and is not e a s i l y  appl icable  a s  e i t h e r  a 

computer o r  mental algorithm. 

In  t h e  18th and 19th cen tur ies  d i f f e r e n t  methods were given by 

Vandermonde i n  1771 [2], by Warnsdorff i n  1823[5], and by Roget i n  1840 

[4]. Of these t h e  most remarkable and e a s i e s t  t o  use was t h e  method 

proposed by Warnsdorff [l]. In t h i s  method t h e  knight is i n i t i a l l y  

placed somewhere on t h e  board and it i s  always moved t o  t h e  c e l l  where 

it w i l l  command t h e  l e a s t  number of  open c e l l s .  Warnsdorff a l s o  s t a t e d  

t h a t  when, by t h e  previous r u l e ,  t h e  knight has two o r  more c e l l s  t o  

which it can move, it may be moved t o  e i t h e r  o r  any of  them i n d i f f e r e n t l y .  

Another somewhat unique aspec t  of  t h i s  algorithm i s  t h a t  i f  a bad move 

i s  made it w i l l  not  usual ly a f f e c t  t h e  r e s u l t  except i n  the  l a s t  th ree  

o r  four  moves. Warnsdorff's method has never been proven t o  give r e s u l t s  

f o r  any s i z e  o r  shape board, but  no board, which does have a so lu t ion ,  

has ever  been found where t h e  method f a i l s .  Of a l l  the  systematic  algo- 

ri thms reviewed i n  t h i s  paper, Warnsdorff's is t h e  s implest  and most 

e a s i l y  programmable. 



The actual solutions to knight's tour can be classed into two 

groups; re-entrant and non-re-entrant paths. Re-entrant paths are those 

where the knight's final move allows it to jump back into the starting 

cell and, obviously, non-re-entrant paths are those where the knight's 

final move does not allow it to jump back into the starting cell (see 

Figure 1). Non-re-entrant paths occur much more frequently than re- 

entrant paths but, with a hypothesized 122,802,512 total solutions [l] 

to knight's tour on a standard chessboard, there are a large number of 

both types of paths. 

NON-RE- ENTRANT SOLUTION 

TO 8 BY 8 BOARD 

FIGURE 1 

RE-ENTRANT SOLUTION TO 

8 BY 8 BOARD 

The remainder of this paper will discuss four computer algorithms 

written by the author to solve for knight's tour. Of the four only the 

Warnsdorff method gave results for an 8 by 8 board within an 80 minute 

time allocation on a CDC-6400. All the methods gave solutions fog a 
5 by 5 board which is the smallest solvable square board. 

The first method tried will be called the "Naive Method". In this 

method the knight is initially positioned in the upper left hand corner 

of the board. The knight's available moves are then calculated starting 

with north one cell, two cells to the east and proceeding as shown in 

Figure 2. The knight is always moved to the first open cell that is 

found. If the knight does not have an available cell to move into, it 
, 

is backed up into the cell it previously occupied and moves are calcu- 

lated from the last move the knight made from this cell. Again, the 

THE ORDER IN WHICH THE KNIGHT'S POSSIBLE MOVES ARE 

CALCULATED IN THE "NAIVE METHOD.'' 

FIGURE 2 

knight takes the first open cell that is found. This process is repeated 

until a solution is found. The "Naive Method" is actually an exhaustive 
, 

tree search of all the knight's possible moves. This method found a 

solution to a 5 by 5 board in about 20 cpu seconds on a CDC-6400 but 

failed to find a solution to an 8 by 8 board in 80 minutes. This is not 



very surpr i s ing  s ince t h e  t r e e  f o r  an 8 by 8 board has an estimated 
2 9 

7.84 x 1 0  leaves;  an exhaustive search could take years  (approx. 10 ). 

The problem is t h a t  the  "Naive Method" is c r e a t i n g  open c e l l s  which 

command no open c e l l s .  The knight could never reach these  " islands" 

s ince  it could never be i n  a c e l l  where it could jump i n t o  t h e  " island" 

c e l l  (see Figure 3 ) .  The knight would then go merr i ly  on i ts way t r y i n g  

t o  f i n d  a path but not  r e a l i z i n g  t h a t  it i s  impossible with the  " is lands"  

it was c rea t ing .  One might decide t o  wr i te  an opt imizat ion rou t ine  f o r  

t h i s  program t h a t  would el iminate  t h e  " islands" and thus  c u t  down t h e  

t r e e  search time. 

CELLS WHICH HAVE BEEN 
PREVIOUSLY OCCUPIED 

A "ISLANDt' CELL 

F I G U R E  3 

Such an optimization r o u t i n e  was wr i t t en  and incorporated i n t o  

t h e  "Naive Method" program. For every move t h i s  rou t ine  scanned t h e  

e i g h t  c e l l s  commanded by t h e  present  pos i t ion  of  t h e  knight and assured 

t h a t  the  l a s t  move had not  c rea ted  any " islands" . With t h i s  rou t ine  t h e  

program found a s o l u t i o n  t o  a 5 by 5 board i n  about 5 seconds. Again 

t h e  program exceeded t h e  time a l l o c a t i o n  and f a i l e d  t o  f i n d  a so lu t ion  

f o r  an 8 by 8 board. The problem was t h a t  ins tead  of  i s o l a t i n g  j u s t  

one c e l l ;  a "one c e l l  is land" ;  the  program was c rea t ing  two and th ree  

c e l l  " islands" ( s e e  Figure 4 ) .  Thus, t h e  knight could not  ge t  t o  l a r g e  

groups o f  c e l l s  without an extreme amount of  backtracking. A t  t h i s  

point  it was decided t o  wr i te  an opt imizat ion rou t ine  t h a t  would elimin- 

a t e  a l l  "is1ands"without regard t o  t h e  nun 

CELLS WHICH HAVE BEEN 
PREVIOUSLY OCCUPIED 

A ISLAND CELLS 

EXAMPLES OF TWO AND THREE 
CELL "ISLANDS". 

h e r  of  c e l l s  they contained. 

F I G U R E  4 

The second opt imizat ion rou t ine  was wr i t t en  such t h a t  it scanned 

t h e  e n t i r e  board s t a r t i n g  with t h e  c e l l  i n  t h e  upper l e f t  corner  and 

ending with t h e  c e l l  i n  the  lower r i g h t  corner. This rou t ine  checked 

t h e  e i g h t  c e l l s  t h a t  each open c e l l  commands and assured t h a t  t h e r e  were 

a t  l eas t twoopen  c e l l s  among these ;  one open c e l l  t o  e n t e r  t h e  c e l l  i n  

quest ion and another TO e x i t  t h i s  c e l l .  This assured t h a t  t h e r e  were no 

" islands" of  any s i z e  s ince  each open c e l l  had t o  have a path i n t o  it 



and a  path out  of i t .  With t h i s  rou t ine  appended t o  t h e  program, t h e  

"Naive Method" generated a  so lu t ion  t o  a  5 by 5 board i n  a  l i t t l e  more 

than one second but it st i l l  f a i l e d  t o  f i n d  a  s o l u t i o n  f o r  an 8 by 8 

board. 

I t  seems t h a t  t h e  "Naive Method", even with the  opt imizat ion 

rou t ines ,  i s  j u s t  not an acceptable  algorithm when appl ied t o  l a r g e  

boards. A s  mentioned before,  t h e r e  a r e  a  hypothesized 122,802,512 

so lu t ions  t o  kn igh t ' s tour  on an 8 by 8 board, but  t h e r e  a r e  a l s o  approxi- 

mately 7.84 x 1 0  erroneous paths. The odds o f  f ind ing  a  so lu t ion  

using an exhaustive t r e e  search a r e  j u s t  too  small.  Therefore, t h e  

next l o g i c a l  s t e p  might be t o  search f o r  completely d i f f e r e n t  algorithms 

which solve the  kn igh t ' s  t o u r  puzzle. 

The algorithm chosen was t h e  Warnsdorff method. This was chosen 

mainly because of  the  ease with which t h i s  algorithm can be programmed. 

The method, a s  s t a t e d  e a r l i e r ,  always requ i res  t h e  knight t o  move i n t o  

t h e  c e l l  which commands t h e  l e a s t  number of  open c e l l s .  I t  i s  i n t e r -  

e s t i n g  t o  note  how t h i s  method prevents  " is lands"  from occurring. I n  

order  t o  c r e a t e  an " island" t h e  knight must have a l ready  moved i n t o  t h e  

e i g h t  c e l l s  t h a t  a  p a r t i c u l a r  open c e l l  commands without moving i n t o  

t h i s  c e l l .  A s  t h e  knight moves i n t o  these  e i g h t  c e l l s  it decreases t h e  

number of  c e l l s  t h a t  t h e  c e l l  i n  quest ion commands. A s  t h e  number of  

these  c e l l s  decrease, t h e  c e l l  i n  question has a  higher  p robabi l i ty  of  

being chosen. Thus, t h e  knight  w i l l  always move i n t o  t h e  c e l l  t h a t  is  

i n  danger of  being i s o l a t e d  before it w i l l  move i n t o  a  c e l l  which 

commands a  l a r g e r  number of  open c e l l s  (See Figure 5).  For every case 

t r i e d ,  t h e  author  has found t h a t  i f  t h e  Warnsdorff algorithm does not  

f i n d  a so lu t ion  f o r  a  p a r t i c u l a r  board with t h e  knight  i n i t i a l l y  posi- 

t ioned i n  t h e  upper l e f t  c e l l ,  then t h a t  board has no so lu t ion .  No 
* 

proof of  t h i s  could be found i n  t h e  l i t e r a t u r e  but  it does hold t r u e  f o r  

3  by 3, 4  by 4, and 7 by 7 boards. This method w i l l  solve an 8 by 8 

board i n  l e s s  than po in t  f i v e  seconds and w i l l  f i n d  a  so lu t ion  t o  a  

30 by 30 board, whose t r e e  has 7.55 x 10~" leaves,  i n  approximately one 

second. The method has a l s o  been t r i e d  f o r  many rec tangula r  boards and 

it f i n d s  so lu t ions  t o  these  boards j u s t  a s  rap id ly .  

A s  a  c u r i o s i t y ,  t h e  s o l u t i o n  t o  a  100 by 100 board took 38 cpu 

seconds on a  CDC-6400. 

Assume t h e  knight is i n  t h e  c e l l  marked "K", and t h a t  
t h e  shaded c e l l s  have previously been occupied by t h e  
knight.  Ce l l  " A"  is  i n  danger of  being i s o l a t e d .  I f  
t h e  knight moves i n t o  c e l l  "B" and then i n t o  c e l l  "C", 
c e l l  "A" becomes and " island". However, t h i s  w i l l  never 
happen s ince  c e l l  "B" commands two c e l l s  and c e l l  "A" 
commands only c e l l  "C". The knight w i l l  move i n t o  c e l l  
"A" s ince  it commands l e s s  open c e l l s  than c e l l  "B", 
and t h e  " island" i s  prevented. 

FIGURE 5 

This paper was writ ten while Gary Ricard was an undergraduate a t  

the South Dakota School of Mines and Techndogtj under the supervision of 

D r .  David Balleii~. Copies o f  the FORTRAN pogzwn discussed i n  th i s  art$- 

ale can be obtained from the author or Dr .  BaZZew. 
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ONE-WAY ORIENTATIONS OF GRAPHS 

by David B u h f i ~ ,  S.F. Kapoo~ 
Fwu^i S-tote. Coite.ge and Wutekn AitchLgan U n i v m i i g  

One way t o  produce a  d i rec ted  graph (a l so  commonly c a l l e d  a  

' d ig raph ' )  i s  t o  s t a r t  with a  graph and ass ign  d i rec t ions  t o  each of i ts 

edges. A digraph c rea ted  from a graph G i n  t h i s  way i s  c a l l e d  an 

or ien ta t ion  of G. For i. = 1, 2, 3 t h e  digraph D. of Figure 1 is  an 

o r i e n t a t i o n  of t h e  graph G.. 
1. 

Figure 1 

Many s t r u c t u r a l  p roper t i es  of digraphs a r e  dependent on r e l a t e d  

proper t i es  of  t h e i r  underlying graphs. For example, i f  a  c i t y  planner 

whose municipal road system i s  represented by t h e  graph G were in-  

s t r u c t e d  t o  convert a l l  of t h e  roads i n  t h e  c i t y  i n t o  one-way thorough- - - -- 

f a r e s ,  then the  o r i e n t a t i o n  D 3 would represen t  one o f  many possible  s.uch 

conversions. Clearly any such one-way network of roads must allow 

t r a v e l  from any one vertex t o  any o ther  vertex.  Following the  termin- 

ology of [1], we say t h a t  a  graph is strongly or ien tab le  i f  G admits an 

or ien ta t ion  i n  which every two v e r t i c e s  a r e  mutually reachable. The 

maph G is strongly or ien tab le ,  and it i s  not hard t o  decide t h a t  

n e i t h e r  G 1 nor G 2 a r e  s t rongly or ien tab le .  

The quest ion of which graphs a r e  s t rongly or ien tab le  was s e t t l e d  

by Robbins [2] who proved t h a t  a  graph G is  strongly or ien tab le  i f  and 

only i f  G is connected and bridgeless .  

Another use f o r  digraphs is t o  model communication networks. Here 

a  vertex might represent  a  s t a t i o n  i n  the  network, and a  d i rec ted  edge 

from ver tex  u t o  ver tex  u would symbolize the  a b i l i t y  of s t a t i o n  u t o  

d i r e c t l y  communicate with s t a t i o n  u .  Two-way interchanges a r e  not  a l-  

ways possible  i n  a  communications network. In a  m i l i t a r y  organizat ion,  

f o r  example, t h e  general  is  a b l e  t o  communicate with t h e  p r i v a t e ,  how- 

ever ,  t h e r e  may be no way f o r  the  p r i v a t e  t o  communicate with the  gen- 

e r a l .  A s  i n  [1] we c a l l  a  digraph u n i l a t e r a l  i f  f o r  any p a i r  of i ts 

v e r t i c e s ,  a t  l e a s t  one of  them i s  reachable from t h e  o ther .  Also, we 

say t h a t  a  graph G is  u n i l a t e r a l l y  o r ien tab le  i f  G admits a  u n i l a t e r a l  

o r ien ta t ion .  Of t h e  graphs i n  Figure 1, only G f a i l s  t o  be u n i l a t e r-  

a l l y  o r ien tab le .  I t  i s  known [1] t h a t  a  digraph is u n i l a t e r a l  i f  and 

only i f  it contains  a  spanning d i rec ted  walk. Using t h i s  r e s u l t  and 

terminology of [1] we present  a  charac te r iza t ion  of u n i l a t e r a l l y  o r i -  

en tab le  graphs. 

