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A MESSAGE FROM THE PRESIDENT 
3RATING THE SEVENTY-FIFTH ANNIVERSARY 

OF PI MU EPSILON. INC. 

The year, 1989, marks the 75th Anniversary of the founding of Pi Mu Epsilon,"Inc. 
and the 40th Anniversary of the establishment of the Pi Mu Epsilon Journal. Chartered 
in the State of New York on May 25, 1914, Pi Mu Epsilon Fraternity, Inc. began as a 
non-secret organization "to promote scholarship and mathematics" on college and 
university campuses and at qualified non-academic institutions. The name of this 
national honorary mathematics society was changed to Pi Mu Epsilon, Inc. in 1988 to 
reflect the coeducational composition of the organization since it originated. 

Like the Panama Canal which officially opened in 1914, Pi Mu Epsilon unlocked the 
gates to recognizing student talent in the mathematical sciences that same year. Its 
membership now boasts over 90,000 individuals and 257 chapters across the United 
States. 

Each year since 1952, Pi Mu Epsilon has been holding its National Meeting in 
conjunction with the Summer Meetings of the American Mathematical Society and the 
Mathematical Association of America. The Diamond Jubilee celebration will take place 
from August 7 to August 10, 1989, on the campus of the University of Colorado at 
Boulder. 

The National Honorary Mathematics Society proudly dedicates this commemorative 
issue of the Pi Mu Epsilon Journal to the achievements and aspirations of all the 
outstanding students of mathematics who have been selected to membership in Pi Mu 
Epsilon and who will join its ranks in the future, as well as to the loyal Faculty 
Advisors, Faculty Correspondents, and National Officers who are the backbone of the 
organization. As the 21st century approaches, Pi Mu Epsilon remains committed to its 
tradition of serving the nation by recognizing promise in the mathematical sciences and 
by promoting scholarly activities in mathematics. 

Eileen L. Poiani 
President 
Pi Mu Epsilon, Inc. 

COVERS 

The front and back covers commemorating the 75th Anniversary 
of the founding of Pi Mu Epsilon were designed and prepared by 
Professor E. P. Miles, Jr., Florida State University, Tallahassee, 
Florida, at the FSU Muench Center for Color Graphics, on an 
INTERCOLOR 2427, DATAVUE, and PRINTACOLOR GP 1024. . 
Professor Miles presented the J. Sutherland Frame Lecture at 
the Summer Meeting of Pi Mu Epsilon in Pittsburgh, PA in 1981. 
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THE C. C. MACDUFFEE AWARD FOR DISTINGUISHED SERVICE 

On August 10, 1988, at the Pi Mu Epsilon National Meeting in Providence, Rhode 
Island, Dr. Milton D. Cox, was honored by Pi Mu Epsilon with the C. C. MacDuffee Award 
for Distinguished Service. This prestigious recognition, first bestowed in 1965 upon 
J. Sutherland Frame, is awarded "often enough to be recognized and seldom enough to be 
meaningful," according to the Pi Mu Epsilon Governing Council. 

As Faculty Advisor of the Ohio Delta chapter at Miami University in Oxford, Ohio, for 
at least eighteen years, as Councilor of Pi Mu Epsilon from 1975 to 1981 and National 
President from 1984-87, Dr. Cox has continually contributed to the achievement of Pi 
Mu Epsilon's goal "to promote scholarship in mathematics." A sort of mathematical "pied 
piper," he journeyed over the years with many Miami University students - by van, 
auto, and train, to the annual Pi Mu Epsilon National Meetings at college and university 
campuses across the United States. His untiring efforts to stimulate student interest in 
mathematics have been rewarded both by an active Pi Mu Epsilon chapter on his home 
campus and by a substantial increase in the number of student papers presented at 
national meetings during his presidency of Pi Mu Epsilon. 

Not content to wait for just one summer opportunity for Pi Mu Epsilon students to 
present papers, Dr. Cox has organized and directed fifteen consecutive Pi Mu Epsilon 
Student Conferences at Miami University. The sixteenth is scheduled for Fall 1989. 
These successful conferences continue to serve as models which have been successfully 
replicated on other campuses. 

A graduate of DePauw University, the honoree received his master's and doctoral 
degrees from Indiana University, specializing in abstract algebra and field theory. At 
Miami University, he currently divides his time teaching as an Associate Professor of 
Mathematics and Statistics and serving as the Associate Provost for Teaching 
Effectiveness Programs. In addition, Dr. Cox coordinates the departmental honors 
program and chairs the Committee on Student Sections for the Mathematical Association 
of America's Ohio Section of which he is a past-president. 

A member of Phi Beta Kappa, Dr. Cox has lectured on topics ranging from the theory 
of tiling to the ingredients of an undergraduate mathematics curriculum. He has brought 
to Pi Mu Epsilon and to its students a contagious enthusiasm for mathematics. 

Pi Mu Epsilon is proud to add the name of Dr. Milton D. Cox to the list of recipients of 
the C. C. MacDuffee Distinguished Service Award. 

1964 Dr. J. Sutherland Frame 
1966 Dr. Richard V. Andree 
1967 Dr. John S. Gold 
1970 Dr. Francis Regan 
1972 Dr. J. C. Eaves 
1975 Dr. Houston Karnes 
1980 Dr. Richard Good 
1988 Dr. Milton D. Cox 

AMS ESTABLISHES ANNUAL PRIZE 

President Eileen Poiani has announced that the American Mathematical Society has 
established a prize of up to $1000 per year to promote undergraduate scholarship in 
mathematics. The prize money will be administered by Pi Mu Epsilon. Officers and 
councilors of Pi Mu Epsilon will determine how the prize money will be distributed. 

Join in PI MU EPSILON'S DIAMOND 
JUBILEE CELEBRATION in Boulder, 
Colorado, from August 7-9, 1989. 

See vour PI MU EPSILON advisor for details". 



PI MU EPSILON CELEBRATES 75 YEARS OF MATHEMATICAL ACTIVITY 

by J. Sutherland Frame 
Michigan State University 

1. Incorporation and Early Days. 

The Pi Mu Epsilon Fraternity, incorporated on May 25, 1914, under the laws of 

the State of New York, is celebrating its 75th anniversary as a national mathematics 

honor society, with over 250 chapters in 45 states and the District of Columbia. It is a 

non-secret organization whose purpose is the promotion among students and faculty of 

scholarly activity in mathematics. 

The Syracuse University Mathematics Club, which parented Pi Mu Epsilon, first 

met on November 30, 1903, at the home of Dr. W. H. Metzler, who was named Director 

of the club. Dr. Edward Drake Roe, Jr. was elected Vice-Director, Mary B. Quinlan 

Secretary and Mr. Carpenter Treasurer, as recounted in the archives at Syracuse 

University. During the next ten years the club carried on an active program with many 

student papers (preserved in the archives), directed in turn by Metzler, Roe, Warren G. 

Bullard, Floyd Fiske Decker, Daniel Pratt and Lapine Hall Price. At the tenth 

anniversary meeting on November 17, 1913, a committee chaired by Professor Roe was 

established to consider a possible revision of the club's constitution. Its report on 

December 7 presented four options, included in Professor Decker's historical article 

about Pi Mu Epsilon (Pi Mu Epsilon Journal, Vol. 1, No. 1 (1 949), pp. 8-1 2). The 

second option "to reorganize the club as a professional fraternity" was approved. Thus 

Dr. Roe's influential ideas led to the establishment of Pi Mu Epsilon. 

On March 2, 1914, a convention was held and a constitution was adopted. On 

March 23, the choice E n  M was made among five sets of Greek letters proposed for the 

fraternity name, subject to changing the order of the letters to ll M E. Eight faculty 

members and 42 students then took the following pledge and signed their names as 

charter members: 

PLEDGE: I solemnly promise to give my best efforts to the improvement of my 

scholarship in all my studies and researches and especially in Mathematics; I will 

maintain a discreet silence concerning all the aims and obligations of this fraternity; I 

will cheerfully accept advice and admonition as long as I am a member of the Fraternity. 

Officers elected at the convention on April 27, 1914, were as follows: 

Professors E. D. Roe. Jr. and F. F. Decker Director and Vice-Director, undergraduates 

Helen L. Applebee and Purley J. Bentley Secretary and Treasurer, and Olive ~velyn .- 
Jones Historian. Incorporation followed on May 25, 1914. 

Additional chapters were chartered at the Ohio State University in 191 9, at the 

University of Pennsylvania in 1921, and at the Universities of Missouri and Alabama in 

1922. The officers of the Alpha Chapter at Syracuse University served as national 

officers until December 1922. when a national office was established. Additional 

information about the early days is included in Dr. Decker's article referenced above, 

and in J. Sutherland Frame's article "Fifty years in the Pi Mu Epsilon Fraternity" (Pi 

Mu Epsilon Journal, Vol. 3, No. 10 (1964), pp. 51 1-5). 

2. Pi Mu Epsilon National Reports and Meetings. 

Pi Mu Epsilon has always considered its primary aim to be the encouragement of 

scholarly interest and activity in mathematics among undergraduate and beginning 

graduate students. This aim was fostered at first mainly by individual chapters, but 

partly by informal meetings of interested faculty and students, usually held once in 

three years at meetings of the Mathematical Association of America (MAA). The 

American Mathematical Monthly (the Monthly) recorded national meetings of Pi Mu 

Epsilon in 1938 and on January 1, 1942. Meetings without formal talks were held in 

1945, 1948, 1953, and 1959. Pi Mu Epsilon activities were reported in the Clubs and 

Allied Activities section of the Monthly, a section edited from 1931 to June 1935 by F. 

M. Weida, from December 1935 to July 1938 by F. W. and Helen B. Owens, from August 

1938 to August 1942 by E. H. C. Hildebrandt, from January 1942 to December 1946 by 

J. Sutherland Frame, and from 1947 to 1951 by L. F. Ollmann. 

In 1927 a vote of nine chapters on the question "Shall we have a National 

Publication for n M E?" was 5 to 4 negative. Years later, in 1949, Pi Mu Epsilon 

launched its own journal, with Ruth Stokes of Syracuse as Editor, Howard C. Bennett as 

Business Manager, and J. Sutherland Frame, H. T. Karnes, N. H. McCoy, and R. J. Walker 

as Associate Editors. The Journal contains papers written by undergraduates and othek 

deemed to be of interest to them, as well as a puzzle section, a problem department, 



chapter reports, invited addresses, and other items of interest to Pi Mu Epsilon 

members. New member lists were included until 1972. 

Pi Mu Epsilon has been especially fortunate in having had a succession of 

outstanding problem proposerslsolvers serve as Editor of the Journal's Problem 

Department. The first so designated was the late Leo Moser, who edited the department 

beginning with Vol. 1, No. 4. through Vol. 2, No. 7. Together, C. W. Trigg and Leon 

Bankoff edited Vol. 2, No. 8. Murray S. Klamkin assumed the editorship with Vol. 2, No. 

9 and continued for ten years. Leon Bankoff took over with Vol. 4, No. 9 and sewed 

through Vol. 7, No. 2. The next three issues were jointly edited by Bankoff and Clayton 

W. Dodge. Beginning with Vol. 7, No. 6, Dodge had been Editor. 

Presentation of papers by students at Pi Mu Epsilon national meetings began at 

the national meetings of the M M  and American Mathematical Society (AMS) at Michigan 

State University in 1952, continued at meetings at the University of Michigan in 1955 

and at Pennsylvania State University in 1957, and has continued since 1960 at most 

subsequent Pi Mu Epsilon national summer meetings, held annually with few exceptions 

(1962, 1974). Student speakers are supported for their travel expenses, encouraged 

to submit their papers to the Journal for publication, and lured by prizes for the best 

papers published by students below or just at the master's level. To facilitate 

interaction between participants, Pi Mu Epsilon holds an informal get-acquainted 

reception the evening before student papers are delivered. A complete list of the papers 

presented appears as Appendix A to this article. 

Most Pi Mu Epsilon national meetings have included a one-hour address by an 

invited speaker, notably that in 1972 at Dartmouth by President John Kemeny, entitled 

"Mathematical Models and the Computer" (Pi Mu Epsilon Journal, Vol. 5, No. 8 (1973), 

pp. 373-86). At the 1973 meeting of the Council, Past President J. C. Eaves proposed 

and the Council approved a motion that this activity be formalized in a series of annual 

addresses to be known as the J. Sutherland Frame Lectures. Past President Frame was 

asked to inaugurate the series in 1975, and deeply appreciates the honor. Appendix B is 

a complete list of speakers and topics. 

In 1964 a 50-year history of Pi Mu Epsilon by Frame was printed in the 

Journal. We look forward to our 75th anniversary meeting at the University of Colorado 

in Boulder in August 1989. 

3. Pi Mu Epsilon Financial Perspective. 

In 1936 when national Secretary John S. Gold became national Secretary- 

Treasurer for Pi Mu Epsilon his office issued charters for $10, and registration fees 

and certificates of membership for $0.25 each. The latter two charges were combined 

into a $1 initiation fee in November 1950. raised to $2 in 1957. to $4 in 1971. and to 

$10 in 1986, due to increasing expenses. Pi Mu Epsilon has never charged its members 

annual dues, but does encourage subscriptions to the Journal, which are included for one 

year in the initiation fee. 

In 1937, the L. G. Balfour Company became the official jeweler for Pi Mu 

Epsilon, and in 1938 began remitting royalties on jewelry which totaled $3384.42 

from 1951 to 1954, and varying amounts in subsequent years. At first, 10-karat gold 

keys or key-pins were sold for $3.75, but when the price of gold skyrocketed in the 

1970's and the key price rose above $12, Pi Mu Epsilon began ordering gold-plated pins 

in quantity from Balfour, and sold them to initiates for $5 in 1972 and for $8 beginning 

in 1979. 

The first 4000-copy issue of the P i  Mu Epsilon Journal in 1949 cost $500. 

Between 1950 and 1954 the Journal received $0.75 of each $1 initiation fee, which 

paid for a one-year subscription. Printing costs continued to rise. In 1973 the two- 

year subscription price was increased from $1 SO to $4 for members, and from $2 to 

$6 for non-members and libraries; it was raised again in 1980 to $8 and $12 

respectively for two years. In 1975-1976 the Journal income of $6108.90 included 

$4000 from the Pi Mu Epsilon treasury, and expenses were $5426.26. In 1980- 

1981 Journal costs of $10,850.12 were subsidized by $5000 from the Pi Mu Epsilon 

treasury. Cash assets of Pi Mu Epsilon on June 30, 1988, totalled $27,185.79. 

In 1966 the Council approved a prize of $100, to be awarded each year, for the 

best paper by an undergraduate that was published in the Journal. Beginning in 1971, 

first, second, and third prizes of $200, $100, and $50 were awarded, and eligibility 

was extended to graduate students working on or just completing a master's degree. 

These awards were named the Richard V. Andree Awards by the Council in 1987. Of all 

the student-written papers, heretofore receiving first prizes, that of Donald John 

Nicholson on "A Ubiquitous Partition of Sets of Rn," which appeared in Vol. 8, No. 1, pp. 

2-7, has been selected as "best" and is reprinted on pages 663-668. 



Pi Mu Epsilon also encouraged local chapters by matching prize money up to $50 

per chapter and assisting financially with student participation in sectional meetings. 

But the largest financial support to students was transportation expense to national 

meetings. Travel subsidies totaling $486.21 fo the 1952 summer meeting in East 

Lansing, Michigan, with student speakers, and $793.24 for the December 1953 meeting 

in Baltimore for officers and delegates (no student speakers), was first based on full 

travel expense up to $60 for speakers, and one-half rail fare plus lower berth up to 

$35 for delegates. In later years travel subsidies were based on minimum airfare for a 

speaker, with half these amounts for a chapter delegate, subject, however, to maximums 

which rose from $60 in 1952 to $150 in 1964, $300 in 1973, $400 in 1977, $500 

in 1981. and $600 in 1985. 

