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A UBIQUITOUS PARTITION OF SUBSETS OF R~ 

by V o d d  John. N-Lc.hot&on 
Iowa State. Uyu.vuui-ity 

We a r e  about t o  embark on an adventure  i n t o  t h e  beauty of  

mathematical i nqu i ry .  The journey w i l l  begin  wi th  a s imple  y e t  

wonderful p rope r ty  of  t h e  r e a l  numbers, and i n  t h e  end we w i l l  a r r i v e  
n a t  an  e l e g a n t  r e s u l t :  a  ub iqu i tous  p a r t i t i o n  o f  s u b s e t s  o f  R , 

i - e . ,  a  p a r t i t i o n  i n  which every  element of  t h e  p a r t i t i o n  has  a  non- 

empty i n t e r s e c t i o n  wi th  each neighborhood (abbrev ia t ed  nbd) i n  t h e  

space .  

The pa th  w i l l  l e a d  only  through Euclidean spaces ,  s o  each space  
n 

must be understood t o  be a  subspace o f  R . When nbds a r e  mentioned, 
n 

they r e f e r  t o  nonempty i n t e r s e c t i o n s  of  open s u b s e t s  of  R wi th  t h e  

space.  We w i l l  use  t h e  symbol t o  r e p r e s e n t  t h e  c l o s u r e  i n  R of  a  

s e t  X ,  X '  t o  denote  t h e  s e t  o f  l i m i t  p o i n t s  i n  R o f  X ,  and then  

d e f i n e  X" = X '  - X .  F i n a l l y ,  U f x )  is t h e  s e t  of a l l  p o i n t s  whose 

d i s t a n c e  from x is l e s s  than  r ,  and B (x  ) is  i ts c losu re .  Now l e t  
P 0 

us  begin.  

Let  Q and P be t h e  r a t i o n a l  and i r r a t i o n a l  numbers r e s p e c t i v e l y ,  

and l e t  U be a  nonempty i n t e r v a l  i n  R. Both WQ and UHP a r e  i n f i n i t e  

no ma t t e r  how smal l  U is. Consequently,  each p o i n t  of  WQ i s  a  l i m i t  

po in t  of t h e  s e t ,  bu t  t h e r e  must always be i r r a t i o n a l  l i m i t  p o i n t s  a s  

we l l .  It is  t h i s  p rope r ty  which we s h a l l  g e n e r a l i z e  i n  t h e  fo l lowing 

d e f i n i t i o n .  

Ve.f i i t .dt ion 1 .  A space  X is  a  Grunowix space* i f f  Vnbd U i n  

X ,  ii- X # 0 .  

Vhap~b& i~ t I  7 .  I f  X is a  Grunowix space ,  then X i s  dense i n  i t s e l f .  

P r o o f .  Let x be an  i s o l a t e d  p o i n t  i n  X .  Then { x  i s  a  nbd o f  x 
0 0 0 

i n  X .  But { x  } - X = 0, t h u s x i s  n o t  a  Grunowix space .  
0 

+; - s e e  exce rp t  from a  l e t t e r  by t h e  a u t h o r  a t  end of  t h e  paper  

I f  X is  a  Grunowix space ,  t h e n  X C X ' ,  bu t  X # X ' .  This r a i s e s  a  

ques t ion :  what k ind o f  space  is XIr? Before answering, l e t  u s  d e f i n e  

a  new concept .  

V t @ f i o n  I .  Two spaces  X and Y a r e  mutual ly  dense i f f  ? = Y. An- * .- 

a r b i t r a r y  c o l l e c t i o n  of  spaces  is mutual ly  dense i f f  t hey  a r e  mutual ly  

dense i n  p a i r s .  

Lemma 1 .  Let X and Y be d i s j o i n t  spaces .  Then t h e  fo l lowing a r e  

equ iva len t :  ( a )  = 7, ( b )  X C Y r r  and Y C X " ,  and ( c )  X C Y '  and Yc -X ' .  

P r o o f .  Suppose = Y.  Then XCY and Y C ~  and s i n c e  X and Y a r e  

d i s j o i n t ,  XCY" and Y C X r l .  Note t h a t  Xr'CX' and Y r ^ Y ' ,  hence X C Y 1  and 

Y C X ' .  But t h i s  imp l i e s  t h a t  X̂ Y and YCF, s o  X̂ F and Y<^X. This  r e t u r n s  

us  t o  ou r  o r i g i n a l  suppos i t ion  t h a t  7 = Y. 

h m a  2 .  I f  X is  a  Grunowix space ,  t hen  = X" 

P r o o f .  By t h e  d e f i n i t i o n  of  X u ,  X and X" a r e  d i s j o i n t ,  and X"c .Xr ;  

t h e r e f o r e ,  t o  s a t i s f y  Lemma 1 we need on ly  show t h a t  X c ( X " ) ' .  Let 

x EX and l e t  U be a  nbd o f  x i n  R ~ .  Then 3 r > O  3 U p ( x 0 ) c U .  Now 

choose P' 3 0 < r P < r ;  t h i s  w i l l  g i v e  u s  U ,  ( x ) c B ,  f x o ) c U p ( x o ) c U .  

Observe t h a t  U p ,  ( x o ) n X c B r ,  ( x )  , and U p ,  f x 0 ) n X  is  a  nbd o f  x i n  X ,  s o  

t h a t ,  s i n c e  X is a  Grunowix space ,  U , ( x ) f l X  - X # 0. This  impl i e s  

t h a t  B ,(x ) and t h u s  U c o n t a i n  p o i n t s  i n  X", it fo l lows  t h a t  x i s  a  
P 0 

l i m i t  p o i n t  of  X u .  Since x is  a r b i t r a r y ,  we i n f e r  t h a t  X c ( X n ) ' .  

T ~ E O . ' L ~ J ~  7 .  Let X and Y be mutual ly  dense,  d i s j o i n t  spaces .  Then X 

and Y a r e  Grunowix spaces .  

' P r o o f .  Let x d  and l e t  U be  a  nbd of  x i n  Rn. By Lemma 1 X C Y '  and 

Y C X '  , t h u s  3 y d f l Y  3 y o  is  a  limit p o i n t  of  U n X .  This  impl i e s  t h a t  
0 

y ~ U l l X  - X ;  s i n c e  U n X  is  an a r b i t r a r y  nbd o f x  i n  X ,  X i s  a  Grunowix 
0 

space.  By a  s i m i l a r  argument Y is a  Grunowix space .  

Lemma 2 and Theorem 1 answer ou r  ques t ion :  i f  X is a  

Grunowix space ,  t hen  s o  is  X u ;  e . g . ,  Q and P a r e  Grunowix spaces .  But 

Theorem 1 has  a  much more i n t e r e s t i n g  consequence: every  c o l l e c t i o n  

of  spaces  which is mutual ly  dense and pa i rwi se  d i s j o i n t  is a  c o l l e c t i o n  

of Grunowix spaces ,  and we s h a l l  s e e  t h a t  such a  c o l l e c t i o n  is  a  



ub iqu i tous  p a r t i t i o n  of  i t s  union. 

Let u s  c o n s t r u c t  such a  c o l l e c t i o n .  Let P ,  ~ ~ ( 0 . 1 )  and d e f i n e  

P-s i f f  2ogse.Q. It  should  be a  s imple  e x e r c i s e  f o r  t h e  r e a d e r  t o  show 

t h a t  - is an equivalence  r e l a t i o n  and hence p a r t i t i o n s  f 0 , l ) .  Let [ P I  

and [sl  be d i s t i n c t  equivalence  c l a s s e s  i n  t h e  p a r t i t i o n  of f 0 , l ) .  
P 

Then [rl and [sl a r e  d i s j o i n t .  Furthermore,  ZogseP; i . e . ,  3 peP>s=r . 
m Q .  

Since pep, 3 {qil ,..,CQ 5qi-y, t h u s  pqi-n^s. Each r  z ~ [ ~ l ,  t h u s  8 

is a  l i m i t  p o i n t  of  [ P I  a s  is every  element of I s ] .  S i m i l a r l y ,  every 
--  

element of [ P I  i s  a l i m i t  po in t  of [ s l ,  t h u s  [ P I = [ ~ ]  by Lemma 1, and 

[ P I  and Is] a r e  Grunowix spaces  by Theorem 1. Note t h a t  each 

equivalence  c l a s s  is  countable ,  whereas (0 , l )  is  uncountable,  t h u s  

{ [ P I  : r ~  fO,ll}  is uncountable.  

The above p a r t i t i o n  is i n t e r e s t i n g  i n  t h a t  t h e  e lements  a r e  

mutually dense; they a r e  l i k e  chemical ly  i n e r t  gases  i n  a  c losed  

con ta ine r  a t  thermal  equ i l ib r ium.  J u s t  a s  t h e  molecules of  each <as  

d i s t r i b u t e  themselves throughout t h e  c o n t a i n e r ,  every  nbd i n  (0 , l )  

con ta ins  p o i n t s  from every equivalence  c l a s s ;  i . e . ,  t h e  p a r t i t i o n  i s  

ub iqu i tous .  

Let u s  de f ine  a  & w z o i ~ i x  partition a s  a  p a r t i t i o n  c o n s i s t i n g  of  

mutually dense spaces .  By Lemma 1 and t h e  d e f i n i t i o n  of a  l i m i t  p o i n t ,  

t h i s  is equ iva len t  t o  t h e  d e f i n i t i o n  of  a  ub iqu i tous  p a r t i t i o n .  Thus 

every  Grunowix p a r t i t i o n  is  ub iqu i tous ,  bu t  no o t h e r  p a r t i t i o n  is; 

t h i s  is t h e  beauty o f  t h e  Grunowix space .  

D O  NOT BLINK! We a r e  about  t o  show how t o  c o n s t r u c t  Grunowix 

p a r t i t i o n s  of  an i n f i n i t e  number o f  spaces  by us ing only t h r e e  

theorems and our  p a r t i t i o n  of (0,1)!  

Theohem '2. Let { X  : a d }  where A is  an indexing s e t  be a  Grunowix a  
p a r t i t i o n  of  X ,  and l e t  f:X+Y be a  cont inuous  b i j e c t i o n .  Then 

{ f (X ):acA} is a  Grunowix p a r t i t i o n  of  Y .  

Proof. The b i j e c t i v i t y  cond i t ion  i n s u r e s  t h a t  {ffXa):aeA} w i l l  be a  
m 

p a r t i t i o n  of  Y .  I f  x  E X  and a#b, 3 { X , . } ~ = ~ C X  3 Since f  is  o  a 
cont inuous y ffxi)+f ( x o ) ,  t h u s  f fXa) and f fXb) a r e  mutual ly  dense.  I t  

fol lows t h a t  {ffXa):aeA} is a  Grunowix p a r t i t i o n  o f  Y .  

T h e v t m  3. Let  $:ae:~}  be a  Grunowix p a r t i t i o n  o f  t h e  i ' t h  f a c t o r  

space of X=X1xX~. . . x X .  Then {X1x.. . x G . .  .xXn:ad is a  Grunowix 

p a r t i t i o n  of  X .  
-- - - 

Proof. Let a,bcA and a#b. Then <=<. NOW X x. . .x  X .  . . X X  =X x.. .x$ 
- - 1  < n 1  

a  . . .xX =X x.. .xTx. .  .xX =X x.. .xP . . . x X , t h u s  { X  x.. .xx.x.. .XX : a d }  n  1  n  1  i 1 I n  - 
is a  mutual ly  dense c o l l e c t i o n  o f  spaces .  Since  they  a r e  d i s jo in t - and-  

t h e i r  union is  X,  t hey  form a  Grunowix p a r t i o n  o f  X (we w i l l  c a l l  t h i s -  

a  Grunowix p a r t i t i o n  of  X i n  t h e - i ' t h  f a c t o r  space o r  i ' t h  coord ina te ) .  

T h c ~ t t n ~  4.  Let { X  :aeA} be a  Grunowix ~ a r t i t i o n  o f  X, and B an open 
a 

subse t  of  X .  Then { X  flB:acA} and { X  & a d }  a r e  Grunowix p a r t i t i o n s  
a  

of B and z r e s p e c t i v e l y .  

Proof- Here we w i l l  use t h e  equivalence  of  t h e  d e f i n i t i o n s  o f  Grunowix 

and ub iqu i tous  p a r t i t i o n s .  Now V x  EX,  V nbd U o f  x  i n  X ,  and V ~ E A ,  
0  

U O y # @ .  Since B is  open i n  X ,  each nbd i n  B is a  nbd i n  X ,  t h u s  V 

x  E B ,  V nbd U o f  x  i n  B ,  and V a d ,  UllXa#@. But U f l X  =UnXflB, t h u s  
0  

{ X  flB:acA} is a  Grunowix p a r t i t i o n  o f  B .  
a  

Now l e t  x  EB" and U a  nbd o f  xo i n  X .  Then UnB#@, and s i n c e  B 

is open i n  X ,  U n B  is  open i n  X ,  s o  t h a t  UflBflXa#@ V aeA. Since 

U ~ B ~ ? C V ~ Z ~ X ~ ,  { X  ~ Z : ~ E A }  is a  Grunowix p a r t i t i o n  of Z. 
a  

These t h r e e  theorems a r e  ou r  t o o l s  f o r  c o n s t r u c t i n g  Grunowix 

p a r t i t i o n s .  We may c o n s t r u c t  a  Grunowix p a r t i t i o n  of  any open subse t  

of Rn o r  i t s  c l o s u r e  by c o l l e c t i n g  t h e  i n t e r s e c t i o n s  of  t h e  s e t  with 
n  

each element of a  Grunowix p a r t i t i o n  of  R . A Grunowix p a r t i t i o n  of 

R may be e a s i l y  cons t ruc ted  by mapping f0 , l )  homeomorphically on to  

one o r  more f a c t o r  spaces  of  8 and us ing  Theorem 3 .  Look how many 

spaces  we can ub iqu i tous ly  p a r t i t i o n  with a  s imple  equivalence  r e l a t i o n  

on (0.I)' 

We would l i k e  t o  make one f i n a l  observat ion.  Const ruct ing a  

Grunowix p a r t i t i o n  o f  R by p a r t i t i o n i n g  one o r  more of  i t s  f a c t o r  

spaces  imposes a  v a r i e t y  of  geometric s t r u c t u r e s  on t h e  connected 

components o f  t h e  e lements  o f  t h e  p a r t i t i o n .  Since  t h e  e lements  of  a  

Grunowix p a r t i t i o n  of  R a r e  t o t a l l y  d isconnected,  a  Grunowix p a r t i t i o n  

of R i n  one coord ina te  w i l l  c o n s i s t  of e lements  whose components a r e  

p a r a l l e l  p l anes ,  i n  two coord ina te s  t h e  components w i l l  be p a r a l l e l  ., 
l i n e s ,  and i n  t h r e e  coord ina te s  t h e  components w i l l  be point 's .  In 

gene ra l  t h e  components o f  t h e  e lements  of a  Grunowix p a r t i t i o n  of  R~ 



i n  rn of  i t s  coord ina te s  w i l l  be n-rn dimensional  hyperplanes .  

There i s  more. We may use  any c u r v i l i n e a r  coord ina te  system i n  
n R t o  c o n s t r u c t  a  Grunowix p a r t i t i o n  s o  long a s  each p o i n t  has  unique 

coordinates .  By us ing  s p h e r i c a l  o r  c y l i n d r i c a l  coord ina te s  we may have 

a  Grunowix p a r t i t i o n  of  R whose e lements  c o n s i s t  of c o n c e n t r i c  sphe res  

o r  c o a x i a l  cones o r  c y l i n d e r s .  The mys te r i e s  of  t h e  Grunowix space  

know no bounds! 

The purpose of F igure  1 is t o  a i d  i n  v i s u a l i z i n g  t h e  Grunowix 
3 3 3 '  3 

p a r t i t i o n  {Q , R -Q } of R . The element Q is t o t a l l y  d isconnected,  
3 3 and s i n c e  it is  countable ,  R -Q i s  connected. A very  rough d e s c r i p t i o n  

of  t h e  p a r t i t i o n  i s  a  countable  c o l l e c t i o n  o f  i n f i n i t e s i m a l  "boxes" 

enc los ing  p o i n t s .  How e x q u i s i t e !  And it a l l  began wi th  t h e  p rope r ty  of 

t h e  r e a l  numbers t h a t  every  i n t e r v a l  c o n t a i n s  i n f i n i t e l y  many r a t i o n a l s  

and i r r a t i o n a l s .  

F I G U R E  1 
3 3 P a r t  o f  R -Q 
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EXCERPT FROM A LETTER 

. . . The. idea  06 a Gn.unow^x. Apace a~.o&e. 6hom an undeigmduate. topotogy 
homwot-k. p i o b b  i n  he.6eA.e.flce 3. The. p i o b h  d Exe^c^Ae. 1- 28 on page. 25: 
piove t h a t  the. 6 e t  of, fiat-ion& a6 a bub~pace  ofl the. he.& -LA no.t tocat -  
Lg compact. 

When 1 6inalULy de.cLde.d what piopeA-ty 06 t h e  A& 06 hation& pieve.nte.d 
it 6iom b e n g  LocmJULy compact, -it 6Viuck me. en bLng ve~ i f  6 e n L n d n g .  
1 a4ke.d t h e  i~~t f iuCJLoi  if, th^L& piopeh..tq had a name.. H e .  k n w  06 none., AO 
1 gw.&~atize.d the. p4opwt.y and &tied t o  come. up wi th  a name. m y ~ e . q .  My 
Mif,e. <suggute.d ̂ .nveivU.ng a woad, ~o we Vu.ed conitAucting wad with a 
bc.'ia.bbte. bomd and t i t t e i  titu, and 'Gnunow-i.xl iwu the. 6^Mt con~tAuc- 
t i o n  we c0i.Lt.d pionounce.. 

My o&Lgind de6in-ctt.on 6oi  the. GaunoMU.~ Apace. iwu 6oimi.Lt.ate.d di66eient- 
4, but it iwii e.&uate.nt t o  the. p i a n t  one.. 16 my papa  it. devoid 06 
ae.f.ae.ncu, -it it. only becaiz~e. none. 06 the. math pi06e6AoJLA 1 wcu, ac- 
quainted with coutd &tm me. toward any bouft.cu t h a t  hdped  me. vtuth th^L& 
inte.'ie.~ting Apace, not did any &e.ahching on my pott  uncoueh any uhe.)Sut 
h ~ & ? . m X C e 6 .  1 wen 6oice.d t o  de.veLop the. dr6ivuJiion6 and phopo^^U.oii~i on 
my own; -it 4eqiMAe.d woiking manq month  avid. wanddng  down home. blind 
oJULey6, but 1 am ptta4e.d with -the. 4uultk and what 1 te.a~.ned 6iom the. 
e.xpde.nce.. It hen made me. t o w  mathemcutic.6. 

1 would t i k e  to thank P i .  Vonatd Sandemon 06 Iowa State. UHit.umitq (Soh 
the. multi.tude. of, occdovu ,  on which he iis,tene.d t o  me. h o d  out and .Uuj 
t o  dOJUL6y my idea4 and 601. being kind and paAt.e.nt enough t o  n-wd and 
con6tAuc.tiviiy CALkicLze. 6ive v ~ i o n - i  .od thi.6 papa  . . , 

Vonatd John Nichol~on 

E d i t o r ' s  note: This  paper  was prepared whi le  t h e  a u t h o r  wa- a  s e n i o r  
undergraduate majoring i n  mathematics and phys ic s  a t  Iowa S t a t e  Univer- 
s i t y .  Donald p resen ted  t h e  paper  a t  t h e  Na t iona l  Meeting o f  P i  Mu Epsi lon 
i n  Albany, NY i n  August 1983 and has en te red  t h e  paper  i n  t h e  Journal ' s .  
Nat ional  Paper Competit ion. The compet i t ion i s  open t o  s t u d e n t s  who ha%e 
no t  r ece ived  t h e i r  mas te r ' s  degree  a t  t h e  t ime of  submission. Papers  may 
be submit ted  t o  t h e  E d i t o r  a t  any t ime. 



THE SQUARILIC QUADRILATERAL 
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One must admit t h a t  t h e  q u a d r i l a t e r a l  cannot compete wi th  t h e  

t r i a n g l e  i n  producing theorems i n  p l ane  geometry. I n  t h i s  J o u r n a l ,  

(7(1981)317-329 and 7(1982)453-464), we have p rev ious ly  in t roduced  

two new q u a d r i l a t e r a l s ,  namely, t h e  e q u i l i c  q u a d r i l a t e r a l  and t h e  

bow-tie q u a d r i l a t e r a l .  We now add ano the r  new q u a d r i l a t e r a l ,  which 

we w i l l  c a l l  s q u a r i l i c .  

De6i~LtLon. 1. Q u a d r i l a t e r a l  ABCD ( n o t  n e c e s s a r i l y  convex) is s q u a r i l i c  -- 
i f  AB = CD and angle B i angle C = 90'. See F igures  1 A  , 1 B  and 1 C .  