Theotem. A graph G is  u n i l a t e r a l l y  o r ien tab le  i f  and only i f  G 

i s  connected and t h e r e  e x i s t s  a  path i n  G containing a l l  t h e  bridges 

o f  G. 

Proof. Assume first t h a t  G i s  u n i l a t e r a l l y  o r ien tab le .  Then 

c l e a r l y  G is  connected. Let D be a  u n i l a t e r a l  o r i e n t a t i o n  of  G s o  t h a t  

D is  a u n i l a t e r a l  digraph. Then D contains  a  spanning d i rec ted  walk 

WD: u,, u2, ..., u n . ( I t  i s  poss ib le  t h a t  a  ver tex  o f  G rece ives  more 



than one l a b e l . )  Let WG : u ,  u2,  ... , u be t h e  corresponding spanning n 
walk i n  G. Let b be a  bridge of  G. I f  b i s  not an edge i n  WG, then 

s ince  both v e r t i c e s  of  b occur i n  WG, t h e r e  e x i s t s  a  cycle  i n  G con- 

t a i n i n g  D ,  cont rad ic t ing  t h e  f a c t  t h a t  b is a bridge. Hence a l l  bridges 
of  G belong t o  the  walk WG. Among a l l  walks i n  G which contain the  

bridges of  G l e t  V* be one of  minimal length.  Then W* is  a path i n  G 

which contains  a l l  the  br idges of G. 

Conversely, assume t h a t  G is  a connected graph with a  path 

P : u ,  u ,  ... , u i n  G containing a l l  t h e  br idges of  G. I f  u.u n z i+l 
is a bridge of G ,  o r i e n t  t h i s  edge from u .  t o  u i .  Every block of  
G not ye t  or iented must have order  a t  l e a s t  t h r e e ,  and by [2], can be 

s t rongly  or iented.  Let u and v be any p a i r  of  v e r t i c e s  i n  t h i s  o r i -  

en ta t ion  of G. I f  u and v l i e  i n  the  same block of G then c l e a r l y  t h e r e  

e x i s t s  e i t h e r  a d i rec ted  u-v path o r  a  d i rec ted  v-u path i n  t h e  digraph. 

I f  u and v l i e  i n  d i f f e r e n t  blocks of  G where, say,  the  block or  col-  

l e c t i o n  of  blocks containing u i s  encountered on t h e  path P following 

i ts o r i e n t a t i o n  p r i o r  t o  t h e  block o r  c o l l e c t i o n  of blocks containing 

v , then t h a t  port ion o f  t h e  path P between these dis t inguished block 

s t r u c t u r e s  together  with any intervening blocks guarantees t h e  exis tence 

of a  d i rec ted  u-v path i n  t h e  digraph. Therefore t h i s  o r i e n t a t i o n  of  

G i s  u n i l a t e r a l .  
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T h a e  wWi be a P i  Mu Epsi Ion Regional Mivthendu Condaence at 
S t .  John% Univm-t-ty i n  CokYegev-Ltie AUnn&~o-ta on ApluJL 30 and M a g  1 ,  

19S1.  The Studeivt. Condaence. usWL be heÂ£ i n  conjunction with a ~ m i n Â £ c /  

e W e d  "Ma-Oimo-tt&a and t h e  f fuma.nLtiu". VoxM, SchaM&chnmd.a wWi 
bpeak on MaJtSn.ematiu and AM, LeonaAd G W m m i  wilt. ~ p e a f e  311 MathemcitLu 
and Mu~ic, and,hope<uJULy, Don Ko&a wilt. L&HtuA.e on !tathemcLti.cl> and 

Lite/ia-tuAe. Student p p w  m e  not flu^u.cted t o  t h e  "ffumcu'utiu" theme 
and bhodd be sent to J e ~ i y  Le.nz, S t .  John% coSULege, CoU.egw-LU.e, Wuwn. 

P U Z Z L E  SECTION 

Vav-id BoJULwl 

This department i s  for the enjoyment of those readers who are addicted 
t o  working crossword puzzles or who find an occasional mathematical puzzle 
attractive.  We consider mathematical puzzles to  be problems whose solutions 
consist of answers immediately recognizable as correct by simple observation 
and requiring l i t t l e  formal proof. Material submitted and not used here 
w i l l  be sent t o  the Problem Editor i f  deemed appropriate for that department 

Address a l l  proposed puzzles and puzzle solutions t o  David Balleu, 
Editor of the Pi. Mu Epsilon Journal, Department of Mathematical Sciences, 
South Dakota School of Mines and Technology, Rapid City, South Dakota,. 
57701. Deadlines for pussies appearing i n  the Fall issue will be the next 
February 15, and puzzles appewinq i n  the Spring issue w i n  be due on the 
next September 15. 

Mathacrostic No. 11 

bubmutted by Jobeph V. E .  KonhaulieA. 
MacaX.utVt Cofige,  S t .  Pad, M-uineAob 

Like t h e  proceeding puzzles, t h i s  puzzle (on t h e  next  page) is a keyed 

anagram. The 213 l e t t e r s  t o  be entered i n  t h e  diagram i n  t h e  numbered 

spaces w i l l  be i d e n t i c a l  with those i n  t h e  27 keyed words a t  matching num- 

bers ,  and t h e  key l e t t e r s  have been entered i n  t h e  diagram t o  a s s i s t  i n  

construct ing your so lu t ion .  When completed, t h e  i n i t i a l  l e t t e r s  w i l l  give 

a  famous author  and t h e  t i t l e  of h i s  book; t h e  diagram w i l l  be a  quotat ion 

from t h a t  book. 

Cross-Number Puzzles 

~ubmit ted by Mak Iboak 
W e n t ,  unive~i.Lty o< Ca.L&jo.'UMA, BaksJLw 

I n  t h e  cross-number puzzles ( s t a r t i n g  two pages hence), each of  t h e  

l e t t e r s  s tands f o r  a  pos i t ive ,  nonzero in teger .  The a lgebra ic  expressions 

evaluate  ou t  t o  two t o  f i v e  d i g i t  numbers which f i t  i n  t h e  squares ae i n  a  

normal crossword puzzle. None of t h e  numbers i n  t h e  squares have any lead- 

zeros; i. e., if t h e r e  is room f o r  a  four  d i g i t  number, t h a t  number w i l l  be 

a t  l e a s t  1000, never, f o r  example, 0999. 



KEY WORD AND PHRASES 
A. harmonically unresolved ------- -- 

131 83 209 124 99 156 198 140 16 

B. off-color ------ 
173 211 119 160 64 26 

C. to make blunt -------- 
118 196 169 18 210 143 44 62 

D. concealment of one heavenly body 
by another 155 49 132 116 185 76 36 194 95 17 204 

E. self-correspondent (2 wds.) ---------- 
98 162 33 45 5 108 78 136 126 -25 -- 

F. rhythmically recurrent contraction 
68 54 105 146 114 128 74 

G. radio's juvenile answer to =- - 
mation, Please (3 wds.) 120 9 184 63 109 50 171 164 22 31 135 

H. star-shaped optical phenomenon 
102 137 151 208 121 13 3 192 

I. source-sink combination 

J. meets every plane in three points, 
real or imaginary, distinct or 
coincident (2 wds. ) 

K. perspective collineation with 
center and axis incident 

L. branched 

M. a knot not for sailors 

N. simple wind instrument 

0. division into two 

P. Klein's Programm to codify 
geometries 

Q. affirmative expressed by the 
negative of the contrary 

R. based on observation or experience 

S. translate 

T. first modern acoustician (1756- 
1827) 

U. sometimes found at ends of 
problems 

V. subsets of sample spaces 

W. Robert Schumann's third 

X. lampooner of infinitesimals as 
ghosts of departed quantities" 

Y. accelerator (2 wds.) 

2. connect in a series 

a. at the midpoint 



ACROSS DOWN - 
1. AB 1. A/E 

5. A 
2 

2. B 
3 

6. c 3. E~ + 1000 

7. 3A - 18 4 .  BC/89 

8. ( 1 / 9 ) ~ ~  - D 7 .  E 2 

ACROSS 

1. 5AB/91 

DOWN - 
1. 5AB 

ACROSS 

1. A 
2 

DOWN - 
1. 10(B + F) - 2 

ACROSS DOWN - 
1. A~ + BC + C 1. J- DK 

2. D 2. 2J + 20 

5. (E  + I ) ~ F  4 .  GHK 

6 .  ((C/B) + A ) ~  5 . B t C  

7. H(A + G ) ( C  - 2A) 

Who S t o l e  the Candy? 

hubmitted by  Wayne. M. Delia and B m d n j t t e .  D. Bahnai 
Ctoifeion CoUige. ,  Pouidam NY 

A group of f i v e  ch i ld ren  entered a candy s t o r e ;  soon afternard., - - -- t h e  

s t o r e  owner not iced a box of  candy missing from t h e  s h e l f .  The t h i e f  was 

one of the  following: Ivan, Sylvia ,  Ernie. Dennis o r  Linda. Each c h i l d  

made t h r e e  s tatements .  

Ivan: 1 )  I d i d n ' t  take t h e  box of  candy. 
2) I have never s t o l e n  anything. 
3) Dennis did it. 

Sylvia:4) I d idn ' t  take t h e  box o f  candy. 
5)  I ' m  r i c h  and I can buy my own candy. 
6 )  Linda knows who t h e  crook is. 

Ernie: 7 )  I d i d n ' t  take t h e  box o f  candy. 
8)  I d i d n ' t  know Linda u n t i l  t h i s  year .  
9 ) Dennis d id  it. 

Dennis:lO) I d i d n ' t  take t h e  box o f  candy. 
11) Linda did it. 
12)  Ivan is  l y i n g  when he says I s t o l e  t h e  candy. 

Linda: 13) I d i d n ' t  take t h e  box of candy. 
14) Syl iva is g u i l t y .  
15) Ernie can vouch f o r  me, because he has known me s ince  I 

was a baby e i g h t  years  ago. 

Each c h i l d  l a t e r  admitted t h a t  two of  t h e  statements they made were 

t r u e  and one was f a l s e .  I f  t h i s  is t h e  case,  then who s t o l e  t h e  candy? 

SOLUTIONS 

Ma^hachohtic No. 10 (See Spring 1980 i s s u e )  ( p f w p o d  by  J. V. E .  Kowdau~eA) 
Defini t ions and Key: 

A. Bode's Law H. Rhubarb 0. Synthet ic  V. Caliban 
B. Rolypoly I. Logogriph P. Idempotent W. Nephroid 
C .  Enantiomorph J. I d e n t i t y  Q. Roberval X. Eyelash 
D. Wolfskehl K. Fortran R. Involution Y. Wad 
E. Senet L. Eratosthenes S. Sheath Z. Tomahawk 
F. Tweedledee M. Oval T. Aff in i ty  a .  Oughtred 
G. Elements N. Freedom U. Antinomy b. Negabinary 

F i r s t  Le t te r s :  Brewster L i f e  o f  S i r  Isaac Newton 

Quotation: 1 do n o t  know what 1 may appea l  to the. wofiU., bu t  to myha6  
I a m  t o  have. been o n t y  L i k e  a boy p l a y i n g  on the. h e ~ h o i e .  and dive^ing 
m y h d i  i n  now and -then ~ind i .ng  a hm00-tfeeA pebble  OA a pite^fct.a hh& Una.n 
o~dinaA.y,  whILtit the. g4ea.t ocean of t/uvth t o y  aili umi iAcove~ed  batons, me.. 



Solved by: Jeanette B i c k l e y ,  Webster Groves High School, Missouri; 

Louis H .  C a i r o l i ,  Kansas State University; Robert C. Gebhardt, Hopdtcong, 

NJ; Henry S. Lieberman, John Hancock Mutual Life Ins. Co.; Robert P r i e l i p p ,  

University of Wisconsin-Oshkosh; S i s t e r  Stephanie Sloyan, Georgian Court 

College; Robert Forsberg, Lexington, Mass.; The Proposer and The E d i t o r .  

C ~ A A  Numba  puzzle^ (See Spr ing 1980 issue; (phopo~ed  by M o ~ k  l&aa.k} 

Soiuecf by: Eleanor Joyner,  University of Tennessee; Randall J .  Scheer, 

Boonville, NY; Mark Walker ,  Horace Mann Ins. Co. ; The Proposer and The 

E d i t o r .  