In 1957 Pi Mu Epsilon contributed $300 to help launch the Mu Alpha Theta high 

school math honorary sponsored by Dick and Josephine Andree. It contributed $500 in 

March 1973 to the National Council of Teachers of Mathematics (NCTM) for its building 

fund, $500 in 1981 to the NCTM toward a memorial to our past president Houston 

Karnes, $3000 in 1978 to the MAA for its building fund, and $500 in 1987 toward the 

endowed scholarship in mathematics or computer science at the University of Oklahoma 

in memory of Richard V. Andree. 

4. Pi Mu Epsilon growth in chapters and membership. 

When national officers were first elected in 1922, there were five chapters of Pi 

Mu Epsilon (listed in section 1). When Dr. E. D. Roe, Jr., the first Director General, 

died in 1929 and was succeeded by Dr. Louis Ingold, there were 18 chapters. There 

were 31 chapters on April 1, 1936, when a new constitution was adopted and the offices 

of Secretary, Treasurer, and Librarian were combined in the office of Secretary- 

Treasurer, held by the former Secretary, John S. Gold of Bucknell. Griffith C. Evans 

succeeded F. W. Owens as Director General, and was followed by W. E. Milne in 1939 and 

Tomlinson Fort from 1942 to 1948. By fall 1949, when the Pi Mu Epsilon Journal was 

started, and E. H. C. Hildebrandt was Secretary-Treasurer, there were 48 chapters. 

Membership totals on April 1, 1951, and July 1, 1954, were 18,857 and 22,897. At 

that time Richard V. Andree replaced J. Sutherland Frame as Secretary-Treasurer and 

three-year terms for National Officers began July 1 instead of April 1, to facilitate 

exchanges of files and information. 

During C. C. MacDuffee's term as Director-General, 1948-1954, he installed 

almost all the new chapters. His successor, S. S. Cairns, had a sabbatical leave in 

1954-1955. and asked Vice-Director General Frame to act for him that year. By the 

end of Frame's three terms as Director General in 1966 there were 120 chapters, of 

which Frame had installed about 50. Membership in Pi Mu Epsilon increased by - 
25,198 from 1975 to 1986 when Richard Good was Secretary-Treasurer, and should 

exceed 90,000 by 1989. On April 1, 1989, there were 257 chapters. 

The Constitution and By Laws of 1936 were revised in 1958, 1965, and 1972. 

A 1958 revision provided that the nominating committee appointed by the Director 

General should nominate three qualified candidates for the office of Director General, 

among whom the candidate with the second highest vote of the chapters should become 

Vice-Director General. Another significant change provided for the chartering of 

affiliate chapters at Pi Mu Epsilon at non-academic institutions. Only one such chapter 

was installed, at the urging of George Marks, at the General Electric plant in Evendale, 

Ohio, in 1958. It became inactive when Marks moved away. Constitutional revisions in 

1965 changed the titles of Director General and Vice Director General to President and 

Vice President, shortened the pledge for initiates, and provided that charter petitions 

approved by unanimous vote of the Council did not require chapter approval. A 1972 

revision changed the office of Vice President to President-Elect, at least one to be 

nominated, and provided for the automatic succession after a three-year term to a term 

as President, followed by a term as Past President and Council member. 

5. Who were our National Council Members? 

Lists of names and dates do not tell the whole story. So what do we know about the 

men and women who have served as Officers and Councilors of Pi Mu Epsilon? Back 

numbers of the Pi Mu Epsilon Journal provided added information. The reference 

(11111-9/F49), meaning Vol. 1, No. 1, pp. 1-9, Fall 1949, refers to a photo and 

biography of the first Director General E. D. Roe, Jr., who was an astronomer as well as 

a mathematician. Director-General Griffith C. Evans served as Vice President of both 

the AMS and M M ,  and was AMS President in 1938-1940. Tomlinson Fort served as 

AMS Associate Secretary and later as Bulletin Editor. C. C. MacDuffee was M M  President 

in 1945 and Frame served two terms (1 950-1952 and 1958-1960) on the M M  Board 

of Governors. R. H. Bing was M M  President in 1961. Photos and biographies of C. C. 

MacDuffee, W. M. Whybum, J. S. Frame, S. S. Cairns and Sophia MacDonald appear inL 

(1151191-3lF51). Other portraits and biographies appear in (1161229-31/S52), 



(1/8/331/S53), (2/1/1,31-4/F54), (2161279-81/S57), (5171356-8/F72), 

and (6131194-5lF75). Colton MacDuffee was born June 25, 1895, and died August 

21, 1961, see (3/51213/F61). Appendix C is a complete list of Officers and 

Councilors. 

In 1957 Josephine and Richard Andree launched the high school mathematics 

honorary society Mu Alpha Theta (2181394lS58). Henry Alder and later J. C. Eaves 

(among others) served as Presidents. Cosponsored now by the NCTM and MAA, Mu Alpha 

Theta now has over 1200 chapters and 40,000 members in 42 states, the District of 

Columbia, Puerto Rico, Canada, Germany, Japan, and Switzerland. 

In 1965 J. C. Eaves proposed the C. C. MacDuffee Awards for Distinguished 

Service to Pi Mu Epsilon, described in (4/6/229/S67), and followed (4161230- 

31S67) by portraits of the 1966 honorees J. S. Frame, R. V. Andree and their wives. 

Subsequent honorees were former Secretary-Treasurer John S. Gold in 1967 

(4181319-21/S68), Editor Francis Regan in 1970 (5131105-6/F70), Presidents J. 

C. Eaves in 1972 (5181371-2/S73), Houston Karnes in 1975 (6131123-4/F75), 

who died in March 1980, Secretary-Treasurer Richard Good in 1980 (7131149/F80), 

and Past-President Milton Cox in 1988 (81101634-5lS89). 

After 21 years as Secretary-Treasurer, 1954-1975, Richard Andree served as 

President-Elect and then President, but died May 8, 1987 after a long illness. Richard 

Good was his able successor as Secretary-Treasurer 1975-1987 and now serves as a 

Councilor. In 1978 E. Allan Davis followed Houston Karnes as President. The four 

Councilors of 1975-1978 have all become national officers: E. Maurice Beasley, Milton 

Cox and Eileen Poiani as Presidents 1981-1 984, 1984-1 987, and 1987-1 990. 

respectively, and Robert Woodside as Secretary-Treasurer 1987-1990. David Ballew, 

our Editor 1978-1984, is now President-Elect. Joseph Konhauser followed Ballew as 

Editor, Milton Cox is now Past-President, and Richard Poss, Robert Eslinger, and J. 

Douglas Faires are now Councilors. Under Eileen Poiani and her colleagues Pi Mu 

Epsilon should have a bright future. 

APPENDIX A 

STUDENT PAPERS 

1952 -- Michigan State College Meeting 

"modification of Infinite Series", Sevan 1C. tjouse. University of Georgia 
'Rapid Square Hoots", Chortes D. Parker, Michigan State University 
"almost Periodic Functions", John E. Moffman, University of Oklahoma 
"matrix Inversion", Verno h i r ,  University of Delaware 
''matrix Extension". -Man 1. Golttmnn, University of Kentucky 
"The G. C. D. Rlgorithm", Wilson %. Zaring, University of Kentucky 

There were no meetings in 1953 or 1954. 

1955 - University of Michigan Meeting 

"magic Squares", hotter W .  Turner, Michigan State College 
'Semigroups", T ~ ~ ~ w w s  Head, University of Oklahoma 
"Elliptical Wheels on an Inclined Plane", James rt-tndy, gr., University of Georgia 
"modern Developments in Rdditive Ilumber Theory", Roy Lisfccr, University of 

Pennsylvania 
'Heorderings of Sets", Ronald c h a r y ,  Syracuse University 
"Rn Equation Concerning the Functional Exponent", john S t o U i y s ,  University of 

Arkansas 
"Some Cayleg Color Groups of Order Less Than Fifteen", Chih Han Sah, University 

of Illinois 
"On Extensions of Kasner's Circle", r t o n n i y  1. Rose, University of Kentucky 

There was no meeting in 1956. 

1957 -- Pennsylvania State University Meeting 

"Envelopes of Certain Families of Conics", Katharine Lipps, St. Louis University 
"Illathematics in Turkish High Schools". ALL Tangoren, Louisiana State University 
"Sgmmetrg Groups and molecular Structure", J .  S .  F~CWTW, Michigan State 

University 
"On the Convergence of the Fourier Series", Tom Boehme, University of Oklahoma 
"The Perpetual Calendar", Francis Felix, Pennsylvania State University 

There were no meetings in 1958 or 1959. 

1960 -- Michigan State University Meeting 

"Koningsberg Bridge Problem", F r d  MowIett, University of Nebraska 
"Filters and Ultrafilters", John a n ,  Oklahoma State University 



'R Geometric Interpretation of the Solution of Some 3x3 Games", V i r g i n i a  Thrasher ,  
University of Buffalo 

'On the number of Representations a Cubic Polynomial modulo p", Stonfoy 
~ a m ~ @ i s ,  Hunter College 

"Bounds for Waring's Problem, modulo p", S a m  hmonaco, St. Louis University 
"The Construction of the Rffine Plane and its Rseociated Group in Terms of the 

Bargcentric Calculus", 'James H e r o d ,  University of Alabama 
"Characterizations of Certain Lattices", Qerotttlne lensen. University of Oregon 
"Some Properties of Prime numbers", A n d r e w  S o m s ,  Michigan State University 

1961 - Oklahoma State University Meeting 

'Conformally Elementarg Points". Louis  DeNoya ,  Oklahoma State University 
"Transcendence of a", J o h n  W d l s .  Ohio University of Dayton 
'R Topic in modem Rlgebra", Charles M u l t i n s ,  Oklahoma State University 
"General Solutions to the Linear Diophantine Equation in the Two Variables", 

T h u r s t o n  Shook,  Ohio State University 

The AMSIAMM Summer Meeting was in Canada and there was no Pi Mu Epsilon Meeting 
in 1962. 

1963 -- Boulder, Colorado Meeting 

'Raabe's Test", Charles B .  Kuefsmon, Miami University 
"Some Recent number-Theoretic Research Using a High-speed Calculator", K e n n e t h  

E. KIoss, Carnegie Tech 
"Definition of Vector Product and Topological Considerations", Rober t  J a y  Bucfc, 

University of Buffalo 
'R Characteristic Property of Closed Subgroups of E"", Stephen E.  Crick,  J r . ,  

Michigan State University 
"The Rpproximation of normal Derivatives and the tlumerical Solution of the mixed 

Boundary Value Problem for Two Dimensional Laplace Equation", S e r ~ i  K-. 
&to, Portland State College 

"Commutative Rlternative Rings", W i l l i a m  A .  T h e d f o r d ,  Oklahoma State 
University 

'Catenarg Rddition -- R method of Sequence Generation", T h o m a s  W i l l i a m  Cusick,  
University of Illinois 

'Tauberian Theorems on the Fractional Function". M .  .Â¥lio Feldstetn,  U.C.L.A. 
'R  Generalization of the Riemann-Lebesgue Lemma", W i l l i a m  E .  W r e r n a n ,  

Georgia Institute of Technology 

1964 -- University of Massachusetts Meeting 

"Existence Theorems for Huperbolic Partial Differential Equations", R. Brews ter  
K n i g h t ,  Georgetown University 

"Theorem Proving on the Computer. . . the State of the Rrt", C a r l  Douqtos J e n s e n ,  
Florida State University 

"Weierstrass Rpproximation Theorem", James K .  Opetfeo, DePaul University 
'Rpplications of Contraction mappings", R i c h ~ r d  K .  B o d d i n ,  University of 

Alabama 

"R Study of the Order Properties of Ilon-Desargueeian Planes", Beverty  W&, 
Denison University 

"Generation of Content and measure Spaces", H o w a r d  E d w a r d  E v a n s ,  Franklin & 
Marshall College 

"Some of the Plane Figures Under the Direct motions", K c n r y  Lee P h i s ,  
Southern University 

- - - .. 
'Determinants in a Division Ring". WIXt iam a. Bridges ,  J r . ,  University of 

Connecticut 
"mappings of Semigroups flssociated with Ordered Pairs", Margaret V i t a n z u ,  SUNY 

at Buffalo, New York 
"Sums of Rational numbers", W i l t i m  A. W e b b ,  Michigan State University 
"Subgroups of Rational numbers". sMan S c h w a r t z ,  University of Wisconsin 
"Transverse Stability of Vessels", J o s e p h  C.  Zuercher,  Marquette University 
"Zeros. Identities, and flssociativitu in Groupoids", J o h n n y e  Lunctqren, Sacramento 

State College 

1965 -- Cornell University Meeting 

'The Solution of a Simple Differential Equation", 'Rntph Edwin Showal ter ,  North 
Carolina State at Raleigh 

"Rpplications of the Rrithmetics of Simple Quadratic Fields to Diophantine flnalysis". 
H u g h  L .  M o n t g o m e r y ,  University of Illinois 

'The llumerical Study of a Boundary Value Problem with One Given Condition at  
Infinity", Carol Kma.utson, State University of South Dakota 

'Rn Introduction to Topological Rings". David. M .  Arnold. Western Washington 
State College 

"The Jordan-Schonflies Theorem", Richard C. V l t e ,  J r . ,  Michigan State University 
"Solutions of Equations in Finite Groups". M a r k  Benin-d, Tulane University 
"The Schrodinger Wave Equation". G t s n n  T h o m p s o n ,  University of Toledo 
'Rddition Program for Turing machine", 'James Woeppe t ,  SUNY at Buffalo, New 

Yorfe 
"Surveying on the Level: The Schroder-Bernstein Theorem", Franfe R. B e r n h ~ r t ,  

University of Oklahoma 
"Random Variables", Louis  T. K e m p ,  Polytechnic Institute of Brooklyn 
"Rn Extension of Liouville's Theorem". K e r b  S i t i w m a n ,  Syracuse University 

1966 - Rutgers - The State University Meeting 

"Formal Power Series Over Commutative Ring mith Identity", James W i t l i a m  
B r e w e r ,  Florida State University 

'Extensions of mean Value Theorem". P r e s t o n  D i A i n s ,  Southern University 
"The Fundamental Theorem of fligebra", P a d  J .  Campbel t ,  University of Dayton 
"Pascal's Triangle Generalized and Polytope Geometry", Eric R i c h r d  r to t sey ,  

Pomona College 
'Hsciprocal Rddition", James W i l l i a m s ,  Carleton College 
"The Studg of a Recursive Sequence", James A. Wit iner t ,  John Carroll University 
"Continued Fractions and the Geometry of moment Spaces", Thomas n e C h e s n e y ,  

Denison University 
"Construction of a Banach Space Using the Laplace Transform", Pedro  1 .  Sauvedra ,  

Georgetown University 



'fl. L. P. 5.: fllgebraic Programming System", Rotph. rtowenstine, University of 
Oklahoma 

"Indices of Primitivity and Imprimitivy of a Cyclically Vertex-Symmetric Graph", 
-Me.~~nds,r F. Hunter, Florida Presbyterian College 

"Further Varieties of Faces of the Hexahexaflexagon". Robert L. Munson, Oregon 
State University 

1967 -- University of Toronto Meeting 

"Some Useful Results in Rpplications of Power Series Transformations to the Solution 
of Difference Equations", Roy A .  Gaskins, Virginia Polytechnic Institute 

"Generalizations of Sequences". William L. Reynold-s, Florida State University 
"Survey of Student flctivities to Increase Interest in mathematics and mathematical 

Sciences", Rout A .  Deju, New Mexico Institute of Mining and Technology 
'R prelim in an^ Examination of Round-Robin Tournament Theory", Charles A .  

Bryan, John Carroll University 
'R Functional flpproach to the Singularities of Plane Curves", R i c b r d  'J. Bonrwau, 

College of the Holy Cross 

1968 -- University of Wisconsin Meeting 

"The Fibonacci Sequence: fln Introduction", Dad F. Reynolds, Texas Christian 
University 

"fl Representation Theorem for Bounded Finite Generation Processes", James 
Â¥RxÃ ŝ&ur Pomona College 

"Revision of monitor Using Rssembly Language", Arthur P. Staddon, Denison 
University 

"Twin 'n-Primes"', k r g e  F. Grob, Georgetown University 
"Series of Polygonal numbers", Michael C. Kopkas, John Carroll University 

1969 - University of Oregon Meeting 

"Rational Points on Elliptic Curves", Bruce R i e n w ,  Rutgers University 
"The Cantor Set", 'Jerry Lynn West, Southern University 
' f l  Semi-number System". A n n  K. Mltter, Saint Louis University 
"Determination of Polynomial Roots: fl Construction", 'John Wallis, Texas Christian 

University 
"Simplicia1 Decompositions of Convex Polytopes", ^Iton L. Edmorwts, Oklahoma 

State University 
'R Decimal Rpproximation to 'Pi', Utilizing a Power Series", T. Bolion and, J .  

rtannefeen, Ohio University 
"number Theory, Density of Quadratic [Ion-Residues in ( I  ,[ p])". Richard W. 