FIGURE 1 A  

FIGURE 1B 

FIGURE 1C 

T k e o k m  1. If a  s imple  q u a d r i l a t e r a l  is both  c y c l i c  and s q u a r i l i c ,  it 

is an i s o s c e l e s  t r a p e z o i d  wi th  i ts base  ang les  equa l  t o  4.5'. 

Proof: The proof is immediate. If t h e  s q u a r i l i c  q u a d r i l a t e r a l  is 

i n s c r i b e d  i n  a  c i r c l e ,  AD is  p a r a l l e l  t o  BC and t h e  theorem fol lows.  

That t h e  r e s t r i c t i o n  t o  s imple  q u a d r i l a t e r a l s  must be included 

is shown i n  F igure  2 ,  i n  which we s e e  a  c r o s s  c y c l i c  q u a d r i l a t e r a l  t h a t  

is  n o t  an i s o s c e l e s  t r a p e z o i d  wi th  base  BC. Curiously ,  it is  an 

i s o s c e l e s  t r a p e z o i d  wi th  bases  BD and C A ,  a s  t h e  r e a d e r  may wish t o  

prove. 

FIGURE 2 



Thu~km 2. The midpoints  of  t h e  d i agona l s  and t h e  midpoints  of t h e  

s i d e s  BC and AD of a  simple s q u a r i l i c  q u a d r i l a t e r a l  ABCD a r e  v e r t i c e s  

of  a  squa re ,  

FIGURE 3 

Ppoof. Refer t o  Figure  3.  Let M ?d2, M3, M denote  t h e  midpoints  of 
4 

BC, AC, AD, and BD, Fespec t ive lv .  Since  t h e  l i n e  segment jo in ing  t h e  

midpoints  of  two s i d e s  of  a  t r i a n g l e  is p a r a l l e l  t o  t h e  t h i r d  s i d e  and 

equa l  t o  one-half t h a t  s i d e ,  we have, 

M f 1 4  = % AB, and M y 4  papazZe2 t o  AB, 

MlM2 = % AB, and M M paraZZe2 t o  AB. 1 2  

S i m i l a r l y ,  we have, 

M1M4 = % CD, and M1M4 paraZZeZ t o  CD, 

M p 3  = % CD, and !d$f3 paraZZeZ t o  CD. 

Since AB = CD, M1M$$14 is  a  rhombus. F u r t h e r m o ~ e ,  because AB is 

pe rpend icu la r  t o  CD (extended) ,  M M ,$4p4 is a  square .  

quf?A,GOfl. What f i g u r e  is  ob ta ined  i n  Theorem 2 when t h e  q u a d r i l a t e r a l  -- 
is  no t  simple? 

Ve.,+.iLion 2 .  Squares BCGH, ADEF, DCJK, and B A W ,  e r e c t e d  on t h e  s i d e s  - 
BC, AD, DC, and BA of s q u a r i l i c  q u a d r i l a t e ~ a l  ABCD, and squa res  A C W  

and DBQR e r e c t e d  on t h e  d i agona l s  AC and DB a r e  s a i d  t o  have 

o ~ i e n t a t i o n  i f  t hey  a r e  a l l  s i m i l a ~ l y  o r i e n t e d  and i f  t h e  i n t e r i o r s  of  - 
square  BCGH and t h e  t r i a n g l e  formed by t h e  s i d e s  BC, AB, and CD of  t h e  

s q u a r i l i c  q u a d r i l a t e r a l  have a  nonempty i n t e r s e c t i o n .  I f  any of  t h e s e  

s i x  squa res  has  t h e  oppos i t e  o r i e n t a t i o n ,  t hen  it is  s a i d  t o  have 

second orientati*. F igu res  QA, 4B and 5 show t h e s e  o r i e n t a t i o n s .  

- - - 

FIGURE 4A 

First orientation squares 
on a simple squarilic 
quadrilateral 

FIGURE 4B 

First orientation squares 
on a cross squarilic 
quadrilateral 

6 c 

FIGURE 5 
Second orientation squares 
on a cross squarilic 
quadrilateral 



Theoaem 3. I f  first o r i e n t e d  squa res  a r e  cons t ruc ted  on s i d e s  AD and 

BC of s q u a r i l i c  q u a d r i l a t e r a l  ABCD, t hen  t h e s e  squa res  have t h e  same 

c e n t e r .  

H7 

FIGURE 6 

Proof. Let  0  be t h e  c e n t e r  o f  squa re  ADEF and O

f  

t h e  c e n t e r  of BCGH. 

Since a  90' p o t a t i o n  about  0 c a r r i e s  A t o  D and s i n c e  AB i s  pe rpend icu la r  

t o  DC, t h e  r o t a t i o n  c a r r i e s  AB t o  D C y  a s  shown i n  Figure  6. S i m i l a r l y ,  

a  90' r o t a t i o n  about  O r  c a r r i e s  B t o  C, hence AB t o  DC. Thus t h e s e  

two r o t a t i o n s  a r e  i d e n t i c a l  and 0  = 0 ' .  

Theokm 4 .  If f i r s t  o r i e n t a t i o n  squa res  a r e  cons t ruc ted  on s i d e s  AB 

and CD of  s q u a r i l i c  q u a d r i l a t e r a l  ABCD, t h e  j o i n  o f  t h e i r  c e n t e r s  

b i s e c t s  s i d e  ADy and is  p a r a l l e l  and equa l  t o  BC. 

FIGURE 7 

Proof. Refer t o  F igure  7. Since  AB and CD a r e  equa l  and perpendicular., 

squa res  AGHB and EFDC a r e  congruent wi th  s i d e s  p a r a l l e l .  Thus, AKDL 

is a  para l le logram.  Hence i t s  d iagona l s  b i s e c t  each o t h e r .  Since  BK 

and CL a r e  e q u a l  and p a r a l l e l ,  BCLK i s  a  pa ra l l e log ram s o  t h a t  BC and - . .- 
ILL a r e  p a r a l l e l  and equal .  

Theokm 5 .  I f  second o r i e n t a t i o n  squa res  ACGH and BDEF a r e  e r e c t e d  on 

t h e  d i agona l s  of s q u a r i l i c  q u a d r i l a t e r a l  ABCD, t h e y  w i l l  have t h e  same 

c e n t e r .  

FIGURE 8 

Proof. Refer  t o  Figure  8. Let 0  he t h e  c e n t e r  o f  t h e  square  on BD 

and O r  t h e  c e n t e r  of t h e  square  on AC. A 90' r o t a t i o n  about 0  c a r r i e s  

D t o  B, hence DC t o  BA. S i m i l a r l y ,  a  go0 po ta t ion  about O r  c a r p i e s  C 

t o  A, hence DC t o  BA. Thus t h e s e  r o t a t i o n s  a r e  i d e n t i c a l  and 0  = O r .  



Thevam 6 .  I f  f i r s t  o r i e n t a t i o n  squa res  a r e  e r e c t e d  on s i d e s  AB and 

AD and a  second o r i e n t a t i o n  square  i s  e r e c t e d  on s i d e  DC of  s q u a r i l i c  

q u a d r i l a t e r a l  ABCD, t hen  t h e  c e n t e r s  of  t h e s e  squa res  a r e  v e r t i c e s  o f  

an  i s o s c e l e s  r i g h t  t r i a n g l e  wi th  r i g h t  ang le  a t  t h e  c e n t e r  O1 of  t h e  

square  on AD. 

FIGURE 9 

Proof. Let t h e  squa res  on s i d e s  AB and CD have c e n t e r s  O2 and 03. 

Since angle BAO1 = angle CDO1 and angle O f l B  = angle 0 9 C  = 4s0, t hen  

angle 0#01 = angle 03D01. Hence, t r i a n g l e  Of lO1  is  congruent t o  

t r i a n g l e  0 DO and a  90' r o t a t i o n  c a r ~ i e s  0#01 t o  O.J IOl .  Therefore  
3 1 

0 0 = 0 0 and 0 0 is  pe rpend icu la r  t o  0 0 
2 1  3 1  2 1 3 1 .  

Before s t a t i n g  t h e  nex t  theorems, we remind our  r e a d e r s  o f  some 

t r ans fo rma t ion  theory .  We l e t  
- 1 

pP . pP , and op 

denote a  counterc lockwise  q u a r t e r  t u r n  (through go0), its i n v e r s e  

clockwise q u a r t e r  t u r n ,  and a  h a l f t u r n ,  r e s p e c t i v e l y ,  each about po in t  

P a s  c e n t e r .  Also l e t  

T~ B 

denote t h e  t r a n s l a t i o n  through v e c t o r  AB. 

We have t h a t  
2 - 1 

pp = up and t h a t  pp pp and u 
2 

P 

a r e  each t h e  i d e n t i t y  map. 
- - - 

I n  gene ra l ,  t h e  product  of  two r o t a t i o n s  is  a  r o t a t i o n  through - 

t h e  sum of  t h e  two ang les  o f  t h e  g iven r o t a t i o n s  o r ,  i f  t h a t  sum i s  a  

m u l t i p l e  of  360'~ a  t r a n s l a t i o n .  I n  p a r t i c u l a r ,  l e t  ABCD be a  

counterc lockwise  squa re  where C is  t h e  midpoint of  each of  t h e  two 

segments BF and DE, a s  shown i n  F igure  10 .  Then 
- 1 - 1 - T  - T  

PCPA = ~ ~ ( ~ 1  = E> PCPA - DE - ~ D C '  

S i m i l a r l y ,  
-1  - 

' A  - =BF = T 2 ~ C '  
If two r o t a t i o n s  pl and p 2  have t h e  same ang les  and i f  t h e r e  a r e  

p o i n t s  A and B such t h a t  

p1 ( A )  = B and p2(A)  = B 

and i f  t h e  c e n t e r s  o f  t h e  r o t a t i o n s  both l i e  on t h e  same s i d e  o f  l i n e  

A B ,  t hen  t h e s e  r o t a t i o n s  have t h e  same c e n t e r .  

F i n a l l y ,  u s ing  t h e  i d e a s  above, it is no t  d i f f i c u l t  t o  show t h a t ,  

-1  - i f  pp pQ - pRps-l, t hen  segments PQ and RS a r e  equa l  i n  l eng th  and 

FIGURE 10 

Theomrn 7 .  If f i ~ s t  o r i ~ n t a t i o n  squa res  a r e  e r e c t e d  on s i d e  AD (and 

having c e n t e r  0 )  and on d iagona l s  AC ( c e n t e r  P )  and BD ( c e n t e r  R )  o f  

s q u a r i l i c  q u a d r i l a t e r a l  ABCD, t hen  t h e  c e n t e r s  P, 0, and R a r e  

c o l l i n e a r ,  0 is t h e  midpoint o f  P R ,  and pR  is equa l  t o  and p a r a l l e l  t o  

one o f  t h e  d i agona l s  of each of t h e  qquares e r e c t e d  on s i d e s  CD and AB. 



F I G U R E  11 

Proof. In F igure  11 we qee t h a t  

- 1 
popR p o f A )  = p 0 p R - ' f ~ )  = po(B) = C and p p f A )  = C- 

- 1  
Now popR p  is a  counterclockwise q u a r t e r  t u r n  such t h a t  0 i s  t h e  

0 

midpoint of  t h e  segment jo in ing  R  t o  i ts cen te r .  It fol lows t h a t  P 

and t h a t  c e n t e r  co inc ide ;  t h a t  i s ,  0 i s  t h e  midpoint of  PR.  Since 

- 1 
popR ( D )  = C , t hen  R P  is equa l  and p a r a l l e l  t o  d i agona l  DE of  t h e  

f i r s t  o r i e n t a t i o n  square  on s i d e  CD, which square  is congruent t o  and 

has  s i d e s  p a r a l l e l  t o  t h e  squa res  on s i d e  A B .  

Theoxem 7a. If second o r i e n t a t i o n  squa res  a r e  e r e c t e d  on s i d e s  AD -- 
(having c e n t e r  T I  and BC ( c e n t e r  V )  o f  s q u a r i l i c  q u a d r i l a t e r a l  ABCD, 

then t h e  midpoint o f  t h e  segment of  c e n t e r s  TV is  t h e  common c e n t e r  U  

of t h e  two second o r i e n t a t i o n  squa res  e r e c t e d  on t h e  d i agona l s  AC and 

BD. Furthermore segment TV is  equa l  t o  and p a r a l l e l  t o  t h e  o t h e r  

d i agona l  (from t h a t  o f  Theorem 7 )  of  t h e  squa res  on CD and AB. 

FIGURE 12 

proof. Referr ing t o  Figurr? 12. w e  have t h a t  
- 1 - 1 

pvpu pT(D) = pvpu ( A )  = p v f C )  = B  and p u f D )  = B, 
-1 

s o  U  i s  t h e  midpoint o f  TV.. Also pvpu ( A )  = R ,  s o  TV is  equa l  t o  

and p a r a l l e l  t o  a  d i agona l  of t h e  square  of  s i d e  A B ,  t h e  o t h e r  d iagnonal  

from t h a t  of Theorem 7.  

For our f i n a l  theorem, we could  no t  r e s i s t  t h e  temptat ion of  

going a l l  ou t  and c o n s t r u c t i n g  squa res  on each of  t h e  f o u r  s i d e s  and 

on both  t h e  d i agona l s .  

T h U ~ ~ e t l i  8 .  I f  f i r s t  o r i e n t a t i o n  squa res  a r e  cons t ruc ted  on each s i d e  

and on both d i agona l s  of  s q u a r i l i c  quadr i la tera lABCD, t h e  c e n t e r s  of 



t h e s e  squa res  (when jo ined)  form a  s q u a r i l i c  q u a d r i l a t e r a l .  

FIGURE 13 

Proof. Let t h e  c e n t e r s  of  t h e  squa res  on s i d e s  AB and CD and on 

d iagona l s  AC and BC be  X, Z, W, and Y ,  and l e t  t h e  common c e n t e r  o f  

t h e  squa res  on s i d e s  BC and DA be V, a s  i n  Figure  13.  The 
- 1 - 1 

pz pW(A) = D and 
- 1 

s o  t h e  t r a n s l a t i o n s  pz pv Then WZ and XY a r e  

equa l  and pe rpend icu la r .  

The-olim Sa. The c e n t e r s  o f  t h e  squa res  e r e c t e d  bo th  ways on AB and on 

CD form ano the r  s q u a r i l i c  q u a d r i l a t e r a l  d i r e c t l y  congruent t o  ABCD and 

p a r a l l e l  t o  it. A h a l f t u r n  c a r r i e s  one t o  t h e  o t h e r .  

Proof. The l i n e  of  c e n t e r s  of  t h e  two squa res  having AB a s  a  s i d e  is  

congruent t o  AB and pe rpend icu la r  t o  it. S i m i l a r l y  f o r  t h e  l i n e  of  

c e n t e r s  of  t h e  squa res  on CD. It  fo l lows  t h a t  t h e s e  two l i n e s  a r e  t h e  

equa l  s i d e s  of  a  s q u a r i l i c  q u a d r i l a t e r a l .  

Su re ly ,  more p r o p e r t i e s  o f  t h i s  p r o l i f i c  q u a d r i l a t e r a l  can be 

found. However, it w i l l  be more i n t e r e s t i n g  t o  cons ide r  va r ious  degen- 

e r a t i o n s  of  t h e  qua.dr i la tera1.  As t o  be expected,  we w i l l  o b t a i n  

theorems about t r i a n g l e s .  

Let s q u a r i l i c  q u a d r i l a t e r a l  ABCD degenerate  s o  t h a t  angle AD;:=- 

180Â° a s  i n  Figure  14 .  

FIGURE 14 

P - l o b h  7 .  I n  r i g h t  t r i a n g l e  ABC,  r i g h t  ang le  a t  A ,  AC > A B ,  a  po in t  

D is chosen on AC s o  t h a t  AB = CD. Show t h a t  squa res  e r e c t e d  upward 

on AD and on BC have t h e  same c e n t e r .  See Figure  14. 

Proof.  The above fo l lows  d i r e c t l y  from Theorem 3. 

Using t h e  same degene ra t ion ,  we have t h e  fo l lowing:  

Ptobtem 2 .  With t h e  same h y p o t h ~ s i s  a s  i n  problem 1, show t h a t  i f  out-  -- 
ward squa res  a r e  cons t ruc ted  on AB and on DC t h e  jo in  of  t h e i r  c e n t e r s  

b i s e c t s  A D .  See Figure  15.  



FIGURE 15 

P r o o f .  The proof fo l lows  from Theorem 4. 

Other p r o p e r t i e s  o f  t h i s  r i g h t  t r i a n g l e  can be found by applying 

t h e  theorems proved be fo re .  We w i l l ,  however, proceed wi th  ano the r  degen- 

e r a t i o n .  Let t h e  s q u a r i l i c  q u a d r i l a t e r a l  ABCD degenerate  s o  t h a t  

a n g l e  BCD = 0'. Thus, p o i n t  D is  on BC and a n g l e  B = 9 0 .  

Ptob-Cem 3.  In  r i g h t  t r i a n g l e  ABC, r i g h t  ang le  a t  E ,  D i s  a  p o i n t  on BC 

such t h a t  AB = CD. Show t h a t  t h e  c e n t e r s  of  squa res  e r e c t e d  on A B ,  AD, 

and on DC, a s  i n  Figure  16 ,  a r e  v e r t i c e s  o f  an i s o s c e l e s  r i g h t  t r i a n g l e .  

P r o o f .  The above fo l lows  from Theorem 6. 

FIGURE 16 

Again, we w i l l  l e t  t h e  r e a d e r  d i scove r  o t h e r  p r o p e r t i e s  of  t h i s  

r i g h t  t r i a n g l e  by applying t h e  theorems proved here .  In s t ead ,  ano the r  

degenerat ion w i l l  be considered.  

Let t h e  s q u a r i l i c  q u a d r i l a t e r a l  ABCD degenerate  s o  t h a t  t h e  po in t  

D f a l l s  on s i d e  AB.  Here a n g l e  BDC = 90' and s i d e  AB equa l s  a l t i t u d e  CD 

of t r i a n g l e  CAB. 

Ptvbiwm 4.  In  t r i a n g l e  ABC with  a l t i t u d e  CD = A S ,  squa res  a r e  e r e c t e d  

downwardly on AC and on BD. Show t h a t  t h e s e  squa res  have t h e  same cen- 

t e r .  See Figure  1 7  

P r o o f .  The proof fo l lows  from Theorem 5 .  



FIGURE 17 

Again, we w i l l  no t  be l abor  t h e  p o i n t ,  but  we l e t  t h e  r e a d e r  d i s -  

cover  o t h e r  p r o p o e r t i e s  of t h i q  t r i a n g l e  by applying o t h e r s  of  t h e  t h e-  

orems proved here .  

F i n a l l y ,  we can degenerate  o u r  q u a d r i l a t e r a l  nega t ive ly .  That is, 

by making angle ABC = 90' + 6 and angle BCD = - 8, a s  i n  F igure  18. A l l  

t h e  p r o p e r t i e s  of  t h e  s q u a r i l i c  q u a d r i l a t e r a l  hold  f o r  t h i s  nega t ive  quad- 

r i l a t e r a l .  For example, from Theorem 7 ,  we g e t  t h e  c e n t e r s  of  squa res  

e r e c t e d  on BD, AC and AD al i -gn.  

Conctus-ion. Hence. ano the r  q u a d r i l a t e r a l  has  been added t o  t h e  rnanv 

a l r e a d y  e x i s t i n g .  Th i s  a r t i c l e  i l l u s t r a t e s  a  method of  d iscovery.  

Many high school  and c o l l e g e  s t u d e n t s  a r e  looking t o  do p r o j e c t s  i n  

mathematics. Our advice  i s :  c r e a t e  a  s imple  conf igu ra t ion ,  make 

a c c u r a t e  ske tches ,  t r y  t o  d i scove r  and then t r y  t o  prove p r o p e r t i e s  

o f  your conf igu ra t ion .  

G R A F F I T O  

In mod bCA.e.n.ceb one genvLivUon t e a m  down what anothe~~.  h a  bm-U and 
~ h a t  one h a  Â£~tabUt>hi> anothofi undo& In h!athvmafAcb alone each 1 
genmokion budd.4 a new i t ony  t o  the. o U  bt4uctuA.e.. 
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ASYMPTOTIC SOLUTION OF THE PROBLEMS 
OF ERDOS AND S I E R P I ~ S K I  CONCERNING M/N 

by 3. L. S M n n e ~  
10 PhwU.p& Road 

Paio AUo,  CA 94303 

Ab~-Â£4ant For each m  t h e  r a t i o n a l  m/n can be w r i t t e n  a s  t h e  sum 

1 /x  + l / y  + 1 / z  o f  t h r e e  u n i t  f r a c t i o n s ,  except  p o s s i b l y  f o r  a  s e t  o f  

va lues  of  n of  asymptot ic  d e n s i t y  0 .  