Mathac~o&tLd No. 9 (See Fa l l  1979 issue) The. EdLtoh d i d  n o t  i n d u d e .  the. 

iioSLution by Robert P r e l i p p ,  The University of Wisconsin-Oshkosh, d h  t h e  

b o i u t i o n h  i n  t h e  Spr ing 1980 hbue- .  
.. -- "- 

<ŝ  

REFEREES 

The f o l l o w i n g  mathematicians have served as re ferees s ince  t h e  pub- 

l i c a t i o n  o f  t h e  Spr ing 1980 i ssue ;  w i t h o u t  t h e i r  h e l p ,  t h e  Journal would 

no t  be poss ib le .  B4uc.e. Pe^eA&on, Middlebury College; 0JcuiAe.n ~ o u d ,  Univ- 

ersity of Minnesota; F&e.dJu.ck Z&, University of South Florida; Sabm 

A n d m o n ;  University of Minnesota at Duluth; C h d e A  Ziege-n&b; James 

Madison University; Jo.5 eph Konhoui vi, Macalester College ; V a n i d  StudU,ng, 

Colorado College and Martin-Maretta; Cto.yton Dodge., University of Maine; 

UiJUtMm Fhhback,  Earlham College; H e ~ b v u L  Tayloh; Flank Ha&v~y, Univ- 

ersity of Michigan; AuflUAh S&&M, Union College; Pe^eA Lindlivtom, 

Genesee Community College; P d  Cmpb&U., Beloit College; M a b d  SZ&; 

Uicka/i-d AncLue.e., University of Oklahoma; John SchumakeA, Northern Illinois 

University; and my col leagues a t  t h e  South Dakota School o f  Mines and 

Technology--Dean C .  B m o n ,  Bom/te LnonhoAdt, HcmoU Cahda, AÂ G^unn, 

Jam&& P a t t m o n ,  Rogvi Opp, Da le  RognLLe., ScULia& Sv.ngup-to and Ronald 

We-gvi. The E d i t o r  assumes r e s p o n s i b i l i t y  f o r  a l l  e r r o r s  and m i s p r i n t s .  

w 
High School Mathematics Contests 

Many Pi Mu Epsilon Chapters either sponsor or contribute 
services to contests, competitions and "Math Days" amoung high 
school students. The Editor's office can act as an information 

source and a clearing house to swap examinations and ideas. 
If your Chapter is involved, please send the Editor an outline 
of how your examinations is conducted and copies of your 
materials; about 25 copies of advertisements, brouchures, and 
if possible, your examinations for swaping purposes. The 
Editor will send you copies of the materials on hand. If you 
are starting such events, let the Editor know and materials 
can be sent to you. This could be a great help to us all! 



PROBLEM DEPARTMENT 

Ed i ted  by Leon BanfzoU 
Lob A n g e t a ,  C w o h v U , a  

and 
Ciay.ton W. Dodge, 

Uwiuvui.itq of, M e  

This department welcomes problems believed t o  be new and a t  a 

level appropriate for the readers o f  t h i s  journal. Old problems dis- 

playing novel and elegant methods of solution are also acceptable. The 

choice of proposals for publication w i l l  be based on the editor 's  

evaluation of t he i r  anticipated reader response and also on the i r  

i n t r in s i c  in teres t .  Proposals should be accompanied by solutions i f  

available and by any information that  w i l l  a s s i s t  the editor.  Challeng- 

ing conjectures and problem proposals not accompanied by solutions w i l l  

be designated by an asterisk f *). 
Problem proposals offered for publication should be sent t o  Dr. 

Leon Bankoff, 6360 Wilshire Boulevard, Los Angeles, California 90048. 

To fac i l i ta te  consideration of solutions for publication, solvers 

should submit each solution on separate sheets (one side only)  properly 

iden t i f i ed  with name and address and mailed before June 30, 1981 t o  

Professor Clayton W. Dodge, Mathematics Department, University of Maine, 

Orono, Maine 04469. 

Contributors desiring acknowledgment o f  t he i r  proposals and 

solutions are requested t o  enclose a stamped and self-addressed post- 

card or, for those outs-ide the U.S.A., an unstamped card or ra i l ing  label. 

PROBLEMS FOR SOLUTION 

474. Phopohe.d by S c o t t  ICun, AAtc,$iĉ .â  InteJULLgence LabotwJLohy, 

S ian60id  Ui'w.um.cA/. 

Knotted path:  Consider a  2 by 3  by 7 block o f  u n i t  c u b i c a l  c e l l s .  

Your t a s k  i s  t o  f i n d  a  p a t h  moving from c e l l  t o  a d j a c e n t  c e l l ,  r e t w n -  

i n g  t o  t h e  o r i g i n a l  c e l l  s o  t h a t  t h e  p a t h  t r a c e d  is  a  3-dimensional 

knot .  Each c e l l  must b e  v i s i t e d  e x a c t l y  once; two c e l l s  a r e  a d j a c e n t  

on ly  i f  t h e y  sha re  a  f a c e .  

475. P~opohed by Zelda K a t z ,  Bewmly HiU&,  CaJU,{,on.nk. 

I n  t h e  accompanying diagram DC is  t h e  r a d i u s  pe rpend icu la r  t o  t h e  

d iameter  AB o f  t h e  s e m i c i r c l e  ADB; FG is a  hal f- chord p a r a l l e l  to-&? 

AF c u t s  DC i n  E. Show t h a t  t h e  s i d e s  o f  t r i a n g l e  FCG a r e  i n t e g e r s  i f  

and on ly  i f  DE/EC o r  i t s  r e c i p r o c a l  is an i n t e g e r .  

476. Phopfried by Jack Gahjjunket, Qu.eenb Cot leg&, Flubhireg, N .  Y. 

If A ,  B, C ,  D a r e  t h e  i n t e r n a l  a n g l e s  of  a  q u a d r i l a t e r a l ,  t h a t  i s ,  

i f  A + B + C + D = 360Â° then  ^-2-[cos(~/2) + cos(B/2) + cos(C'/2)] 5 

[cot (A/2 + co t (B /2 )  + cot(C/2)  ] , with  e q u a l i t y  when A = B = C = D = 90'. 

477. Phopobed by Sotomon W. Gotomb, Univv^^ tq  06 Soathehn 
1 C ~ 0 h n k .  

I n  t h e  e l even th  row of  P a s c a l ' s  T r i ang le ,  t h e  f i r s t  f i v e  t e rms  

\ ( 1 ,  11, 55, 165, 330) have t h e  p rope r ty  t h a t  each is  an  i n t e g r a l  m u l t i p l e  

of i t s  predecessor .  Is t h e r e  a row o f  P a s c a l ' s  t r i a n g l e  where t h e r e  

a r e  e l even  consecu t ive  terms wi th  t h i s  p rope r ty?  

478. Phopobed by ChaAtu  W .  Thigg,  Sun Diego, CaJLi6on.i'w.a 

PIGS = ROOT + ROOT + ROOT, 

b u t  can on ly  d i g  up a s i n g l e  s o l u t i o n  when each d i f f e r e n t  l e t t e r  r ep re-  

s e n t s  a  d i s t i n c t  d i g i t ,  and PIGS c o n t a i n s  t h r e e  consecu t ive  odd d i g i t s .  

What i s  t h e  unique r e p r e s e n t a t i o n  o f  t h e  a d d i t i o n ?  
A 

479. Phopohed by Hmbvut Taytoh, South P a a d e m ,  CaJLLf,ohWLa. 

Prove t h a t  t h e  fo l lowing  s t a t emen t  i s  t r u e  whenever 0  < r  2 n ,  o r  

e l s e  f i n d  a  counterexample: 



Given a I n  x n matrix of  0 ' s  and 1 ' s .  with each column sum equal 

t o  22- and each row sum equal t o  r, it is  always possible  t o  mark 2n of  

t h e  1 ' s  i n  such a way t h a t  one 1 is  marked i n  each row and two 1's a r e  

marked i n  each column. 

480. Pfiopobed by  R.icl?c~id 1. tfebb, P d o b  Ve tdeb ,  C w o k n h .  

a )  Cut t h e  l a r g e  piece 

a t  r i g h t  i n t o  two pieces which 

can be reassembled with piece 

a i n t o  an 8 X 8 square. 

b)  Do t h e  same, using 
8 

piece b. 

481. Ptopobed by  CLay-ton W .  Dodge, Uni.vefUi^y 06 Maine  ô: Omno.  

Find a l l  r o o t s  of t h e  polynomial equation 

4 2 x - x
5  

- 4x + 5x3 - 41a: + 36x - 36 = 0. 

given t h a t  it has two r o o t s  whose sum is zero. 

482, Pkopobed b y  Ronald E. S f c - t . i 6 t e ~ ,  G e o h g h  S t a t e .  UnJive/i~&!. 

Let X be a continuous random var iab le  having a uniform d i s t r i b u-  

t i o n  with domain [a,&] and mean and standard deviat ion represented by 

p and o ,  respec t ive ly .  Verify t h a t  P( u - 20 <:y <u + 2 0 )  = 1. 

483. ' ~ k o ~ o b e d  by  Paul E h d o ~ ,  Spaca6hip  EaUfe. 

Let pn be t h e  smallest  in teger  f o r  which un(vÃˆ + 1 )  = 0dncd n ) .  

Prove 
1 < a .  

484. Ptopohed b y  the.  t a t e  R. RobirtAon Rome. 

In  a t r i a n g l e  with base AB and ver tex  C, secants  from A and B t o  

po in t s  D and E on BC and AC d iv ide  t h e  a rea  i n t o  four  subareas S, T, 

U and V. In  some order  of S, T,  U, V, t h e  po in t s  D and E can be 

located so t h a t  t h e  subareas a r e  i n  increasing a r i t h m e t i c a l  progression, 

o r  so  t h a t  they a r e  i n  decreasing a r i t m e t i c a l  progression. Find t h a t  

order  and evaluate  t h e  subareas. 

485. Ptopobid b y  R. S .  Lathat,  Un-t.ue~4-c.t~ 0 6  WhcortAin,  J a n u v X e .  

A l i n e  2 cu ts  two p a r a l l e l  r a y s  emanating from L and M i n  A- and B 

respec t ive ly .  A point  C is  taken anywhere on I .  Lines through A  and^ 
respec t ive ly  p a r a l l e l  t o  MC and.LC i n t e r s e c t  i n  P. Find t h e  locus of P. 

S o l u t i o n s  

438. [Spring 1979; Spr ing  19801 Phopohed b y  EAnbt S-t/iaoA, U L v m -  

b L t y  o< Cat i6ohn.h~ at Lob A n g d a .  

Prove t h a t  t h e  sum of  t h e  lengths of a l t e r n a t e  s i d e s  of a hexagon 

with concurrent major diagonals inscr ibed i n  t h e  u n i t  c i r c l e  is  l e s s  

than 4. 



S o l u t i o n  by the. P r o ~ o s e r -  

Refe r r ing  t o  t h e  diagram, we have OPi .OP: equa l  f o r  i = 1, 2 ,  3 

s o  t h a t  a b c = a 1  b' c ' .  The pe r ime te r  o f  an  i n s c r i b e d  hexagon ( i n  t h e  

u n i t  c i r c l e )  is 5 6, w i th  e q u a l i t y  on ly  f o r  t h e  r e g u l a r  hexagon. Now 

assume a  + b  + c 3 4. Then a'+ & ' + P I  < 2 and t h e r e f o r e  abff = 

a'b'e' < ( ~ / 3 ) ~  = 8/27. 

I f  2 > a ? b > C then  a  + b  ? 4 - e and hence ab .> 2(2-c) .  Thus 

2(2-c) c 5 abe < 8/27 

impl i e s  

1 - ( 1  - o ) ~  = (2 - c ) e < 4 / 2 7  

and hence 

Thus 

2 ? a  2 b  > 1 .92 .  

We have t h u s  shown t h a t  two of t h e  s i d e s  o f  t h e  hexagon a r e  n e a r l y  

d i ame te r s  of  t h e  c i r c l e  s o  t h a t  t h e  t o t a l  a r c  subtended by t h e  o t h e r  

f o u r  s i d e s  is sma l l .  We a r e  now going t o  d e r i v e  a c o n t r a d i c t i o n  from 

t h i s  f a c t .  

Let  a subtend an  a r c  o f  l e n g t h  n - a  and b  subtend an a r c  o f  l e n g t h  
6 

n - B .  Then 3.92 < a + b  = 2 (cos  ;+ cos  - )  2 
and a + 6 i s  maximal when 

5 = a =  6 c 2  a r c  cos  .98. 
5 

S e t  0 = 2 s i n  y . Then 4 5 a + b + C < 4 cos  - + 2 s i n  y , o r  
2 6 

2 
6 

( 1 )  s i n  y > 2 ( 1  - c o s  - ) = 4 s i n  . 2 

The t o t a l  a r c  l e n g t h  o f  t h e  a r c s  subtended by a ' ,  b ' ,  is 

t h e r e f o r e  5 2 6 - 2 y and 
3 6 &PC! < 8 sin3 Ã‘ < 8 s i n  - 

3 3 

2 8 ( 1  - s i n  y )  s i n  Y 

l e a d s  t o  t h e  i n e q u a l i t y  
/ 

2 6 3 6 
(2  4 s i n

2  
i?- ( 1  - 4 s i n  - ) < s i n  - 4 4 3 ' 

6 Now ( 1 )  impl i e s  s i n
2  

< s i n  -'- < .01; s i n  - < .1. 4 4 

6 But ( 2 )  does no t  hold  when s i n  < 0.1.  - - - 
This  c o n t r a d i c t s  t h e  assumption a  + b + c 2 4. 

449 .  [Fall 1 9 7 9 1  Pn.opohe.d by Richakd 1. He-~h, PoJLoh Vetde-A, 

C@otLa.  

A f a i r l y  young man was married a t  t h e  beginning o f  t h e  month. A t  

t h e  end o f  t h e  month h i s  wife  gave him a chess  s e t  f o r  h i s  b i r thday .  I f  

he was marr ied  and r ece ived  t h e  chess  s e t  on t h e  same day of  t h e  week he 

was born,  how o l d  was he when he g o t  marr ied?  

SoluAcon by C h d u  W .  TU-gg, Sun V&o, Ca.U.6oi.nA.a. 

The number o f  days  i n  t h e  month must be of  t h e  form 7k + 1. 

Therefore  t h e  young man was born on February 29th i n  a l e a p  yea r .  Leap 

y e a r s  a r e  d i v i s i b l e  by 4 b u t  no t  by 400. In  t h e  span 1604-1996 (and 

comparable s p a n s ) ,  February 29th occur s  i n  a r e p e a t i n g  c y c l e  o f  Sunday, 

Fr iday,  Wednesday, Monday, Saturday,  Thursday, and Tuesday. That is,  

February 29th occur s  on t h e  same day o f  t h e  week every  28 y e a r s .  The 

young man was marr ied  a t  t h e  beginning o f  t h e  month i n  which h i s  28th 

b i r t h d a y  f e l l .  Consequently,  he was marr ied  a t  an  age o f  27 y e a r s ,  

338 days ,  even though he could  have c e l e b r a t e d  on ly  s i x  b i r t h d a y s u p  

t o  t h a t  t ime .  