Johnson, East Carolina University 
'Tauberian Theorems", Addison M. Fischer, West Virginia University 
Topological Rings and Topologies on Rings", Gary Sargent, New Mexico Institute 

of Technology 
"Rn Important Counterexample in the Field of Round Robin Tournament Theory", 

Anthony 'J. Ke-nzie., John Carroll University 

1970 - University of Wyoming Meeting 

"Linear Programming", riorgaret M. Lynch., St. Louis University 
"Program for Finding Endomorphisms and Rssociated near Rings of a Finite Group", 

Russett s c h e ~ m y t l e r ,  University of Southwestern Louisiana 
"Positive Definite matrices", Stephen M. Zemyan, University of Delaware - : . 
"newton and the Development of Calculus". T f w m s  R.  Singham, State University 

College of New York 
"Wronskian Identities". Tiartin J .  S~ ia t fwwsfc i ,  John Carroll University 
"The Prime Divisors of Second Order Recurrences". P a d  A .  Cott~n, Carnegie- 

Mellon University 
P h i  Rm Curious Yellow: The Golden Ratio". Linda Rlede., University of Denver 
"Game Theory". Elliot W h n c r ,  Polytechnic Institute of Brooklyn 
'Zero Divisors in an Enveloping Ring", Robert Ussery, East Carolina University 
"On ' f lhos t  Unitary Perfect' numbers", Sidney W e s t  Grabum, University of 

Oklahoma 

1971 -- Pennsylvania State University Meeting 

"Lonesome Points in a Topological Space", Bobby Beckom, East Carolina 
University 

'Dieting: Rn Rpplication of Decision Theory", Â¥RxAecc JRW Klemrrt, Miami 
University 

"The Legendre Polynomials". Barbara F. Seier, Fontbonne College 
'I-Space Generalization of the Pythagorean Theorem", Sister Carol A n n  Do&, 

Western Washington State 
"Finite near Domains", RusseU Schexnaycter, University of Southern Louisiana 
"Rn Example of lion-numerical Rnalysis", FrEctcrick C. Druseifcis, University of 

~ r i z o n a  
"The Unique Etyuilateral Triangle". Janet S .  MeDonaid, State University of New 

~ o r k  a i ~ l b a n ~  

1972 -- Dartmouth College Meeting 

'K-flutomorphisms of K(~)[[x]]",  Kuqh Swnett ,  East Carolina University 
''Integers That flre a Function of Their Digits", Victor G. Feser, St. Louis 

University 
"R General Test for Divisibility". Robb T. Koether, University of Richmond 
"Eulerian numbers", +ela Kmison, Brigham Young University 
"Characterization of the Differentiable Functions of a Quaternion Variable", Joseph 'J. 

Buff ,  New York University 
"Distributively Generated near Rings of Groups of Order < W ,  Ke-nneth R .  WcuttOnd, 

Worcester Polytechnic Institute 
"Happy numbers", Daniel Wens-, John Carroll University 
"Intuitionism (School of Intuition)". Bererly Waiters, Gonzaga University 
'Goldbach's Conjecture", Chris Scusset, Michigan State University 
"fl Program to Determine the number of Topologies on a Finite Set", Roger Id. 

Foster, Miami University 



"Computer Generated Random Vectors with Specified Densitu".'Richard M. White, 
Miami University 

"Complex Rnalnsie", Â¥Ron& Umbk, Temple University 

1973 -- University of Montana Meeting 

"Some Slick Tricks with Fourier Series", Joseph Jonathan BufJ, New York 
University 

'Iliceness of the Socle and a Characterization of Groups of Bounded Order", San W. 
T&y , Western Kentucky University 

'flpplications of Finite Differences to the Summation of Series", K. Joseph Straight, 
State University of New York 

"Partial Differentiation in metric Spaces". Roseunn ?tor&, Seton Hall 
University 

"Properties of CT-Topological Spaces", Daniel Campbeli, Samford University 
"Book Thickness and Graphs", David Keys, Louisiana State University 
"fl Look at  Predator-Prey mathematical models", Â¥Rxiymon J .  Morszotowicz, St. 

Peter's College 
'Configurations of the Platonic Solids of Positive Genus". Kurt 1. Schmucfwr, 

Michigan State Uriiversity 
"Some Properties of the Hennite Differential Equation", Shirtcy M. foreman, 

Prairie View A&M College 
'mathematics and Language", Vhmj Ton, University of Kansas 
T h e  fllgebras of Floating Point number Systems", P a d  Vitosefc Moy, University 

of Oklahoma 
' f l  Formal System for Quantification Theory", Mitcfielt Spector, John Carroll 

University 
'The Theory of Queues", Kristine R. Hueserncm and Cynthia 7%. Warren, St. 

Louis University 
"Graphical flpproach to Game Theory", Evelyn Wallace Jenfeins, University of East 

Carolina 
'Rn flll-Rule Bxiomatization of the Propositional Calculus", William Â¥Davi ttoah, 

Occidental College 
"Constructing Polnhedron (Regular)", Karin A n n  Stufwra, St. Louis University 
"Soap Films". Jack Eckhard, St. Louis University 
'metric Topological Invariants and Some Elementary Consequences", Rerotd Kycte 

punovith. U.C.L.A. 

The AMSIAMM Summer Meeting was not held and thus there was no Pi Mu Epsilon 
Meeting in 1974. 

1975 - Western Michigan University Meeting 

"Sequential Convergence", Lynn L. Mtneo, Eastern Carolina University 
"The Philosophu and Proof of Godel's Incompleteness Theorem", Charles M. 'Robins, 

Brooklyn College 
"Continuous non-Differentiable Functions". 'Brent Hoitpern, University of Denver 
' f l  Proof of the Theorem that Rnn Two Tape Turing machines man be Simulated by a 

One Tape Turing machine",Zoefc D. Cox, Jr . ,  University of North Carolina 
at Wilmington 

"fl Problem in Geometrg and Probabilitn". John Q. Watker, It. Southern Illinois 
University at Edwardsville 

' f l  Growth model for the Plastics Induetrg", Ltuvrence R. Â¥Rogers Miami 
University 

"The B u q ~  Beaver Problem for Turing machines", Kathfeen Moi-ra, Manhattan - 
College - -  . 

"Coherent States in mathematical Phusics". Thomas Ronuyne. University of South 
Florida 

"mathematical models in nuclear Fuel management", M1chad P.  Manofian, 
Michigan State University 

"Calculus of Variations", Jofm R. ^tMtreozzi., Rhode Island College 
"Distance and Interioritu in a Boolean metric Space". M. Eftzubeth Newton. St. 

Louis University 
'numerical Solution of a lion-Linear Electron Conduction Equation with Bouhdaw 

Values", 'JRW D e ~ u c i a ,  St. Joseph's College 
"Snakes on the 7-Dimensional Cube", 'Robert Myers, Hope College 

1976 - University of Toronto Meeting 

'Chainable Continuum [lot Homeomorphic to an Inverse Limit on [0.1] with On1v Om 
Bonding map", Dorothy Marsh, University of Houston 

"fh Informal math Lab". KevLn Bucol, Creighton University 
'[0.1] Is not Compact: fl Discussion of the Hmer-Reale", Thomas Sweeney, St. 

Louis University 
"On the Problem of the Lion and the man", Mork Showers, Southern Illinois 

University 
"Ridge Regression", Dote Borowiak, University of Akron 
"Fugue in Z# major", ~ U t i o m  stone, University of Utah 
"Fixed Point Theorems in metric Spaces". Carol Cottins, East Carolina University 
'fldditions and Con-actions to 'Elementaw number Theory in Certain Subsets of the 

Integers I and 11'". William Lenhart and Karen mcConloque. St. Joseph's 
University 

"Topologu on Geometries with Betweenness", Â nees Â¥Romuft, Andrews University 
"High School mathematical models". EIten rtcorn, St. Peter's College 
"The Whitnen T h e q  for mape Between 2-IIlanifolds", Jma Hawkins, College of 

the Holy Cross 
"On Difunctional and Circular Relations". aWma E. Posey, Hendrix College 
"Operations Research -- Rn flpproach to the Solution of Problems in the Urbana 

System", Claine flowers, Alabama State University 

1977 -- University of Washington Meeting 

"Paradox in the Development of mathematics", wayne Keym, Miami University 
"The Value of mathematics in Pro-Legal Education". Bruce Fox. University of 

Il l inois 
"Commutative Rings and Fields", Kathryn Dowctett., St. Joseph's University 
"Continuous Convergence of Functions", Â¥Rober C h W ,  East Carolina University 
"Continuous Convergence in C(X)", James Lewis, East Carolina University 
' f l  Characterization of G Sets in metric Spaces", Jeff Thompson.. Cornell 

University 



'How to model for Politicians". Lonitu B. Spivey, College of Charleston 
'mathematical modeling of a Sewage Plant", John dirnbd, Andrews University 
"The Structure of the Solution Space of 5th Order Linear Differential Equations", 

Ernest Lowery, Prairie View A & M University 
''Sink-Like Structures in Compartmental flnalysis". ' J a m  Beffinger, Southern 

Illinois University 
' f l  Computer flpplication of Linguistics", Afredo  6arcia, St. Louis University 
"Set Simplification Simplified", Date Watts, University of Denver 
'The Effect of Finite Infinities on Rational numbers", Victor Meyer, University of 

Detroit 
'mathematics Field Day", Kenneth Pitz,  Creighton University 
'An Introduction to. and an flpplication of Elliptical Integrals", nark QoIdsmith, 

Miami University 
'flcceleration of Root Finding fllgorithms Through Chebuehev Interpolation", Richard. 

Daughtery , Western Kentucky University 
"Simple Continued Fractions", David Miyoshi.ro, Ohio State University 
'On Distance flttaining Sets", Robert Ooggins, University of Mississippi 
'fln Introduction to Coding Theory", Sill &Utter, Miami University 

1978 -- Providence Meeting 

"Why I like Graph Theory", Nancy L. Burger, State University of New York at 
Potsdam 

"Calculation of the Period of the Lotka-Volterra Predator Prey IIlodel", Kathy 
Stuewe, University of Tennessee 

"The Unique number 15". 3. B. Zipperer, Jr.,  Armstrong State College 
' f l  Paradox in Quantum Theory", Linda Whihymon, Sam Houston State 

University 
' I s  It Possible to Lose the 01' IIlagic?". Douqtos W. BOOM, Miami University 
"The Double Ferris Wheel Problem", albert E. Parish, College of Charleston 
'The Use of Fractional Calculus in Solving Certain Difference Equations". David 

ChaUener, Iowa State University 
"Causes of math flnxiety at  the University", Kathleen V. Walker, Southern Illinois 

University at Edwardsville 
"lion-Linear fldditive Functions", Jdie I). Anderson, Hendrix College 
'The Converse of Lagrange's Theorem and Finite Ililpotent Groups", MtÃˆrd James, 

East Carolina University 
"matrix models in Biology", Michael young, Portland State University 
"multivariate Discriminant flnalysis and the Prediction of Loan Defaults", Nicfc 

Bettoit, University of Northern Florida 
"Scaling in mammals", Timothy O'Shea, St. Peter's College 
"Concerning Irreducible Compact Continua", W. Dwayne Cottins, University of 

Houston 
"Exam Scheduling: fln Example of math modeling", Carole. H. Cook, Miami 

University 
"Generalized Lipschitz Criteria for First Order Differential Equations". MtÃˆrf L. 

Burton, Hendrix College 
' f l  method of Finding the Complement of a Sequence". Susan McCfantock, East 

Carolina University 

"fl Pulse-Time model for mathematics Class Enrollments", Jdle riontqomery, Sam 
Houston State University 

"Division fllgorithms for Prime Factorization", John Anderson, Rose-Hulman 
Institute of Technology 

"Problems: Stimulation to Research and flpplication", Steven From, Rose-Hulman 
Institute of Technology - 

"numerical Treatment of meteorological Data", diegory Battfc, washington- - 

University 
"magic Card Squares, Cubes, and Hgpercubes". Bernord P.  Smith, St. Louis 

University 

1979 - Duluth Meeting 

' O n  Continued Fraction Representations of Liouville numbers", Michael FUoseto, 
University of Arizona 

"Behavior of the Permanent of a Special Class of Doubly Stochastic I'IIatrices". 
P h o u q  A& VU, University of Houston 

"Physical models for flpplications of Rational numbers in Reduces F m " ,  'Jo Arm 
Flene, Southern Illinois University-Carbondale 

"Topological Properties of the Generalized Long Line", Ai E r q a t ,  Iowa State 
University 

'Enqme Kinetics of Phenylketonuria", C. P. VCuchinad. Marquette University 
' f l  Hard (But Interesting) Problem", Michael L. Call, Rose-Hulman Institute of 

Technology 
"Time as  a Dgnamical Variable in Quantum Physics", Stephen L. K e n ,  University 

of Tennessee-Knoxville 
"Love Sonnet for a mathematician", MtÃ̂rf walker. South Dakota School of Mines 

and Technology 
'Infinitesimals: Where They Come From and What They Can Do", Professor H. 

'Jerome Keister and 'J. SutherCand Frame, University of Wisconsin- 
Madison 

"The flxiom of Choice", John B. Vaughn, St. Louis University 
"The Kernel of the Laplace Transformation". David C. Sutfwrlarui. Hendrix 

College 
"The Knight's Tour Problem", h r t j  Ricord. South Dakota School of Mines and 

~ & h n o l o g ~  
' f l  Simple Proof of a Theorem bu H. Scheffe". Peter Wcstfd., University of 

California-Davis 
"mathematics and the Boiling Points of fllkanes", Michael 'J. Schett, University of 

North Carolina at Charlotte 
"Two Problems in number Theory", Janet ReUt, University of North Florida 
"Uniform fllgebras and Scattered Spaces", Robert C. Smith, University of 

Arkansas 
' f l  Case flgainst Computer Crime", Lonnie Emord, Northwest Missouri State 

University 
'measure Construction Using Cauchy Sequences", Stephen W. Semmes, Armstrong 

State College 
"Qclic numbers", Richard 0 .  driffin, University of Lowell 



"The Consequancss of Cauchg's Integral Theorem", &$red Eort Byrum, East 
Carolina University 

'h Infinite number of magic Squares". Stephen 1. Hubert, Miami University 

1980 - University of Michigan Meeting 

"Some Sums of Sums", Ann Zabinski, College of St. Benedict 
"Simulating Transformations in the Plans Sgmmetrg Patterns Using the Tektronix 

4051 ", James McEfficny, Hope College 
' f l  new numeric fllgorithm To Solve Convolution Kernel Volterra Integral Equations", 

A y  6raham, University of Arizona 
"Characterization of Primes". YJO.thiyn Mohn, University of Arkansas at Pine 

Bluff 
"Resolution of Russell's Paradox", Christopher 'J. Â¥Roamer University of Dayton 
"Equivalent Statements", Wood-Wai Lee, Lamar University 
"flpplications of the Programmable Calculator in mathematics and Statistics", D a d  

P o w ,  Miami University 
'mean Value Theorem Revisited", Larry M. Stroiwt, East Carolina University 
"numerical Recovery of Iloisg Exponential Sums Using Generalized Differential 

flpproximation", Nerd Nazari, Southern Illinois University 
"The flrea of a Triangle Formed bg Three Lines". Michael L. Orricft,, Macalester 

College 
"Singular Functions", Sandra Cousins, Hendrix College 
"Unpacking the Knapsack fllgorithm", Mark Walker, South Dakota School of Mines 

and Technology 
"Properties of the Infinite m e t r i c  Group". Stephen Semmes, Washington 

University 
'Self-Taught Calculus", Marie Spetseris, College of Charleston 
"English Soccer Predictions", Kevin Saviors, Pomona College 
"Correctness Proofs For Flow Chart Programs". BeverLy J .  Skeans, Marshall 

University 
"Discrete Versus Continuous: Or, What is  the Calculus of Finite Differences?", 

Michoet L. CoIC, Rose-Hulman Institute of Technology 
"The Centralizer of a Linear Transformation", DouqCos Euqene 'Jewett, Texas A&M 

University 
"Finite State machines", Martha Blackwelder, Appalachian State University 
'nested Interval Theorem With Two flpplications". Kurt L. W k s ~ ,  University of 

Arkansas 
'Relativitg in Pwspectivitg", WUtiom Terfceurst, Hope College 
"Problems With InfinitgW,M-lchoel K. May, S.J. ,  St. Louis University 

1981 -- Pittsburgh Meeting 

"Introduction to Box-Jenkins Time Series", Beth Snyder, Miami University 
"Stokes' Theorem for Quaternion Integral Operators", D a n  Mogck, South Dakota 

School of Mines and Technology 
"fl Look a t  Formal Theorg", Dean Shea, St. John's University 
"Hn flpproximation to the normal Distribution", Edward 0. Cowry, Western 

Washington University 

"The Gamma Function and Extensions". Bro. LOW)inus Anyanwu, Morgan State 
University 

'Dirichlet Integrals and Their flpplications", h v i  Sakjia, Loyola University 
"Transformation of Computer Programs into Functions", Brian Sumner, University 

of Denver 
"fl Complex Parabola in Four Dimensions", Robert Kear, West Carolina UnivCiTsity 
"Using the method of maximum Likelihood Estimation in Genetics", Â¥norgara It-. 