1. 1nfy iodudon .  For each t = 1, 2, . . . , an  i n t e r v a l  con ta in ing  1 / t  

i n  i t s  i n t e r i o r  is e x h i b i t e d  t h a t  c o n t a i n s  no r a t i o n a l  e x p r e s s i b l e  a s  

t h e  sum of  t h r e e  ( o r  s, preass igned)  u n i t  f r a c t i o n s .  Yamamoto (1964) 

proved t h e  e x i s t e n c e  of  such an i n t e r v a l .  S tewar t  and Webb (1966) 

proved t h a t  every  i n t e r v a l  c o n t a i n s  such r a t i o n a l s .  

I n  1950, Erd8s con jec tu red  t h a t  every  r a t i o n a l  4/72 ( 1  < n )  (wi th  

numerator 4 )  can be  w r i t t e n  a s  t h e  sum o f  t h r e e  u n i t  f r a c t i o n s .  S i e r -  

p i f i ski  (1956) made t h e  same c o n j e c t u r e  concerning 5/n ( 2  < n ) .  In  t h i s  

a r t i c l e  t h e  c o n j e c t u r e s  o f  Erd8s and S ie rp i f i sk i  a r e  v e r i f i e d  i n  t h e  

asymptot ic  sense :  i f  t h e r e  a r e  any excep t iona l  va lues  of  n ,  t h e y  exceed 
8 

10 and have d e n s i t y  0. 

2 .  V e . f ~ i 2 y  06 Number m/n Ex.p~te.~i.bit  cUi Z; l/xi. The r e s u l t s  o f  t h i s  

s e c t i o n  a r e  l a r g e l y  known, though n o t  s o  e x p l i c i t l y  a s  he re  o u t l i n e d .  
k  Let  S be t h e  s e t  o f  r a t i o n a l s  e x p r e s s i b l e  a s  a  sum Z, l / x c ,  

k  
1  5 x1 5 x 2  5 ... 5 x k ;  A, = Sk U {O}. 

Thus A  = { O } ,  A7 = {0,1,1/2,1/3, . .. >. It  is e a s i l y  seen t h a t  

i f  k  > 0  t h e  de r ived  s e t  (o f  l i m i t  p o i n t s )  o f  A, is A k l .  Theorem 2.01 

fo l lows  immediately.  

ThtoItem 2 . 0 7 .  For each k ,  t h e  s e t  S o f  r a t i o n a l s  e x p r e s s i b l e  a s  t h e  sum 
k  

o f  k  u n i t  f r a c t i o n s  is  nowhere dense ( i n  t h e  r e a l s  o r  i n  t h e  r a t i o n a l s ) .  

Th i s  theorem is due t o  Stewar t  and Webb (1966) who a t t r i b u t e  t h e  

argument t o  H.  J. S. Smith (1875).  

The i n t e r v a l  (23/24, 41/42)  c o n t a i n s  no r a t i o n a l  e x p r e s s i b l e  a s  

t h e  sum o f  t h r e e  u n i t  f r a c t i o n s .  The proof of  Theorem 2.02 is l e f t  t o  

t h e  r e a d e r .  

2 Themem 2 . 0 2 .  Define d  = n1 + 1, d2 = m  + m  + 1, .. . . No r a t i o n a l  1  
i n  t h e  i n t e r i o r  o f  t h e  i n t e r v a l  

(1/m - l / [md1d2. .  . d l ,  1/m) 
+. -- - 

can be  w r i t t e n  a s  t h e  sum o f  s u n i t  f r a c t i o n s .  

Addi t ional  problems a r e  given a t  t h e  end of  t h i s  a r t i c l e .  

3. The. Conjectuteb 06 E.tci%! and. ~ i e t ~ i h ~ .  In  1965 Yamamoto proved - 
t h a t  4/n  = 1 / x  + + 1 / z  has  a  s o l u t i o n  when n s S(mod 2 4 ) .  Hence 

i f  n  has  a  f a c t o r  = 5(mod 24) t h e r e  is  a l s o  a  s o l u t i o n .  The s i e v e  

method shows t h a t  t h e  doub t fu l  c a s e s  comprise a t  most I7 t=l (l - &b) 
of  t h e  i n t e g e r s .  Since t h e  i n f i n i t e  product  d ive rges  t o  0,  Erdos'  

c o n j e c t u r e  is  asympto t i ca l ly  c o r r e c t .  
8 

Yamamoto has  now v e r i f i e d  Erdos'  con jec tu re  f o r  1  < n  < 10 . 
In 1964, Stewar t  proved t h a t  5/n = 1 / x  + 1/y + 1 / z  has a  s o l u t i o n  

when n s 13fmod 1260) .  A s i m i l a r  s i e v e  shows t h a t  t h e  S i e r p i n s k i  

c o n j e c t u r e  is asympto t i ca l ly  c o r r e c t .  
9 

Stewart  v e r i f i e d  S i e r p i n s k i '  s  c o n i e c t u r e  f o r  2  < n < 10 . 

T h ~ i d m  4 . 0 1 .  I f  m  is  any f i x e d  p o s i t i v ~  i n t e g e r  and i f  n  v a r i e s  through - 
t h e  p o s i t i v e  i n t e g e r s ,  t h e  equa t ion  

has  a  s o l u t i o n  i n  p o s i t i v e  i n t e g e r s  x ,  y, z excep t  p o s s i b l y  f o r  a  s e t  

o f  va lues  of n  of  ( a sympto t i c )  d e n s i t y  0  i n  t h e  s e t  of a l l  i n t e g e r s .  

Proof.  We cons ide r  s e p a r a t e l y  t h e  r e s i d u e  c l a s s e s  n  = ml + t fmod m ) ,  

i . ~ .  t. = ?,2, .... m-1. (The case  n = ml is t r i v i a l ,  s i n c e  1 / l  = 1 / ( l + l )  

+ 1 / [ l ( z + 1 ) ]  = l / ( l + l )  + l / ( l Z + l + l )  + l / [ l ( l + l ) ( l l + l + l ) ] . )  For each 

f i x e d  value  of t ,  we s h a l l  show t h a t ,  f o r  almost a l l  va lues  of 2  

( f o r  almost a l l  n )  (4 .01)  has  a  s o l u t i o n .  

Let p > m he any prime i n  t h e  a r i t h m e t i c  p rogres s ion  

p  5 -1lmod m- t ) .  Set  I  = pu + r ,  where r is  t h e  p o s i t i v e  i n t e g e r  

(O<r<p) t h a t  s a t i s f i e s  mr + t s Ofmod p ) .  For t h i s  value  of  I ,  we f i n d  

n = m p u  + m r  + t .  We s e t x = p u  + r + 1 ,  and p + 1  = u ( m - t ) .  I f  we 
, 

choose y  = wnx/p,  z  = u n x ,  c l e a r l y  y,  z a r e  i n t e g e r s .  Also, 



1/x + 1/y + 1/z = 1/x + p/unx + l / w m  

= f l / x )  fn+rn-t)/n 

= fl/x)m(pu+mr+l)/n = m/n 

A t  t h i s  p o i n t ,  we need a  lemma. 

Lemma 4.02.  (Chandrasekharan) The number o f  primes p i n  t h e  a r i t h m e t i c  

p rogres s ion  fm-t)h - 1 fh  = j ,  j+1,. ..) is i n f i n i t e ,  and t h e  sum of  

t h e i r  r e c i p r o c a l s  d ive rges .  

Cofl.oU.0~~ 4.03. The i n f i n i t e  product  \ l ( l - l / p )  ( t aken  over  t h e  primes 

desc r ibed  i n  t h e  lemma) d ive rges  t o  0. 

We r e t u r n  t o  t h e  main argument. Number t h e  primes i n  t h e  

a r i t h m e t i c  p rogres s ion  of  t h e  lemma: p,, p2, ... . For l  = plu + r l ,  

t h e r e  is  a  s o l u t i o n  t o  (4 .01 ) ,  s o  t h a t  a t  most 1 - l / p l  of  t h e  i n t e g e r s  

n i n  t h e  r e s i d u e  c l a s s  (t mod m) remain i n  doubt.  Of t h e s e  remaining 

va lues  of  n ,  a t  most 1 - 1/p2 of them a r e  i n  doubt.  Thus i n  t h e  

r e s i d u e  c l a s s  ft  mod m) t h e  p ropor t ion  o f  doub t fu l  va lues  o f  n is  

n f l - l / p i ) .  The c o r o l l a r y  above s t a t e s  t h a t  t h i s  p ropor t ion  is 

asympto t i ca l ly  0 ,  a s  claimed i n  t h e  theorem. 

I t  seems a  hard problem t o  prove t h a t  f o r  a l l  s u f f i c i e n t l y  

l a r g e  i n t e g e r s  n ,  t h e  ErdDs c o n j e c t u r e  ( o r  its g e n e r a l i z a t i o n )  is 

t r u e .  But t h i s  con jec tu re  does seem t o  be c o r r e c t .  (The con jec tu re  

has  t o  be v e r i f i e d  on ly  f o r  prime va lues  of n . )  

5. Pi0btem&. -- 

5.01. Prove t h a t  2/3 = 1/3 + 1/3 = 1/2 + 1/6 is  t h e  l a r g e s t  r a t i o n a l  

t h a t  can be w r i t t e n  i n  two ways a s  a  sum of two Egyptian f r a c t i o n s .  

What is t h e  l a r g e s t  r a t i o n a l  m/n t h a t  can be expressed a s  1/x + 1/y and 

a l s o  a s  1/z + 1/u, with x ,  y, a, w a l l  d i f f e r e n t ?  

5.02. Note t h a t  3/7 = 1/4 + 1/7 + 1/28 = 1/3 + 1/11 + 1/231. Prove 

t h a t  1 = 1/3 + 1/3 + 1/3 = 1/2 + 1 / 4  + 1/4 is  t h e  l a r g e s t  r a t i o n a l  

t h a t  can be expressed i n  two ways a s  t h e  sum of  t h r e e  Egyptian f r a c t i o n s .  

What is t h e  l a r g e s t  r a t i o n a l  with s i m i l a r  p r o p e r t i e s ,  bu t  with a l l  

s i x  dmominators  d i f f e r e n t ?  

5.n3. Note t h a t  3/280 = 1/95 + 1/19-280 = 1/96 + 1/12-280. Find o t h e r  

r a t i o n a l s  ( i f  t h e w  a r e  any)  e x p r e s s i b l e  i n  both forms 1/x + 1 / y  = 

l / ( x + l )  + 1/z ,  a - x + 1. 

A 
5.04. Is t h e r e  a  r a t i o n a l  e x p r e s s i b l e  s imul taneously  i n  t h e  t h r e e  

forms ( K ,  0 ,  w, t > x + 2) 

1/x + 1/y + I/a = l / (x+l)  + 1/w + 1 / t  = l / (x+2) + 1/u + 1/v ? 

5.05. What is  t h e  l a r g e s t  r a t i o n a l  e x p r e s s i b l e  i n  t h r e e  d i f f e r e n t w a y s  

a s  t h e  sum of  two Egyptian f r a c t i o n s  ( a )  i f  t h e  s i x  denominators must - 
a l l  be d i f f e r e n t ?  ( b )  wi thout  t h i s  r e s t r i c t i o n ?  

5.06. Below t h e  i n t e r v a l  (23/2#, 41/42), bu t  s t i l l  i n s i d e  (0, I ) ,  what 

is  t h e  nex t  e n t i r e  ( l o n g e s t )  i n t e r v a l  J such t h a t  no r a t i o n a l  i n  J can 

be w r i t t e n  a s  t h e  sum of  t h r e e  Egyptian f r a c t i o n s ?  

5.07. What a r e  t h e  l o n g e s t ,  second l o n g e s t ,  t h i r d  l o n g e s t  s u b i n t e r v a l s  

o f  (0, 1 )  t h a t  con ta in  no po in t  e x p r e s s i b l e  a s  t h e  sum of  t h r e e  Egyptian 

f r a c t i o n s ?  

5.08. Let J1, J2, . . . be an  i n f i n i t e  s e t  o f  mutual ly  d i s j o i n t  i n t e r v a l s ,  

a l l  inc luded i n  (0, I ) ,  such t h a t  no r a t i o n a l  i n  any of  them can be 

w r i t t e n  a s  t h e  sum o f  t h r e e  Egyptian f r a c t i o n s .  Prove t h a t  t h e  l e n g t h  o f  

J approaches 0 a s  u + -. 

5.09. The same a s  5.08, bu t  w i th  " three"  r e p l a c e d  by "seven." 
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ST. JOHN'S UNIVERSITY/COLLEGE OF ST. BENEDICT 
ANNUAL P I  MU EPSILON STUDENT CONFERENCE 

March 29 and March 30, 1985 

This annual  conference i s  open t o  a l l  s t u d e n t s  and t e a c h e r s  - not only 
t o  members o f  P i  Mu Epsi lon.  The program w i l l  c o n s i s t  of s e v e r a l  
s tuden t  p r e s e n t a t i o n s  and two major addres ses  by t h e  f e a t u r e d  speaker ,  
P ro fes so r  I .  N .  Hers te in  of  t h e  Un ive r s i ty  of Chicago. P ro fes so r  
H e r s t e i n ' s  t a l k s  w i l l  be f o r  s tuden t  audiences.  

The conference provides  an  e x c e l l e n t  forum i n  which s t u d e n t s  who have 
been working on independent s tudy  o r  r e s e a r c h  p r o j e c t s  can p r e s e n t  
t h e i r  work t o  t h e i r  pee r s .  

I f  you have any ques t ions  concerning t h e  s tuden t  paper  program o r  t h e  
f r e e  on-campus housing arrangements du r ing  t h e  conference,  con tac t  
e i t h e r  P ro fes so r  Gerald E. Lenz (612-363-3193) o r  P ro fes so r  Michael D.  
Gass (612-363-3192), Department of  Mathematics, S t .  John ' s  Un ive r s i ty ,  
C o l l e g e v i l l e ,  MN 56321. 

Add i t iona l  informat ion w i l l  be a v a i l a b l e  i n  January. 

A THEOREM ON HOMOTHETIC SIMPLEXES 

by M. s. K h h  
Uwiums-ity of, ALbeAta. 

In  a r e c e n t  n o t e  i n  t h i s  Jou rna l  (7(1983)518-522) E i sens t e in  

e s t a b l i s h e d  t h e  fo l lowing theorem i n  t h r e e  d i f f e r e n t  ways: 

Theohem: Let  AABC be any t r i a n g l e .  

Let  0 = ( p , q )  be an i n t e r i o r  p o i n t  o f  AABC. 

Let K be t h e  p o i n t  of  i n t e r s e c t i o n  o f  t h e  medians of M O B .  

Let L be t h e  p o i n t  of i n t e r s e c t i o n  o f  t h e  medians of  ABOC. 

Let M be t h e  po in t  of  i n t e r s e c t i o n  of  t h e  medians of  A/IoC. 

Then ALNK is s i m i l a r  t o  A/IBC, t h e  r a t i o  o f  a s i d e  of  ALVK t o  t h e  

corresponding s i d e  of AABC is 1 /3 ,  and t h e  corresponding s i d e s  a r e  

p a r a l l e l .  

Using v e c t o r s ,  one can o b t a i n  a s imple r  proof which g e n e r a l i z e s  

e a s i l y  t o  simplexes.  

+ -+ * -3- + + + 
I f  A, B ,  C, 0, K, L, M denote  v e c t o r s  t o  t h e  corresponding 

* * * * + + + + + * * *  
p o i n t s ,  t h e n  immediately 3K = A + B + 0 ,  3L = B + C + 0 ,  3rd = C + A + 0. 

+ +  + - > Â  

Since K - M = ( B  - 0 / 3 ,  e t c . ,  it fo l lows  t h a t  ALMK is homothetic ( i n -  

v e r s e l y )  t o  AABC with r a t i o  of s i m i l i t u d e  1 /3 .  The po in t  0 need no t  l i e  

i n  t h e  i n t e r i o r  of AABC; i n  f a c t ,  it need no t  even be i n  t h e  p l ane  of 

AABC. Addi t iona l ly ,  we can e a s i l y  f i n d  t h e  c e n t e r  of  homothecy H of t h e  

two t r i a n g l e s .  I t  i s  t h e  po in t  of concurrency of  t h e  l i n e s  AL, BAI and 

CK. Thus 

-+ * + 
whew \ if an a p p r o p r i a t e  cons tan t .  S ince  H must be symmetric i n  A ,  B 

+ 
and C ,  1 - A = \ / 3  o r  1 = 3 / 4 ,  g i v i n g  

* ->-> + + 
4 H = A + B + C + 0 .  

For simplexes i n  E ,  l e t  t h e  v e r t i c e s  be A n ,  A T  . . . , A and l e t  P be a h  

a r b i t r a r y  p o i n t ,  not  n e c e s s a r i l y  i n  8. Then t h e  simplex whose v e r t i c e s  

a r e  t h e  n + 1 c e n t r o i d s  o f  t h e  n + 1 simplexes determined by each f a c e  of  



t h e  g iven simplex and P is  homothetic t o  t h e  g iven simplex wi th  r a t i o  o f  

s i m i l i t u d e  l / f n + l ) .  L e t t i n g  Ci, i = 0, 1, 2,  ... , n ,  denote  t h e  ve r-  

t i c e s  o f  t h e  de r ived  simplex, it fo l lows  t h a t  

+ + - +  -+ 
Ci = f S  - Ai + P ) / C n + l )  

+ +  -+ + 
where S = A  + A  + ... + A  1 n '  

The r e s t  fo l lows  from 

-+ -+ -Ã  ̂ -+ 
Ci - Cj = ( A j  - A i ) / f n + l ) .  

Th i s  example is a  good i l l u s t r a t i o n  t h a t  one should  always be on 

t h e  lookout  f o r  an a p p r o p r i a t e  r e p r e s e n t a t i o n .  Here, t h e  v e c t o r i a l  rep-  

r e s e n t a t i o n  was most a p p r o p r i a t e .  

The dAcwh.ng above, po.ied OLA a kebo4, one of, b e u e W  uh ich  deLig1ite.d 
membeu oi< t h e  Ho/ith C e n a a l  Sec-tion o{\ t h e  UathematicaL Abboc.LixAt.on 
of, Ammica at -ctA Fa&? U ie t tngb  cut Mookhead S t a t e  Uniueu^Lty i n  Mom- 
head, MN. A m  you ab le  t o  ~ u p p t y  the. capt ton? Deciphek the.  haboi? 
The duwiing above and that on page 32 ahe t h e  wonk of, Thoma~ J .  Reinan, 
a henion mathcmat iu  majoh at Moohhead S ta te .  

Fok coVlt/U.birfoftlb capAc.on, bee page 39 .  

ARCTAN 1 t ARCTAN 2 + ARCTAN 3 = H 

by Leon Bunko^ 
Lob A n g c i u ,  CaJLL(S0hfbia. 

The F a l l  1983 i s s u e  o f  t h e  P i  Mu Eps i lon  J o u d  (page 592)" 

con ta ins  a  simple t r igonomet r i c  proof t h a t  

a r c t a n  1 + a r c t a n  2 + a r c t a n  3 = I T .  

An a l t e r n a t e  proof based on e lementary  Euclidean geometry i s  o f f e r e d  

he re .  
G 

In  t h e  f i g u r e ,  F  i s  t h e  midpoint of  t h e  s i d e  BC of  squa re  ABCD. 

Tr i ang le  GAD, congruent t o  t r i a n g l e  FCD, is  desc r ibed  e x t e r n a l l y  on s i d e  

AD, a s  shown. I t  is e a s i l y  seen t h a t  GFD is an i s o s c e l e s  r i g h t  t r i a n g l e .  

Then a n g l e  GFB = a r c t a n  3 ,  ang le  GFD = a r e t a n  1, and ang le  DFC = 

a r c t a n  2 ,  wi th  t h e  r e s u l t  t h a t  t h e  sum of  t h e  a r c t a n g e n t s  is equal  t o  IT. 

E d i t o r ' s  - D r .  Leon Bankoff was Problem E d i t o r  of  t h e  P i  Mu Epsi lon 

J o u r n a l  from F a l l  1968 through F a l l  1981. In h i s  a r t i c l e  " Ref l ec t ions  of  

a  Problem Ed i to r ,"  which appeared i n  t h e  F a l l  1975 i s s u e  o f  t h i s  j ou rna l ,  

D r .  Bankoff c i t e 5  d e s i r a b l ~  q u a l i t i e s  of a  s o l u t i o n  t o  a  problem. His 

ABCD1s o f  Elegance a r e  A f o r  Accuracy, B f o r  Brev i ty ,  C f o r  C l a r i t y  and 

D f o r  Display o f  I n s i g h t ,  Ingenui ty  o r  Imagination. D r .  Bankoff ' s  so lu-  

t i o n  which appears  above is an e x c e l l e n t  example o f  how t o  meet t h e s e  

c r i t e r i a .  



ANOTHER REBUS BY REINAN 

F O A  cont'u.bu.ton.'a caytion, &e.e. paw 39 .  