Aha ro tund  by CHUCK ALLISON, CLAYTON W. DODGE, MIKE CALL, MARK 

EVANS, VICTOR G. FESER, ROBERT C. GEBHARDT, DOUGLAS JUNGREIS, R. E. 

KING, ERIC  J. KROHN, ROGER E. KUEHL, HENRY S. LIEBERMAN, MICHAEL MAY, 

A V I  LOSICE, DARRELL PITTMAN and E L I S A  HOLT ( j o i n t l y ) ,  GEORGE W .  RAINEY, 

E. SHERMAN GRABLE, JACK MILLER, THE SANTA CLARA PROBLEM SOLVING RING, 

and t h e  P r o p o s e r .  

450. [ F a l l  1 9 7 9 1  P'iopohe.d by Ctayton U. Dodge., U L v w ' L t y  0 6  

Maine at Okono. 

I n  t r i a n g l e  ABC, l e t  / A ^ /  B z  L C .  Then 

s f??+r~)fi i f  a n d o n l y i f L B ?  n /3  

i s  a well-known theorem, where s i s  t h e  t r i a n g l e ' s  semiper imeter ,  P i ts  
i n r a d i u s ,  and R i ts ci rcumradius .  Prove it. 

S o l u t i o n  by Bob P / u - d p p ,  The. UVu,v~ui'UC.y 06  W^c.onbA.n-Ohhkohh. 

The fo l lowing  r e l a t i o n s  a r e  known: 



2 2 2 
E cos /A cos /B = s -4R + P , and 

4~~ 

Multiplying out  the  lef t- hand s i d e  and using t h e  above, it can be shown 

t h a t  
2 

s -3(R+r) 
2 

(2 cos /A - 1 ) ( 2  cos /B - 1 ) ( 2  cos - 1 )  = 
R* 

If t r i a n g l e  ABC i s  not e q u i l a t e r a l ,  /A must be l e s s  than ir/3 and LC 

must be g r e a t e r  than 1r/3 because /Ai /B >LC s o  2 cos /A - 1 > 0 and 

2 cos /C - 1 < 0. Hence 2 cos /B - 1 $ 0 so  /B  IT/^. 

If /B  IT/^ then 2 cos /B - 1 $ 0. If t r i a n g l e  ABC is not 

e q u i l a t e r a l ,  2 cos - /A - 1 > 0 and 2 cos /C - 1 < 0. Hence (2 cos /A 

( 2  cos /B - 1 ) ( 2  cos /C  - 1 )  $ 0 s o  s ( R + P ) / ^  

The case where t r i a n g l e  ABC is e q u i l a t e r a l  is e a s i l y  handled. 

M&o boive.d by Walter Blumberg, Henry S. Lieberman and the. 

Proposer. 

451. [Fall 19791 Pmpobtd by Solomon W .  Goiomb, U f u . v m L t g  06 

S o u t h a n  CaJLL6oft.WLO.. Lob A n g e l a ,  CaÂ£-(.(io~n.h 

Find a l l  ins tances  of  th ree  consecutive terms i n  a row of Pasca l ' s  

t r i a n g l e s  i n  t h e  r a t i o  1:2:3. 

S o t u t i o n  by ChowleA W. T/u-gg, Sun Viego, CaU.(io~& 

The given r a t i o  requ i res  t h a t  t h e  binomial c o e f f i c i e n t s  which a r e  

the  terms i n  Pasca l ' s  t r i a n g l e  have t h e  following re la t ionsh ips :  

2C(n,k ) = C(n, k + 1 )  and 3C(n, k ) = C(n, k + 2).  These 

equations s i m p l i f y  t o  n = 3k + 2 and 3( k t 1 ) (  k + 2)  = (n - k )(n - k - l ) ,  

r espec t ive ly .  Solving simultaneously and discarding t h e  negative r o o t ,  

k = 4,  n = 14. That i s ,  i n  t h e  binomial expansion t o  t h e  fourteenth 

power, t h e  f i f t h ,  s i x t h ,  and seventh c o e f f i c i e n t s  a r e  1001, 2002, and 

3003. The so lu t ion  i s  unique. 

Since t h e  e igh th  c o e f f i c i e n t  is  3432 # 4004, t h e r e  a r e  no four  

consecutive terms i n  a row of  Pascal 's  t r i a n g l e  i n  t h e  r a t i o  1:2:3:4. 

Tfcc-4 h the. botuti.on given i n  ChoAJLeA W. T/u-gg, Mathematical 

Quickies, McGrau-Hill, 1967, Problem 126, pages 36, 134-135. 

Anothen. hot i i t ion by Lwificznce. A. Ringenbe~g a p p m u  i n  fathsmatics 

Magazine, 2 9  (January-February 1956), p. 164. 

AÂ£A hoiue.d b y  CHUCK ALLISON, JEANETTE BICKLEY, WALTER BLUMBLDtG-, 

MIKE CALL,  CLAYTON W .  DODGE, MARK EVANS,  MICHAEL W .  ECKER, ROBERT C .  - 
GEBHARDT, JOHN M. HOWELL, ERIC J .  KROHN, KEITH A. LIVINGSTON, MICHAEL 

M A Y ,  BOB PRIELIPP, SAHIB SINGH, JOSEPH C .  TESTEN, E. SHERMAN GRABLE 

and the. Proposer. One. uvU,denti.(i-Le.d boiu^U.on WOA n.e.cVA.ue.d. 

452. [Fall 19791 Pn.opohe.d by Tom M. A p o ~ z o i ,  Ca^tjfon.vU,a 

lrtf,W-.ate. 0 6  Te.chnoiogy. 

Given in tegers  m >n  > 0,  l e t  

a = h  + h i ,  b =  /n- /;?. 

I f  m - n is twice an odd i n t e g e r ,  prove t h a t  both a and b a r e  

i r r a t i o n a l .  

I .  S o l u t i o n  by the.  P w p o b e . ~  
We consider t h e  polynomial 

Q(x) = (x-a)(xta?(x-b)(xtb)  = x4 - 2(v+n)x2 t (m-z) 
2 

and show it has no r a t i o n a l  roo ts .  

I f  Q(x) has a r a t i o n a l  r o o t  P then r is  an i n t e g e r ,  and Q ( r )  = 0 

implies r4 is even s o  r i s  even, say P = 2 t .  Hence 

2 16 t4 - ~(.irn-n)t2 + !.m-n) = 0. 

This implies ( m - n )  i s  a mult iple  of  8, con t rad ic t ing  the  f a c t  t h a t  

m - n i s  twice an odd in teger .  Hence both a and b a r e  i r r a t i o n a l .  

AU-eAnate. b o i d o n  by the. P J L O P O ~ E A .  

F i r s t  we note t h a t  s ince  ab = m - n is r a t i o n a l ,  both a and b a r e  

r a t i o n a l  o r  both a r e  i r r a t i o n a l .  Next, it is easy t o  v e r i f y  t h a t  both 

a and b a r e  r a t i o n a l  i f :  and only i f ,  m = p2 and n = s2 
f o r  some p a i r  

of  in tegers  r > s > 0. Therefore , we need only prove t h a t  i f  rn = r2 and 

n = s2 then m - n is never twice an odd in teger .  

Now m - n = r2 - s2 = ( r - s ) ( r t s ) .  If P, s have the  same p a r i t y  

(both even o r  both odd), m - n is a mult iple  of  4. I f  r, s have opposi te  

p a r i t y ,  b o t h r -  s and r + s a r e  odd s o  m - n i s  odd. Hence, i n  e i t h e r  

case m - n is not  twice an odd in teger .  
A 

Examples. If t is  an odd in teger ,  then f o r  every i n t e g e r  n > t  

both /n+t + /n-t and /n+t - /n-t a r e  i r r a t i o n a l .  



11. Soiu^ ion  b y  Kennvth M. ( M k e ,  Topeka,  Kanbab. 

Since a  and b  a r e  con juga te  r o o t s  of t h e  q u a d r a t i c  equat ion 
2  

x - ( a  +b)  x + a b  = 0, i f  one o f  a and b  is r a t i o n a l  t hen  s o  is t h e  

o t h e r .  Now suppose a and b  a r e  both  r a t i o n a l .  Then /; and /Ã̂ a r e  
2  2  both i n t e g e r s .  Hence m = A and n = B f o r  some i n t e g e r s  A and B and 

2  m - n = A - B = 2(2 k  + 1 )  f o r  some odd i n t e g e r  2k + 1. But t h e  
2  equa t ion  - B = 2 ( 2  k  + 1 )  h a s  no s o l u t i o n s  hecause (A - B) and 

2  ( A + B have t h e  same p a r i t y ,  s o  t h a t  e i t h e r  A' - B fs odd OF it is 
d i v i s i b l e  by 4. Th i s  c o n t r a d i c t i o n  e s t a b l i s h e s  t h e  i r r a t i o n a l i t y  of  

both  a and b . 
V A o  bo tved  bq  WALTER BLUMBERG. MIKE CALL, MICHAEL W. ECKER, MARK 

EVANS, VICTOR G. FESER, HENRY S. LIEBERMAN, KEITH A. LIVINGSTON, MIKE 

MAY, BOB PRIELIPP,  SANTA CLARA PROBLEM SOLVING RING, SAHIB SINGH, AL 

WHITE, SAMUEL F. TUMOLO AND LEON MACDUFF. 

453. [Fall  19791 Piopo-ied b y  Jack G M u n k d ,  QueenA Co l l ege ,  

Fiu^iking, Nwi Yo ik .  

Given two i n t e r s e c t i n g  l i n e s  and a  c i r c l e  t angen t  t o  each o f  them, 

c o n s t r u c t  a  squa re  having two of  its v e r t i c e s  on t h e  c i rcumference of 

t h e  c i r c l e  and t h e  o t h e r  two on t h e  i n t e r s e c t i n g  l i n e s .  

. . 
So imt ion  bg J e a n e t t e  B i c k i e q ,  S t .  Lciui-i, t d b ~ o u ' i i .  

Let P be  t h e  i n t e r s e c t i o n  o f  l i n e s  k and m. which a r e  t angen t  t o  

t h e  c i r c l e  ( 0 ) .  Choose an a r h i t r a r y  p o i n t  X on OP. Cons t ruc t  AX pe r-  

pend icu la r  t o  OP. as shown i n  t h e  diagram. Const ruct  AB perpendicu.LaF - 

t o  XA with AB = 2 ( X A ) .  PB i n t e r s e c t s  c i r c l e  ( 0 )  a t  /? and aga in  a t  T. - 
A t  R c o n s t r u c t  n perpend icu la r  to-OP. c u t t i n g  c i r c l e  ( 0 )  i n  J. S i m i l a r l y  

c o n s t r u c t  p perpend icu la r  t o  OP c u t t i n g  t h e  c i r c l e  aga in  i n  V.  Then 

RS and TV a r e  t h e  s i d e s  o f  t h e  r e q u i r e d  squa res  s i n c e  PB if t h e  l o c u s  

of  a l l  p o i n t s  such t h a t  t h e i r  d i s t a n c e s  t o  k (measured h o r i z o n t a l l y )  

is twice  t h e  d i s t a n c e  from OP. 

A ~ A O  AO.W bq JOSEPH C. TESTEN. CHARLES W .  TRIGG, DONALD CANARD, 

BARBARA SEVILLE, and t h e  P r o p o s e r .  

454. [Fall  19791 Pkopobed bg h-n H a t e ,  R w o ,  Nevada. 
The p o i n t  w i t h i n  t h e  t r i a n g l e  whose combined d i s t a n c e s  t o  t h e  

v e r t i c e s  is a  minimum is ( o r  should  b e )  known a s  t h e  Fe rma t -Tor r i ce l l i  

p o i n t ,  des igna ted  by T. I n  a  t r i a n g l e  ABC, i f  AT, BT, CT form a  geo- 

m e t r i c  p rogres s ion  wi th  a  common r a t i o  o f  2 ,  f i n d  t h e  a n g l e s  o f  t h e  

t r i a n g l e  . 
S o l u t i o n  by  S-c-Ate-t S t e p h a n i e  S ioyan ,  G e m g i a n  C o d  CoUege ,  Lakemod,  

New J e u e q .  

Angles BTC,CTA andATBare each 120Â if T is t h e  Fe rma t -Tor r i ce l l i  

p o i n t .  Let  AT: BT:CT= x: 7x: 4x. Applying t h e  law o f  c o s i n e s  t o  

t r i a n g l e  ABT we g e t  

2  
c2 = x2 + 4.E2 - 4.C2 c o s  1200 = 7 s  . 

By two more a p p l i c a t i o n s  of t h e  law,  we f i n d  

a2 = 2 8 ~  
2  and b2 = 21x2. 2  

NOW we apply  t h e  law o f  c o s i n e s  t o  t r i a n g l e  ABC where a', b2, and c 

known. For example: 

c o s  B = 
7x2 + 28x2 - 21x2 = 112 and 

2  
2 8 x ,  

a n g l e  B = 600. I n  a  s i m i l a r  f a s h i o n  we f i n d  cos  C = /3/2 and 

a n g l e  C = 30Â° c o s  A. = 0 so a n g l e  A = 90'. 

Diagram fo l lows  . 
AÂ£A ~o- fcved  b y  WALTER BLUMBERG, MICHAEL W. ECKER, JACK GARFUNKEL, 

HENRY S,  LIEBERMAN, ALAN WAYNE, and the. P r o p o s e r .  



455. [Fal l  19791 Pkopobed by Kwn&th M. W-iike, Topeka, Ka.n&a&. 

Young L e s l i e  Morley n o t i c e d  t h a t  t h e  per imeter  o f  a 6 x 4 r e c -  

t a n g l e  equa l s  t h e  a r e a  o f  a 2 x 10  r e c t a n g l e  whi le  t h e  a r e a  o f  t h e  

6 x 4 r e c t a n g l e  e q u a l s  t h e  pe r ime te r  o f  t h e  2 x 1 0  r e c t a n g l e  a l s o .  Show 
t h a t  t h e r e  a r e  an  i n f i n i t e  number o f  p a i r s  o f  r e c t a n g l e s  r e l a t e d  i n  t h e  

same way and f i n d  a l l  p a i r s  o f  such r e c t a n g l e s  whose s i d e s  a r e  i n t e g e r s .  