WaXlace, Miami University 
"flubik'e magic Cubs", Kevin Saytors, Pomona College 
"Dsscartss: Philosopher or mathematician?", 'James F. Go&, S. 'J., St. Louis 

University 
"fl non-Paramstric multiple Comparison Test for Differences in Variances". Deon 

FoCCmann. Northern Illinois University 
"The flslations of Differentiable Functions and the Power Series". B r h  Bunsness, 

South Dakota School of Mines and Technology 
"mazes and Their Passage". Don.no 1. Ford. Miami University 
"mathematical fhalgsis of Inflation", Etins Â¥Kosmo~ Oklahoma State University 

1982 -- University of Toronto Meeting 

"Fornard and Backward Eigenvalues", Kriss SchUetter, Youngstown State 
University 

"application of the Golden number to Fibonacci fllgebra", Dualie A.  Cooper, Atlanta 
University Center 

"The Influence of the math mssting on flecruitinu", Mario Spetseris, College of 
Charleston 

Volume of an n-Dimensional Unit Sphere", Rovl Su&~ia, Loyola University 
"fl mathematical model for Paired-flssociate Learning". Dore Ann Cekntano, St. 

Peter's College 
"tin Rnal~s is  of monopolg Strategies", Thomo~ Chenier and Cmthy Lynn 

vandiford, East Carolina University 
"Population Competition and Crop Yield", Donno 1. Ford, Miami University 
"flpproximating Partial Sums of the Harmonic Series", Karim K. Carter, University 

of Arkansas 
"flpplication of Stochastic Control to Battlefield Replacements", Andrew Stump$$, 

Washington University 
"Effects of Sir Pollution on Pulmonary Functions of Children". Deborah Pennett. 

University of Montana 
"fl Geometric flnalgsis on the Relative Sizes of Classical Orthogonal Polynomials", 

Arthur W .  M-iJJCin, Southern Illinois University 
"The Stone-Cech Compactification in the Structure Space of a Distributive Lattice", 

Christopher 7% Brislawn, Pomona College 
"fl mathematical flpproach to Improving Your Backgammon Skills", 'Joc+n Hart, 

Miami University 
"Estimating the Inclusion Radius of Polynomial Zeros", William It-. Somsfq, Iowa 

State University 
"Creating Kaleidoscopes", ?lmnj Anne Brodmeier ,  Miami University 
"H Derivation of a Fifth Order Predictor-Corrector method". Eric D. Stutz, FIutge& 

University 



"Computer Graphics in numerical flnalysis". Daniet John Pierce, Northern Illinois 
University 

"Peppermint Patty's Dilemma -- math flnxiety". Cathie Spino, Miami University 
"Love and Psgcho-IIlathematics", Richard R.. Porter, Douglass College 
"Investigations of maxfield's Theorem", Laura Southard, University of Oklahoma 
'fllternative Tic-Tac-Toes", Kevin Saytors, Miami University 

1983 - Albany Meeting 

' f l  BflSIC Program for the Sclu-edering Equation", Mary Anne Bromdmeier, Miami 
University 

"Subset Selection", David Van B r ~ f c f c ,  University of Central Florida 
"Two flncient Greek Construction Problems in Euclidean and Hyperbolic Geomelqf', 

Jack M. Rau, Oklahoma State University 
"What Difference Does it niake?", Dariush Sagfiofi, John Carroll University 
"The Gamma Function and Log-Convexity", Kuren Aruferson, Hendrix College 
'fl Ubiquitous Partition of Subsets of Rn", Donntit J r f w  Nichkon, Iowa State 

University 
"Leo moser'e Theorem", Susan %DonoIct Britt, East Carolina University 
"Exploratoru Data flnalyeis Using microcomputsrs", f i rnos TmKoeve 111, Hope 

College 
'Crgptography -- The Science of Secret Writing", Denise Vininq, Miami University 

1984 - University of Oregon Meeting 

"Complements -- mathematically Speaking". Leslie younqctoht, Miami University 
"Finding the Center of Complaints", Michael K. C O X ,  Marshall University 
"Solving [Ion-Linear Systems of Equations", Defcorah Witfiettt, Youngstown State 

University 
'Illoney and math: fln Investigation of Linear Economic models". Renee L. Lorson, 

South Dakota State University 
'Dealings in n-Dimensional Geometry", Â¥Kari Remiw)ton, College of St. Benedict 
"Wedging Those Vector Integral Theorems", Calvin Johnson, University of 

California-Davis 
' f l  mathematical model of Voter Participation". Mary Beth Dever, Northern 

Illinois University 
"number nine". Patrick Tamer, Appalachian State University 
"Graph measure in Euclidean n-Space", Jody Trout, The College of Charleston 
"Finite Laplace Transforms", David W. Barnette, East Carolina University 
' f l  Way to Generate arbitrarily High-Order Root-Finding methods", Jeffrey Michoet 

Kubim,  Youngstown State University 
'Samuelson's Interaction Between the flccelerator and the multiplier", Suquno 

Pappu, Miami University 
"Commutativity and Distributivity: Different Perspectives", Benjamin L. 

Marshall, Hendrix College 

1985 - University of Wyoming Meeting 

"Box-Jenkins flutoregressive Integrated moving flvwage Forecasting of Common Stock 
Prices", Mllom W .  Aifeen, University of Oklahoma 

"(In Historical Look at  Some Interesting Functions". George M. .-Uexorufer, St. 
John's University 

'fl Two-Dimensional lion-Linear Population inodel", Kenneth Mork Mo, - - 

University of Houston-Downtown 
"fl Shortcut to Solving Polmomial and Rational Inequalititas". Christu Blackweti. 

University of Oklahoma 
"Create Your Own Geometry", David Cameron, Miami University 
'melagame Theow and Political Behavior", Andrew Chin, University of Texas 
Which Came First, the Explicit Formula for the Determinant or its Properties?", 

Kevin T .  Christian. University of California-Davis 
"Historic Geometric Problems Involving Compass and Straightedge Construction". 

Anthony Clacho, Youngstown State University 
n 

"lion-negative Integer Solutions of xi = k", Marie CoJJIn, South Dakota State 
i= l 

University 
"Some flpplications of the Grag Code", Henry L. Culver, Youngstown State 

University 
"Using Extrapolation to Obtain flpproximations to 'Pi"', lbymond E .  Ftwinery, IT., 

Youngstown State University 
' f l  Report on the Precision of Floating Point math Functions on Selected Computers". 

J O ~  c .  Ttospohter, Georgia Institute of Technology 
"fl Recursive Descent Scanner in LOGO". Mark E .  Fryhnberg, University of 

Hartford 
"monte Carlo Studies in Statistical Research". Kuthteen A .  Steigdmann, 

Northern Illinois University 
"Fooling Hraimd with mother nature -- fln flpplication in Genetics", pfw 

areskovich. Miami University 
"mysior's Example of a Rewlar Topological Space That is not Completely Ren'ular", 

Elizabeth Stratton. Miami University 
Some  Rssults in the Theow of flmicabls numbers", James B. Unit, Hendrix 

College 
'The Shifted OR fllgorithm in Real matrix Computations". Kura4.m Howell, 

Occidental College 
'Sabermetrics". James D. Johnston, St. Bonaventure University 
"Randomness and Complexity", Jorge 0 .  Ochoa-Lions, University of Arizona 
"Expanding a System of Propositional Logic", Mi-tehell. PoUack, Bucknell 

University 
Valuations on monoids". Terry ReUty , University of Montana 
"mathematical ~ ~ d e l s  in International Relations". Sorutra R .  R o ~ r s ,  Auburn 

University 
"Hidden Lines, The Unseen Graphic", Henry Roscfw TIT, Southeastern Louisiana 

University 
"fl microcomputer flpplication of Karmarkar's Polynomial-Time fllgorithm for Linear 

Programming", Annuar Mohd Saffar, University of Missouri-Columbia 
"From Lead Pipes to Telestar -- Histoq and Ilpplications of Fourier flnalysis", James 

J .  shea, Worcester Polytechnic Institute 



'network modeling in a Transportation Environment", Cynthia. M. Stuber, St. 
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'OH Revisited -- fl Parallel flpproach to the QR - Decomposition", Loro &t, 

University of Maryland-Baltimore County 
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Appendices A and C. 
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J. SUTHERLAND FRAME LECTURES 

The J. Sutherland Frame Lecture is named in honor of Pi Mu Epsilon's ninth 
president who served from 1957-1966. In 1952, Sud Frame initiated the concept and 
made possible the Pi Mu Epsilon student participation and student paper sessions at the 
Joint Summer Meetings of the AMS and MAA. Since then he has offered insights and 
inspiration to our student mathematicians at the summer meetings. 
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A UBIQUITOUS PARTITION OF SUBSETS OF R" 

by V o n a t d  John NichoLbon 

We a r e  about t o  em i n t o  t h e  beauty of 

mathematical i nqu i ry .  The journey w i l l  begin  wi th  a s imple  y e t  

wonderful p rope r ty  of  t h e  r e a l  numbers, and i n  t h e  end we w i l l  a r r i v e  
n 

a t  an  e l e g a n t  r e s u l t :  a ub iqu i tous  p a r t i t i o n  of  s u b s e t s  o f  R , 
i . e . ,  a p a r t i t i o n  i n  which every  element of  t h e  p a r t i t i o n  has  a non- 

empty i n t e r s e c t i o n  wi th  each neighborhood (abbrev ia t ed  nbd) i n  t h e  

space .  

The  pa th  w i l l  l e a d  only  through Euclidean spaces ,  s o  each space  
n 

must be understood t o  be a subspace of  R . When nbds a r e  mentioned, 
n 

they r e f e r  t o  nonempty i n t e r s e c t i o n s  o f  open s u b s e t s  of  R wi th  t h e  

space.  We w i l l  use t h e  symbol ? t o  r e p r e s e n t  t h e  c l o s u r e  i n  R of  a 

s e t  X, X' t o  denote  t h e  s e t  o f  l i m i t  p o i n t s  i n  R o f  X, and then 

d e f i n e  X" = X' - X. F i n a l l y ,  U ( x )  is t h e  s e t  of  a l l  p o i n t s  whose 

d i s t a n c e  from x  is  l e s s  than  r ,  and B r o  ( x  ) is  i t s  c losu re .  Now l e t  

u s  begin.  

Let Q and P  be t h e  r a t i o n a l  and i r r a t i o n a l  numbers r e s p e c t i v e l y ,  

and l e t  U be a nonempty i n t e r v a l  i n  R.  Both bnQ and UTIP a r e  i n f i n i t e  

no ma t t e r  how smal l  U is. Consequently,  each po in t  of  V\Q i s  a l i m i t  

po in t  of  t h e  s e t ,  but  t h e r e  must always be i r r a t i o n a l  l i m i t  p o i n t s  a s  

we l l .  It is t h i s  p rope r ty  which we s h a l l  g e n e r a l i z e  i n  t h e  fo l lowing 

d e f i n i t i o n .  
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FROM THE CONSTITUTION OF Pi MU EPSILON 

ARTICLE Vll. 

FORMS AND CEREMONIES 

Section 1. Motto. The Pi Mu Epsilon motto is the 
following: 

Flower-Violet. 
Shield-Divided into four parts. In the upper right 

hand corner, the design of a conventionalized violet; in 
the lower right, a summation sign; in the upper left, an in- 

"To Promote Scholarship and Mathematics" 
Section 2. Insignia. The insignia of the fraternity 

are the following: 
Colors-Violet, gold, and lavender. 
Seal-Round, design of pin raised in center. The words, 

'Pi  Mu Epsilon, Incorporated" around the edge. 

tcgral sign; and in the lower left, threr stars representing 
fraternity, morality and scholarship. Just above the shield 
proper the pin is represented, and below, on a streamer, is 

~e6iVUJbLon 1 .  A space  X is a Grunowix space* i f f  Vnbd U i n  
4 

X, U -  X # 0 .  

Phopob-ctton 1 .  I f  X is a Grunowix space ,  then X is  dense i n  i t s e l f  

Proof. Let x  be an i s o l a t e d  p o i n t  i n  X.  Then { x  is a nbd o f  x0 

i n  X. But { x )  - X = 0, t h u s x i s  not  a Grunowix space .  

* - s e e  exce rp t  from a l e t t e r  by t h e  a u t h o r  a t  end of  t h e  paper  



I f  X is  a Grunowix s p a c e ,  t h e n  X C X ' ,  b u t  X # X ' .  T h i s  r a i s e s  a  

q u e s t i o n :  what k i n d  o f  s p a c e  is Xu? B e f o r e  a n s w e r i n g ,  l e t  u s  d e f i n e  

a  new c o n c e p t .  

P e ~ i n i Z i o n  2 .  Two s p a c e s  X and Y a r e  m u t u a l l y  d e n s e  i f f  E = Y.  An 

a r b i t r a r y  c o l l e c t i o n  o f  s p a c e s  is m u t u a l l y  d e n s e  i f f  t h e y  a r e  m u t u a l l y  

d e n s e  i n  p a i r s .  

Lemma 1 .  L e t  X and Y be  d i s j o i n t  s p a c e s .  Then t h e  f o l l o w i n g  a r e  

e q u i v a l e n t :  ( a )  7 = 7, ( b )  XCY" a n d  Y C X "  and  ( c )  XCY '  and YX'. 

- - 
Proof. Suppose X = Y .  Then XC? and  Y C ~ ,  and s i n c e  X and  Y a r e  

d i s j o i n t ,  X V  and  YCX". Note t h a t  X " C X r  and YVrY',  hence  XCY'  and 

YCX'. But t h i s  i m p l i e s  t h a t  x^Y and  YCF,  s o  ;fey and  ycr. T h i s  r e t u r n s  

u s  t o  o u r  o r i g i n a l  s u p p o s i t i o n  t h a t  7 = F. 

Lemma 2.  I f  X is a Grunowix s p a c e ,  t h e n  = X". 

Proof. By t h e  d e f i n i t i o n  o f  X u ,  X and X" a r e  d i s j o i n t ,  and X"cXr; 

t h e r e f o r e ,  t o  s a t i s f y  Lemma 1 we n e e d  o n l y  show t h a t  XcfX")' .  Let  

x d and l e t  U be  a  nbd o f  x i n  Rn. T h e n 3 r > O  3 Urfxo)~U.  Now 
0 0 

choose  r '  30<r9<r;  t h i s  w i l l  g i v e  u s  Ur,fxo~~Br,fxo)~Urfxo)~U. 