Awmd Ceht i$ ica tu  

 you^ Chapte.4 can make. me. of, the. P i  Aiu Ephaon Awmd C w t m . c a t u ,  avai l -  
able. t o  help you 4e.cogn.ize mathe.mati.cat aclu.e.vme.& of\ you4 hitu.de.&. 

Hatching P.'u.ze. Fund 

I 6  youk Chapte.4 p4MC.ntA mm& 604 OutAtanding h4athemdcd P a p m  04 
604 Stu.de.nt Aclu.e.veme.nt i n  ttathnmatic^, you mag apply t o  the. Hationat 
06f,'ic.e. ((04 an amount e q u d  t o  that .spent by yo& Chapter up t o  a maximum 
06 f,i{\tq do t tam .  

A hupply 0 6  10" by 14" F4atctVUJtq C4u.t.4 me. avaiiabte.  One. -in each 
coton. combination wWi be. h e ~ t t  &e.e t o  each Chapten. upon 4e.quu-t. 
Add^ttono-C p o & t e . ~  m e  avaU.abie. a t  the. (ioiloiM.ng 4ate.h 

( 1 )  Pmpte on GoUe.iviod Stock . . . . . . . . $1.50/doze.n 

( 2 1  Putpte on Lave~~dvi  onGot'nntod . .  $2.00/dvze.n. 

PUZZLE SECTION 

The PUZZLE SECTION i s  for the enjoyment of those readers who are 
addicted t o  working doublecrostics or uho find an occasional mathematical 
puzzle a t t rac t ive .  We consider mathematical puzzles t o  be problems whose 
solut ions consist  of answers immediately recognizable as correct by simple 
observation and requiring l i t t l e  formal proof. Material submitted and not 
used here w i l l  be sen t  t o  the Problem Editor i f  deemed appropriate for the 
PROBLEM DEPARTMENT. 

Address a l l  proposed puzzles and puzzle solut ions t o  Prof. Joseph 
D.  E. Konhauser, Mathematics and Computer Science Department, Macalester 
College, S t .  Pau 2, Minnesota 551 05. Deadlines for puzzles appearing i n  
the Fall Issue w i l l  be the next  February 1 5 ,  and for puzzles appearing i n  
the Spring Issue will be the nex t  September 15. 

Mathacrostic No. 19 

Pfiopoie.d by Joheph V.  E .  Konhamvi 

Hacatu tu t  CoU-age., S t .  P d ,  Minnuota 

The puzzle  on t h e  fo l lowing  two pages is a keyed anagram. The 

219 l e t t e r s  t o  be e n t e r e d  i n  t h e  diagram i n  t h e  numbered spaces  w i l l  be 

i d e n t i c a l  w i th  those  i n  t h e  25 keyed ~ o 4 &  a t  t h e  matching numbers. The 

key numbers have been e n t e r e d  i n  t h e  diagram t o  a s s i s t  i n  c o n s t r u c t i n g  

t h e  s o l u t i o n .  When completed, t h e  i n i t i a l  l e t t e r s  o f  t h e  ~ o 4 &  w i l l  g i v e  

t h e  name of  an  a u t h o r  and t h e  t i t l e  o f  a book; t h e  completed diagram w i l l  

+ be a quo ta t ion  from t h a t  book. For an example, s e e  t h e  s o l u t i o n  t o  t h e  

l a s t  ma thac ros t i c  i n  t h e  SOLUTIONS p a r t  of  t h i s  s e c t i o n .  

Send 4equebtA and ofidem t o  V i .  RichaAd A. Good, Se.ctetaiq-T>ie.afiuke~., 
Vepmtrnent o f ,  Uathematia,  Uiuveu,.itq of, A1mqland, CoUe.ge Pmk, WO 20742 



D E F I N I T I O N S  WORDS 

A. z y q a l  (comp.) - - - - - - - 
113 196 160 38 136 92 1 0  

8 .  a  p a t t e r n  whose r e g u l a r  r e p e t i t i o n  
f i l l s  t h e  p l a n e  8 1  24 194 122 72 57 1 2  216 

C. o n e  a l t e r n a t i v e  t o  n o t h i n g  

c I D . "  p r o v i d e s  a  f i e n d i s h l y  
f e r t i l e  f i e l d  f o r  famous f r u i t l e s s  151 log 4 5 76 87 1 147 54 63 121 

I f o l l i e s . "  
F r a n k  H a r a r y  " 

The Four  C o l o r  Problem ... - 
( 2  wds.)  

E. t h e  i m a g i n a t i v e  p r o j e c t i o n  of a  
s u b j e c t i v e  s t a t e  i n t o  a n  o b i e c t s o  45 29 65 162 155 80  124 
t h a t  t h e  o b l e c t  a p p e a r s  t o  be 
i n f u s e d  w i t h  it 

F. c a t c h w o r d ;  s l o g a n ;  p 1 a t i t u d e ; t r u i s m  
211 168 128 20 109 172 102 161 64 33 

G .  where  E r n e s t  Lawrence T h a y e r ' s  
h e r o  s t o o d  ( 3  wds.) 34 133 182 9 1  28 173 46 1 9 1  

H. C h u r c h ' s  e l e g a n t  and p o w e r f u l  
symbolism f o r  m a t h e m a t i c a l  proc-  50 177 198 26 5 114 139 206 39 9 7  821 
e s s e s  o f  a b s t r a c t i o n  and g e n e r a l i -  
z a t i o n  (comp. ) -- 

1 0 1  79 

I t h e  c u l m i n a t i o n  o r  h i g h e s t  d e v e l o p-  
ment o f  a  t h i n g  70 199 1 6  84 48 130 156 98 ;9 116 

J. a  s o c i a l l y  i n e p t ,  f o o l i s h  o r  ---- 
i n e f f e c t u a l  p e r s o n  ( s l a n g )  153 204 137 179 

K. a  f a c t o r y  f o r  t h e  p r o d u c t i o n  of  
o p e r a  I2 wds.)  53  42 288 202 129 

L. C a 3 C r 2 ( S i 0 4 ) 3 ;  a n  emera ld- green  

calcium-chromium q a r n e t  1 1 5  18  149 66 134 214 126 208 1 5 9  

M. c o n t r o l l e r  o f  c u r r e n t  e v e n t s  - - - - - - - - 
1 7 1  1 4 8  107 138 1 5  47 215 117 

N. a l l  t h i n g s  c o n s i d e r e d  ------ 
217 207 1 4 1  7 3  118 36 

0.  a n  i n s t r u m e n t  f o r  d e t e r m i n i n g  t h e  
c o n c e n t r a t i o n  o r  p a r t i c l e  s i z e  o f  83 105 23 3  144 60 209 93 1 7 5  188 75  69 
s u s p e n s i o n s  by means o f  t r a n s m i t -  
t e d  o r  r e f l e c t e d  l i g h t  

P. s a i d  of  a  c u t  which d i v i d e s  a  l i n e  
segment i n  "ext reme and mean r a t i o "  68 1 6 5  200 32 1 8 5  104 

Q. peg and  d i s k  p u z z l e  b r o u g h t  o u t  i n  -- - - - - - - - - - -- - 
1883 by Edouard L u c a s  ( 3  wds.1 183 152 189 1 9 5  163 218 1 3 5  158 94 3 1  7 197 

R. w i t c h e s '  broom ---------- 
1.92 37 112 22 14 61  212 180 132 127 

S. i n  r e l a t i v i t y ,  a n  o c c u r r e n c e  a t  
b o t h  a  s p e c i f i c  t i m e  and a  169 106 43 9  90 
s p e c i f i c  p l a c e  

A 

\ T.  t h e  c a r d  p l a y e r  who f i r s t  r e c e i v e s  
t h e  c a r d s  i n  a  d e a l  ( 2  wds.)  I l l  203 3 5  154 145 40 8 5  1 1 1 7 8  44 1 U. t h e  upside- down b i r d  - - - - - - - - 

123 142 41  146 89 55 99 74 

V .  i n  A S t u d y  i n  S c a r l e t ,  Watson t o  
Holmes o n  a n  a r t i c l e  by Holmes o n  190 219 110 166 6  30 120 174 62 95 82 1 9  
o b s e r v a t i o n  and  d e d u c t i o n ,  "What 

! I n e v e r  r e a d  s u c h  r u b b i s h  ---- 
i n  my l i f e . "  ( 2  wds . )  103 150 184 201 

W .  on _____ and _____ , D'Arcy - - - - - - - -- - 
Thompson's work o n  t h e  r e l a t i o n  o f  205 143 67 52 167 58 1 2 5  25 213 176 
p h y s i c a l  and b i o l o g i c a l  p r i n c i p l e s  
t o m a t h e m a t i c a l  laws  ( 2  wds.)  

X .  Archimedes '  work i n  which  h e  ------ 
r e v e a l s  h i s  modus operand! 7 1  1 8 1  157 56 193 78 

Y .  t o  t h e  d e v i l  a s  t h e  a t h e i s t  i s  t o  
God 86 119 187 77 210 5 1  17  96 1 3 1  164 



SOLUTIONS 

Mathachobtic K O .  1 8 .  (See Spr ing 1984 I s s u e )  {Phopobed by Jobeph V .  E .  

Konhawh, hiacatebte.l CoU.e.ge, S t .  P a d ,  M-inne~ota) 

Words : - 
Automata 
Gordian Knot 
Archimedean 
Rota tory  
Dudeney 
Inc iden t  With 
Neat 
Ergodic 
Refu ta t ion  

I n  a Nu t she l l  
Nicholas Cusa 
F inesse  
Icosahedron 
Neutra l  
Induc t ive  
Threshold 
Enthymeme 
Pouse t t e  

Roset ta  Stone 
Ova 1 
Cybernet ics  
Ensconced 
Sunflower 
S l u f f  and Ruff 
Escalade 
Snowball 

F i r s t  L e t t e r s :  A GARDINER INFINITE PROCESSES 

Quotation: The -idea p ' l ~ e n t e d  iwie  not a& Cauchy'b own, b u t  he. -- 
bele.cte.d ~ ~ M a i n  f,undamentat and c a ~ i f i u t i y  f,oiunuloJLed i d e a  h c h  a 
the. notions o f ,  Â¥f-un-c.t conve.fiae.nce and conti.nuJity -in an intehucut.), and 

ubed thebe. t o  conbth.uct t h e  f,hammotk {.oh anatqbib on the. b a ~ i  

fu-gohovi~i deduction atone. 

Sohed  by: Jeane t te  B i c k l e y ,  Webster Groves High School,  MO; 

Feser, Mary Col lege ,  Bismarck, ND; Rober t  Forsberg,  Lexington, 

Rober t  C. Gebhardt, County Col lege  o f  Morr is ,  Randolph, N J ;  A1 

04  

V i c t o r  G. 

MA ; 

an G i l -  

ber tson,  Wheaton, MD; Dr. Theodor Kaufman, Nassau Hosp i t a l ,  Mineola, NY; 

Henry S. Lieberman, John Hancock Mutual L i f e  Insurance Co., Boston, MA; 

Donald C. P f a f f ,  Unive r s i ty  of  Nevada-Reno, NV; Rober t  P r i e l i p p ,  The 

Unive r s i ty  of  Wisconsin-Oshkosh, W I ;  Stephanie Sloyan, Georgian Court 

Col lege ,  Lakewood, N J .  

Puzzle Edito'l'h Note: I n  t h e  d e f i n i t i o n  of  word E . ,  t h e  proposer  used 

t h e  d a t e s  (1847-1930) which appear i n  t h e  ded ica t ion  t o  Dudeney i n  t h e  

Dover r e p r i n t  of  h i s  Amusements in Mathematics. Bob P r i e l i p p  po in ted  

ou t  t h a t  t h e  d a t e s  (1857-1931) a r e  g iven i n  Eves' An Introduction to the 

History of Mathematics, Fifth Edition. According t o  Scripta Mathematics, 

Volume 1, (1931) ,  Henry Dudeney was born on A p r i l  1 0 ,  1857, and d i e d  on 

Apr i l  24, 1930. May he r e s t  i n  peace.  

COMMENTS ON PUZZLES 1 - 7, SPRING 1984 

Five r e a d e r s  responded t o  Puzzle. Three-space can be 

sepa ra t ed  i n t o  s i x t e e n  p a r t s  by p l a c i n g  a sphere  wi th  i t s  c e n t e r  a t  - 
t h e  c e n t e r  o f  a cube and such t h a t  t h e  sphere  is t angen t  t o  a l l  s i x t e e n  

edges o f  t h e  cube. Responses were r ece ived  from t e n  r e a d e r s  f o r  Puzzle 

#2. Samples inc lude  1 /2  + 3845/7690 = 1 from A l l a n  G i l b e r t s o n ,  13/26 + 
485/970 = 16/32 + 485/970 = 31/62 + 485/970 = 1 from V i c t o r  G. Feser  and 

Emil  S low insk i ,  38/76 + 451/902 = 1 from Henry Rosche 111, 45/90 + 
138/276 = 1 from Edward Aboufadel ,  48/96 + 135/270 = 1 from Marc J. Coch- 

ran. The examples, 57/92 + 140/368 = 1 and 96/102 + 34/578 = 1, i n  which 

t h e  f r a c t i o n s  a r e  n o t  both  e q u a l  t o  one- half ,  were submit ted  by John H. 

S c o t t  and Paul Barnard,  r e s p e c t i v e l y .  Four examples of  t h e  fo l lowing  type  

were s e n t  by Rober t  P r i e l i p p :  ( 4  + 5 ) / ( 1  + 8 + 9 )  + ( 0  + 6 ) / ( 2  + 3 + 7) .  

For Puzz& u 3 ,  P r i e l i p p  submit ted  

3 3 
(k + l I 3  + (2k + 7 )  - (k  + 5 ) 3  - (2k + 6 )  = 3(2k + l ) ,  

which has  ze ro  summands f o r  k = - 5,  -3 and -1. A r e p r e s e n t a t i o n  f o r  

3(2k + 1 )  which avoids  ze ro  summands f o r  t h e s e  va lues  o f  k is  

Of cour se ,  t h e  second r e p r e s e n t a t i o n  has  z e r o  summands f o r  k = 0, 2 

and 4 ,  bu t  t o g e t h e r  t h e  two r e p r e s e n t a t i o n s  provide  a s o l u t i o n .  Is t h e r e  

a s i n g l e  r e p r e s e n t a t i o n  which s o l v e s  t h e  problem? Among r e f e r e n c e s  s e n t  

by P r i e l  i p p  is a paper  by Schinze l  and S i e r p i n s k i  e n t i t l e d  Sur tea sonmes 

de quatre cubes which appeared i n  Acta Arith., 4 (1958),  20-30. Four 

r e a d e r s  responded t o  Puzzle # 4 .  Using j u s t  two c o l o r s ,  t h e  edges o f  a 

r e g u l a r  t e t r ahedron  can be co lo red  i n  twelve d i s t i n g u i s h a b l e  ways. S i x  

of  t h e  c o l o r i n g s  a r e  shown below. The o t h e r  s i x  can be ob ta ined  by 

swi t ch ing  c o l o r s .  



A l l  e leven responders  t o  Puzz-&& #S determined t h a t  t h e  l i g h t  s i g n a l  was 

on f o r  seven minutes and then  o f f  f o r  seven minutes and concluded t h a t  

at 2:00 P.M. t h e  l i g h t  s i g n a l  would be o f f .  I n  a g e n t l e  j i b e  a t  t h e  

p r o p o s e r ' s  wording o f  t h e  puzz le ,  Robert C.  Gebhardt wrote "My s t u d e n t s  

would answer 'Yes'.11 The proposer  found t h e  puzz le  i n  an  NCTM publ ica-  

t i o n ,  Mathematical Challenges, compiled and anno ta t ed  by Mannis Charosh. 

Only John H. Scot t  supp l i ed  an  answer t o  Puzzle. # 6 .  He produced a s e t  

o f  twelve p o i n t s  a r r anged  s o  t h a t  t h r e e  c o l o r s  a r e  n o t  s u f f i c i e n t  f o r  

c o l o r i n g  a l l  t h e  p o i n t s  o f  t h e  p l ane  s o  t h a t  no two p o i n t s  spaced one 

u n i t  a p a r t  a r e  co lo red  a l i k e .  A s imple r  example, shown below, us ing  

j u s t  seven p o i n t s ,  was given by Leo and W i l l y  Moser i n  t h e  Canadian 

Mathematical Bu l l e t i n ,  Vol. 4 ,  No. 2 (1961) i n  t h e  s o l e  response  t o  a 

problem which they  had proposed. They proved t h a t  every  s e t  o f  s i x  p o i n t s  

i n  t h e  p l ane  can be c o l o r e d  i n  t h r e e  c o l o r s  i n  such a way t h a t  no two 

p o i n t s  u n i t  d i s t a n c e  a p a r t  have t h e  same c o l o r  and t h a t  s i x  cannot be 

r e p l a c e d  by seven. 

L i s t  o f  s o l v e r s :  Edward Aboufadel 

Marc J. Cochran (2, 7), Mark Evans 

(2, 5), Paul Barnard ( 1 ,  2,  5, 7), 

(5, 7), V i c t o r  G. Feser (1, 2, 4, 

5, 7), Robert C. Gebhardt (5, 7), A l l a n  G i lbe r tson  (2, 7), John M. 

Howell (1, 5), Ralph King (5), Br ian  Kopacz (7), Glen E. M i l l s  (2, 4, 

5, 71, Thomas M i t c h e l l  (71, Robert P r i e l i p p  (2, 3. 7). Henry Rosche "111 

( I ,  2, 5, 7). John H. Scot t  (1. 2, 4, 5, 6. 7). and Emil ~ l o w i r i s k i  

1 ,  2, 4, 5). 

PUZZLES FOR SOLUTION 

1. Pkopo^e.d by John A!. Howel l ,  LÂ¥CU.lehock CaUdoknia.. 

a. Using f o u r  c o l o r s ,  i n  how many d i s t i n g u i s h a b l e  ways can one 

c o l o r  t h e  edges of  a square  i f  p i e c e s  a r e  n o t  pe rmi t t ed  t o  be tu rned  

over? 

b. By matching edges ,  form t h e  squa res  i n t o  a r e c t a n y l e .  

c .  Omitting t h e  squa res  with f o u r  d i f f e r e n t  c o l o r s ,  assemble 

t h e  remaining ones i n t o  a square .  

A l l  twelve  respondents  t o  PUZZ& #7 supp l i ed  t h e  c o r r e c t  answer - stamp 

denominations o f  1, 4,  7 and 8. Puzzle **7 is  a ve ry  s p e c i a l  ca se  of a 

more g e n e r a l ,  and r a t h e r  d i f f i c u l t ,  problem: Given n and m, determine 

a s e t  of  n denominations such t h a t  sums o f  m ( o r  f ewer )  of  t h e s e  denom- 

i n a t i o n s  can produce t h e  consecu t ive  i n t e g e r s  1, 2 ,  ... , K, where K is 

a s  l a r g e  a s  p o s s i b l e .  In  Puzzle # 7  n = 4 ,  m = 3 and K = 24. An e a r l y  

r e f e r e n c e  f o r  t h e  postage  stamp problem i s  R. P .  Sprag~e 'S  Unterhaltsume 

Mathemati.k, pub l i shed  by Braunschweig i n  1960. An Engl ish  t r a n s l a t i o n  by 

T. H. O'Bierne (1963)  was pub l i shed  by Blackie  and is  now a v a i l a b l e  from 

Dover. The book c o n t a i n s  s e v e r a l  very  n i c e  problems. 

2. P-topo-sed by J. P .  E.  Konhai~eh, hfacatestet CoUege, S t .  P a d ,  

Minnesota.. 

It  is n o t  t r u e  t h a t  3957 = 2648. Without us ing  any mathematical 

symbols, r e p o s i t i o n  t h e  e i g h t  d i g i t s  t o  form a t r u e  s t a t emen t .  The odd 

numbers must remain t o  t h e  l e f t  o f  t h e  equa l s  s i g n  and t h e  even t o  t h e  

r i g h t .  

3 .  Pkopo-sed by J .  P .  E. Konhan&ek, A ~ u c ~ ~ A ~ ~ A  CoUe.ge, S t .  P a n t ,  
AUnnes ota 

The t r i o  o f  p o s i t i v e  i n t e g e r s  { 5 ,  20, 441 has  t h e  p rope r ty  t h a t  

t h e  sum of  any two of  its members is  a p e r f e c t  square .  Can you f i n d  a 

s e t  of  f o u r  d i s t i n c t  p o s i t i v e  i n t e g e r s  such t h a t  t h e  sum of  any t h r e e  

i s  a p e r f e c t  square?  



4 .  Pkopo~ed by J .  0 .  E .  Konhaubm., Maco^eA.teA CoUege, St. P o u t ,  
WLnnuota. 

In  a  c e r t a i n  mathematical system t h e  e lements  a ,  b  and c  s a t i s f y  

t h e  r e l a t i o n s  

aba = a ,  bab = b ,  a b  = ba and a c  = ca .  

Using only  s u b s t i t u t i o n  and a s s o c i a t i v i t y ,  show t h a t  bc  = cb. 