SotUtion by C A n A C e b  If. T^igg, Sun Viego,  CaU.(?okVUÂ£L 

I f  t h e  dimensions o f  t h e  r e l a t e d  r e c t a n g l e s  a x b and x x y a r e  

such t h a t  t h e  a r e a  of each is numerical ly  equa l  t o  t h e  pe r ime te r  of  t h e  

o t h e r ,  t hen  

2 ( a  + b )  = XY and 2 ( x + y )  = a b .  

Thus 

x = ab/2  - y ,  2 ( a + b  ) = aby/2 - y 2 ,  and 

y = r u b Â  &b2 - 3 2 ( a  + b  I /4,  

which g i v e s  both  dimensions o f  t h e  X-by-y r e c t a n g l e .  

Any a r b i t r a r i l y  chosen p a i r  o f  p o s i t i v e  numbers, f o r  which t h e  

expres s ion  under t h e  r a d i c a l  s i g n  is p o s i t i v e ,  w i l l  l e a d  t o  a p a i r  o f  

r e l a t e d  r e c t a n g l e s .  

F ive  p a i r s  o f  r e l a t e d  r e c t a n g l e s  a r e :  1 x 34 and 7 x 1 0 ,  1 x 38 
and 6 x 13,  1 x 54 and 5 x 22, 2 x 1 0  and 4 x 6, and 2 x 1 3  and 3 x 10 .  

There a r e  two s e l f - r e l a t e d  r e c t a n g l e s  wi th  pe r ime te r  and a r e a  numer ica l ly  

equa l ,  namely, 3 x 6 and 4 x 4.  

A&o boLved bg MIKE CALL, MARK EVANS, VICTOR G. FESER, BOB 
P R I E L I P P ,  and the. P r o p o s e r .  

456. [Fall  19791 Pkopobe.d by Paul E k d b ,  Spac&~hA.p EOJVth. 

I s  t h e r e  an  i n f i n i t e  pa th  on v i s i b l e  l a t t i c e  p o i n t s  avo id ing  a l l  

(u ,v )  where both  u and v a r e  primes? 

(The Proposer o f f e r s  twenty- f ive  d o l l a r s  f o r  a s o l u t i o n ) .  
- 

Coninent by the  Ed i to r .  Tuo s o l u t i o n s  w r e  offered, one by 

Char les  W. T r i d  and t h e  o t h e r  by t h e  San ta  Clara  Problem 

So lv ing  Ring. These will be shown t o  D r .  ErdSs, who is  pre-  

s e n t l y  i n  o r b i t ,  when he touches  d o m  a t  Los Angeles, some- 

time before t h e  end of 1980. H i s  comments w i l l  be pub l i shed  

i n  t h e  nex t  i s s u e  of t he  P i  Mu Eps i lon  Journa l .  

457.  a all 19791 Pkopobed bq the. .tote. R. Rob-in^on Rowe. 

Defining t h e  l a s t  n d i g i t s  o f  a square  a s  i ts n - t a i l ,  what i s  t h e  

l o n g e s t  n - t a i l  c o n s i s t i n g  o f  some p a r t  o f  t h e  c a r d i n a l  sequence 0,  1, 2, 

3,  ... 9? What i s  t h e  s m a l l e s t  squa re  with t h a t  n - t a i l ?  

Solu t ion  bq the. PkopobÂ£~ 

Obviously t h e  l a s t  d i g i t  o f  t h e  t a i l  cannot be 2 ,  3, 7 ,  o r  8 ,  

s i n c e  no squa res  end with those  d i g i t s .  No squa res  end i n  34 o r  4 5 ,  

l i m i t i n g  n t o  1 f o r  t a i l s  ending i n  4 o r  5 ,  a s  it i s  a l s o  f o r  0. For 

n = 2 we can have t a i l s  ending i n  01, 56 and 89. But 0 1  i s  l i m i t e d  t o  

n = 2 and s o  is 89, s i n c e  no squa res  end i n  789. Thus t h e  answer is 

l i m i t e d  t o  t a i l s  ending i n  456. 

I f  a c e r t a i n  sequence i s  d e s i r e d  f o r  a t a i l  and a F m has  been 

found such t h a t  F h a s  a t a i l  w i th  t h e  f i r s t  m d i g i t s  o f  t h e  sequence, 

t h a t  is,  Tm, and i f  x i s  t h e  nex t  d i g i t  o f  Frn, making t h e  t a i l  Tm+l, 

t hen  

An example w i l l  show t h a t  t h i s  is a s imple  way t o  d e r i v e  t h e  

nex t  d i g i t  of t h e  t a i l ,  i f  t h e r e  is a s o l u t i o n .  Suppose we have found 

t h a t  3842 = 147456. Here rn = 3, T 3 = 456, T,, = 3456, F = 384, 

p 2  = 147456, 
A 

whence 



147456 - 3456 + 2-3843; : 10 
1000 

144 + 7 6 8 ~  E 10 

x = 2 o r 7  2 2384 = 5683456; 73842 = 54523456. 

Using (1) as a n  algor i thm,  d i g i t  by d i g i t ,  we reach 

4 5 7 3 ~ 4 ~  = 20920 0123456 f o r  n = 7. 

Comment. There will always be e i t h e r  0 o r  2 so lu t ions  t o  

(1). d i f f e r i n g  by 5.  I t  can be used for any desired t a i l .  

Round-the-corner t a i l s  were considered, b u t  there i s  no 

so lu t ion  for  . . . .901 nor . . . .90123456. 

A^Ao boLued b y  MIKE CALL, VICTOR G. FESER. JAMES A.  PARSLY. MIKE 

MAY, CHARLES W .  TRIGG, CLAYTON W. DODGE. BOB PRIELIPP, KENNETH M. WILKE, 

and AMANDA B. REKUNDWITH. 

PRIELIPP found t h e  r e s u l t s  shown above by using t h e  fol lowing 

computer program. w r i t t e n  i n  BASIC: 

FOR I = 1 TO 100000 

LET Y + 10 ** 7 * I t 123456. 

LET Z = SQR(Y) 

IF Z = INT(Z) THEN 60 

GO TO 70 

PRINT "I = If; I; "Z = 1 ' ;  Z 

NEXT I 

END 

458. Phopo&ui b y  C h t V L t u  U .  T J L L ~ ~ ,  Sun Viego ,  CoJU.dohnia and 
Lion Bunko^, Lob Ang- CoJULiohnia. 

Trans la te  each of t h e  fol lowing sketches  i n t o  a mathematical 

term. 

Con^M.bu-tt.ow~ b y  WALTER BLUMBERG, MICHAEL E. ECKER, ROGER E.  KUELL, 

ALFRED E. NEUMAN, BARBARA SEVILLE: ALAN WAYNE, and the.  Proposers.  

1. R a t i o , c r o s s  r a t i o ,  mapping, t ransformat ion 

2 .  D i s jo in t  s e t s , m u l t i p l y ,  d e r i v a t i v e ,  hypotenuse (high po t  

i n  use ) . 
3. Radix, r o o t ,  double cusp, e x t r a c t e d  r o o t .  

4. Dig i t ,  u n i t  d i g i t ,  p o i n t ,  index,  d i r e c t e d  segment. 



5 .  Step func t ion ,  double c o n t a c t ,  r o t a t i o n .  asymmetric,  harmonic- 

motion, a c u t e  ( a  c u t e )  ang le .  

6. Envelope. 

7. Pole ,  pole  and p o l a r ,  p o l a r  coord ina te s .  

8 .  Inve r s ion ,  i n v e r s e  funct ion.  equ i l ib r ium.  i n v e r s e  cotangent  

( coa t  and g e n t ) .  squa re  o f  t h e  i n v e r s e  co tangen t .  

9 .  Signs .  law o f  s i n e s .  r u l e  o f  s i g n s .  a r c  s i e n s ,  necessary  con- 

d i t i o n s .  nega t ive  s i g n s ,  r e s t r i c t i o n s .  

459. [Fall  19791 Ptcipobcd by Bob P'U.cPipp, The. Uiuvc'u-Uif o{i 

W^c-0a-C.n-Ob hkofi h. 

Let x ,  y ,  and z be p o s i t i v e  i n t e g e r s .  Then (x .  y, x )  is  a 
2 2 Pythagorean t r i a n g l e  i f  and only  i f  x t y2  = 2 . Prove t h a t  every  

Pythagorean t r i a n g l e  where both x and z a r e  prime numbers and .r 2 11 

i s  such t h a t  60 d i v i d e s  y .  

S o t d o n  by ChaAtu W .  T'u.gg, Sun Viego,  Cat i{ iomia.  

I t  is  well-known t h a t  a l l  p r i m i t i v e  Pythagorean t r i a n g l e s  a r e  

g iven by 

2 2 2 x = m  - n ,  y = 2 m ,  z = m 2 + n .  

I f  x and 3 a r e  prime, t h e  t r i a n g l e  is  p r i m i t i v e .  For x = ( m t ~ i ) ( m - ,  ) 

t o  be prime, in - n = 1. Consequently,  

2 x = 2 n t 1 ,  y = 2 n ( n + 1 ) ,  z = 2 n  t 2 n  t1 .  

A l l  primes have one o f  t h e  forms 6k Â 1. I f  x = 2n + 1 = 6k t 1, 

then  n = 3 k ,  and y = 6 k c 3 k t 1 ) .  I f  x = 2n t.1 = 6k - 1, then  n = 
3k - 1, and y = 6 k ( 3 k -  1 ) .  

WaeZaw S i e r p i n s k i  [Pythagorean Tr i ang  Zes, Yeshiva Univers i ty ,  Sew 

York, 1962, pp. 24-25] has  shown t h a t  a t  l e a s t  one s i d e  o f  a Pythagorean 

t r i a n g l e  i s  d i v i s i b l e  by 5. If x and z a r e  primes > 5,  t h e n  5 i s  a 

f a c t o r  o f  y .  For a l l  v a l u e s  o f  k f o r  which e i t h e r  o f  t h e  products  

k(3k + 1 )  and k(3k - 1 )  i s  d i v i s i b l e  by 5, t h e  product  is  even. Hence, 

y = 60p. 

The f i v e  s m a l l e s t  t r i a n g l e s  i n  t h e  c l a s s  a r e :  

Note t h a t  t h e  l a s t  x and t h e  s m a l l e s t  z a r e  t h e  same. 

AÂ£& ~ o & e d  by WALTER BLUMBERG, D A V I D  DEL SESTO, CLAYTON W. DODGE, 

MICHAEL W. ECKER, VICTOR G. FESER, MICHAEL MAY, S A H I B  SINGH, KENNETH M. 

WILKE, and t h e  Proposer. 

4 6 0 .  Ptopohed by Bahbaha SeuJUULe, Uniueu-Lty of, BoLogna, I t a l y .  

Qedccated t o :  Jean 3. P d e u e n ,  U n i u c u t t y  of, Santa C h a .  

The d i h e d r a l  ang le  o f  a cube is 900. The o t h e r  f o u r  P l a t o n i c  

s o l i d s  have d i h e d r a l  ang les  which a r e  approximately  70Â°31'43.60" 

109Â°28'16.3956" 116Â°33'54.18" and 138Â°11'22.866" How c l o s e l y  can 

t h e s e  a n g l e s  be cons t ruc ted  wi th  s t r a i g h t e d g e  and compasses? Can good 

approximat ions  be  accomplished by paper  f o l d i n g ?  I f  s o ,  how? 

Soti i t ion by Zelda Kcut-z, Beue~Ly  HA%, CaLLf,otnia. 

The t r igonomet r i c  expres s ions  f o r  t h e  d i h e d r a l  a n g l e s  o f  t h e  

t e t r a h e d r o n ,  octahedron,  dodecahedron and t h e  icosahedron a r e  r e s p e c t -  

i v e l y  a r c  cos  ( 1 / 3 ) ,  v -  a r c  cos  ( 1 / 3 ) ,  ir- a r c  t a n  2, and ir- a r c  s i n  (2 /3 ) .  

These va lues  a r e  g iven i n  Mathematical Models, by Cundy and R o l l e t t ,  

Oxford 1952, pages 78-82, and t h e i r  d e r i v a t i o n s  a r e  no t  r e q u i r e d  by t h e  

s t a t emen t  o f  t h i s  proposal .  The c o n s t r u c t i o n s  suggested by t h e s e  s imple  

r a t i o s  become t r i v i a l  and, i n  answer t o  t h e  posed ques t ion ,  t hey  a r e  

p r e c i s e .  Good approximat ions  by paper  f o l d i n g  can be ob ta ined  by f i r s t  

c o n s t r u c t i n g  a r e c t a n g u l a r  coord ina te  system wi th  i n t e g e r  a b s c i s s a e  

and o r d i n a t e s  and us ing  t h e  r e s u l t i n g  l a t t i c e  p o i n t s  i n  an  a p p r o p r i a t e  

manner. 

Sample c o n s t r u c t i o n s  a r e  shown i n  t h e  annexed diagrams and t h e  

g r e a t  v a r i e t y  o f  r e l a t e d  paper- folding c o n s t r u c t i o n s  a r e  l e f t  t o  t h e  

ingenu i ty  o f  t h e  r e a d e r .  

Vuuj thotough and mo&t cornmendab& cowbuJbVLtLov~i t o  the. ~ o l n t c o n  

of, thus p/tobim bubmitted by M I K E  CALL, HERB TAYLOR, CHARLES W. 

TRIGG, and -the Proposer. a 



461. Phopv&e.d by Vav-td C .  Kay, UVu.vv~n-LCy of( Oklahoma, Noman, 
Oktahvma. 

( a )  A r i g h t  t r i a n g l e  with u n i t  hypotenuse and l e g s  r and s i s  used 

t o  form a sequence of  s i m i l a r  r i g h t  t r i a n g l e s  TI, T ,  T ,  ... where t h e  

s i d e s  o f  T a r e  r t imes those of t h e  given t r i a n g l e ,  and f o r  n  ? 1 t h e  
1 

s i d e s  o f  Tntl a r e  s t imes those of  Tn. Prove t h a t  t h e  sequence Tn w i l l  

t i l e  the  given t r i a n g l e .  