Observe t h a t  Ur,fxo)nXCB,fxo),  and Ur,fxo)flX is a  nbd o f  x i n  X ,  s o  

t h a t ,  s i n c e  X is a Grunowix s p a c e ,  U , f x ) f l X  - X # 0. T h i s  i m p l i e s  

t h a t  B , f x  ) and  t h u s  U c o n t a i n  p o i n t s  i n  X"; it f o l l o w s  t h a t  x is a  
r  0 0 

l i m i t  p o i n t  o f  X " .  S i n c e  x is a r b i t r a r y ,  we i n f e r  t h a t  XcfX")'. 

Theo~em 1 .  Let  X and Y be  m u t u a l l y  d e n s e ,  d i s j o i n t  s p a c e s .  Then X 

and  Y a r e  Grunowix s p a c e s .  

Proof. L e t  x E X  and l e t  U b e  a nbd o f  x i n  R". By Lemma 1 XcY' and  
0 0 

t h u s  3  y fUnY 3 y is  a l i m i t  p o i n t  o f  UW. T h i s  i m p l i e s  t h a t  
0 0 

- X; s i n c e  UHX is a n  a r b i t r a r y  nbd o f x  i n  X ,  X is a  Grunowix 

s p a c e .  By a  s i m i l a r  argument Y is a  Grunowix s p a c e .  

Lemma 2 and Theorem 1 answer  o u r  q u e s t i o n :  i f  X is  a  

Grunowix s p a c e ,  t h e n  s o  is X"; e . g . ,  Q and P a r e  Grunowix s p a c e s .  But 

Theorem 1 h a s  a  much more i n t e r e s t i n g  consequence :  e v e r y  c o l l e c t i o n  

o f  s p a c e s  which is m u t u a l l y  d e n s e  and p a i r w i s e  d i s j o i n t  is  a c o l l e c t i o n  

o f  Grunowix s p a c e s ,  and we s h a l l  s e e  t h a t  s u c h  a  c o l l e c t i o n  is a 

u b i q u i t o u s  p a r t i t i o n  o f  i t s  union .  

Let  u s  c o n s t r u c t  s u c h  a  c o l l e c t i o n .  Let l", S f  fO.1. 
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) and d e f i n e  

r - s  i f f  ZogseQ. I t  s h o u l d  be a  s i m p l e  e x e r c i s e  f o r  t h e  r e a d e r  t o  show 

t h a t  - is a n  e q u i v a l e n c e  r e l a t i o n  and hence p a r t i t i o n s  f0,1). Let  [ P I  

and [sl  be d i s t i n c t  e q u i v a l e n c e  c l a s s e s  i n  t h e  p a r t i t i o n  of  (0,1)= 1 
P 

Then [ r ]  and [ s ]  a r e  d i s j o i n t .  Fur thermore ,  logseP;  i . e . ,  ? peP>s=r . 
m a * 

S i n c e  pep, 3  { q i )  . = C f f  3 qi-p, t h u s  rqi+$=s. Each i- z c [ r l ,  t h u s  S 

is a  l i m i t  p o i n t  o f  [ P I  a s  is e v e r y  e lement  o f  [ s l .  S i m i l a r l y ,  e v e r y  
- -  

e lement  o f  [ r ]  is  a  l i m i t  p o i n t  o f  [ s l ,  t h u s  [ r l=[s l  by Lemma 1, and 

[ P I  and [ s ]  a r e  Grunowix s p a c e s  by Theorem 1. Note t h a t  e a c h  

e q u i v a l e n c e  c l a s s  is c o u n t a b l e ,  whereas  (0,1) is u n c o u n t a b l e ,  t h u s  

{ [r l  : r f  (0 , l )  1 is u n c o u n t a b l e .  

The above p a r t i t i o n  is i n t e r e s t i n g  i n  t h a t  t h e  e l e m e n t s  a r e  

m u t u a l l y  d e n s e ;  t h e y  a r e  l i k e  c h e m i c a l l y  i n e r t  g a s e s  i n  a  c l o s e d  

c o n t a i n e r  a t  t h e r m a l  e q u i l i b r i u m .  J u s t  a s  t h e  m o l e c u l e s  o f  e a c h  ? a s  

d i s t r i b u t e  t h e m s e l v e s  t h r o u g h o u t  t h e  c o n t a i n e r ,  e v e r y  nbd i n  (0,1) 

c o n t a i n s  p o i n t s  from e v e r y  e q u i v a l e n c e  c l a s s ;  i . e . ,  t h e  p a r t i t i o n  is 

u b i q u i t o u s .  

Let u s  d e f i n e  a  Gfunwix partition a s  a  p a r t i t i o n  c o n s i s t i n g  o f  

m u t u a l l y  d e n s e  s p a c e s .  By Lemma 1 and t h e  d e f i n i t i o n  o f  a  l i m i t  p o i n t ,  

t h i s  is e q u i v a l e n t  t o  t h e  d e f i n i t i o n  of  a  u b i q u i t o u s  p a r t i t i o n .  Thus 

e v e r y  Grunowix p a r t i t i o n  is  u b i q u i t o u s ,  b u t  no  o t h e r  p a r t i t i o n  is; 

t h i s  is t h e  beauty  o f  t h e  Grunowix s p a c e .  

DO NOT BLINK! We a r e  a b o u t  t o  show how t o  c o n s t r u c t  Grunowix 

p a r t i t i o n ' s  of  a n  i n f i n i t e  number o f  s p a c e s  by u s i n g  o n l y  t h r e e  

theorems and o u r  p a r t i  t i o n  o f  (0,1) ! 

Theoiem 2 .  Let  { X  : a d )  where A is a n  i n d e x i n g  s e t  be a  Grunowix a 
p a r t i t i o n  of  X ,  and l e t  f:X+Y be a  c o n t i n u o u s  b i j e c t i o n .  Then 

{ f (X ):uEA) is a  Grunowix p a r t i t i o n  o f  Y .  

Proof. The b i j e c t i v i t y  c o n d i t i o n  i n s u r e s  t h a t  { f f X ) : a e A )  w i l l  be a  
m 

p a r t i t i o n  of  Y .  I f  x o E X  a and  a#b, 3 { x i } c X b  3 x i< .  S i n c e  f  is  

c o n t i n u o u s ,  f f x i ) + f f x o ) ,  t h u s  f f X )  and f fXb) a r e  m u t u a l l y  dense .  I t  

f o l l o w s  t h a t  { f ( X ) : a c A }  is a  Grunowix p a r t i t i o n  o f  Y. 

Theo^iem 3 .  Let  $ : a d )  be a  Grunowix p a r t i t i o n  o f  t h e  i ' t h  f a c t o r  

s p a c e  o f  X=X1xX~. . . x X .  Then {X.X..  .xX^x.. .xX : a d  is a Grunowix 



p a r t i t i o n  of  X .  

-- - - 
Proof. Let a, bcA and a#b. Then $=c. Now X,x.. . x$x. . . xX =X x. .  .x$ 

- - - n 1 

. . . X X  n =X 1 x. .  .xCx.. . X X  =X x . .  . x P  . . . X X ,  t h u s  (x1x. .  . x ~ > .  . . x x : a c ~ }  
n 1 i 

is a mutually dense c o l l e c t i o n  of  spaces .  Since  they a r e  d i s j o i n t  and 

t h e i r  union is X ,  they form a Grunowix p a r t i o n  of  X (we w i l l  c a l l  t h i s  

a Grunowix p a r t i t i o n  of X i n  t h e  i ' t h  f a c t o r  space  o r  i ' t h  coord ina te ) .  

T h e o m  4.  Let ( X  :ae.A} be a Grunowix ~ a r t i t i o n  of  X ,  and B an open 

subse t  of X .  Then { X  t}B:ae.A} and ( X  t}B:ae.~} a r e  Grunowix p a r t i t i o n s  
a 

of B and B r e s p e c t i v e l y .  

Proof. Here we w i l l  use t h e  equivalence  of t h e  d e f i n i t i o n s  of  Grunowix 

and ub iqu i tous  p a r t i t i o n s .  Now V x E X ,  V nbd U of x i n  X ,  and V afA ,  

UrVC#@. Since B is open i n  X ,  each nbd i n  B is  a nbd i n  X ,  t hus  V 

x EB, V nbd U of  x i n  B, and V ~ E A ,  UllXa#@. But UnXa=UnXanB, t hus  
0 0 

[ X H B : ~ E A }  is a Grunowix p a r t i t i o n  of B. 

Now l e t  x cB" and U a nbd o f  x i n  X .  Then UnB#@, and s i n c e  B 

is open i n  X ,  UHB is  open i n  X ,  s o  t h a t  UllBllXa#O V aeA. Since 

U ~ B M ~ C U ~ ~ X ~ ,  ( x a n F : a c ~ }  is a Grunowix p a r t i t i o n  of  Z. 
These t h r e e  theorems a r e  ou r  t o o l s  f o r  c o n s t r u c t i n g  Grunowix 

p a r t i t i o n s .  We may c o n s t r u c t  a Grunowix p a r t i t i o n  of  any open subse t  

of  R o r  its c l o s u r e  by c o l l e c t i n g  t h e  i n t e r s e c t i o n s  o f  t h e  s e t  with 

each element of a Grunowix p a r t i t i o n  of #. A Grunowix p a r t i t i o n  of 

f may be e a s i l y  cons t ruc ted  by mapping (0 ,1)  homeomorphically on to  

one o r  more f a c t o r  spaces  of  f and us ing Theorem 3 .  Look how many 

spaces  we can ub iqu i tous ly  p a r t i t i o n  with a simple equivalence  r e l a t i o n  

on (0 ,1 ) !  

We would l i k e  t o  make one f i n a l  observat ion.  Const ruct ing a 

Grunowix p a r t i t i o n  of  R by p a r t i t i o n i n g  one o r  more of  i ts  f a c t o r  

spaces  imposes a v a r i e t y  of  geometric s t r u c t u r e s  on t h e  connected 

components o f  t h e  e lements  of  t h e  p a r t i t i o n .  Since  t h e  e lements  of  a 

Grunowix p a r t i t i o n  of  R a r e  t o t a l l y  d isconnected,  a Grunowix p a r t i t i o n  
3 of R i n  one coord ina te  w i l l  c o n s i s t  of  e lements  whose components a r e  

p a r a l l e l  p l anes ,  i n  two coord ina te s  t h e  components w i l l  be p a r a l l e l  

l i n e s ,  and i n  t h r e e  coord ina te s  t h e  components w i l l  be p o i n t s .  In 

gene ra l  t h e  components of t h e  e lements  of a Grunowix p a r t i t i o n  of  Rn 

i n  m of i t s  coord ina te s  w i l l  be n-m dimensional  hyperplanes.  

There is more. We may use  any c u r v i l i n e a r  coord ina te  system i n  

R t o  c o n s t r u c t  a Grunowix p a r t i t i o n  s o  long a s  each p o i n t  has  unique 

coordinates .  By us ing  s p h e r i c a l  o r  c y l i n d r i c a l  coord ina te s  we may have 

a Grunowix p a r t i t i o n  of  R whose e lements  c o n s i s t  of  concen t r i c  sphe res  

b o r  c o a x i a l  cones o r  c y l i n d e r s .  The mys te r i e s  of  t h e  Grunowix space  

know no bounds! 

The purpose of Figure  1 is t o  a i d  i n  v i s u a l i z i n g  t h e  Grunowix 
3 3 3' 3 3 

p a r t i t i o n  [Q , R -Q } of  R . The element Q is t o t a l l y  d isconnected,  
3 3 

and s i n c e  it is countable ,  R -Q is connected. A very rough d e s c r i p t i o n  

of  t h e  p a r t i t i o n  is  a countable  c o l l e c t i o n  o f  i n f i n i t e s i m a l  "boxes" 

enc los ing  p o i n t s .  How exqu i s i t e !  And it a l l  began wi th  t h e  p rope r ty  o f  

t h e  r e a l  numbers t h a t  every  i n t e r v a l  c o n t a i n s  i n f i n i t e l y  many r a t i o n a l s  

and i r r a t i o n a l s .  

FIGURE 1 
3 3 P a r t  o f  R -5 
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EXCERPT FROM A LETTER 

. . . The idea 06 a h n o w i x  Apace atobe 6iom an undmg~~ .dua te  topology 
homwoiih. p i o b h  in. ie6eience 3. The piobien -t-& ExeicAe 1-2g on page 25: 
piove t h a t  t he  b e t  06 ha t ionah  iu a hubhpace 0 6  t he  i e a b  A not local -  
Ly compact. 

When 1 6inoJU.y decided what piopeAity 06 t h e  at 06 >ia.tionati> pievented 
it 6iom being l o d y  compact, it ht'iuck me ah being v a y  6ahcA.nating. 
I iuked t h e  inhtfUULcXoi 4 thi.6 piope1^.y had a name. He knew 06 none, AO 
I genvmU.ze.d t h e  p i o p h y  and h i e d  t o  come up wi th  a name myhea. My 
M e  huggUtv.d inven-fcc.ng a wold, 40  we tAiied con~t'iucting w0ida iwXh a 
hcabb te  boatd and t&ei  Uu ,  and 'Gtu.noMLx' UICLI, t h e  6JUUl.t conht'iuc- 
-fccon we could pionounce. 

My ohA.ginaJL deiin^tion 604 t he  GiunoMLx Apace wiu ~ o m u l a t e d  d a m e & -  
&, but it M)OA equAMalent t o  t h e  p f iuent  one. 16 my papen Â¥i devoid. 06 
ie6eienceh, it Â¥i only becaue  none 06 the. math p i o 6 w o u  I wiiii ac- 
quainted with couU &te.ei me t o w d  any & O U A . C ~  t h a t  helped me with tin^ 
iWtenebting Apace, noi did any heatching on my p m t  uncoum any u e & l  
i e 6 e i e n c u .  I wiu 6ofice.d t o  devetop t h e  dedin^tionh and pmpohLLLonh on 
my own; it iequiied walking many months and wandehA.ng down home btind 
alleyti,  but 1 am pteiued ulith t h e  iuuJUL& and what 1 & w e d  6mm t h e  
expehA.ence. I t  hiu made me love  math inat iu .  

I would t i k e  to thank V i .  VonaU Sandeuon 06 Iowa S-tate U n i u e u i t y  604 
t h e  miumtude 06 occ iu ion~  on M^Lt.ch he U t e n e d  t o  me ho^t out and V i y  
t o  cJLoAA.6y my idiiu and 604 being kind and patient  enough t o  iead and 
conhtfiuc-fcc.uety U c i z e  ̂ b e  veuionh 06 thL& papei . . . 

Sincen.e&j, 

Donald John Nichoiiion 

E d i t o r ' s  =to: Th i s  paper  was prepared whi le  t h e  a u t h o r  was a s e n i o r  
undergraduate  major ing i n  mathematics and phys i c s  a t  Iowa S t a t e  Univer-  
s i t y .  Donald p re sen ted  t h e  paper  a t  t h e  Nat ional  Meeting of P i  Mu Epsi lon  
in 'Albany, N Y  i n  August 1983 and has  en t e red  t h e  paper  i n  t h e  J o u r n a l ' s  
Nat ional  Paper Competit ion.  The compe t i t i on  is  open t o  s t u d e n t s  who have 
no t  r ece ived  t h e i r  m a s t e r ' s  degree  a t  t h e  t ime o f  submission.  Papers  may 
be submit ted  t o  t h e  E d i t o r  a t  any t ime.  

X-MATRICES: GENERALIZED COMPLEX NUMBERS 
- - 

by Samuel CounuJfman 
Cati&oiWUO. State Uyiiveuity, Long Beach 

In  in t roductory  Abst rac t  and Linear Algebra courses  one encounters 

t h e  f a m i l i a r  isomorphism between complex numbers and 2 x 2 matr ices .  

Thus a l l  matr ices  of t h e  form 

y i e l d  a commutative subalgebra o f  M2,2(R), t h e  a lgebra  o f  2 x 2 r e a l  

matr ices .  A n a t u r a l  ques t ion  is "can t h i s  be genera l ized  t o  h igher  d i -  

mensions s o  a s  t o  ob ta in  commutative subalgebras o f  M n."' (R) f o r  n > 2?" 