5 .  P~.opo.~ed by J .  0 .  E .  Konhaubm., Maco^&AteA CoUege, S t .  P a n t ,  
Hinnuota.. 

I f  t h e  numbers 1 through 6  a r e  ar ranged i n  a  " ring" a s  shown 

below then  t h e  s i x  sums obta ined by adding neighbors  a r e  primes.  

What is t h e  l a r g e s t  i n t e g e r  N f o r  which you a r e  a b l e  t o  a r r ange  t h e  

numbers 1 through N i n  a  " r ing"  wi th  t h e  same p rope r ty?  

6. Pkopobed by 3.  V .  E .  Konhaubefi, Macale&te'i CoUege, St. P o u t ,  
M-cnn a ota.. 

Does t h e r e  e x i s t  a  s e t  S c o n s i s t i n g  o f  s i x  p o s i t i v e  i n t e g e r s ,  

none exceeding 24 ,  such t h a t  t h e  numbers i n  t h e  63 non-t-mpty s u b s e t s  

of S have sums which a r e  d i f f e r e n t  from one ano the r?  

7 .  Pkopobed by J .  V .  E .  Konhaube'i, M a c d u t e ' i  CoUe.ge, S t .  P a d ,  
Minnu o h .  

A p o s i t i v e  i n t e g e r  N >  1 i s  s a i d  t o  be a  balanced number i f  t h e  

number of  primes between 1 and N is  e q u a l  t o  t h e  number o f  composites 

between 1 and N .  For example, 1 0  is  a  balanced number. Is t h e r e  a  

l a r g e s t  balanced number? I f  s o ,  f i n d  it. 

GRAFFITO 
Pkoblemli w o r n  of, &ack ptove thin. wovth by W n g  back. 
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PROBLEM DEPARTMENT 

E(Lited by Clayton W. Dodge 
UvuMmJULy o f ,  Maine 

This department welcomes problems believed t o  be new and a t  a 

level  appropriate for the readers of t h i s  journal. Old problems 

displaying novel and elegant methods of solution are a lso  invited.  

Proposals should be accompanied by solutions i f  available and by any 

information that  w i l l  a s s i s t  the edi tor .  An asterisk f*) preceding a 

problem number i-ndicates that  the proposer did not submit a solution. 

A l l  communications should be addressed t o  C.  W. Dodge, Math. 

Dept., University of Maine, Orono, ME 04469. Please submit each 

proposal and solution preferably typed or clearly writ ten on a separate 

sheet (one side only) properly ident i f ied  with name and address. 

Solutions t o  problems i n  t h i s  issue should be mailed by July 1, 1985. 

Corrections 

558. [   all 19831 Ptopo~ed by R-cchmd I .  H u h ,  P ~ O A  Vn f ide~ ,  

C a ~ o l . i w i .  

Let ABCD be- a  q u a d r i l a t e r a l .  Let each of  t h e  s i d e s  AB, BC, CD, 

DA be t h e  d i agona l  o f  a  square .  Let E, F ,  G, H be those  v e r t i c e s  o f  

t h e  squa res  t h a t  l i e  o u t s i d e  t h e  q u a d r i l a t e r a l .  That is, EAB, FBC, 

GCD, and HDA a r e  d i r e c t l y  s i m i l a r  i s o s c e l e s  r i g h t  t r i a n g l e s  wi th  apexes 

E, F, G ,  H .  Prove t h a t  EG and FH a r e  perpendicular .  See t h e  f i g u r e  

below. (The c o r r e c t i o n  is  t h a t  t h e  t r i a n g l e s  a r e  s i m i l a r  - Ed.) 



Cor rec t ion  t o  a n  e d i t o r i a l  note .  I n  t h e  Spring 1984 i s s u e  

fol lowing So lu t ion  11 f o r  problem 518(page675)  we remarked t h a t  

Michael Ecker i s  Problem E d i t o r  f o r  PopuZar Cornput*. He is a c t u a l l y  

a  c o n t r i b u t i n g  e d i t o r / c o l u m i s t  f o r  Popular Computing and a l s o  f o r  

By te .  He is  Problem E d i t o r  f o r  t h e  AMAT7C Review. 

Problems for Solution 

574. P-iopo~ed by S. E .  Duce~ ,  Rogue B l u a ~ ,  Muine. 

Although t h e r e  a r e  many s o l u t i o n s  t o  t h i s  un fo r tuna te  base  8  

a l p h a m e t r i c , t h e r e  is only one prime MOOD. Find t h a t  MOOD. 

NOT 

I N  

T H E  - 
MOOD 

575. P-iopo~ed by C h d u  U .  T'u.gg, San Diego, CatidoWiia. 

The sum o f  t h e  d i g i t s  of a  two- digi t  i n t e g e r  N is S and t h e  

product of  t h e  d i g i t s  i s  P. One of  t h e  d i f f e r e n c e s  N - S and N - P 

i s  a  square  and t h e  o t h e r  is  a  cube. Find N and show it t o  be unique,  

576. P-iopo~ed by David lnq, Renb6eto.e~ Pokjtechnic I ~ ~ t i t u J L e ,  

T m y ,  Nw Yo-ik. 

Prove t h e  fo l lowing  f o r  a l l  n a t u r a l  numbers n;  

( a )  < ) + ~ i ' j + ~ i i i + .  . . + n ( > = z n - I n ,  

2 n  2 n  2 n  2 n  n-2 
1 ( )  + 2 ( ^ )  + 3  ( )  + .  . . + n  f )  = 2  n ( n + 1 1 ,  n 

3 n  3 n  3 n  n-3 2 
I + 2 c2) + 3 (2  + .  . . + n 3 f n )  = 2 n ( n +  3 ) .  n 

" ~ ( b )  f o r  each p o s i t i v e  i n t e g e r  p t h e r e  e x i s t s  a  polynomial q(n )  

o f  degree  p t h a t :  

( i )  + z P ~ " )  + 3 p f " )  + . . . + n p f " )  = S^Pq(n),  

( i i )  q ( n )  has  i n t e g r a l  c o e f f i c i e n t s  and l ead ing  c o e f f i c i e n t  1, 

( i i i )  when p > 1 i s  odd, t h e n  q(n )  is d i v i s i b l e  by n2; 

( i v )  when p > 2 is  even, t hen  q(n )  is d i v i s i b l e  by n(n  + 1) .  

*577. P-iopo~ed by David E .  Penney, The Un^ve/i^-LA/ 06 Geo-igia, 

AtheizA . 
I n  t h e  3 x 3 ~ 3  c u b i c a l  a r r a y  below, t h e  sum of t h e  e i g h t  d i b i t s  

i n  each of  t h e  e i g h t  2x2~2 corne r  cubes  is a  f i x e d  r a t i o n a l  m u l t i p l e  

(100/13) o f  t h e  i n t e g e r  i n  t h e  c e n t e r .  Does t h e r e  e x i s t  such an  a r r a y  

of  t h e  i n t e g e r s  from 1 t o  27 i n  which t h e  e i g h t  co rne r  sums a r e  t h e  

same integral  m u l t i p l e  o f  t h e  i n t e g e r  i n  t h e  c e n t e r ?  [See Problem 504 

(Fa1 1 1981 ) f o r  a  s i m i l a r  two-dimensional problem]. - 
Top : Center  : Bottom: .- 

24 12 27 2 19 1 25 11 26 

10 3 7 17 13 18 9 4 8  

20 15 23 6 16 5  21 14 22 

578. P-iopohed by Emmanuet 0 .  C .  I m o W e ,  Nolithwu-t bk540LUi.i 

S ta te  U n h e u ^ t y ,  Ma~qvi.Ue. 

Given t h a t  x and y have oppos i t e  s i g n s ,  so lve  t h e  s imul taneous  

equa t ions  

x + y + xy = - 5 and x2 + y 2  + x2y2 = 49 

579. PfLopobed by R. S .  Lmthat, Um.ve/i^JuLy of, WÂ¥L&coiz~ Cente.t, 

Janu  v U e  . 
Prove t h a t  f o r  any p o s i t i v e  i n t e g e r  n, 

3n 
4n(n!)3 < ( n +  1 )  . 

580. Pmpoie.d by Bob P'u-eUpp, Un^vmJuLy 06 W.Uiconkin-hhkobh. 

Let  a, b, and e be t h e  l e n g t h s  of  t h e  s i d e s  o f  a  t r i a n g l e  and 

l e t  s be i t s  semiper imeter .  Prove t h a t  

b ( a / ~ ) ~ f b / ~ ) ~ ( c / 2 ) '  2 f s  - aIa(s  - b )  ( s  - of. 
581. P-iopo~ed by Sta.ntey Rabinoiaitz, Dig^Ltal Equipment Co-ip., 

Nashua, New Hmp<sfctAe. 

I f  a t r i a n g l e  s i m i l a r  t o  a  3-4-5 r i g h t  t r i a n g l e  has  i ts v e r t i c e s  

a t  l a t t i c e  p o i n t s  ( p o i n t s  wi th  i n t e g r a l  c o o r d i n a t e s )  i n  t h e  p l ane ,  must 

i t s  l e g s  be p a r a l l e l  t o  t h e  coord ina te  axes?  

582. P-iopo~ed by W&et Bhbe - ig ,  C o d  Sp'u-ng~, Fto'u-da. 

I n  t r i a n g l e  ABC with  s i d e s  o f  l e n g t h s  a, b, and a ,  we a r e  
2 2 

given t h a t  be eos B = ca2 cos C = ab cos A. Prove t h a t  t r i a n g l e  ABC 

i s  e q u i l a t e r a l .  

583. P-iopohed by Joe Pan A i ^ ~ - f c m ,  Emo-iy Un&e/i^Â¥u:q Atianta, 

Geo-igia. 

An urn c o n t a i n s  n b a l l s  numbered 1 through n ,  which a r e  drawn 
' 

one a t  a  t ime wi thout  replacement.  Let x be t h e  f i r s t  number drawn. 



Let y be t h e  f i r s t  number drawn t h a t  is  l a r g e r  than x i f  x < n and l e t  

y = 0 i f  x = n. Let N be t h e  draw which gives t h e  y  value i f  x < n 

and l e t  N = n + 1 i f  x = n. Find E l y ]  and E[Nl. 

584. Phopobed b y  Jack GaAiunkeL, F h h i n g ,  New Vohk. 

Let ABC be any t r i a n g l e  with base BC. Let D  be any point  on 

s i d e  AB and E any point  on s ide  AC. Let PDE be an i sosce les  t r i a n g l e  

with base DE, oriented t h e  same a s  ABC, and with apex angle P equal t o  

angle A. Find t h e  locus of a l l  such po in t s  P. 

585. Phopobed by V iC toh  G. F u e A ,  ~ o ~ y  C ~ U s . g e ,  BhmaAck,  
N o a h  Dakota.. 

The sum of 17 cen ts  can be made up i n  exac t ly  s i x  ways: 

(0, 0, 17), (0, 1, 121, (0, 2, 71, (0, 3, 2). (1, 0, 7), and (1, 1, 21, 

where (d, n, p )  denotes t h e  numbers of dimes, .nickels,  and pennies, 

respect ively.  Find a  value of n > 1 such t h a t  n cen ts  can be made up 

i n  exac t ly  n ways and show t h a t  t h a t  n is unique. You may use pennies, 

n icke l s ,  dimes, quar te r s ,  ha l f  d o l l a r s ,  and d o l l a r s ,  a s  needed. 

586. Phopobed by Rob& C .  GebhaAdt, Hopatcong, New J w i e y .  

For what x does 
xn x x

3 
x
4 

0.' = 1 + -  +c+-+-+. . . 
n=O 2! 4! 6! 8! 

converge and what i s  i t s  sum? 

Sol u t ions  

239. [Spring 1970, Fal l  19831 Phopot,ed b y  David L. S U v i m a n ,  

BeveAty ffiU.4, Ca.&(on.VUJO.. 

A p a i r  of to ruses  having hole rad ius  = tube rad ius  = 1 a r e  

linked. a )  What is t h e  smallest  cube i n t o  which t h e  to ruses  can be 

packed? b) What convex sur face  enclosing t h e  l inked to ruses  has the  

smallest  volume? c )  What convex surface enclosing t h e  l inked toruses 

has t h e  smallest  a rea?  d )  What is  t h e  locus of po in t s  i n  space equi-  

d i s t a n t  from the  two l i n k s ?  

Comment b y  H m y  L. N e b o n ,  L w m o / L e . ,  CaJLL6ohwuJ.. 

A so lu t ion  t o  p a r t  ( a )  is  given i n  the  so lu t ion  by R.  Robinson 

Rowe t o  Problem *117, Journal of Recreational Mathematics, 9 ( 1 ) ,  

1976-77, 32-36. 

403. [ Fa1 1 1977, Fa1 1 1 983 1 Phapobnd. by  D d d  L .  SJULveman, 

W u t  Lob A n g i t u ,  Ca.tX@tnia. 

Two players  p lay  a  game of "Take I t  o r  Leave It" on t h e  u n i t  in-  

t e r v a l  ( 0 , l ) .  Each p layer  p r i v a t e l y  generates  a  random number from 

the  uniform d i s t r i b u t i o n  and e i t h e r  keeps it a s  h i s  score o r  reject&- - 
it and generates a  second number which becomes h i s  score.  Neither 

player  knows, p r i o r  t o  h i s  own play,  what h i s  opponent's score is  o r  

whether it is t h e  r e s u l t  of an acceptance o r  a  re jec t ion .  (However, 

var ian t s  based on modifying t h i s  condit ion,  e i t h e r  u n i l a t e r a l l y  o r  

b i l a t e r a l l y ,  a r e  i n t e r e s t i n g ) .  

The scores  a r e  compared and t h e  player  with t h e  higher score 

wins $1.00 from t h e  o ther .  

a .  What s t r a t e g y  w i l l  g ive a  player  t h e  highest  expected score? 

b. What s t r a t e g y  w i l l  g ive a player  t h e  bes t  chance of winning? 

c .  I f  one player  knows t h a t  h i s  opponent is playing s o  a s  t o  

maximize h i s  score,  how much of an advantage w i l l  he have i f  he employs 

t h e  bes t  counter- strategy? 

S o l u t i o n  by  H m y  L. N e b o n ,  Liuvimohe., C a J L H o h k .  

a .  The highest  expected score i s  .625 which a r i s e s  from t h e  

s t ra tegy :  Take t h e  f i r s t  number i f  it is  2 .5 ,  otherwise t ake  t h e  

second. Then the  expected score is  

(1 - x)(fl + XI/&) + x(l/2), 
where 1 - x i s  t h e  probabi l i ty  t h a t  t h e  number w i l l  be g r e a t e r  than x, 

(1 + x)/2 is  t h e  mean of a l l  such numbers, and x(l/2) is  t h e  pro- 

b a b i l i t y  t h e  f i r s t  number is  r e j e c t e d  times t h e  mean value of t h e  

number obtained on t h e  second t r y .  By elementary calculus we see t h a t  

t h i s  funct ion maximizes a t  x = 1/2, f o r  which t h e  expected value i s  

.625. Any o ther  s t r a t e g y  w i l l  g ive a  lower expectation. 

b. The c o r r e c t  s t r a t e g y  f o r  maximizing winning is t o  r e j e c t  

a l l  numbers l e s s  than the  expected value t h a t  t h e  opponent's s t r a t e g y  

gives him. If h i s  s t r a t e g y  is  t o  r e j e c t  a l l  values l e s s  than rn, 

where m = .61803.. . is  t h e  rec iproca l  of t h e  golden mean x = 1.61803.. . 
which is  found by solving 1/x = 1 + x, then t h e r e  is no b e t t e r  s t r a t e g y  

than t o  use it yourself  and no expectat ion of winning. Should he, 

however, adopt some o ther  s t r a t e g y  known t o  you, then you obtain a  ., 
bes t  winning r a t i o  i f  you compute h i s  expectat ion f o r  t h a t  s t ra tegy  

and use t h a t  number a s  your r e j e c t i o n  c r i t e r i a .  



For example, should he r e j e c t  a l l  numbers l e s s  than .625 (per-  

haps because he f e e l s  you a r e  r e j e c t i n g  a l l  l e s s  than . 5 ) ,  your bes t  

s t r a t e g y  is  t o  r e j e c t  a l l  numbers l e s s  than .6171875, which is t h e  

expectat ion f o r  h i s  s t ra tegy .  

c .  A s  s t a t e d  above, t h e  bes t  s t r a t e g y  aga ins t  .5 is .625. The 

advantage gained is l e s s  than 1%. In 200 t r i a l s  you would expect t o  

win 101 and l o s e  99 times. In a  computer simulation of  over 2 mi l l ion  

t r i a l s  I won 50.4% of t h e  time. 

A b o  ~ 0 i u e . d  by  PETER A .  G R I F F I N ,  CaLif,oAl&z S ta t e .  U ~ v u u > Â ¥ L t y  

Sacurnento ,  and RICHARD I .  H E S S ,  Rancho P&A Ve , tda~ ,  Cu.&@~n^a. 

419. [ S p r i n g  1978, Fall 19831 P k o p o ~ e d  by  Michael W .  Eckiyi, 

C a y  U n L u ~ i - b t y  of ,  N w i  Yo lk .  

Seventy-five b a l l s  a r e  numbered 1 t o  75 and a r e  p a r t i t i o n e d  

i n t o  s e t s  of 15 elements each, a s  follows: B = {I, ..., 151, I = 

{16, ..., 301, N = {31, ..., 451, G = f46, ..., 601, and 

Q = {61, . . . , 751, a s  i n  Bingo. 

Bal ls  a r e  chosen a t  random, one a t  a  time, u n t i l  one of t h e  

following occurs: A t  l e a s t  one from each of t h e  s e t s  B, I, G, 0 has 

been chosen, o r  four  of t h e  chosen numbers a r e  from s e t  N ,  or  f i v e  of 

t h e  numbers a r e  from one of t h e  s e t s ,  B, I, G, 0. 

Problem: Find t h e  probabi l i ty  t h a t ,  of these possible  r e s u l t s ,  

four  N's a r e  chosen f i r s t .  (Comment: The r e s u l t  w i l l  be approximated 

by t h e  s i t u a t i o n  of a  very crowded bingo h a l l  and w i l l  g ive t h e  l i k e l i -  

hood of what bingo players  c a l l  "an N game," t h a t  is,  bingo won with 

the  winning l i n e  being t h e  middle column N). 

SoiwLion b y  Van  P/m V-ing, China,  Maine.. 

We win with an N game i f  we draw from 0 t o  4 B ' s ,  from 0 t o  4 

I ' s ,  from 0 t o  4 G ' s ,  and from 0 t o  4 O ' s ,  but no more than t h r e e  of 

those four  l e t t e r s ,  and 3 N ' s ,  i n  any order ,  followed by a  f i n a l  four th  

N. Thus we see t h a t  an N game can occur i n  a  minimum of 4 draws o r  a  

maximum of 16. We represent  t h e  various p o s s i b i l i t i e s  a s  ordered 

t r i p l e s  fx, y, z) of in tegers  with 0 <z< y< x 5 4. Each such t r i p l e  

represen ts  t h e  s e l e c t i o n  of x b a l l s  from one of t h e  l e t t e r s  B, I, N, G, 

and 0 ,  s e l e c t i n g  y b a l l s  from a second of those l e t t e r s ,  and z b a l l s  

from a t h i r d  of those l e t t e r s .  Also 3 n 's  a r e  se lec ted .  These 

x+y+z+3 b a l l s  can be rearranged i n  any order .  F ina l ly ,  the  fx+y+z+4)th 

b a l l  must be another N. Hence, s e l e c t i n g  

B N I N G B B N G B N  

is an N game designated by (4, 2, 1) s ince  t h e r e  a r e  4 B ' s ,  2 G ' s ,  and 

1 I i n  add i t ion  t o  t h e  necessary 4 N ' s ,  one of which terminates  t h e  

sequence. 

The number of ways of choosing an (x, y, z) N game is given by - 

multiplying together:  

a )  15-14-13-12 = 32760 f o r  t h e  four  N ' s ;  

b )  15-14-.. .. -(I6 - x), i f  x 0, f o r  t h e  number of ways of 

choosing t h e  f i r s t  x b a l l s ;  

c )  4, i f  x >0, since t h e r e  a r e  four  l e t t e r s  fB, I, G, and 0) 

from which t o  choose t h e  l e t t e r  f o r  t h e  f i r s t  x b a l l s ;  

d )  15-14- ... -(I6 - y), i f  y > 0, f o r  t h e  next  y b a l l s ;  

e )  3, i f  y > 0 ,  s ince  t h e  y b a l l s  must be chosen from one of 

t h e  remaining t h r e e  l e t t e r s ;  

f )  15'14- ... -(I6 - z), i f  z,> 0, f o r  t h e  next  z b a l l s ;  

g )  2, i f  z >0, s ince  t h e r e  a r e  two l e t t e r s  l e f t  t o  choose from; 

h)  1/2, i f  x = y o r  i f  x = z , s ince  t h e  order  of  choosing l i k e  

numbers of b a l l s  is immaterial;  

i )  1/3, i f  x = z, f o r  t h e  same reason a s  (h) ;  

j) (3 + x + y + z)!/(x! y! z! 3!) f o r  t h e  rearrangements 

(combinations) of t h e  f i r s t  3+x+y+s b a l l s .  