(b) What happens i f  t h e  mul t ip l ie r s  r and s a r e  reversed? 

( c )  The a r t  of  t h e  Hopi American Indians i s  known f o r  its zigzag 

pa t te rns .  The blanket i l l u s t r a t e d  below i s  made from a rectangle o f  - 

( i n s i d e )  dimensions a  x b, and t h e  zigzag i s  formed by dropping per- 

pendiculars t o  a l t e r n a t i n g  s i d e s o f  the  t r i a n g l e  i n  t h e  design. Show 

t h a t  the  a rea  of the  design (shaded por t ion)  i s  given by the  

(a3b t ab3)/(2a2 + 4b2).  

f  ormula 

Lakwvvd, 

P, 

S o U o n  by S ^ A - t a  Ste.pha.n^.e. Sioyan, Ge.ohg>ian Cvufut CoU.e.ge., 

Nw S ~ W .  

( a )  T, has l e g s  rs and r 2 ,  hypotenuse r ;  T- has l e e s  r s  and - 
S ,  hypotenuse rs;  T3 has l e g s  P S  and r2s2, hypotenuse m 2 ;  T4 has 

l e g s  rs4 and r2s3, hypotenuse rs3; e t c .  Then adding t h e  a r e a s  of  TI, 

T ,  ... we ge t  

2 2 

which i s  t h e  a rea  of  t h e  o r i g i n a l  t r i a n g l e ,  and t h e  sequence of tri- 

angles  w i l l  t i l e  t h e  o r i g i n a l .  

(b )  I f  the  m u l t i p l i e r s  ; and 5 a r e  reversed t h e  sum of t h e  

a reas  of  t h e  small  t r i a n g l e s  becomes 

a s  before. 



( c )  The o r i g i n a l  t r i a n g l e  has l e g s  a /2  and b/2 and hypotenuse 

(a
2  + b 2 ) l I 2 /  2. T can be found from the  o r i g i n a l  by multiplying a l l  

dimensions by a / C a 2 +  b 2 ) l I 2  ( o r  by using r i g h t  t r i a n g l e  r e l a t i o n s  con- 

cerning the  a l t i t u d e  on the  hypotenuse). T and a l l  subsequent tri- 
2 

2 2 1 /2  angles can be found by multiplying t h e  dimensions of T by & / ( a  +'b ) 
2 

t o  ge t  T ,  T by the  same m u l t i p l i e r  t o  ge t  T4, e t c .  The shaded port ion 3 
c o n s i s t s  of  t h e  a rea  of 

The quant i ty  within parentheses is  a geometric s e r i e s  with r a t i o  

4 2 2 b / (a
2  + b ) which i s  l e s s  than one. Its sum is b(a2 + b2)  

a 2 ( a 2  + 2b2) 

3 Multiplying t h i s  sum by a /8 and by four,because t h e r e  a r e  four  port ions 
3 2 2 of the  rug,we ge t  (a b t a b 3 /  (2a + 4b ) a s  t h e  a rea  of t h e  design. 

AÂ£A ~ o l v e d  by M I K E  CALL and by t h e  Proposer, w h o ~ e  dtfl.gwmii 

appeat h m e .  

PROBLEMATICAL POSTSCRIPTS 
- - -- 

Devotees of t h i s  (and o t h e r )  problem departments w i l l  be 

heartened by the  a r t i c l e  e n t i t l e d  "The Heart of  Mathematics" by P. R. 

Halmos, published i n  t h e  October 1980 i s s u e  of t h e  American Mathematical 

Monthly. I h e a r t i l y  recommend t h i s  a r t i c l e  t o  my readers  and am de- 

l i g h t e d  t o  see how n ice ly  it re inforces  the  t h e s i s  of  my own a r t i c l e  

e n t i t l e d  "Reflections of  a Problem Editor" ,  which appeared i n  the  F a l l  

1975 i s s u e  of t h e  P i  Mu Epsilon Journal  and was l a t e r  republished i n  

the  December 1976 i s s u e  of  Eureka, now known a s  C r u x  Mathematieorwn. 

The Spring 1977 i s sue  of t h i s  Journal  contains  a l ist  of  per iod ica l s  

t h a t  c a t e r  t o  problemists,  a l i s t  t h a t  could be expanded by t h e  in-  

c lus ion  of  Pentagon and t h e  SIAM Review. Back i s s u e s  of these journals  

a r e  ava i lab le  f o r  a t r i f l i n g  sum, and subscr ip t ion  information w i l l  

g ladly be furnished on request .  

The a r t i c l e s  mentioned here should provide i n s i g h t s  he lpfu l  t o  

problem proposers and so lvers  who welcome h i n t s  and pr inc ip les  t h a t  en- 

courage acceptance by problem e d i t o r s .  

Show me a publ icat ion without e r r a t a  and I w i l l  show you a l e r t ,  

conscient ious and competent authors ,  t y p i s t s ,  proofreaders and e d i t o r s .  

The P i  Mu Epsilon Journal  boasts  of a l l  of  these;  y e t ,  f o r  some unknown 

reason, misprints ,  omissions and typographical e r r o r s  do somehow creep 

in .  For example, t h e  Spring 1980 i s s u e  contains  about a half-dozen 

t r i v i a 1 , i n s i g n i f i c a n t  misprints ,  too  inconsequential  t o  mention. How- 

ever ,  it would be h e l p f u l  i f  readers  would change t h e  "0" i n  t h e  diagram 

on page 134 t o  a "P" s o  a s  t o  have it conform with t h e  t e x t .  Further-  

more, t h e  statement o f  problem 470 (page 133) is marred by t h e  omission 

of  two plus s igns.  For t h a t  reason, t h e  problem is r e s t a t e d  here i n  

i ts  e n t i r e t y  and t h e  deadl ine f o r  submission of so lu t ions  is extended 

t o  January 1, 1981 



470. [Spr 
ofi Te.chno-iogy. 

i n g  19801 Pkopoie by Tom 

Given integers m >n > 0 .  Let 

a = a ^ m  + b ^ n  

B = c i / m  + d ^ n  

where a ,  b ,  c ,  d are rational numbers. 

(a) If ad + bc = 0 or if mn is a square, prove that both a and 6 

are rational or both are irrational. 

(b) If m = r2 and n = s 2  for some pair of integers r>s>O then 

a and 6 are both rational. Prove that the converse is also true if 

ad # be. 

Mr. Roger E. Kuehl, the traffic engineer who submitted the road- 

construction problem published in the Spring 1973 issue (problem 297) 

writes: 

I t  may be of some passing in teres t  that although the road 

project that originally gave b i r th  to  the problem of the 

tangent c irc les  connecting non-parallel l ines was not b u i l t  

because of lack of funds fa common occurrence i n  municipal 

work), there are tuo other intersections i n  Kansas City 

that have since been constructed using the techniquesof the 

solved problem t o  produce portions of the design plans. 

This is another striking example of how dependent our practical, 

everyday world is on the emanations from our ivory towers. 

f t f t f t f t ; ? f t i ' ; f t  

A newcomer to our problem department, MLAb Amanda. 8. H i ~ k ~ f l d i a i t h ,  

has this comment to make: 

In  one of o w  nuthematical t ex t s ,  it i s  stated that it was a 

standfrpd part of Euclidrs "Elements" that the three alt i tudes 

of any triangle (the perpendioulca's from vertices t o  their  

opposite sides) intersect  i n  a point called the orthycenter, 

Even Einstein's "Autobiographical Notes" contains a passage 

where he rapturously describes the unforgettable impression 

th i s  theorem made on him. Would someone please help me find 

the numbers of the Book and the Proposition that  proves t h i s  

I join Miss Rekundwith in her quest for the answer to this question 

and I personally offer a prize of six gold-plated buttonholes to the 

reader who can tell where the first mention of this theorem appears in 

mathematical literature. * - 

EDITORIAL POLICY 

The Journal was founded in 1949 and dedicated to undergraduate 

students interested in mathematics. I believe the articles, features 

and departments of the Journal should be directed to this group. 

Undergraduates are strongly encouraged to submit their papers to the 

Journal for consideration and possible publication. Expository 

articles in all fields of mathematics are actively sought. 

Manuscripts (in duplicate) should be sent to the editor at: 

Department of Mathematical Sciences 
South Dakota School of Mines and Technology 
Rapid City, South Dakota 57701 

David Ballew 
Editor, Pi Mu Epsilon 

theorem? 



SUMMER MEETING AT  ANN ARBOR 

The Summer Meeting o f  The P i  MU E p s i l o n  F r a t e r n i t y  was he ld  on t h e  

Campus o f  t h e  Univers i ty  of  Michigan, August 18 through 20,  1980. The 

fol lowing papers were presented:  

Ann 2ab-oiAfe-c Some Sums of Sums 
CoUege 06 S t .  Bened^t 

Hi.nnuo-ta D e l t a .  

Jams h4cEthw.y Simulating Transformations i n  the 
Hope CoUe.ge Plane Symmetry Patterns Using the 

Hickigan 'De^Lta Tektronix 4051 

My Gh.aham A Nm Numeric Algorithm To Solve 
Unive~^iiity 0 6  M^.ZOML Convolution Kernel Volterpa Integral 

M^.zona Gamma Equations 

Ko-fMyn No-tOn Chanxcterizaticm of Primes 
Ufu.um.cty 06 AAfeanbai a* Pine 
B J W A  

Akkanbai Gamma 

ChAAJt,topheh I. Roumeh 
UnivmLty  06 'Dayton. 

Ohio zate 

Wood-Wai Lee 
LOMXA uwi.Vm.UtU 

T e r n  B a t e  

Van id  PoUa.k 
WiasvL unium.cty 

Ohio VnUa. 

L a ~ i y  N .  Sfioud 
Eat CahoUna Uniuuui'ity 

No& CahoLLna VnUa.  

Michael 1. 0wU.c.k 
Macaiuteh CoUege 

Hinnuo.ta Gamma 

Sandna. COUA-UIA 
H endAAX CoUege 

AJLkanhah B e t a  

Resolution of Russell's Paradox 

Equivalent Statements 

Applications of the Programmable 
CalcuZator i n  Mathematics and 
Stat is t ics  

Mean Value Theorem Revisited 

Numerical Recovery of Noisy Exponent- 
ial Sums, using Generalized Differ- 
ential Approximation 

The Area of a Triangle Formed by Three 
Lines 

Mmk Watkeh 
South Dakota. School 0 6  Minu 
and Technotogy 

South 'Dakota. B a t e  

Ucuu.e Sp&t4VUUs 
CoUege 0 6  Cha/if.u.ton 

South CahoLina Gamma. 

BeveAty I. Skeanb 
Mamhali UyU.umLt.y 

W u t  V h g i W M .  B a t e  

Hiahant L.  C a l i  
Robe-HuAnan lnii-hufute 06 
Technology 

IndJLana. Gamma 

Voug-toA Eugene Jwe-fct 
T e r n  ASM UyU.um-LA/ 

Texai E-ta 

MoAtha B-tocfweZdeh 
AppoJia.cfuan State  U h m ' i t . y  

No& CahoLina E t a .  

WAJUbLam T e h k e W  
Hope CoUege 

Hichqan VnUa. 

Hichad K .  May, S . J .  
S t .  Louh UM-CumLI-y 

tttib0iLtt. Gamma 

THE J. SUTHERLAND FRAME LECTURER 
Pk06. Richahd A. AA key 

U&m'Lty 06 W&con~in 

Unpacking the Knapsack Algorithm - 

Properties of the Inf ini te  Synw6%vic 
Group 

Self Taught Calculus 

English Soccer Predictions 

Correctness Proofs For Flew Chart 
Programs 

Discrete Versus Continuous: O r ,  What 
i s  the Calculus of Finite Differences? 

The Centralizer of a Linear Trans- 
formation 

Finite State Machines 

Nested Interval Theorem With Two 
App lieations 

Relativity i n  Perspectivity 

Problems With Inf ini ty  

Rwnanujan and Some Extensions of the 
Gamma and Beta Functions 



v LOCAL CHAPTER AWARDS WINNERS 

ALABAMA BETA (AUBURN UNIVERSITY). The winners of the two Mathematics 

Achievement Contests are as follows: 

Calculus Contest Open Contest 

Lee Mahavi~~ Steve Sfyu.&eJU.ow 
Vavid ScoUcuid Ralph QuigLeg 
RandaU. Smith Raymond QuigLeg 

K e n  Goodman 

ALABAMA DELTA (UNIVERSITY OF SOUTH ALABAMA). The P i  Mu Epsi I o n  award 

for outstanding achievement in the field of mathematics was given to 

VanLeL P i x  

ARKANSAS BETA (HENDRIX COLLEGE). The following awards were given 

at the annual Honors Convocation. The McHenry-Lane Freshman Mathematics 

award- 

Kmen Sfu^eey 
Hike McCLuhfean. 

The Hogan Senior Mathematics Award- 

Sandy S&kin.e. 
The Phillip Parker Undergraduate Research Award- 

Sandm C o o ~ i n ~ .  

CALIFORNIA ETA (UNIVERSITY OF SANTA CLARA). The Evans Prize for the 

highest score on the Putnam Examination was given to 

Ec&oaAd Vunne and LiAa TownbLeq. 
The Evans Prize for Research was given to 

EcfcooAd Vunne; 
The Freshman Mathematics Contest Grand Prize was awarded to 

chm  ̂ BLch; 
and The Faculty Recognition Awards went to 

Jome-6 FobteA and Alice KC&. 

CONNECTICUT BETA (UNIVERSITY OF HARTFORD). The Senior Book Awards 

were given to 

E h d  Hack& and M a  Vugewtah; 

The Stanley Klock Jr. Memorial Awards were presented to 

WiJLUJom ViCecca and Ttevoh Ftench; 

and the Junior Award for Excellence in Mathematics went to 

Mmk WWe.  

FLORIDA DELTA (UNIVERSITY OF FLORIDA). The award for Best Rvaci- - 
uating Senior was presented to -- - 

Rob& Chn^Llî La.nbon. 