In  even dimensions n = 2k t h e  matr ix  

2 
behaves j u s t  l i k e  an "imaginary un i t ."  J = -I. Thus one may be in-  

c l ined  t o  consider  matr ices  of t h e  form a$ + a2J. But you can do be t t e r !  

The s c a l a r s  q and Q can be replaced by b i s yme t r i c  d-nd matrices 

t h a t  is, diagonal  ma t r i ce s  which a r e  symmetric with r e spec t  t o  t h e  d iag-  

o n a l  from t h e  lower l e f t  t o  t h e  upper r i g h t  corner.  



Definit ion. D = (d . . )  is a bisynmetric d iagonal  matr ix  i f  and only i f  
23 

d. .  = 0 f o r  i # j and dii = d(n+l-i)(n+l-i). 
T-3 

In  M2k,nk(R), consider  t h e  s e t  of matr ices  o f  t h e  form 

Dfl  + D2J = Dl + D2J 

where Dl and D2 a r e  bisynunetric diagonal matr ices  and J is t h e  imaginary 

u n i t  matr ix  defined above. Because of  t h e  p a t t e r n  formed by t h e  (poss ibly)  

non-zero elements, t hese  Dl + D2J matr ices  may be c a l l e d  atX-matrices.lt 

The s e t  of  ^-matrices is obviously c losed under s c a l a r  mul t ip l i ca t ion ,  

and t h e  commutative and d i s t r i b u t i v e  p rope r t i e s  of  matr ix  add i t ion  show 

t h a t  X-matrices add j u s t  l i k e  complex numbers: 

(Dl + D2J) + (D3 + 04.7') = (Dl + 03)  + (D2 + D4)J. 

To v e r i f y  t h a t  X-matrices mul t ip ly  l i k e  complex numbers, a preliminary 

observation is required:  s ince  premul t ip l ica t ion by a d iagonal  matr ix  

mul t ip l i e s  rows and pos tmul t ip l i ca t ion  m u l t i p l i e s  columns, it is e a s i l y  

seen t h a t  

f o r  any bisymmetric d iagonal  matr ix  D. With t h i s  r e s u l t ,  a s t ra ightforward 

app l i ca t ion  of commutativity o f  matrix add i t ion  and t h e  d i s t r i b u t i v e  law 

shows t h a t  X-matrices mul t ip ly  exac t ly  l i k e  complex numbers: 

(Dl + D2J)(D3 + 04.7) = DID3 + 0104.7 + 02.703 + D2JD4J 

= DID3 + D A J  + D2D3J + D2D4JJ 

= (DID3 - D2D4) + (DIDu + D2D3)J. 

Since mul t ip l i ca t ion  of  d iagonal  matr ices  is commutative, t h i s  mul t ip l ica-  

t i o n  of  X-matrices i s  a l s o  commutative, and i n  even dimensions 2k t h e  s e t  

of  X-matrices Dl + D2J is  a commutative subalgebra of  M2k,2k(R). 

To complete t h e  analogy with complex numbers, one should no te  t h a t  

2 2 -1 
t h e  X-matrix Dl + D2J w i l l  have inverse  (Dl + D2 ) (Dl - D2J) j u s t  i n  

2 2 
case  t h e  bisymmetric d iagonal  matr ix  Dl + D2 is  nonsingular (has  no 

0 elements on i t s  main diagonal) .  

Since t h e  imaginary u n i t  matr ix  J f a i l s  t o  e x i s t  i n  odd dimensions, 

one may wonder whether analogous commutative a lgebras  e x i s t  i n  M (R) 
n," 

2 
i n s t ead  of  J (here  E = I ) ,  and consider ing X-matrices of  t h e  form 

with Dl, Dy bisymmetric d iagonal ,  one ob ta ins  a subalgebra with commutative 

mul t ip l i ca t ion  

These X-matrices Dl + D2E e x i s t  i n  a l l  dimensions, behave much l i k e  complex 

numbers and a r e  symmetric with r e spec t  t o  both diagonals.  

St ruggl ing through an â‚¬ proof of  t h e  con t inu i ty  of  a simple 
funct ion,  t h e  i n s t r u c t o r  stopped, faced t h e  s tuden t s ,  and asked "Are 
t h e r e  any questions?" 

One s tudent  asked "How much do we have t o  make t o  g e t  an A?" 
The i n s t r u c t o r  answered "Somewhere i n  t h e  neighborhood of  85." 
Another s tuden t ,  who seemed t o  have been a s l eep ,  woke up and asked 

"How l a r g e  is â‚¬? 



NOTE ON A WELL-KNOWN L I M I T  

In  t h e  Spring 1986 i s s u e  of t h i s  journal  Norman Schaumberger 

obtained t h e  l i m i t  

by use  of t h e  Mean Value Theorem. In t h a t  de r iva t ion ,  however, it was 

necessary t o  f i r s t  e s t a b l i s h  an in termedia te  double inequa l i ty .  Here 

is  a  s h o r t e r  and q u i t e  d i f f e r e n t  elementary approach t o  t h e  same l i m i t .  
m 

The r a d i u s  of  convergence R of a  power s e r i e s  2 axn 
is given by 

n=o 

by e i t h e r  of  t h e  formulas 

provided t h e  l i m i t  i n  (1 )  e x i s t s .  Consider t h e  s e r i e s  

Using ( I ) ,  a  r o u t i n e  ca l cu la t ion  shows t h a t  

Using (2 ) ,  we f ind  t h a t  

Therefore,  

- Urn 7 z  = Z i m  - . 

pq 
> qP V I A  COORDINATE GEOMETRY 

by Noman Schaumbugw~ 
Btonx Commuwity CoUege ,  Sioux, NY 

In  t h i s  no te  we o f f e r  a  geometric proof of t h e  f a m i l i a r  theorem t h a t  

s t a t e s  t h a t  i f  ( a )  q  > p > e ,  o r  i f  ( b )  0  < q < p < _ e ,  then pq > 3. 
To prove case  ( a ) ,  we observe t h a t  t h e  graph of y = Z n x  is concave 

downward and t h a t  t h e  tangent  l i n e ,  y = x / e ,  a t  ( e , l )  l i e s  above t h e  

curve. Hence x /e  Z n x  f o r  a l l  ~ o s i t i v e  x, with e q u a l i t y  only i n  case  

Pu t t ing  x  = eq/p i n  t h i s  i nequa l i ty  g ives  q/p > ln(eq/p) ,  o r  

with s t r i c t  i nequa l i ty  because q/p  # 1. 

Since p / e  2 1 and q  - p > 0, it fol lows t h a t  (q - p ) h ( p / e )  2 0, o r  

( 2 )  ~ n ( ~ ) q - p  2 q - p .  

Combining ( 1 )  and ( 2 )  g ives  t h e  des i r ed  r e s u l t .  

A s p e c i a l  ca se  of ( a )  is  e
m 

> m
e

. 

I n  case  ( b ) ,  p  - q > 0 and e /p  21. Hence (p  - q)Zn(e/p) 2 0  

which g ives  t h e  inequa l i ty  i n  (2).  



PROOFS WITHOUT WORDS 

by Noman Sc huumbe~g U. 
Btonx Community CoUege., Btonx, NY 

COMMENT ON "COUNTING BIT STRINGS WITH A SINGLE OCCURRENCE OF 00" ** 

by J. Sutherland Frame 
Michigan State University 

Dear Professor Moore: 

I enjoyed reading your Pi Mu Epsilon Journal article (Vol. 8, No. 9, pp. 572-5) 
on "Counting Bit Strings with a Single Occurrence of 00," and was especially interested 
in the role played by the Fibonacci numbers. 

Perhaps I overlooked it, or perhaps you did not notice that the sum an in (*), p. 
573, can be expressed as follows for n > 0. 

Proof: Let r and f denote the positive and negative roots of the equation r2 = r + 1. 
Then for n > 0 we have 

n-1 n-1 
Thus an = Â FkFn-k = (115) Â (rk - r ~ k ) ( r n - ~  - r ~ n - ~ )  

k=1 k=1 
n - 1 

Verification: 

n 1 2 3 4  5 6 
F n 1 1 2 3  5 8 

(n+l)Fn. l  0 3 4 1 0  1 8  3 5  

(n-1)Fn+1 0 2 6 1 5  3 2  6 5  

a , , 0 1 2 5 1 0 2 0  

I thought that this might interest you. 

** - printed with permission 

Sincerely yours, 

J. Sutherland Frame 



PUZZLE SECTION 
IN PRAISE OF CALCULUS AND A CALCULUS LAMENT - POETRY 

by Hubert Walczak 

College of St. Thomas 

In Praise of Calculus 

Oh Calculusl 

You free me from the false and inexact 

You elevate my mind to thoughts abstract 
Oh Calculusl 

My fountain of delight 

You please me - when my answers come out right1 

A Calculus Lament 

Oh Calculusl 

You fill me with frustrations 

Plagues of limits, weird manipulations 

Derivatives, those ghosts of vanishing fractions 

Defy my most determined actions 

Related rates, a mystery profound 

Who cares how shadows move around? 

Square roots, sines and secants, sources of my sorrow 

I hope they all clear up - before that test tomorrowl 

Edited by Joseph D. &. Konhauser 
Tiacaiester Cotleqe 

The PUZZLE SECTION is for the enjoyment of those readers who are addicted to 
working doublecrostics or who find an occasional mathematical puzzle or word puzzle 
attractive. We consider mathematical puzzles to be problems whose solutions consist of 
answers immediately recognizable as correct by simple observation and requiring little 
formal proof. Material submitted and not used here will be sent to the Problem Editor if 
deemed suitable for the PROBLEM DEPARTMENT. 

Address all proposed puzzles and puzzle solutions to Professor Joseph D. E. 
Konhauser, Mathematics and Computer Science Department, Macalester College, St. 
Paul, MN 55105. Deadlines for puzzles appearing in the Fall Issue will be the next 
February 15, and for the puzzles in the Spring Issue will be the next September 15. 

PUZZLES FOR SOLUTION 

1. Tmposed By Man. Wayne, Â¥}{ofiday 'Florida. 

Restore the digits: * . * , - * * * * * * .  . - 

2. 'Proposed By fifan Wayne, ' H o l i 4 ,  FCorida. 

Devise a rule of formulation for the square array 

9 3 2  

3. 'Proposed 6y the 'Editor. 

Characterize the members of the set (1, 3, 4, 9, 10, 12, 13, 27, 28, 30, 31, 36, 
37,39,40, 81, 82.84, 85,90, 91, 93, 94, 108, 109, 111, 112, 117, ...]. 

4. Tmposed By the -Effitor 

A laddergram (shades of 1928). By changing just one letter at each step and not 
changing the order of the letters, one can go from SOUP to NUTS in just four (the 
minimum possible number) steps: 

SOUP - SOUS - SOTS - NOTS - NUTS 

In how few steps can you go from ONE to TWO? 



6 7 8  

5. !Proposed 6y the 'Editor. Puzzle # 2 (see Figure 1) drew twelve responses. A composite of the solutions 
follows. "From the area condition, ( A B ) ~  = 2 ( ~ ~ ) 2  . From the perimeter condition, 

In a test of short-term memory, four participants { A, B, C, D ) were shown 2(AM) = 2(AB - AM) + BC. It follows that BC = (2 12 - 2)AB. The angle opposite side 
cards numbered 1 through 4. Each card bore the picture of one of these common 
objects - a key, a comb, a book and a pen - each appearing on just one card. After 

BC has measure 2sin-I [(Bc)/~(AB)] = 2sin-I (42 - 1)= 48.94 0 ." Solvers were ALI 

two minutes, the participants were asked to pair card numbers and objects. The 
AMIR-MOEZ, JEANETTE BICKLEY, BILL BOULGER, WILLIAM CHAU, RICHARD DUNLAP, 
GEORGE P. EVANOWCH, MARK EVANS, RICHARD 1. HESS, DONALD B. ONNEN, DON 

results are tabulated below on the left PFAFF, EMIL SLOWINSKI and ALAN WAYNE. 

1 2 3 4  

A comb pen book key 

B comb book key pen 

C key book comb pen 

D pen comb key book 

Three of the participants got exactly two correct matches and the fourth did not get 
any correct. Match the numbers and the objects. 

Place the integers 1 through 15 in the 3x5 array (above right) so that the five 
column sums are equal and so that the three row sums are equal. 

7. contributed. 

The "transform" of an isosceles triangle with base angles B is an isosceles triangle 
with vertex angle B. A "chain" is a succession of transforms. For example, the 
transform of the 80-80-20 triangle is the 50-50-80 triangle, and the transform 
of the latter is the 65-65-50 triangle. If the first triangle is not equilateral, what 
is the length of the longest chain that can be formed in which all the angles of all the 
triangles have an integral number of degrees? 

COMMENTS ON PUZZLES 1 - 7, FALL 1988 

ALAN WAYNE submitted a program in BASIC for the solution of Puzzle # 1. He 
determined "the only base ten prime (less than 100) which has the same period length 
in both base ten and base two and then also in bases four. eight, and sixteen is 71 (length 
35)." WAYNE continued "In base thirty-two, the period length of 71 is 7 so the pattern 
does not continue." In a further remark, he says "I mentioned this problem on a card to 
Samuel Yates, Delray, FL (author of Prime Period Lengths, 1975; and Repunits and 
Repetends, 1982) and he instantly wrote back ' ... I went directly to pages 98-99 of 
Beiler's book [Albert H. Beiler, Recreations in the Theory of Numbers, Second Edition, 
Dover Publications, Inc., New York, 19661 and looked to see which primes p had the 
same exponent to which 2, 4, 8,10, and 16 belong (mod p) ... . Of course, this gives the 
instantaneous answer, p = 71 .' " 

RICHARD I. HESS provided the additional computer-generated solutions 191, 
311, 359, 479, 599, 719 and 839, with corresponding n values 95, 155, 179, 239, 
299, 359 and 41 9. Other responses to Puzzle # 1 were received from BILL BOULGER, 
WILLIAM CHAU and EMIL SLOWINSKI. 

Figure 1 Figure 2 

Eleven readers submitted solutions to Puzzle # 3 (see Figure 2). Only WILLIAM 
CHAU, RICHARD DUNLAP and RICHARD I. HESS avoided differentiation. CHAD'S argument 
is given next. "Let x, y and z denote the lengths of AX, AY and XY, respectively, where A 
is the vertex opposite the side of length 3. Since the two portions separated by the line 
segment XY have equal area, it is clear that 2xysinA = (3)(4). But sinA = 315, so xy = 

10. By the law of cosines, z2 = x2 + y2 - 2xycosA. But xy = 10 and cosA = 415, so z2 

= x2 + y2 - 16 = x2 + y2 - 20 + 4 = (x - y)2 + 4. The minimum of z2, or z, attains 
clearly at x = y. Therefore, the line segment XY is shortest when AX = AY = 10." 
THOMAS MITCHELL solved the same problem for XY connecting the other two pairs of 
sides of the original 3-4-5 triangle. The lengths of minimizing segments turned out to 
be 46 and 243. MITCHELL commented "... the XY connecting the sides of lengths 4 and 5 
is the shortest of the three. In each case, the minimum-length line segment XY is the 
base of an isosceles triangle. This is likely an intuitive clue which some would employ to 
solve the puzzle." To this point, here is RICHARD 1. HESS' argument. "It must happen 
that AX = AY to minimize XY. This can be seen by imagining otherwise and pivoting XY 
about its midpoint in a small increment. Areas won't change but length will change 
unless AX = AY." Comments, anyone? ALI AMIR-MOEZ generalized the problem by 
considering an arbitrary right triangle. Other contributors of solutions to Puzzle # 3 
were JEANETTE BICKLEY, BILL BOULGER, GEORGE P. EVANOVICH, MARK EVANS, EMIL 
SLOWINSKI and ALAN WAYNE. 