Now it is  easy t o  program a computer o r  t o  c a l c u l a t e  by hand a l l  

fx, y, z) p r o b a b l i l i t e s .  The sum of  a l l  such p r o b a b i l i t i e s  is  

0.123493 ...., t h e  des i red  probabi l i ty .  A BASIC program follows. 

10 T=O 
20 FOR Z=O TO 4 
30 FOR Y=Z TO 4 
40 FOR X=Y TO 4 
50 P=5460 
60 FOR N=1 TO X: P=P*(16-N)/N: NEXT 
70 FOR N=1 TO Y: P=P*(16-N)/N: NEXT 
80 FOR N=1 TO Z: ~=~*(16-N)/N: NEXT 
90 FOR N=1 TO 3+X+Y+Z: P=P*N/(76-N): NEXT 
100 P=P/ (72-X-Y-Z) 
110 IF X>0 THEN P=P*4 ELSE 170 
120 IF Y>0 THEN P=P*3 ELSE 170 
130 IF Z>0 THEN P=P*2 



1 4 0  I F  X=Y THEN P=P/2: GOT0 1 6 0  
1 5 0  I F  Y=Z THEN P=P/2 
1 6 0  I F  X=Z THEN P=P/3 
1 7 0  PRINT X; Y ;  Z ,  P 
1 8 0  T=T+P 
1 9 0  NEXT X 
2 0 0  NEXT Y 
2 1 0  NEXT Z 
2 2 0  PRINT "TOTAL ="; T 
$ 

A&o holued by OSKAR FEICHTINGER afld WILLIAM A. HALTEMAN 

(j'oLmZy1, U r L L u ~ ~ i t y  06 Maine, Otono, and RICHARD I .  HESS, Raflcho 

Pdoh V ~ U ,  CuLL6otLa. P W  holu%ofl by ROGER K U E H L ,  K a a a  C a y ,  
M&Ao&. Ofle Lflcohhect ~ o U o n  &o teceived.  

524.  all 1982,  Fal l  19831 Pmpo~ed by Momd K d z ,  Mawhoc,  
Maine.. 

Solve t h i s  holiday alpametr ic  f o r  a  r e a l  prime XMAS. 

MERRY 

ms 
DODGE 

71.  Camme& by Alan Wayfle, Pmco-Hemando C o m m u ~ y  CoUege, 
Flokida. 

Since DODGE = 60647,  it is evident t h a t  DODGE is a prime f igure ,  

corning from r a t i o n a l  forebears ,  s ince  DODGE is n e i t h e r  t h e  sum nor t h e  

product of two squares. [Plot even three spares!  - ~ d . 1  

E & o ~  note. Wayne a l s o  pointed out t h a t  the  usual word 

f o r  t h i s  type of problem i s  alphametie o r  eryptar<th,  whereas we have 

used t h e  term alphametric (with an P) i n  t h i s  department. This i s  t h e  

e d i t o r ' s  own whimsy since alpha-metric seems t o  describe t h e  type of  

problem q u i t e  well.  

*525.  [ F a l l  1982 ,  Fal l  19831 Pmpo~ed by John M .  HoweU, 
L ~ e J L o c k ,  C&~otniU. 

An e q u i l a t e r a l  t r i a n g u l a r  prism is used a s  a  d ie .  What must 
t h e  r a t i o  of t h e  s i d e s  be s o  t h a t  t h e  p robabi l i ty  of  f a l l i n g  on a  

t r i a n g l e  is t h e  same a s  f a l l i n g  on a  rectangle? 

1. CommenX by t h e  p t o p o ~ a .  

I proposed t h i s  problem t o  a  summer c l a s s  some years  ago and a  

s tudent  from Colombia came up with a  mathematical s o l u t i o n y  which I 

have misplaced. Empirical r e s u l t s  showed t h e  r a t i o  of t h e  s ide  of t h e  - 
t r i a n g l e  t o  t h e  o ther  s i d e  of t h e  rectangle t o  be about 1.6.  - - 

11. S o W o n  adapted 6h0m t h d  hubmXed by RLch#~d 7 .  Heh-5, 

Rancho Pdoh V ~ J L ~ ~ A ,  CuLLdokrLLa. 
I f  tumbling i s  assumed t o  have no e f f e c t ,  then t h e  condition 

t o  be met is t h a t  each face  subtend 41r/5 s o l i d  angle a s  seen from t h e  

cen te r  of g rav i ty .  The t r u e  e f f e c t  of tumbling o r  r o t a t i o n a l  ve loc i ty  

i s  not easy t o  determine and it i s  not c l e a r  whether it would favor  

t h e  rectangular  o r  t h e  t r i a n g u l a r  face.  
A 

In t h e  e q u i l a t e r a l  spher ica l  t r i a n g l e  ABC of t h e  accompanying 

f i g u r e ,  l e t  t h e  s i d e s  ( a r c s )  BC, CA, AB in te rcep t  c e n t r a l  angles of 

measure a, b, e, and l e t  t h e  angles  of t h e  t r i a n g l e  have measures A ,  

B ,  C.  Let D be t h e  midpoint of a r c  BCy so  spher ica l  t r i a n g l e  ABD has 

a  r i g h t  angle a t  D and so t h a t  # A  = &BIZ. Then t r i a n g l e  ABD must have 

spher ica l  excess 72" (=2n/5) .  That i s ,  

B + B/2  + 90' - 180' = 72O, 

so  t h a t  B = 108O and B/2 = 54' . Now, by Napier 's r u l e s y  

- - 1 - 1 
2  s in  ( B I Z )  - 2 s in  540 = *618034' 

s o  a = 1 0 3 . 6 5 4 5 9 ~  = 4BOC. 

Let OD meet BC a t  F and l e t  G be t h e  foo t  of t h e  perpendicular 

from 0 t o  AF. Then G i s  t h e  cen t ro id  of plane t r i a n g l e  ABC, OG is 



h a l f  t h e  width o f  t h e  r e c t a n g l e ,  and BF is  h a l f  i ts l eng th .  Without 

l o s s  o f  g e n e r a l i t y  we l e t  t h e  sphe re  have r ad ius .  I. Then, from 

t r i a n g l e  OBF, 

BE' = OB sin BOF = s in  51.827292Â = .7861514. 

Since  
2  2 

AG = 5 Al? = 7 (BF v%) = .9077694J 

then  
2  2  

OG = ~ O A  - AG = J1 - -8240454 = d.1759546 = -4194695. 

Therefore  t h e  r a t i o  o f  t h e  l e n g t h  t o  t h e  width  of  t h e  r e c t a n g l e  

E&oJr..kd note .  Howell p re sen ted  a  t a b l e  o f  e m p i r i c a l  r e s u l t s  

from I00 t o s s e s  of d i c e  wi th  r a t i o s  from 1.04 t o  2.00, which showed a  

s o l u t i o n  somewhere between 1 .5  and 1.6 and ano the r  s o l u t i o n  a t  about 

1.87. 

536. [Sp r i ng  1983, Fall 19831 Pkopohed by M h a  M a t t i a ,  

Veazie,  M d n e .  

A r e c e n t  a lphamet r i c  i n  Crux Mathematicorum 11 982: 77 problem 

7211 a s k s  one t o  show t h a t y  i n  base  t e n ,  

TRIGG i s  three times WRONG. 

I n  defense  o f  t h e  Dean of  Numbers, s o l v e  t h e s e  a lphamet r i c s  independ- 

e n t l y  o f  each o t h e r :  

( a )  TRIGG X 3  = RIGHT i n  base eight where the d i g i t  3 can be 
reusedJ 

( b )  TRIG = 3 X RIGHT i n  base ten where the d i g i t  3 can be 

reused, and 

( c )  TRIGG X 7 = RIGHT i n  base seventeen. 

S o l d o n  by G l e n  E .   mill^, P e n ~ a c o l a  Jun iok  CoUege, Flo&Lda. 

(2) We s e e t h a t T = l  o r  2. I f T = Z , t h e n G =  6 a n d  3 G +  2 :  

H (mod 8) impl i e s  H = 4. Now 3 1  + 2 z G (mod 8)  demands t h a t  I = 4. 

Since H = 4,  we have a  c o n t r a d i c t i o n .  Therefore  T = 1. Now G = 3, 

H = 2, I = 6, and R = 4. The r e s t o r a t i o n  then  is  

14633 x 3 = 46321 base 8. 

( b )  Here R = 1, 2 ,  o r  3 .  I f  R = 3 ,  t hen  T = 9 bu t  then we 

must c a r v  more then  0  t o  t h e  last column, c o n t r a d i c t i n g  T = 9. If 

R = l Y  then  T =  3 ,  4 ,  o r  5.  I f  R = 1  and T =  3 .  t hen  G =  9 ,  qo H =  SJ 

a  c o n t r a d i c t i o n .  For R = I and T = 4 we have G = 2, s o  H = 7 and I = 

whence R = 4 ,  a n o t h e r  c o n t r a d i c t i o n .  We cannot have T = 5 s i n c e  then  

G = 5 a l s o .  Hence we have R = 2 and T = 6J 7, o r  8. For R = 2 and 

T = 6 we have G = 8, whence H = 9 and I = 6, a  c o n t r a d i c t i o n .  For R = 2 

and T = 8 we have G = 4 ,  s o  H = 4 ,  aga in  a  c o n t r a d i c t i o n .  Thus we must - 
have R = 2 and T = 7 Â  i n  which case  G = l Y  H = 3 ,  and I = 4. The - 

r e s t o r a t i o n  is 

72411 = 3 x 24137 base ten 

( c )  In  t h i s  a lphamet r i c  we have T = 1 o r  2. Otherwise R i s  

g r e a t e r  t han  a  s i n g l e  d i g i t .  We c o n s t r u c t  a  t a b l e  of  m u l t i p l e s  of  7 

i n  base  seventeen and no te  t h a t  each p o s s i b l e  l a s t  d i g i t  i s  o b t a i n a b l e  

uniquely  a s  a  d i g i t  t imes  7. Then, f o r  T = 2 we must have G = 1 0 ,  s o  

H = G Y  I = 1 3 ,  and R = 6.  But then  t h e  last product  g i v e s  R = 1 6 ,  s o  

we cannot have T =  2 ,  Hence T = 1, G = S Y  H = 3 ,  I =  I S y  and R = 11 

The r e s t o r a t i o n  is  

I 11 1 5  5  5  x 7  = 11 1 5  5  3  1 base 17. 

Aha ~ o l u e d  by JEANETTE BICKLEY, W e b ~ t a  Gkoueb H igh  Schoo l ,  MO, 

MARK EVANS, L o d ~ i U e ,  KY VICTOR G. FESER, Muhy CvUege,  B h m m c k ,  ND, 
RICHARD I .  HESS, Rancho Paloh V w d e ~ ,  CA, DAVID INY, R e v ~ ~ h d u u t  Po ly -  

X e c h ~ L c  I m L L t u t e ,  Tkoy,  NY, ROGER KUEHL, Kanhuh C a y ,  MO, SUSAN 

SADOFSKY, BkockXon, MA, MICHAEL J .  TAYLOR, I n d h m p o L &  P m a  6 Light 
Co., IN, CHARLES W .  TRIGG, San V iego ,  CA, HAO-NHIEN QUI VU I p m  b 

o n l y ) ,  l a 6 a y u X e ,  IN, KENNETH M .  WILKE, Topeka, KS, and t h e  PROPOSER. 

547. [Fa1 1 19831 Paopo~ed by Mom.& KaAz, Macwhoc, Maine. 

Solve t h i s  musical  a lphamet r i c .  

SING 

IN 

THE 

WAYNE 

S v U o n  by C h d e ~  W .  T&igg, San V iego ,  C f i ~ o k n L a .  

Immediately W = 1, S = 9, and A = 0. Then 

G +  N =  10, 

H + I + 1 = 1 0 ,  

I + T + l = Y + l O a n d 2 ~ y ~ 6 .  

Now {G, N }  = {2, 81, {3, 71 o r  {4, 61 and {H, 11 = {2, 71, {3, 61 

{4, 5} Now we examine t h e  p o s s i b i l i t i e s  f o r  (Y, T, I, H), e l i m i n a t i n g  

(6, 8, 7, 2JJ 8, GJ 31, (4, 5, 4), (4, CJ 2), (SJ 8, 4, 5), 



(2 ,  8, 3, 61, (2 ,  7,  4, 5 ) ,  and ( 2 ,  5, 6, 3 ) .  The f o u r  remaining pos- 

s i b i l i t i e s ,  (4 ,  7,  6, 31, (3 ,  7,  5, 4 ) ,  (3 ,  5, 7 ,  21, and ( 2 ,  6, 5, 4 ) ,  

y i e l d  e i g h t  s o l u t i o n s :  

9682 9582 9764 9573 

68 58 76 5 7 

735 - 746 528 648 

10485 10386 10368 10278 

and t h e  f o u r  sums obta ined by in t e rchang ing  t h e  va lues  of  G and N. 

A&o bolued bq MARK EVANS [p&aL b o U o n )  , L o u b u ~ e ,  KY, 

VICTOR G. FESER, M a g  Col lege,  U m h c k ,  W ,  RICHARD I .  HESS, Rancho 

P d o b  V e ~ d a ,  CA, GLENN E MILLS, P e a a c o h  SunLok Col lege,  FL, BOB 

PRIELIPP, U n L u e ~ L t q  06 W h c o a i n  - Obhkobh, KENNETH M .  WILKE, Topeka, 

KS, and &e PROPOSER. 

548. [ F a l l  19831 Phopob~d bq P a d  A. McKLueen, C h d o 4 X e .  

NohZh C m o f i n a .  

Arrange t h e  t e n  d i g i t s  i n  a  row, e . g .  

dl d2d3d4d5d6d7d8d9dl 0' 

so  t h a t  t h e  fo l lowing  c o n d i t i o n s  a r e  s a t i s f i e d :  t h e  number d2d3d4 is 

d i v i s i b l e  by 2 ,  d3d4d5 i s  d i v i s i b l e  by 3 ,  d d d by 5 ,  d d d by 4 5 6 5 6 7  

7 ,  d d d by 1 1 ,  d d d by 1 3 ,  and t h e  number d8dgdl0 d i v i s i b l e  by 1 7 .  
6 7 8 7 8 9  

S o t d o n  bq GLen E. htiLt2, PenbacoLa Sunioh CoLLege, FLohida. 

Since 5 d i v i d e s  d4d5d6, t hen  d = 0 o r  5 ;  b u t  i f  d = 0 ,  t hen  
6 6 

d7 = d8qince11 d i v i d e s  d6d7d8. Therefore  d6 = 5.  Now l is t  a l l  

m u l t i p l e s  of 1 7 ,  o f  1 3 ,  and of 7 between 010 and 990 t h a t  c o n s i s t  of  

t h r e e  d i s t i n c t  d i g i t s .  Comparing t h e s e  numbers we f i n d  t h a t  357289 

and 952867 a r e  t h e  on ly  p o s s i b i l i t i e s  f o r  d5d6d7d8dgdl0. The former 

sequence y i e l d s  f o u r  s o l u t i o n s  4160357289, 1460357289, 4106357289, and 

1406357289, and t h e  l a t t e r  produces two more s o l u t i o n s  4130952867 and 

1430952867. 

A h a  holued by MARK EVANS I1 ~~UOVI) ,  L o u i b u i l l e ,  KY, VICTOR 

G. FESER ( 2  h o U o a ) ,  Mmq Col lege,  ?3hmack, NU, ROBERT C .  GEBHARDT, 

Hopdcong, NJ, RICHARD I .  HESS, Rancho Palob V e k d u ,  CA, STEPHANIE 

SLOYAN, Geokgkn  CowcX Col lege,  Lakewood, NS, CHARLES W .  TRIGG, ( 4  & o h -  

XXOPLA) Sun Uiego, CA, KENNETH M .  MILKE, ( 4  b o ~ u - t i o a ]  Topeka, KS, and 

the PROPOSER ( 4  soZutions). 

549.  a all 19831 Pkopobed bg R. S. L d h u k ,  U~&UL&~.Q 06 

W h c o a i n  Centeh, J a n u  u i l l e .  

I f  a ,  b ,  e a r e  p o s i t i v e  numbers prove t h a t  - - 4 

[FOP an  i n t e r e s t i n g  r e l a t e d  problem s e e  Problem 356 i n  The P~n- tag~n,  

Spring 1983, p. 120.1 

I. SoluX.lon bq W&UL BLmbekg, C o d  Sphhgb ,  FLokida. 

The fol lowing r e l a t i o n  i s  known: Let 5' = 1 mi , where n 2 2 

72 m 
+.I 

i and a l l  rn > 0. Then 1 2 A , wi th  e q u a l i t y  i f  and only i 
<=I i 

i f  a l l  m. a r e  equa l .  Le t  n = 3, m = a ,  m2 = b, and m = e t o  g e t  t h e  
2 1 3 

i n e q u a l i t y  

a - + -  e 3 + -  > - , with  e q u a l i t y  i f f  a = b = e .  
b + e  e + a  a + b - 2  

F i n a l l y  we no te  t h a t  312 > 101r/21. 

TI. SoluX.lon bq O&, C f i n t o n u i l l e ,  Wihcomin.  

I f  u and v a r e  p o s i t i v e  numbers, t hen  it is w e l l  known t h a t  

L e t t i n g  p = b + c, q = e + a, and P = a + b, we apply  t h e  above in-  

e q u a l i t y  t o  p and q ,  t o  q and r ,  and t o  P and p ,  ob ta in ing  

which reduces  t o  

a 3 10n > - >- .  + -  E + F7-Z a + b  - 2  21 

Ill. SoLuaXon bq E&VI A[. Klei .n,  UnLuehbLtq 06 W h c o m i n ,  

w h i x w a t e h .  

We prove t h e  s t r o n g e r  i n e q u a l i t y  t h a t  t h e  l e f t  s i d e  of  t h e  

g iven i n e q u a l i t y  is g r e a t e r  t han  o r  equa l  t o  312. Clea r ing  of 

f r a c t i o n s  and s i m p l i f y i n g ,  we g e t  t h e  equ iva len t  i n e q u a l i t y  

3 3 3 2  2 2 2 2 2 
2a + 2 b  i 2 e  2 a b + a b  i a e + a e  + b c + b e .  

This i n e q u a l i t y  fo l lows  from t h r e e  a p p l i c a t i o n s  of 



which i n  t u r n  is  proved by mul t ip ly ing  each s i d e  o f  t h e  i n e q u a l i t y  by 

(x - y)2  2 0  

x + y. 

A&o halved by LEON BANKOFF, Lob Angela, CA, JACK GARFUNKEL, 

F h h i n g ,  N Y ,  MURRAY S. KLAMKIN, U G v m L t y  06 ALbeua, Edmonton, 

Canada, HENRY S. LIEBERMAN, John Hancock MuXuul l i6e  Tnbmnce Co., 

Bob.ton, MA, BOB PRIELIPP, U G v m L t y  06 Whcornin - Qbhkobh, KENNETH !4. 

WILKE (&o bo.hCLorn), Topeka, KS, and .the PROPOSER. 

BANKOFF found t h e  i n e q u a l i t y  i n  V .  A .  Krechmar, A P k ~ b h ~  Book 

i n  A&~eb&, tr. by Vic to r  S h i f f e r ,  Mir P u b l i s h e r s ,  1974, So lu t ion  t o  

Problem 27,  pp. 406-7. GARFUNKEL gave t h e  r e f e r e n c e :  0. Bottema, 

G e o m ~ c  T n e q U a ,  p .  15.  WILKE used Exercise  25 on page 51 o f  

Chrys t a l ,  ugebka, 7 th  ed . ,  196Q, pap t  11. 

550. [Fa l l  19831 Pkopobed by I .  R. H a b ,  Wu,4hing.ton, U. C .  

How many d i f f e r e n t  Pythagorean t r i p l e s  have a s i d e  o r  hypo- 

tenuse  equa l  t o  1040? 

SoluLLon by Ealuin M .  KLein, U ~ v e ~ ~ y  06 Whconbin - W U e -  

w m .  a o a 1 a2 
I n  n  has  ppime f a c t o r i z a t i o n  n  = 2  p p .. . . p >  , t hen  t h e  1 2  

number o f  Pythagorean t r i a n g l e s  having n  a s  a  l e g  is 

a a a b b  
while i f  n  = 2  oq11q12.. .q;r 'r '. . .z-) , where t h e  q f s  ape  primes o f  

1 2  

t h e  form 4s  + 3  and t h e r f s a r e  primes of  t h e  form 4s + 1, t h e n  n  is  t h e  

hypotenuse of  

such t r i a n g l e s .  See Albe r t  H .  B e i l e ~ ,  R~C&&OVIA in .the Theoky 
4 04  Numbm, Dover (1964),  pp. 116-117. Thus 1040 = 2  ~ 5 . 1 3  is t h e  l e g  

o f  31 such t r i a n g l e s  and t h e  hypotenuse of  ano the r  4 ,  f o r  a  t o t a l  of  

35 t r i a n g l e s .  