The Award for the Highest Placement on the Putnam Examination was given to 

John M a t t o x ,  

and The Best Mathematics Paper Award was presented to 

Mmk Ba^eh. 

GEORGIA BETA (GEORGIA INSTITUTE OF TECHNOLOGY). The Outstanding 

Graduates in Mathematics Awards were presented to 

V o d d  A .  ffaw!Leq, J&. and P 0 d f U . h  E. O~CO,~%.  

GEORGIA GAMMA (ARMSTRONG STATE COLLEGE). The Award for the Out- 

standing Senior in Mathematics was given to 

Stephen semmu . 
IOWA ALPHA (IOWA STATE UNIVERSITY). The P i  Mu Epsi lon Scholarship 

Awards were presented to 

Taut McAvoy and W m a m  Somiiky. 

The Dio Lewis Holl Award to the Outstanding Graduating Senior Mathematics 

Major was earned by 

Steven W ĝmann. 

The Gertrude Herr Adamson Awards for Demonstrated Ingenuity in Mathematics 

were presented to 

Je6&teq SÂ¥firm 

Nome Me~keL 
G&ego>UI Andmon 
B a ~ b a M  RUA 

Lee R o b M  
U u i  Mom Wong 
G a h g  McGtruu 
S-teven Sedo.. 

MICHIGAN DELTA (HOPE COLLEGE). The Hope College Teams took First 

and Fifth places in the Fourth Annual Lower Michigan Mathematics Compet- 

ition. 

MISSOURI GAMMA (SAINT LOUIS UNIVERSITY, FONTBONNE COLLEGE, MARYVILLE 

COLLEGE). The James W. Garneau Mathematics Award was presented to 

KivtMee~ V/ie.bu>. 
a 

The Fr-ancis Regan Scholarship was earned by 

CWL Ann Maya. 



The Missouri Gamma Undergraduate Award was presented t o  

Becky K-tAfepat'U.ck 

while t h e  Missouri Gamma Graduate Award was won by 

Rob& R0~beL.t. 

In t h e  P i  MU E p s i l o n  Contests,  t h e  Senior Winner was 

WLchaeJL May, 
and t h e  Junior  Contest Winners were 

Wickis and Kaien Kee6e.h. 
The John J. Andrews Graduate Service Award was presented t o  

Mahk Hop((-C.ngeA, 

and t h e  Beradino Family Fra te rn i tysh ip  Award was given t o  

Mahyanne. 8-t.e.g. 

NEW JERSEY BETA (DOUGLASS COLLEGE). 

. . 
OHIO NU (THE UNIVERSITY OF AKRON). 

J m y  Young 

received t h e  Samuel Selby Mathematics Scholarship Award. 

POSTERS AVAILABLE FOR LOCAL ANNOUNCEMENTS 

We have a supply of 10 x 14-inch F r a t e r n i t y  Crests  ava i lab le .  One 

i n  each c o l o r  will be s e n t  f r e e  t o  each loca l  chapter  on request .  Addit- 

i o n a l  p o s t e r s  way be ordered a t  t h e  following r a t e s :  

(1) Purple on goldenrod stock------------------- $1. SO/dozen, 

(2) Purple on Lavendar on goldenrod------------- $2.OO/dozen. 

received t h e  P i  MU E p s i l o n  Jun ior  Award i n  Mathematics. 

P i .  KwthVU,ne. Hazaid 
who had been t h e  Chapter Advisor f o r  many years  was honored on her  r e t i r e-  

ment. 

NEW JERSEY EPSILON (SAINT PETER'S COLLEGE). The P i  Mu E p s i l o n  Seniors 

i n s t i t u t e d  an annual award named t h e  Francis A.  Varrichio Memorial Award t o  

be given f o r  excellence i n  teaching. The first r e c i p i e n t  was 

P i .  Fmn& A. Rink. 

NEW YORK OMEGA (ST. BONAVENTURE). The P i  MU E p s i l o n  Award winners were 

Mo~k P. SLegg~ and Thomoi M .  MaWia.. 

NEW YORK OMICRON (CLARKSON COLLEGE). The P i  Mu E p s i l o n  Outstanding 

Sophomore Award was won by 

Je66he.y Sinc. 

NEW YORK ALPHA ALPHA (QUEENS COLLEGE OF CUNY). 

Robb-en BUM 

was presented with t h e  f irst  P i  MU E p s i l o n  pr ize .  

OHIO THETA (XAVIER UNIVERSITY). The annual P i  MU E p s i l o n  award was 

given t o  

J u d i t h  Co-te-6. 

s p e c i a l  p r ice  of  $8.00 each. Write t o  Dv. Richard Good, Dept. of Math., 

University of Mary land, College Park, Maw land, 20 742. 

Be. AWL& -to -t.n&cAte .the. Chap-te~. into which you wme AM-tAtated and 

the. apptoxuiate. date.  06 LM-tAtation. 

MATCHING PRIZE FUND 

If your Chapter presents  awards f o r  Outstanding Math- 

matical  papers o r  Student Achievement i n  Mathematics, you 

may apply t o  t h e  National Office t o  match t h e  amount spent 

by your Chapter. For example, $30 of  awards can r e s u l t  i n  

Chapter receiving $15 reimbursement from t h e  National Office. 

These funds may a l s o  be used f o r  t h e  r e n t a l  o f  Mathematics 

f i l m s .  Write t o :  D r .  Richard Good 
Secretary-Treasurer , P i  MU Epsi  1 on  
Dept. of  Mathematics 
The Universi ty  of  Maryland 
College Park, Maryland 20742 

BE SURE AND SEND THE NAMES OF LOCAL AWARD WINNERS TO THE 
JOURNAL FOR PUBLICATION I N  THE NEXT POSSIBLE ISSUE. 



GLEANINGS FROM CHAPTER REPORTS 

ALABAMA BETA (AUBURN UNIVERSITY). The Chapter held two contes t s  

during t h e  year .  One contes t  was r e s t r i c t e d  t o  first year  calculus 

s tudents  and t h e  second was open t o  any s tudent  enro l led  a t  t h e  University. 

ARKANSAS BETA (HENDRIX COLLEGE). The Chapter had a v a r i e t y  of  pro- 

grams which included v i s i t s  t o  o ther  co l leges  and u n i v e r s i t i e s .  The follow- 

i n g  papers were presented a t  Chapter meetings: Sandy SVuM>khe,  "Mathe- 

matical Games", John M U ,  LOLLLA RoVLe-Lgh, I t c c h ~ ~ ~ d  T h o W n ,  "Student 

Applications of Mathematics and/or Physics Sk i l l s  i n  Slimmer Work"; Vh.  

Rob& Et f ingeA,  PA. C e d  MC VeAflio-fct, "Life After Gradu0,tion--Graduate 

and Employment Opportunities i n  Mathematics": V h .  Itcchahd RoVLe-Lgh, "Space 

Time Games", Vh.  S t e v e  S m i t h  (Harding College), "Mathematics as a Creative 

Art" ; W e  (Univ. o f  Arkansas), "The Nested Interval Theoremn; m k . ~ j  

Hoi&e.q (Univ. of Arkansas), "Sets of Points of Discontinuity ", 

Vave.n.po/Lt (Univ. o f  Arkansas), "Tea/torrs Theorem: An Application of the 

Mean V a l v e  Theorem"; Rob& S m i t h  (Univ. o f  Arkansas), "Ordinal Numbers 

and Transfinite Induction": Vh. J m n e  Agnwi (Oklahoma S t a t e  Universi ty) ,  

"Some Applications of Undergraduate Mathematics "; S a n d m  C O ~ ~ A ,  "Sing- 

ular Fmctions"; V a v i d  Su.theAia.nd, "Mathematics i n  1gth Century Russia"; 

Sandg ScA-unafe-tAe, "Women i n  Mathematics"; John M W ,  "Measures o f  Con- 

vessi-ty on R""; Vwayne. J o h n ~ o n ,  "Optimal Time for Broadcasting"; M m j  

T h e d ,  "Secret Coding With Matricesn; Vh. Vav-Ld L w o n ,  "Correspondence 

o f  a German Peasant i n  the 1870's". 

CALIFORNIA ETA (UNIVERSITY OF SANTA CLARA). The Chapter presented 

t h e  following programs: Pw^&ii&oh P a d  End04 (Hungarian Academy o f  Sci- 

ence), IrChild Prodigies I have Knownrr; Ph0@60h CVJLUAJam F h e y  (Oregon 

S t a t e  Universi ty) ,  "The First Global Theorem o f  Differential Geometry ". 
CONNECTICUT BETA (UNIVERSITY OF HARTFORD). Pm((eA40h Rich#ui V O ~ ~ V V A  

spoke on "Mathematical Recreations and Recreational Mathematics". 

FLORIDA DELTA (UNIVERSITY OF FLORIDA). There were nine meetings dur- 

ing t h e  year  a t  which t h e  following programs were heard: PA. f/tank Mag, 

"Mathematios and Modeling". Vh.  Rtuce  EdMMAd.4, 'The Fow Color Problemu; 

V I .  Gfuwt W m ,  "Random Walks"; Vh. Chuck MedLLn, ( P r a t t  and Whitney); 

N. A. VheMli ( I B M ~ ,  "Opportunities i n  the Computer Industry for Mathematics 

Majors ". 
GEORGIA GAMMA (ARMSTRONG STATE COLLEGE). The Chapter presented 

severa l  f i l m  programs and heard t h e  following addresses: V h .  John- fled6 

(Georgia Tech), "Beyond the Binomial"; V h .  Rob& T a y i o h  (University of 

South Carol ina) ,  "Games of Chance: Problems i n  Probability and Statistics"; 

Oh. ChOMluk Cu^t LLndnui, "Steimr Triples". 

ILL INOIS  ZETA (LOYOLA UNIVERSITY OF CHICAGO). V h .  w o n  COX of 

Miami University i n s t a l l e d  t h e  Chapter and spoke on "A C a l d u s  Solution 

t o  a Geometry Problem". 

IOWA ALPHA (IOWA STATE UNIVERSITY). The Chapter presented a v a r i e t y  

of programs including f i lms and picnics .  The following programs were 

heard: Pho(Sn&~oh E i g i n  Johm-ton, "Some History and Elementary Results 

i n  M a p  Coloring"; P ~ O ~ ~ A A O J L  G. UcNuJULq (University of South Carol ina) ,  

"Avoiding Patterns i n  the Plane", P ~ o ( S U & O ~  Jo-fieph Vauben (CUNY and Columbia 

Universi ty) ,  "Hypotheses non fingo: Georg Cantor's Set Theory and His 

Philosophy of the Infinite"; Pho(SCb40h ItcchcUtd Epit&n,  "Mathematics as 

the A r t  of Analogy". 

KENTUCKY GAMMA (MURRAY STATE UNIVERSITY). The following t a l k s  were 

presented t h i s  year:  V h .  LO& Beqm,  "Nuclear Power and the B ~ - o u M ' s  

Ferry Nuclear Plant"; and Vh.  MPX Sco-fct, "What i s  an Industrial Mathe- 

rnatician?r'. 

MASSACHUSETTS DELTA (UNIVERSITY OF LOWELL). The Chapter sponsored 

a Mathematics Day Contest i n  which over  900 s tudents  par t i c ipa ted .  

MICHIGAN DELTA (HOPE COLLEGE). The following programs were heard: 

P ~ o < e b b o h  E w o t  T a d ,  "M. C. Escher, Art is t  and Mathematician"; PA. 

RichcUid Fe^dman (Texas A&M Universi ty) ,  "Operations Research"; Vh.  P u p  

Tuchi.n^k.y (Ford Motor Company) gave t h r e e  t a l k s  : "In C a k d u s  and Linear 

Algebra - Why So Much Interest i n  Functions?", "Word Frequenay Research 

Connected with Joyce's 'Ullyses'", "Management of a Buffalo Herd"; ph. 

T h o m a  T u c k m  (Colgate Universi ty) ,  frSynunetry Groups From Alhambra t o  

Escher"; GOJW Inmink and WUL T v i k e u U t ,  "Applications and the Use o f  

Models i n  Geometry"; B ~ C L / L O .  Koeppe and Dee HoUlf ,  "A Semester a t  Oak - 
Ridge"; V a v i d  Boundg, "An APL Tutorial for Math Students"; Pho~QAboh 

P d  Emf lenbag (Western Michigan Universi ty) ,  "Circle Preserving Trans- 



formations of the Plane", Pto&e-4~0& John Wh.i.CtLe, "How to  Use the TRS-80"; 

P a d  H o b p e a ,  "Can You Save Time and Effort Progpawwtfng i n  GPDS?"; Hugh 

B O A t e h ,  "Forecasting for ODL Today ", Jamie McEfieny,  "Simulating Trans- 

formation i n  the Plane Symmetry Patterns Using the Tektronix 4051"; 

PowzSUL Q W n g  , "Square Limit - An Approach t o  In f in i t y  ". 
MINNESOTA DELTA (ST. JOHN'S UNIVERSITY) hosted i t s  Second Undergraduate 

Mathematics Seminar. Featured Speaker was P ~ O ~ U & O J L  Mc~ly E U e n  Ruden of 

t h e  University of  Wisconsin who gave t h r e e  t a l k s :  "What Does a Topologist 

Do?", "What Does Set Theory Have t o  Do With Mathematics?", and "Crazy 

Spaces". Other t a l k s  included Edittt.~ Sifu.ckta.nd ( S t .  Cloud S t a t e ) ,  'Wn/ 
Study Mathematics - A View of Mathematics and Mathematics Education From 

the Historical Prespective"; Nancy S c h u ~ i e A .  (S t .  Cloud S t a t e ) ,  "The Sp l i t  

Method FOP Factoring Trinomials", Vean Shea ( S t .  John's ) , "Information 

Theory - An Expository Overview"; h e  Zab-tnfife-t. (College of S t .  Benedict),  

"Some Sums of Sums"; MohA (Macalester College), "Sequences of Touch- 

ing Circles"; Jim '&& (Macalester College), ''Symetry Elements and O p t i -  

cally Active Molecules"; H i k e  O&ck (Macalester College), "The Area o f  

a Triangle Bounded by Three Lines"; T ~ i y  Langen (St .  John's) ,  "Mathe- 

matics and Economics". 