Puzzle # 4 drew only two responses and one of these was incorrect. RICHARD I. 
HESS submitted the colorings in the two arrays on the left, where a "1" denotes one color 
and a "2" denotes the other. The coloring on the right is from Martin Gardner's New 
Mathematical Diversions from Scientific American, Simon and Schuster, New York, 
1966. According to Gardner, other solutions are possible with different combinations 
of 1's and 2's in the positions which are underlined in the array on the right. 



HESS made the following assertions: 

1. For a 3x3 square there are 20 ways. 
2. For a 4x4 square there are 221 ways. 
3. For a 5x5 square there are 338 ways. 
4. For squares larger than 6x6 there are no ways. 

He then asks "How about results for three colors or k colors or mxn rectangles?" HESS' 
results came "from a program written in BASIC on a PC." 

Puzzle # 5 drew responses from twelve readers. The nine respondents with the 
correct answer 8/21 were CHARLES ASHBACHER, BILL BOULGER, WILLIAM CHAU, 
RICHARD DUNLAP, GEORGE P. EVANOVICH, MARK EVANS, RICHARD 1. HESS, JOHN M. 
HOWELL and DONALD B. ONNEN. CHAD'S argument was 'There are eight ways to locate 
three 0's in the same row, column or diagonal. For each, we need six ways to locate the 
remaining five X's and the one 0. These total 48 ways. But overall we have '9 choose 4' 
or 126 arrangements of the X's and 0's. So the required probabilty is 481126 = 8/21." 

RICHARD 1. HESS and JOHN M. HOWELL added that the probability of at least one 
column, row or diagonal with three X's is 719. HESS further stated that the probability 
of both is 217 and of neither is 8/63. 

Puzzle # 6 asked for a rule of formulation for the 3x3 array with 1, 6 and 2 in the 
first row, 5, 4 and 9 in the second, and 8, 7 and 3 in the third. JEANETTE BICKLEY 
observed "The numbers in row 1 (2, 3) each have three (four, five) letters and are 
arranged in alphabetical order." The same observation was made by DONALD B. ONNEN 
(who credited MIKE SANKNER with the solution), BOB PRIELIPP and ALAN WAYNE. In 
a second solution, WAYNE showed that 

where aij is the jth entry in the ith row. 
VALERIE ALBANO, JEANETTE BICKLEY, WILLIAM CHAU, RICHARD DUNLAP and 

RICHARD 1. HESS all provided essentially the same dissection of the staircase-like piece 
in Puzzle # 7 into three pieces which can be reassembled to form a square. Below, their 
dissection is shown at the left and their reassembly in the middle. A different dissection 
found by the Editor is shown at the right. The reassembly is left as an exercise. 

The staircase-like piece in Puzzle # 7 has eight steps and can be dissected into 
three pieces which be reassembled to form a square. Given a staircase-like piece with 
nine (or some number other than eight) steps, are you able to dissect the piece into 
three pieces which can be reassembled to form a square? 

: Apologies are due RICHARD 1. HESS for overlooking his correct 
solution to Puzzle # 7 in the Spring 1988 issue. In the FALL 1988 issue the Editor 
said that no correct solutions had been submitted when, in fact, HESS had supplied an 
infinity of them. In the Editor's solution one need only replace the number 15 by any 
positive number less than 30, say a, and the number 150 by 180 - 2a, then one has a 
set of nine points such that each is one unit away from exactly four others. 

Solution to Mathacrostic No. 27 (See FALL 1988 issue.) 

WORDS: 

endless cycles 
limitrophe 
implicate 
moiety 
affright 
oomph 
red shift 
thwart 
optimal shape 

iota 
Newton's fluxions 
functor 
immies 
napiform 
isothetic 
tetragrammaton 
yttrium 
acuminate 

nephrolith 
Desargues 
Bernoulli 
etiolate 
ylem 
orphic 
Nernst 
disphenoid 

AUTHOR ANDTITLE: ELI MAOR TO INFINITY AND BEYOND 

QUOTATION: The common theme of all Islamic art is geometric regularity, spatial 
rhythm, periodic repetition. Islam, with its central creed of an omnipotent God to 
all humans must humbly defer, found in the infinite pattern a supreme artistic 
expression of its philosophy. 

SOLVERS: JEANETTE BICKLEY, Webster Groves High School, MO; CHARLES R. 
DIMINNIE, St. Bonaventure University, NY; ROBERT FORSBERG, Lexington, MA; META 
HARRSEN, Neptune High School, NJ; DICK AND JOAN JORDAN, Indianapolis, IN; DR. 
THEODOR KAUFMAN, Brooklyn, NY; CHARLOTTE MAINES, Rochester, NY; DON PFAFF, 
University of Nevada-Reno, NV; STEPHANIE SLOYAN, Georgian Court College, Lakewood, 
NJ; MICHAEL J. TAYLOR, Indianapolis Power and Light Co., Indianapolis, IN; and ALAN 
WAYNE, Holiday, FL. 

: From the Random House Dictionary of the English Language, 2nd edition, 
Unabridged 

immie - n. Informal. agate. [imitation) marble + - IE]. 

For clue, see page 97 of the April, 1988, Smithsonian Magazine. 

Mathacrostic No. 28 

Proposed by Joseph D. E. '&dinuser 

The 277 letters to be entered in the numbered spaces in the grid will be identical 
to those in the 29 keyed Words at the matching numbers. The key numbers have been . 
entered in the diagram to assist in constructing the solution. When completed, the initial 
letters of the Words will give the name(s) of the author(s) and the title of a book; the 
completed grid will be a quotation from that book. 



Definitions Words 

A. a counter takeaway game played in China under --- --- --- --- --- --- --- --- --- --- --- 
the name tsyan-shldzi (picking stones) (2 wds.) 1 1  7 101 241 143 134 87 237 24 262 6 226 

B . dubbed "darts' and Â¥kites these quadrilaterals, --- --- --- --- -- --- --- --- --- 
properly arranged, provide non-periodic 146 63 274 55 99 230 80 1 22 67 258 209 
tessellations of the plane (2 wds.) 

C. derived branch 
236 52 252 138 2 82 231 188 

D. inelegant 
162 69 73 174 60 126 184 201 3 263 

E. Greek word for a construction technique using a --- --- --- -- --- --- 
marked straightedge 86 244 48 192 273 15 

F. Mark Kac's expression for a sterile generalization --- -- --- -- --- --- --- -- --- --- --- --- --- 
pursued for its own sake (2 Ms.) 56 26 239 116 212 242 265 96 144 260 44 228 216 

G. a coupling device thet permits relative 
motion of the connected parts (2 %-Is.) 

rotational 

H. temporal reflection (2 wds.) --- -- 
221 257232128135105 12 118 89 81 167158 

i . a commonly used cipher uncrackable wen In --- --- --- -- --- --- --- -- --- --- 
principle (2 wds., I comp.) 112 23 40 150 180 130 65 218 45 104 

J . an authorized rule or standard 
72 85 4 37 

K . a zone of Intergradation between ecological 
communities 181 121 198 35 78 103 156 

L. residue 
59 208 152 222 47 17 5 199 

I. first stated by Zermelo in 1904, its acceptance or --- --- --- --- --- --- --- -- --- -- --- --- --- 
rejection reflects underlying philosophical 102 79 169223 1 1 1  122 83 160264 151 16 34 120 
conceptions about the nature of mathematics and 
mathematid existence (3 Ms.) 

0. to the physicist what a connection on a fibre bundle --- --- --- --- --- -- --- -- --- -- --- -- --- 
IS to a topologist (3 MS., 1 corn~.) 168 261 204 115 90 193 41 136 49 275 54 269 32 

P. an Escher lithograph featuring three totally dil- --- -- --- --- --- --- --- -- --- --- 
ferent worlds built together into a unified whole 1 1 9 1 25 66 58 200 93 266 1 40 1 6 1 21 

0. "An intellectual is someone whose mind watches --- --- 
- Albert Camus 42 109 191 133 166245 

R .  axon 
170 240 36 100 33 253 202 

S. name for an encoding function thet can be deserted --- -- 
exactly while keeping its inverse secret 210 220 91 165 183 70 20 14 

T. an imaginary roomlnghouse with 0 rooms 
(2 wds.) 46 88 246 38 13 178 238 224 254 31 142 211 164 

U.  its utilization enables the Voyager spacecraft to --- --- --- -- --- --- --- -- --- --- --- --- --- 
continue its journey through the solar system 145 195 153 270 29 7 97 131 277 267 197 256 137 
(2 wds.) 

V. a statistical observation that is not homogeneous --- --- --- -- --- -- --- 
with others of a sample 94 233 61 157 185 206 75 

W. William Gospels space-filling curve based on an --- --- --- --- 
arrangement of seven congruent regular hexagons 268 182 190 173 9 95 247 68 25 

X.  a track or channel in which something rolls or --- --- --- -- 
slides 207 8 234 18 

Y .  physicist for whom the annual Hungarian methe- --- --- 
mat id  competition, open to high school graduates 1 96 51 92 127 25 1 186 
of that year, is named 

2 .  wind-blown 
76 255 272 39 107 225 141 

name given by T. H. 0'Beirne to the only rep-4 --- -- --- -- 
pentagon 108 227 176 149 154 217 

term. coined in the 19th century, for curves em- -- -- --- -- --- --- --- -- --- 
played in Pseudo-Platonic geometric constructions 2 14 106 235 203 243 148 276 77 50 

visual Illusion, devised in 1832 by a Swiss 
naturalist, which spontaneously reverses In 213 98 84 43 177 250 124 10 194 1 1  0 
depth (2 wds.) 

Editor's Note: The grid for Mathacrostic No. 28 was prepared on a Macintosh II by 
Peter Bergstrom. 



PROBLEM DEPARTMENT 

'Edited by C 4 t o n  If. 'Dodge 
University of Maine 

THis department welcomes probtems believed to be new and at a (tvel appropriate for the 
nadtrs of this journal. OldprobUms dkp4ing novelandelegant methods o f  solution are also 
invited. 'Proposals should. be accompanied by solutions i f  avaiGa6h and by a y information that 
wid assist the editor. An asterisk. (*) preceding a pro6h.m mim6er indicates that the proposer did 
not submit a solution. 

Mcommunteations s h o d  be midmsed to C. W. 'Dodge, Math. Vept., University o f  
Maine, Orono, M'E 04469. Phase submit each proposal andsolution prifembfy typed or clearly 
written on a separate sheet (one side only) proper& identlÂ¥f~t with name and addms. Solutions 
to pmb&ms in this issue should.6e mailedby 'December 15 1989. 

Problems for Solution 

691. {Proposed by Charfcs W Ti, San Wtgo, California. 
Find the smallest possible FACE on the largest possible CUBE of this addition 

alphametric: 

S I X  
+ E A a i  

CUBE 

692. 'Proposed by Mohammad %arian, University of 'Evansviitt, 'Evans&, 
Indmm 

Solve the equation 

693. 'Proposed by 'Barry 'Brunson, 'Western ?&ntuc^y University, 'Bwfing Green, 
'Kfntw^. 

Solve the equation 

where y = x2 (from Problem Book in High School Mathematics, A. Prilepko, ed., 
Mir Publishers, Moscow, 1982, p. 43, partial solution on p. 184). 

694. {Proposed by ItysseS. 'Euitr, *rthwest Missouri State University, Maryvilk, 
Missouri. 

An ellipse has its foci at the vertices of a hyperbola and its vertices at the 
hyperbola's foci. Under what conditions, if any, will the ellipse and the hyperbola be 
orthogonal at their points of intersection. 

695. {Proposed by Jack. Qarfun&C, flushing, T^fw forks 
If ABC is a triangle, prove that 

696. 'Proposed 6y Q6ert C. Gebhardt, 'Hopatcong, 7{ew Jersey. 

Consider xy d x 2  + y2 dA, where the integral is taken over the region II - 
bounded by the y-axis and the semicircle x = 4 7  that lies in the first and fourth 
quadrants. 

In rectangular coordinates we have 

1^1-y2 1 Ti1 -,' 
xy d x

2  + y2  dxdy = fi ( x2  + y2)312 ' dY 
- 1  0 - 1 ' 0 

In polar coordinates, however, we have 

What is the correct answer? Explain the discrepancy. 

697. froposed by 'Kfith Goasin, Joseph Puthoff and John 'Ryebusch, St. Xavier f fgh 
Schooi, Cincinnati, Ohio. 

K 

Circle (B) is internally tangent to circle (A) at K 
and to diameter VAW at center A. Circle (C) is 
internally tangent to circle (A) at 2, externally 
tangent to circle (B) at L, and tangent to segment AW at V 
Y, as shown in the figure at right. Find the ratios of 
the areas of the three circles to one another. (This 
problem was adapted from an MAA test.) 



698. 'Proposed by John M .  HoweSI, Littkrock, California. 
Find all solutions in integers 
a) to the equation 

*b) to the simultaneous inequalities 

2" > nx and 2"' < (n - 1)" . 
699. {Proposed by Peter A. Lindstrom, f^rth Lakf Cotttge, Irving, layis. 

Let A(k) be the unpaid principal on a loan of $A after the kth payment out of n 
equal payments has been made, so that A(0) = $A and A(n) = $0. Let i be the interest 
rate per payment period and I be the total interest paid over the life of the loan. Show 
that 

700. 'Proposed 6y % S. Lutharl University of 'Wisconsi'n Center, Jarnuiffel 'Wisconsin. 
Let a, b, c, p, q, r be any positive numbers satisfying the equation l i p  + 1/q + 

1Ir = 1. Prove that 

701. 'Proposed by 'Dmitry P. MavCo, Moscow, 11SS.R 

Let Land B be nonnegative numbers such that LG+ 9B = 9 6 .  Prove that in 
any triangle ABC 

A B C 
tan + t a n  -3- + tan  -g- 

A B C 
cot  Ã + c o t  y + c o t  - 2 

A B A B 
t + a n  -5- t a n  - 2 tan -1-7 + B[lan ;- t a n  tan  A) 

with equality if and only if the triangle is equilateral. 

702. 'Proposed 6y 'Dmitry P. Mavh, Moscow, USS .% 
In right triangle ABC with right angle at C the altitude CD and the median CE are 

drawn. Determine the ratio of the sides containing the right angle if AB = 3*DE (from 
the SYMP-86 Entrance Exam). 

703. 'Proposed by Ch71;tophir Stuart, fifpw MuQco State University, MesiCCa Park., 
J f̂w wajco. 

f ( x  + h l  
If f(x) if 0 and differentiable, find limit [ 

( 
1' Ih. 

h-'0 

665. [Spring 19881 {Proposed 6y John M .  How& Littkmk., Caiifornia. - 
An international committee translated the EINS-ZWEI-DREI problem, Problem 

626 [Fall 1986, Fall 19871. Even though the languages are all mixed up, there is a 
base ten solution in which 0, D, and T, the initial letters of ONE, DOS, and TRE, are in 
increasing arithmetic progression. Find that solution. 

O N E  
D O S  
+u 

S E X  

Sohtion 6y Themas Mitchiffi Southern ISinois University at Carbo&, Carbondall, 
Ifrimis. 

The only possibilities for the ordered triple (O,D,T) are (1,2,3), (2,3,4), and 
(1,3,5). In any case, E # 0 and E # 5. Let (O,D,T) = (1,2,3) and suppose S = 6. 
Clearly X is even. If X = 4, then E = 9, so N + R = 6, which is not possible. If X = 8, 
then E = 1 or 6, another impossibility. If X = 0, then E = 7 and N + R = 4, again 
unobtainable. Thus we cannot have S = 6. 

If (O,D,T,S) = (1,2,3,7), then X is odd. If X = 5, then either E = 4 and N + R = 
12 or E = 9 and N + R = 16, neither of which is possible. If X = 9, the only other 
possibility, then E = 6 and N + R = 14, another hopeless equation. 

If (O,D,T,S) = (1,2,3,8), then 2 must be carried from the ten's column, 
requiring that N + R be at least 17, which is not possible. Thus (O,D,T) cannot be 
(1,2,3). 

If (0.D.T) = (2,3,4), then S = 9 and X is odd. If X = 1, then E = 6 and N + R = 2, 
which is not possible. If X = 5, then E = 8 and N + R = 4, again not solvable. Finally, if 
X = 7, then E = 4 or E = 9, neither case being admissible. 