[ p c w t i u t  bo.&diOrI), Lb%&~ock, CA, GLEN E. MILLS, Pernucola JuGok 

CoUege, F L ,  TOM MOORE (p&aL bo.hCLon), W d g d W L  SXde CoUege, 

MA, I .  PHILIP SCALISI ( p d d  b o l d o n ] ,  B d d g w d ~ ~  SXde CoUege, 

MA, KENNETH M. WILKE, Topeka, KS, and .the PROPOSER. 
- .  - 

551. [Fal l  19831 Pkopohed by Rob& C. Gebhmdt, HopaXcong, . 
N e w  J m y .  

I f  k i s  t h e  l a r g e s t  odd i n t e g e r  not  exceeding t h e  p o s i t i v e  

i n t e g e r  n, n  2 2, prove t h a t  

* + c o s  2 & + .  
2n 

So.hCLon by M w g  S. Kbmkn, U n i u m a y  06 Atbe~da, Edmon.ton, 

Canada. 

Consideri11g t h e  p a r i t y  of  n ,  we have t o  show t h a t  

for n  odd. 

Using 2  cos2 x = 1 + cos  2x, t h e  above equa t ions  reduce t o  

Both r e s u l t s  fo l low immediately from t h e  formula 

n  s i n  2nx 1 cos  f 2 j  - 1 ) x  = - 2  s i n  x ' 
j=1 

which is  easy t o  prove by c l e a r i n g  of  f r a c t i o n s  and r e p l a c i n g  each r e -  

s u l t i n g  l e f t  s i d e  product  u s ing  t h e  fopmula 

2  s i n  u  eos  v  = s i n ( u  + v )  - s i n  fv - u). 
The r e s u l t i n g  sum o f  s i n e  terms c o l l a p s e s  t o  s<v 2n.~. 

A&o bolued by FRANK P .  BATTLES, M~~~achubeLtb M u m e  Academy, 

BUZZUJL& Bay, RUSSELL E U L E R ,  No&wa.t b(hbou&i S u e  UnivemLty, 

MmyuiUe, RICHARD I .  HESS, Rancho P d o ~  Vekdeb, C A ,  BOB PRIELIPP, A&o bolved by VICTOR G .  FESER ( p W  b o M o n ] ,  Akmy CoUege, 

Bhmack, ND, RICHARD I .  HESS, Rancho Pdob Vekda, CA, JOHN M .  HOWELL Hopdcong, NJ, KENNETH M .  WILKE, Topeka, KS, and .the PROPOSER. 



5 5 2 .  [ F a l l  1 9 8 3 1  Phopohed by Al6u1.Z W U e .  S t .  B o n a u e d e  

Unhet6iky. N ~ L U  Yohk. 

Let a = 1 and a = 2an-1 
1 

+ ( - I ) ~  f o r  n > 1. Find 
n 

1. S o U o n  by E&&d M .  K ldn ,  U n i v ~ ~ ~ i t y  06 Whconbin- 

W t l A d e h .  

We show by mathematical i nduc t ion  t h a t  

This  equa t ion  is c l e a r l y  t r u e  f o r  n = 1 .  Assuming (*) holds  f o r  an, 

s o  (*) ho lds  a l s o  f o r  an+1 and our  proof  o f  (*) is  complete. Hence 

11. Soh.tion by M m y  S. Khnfin,  Uniue.ai.ty 06 ALbemk, 

Edmonton, Canada, and Tom Moohe, Baidgwatm S m e  CoUege, Mahachu- 

heL.12, (independeroXy). 

S e t  a. = 1 .  Then a n - 'an-1 
= (-1)'' f o r  n > 0 .  Let 

7 
f ( x ) = a  + a x + a x d + .  . . + o x

n
+ .  . . , 

0 1 2 n 
s o  t h a t  we have 

3 n n 
f ( x )  - 2 x f f z )  = 1 - x + x 2  - x + . . . + (-1) x + . . . 

Theref o r e  
1 

( 1  - 2 X ) f f x )  = - 
By p a r t i a l  f r a c t i o n s  we have 

This shows t h a t  a = (zn+' + ( - 1 ) ~ ) / 3  f o r  n 2 1 .  Thus we f i n d  t h a t  
n 

* 

Aho bolved by S Y L V A I N  B O I V I N ,  UnLumike du Quebec a - -  . 
C&coui%nL, Canada, RUSSELL EULER, N O L I Y I M W A ~  M h b o d  State U r h ~ ~ i t y ,  

MmyuiUc, MARK EVANS, Loui~uiLLe, K Y ,  MARTIN P. GELFAND, U~~Luet6Lty 

06 Pennbyluania, P ~ d ~ p ~ ,  RICHARD I. HESS, Rancho P ~ O A  Vadeb, 

CA,  HENRY S. LIEBERMAN, John Hancock h4uXud LL6e Inbutance Co., 8ohton. 

MA, BOB P R I E L I P P ,  U ~ u w i . t y  06 Whconbin-Ubhkobh, I .  P H I L I P  S C A L I S I ,  

E&Ldgcwatch State CoUege, MA, HARRY SEDINGER, S t .  8onave~tuhe 

UaiumLty ,  NY, HAO-NHIEN Q U I  VU, Pmdue U L u e ~ L t y ,  la6ay&e, IN, 

KENNETH M. WILKE, Topeka, KS, and t h e  PROPOSER. 

* 5 5 3 .  [ F a 1  1 1 9 8 3 1  Paopobed by Jack Gm6unkel, F l u h n g ,  N ~ J J  

Yohk. 

Given a  t r i a n g l e  ABC e r e c t  e q u i l a t e r a l  t r i a n g l e s  BAP and ACQ 

outwardly on s i d e s  AB and CA. Let  R be t h e  midpoint of  s i d e  BC and 

l e t  G be t h e  c e n t r o i d  of t r i a n g l e  ACQ. Prove t h a t  t r i a n g l e  PRG i s  a  

300-60Â°-90 t r i a n g l e .  

S o U o n  by Leon Eanko66, Loh A n g e h ,  CaiX6ohnia. 

Let T be t h e  midpoint of  s i d e  AC. We have AG = 2(GT) with 

= 60'. Also PA = BA = 2(RT) with  3 (.?A,AB) = 3 (PA,T?) = 60'. 

Hence 4PAG= #RTG and, s i n c e  PA/RT = AG/TG = 2, it fo l lows  t h a t  tri- 

ang les  RTG and PAG a r e  s i m i l a r .  Thus t h e  corresponding s i d e s  of  
0 t r i a n g l e s  RTG and PAG a r e  i n c l i n e d  a t  a  60 a n g l e ,  wi th  t h e  r e s u l t  

0 0 0  
t h a t  4PGR = 60'. Since PG = 2(RG), t r i a n g l e  PRG is  a  30 -60 -90 

t r i a n g l e .  See t h e  accompanying f i g u r e .  Furthermore t h i s  proof and 

its n o t a t i o n  a r e  v a l i d  f o r  a l l  s p ~ c i e s  o f  t r i a n g l e s .  When 4BAC = 90Â° 

t h e   roof is t r i v i a l .  



A&o boLued by LEON BANKOFF [becond b o f ~ ~ t i o n ] ,  Lob AngeLe~, 

CA,  RICHARD I. HESS, Rancho Pdob V e k d e ~ ,  CA, HENRY S. LIEBERMAN, 

John Hancock Mutual l i 6 e  I n b w n c e  Co., Bobton, MA, MURRAY S.  KLAMKIN, 

UnLue.h~Lty 06 ALbma ,  Edmonton, Canada, B I L L  OLK, CfintonuiUe,  W Z ,  

and W I L L I A M  H. PEIRCE, Sto&g-ton, CT. 

555. [Fa1 1 19831 Pkopobed by Richmd V .  SahmXon, CoLofiado 
SpJLingb, CoLomdo. 

Eighteen toothpicks can be arranged t o  form s i x  congruent 

e q u i l a t e r a l  t r i a n g l e s .  Rearrange t h e  toothpicks t o  form s ix teen  con- 

gruent e q u i l a t e r a l  t r i a n g l e s  each of  t h e  same s i z e  a s  t h e  o r i g i n a l  s i x .  

Amatgum 06 b o l d o n b  bub&ed independei&?y by VICTOR G. FESER, 

May CoUege, Bdmack ,  No& Dakota, ROBERT C. GEBHARDT, Hopatcong, 

NW J e h ~ e y ,  GORDON D. GLENN, Eatekn  W a h i g t o n  UnLumLty ,  Cheney, 

RICHARD I. HESS, Rancho Pdob Ve f ide~ ,  C&6omia, JOHN M. HOWELL, 

LiA2tefiock, C&dokn.ia, GLEN and P A T R I C I  MILLS,  Penbacoh, FLoJLida, 

HARRY SEDINGER, S t .  Bonauentme UnLuemLty, NW Yo&, HAO-NHIEN O U I  VU, 

Pmdue Uniuem.Lty, La,jayeZte, Indiana, and t h e  PROPOSER. 

The f i g u r e  i s  a  s t e l l a t e d  regu la r  te t rahedron,  a  r e g u l a ~  

te t rahedmn constructed with s i x  toothpicks with another regu la r  

tetrahedron constructed of th ree  add i t iona l  toothpicks on each of its 

four  faces.  See t h e  f i g u r e  (by Glenn) i n  which t h e  o r i g i n a l  t e t r a -  

hedron is  shown with s o l i d  edges. 

A n o m a l  p a i r  of unbiased d i c e  give a  t o t a l  of 2  through 12 

according t o  the  d i s t r i b u t i o n  1, 2, 3, 4, 5, 6, 5, 4, 3, 2, 1. How 

should you change t h e  spo ts  on t h e  d i c e  s o  t h a t  the  sums 2 through 1 2  

and only those sums s t i l l  occur but with a s  uniform a d i s t r i b u t i o n  a s -  

possible? (Minimize t h e  sum of  t h e  squares of the  deviat ions from 

completely unif  orm) . 
7 .  Amdgum 0 6  b o l d o n b  bubnakXed LndependetuYq by Mak Euanb, 

L o ~ v ~ e ,  Kentucky, and John M .  How&, L ~ A ~ ~ ~ J L o c ~ ,  C&iohnLa. 
Leave one d i e  unchanged and l e t  t h e  o ther  d i e  have t h r e e  faces  

numbered 1 and th ree  faces  numbered 6. Then t h e  d i s t r i b u t i o n  w i l l  

be t h r e e  of each sum except 7 and s i x  7 's .  Since t h e  average frequency 

is 36/11 , t h e  sum of t h e  squares of t h e  deviat ions is 

2 
10(3/11) + 1 ( 3 0 / 1 1 ) ~  = 990/121 = 8.1818 . . . 

7 7 .  SokbZon by t h e  Ptopobm. 
Let t h e  f i r s t  d i e  have s i d e s  numbe~ed 1, 2, 3, 6, 7, 8  and f o r  

t h e  second d i e  1, 1, 2, 3, 4, 4. The r e s u l t i n g  frequencies a r e  2, 3, 

4, 4, 3, 4, 3, 4, 4, 3, 2 f o r t h e s u m s 2 ,  3, 4, 5, 6, 7, 8, 9, 10, 11, 

12 respec t ive ly .  The sum of t h e  squares  of t h e  deviat ions i s  

2(14/11)~ + 4(3/11)' + 5(8/11)~ = 6.1818. . . . 
E&o& note. Although t h e  proposer's so lu t ion  i s  t h e  best  

of those submitted, none of t h e  so lvers  even attempted t o  prove h i s  

so lu t ion  minimal. Howell suggested t h a t  the  d i s t r i b u t i o n  would be 

p e r f e c t l y  uniform i f  one d i e  were labe l led  1, 1, 1, 6, 6, 6, and t h e  

second d i e  had j u s t  5  s i d e s  l a b e l l e d  1, 2, 3, 4, 5. This second d i e  

can be r e a l i z e d  by using an ordinary d i e  and toss ing  over again 

whenever a  6 appears. 

*557. [  all 19831 Phopobed by Pauvke F d h ,  S e d  Beach, 

CaLi60finia. 
It is known and easy t o  show with elementary calculus t h a t  

193 Find a  d e f i n i t e  i n t e g r a l  whose value is - - e >  where e is t h e  base 
71 

of n a t u r a l  logarithms. 

S m y  od b o L d o n b  by FRANK P BATTLES ( a ) ,  M a h a c h u m  

McuriLhe Academy, Buzz&& Bay, RUSSELL EULER [b ) ,  N o h X h e ~ t  M h b o d  



3 d e  Uniue&i.fy, MmyuiUe, MARK EVANS [ c ] ,  LouLbudYe, Kentucky, 

ROBERT C. GEBHARDT (cl , HopaXcong, New J m e y ,  BILL OLK ( c ] ,  Cfinton- 
u m e ,  W&co&n, BOB P R I E L I P P  ( d  1 ,  U n i u e ~ L t g  06 WAcotdn-Obhkobh, 

and HARRY SEDINGER ( b )  and ( e l ,  SX.  Bonauetttuhe Uniuemaq, New Yokk. 

Each of  t h e  fo l lowing i n t e g r a l s  is equa l  t o  193/71 - e: 

f- - e )  dx, Jol 

E&o)rid noXe. It was hoped t h a t  some d e l i g h t f u l  i n t e g r a l  such 

a s  t h e  given one f o r  2217 - T would be found. Perhaps some c l e v e r  

r e a d e r  w i l l  s t i l l  d i scove r  an  e l e g a n t  i n t e g r a l  f o r  t h e  d e s i r e d  

193/71 - e .  

5 5 9 .   all 1 9 8 3 1  Pkopobed by Sidney Penne.h, Bhonx Commuvdty 

CoUege, N u  Yokk. 

I1This is  q u i t e  amazing," s a i d  B. "My bingo ca rd  does no t  con- 

t a i n  a  BINGO,  b u t  i f  I cover  one more squa re ,  r e g a r d l e s s  o f  i ts 

l o c a t i o n ,  t hen  I w i l l  have a  BINGO." 

a )  What is t h e  maximum number o f  covered squa res  on B ' s  card?  

b )  What i s  t h e  minimum number? 

Reca l l  t h a t  a  bingo ca rd  is  a  5 X 5 mat r ix  wi th  t h e  c e n t e r  square  

a l r e a d y  covered a t  t h e  s t a r t  of  t h e  game. A BINGO can occur  i n  12 

ways, by cover ing t h e  5 squa res  of  any row, column, o r  d i agona l .  

SoLufLon by E h i n  hi. K L ~ n ,  UniumLtg 06 Whcomin, WhiXeu~dek. 

a )  There can be a t  most 20 covered squa res ,  s i n c e  each row must 

have a t  l e a s t  one uncovered square .  I f  t h e  bingo c a r d  is pepresented 

by a  5 X 5 mat r ix  C ,  t hen  t h e  20-square maximum can be a t t a i n e d  by un- 

cover ing only  elements Cll, CZ4, CS2, Cg5, and CS3. 

b )  I f  10 o r  more squa res  a r e  l e f t  uncovered, t hen  t h e r e  must 

be two rows (and a l s o  two columns) wi th  a t  l e a s t  two e lements  o f  each 

uncovered. Then only  e i g h t  o f  t h e  twelve  BINGOS can be r e a l i z e d  by 

coveping one more squa re ,  c o n t r a d i c t i n g  t h e  f a c t  t h a t  a t  l e a s t  t e n  

must be a t t a i n a b l e ,  s i n c e  cover ing d i f f e r e n t  squa res  produces d i f f e ~ e f i t -  

BINGOS.  Therefore at  most n i n e  squa res  can be uncovered and a t  l e a s t  

16 must be covered. This  minimum c a s e  i s  i l l u s t r a t e d  by uncovering 

t h e  e n t i r e  f i r s t  row and f i r s t  column o f  t h e  card .  

A&O boLued by MARK EVANS, LouhudYe, KY, RICHARD I .  HESS, 

Rancho Pdob Vehde.4, CA, GLEN E.  M I L L S  ( p M d  b o k d i ~ n ] ,  P e ~ ~ a c o l a  

Juniok Co&ge, F L ,  und .the PROPOSER. 

5 6 0 .  [ Fa1 1 1 9 8 3  1 Pkopobed by Leon Banfz066, Lob AngeLe.4 , 
C ~ ~ 0 k n i - U  

Two p roof s  of  a  Problem 1 0 7 1 3  appeared i n  t h e  1391(pp. 34-35) 

1 8 9 2  ( p .  79) i s s u e s  o f  t h e  Educationaz Times. Unfor tunate ly ,  n e i t h e r  

proof is v a l i d .  The problem and i t s  supposed p r o o f s  a r e  s t a t e d  below 

with  wording somewhat modernized f o r  c l a r i f i c a t i o n .  Find a l l  e r r o r s .  

Problem 1 0 7 1 3 .  Phopobed by W .  J .  Gkeenbhect, M.A. In  a  g iven 

c i r c l e  t h e  r a d i i  OA and OB a r e  pe rpend icu la r .  Let t h e  c i r c l e  on OB a s  

d iameter  have c e n t e r  0' and l e t  O I A  c u t  t h i s  new c i r c l e  i n  po in t  D. 

Then AD is  t h e  l e n g t h  of t h e  s i d e  o f  a  r e g u l a r  decagon i n s c r i b e d  i n  

t h e  g iven c i r c l e .  Also, l e t  t h e  t angen t  A Q  t o  t h e  new c i r c l e  c u t  t h e  

given c i r c l e  aga in  a t  P. See t h e  diagram above. Then AP is t h e  

l e n g t h  o f  t h e  s i d e  of  a  r e g u l a r  pentagon i n s c r i b e d  i n  t h e  z iven c i r c l e .  



1. SoluaXon by R. Knowlu, M.A., Pkoduhoh Zehk, and oxhem. 

Take OA and OB a s  coordinate axes. Then. the  equations f o r  the  

c i r c l e s  a r e  

x
2  + y2 = e 

2 2 
and x + y - c y  = 0. 

2 
Now ( ~ 0 ~ ) ~  = 5c 14 and 

which is equal t o  t h e  s ide  of a  regu la r  inscr ibed decagon. Let 
2 hx + k y  = c be a  chord of  c i r c l e  ( 0 )  t h a t  is  tangent t o  c i r c l e  ( 0 ' )  

and equal t o  t h e  s ide  of t h e  inscr ibed pentagon. Because it is a tan- 

gen ty  we have 
2 2 2 h + k  = ( k - 2 c ) .  

The condition t h a t  t h i s  chord equals the  s ide  of t h e  pentagon i s  

2 2 
( k  - 2e)  = 2e ( 3  - a). 

whence 

k = ( 3  - 6 ) c  o r  k = ( 1  + 6 ) c .  

The l a t t e r  value makes h impossible. Therefore t h e r e  i s  only one r e a l  

chord of c i r c l e  ( O ) ,  tangent t o  c i r c l e  ( o r ) ,  which is  equal t o  t h e  

s ide  of t h e  inscr ibed pentagon. 

11. SoluXion by the P h o p o h ~ ~ .  

Let OA = e.  Then 00' = c / 2  a n d .  

2 AD = AO! - O I D  = c h + t a n  OAO' - - =  - c ( G - ~ )  2 2 

2 2 2  
so  AD i s  a  s i d e  of the  inscr ibed decagon. Now AP = AD + c 

[Casey ls  EucZid, i v .  10,  Prob. â‚¬ Therefore 

s o  AP is t h e  s ide  of t h e  regu la r  inscr ibed pentagon. 

I. SoluaXon by .the P k o p v h ~ ~ .  

We f i r s t  dispose of Solution I by R.  Knowles. In t h e  given 

f i g u r e  we have t h a t  t a n  40AOr =1 /2  and t a n  4OAP = tm 24OAO1 = 413. 

Since 3APC = go0, then APC is a 3:4:5 r i g h t  t r i a n g l e .  Since AP/AC 

i s  r a t i o n a l y  then AP cannot be t h e  s i d e  of a  regu la r  in-pentagon, 

which is known t o  be i r r a t i o n a l  with respect  t o  t h e  diameter AC.  

0 
For Solution 11 we note t h a t  $OAOr = arc t a n  112 = 26.565.. . . 

Then 90AP = 53.130.. .O and &POA = 73.34.. . O .  I f  PA i s  t h e  s ide  of a  

regu la r  in-pentagon, however, then 9POA should be equal  t o  72'. 