MINNESOTA EPSILON (ST. CLOUD STATE UNIVERSITY) presented t h e  following 

programs : Ed Sifu.ckta.nd, "Historical Trivia About Mathematicians "; UdXeA. 

L m o n ,  "Job Opportunities"; E c f l ~ d o  Re^nfccng, "Mayan Abacus"; V t .  R d p h  

CaWi, "Interest Related Problems? V h .  John M&U.by, "A Computer Science 

Topics"; Je.n.nie. Hansen, "The Brit ish Mathematics Education Systemv; Mon& 

Johnfion, "The Apple I I  Computer". 

MISSOURI GAMMA (SAINT LOUIS UNIVERSITY, FONTBONNE COLLEGE, MARYVILLE) 

gave t h e  following programs: Oh. AÂ£b 'SLVU%,IX~ (Universi ty  of  Colorado), 

"The Forgotten Fundamentals of the Energy Crisis"; P m , j e ~ b o h  Jobeph 

Kennedy, "Kaleidoscopes"; V h .  ChcUiieA Fold ,  "Crystals and Symmetry"; and 

t h e  James E. Case, S. J. Memorial Lecture was given by Vh.  chaMi&4 ~~~~ 
of S t .  Bonaventure University e n t i t l e d  "Orthogonality i n  Wormed Vector 

Spaces ". 
NEW JERSEY DELTA (SETON HALL UNIVERSITY) presented a f i l m  program 

and Vh. Tom MflAtowe, "Stars, Bars and Number Theory". 

NEW YORK EPSILON (ST. LAWRENCE UNIVERSITY) sponsored t h e  36th Annual 

P i  MU Eps i l on  I n t e r s c h o l a s t i c  Mathematics Contest. 

NEW JERSEY EPSILON (SAINT PETER'S COLLEGE) presented t h e  Annual- 

Coll ins  Lecture by V t .  EdlWULd A. Boyno (Montclair S t a t e  co l lege) ,  "Int&- 
section Graphs". Other programs were: 'Oh. John J .  Santa. PiOt/to (Lockheed 

Electronics  Company), "Recent Algebraic Trends i n  Systems Engineering"; 

Vh.  Evan M d v t & k y  (Montclair S t a t e  College), "Some Cubical Curiosities"; 

Pho^U&ot lALtchzSUL P. Phe-cAb, "Optimization Problems i n  Micro-Economics 2 
RLchtVid K~rnpinfifzi,  "A Shopping System Model and Simulation; V h .  Max Sob& 

(President  of t h e  National Council of  Teachers of  Mathematics), "The 

Beauty and Magic of Mathemqtics"; Rob&o Rod'u.quez, "A Mathematical 

Model for the Detection of Diabetes". 

NEW YORK OMEGA (SAINT BONAVENTURE UNIVERSITY) hosted a f i lm program 

and t h e  following presentat ions:  Vh.  M y m  Reed and PA. S-teven AndfUJO.no66, 

"Applications of Computer Science"; V t .  ChOJ\JLu V i m h n k ,  "Careers i n  

Mathematics "; P n . o & e ~ b o ~ .  Henhg CaAUi& o,  "Careers i n  Mathematics Education"; 

hSULen B u - t t e w f i t h  (General Motors Research Labs ) , "Policy Analysis: Making 

the Most of Alternatives"; WdXM V ~ h W t . i j  (IBM Research Divis ion) ,  "Man - 
Computer Interactions ". 

NEW YORK OMICRON (CLARKSON COLLEGE). Oh. Graham H o h e A  of Schenectady 

General E l e c t r i c  spoke on "Large Scale Industrial Computing Problems". 

NEW YORK ALPHA ALPHA (QUEENS COLLEGE OF CUNY) hosted s e v e r a l  f i l m  

programs and a Faculty-Student s o f t b a l l  game. 

NORTH CAROLINA GAMMA presented t h e  following programs: Oh. N i C h o h  

J .  Robe, "Curves of Pursuit"; V/L. Rob& S^JLbeh, "Red-Slue Hackenbush 

Strings: An Introduction t o  the Conway Theory of Combinatorial Games"; 

Vh. John W .  &CA(UA, "DuaUsts, Sex of Children, Wachovia Customer Ser- 

vice and ULracles". 

OHIO EPSILON gave t h e  Annual A r t s  and Sciences Lecture on "Rosenthal's 

Dichotomy on Convergence" by Jobeph V - i u t & .  Other programs included 

John C .  Kane (ACM), "Job Opportunities"; VÃˆ. C h d u  C l e a v a ,  "Packing 

Problem" and "The Golden Section"; ?1. John FIULdg, "Bachet's Weighing 

Problem and Bases and Number Systems". 

OHIO NU (THE UNIVERSITY OF AKRON) hosted informational programs, 

t h e  A l l  Campus A c t i v i t i e s  Fa i r ,  helped coordinate and judge two science 



f a i r s ,  and a  Panel Discussion on "Mathematics Beyoni Â¥ the Classroom". In 

add i t ion ,  two t a l k s  were heard : Chd&ii  C~tning.4, "Computer Graphics"; 

V& B O A O ~ L L ~ ,  "A Mathematical Model t o  Represent a Physical Ocouvence". 

OHIO ZETA had t h e  following programs: G d d  S h a ~ g h ~ e ~ ~ y ,  "The Beer 

Can Project": BAOtheh B w d  PLoegek "Project Tapis Verte"; VJL. Joseph 

Vi&iiSfal (Kent S t a t e  Universi ty) ,  "The Rosenthal Dichotomy". 

SOUTH CAROLINA GAMMA (THE COLLEGE OF CHARLESTON) presented programs 

devoted t o  Career Opportunities i n  Mathematics, and helped present  programs 

on computers i n  an elementary school. Further ,  t h e  Chapter sponsored 

t h e  Third Annual Mathematics Meet f o r  S t a t e  high schools. 

SOUTH CAROLINA DELTA (FURMAN UNIVERSITY) presented PA. Rob& V. 

Fn0.(/,  " B i o ~ t a t i s t i c s ~ ~ ;  Vk. CLin-tOn td.LUe~, "Estimation and Simple Regress- 

ion and Applications i n  Biometry"; Dr. Gi.L P-toe-tok (Clemson Universi ty) ,  

"Job Opportunities for Mathematics Maj'ors and Graduate Students"; 

Einebtin.~ Bailey (Southern Bel l  Telephone), "Job Opportunities"; PA.. hk7.k~ 

N u  (Emory Universi ty) ,  "Lattices"; Ron Morgan, "Affine Geometry". 

SOUTH DAKOTA BETA (SOUTH DAKOTA SCHOOL OF MINES AND TECHNOLOGY) host-  

ed t a l k s  by Mo~k Watkeh, "Unpacking the Knapsack", Gcvuf Hicahd, "The 

Knightrs Tow"; and Vh. Vauid BoJULw, "Job Opportunities i n  Mathematical 

Sciences". Also t h e  Chapter sponsored a  f i lm program and a s s i s t e d  with 

t h e  3 1 s  Annual West River Mathematics Contest. 

TEXAS DELTA (STEPHEN F. AUSTIN STATE UNIVERSITY) heard t h e  following 

presentat ions : Thoma A. A-CcfctA on, "Paradoxes of Mathematics "; Roy AAi-ton, 

"Continued Rational Expressions", Robwt Yeagy, "The New Trends i n  Crypto- 

graphy It; HcwiLd Bunch, "The Number 'e i n  Financial Formulas"; PA. J. W .  

Vhme (SMU), "Stat is t ics  and Employment Discrimination". 

A 
1981 NATIONAL P I  MU EPSILON 

MEETING 

I T  I S  TIME TO BE MAKING PLANS TO SEND AN UNDERGRADUATE DELEGATE OR 

SPEAKER FROM YOUR CHAPTER TO THE ANNUAL MEETING OF P i  MU E p s i l o n  AT THE 

UNIVERSITY OF PITTSBURGH I N  AUGUST OF 1981. EACH SPEAKER WHO PRESENTS A 

PAPER WILL RECEIVE TRAVEL UP TO $500 AND EACH DELEGATE, UP TO $250 (ONLY 

ONE SPEAKER OR DELEGATE CAN BE FUNDED FROM A SINGLE CHAPTER, BUT OTHERS 

CAN ATTEND). 

SOME CHALLENGE PROBLEMS 

Uc.hah.d Anhe-e 
Un-Lue~&^ity o f ,  Oklahoma 

These problems a r e  designed f o r  your inves t iga t ion  and explorat ion.  

Some of  them might be explored f i r s t  by generat ing example on a  computer. 

The complete answers t o  some of these  problems and t h e i r  extensions is  

s t i l l  (1980) unknown; o thers  have been solved completely, but  usual ly do 

not appear i n  t h e  s tandard t e x t s .  Papers o r  so lu t ions  t o  these  problems 

should be s e n t  t o  t h e  Edi to r  f o r  poss ib le  publ icat ion i n  f u t u r e  i s s u e s  of 

t h i s  J o u r n a l .  

PhobLem 7 .  Let N be any post ive i n t e g e r  and l e t  0  

I 3Nk+l i f  Nk is  odd, 

^k+l 
= N 12 i f  N is  even, 

k  

Halt i f  Nk+l = 1 

Thus i f  No = 11, t h e  corresponding chain is 11, 34, 17, 52, 26, 13, 

40, 20, 10, 5,  16, 8 ,  4, 2, 1. We c a l l  t h e  number of  s tops  from No t o  1 

t h e  length of  t h e  chain f r o m  No t o  1. Thus i n  t h e  above, No = 11, N 14 = 1, 

and t h e  chain is 14 l i n k s .  

A. Do a l l  of  t h e  s t a r t i n g  values %> 1 converge t o  I ?  

B. If given a  s t a r t i n g  value N which does converge t o  1, can you 

f i n d  t h e  length o f  t h e  chain without a c t u a l l y  construct ing t h e  

e n t i r e  chain? 

C. Given a> 0, can you f i n d  an No such t h a t  t h e  chain beginning with 

No has chain lenght  a? 

D. What can you say about t h e  l a s t  h a l f  dozen elements of a  chain 

t h a t  converges t o  I ?  

PUlbtem 1. There a r e  in tegers  such a s  13, 31 o r  1021, 1201 i n  which 

t h e  second number of  t h e  p a i r  is obtained by reversing t h e  order  of t h e  

d i g i t s  i n  t h e  f i r s t  number and such t h a t  both of  t h e  numbers a r e  prime. 

Inves t iga te  t h i s  phenomenon. 



P/wbtm 3. Inves t iga te  t h e  following: 

Given a s t a r t i n g  i n t e g e r  No of  severa l  d i g i t s ,  l e t  B I G  be t h e  l a r g e s t  

i n t e g e r  t h a t  can be made using t h e  d i g i t s  o f  N ,  l e t  SMALL be t h e  smallest  

i n t e g e r  t h a t  can be made using t h e  d i g i t s  of  Nk, and l e t  = B I G  - SMALL. 

Repeat t h e  sequence. For example, 

No = 7380 

S = 8730 - 0378 = 8352 

N = 8532 - 2358 = 6174 

N = 7641 - 1467 = 6174 which obviously repea t s .  
3 

P k o b t m  4. Knowing t h a t  our calendar  repea t s  on a 400-year cycle ,  

determine on which day of  t h e  week t h e  13th day o f  t h e  month i s  most a p t  

t o  occur. ( I s  it r e a l l y  Friday?) 

Pk0b .h  5.  Two hundred years  ago, Euler conjectured t h a t  f o r  k>2, 

t h e  sum of  (k-1) kth powers of  p o s i t i v e  in tegers  could not  equal  t h e  k th  

power of a p o s i t i v e  in teger .  I .e . ,  

3 3 3  
k = 3, I + J = K  has no so lu t ion  i n  p o s i t i v e  in tegers ,  

4 4 4 
k = 4, I + J + K  = L has no so lu t ion  i n  p o s i t i v e  in tegers ,  

k = 5 ,  I + J + K5 + L = 2 has no so lu t ion  i n  p o s i t i v e  in tegers  

Actually, f o r  k = 3 Euler was cor rec t ;  f o r  k = 5,  t h e r e  is a so lu t ion  f o r  

which M has only 3 d i g i t s  (found i n  1960 1, s o  Euler was wrong f o r  k = 5 .  

We s t i l l  do not  know about k = 4. Curiously, t h e r e  a r e  i n f i n i t e l y  many 

counterexamples f o r  t h e  case of  k = 5. Inves t iga te  t h e  case o f  4. 

P k ~ b t m  6 .  A Palindrome is  a phrase o r  sentence which reads t h e  same 

forward a s  backward ( t h e  punctuation and t h e  spaces a r e  ignored). "Ma is 

a s  s e l f l e s s  a s  I am". Numbers such a s  12321, 498894, o r  333 may a l s o  be 

considered a s  palindromes. It is f a i r l y  easy t o  f i n d  per fec t  squares which 
2 a r e  a l s o  palindromes-- ( 2 0 2 ) ~  = 40804, (264) = 69696. However, pal in-  

dromic squares having an even number of  d i g i t s  such a s  ( 8 3 6 1 ~  = 698896 a r e  

f a i r l y  r a r e .  Inves t iga te  p e r f e c t  squares t h a t  a r e  a l s o  palindromes. An 

extension of  t h i s  problem might concern i t s e l f  with which palindromes have 

squares t h a t  a r e  a l s o  palindromes. 

YOUR BADGE - a  triumph of skilled and highly trained Ballour 
craftsmen is a steadfast and dynamic symbol in a changing world. 

PI MU EPSILON JOURNAL PRICES 

PAID IN ADVANCE ORDERS: 

Members: 

Non-Members: 

Libraries: 

Back Issues 

Complete volume 

All issues 

$ 8.00 for 2 years 
$20.00 for 5 years 

$12.00 for 2 years 
$30.00 for 5 years 

$30.00 for 5 years (same as non-members) 

$ 4.00 per issue (paid in advance) 

$30.00 (5 years, 10 issues) 

$150.00 5 complete back volumes plus current volume ' 
subscription (7 volumes - 30 years) 