11. So.haXon by Mom& Katz, Macwahoc, Mdnc. 
0 

Let x = s i n  18 . Then 

cos  18' = m, - s i n  36O= 2 x m ,  

2 0 2 
cos  36O = cos2  18' - s i n  18 = I - zx , 

and 
2 

sin 72O= 4 x m ( 1  - Zx 1 = cos  la0= 

Because x2 # 1 ,  we must have 
2 3 

h ( 1  - 2x ) = 1, 4x - 8 x  = 1, and 8x3 - 4x + 1 = 0, 

which has r o o t s  (6 - 1 ) /4 ,  112, anJ (-6 - 1 ) / 4 ,  t h e  f  irst of which 

i s  sin 18'. I f  we take e = OA = 1 ,  then , the s i d e  of t h e  regu la r  i n-  

scr ibed decagon is  2 s i n  18' = (6 - 1 ) / 2  and t h a t  of t h e  pentagon is  

2 &in 36' = 4 sin 18' cos  18O = (=)/2 

since (6 - + 1 )  = 4. 

Now OA = 1, m1 = 112, O I A  = G / 2 ,  and AD = (& - 1) /2 ,  SO AD is 

indeed t h e  s ide  of t h e  regu la r  inscr ibed decagon. Now drop perpen- 

d icu la r  OR t o  l i n e  AP and draw OP. Since t r i a n g l e s  AOO

f 

and AQOr a r e  con.  

gruent ,  then +OAR = 2 U A O ! .  We have t h a t  
2 2 1 3  

cos  OAR = eos  OAOI  - sin OAO' = $ - -g = . 
Because OA = OP, then t r i a n g l e  OAP is  i sosce les  and AP = 2AR = 6/5 

and not t h e  s i d e  of t h e  regu la r  pentagon. 

The question asks us t o  f i n d  a l l  e r r o r s .  So f a r  we have un- 

covered the t r u t h .  Now we must uncover t h e  e r r o r s .  A check shows 

t h a t  Solution I ,  a s  s t a t e d ,  is  almost  t r u e ;  every statement is  

c o r r e c t ,  except t h a t  by symmetry t h e r e  is  another such chord symmetric 

t o  O O

f

.  In f a c t  t h e  pos i t ive  value of h i s  2 6 .  The e r r o r  is 

t h a t  the  l i n e  hx + ky = 1 does not pass  through (1 ,  01, t h a t  is, 

point  A .  This occurs only when h = c y  so  it is  a d i f f e r e n t  chord- 

tangent t h a t  has the  desired length. In so lu t ion  11, t h e  equation 
2 2 

AP = AD + c2 quoted from Caseyrs EucZid, is not t r u e .  



Number Nine PuLkick Tama 
Nohth Ccucofina E t a  
Appdachian S ta te  UnLumLtg 

Jodg T k o d  
South Cmofina Gamma 
The College 06 C h d u Z o n  

1984 NATIONAL P I  MU EPSILON MEETING Graph Measure i n  Euclidean 
n-Space 

The National Meeting o f  the  P I  MU EPSILON FRATERNITY was held 

a t  the U n i v e r s i t y  o f  Oregon i n  Eugene on August 16 through August 18. 

H igh l igh ts  were a recept ion f o r  members and guestsy a Dutch Treat  

Breakfast and the Annual Banquet, a t  which Past-President E. Maurice 

Beesley was honored. The J. Sutherland Frame Lecture was given by 

Professor John L. Kel l e y  U n i v e r s i t y  o f  C a l i f o r n i a ,  Berkeley and 

e n t i t l e d  "The Concept o f  Plane Area.'' 

Professor Frame has served P i  Mu Epsi lon as Associate E d i t o r  

o f  the Journal,  as Secretary-Treasurer General and as Vice-Director  

General. He was D i r e c t o r  General dur ing the  per iod  1957-1966. During 

one o f  the  paper sessions he gave a b r i e f  h i s t o r y  o f  the f r a t e r n i t y .  

He i s  the author o f  " F i f t y  Years i n  the P i  Mu Epsi lon F ra te rn i t y , "  

P i  Mu Epsi lon Journal, Vol. 3, No. 10, 1964. 

The program o f  student papers included: 

David (U. BcucneLte 
NoMh Cmofina De&a 
Eat Cahofina UnLueJdQ! 

Finite Lap lace Transforms 

Je66heg Michael Kubina 
Ohio x i  
Youngbtown S ta t e  U t tLue~L ty  

A Way t o  Generate Arbitrari ly 
High-Order Root-Finding Methods 

Saniuelson ' s  Interaction Between 
the AceeZerator and the MuZtipZier 

Suguna Pappu 
Ohio De&a 
Mimi unLuem.Ltq 

Commutativity and D<stributivity: 
Different Perspeetiues 

1985 NATIONAL P I  MU EPSILON MEETING 

L e ~ f i e  Youngdahl 
Ohio DeLta 
A t i d  uniuemLtg 

Comp Zements -- Mathematical Zy 
Speaking 

I t  LA h e  t o  b t  making p h m  t o  bend an u n d a g k a d d e  delegate 
ok bpeakek &om qowc ChapZm t o  t h e  Annual Meeting od P i  Uu Epbilon 
i n  Lmmnie, Wgotning i n  AugubZ 1 9 8 5 .  Each b-t~deni who pkeAet~3 a papek 

keceiue ZkaueL buppoM up t o  $500. Each deleg&t, up t o  $250. 
Odg one bpeakek ok delegate can be 6unded @om a bingle c h a p t a ,  b d  
othem m e  encowcaged t o  atXend. Fok d & d ! ~ ,  contact Dk. Richmd A. 
Good, SeckeA#~!y-Tkeawca, Depmtment 06 h4athem&cb, U n i u m L t y  0 6  
Mmgland, College Pcuck, h4D 20742. 

Finding the Center of CotnpZaints Michael H. Cox 
U e ~ t  VhginLa Beta 
h 4 ~ h ~  UniuemLtg 

Solving Non-Linear Systems of 
Equations 

Uebotah (UhLt6ieLd 
Ohio x i  
Youngbtown S ta t e  U n i u e ~ ~ L t g  

REGIONAL MEETIPiGS Money and Math: An Ini~estigation 
of Linear Economic Models 

Renee L .  L m o n  
Sou,th UakoZa Gamma 
South Dakota S f a t e  UniuemLtg 

Many keg iond  mee-iingb 06 Zhe h ia themdcd  ~ b b o ~ ~ o n  06 Ame&Lca 
k e g ~ ~ g  hawe Aebbi0kl.h dot t h e  pkeben&o~~ 0 6  AtudeRZ papeh~. 16 duo 
ok m O h t  c o l l t g e ~  and & lest one b c a l  chap,tck 06  P i  1.h EpbZon help 
A ~ O V L ~ O ~ ,  oh pamX~Lp&e i n ,  buch bebb ion~ ,  { i n a n c i d  help up t o  $50 LA 
aua2able.  W u e  t o  Dk. Richcucd A. Good, SetkeAmg-Tkea.bukek, Dep&- 
men2 06 McUhemda,  U L u m L t g  06 h4akqhnd, CoUege Pgkk, hl9 20742. 

Dea Zings i n  n-Dimensio)?aZ 
Geome t ry  

Wedging Those Vector Integral 
Theorems 

Cdu in  Johnhon 
CaLi6oknia Lambda 
Uniuemitg 06 Cafi6okttLa, VauLA 

A bfathematieal bfode2 of Voter 
Part-ieipation 



GLEANINGS FROM CHAPTER REPORTS 

ARKANSAS BETA (Hendrix Col lege). The Undergraduate Research Program 
cont inued t o  be very  a c t i v e .  Sen io r s  Kahen Andehho~, Diane C&ock&.t, 
Ben MWfAha and Ghey W m m h  presen ted  pape r s  a t  t h e  Oklahoma-Arkansas 
MAA Meeting a t  Arkansas Tech Unive r s i ty  i n  R u s s e l l v i l l e  i n  March. Kahen 
and Diane gave t a l k s  a t  North Texas S t a t e  Un ive r s i ty  i n  Apr i l .  Diane, 
Ben and Gkey presen ted  t h e i r  papers  aga in  i n  A p r i l  a t  t h e  Annual Hendrix- 
Sewanee-Southwestern Math Symposium i n  Memphis. Guest speakers  dur ing 
t h e  schoo l  y e a r  included W & e h  Smaey from Systemat ics ,  I n c . ,  Jehhy 
MauLdLn, p r e s i d e n t  of Arkansas Power and L igh t ,  Hendrix g radua te ,  David 
Suthmtand,  now s tudy ing  a t  North Texas S t a t e  Un ive r s i ty  i n  S t i l l w a t e r ,  
D h .  J&?i Choike from Oklahoma S t a t e  Un ive r s i ty  i n  S t i l l w a t e r  and uk. T&?i 
Whigfi  of  t h e  Un ive r s i ty  of  Missouri  a t  Ro l l a .  The McHenry-Lane Fresh-  
man Math Award was given t o  Gahq Thackeh. The Hogan Senior  Math Award 
was sha red  by Kahen Andemon and Gheq k l U a m 6 .  The P h i l l i p  Pa rke r  Under- 
gradua te  Research Award was given t o  Ben MWfAhd. 

DISTRICT OF COLUMBIA ALPHA (Howard U n i v e r s i t y ) .  Mh. Hahi T h d a n i  was 
p resen ted  wi th  an  award f o r  h i s  performance i n  t h e  E l b e r t  F. Cox Under- 
g radua te  Mathematics Competit ion. The Competit ion p e r p e t u a t e s  t h e  mem- 
ory  o f  D r .  E l b e r t  F. Cox, t h e  f i r s t  b l ack  American t o  r e c e i v e  t h e  Ph. D .  
degree  i n  mathematics.  

MASSACHUSETTS GAMMA (Bridgewater State Col lege). During t h e  win te r  of  
1983-1984 t h e  membership met weekly wi th  t h e  f a c u l t y  a d v i s o r ,  Thomuh E. 
Mooke, f o r  problem s o l v i n g  s e s s i o n s .  I n  t h e  s p r i n g ,  t h e  c h a p t e r  spon- 
so red  a  mathematics week, llWomen i n  Mathematics and Computer Science ."  
The speake r s  included men and women from bo th  t h e  business  and academic 
worlds.  

MINNESOTA GAMMA (Macalester Col lege). Along wi th  t h e  annual  game n i g h t ,  
f i l m  showing and s p r i n g  and f a l l  p i c n i c s ,  t h e  c h a p t e r  sponsored i n v i t e d  
t a l k s  by Ph06ehhoh Fmnk Hahahg on llGraph Theore t i c  Models i n  t h e  Phys- 
i c a l  and S o c i a l   science^,^^ Ph06ehhoh G e d d  Behgm on l ' I n t e r e s t i n g  b u t  
Unsolved Problems i n  Number Theory," and Pkodehhok MichaeL Tanghe& on 
"Vo1terra1s  Popula t ion  model^.^^ A T- sh i r t  s a l e  was a  very  s u c c e s s f u l  
f u n d- r a i s e r .  

MINNESOTA ZETA (Sa in t  !4ary1 s  Col lege)  . Featured colloquium speakers  
were DJL. Dick Jahvinen on lvVasectomy and t h e  Death o f  Euler ,"  &k&2h 
KathLeen Sul%van on I1Inf i n i t e s i m a l s  Rev i s i t ed  Ju&h Knapp on 
"Trigonometric S u b s t i t u t i o n s  a s  an I n t e g r a t i o n  Technique," and BahbUha 
J .  C d o n  on l'Mathematical-Musical App l i ca t ions  f o r  t h e  Classroom." 

4ISSISSIPPI ALPHA (The U n i v e r s i t y  o f  M i s s i s s i p p i ) .  Afte r  a  y e a r  o f  
i n a c t i v i t y ,  M i s s i s s i p p i  Alpha has  regrouped. During t h e  s p r i n g  198b 
semester, monthly meetings were he ld .  Twenty new members were i n i t i a t e d .  
j i g h l i g h t s  were a  t a l k  on job p rospec t s  i n  mathematics by D h .  W&%nn R. 
fh0H and a  s p r i n g  f i n a l e  cook-out. 

NEW JERSEY BETA (Douglass Col lege). Math Caree r  Day on November 19 - 
f e a t u r e d  t a l k s  by math majors  now holding p o s i t i o n s  a s  computer program- 
mer, t e a c h e r ,  f i n a n c i a l  a n a l y s t  and ac tua ry .  In  i n v i t e d  t a l k s ,  Eichahd ' 

PO&&? d i scussed  a  p o s s i b l e  model few love  (and h a t e )  and D h .  Jean Tag- 
f0k d i scussed  t h e  mathematics o f  sbap f i l m s .  The chap te r  cont inued i t s  
t r a d i t i o n  o f  o f f e r i n g  f r e e  t u t o r i n g  i n  mathematics courses .  A new event  
was a  p r i z e  exam f o r  a r e a  h igh schoo l  mathematics teams h e l d  j o i n t l y  wi th  
t h e  New J e r s e y  Alpha (Rutgers  Un ive r s i ty )  chap te r .  

NEW YORK ALPHA BETA (LeMoyne Col lege). Eileen P o h n i ,  P i  Mu Epsi lon 
Counci lor  (and now P r e s i d e n t - E l e c t ) Â  rep resen ted  t h e  f r a t e r n i t y  a t  t h e  
c h a p t e r  i n s t a l l a t i o n  ceremonies i n  October. Th i r ty- s ix  s t u d e n t s y  grad-  
u a t e s  and f a c u l t y  were induc ted .  In  March, Ph06ehhOh Steven Bhmh o f  
New York Unive r s i ty  spoke on l l B i b l i c a l  Games.I1 

NEW YORK PHI (State U n i v e r s i t y  o f  ?lew York a t  Potsdam). The i n v i t e d  
speaker  a t  October ceremonies induc t ing  40 new members was D h .  H a J d h  
Sch,&?,bhik~geh, a  c h a p t e r  alumnus, who spoke on IqWhat is  Mathematics?" In  
Apr i l ,  36 new induc tees  were welcomed t o  membership. ~ J L .  Rich& 
DeLGuidLce, Dean of t h e  School o f  L i b e r a l  S t u d i e s ,  was p r i n c i p a l  speake r .  
The schoo l  y e a r  ended wi th  t h e  annua l  p i c n i c .  

NEId YORK OMEGA (Sa in t  Bonaventure U n i v e r s i t y ) .  A c t i v i t i e s  included t h e  
showing of  t h e  f i l m s  "Symmetries o f  t h e  Cube1' and "Space F i l l i n g  Curves.ll 
I n v i t e d  l e c t u r e r s  were PhOdehhOk 1. F. Lahdy on "Computing t h e  Zeroes of  
a  P 0 1 y n o m i a l ~ ~ ~  Phodehhoh David Hamon on l'Some Unexpected R e s u l t s  i n  Coin 
Tossing,"  and GUY M g e ~  on llUniquely I n t e r s e c t a b l e  Graphs - an  Open Prob- 
lem.l' S tuden t s  J m e ~  Bhahaney and Jan& McMahon shared t h e  P i  Mu Epsi lon 
Award a t  t h e  u n i v e r s i t y ' s  annual  Honors Banquet. Joan Cug& was recog-  
n ized  f o r  honorable mention. 

NORTH CAROLINA KAPPA (North Carol ina A g r i c u l t u r a l  and Technical State 
U n i v e r s i t y ) .  Dk. John TofLe, Unive r s i ty  of North Caro l ina  a t  Chapel H i l l ,  
spoke on l lOptimization.l l  One hundred twenty- f ive  s t u d e n t s  r e p r e s e n t i n g  40 
schoo l s  p a r t i c i p a t e d  i n  t h e  chapter- sponsored S t a t e  Regional High School 
Geometry Contes t  which i s  t o  become an annual  even t .  

PENNSYLVA!iIA BETA (Bucknell Un ive rs i t y ) .  For t h e  12 th  consecut ive  y e a r  
t h e  c h a p t e r  sponsored t h e  John S t e i n e r  Gold Mathematical Competit ion f o r  
s t u d e n t s  from a r e a  high schoo l s .  Seven ty- f ive  s t u d e n t s  r e p r e s e n t i n g  26 
schools  p a r t i c i p a t e d .  The compet i t ion was e s t a b l i s h e d  t o  d i scove r  and 
encourage mathematical t a l e n t .  The compet i t ion honors P ro fes so r  Gold 
who served t h e  f r a t e ~ n i t y  a s  S e c r e t a r y  and/or  Sec re t a ry- Treasu re r  from 
1927-1947 and l a t e r  a s  Co i~nc i lo r .  A t  t h e  annual  i n i t i a t i o n  banquet,  



Phof,U&oA JameA P u d z i a k  spoke on t h e  "Kakeya-Besicovitch Needle Problem." 
The P i  Mu Epsi lon F r a t e r n i t y  P r i z e ,  awarded t o  the'member of t h e  gradu-  
a t i n g  c l a s s  whose work i n  mathematics has  been ou t s t and ing ,  was p resen ted  
t o  John 1. A Â £ t o i  

SOUTH CAROLINA GAMMA (The College o f  Charleston).  A c t i v i t i e s  included 
he lp ing  t o  conduct t h e  annual  Math Meet at The Col lege  o f  Char les ton f o r  
1200 h igh  schoo l  s t u d e n t s  from South Caro l ina  and neighbor ing s t a t e s .  
S tuden t s ,  f a c u l t y  a t  t h e  c o l l e g e  and a t  nearby i n s t i t u t i o n s  gave t a l k s  
on a  v a r i e t y  o f  mathemat ica l  t o p i c s .  Speakers included PA. R o ~ e  Hmm, 
P-t. AÂ P U h ,  W h u h  SquJUila.ntc, John T~ouLt  and PA. Hiiuhe^. Hunt. 

TEXAS IOTA (Un ivers i ty  o f  Texas a t  Ar l ing ton ) .  The c h a p t e r  had a  ve ry  
s u c c e s s f u l  y e a r  wi th  twelve  l e c t u r e s  on mathematics o u t s i d e  t h e  c l a s s -  
room. Speakers were from E-Systems, General  Dynamics, Rockwell I n t e r -  
n a t i o n a l ,  Mobil O i l  and Texas Ins t ruments .  

VIRGINIA GAMMA (James Madison U n i v e r s i t y ) .  The c h a p t e r  recognized P m e h  
F .̂co-fcoha wi th  i ts Outs tanding Sen io r  Award f o r  s c h o l a s t i c  achievement i n  
mathematics and s e r v i c e  t o  P i  Mu Epsi lon.  

WEST VIRGINIA BETA (Marshall  Un ivers i ty ) .  Guest speake r s  were PA. Me.Uon, 
a  former f a c u l t y  member, and R e g i d d  S p ~ t c e h  from t h e  Placement Center .  
A t u t o r i n g  f i l e  was e s t a b l i s h e d .  The annua l  book s a l e  was a  s u c c e s s f u l  
fund- ra i se r .  Four s t u d e n t s  a t t ended  t h e  67th  Annual Meeting of  t h e  MAA 
i n  L o u i s v i l l e .  S ix  s t u d e n t s  a t t e n d e d  t h e  s p r i n g  meeting o f  t h e  Ohio Sec- 
t i o n  o f  t h e  MAA wi th  t h e  suppor t  o f  P i  Mu Epsi lon Marshal l  Un ive r s i ty .  
h k k t  Cox presen ted  a  paper  a t  t h e  s t u d e n t  paper  s e s s i o n .  The c h a p t e r ' s  
A n n u a l J o b  F a i r  wi th  a  pane l  of r e p r e s e n t a t i v e s  from l o c a l  bus inesses  
and i n d u s t r i e s  was a  b i g  success .  The annual  Math Competit ion, suppor ted 
by P i  Mu Eps i lon  and t h e  Marshal l  U n i v e r s i t y  Foundation, awarded $500 i n  
cash p r i z e s  t o  h i g h e s t  s c o r e r s .  The compet i t ion i s  open t o  ou t s t and ing  
high schoo l  s t u d e n t s  i n  West V i r g i n i a  and t h e  T r i - S t a t e  Area who have been 
chosen t o  p a r t i c i p a t e  by t h e i r  t e a c h e r s .  

ATTENTION - FACULTY ADVISORS 

74 you& c h a p t e f i r b  iepo/Lt  h e i e ?  If ,  n o t ,  p t e o ~ e  c m ' i d e - t  
b h h n g  a ~umtnaky of, you4 ckapteh 'A actiuLbLe-4 w i t h  ofheh  
membeu of, t h e  f,-tatehn.&. Accountli of, pAoghcun4 which  have 
been  A U C C ~ A ~ ~ , ~  at youh in4-fcytUtion OAe eApec ia t t . y  we icome.  
Send cop.& of, YOWL ~ e p o i u L  to PA. R^chahd A .  Good,  S i c - t n t a ~ y -  
Tfi.e04uheh, PepaAtment of, Mathe.mivU.cs, U n L v m L t . y  od M a ~ y L a n d ,  
C o U e g e  Pa&, MU 20742  and t o  VA. Joheph P .  E .  K o n h a u ~ e k ,  
EcLLtofi, Mathematics  and ComputeA S c i e n c e  Pepamtment, M a c a t u t e h  
CoUe-ge, S t .  P a u t ,  M N  5 5 1 0 5 .  
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