Hence (0,D.T.S) = (1,3,5,9) and X is odd. Hence X = 7 and E = 4, which leads to 
N + R = 2. Then (N,R) = (2,O) or (0,2), and the problem has the two solutions: 

104  124 
319 and 319 
524  - 504 - 
947 947 

Olso solved6y STEVE ASHER, Mc^fiiSharmaceud, Spring'House, PA, CHARLES 
ASHBACHER, Mount Mercy Co@, Cedarapids, IA., FRANK P. BATTLES, Massacfwsetts 
Maritime academy, Buzzwits Say, ROY BENTON, CodimEia Union CoSege, Tab Pa& Î D, 
WILLIAM BOULGER, St. Sdacademy, afi^ UNDERWOOD DUDLEY, 'DeSfluw University, 
Qmncastfe, MARK EVANS, Louis&, icy, VICTOR G. FESER, University of M a y ,  
Bismarck., V(D, RICHARD 1. HESS, a n d o  Solos Denies, 0% WADE H. SHERARD, Funnan 
University, +en&/ SC, AMITABHA TRIPATHI, S w a t  !Buff&, L. J. UPTON, 
Mississawja, Ontario, Canada, H. J. MICHIEL WIJERS, H e l d ,  The fifpthedands, and the 
PROPOSER 

666. [Spring 19881 {Proposed 6y John M. HoweSI, Littkrock, California. 
Five dice are rolled to form a "poker hand." Find the probabilities of the hands: 

no matches, one pair, two pairs, three of a kind, four of a kind, five of a kind, full house, 
and straight. 



1. Solution 6y Henry S. LieBennun, Waian, Massacfwsetts. 
We count the number of ways each "poker hand" can be accomplished, then divide 

by 65 = 7776, the total number of permutations of the five dice, to get the desired 
probability. 

Straight: There are 2 straights and 5! permutations of the numbers for 2*5! = 
240 ways of obtaining a straight. 

No matches and no straight: There are C(6,5) = 6 subsets of five elements taken 
from the set {1,2,3,4,5,6} and 5! permutations of the five subset elements. Since 240 
of these are straights, then there are 6m5! - 240 = 480 "bust" hands. 

One pair: There are C(6,1) = 6 choices for the pair candidate and then C(5,3) = 
10 choices for the rest of the hand. Each hand has 5!/2! = 60 permutations, so one pair 
occurs in 6*10*60 = 3600 ways. 

Two pair: There are C(6,2) = 15 choices for the 'pair numbers and then C(4.1) 
= 4 possibilities for the odd card. Since each hand has 5!/(2!-2!) = 30 permutations, 
there are 15*4*30 = 1800 two-pair hands. 

Three of a kind: Similarly there are C(6,l) = 6 and C(5,2) = 10 choices for the 
triolet number and the remain in^ numbers and the hand has 5!/3! = 20 permutations, 
yielding 1200 hands. 

- 
Four of a kind: Here the numbers are C(6,l) = 6, C(5,l) = 5, and 5!/4!= 5, 

producing 150 hands. 
Five of a kind: There are C(6,1) = 6 choices for this quintet. 
Full house: There are C(6,l) = 6 choices for the triple and then C(5,l) = 5 for 

the pair. Each hand has 51/(2!-3!) = 10 permutations, so the full house occurs in 300 
ways. 

We summarize these results in the following table. 

HAND 
No match - no straight 
One pair 
Two pair 
Three of a kind 
Four of a kind 
Five of a kind 
Full house 
Straight 

II. Comment 6y James E. Camp6ell, Indiana University at 'BCoomington, 'BCoomington, 
Indiana. 

A challenging problem, but i would expect #666 to be a bit more, urn, ... 
devilish1 

ffllso sofved6y CHARLES ASHBACHER, Mount Mercy College, CedafQapuSs, I% JAMES 
E. CAMPBELL, I&na University at 'BCoomiqpn, UNDERWOOD DUDLEY, VePauw 
University, Qretncostfe, Iafi RICHARD DUNLAP, QeOTfftO. Itch, Atianta, MARK EVANS, 
Louis&, icy, RICHARD 1. HESS, P& Denies, CfL JEREMY PARTIN, 9hnd.k 
C o k ,  Conway, AS, amithe PROPOSER. 

667. [Spring 19881 froposed 6y John M. f{oweG Littkrock, California. 
Each special die has one face with 1 spot, two faces with 2 spots each, and three 

faces with 3 spots each. Find the probability of tossing a sum of 8 with four special dice. 

Composite of solutions sdmitted By Murray S. 9&mlyn, University of  M6erta) 
Edmonton, MBerta, Canada, awfSK"icfmf V .  W i a m s ,  W& T m t  University, 'U^.nston- 
Safem, %rth Carofino. 

More generally, the probability Pr(s,n) of a sum s with n special dice (s z. n)'is 
the coefficient of xs in the expression 

In particular. Pr(8,4) = = 0.1651. 

fido solvedBy CHARLES ASHBACHER, Mount Mercy CoOege, Cedar Â¥Kg-piiCs 1% STEVE 
ASHER, a&a îf Pharmaceutical, Spring%use, !PA, WILLIAM BOULGER, St. PaulA:odemy, 
%JAMES E. CAMPBELL, I& University at 'BCoomington, UNDERWOOD DUDLEY, 
VtSauw University, Qreencostfe, Iafi RICHARD DUNLAP, QeorghIech, Atlanta, DAVID 
EHREN, University ofH^wnsin, Mifwaufm, MARK EVANS, Louis&, Â¥Kff ROBERT C. 
GEBHARDT, tfopatcong, m, RICHARD I. HESS, Pubs Derdts, CfL PATRICK P. T. 
LEONG, JohnCamidUniversiy, Cfaieland., Oft HENRYS. LIEBERMAN, Wa6an, MfL HENRY 
SCHAEFER, St. 'Bonawntore University, W, and tin PROPOSER. 

Asher, Dudley, Evans, and Hess each showed that the numbers of ways of 
obtaining the sums 4 through 12 with four special dice were 1, 8, 36, 104, 214, 312, 
324, 216, and 81, respectively, out of the total of 1296 possibilities. 

668. [Spring 19881 'Proposed 6y % S. Luthar, University of 'Wisconsin Center, 
Jam&, 'Wiswnsin. 

Evaluate the integral 

I. Solution By Murray S. SOflrnkjn, University o f  Mfierta, Edmonton, M6trta, Canada. 
By making the substitution x = d 2  - t, we have that 

nIZ i t12  i t 1  2 

J = L2 c0s3 dx = Jl cos3 x dx = Jl sin3 t d t  
- s i n  2x  - s in  x cos  x - s i n  t cos  t 

0 0 0 

Thus we have 

3 
2J= 1, cos x + sin x dx = (cos x + sin x) dx = 2, - s i n  x c o s  x 

0 0 J 
and J = 1. 



More generally, i f  G(a - x) = G(x), then the substitution t = a - x verifies that 

i f J =  R d x ,  then J = d x 

0 0 
so that 

For example, since 

5 5 ( s in22x sin:2x), sin x + cos x = (sin x + cos x) 1 - - - 
n / 2  

4 C O S ~  
dx = 1 also. 

4 - 2 s in  2x - s in2  2 x  J 
0 

I/ .  Solution By Amitdha Tripathi, SWfy at 'Buffalo, 'Buff& 9{fw york 
We observe that 

2 C O S ~  x - - C O S ~  x - 
2 - s i n  2x  1 - s i n  x cos  x 

cos3  x (1 + s in x cos x) - cos x (1  - s in2 x )  + cos4 x sin x 
1 - s in2 x cos2 x - 1 - sin2 x cos2 x 1 - s in2 x cos2 x 

so that we have 

3 2 cos x d x  
- s i n  2x  

0 
i t12 n / 2  

cos  x (1  - s in2 

= J x ) ~ ~  + J cos4 x sin x 
d x 

1 - sin2 x cos x 1 - s in2 x cos2 x 
0 0 

1 1 
1 - u 2  u 4 

du + 'fl - u 2  (1  - u 2 )  
d u 

0 0 
1 

We have that 

2 C O S ~  x - C O S ~  x 
2 - s i n  2x  1 - s i n  x cos  x 

cos3  x - sin x (1 - s in x cos x) 
= sin x + 

1 - s i n  x cos  x 
3 cos  x - sin x + cos x - c~~ x 

= sin x + 
1 - s in  x cos  x 

cos  x - s i n  x 
= sin x + 

1 - s i n  x cos  x 

By letting u = n/2 - x in the following integral J, we find that 

n / 2  i t12  
cos  x - s in  x sin u - cos  u 

J =  Jl 
d x =  J du = -J - s i n  x cos  x 1 - s i n  u cos  u 

0 0 

so J = 0. Now we have that 

%o solved f l y  FRANK P. BATTLES, Massachusetts Maritime Academy, 'Buzzards 'Bay, 
ROY BENTON, Cohmbin Union CoCCefi, T t m a  Pa& Ma,  DAVID G. CARABALLO, MOside, 
afl, CHARLES R. DIMINNIE, St. 'Bonaventun. University, fifY, UNDERWOOD DUDLEY, 
DdPauw 'University, @encash, 1% RICHARD DUNLAP, GeorgiaTech, Atlanta, ROBERT I. 
EGBERT, -2&! 'McfiitaState University, EDWIN M. KLEIN, University of'Wisconsin, 
Â¥WHo.tewatt~ HENRY S. LIEBERMAN, M a n ,  MO, BOB PRIELIPP, University ofWttcomin- 
Oshkgsh, G. MAVRIGIAN, 'youngstown.State University, 0% WADE H. SHERARD, 5mnan 
'University, fjreendie, SC, SAHIB SINGH, CCanon University of Pennsylvania, and the 
PROPOSER. One incorrect solution was received. 

669. [Spring 19881 'Proposed By Iviofwmmad JC %anan, University of 
'~vanswilt, 'Evanswilt, Iwf~flna. 

2n 2 n 
Let n be any positive integer. Show that fl(k!+l) has a factor greater than fl k. 

k=n k=n 

I. Sohtiun fly the 'Proposer. 
For each positive integer k there is a prime pk such that pk 1 (k! + 1) and pk > k. 

Hence 



I/. Sofution By UwittwoodDudity, 'Defauw University, Greencastb, Indiana. 
One answer would be to say that the given product has itself as a factor; another 

answer is that the last factor (2n)' + 1 of the given product also satisfies the stated 
conditions. Both answers are unsatisfying and lead one to suspect that the problem is 
not stated correctly. However, the first emendation that springs to mind -- "has a 
prime factor greater than" - will not do, since the statement Is then false for n = 2. 
The problem thus remains a puzzle. 

Mso sofvedBy FRANK P. BATTLES, Massachusetts Maritime Academy, 'Buzzards 'Bay, 
WILLIAM BOULGER, St. TadOcaiftmy, afl\6 DAVID G. CARABALLO, HiOsuCe, m, RICHARD 
DUNLAP, Gwyia Itch, Atinnta, RUSSELL EULER, !A/prthwest ihfwouriState University, 
M+, MARK EVANS, Louis&, a VICTOR G. FESER, University ofMary, 'Bismarck, 
fQ), RICHARD 1. HESS, -Kffncho TaiOS Venfu, CH, PETER A. LINDSTROM, ffprth& C o k ,  
Irui'ng, TX, HENRY S. LIEBERMAN, W a n ,  30% DON PFAFF, University ofUfvada, %no, 
SAHIB SINGH, Charion University ofTennsyfvania,TOM, KIM, CAMMIE andCHRISTINE, 
Massachusetts Qamma, 'Bri&ewater State Cofbge, and AMITABHA TRIPATHI, SWQf' at 
'Buffalo. Most solvers gave the solution (2n)l + 1. 

Clearly, the statement of the problem is inadequate and the editor should have 
caught the difficulty before it got into print. One rewording would be "has a factor that 
is a product of not more than n + 1 primes and is greater than." 

670. [Spring 19881 'Proposed By Teter .̂. Lindstrom, ffprth Lake Colbge, 
Int'ng, Texas. 

n 
If F = 22 + 1 is the nth Format number, find all values of n so that Fn and Fn 

- 2 are twin primes. 

I. Solution By Mark.Evans, Louis&, '/(fntucky. 
Clearly one integer in any three consecutive integers is divisible by 3. Since Fn 

- 1 obviously is not, then either F or F - 2 must be divisible by 3. Hence only Fl - 2 
= 3 and Fl = 5 are twin primes. 

I/. Solution 6y Sahi6 Sigh, CGanOn University of Tennsyfvania, Clarion, Pennsylvania. 
The only twin primes of the family are 3 and 5 for n = 1. The number Fn - 2 is 

never prime when n > 1 because Fm divides Fn - 2 whenever n > m 2.0. See Burton, 
Elementary Number Theory^ (1980), page 237. 

MsosofvedBy WILLIAM BOULGER, St. TadAcademy, SKiAd DAVID G. CARABALLO, 
Â¥Hillside f0, UNDERWOOD DUDLEY, V e T w  University, ~~itncastie, 1% RICHARD DUNLAP, 
Gwr@Itch, Xtfanta, DAVID EHREN, University of 'Wiswmin, MiCwauke, RUSSELL EULER, 
ffprthwtst Missouri State University, Mayville, VICTOR G. FESER, University of Mary, 
'Bismarck, f03, RICHARD I. HESS, Qncho Talos Venfu, CH, FRANK HUBENY, University of 
Maim, Onno, EDWIN M. KLEIN (2 sofutions), University of 'Wiswnsin, Whitewater, HENRY 

S. LIEBERMAN, W a n ,  %&,THOMAS E. MOORE, 'BwfaewaterState College, MA, DON 
PFAFF, University offffvada, %no, BOB PRIELIPP, University of 'Wisconsin-Osesh, 
HENRY SCHAEFER, St. 'Bonavtntwv University,'fiQr, JOHN A. SCHUMAKER, Â¥KpckfordCoOtge 
IL, WADE H. SHERARD, fwman University, <3reen&,SC, TOM, KIM, CAMMIE and 
CHRISTINE (2 solutions), Massachusetts Qamma, 'Brb&waterState College, AMITABHA - 
TRIPATHI, S W f y u  'Buffalo, MICHAEL D. WILLIAMS, W& Fonst University, Winston- 
Sakm, MjC, and the PROPOSER. 

671. [Spring 19881 froposed By J .  S. frame, Michigan State University, 'East 
Lansing, M i i a n .  

Find all sequences of 2k + 1 consecutive integers a, a + 1, ..., a + 2k such that 
the sum of the squares of the first k + 1 of these integers is equal to the sum of the 
squares of the last k. That is, find a formula for a = ak as a function of k. For example, 

al = 3 since 32 + 42 = S2. 

Solution By Ma&Evans, Louisville, 'Kfntuckg. 
Letting all the summations run from i = 1 to k, we wish to have 

2 a2 + Â£( + I ) ~  = Â£( + i + k) = Â£( + i)2 + 2Â£( + i)k + Â£k2 
so that 

a2 = 2Â£a + 2Zik + Â£k =2ak + k2(k+ 1) + k3, 

and a = 2k2 + k (the 2kth triangular number) or a = -k. 

^[so sofvedfiy STEVE ASHER, Mcfl^ifThammeutical, Spring Mouse, PA, FRANK P. 
BATTLES, Massachusetts Maritime Scademy, 'Buzzards 'Bay,WILLIAM BOULGER, St. T a d  
S^tadtmy, JAMES E. CAMPBELL, Indiana University at 'Bloomington, CHARLES R. 
DIMINNIE, St. 'Bonaventure University, 9{y, UNDERWOOD DUDLEY, VeTauw University, 
fjntwastfei 1% DAVID EHREN, University of 'Wisconsin, Mifwa&e, RUSSELL EULER, 
%$rt!i~~~t 'M.woun'State University, Ma@, VICTOR G. FESER, University of May, 
'Bismarck, fQ), RICHARD 1. HESS, -Kffncho Tabs Verdts, CH, FRANK HUBENY, University of 
Maine, Orono, HENRY S. LIEBERMAN, Waban, 912, DON PFAFF, University @vim%, %no, 
BOB PRIELIPP, University trf'Wiswnsin-Oshfvfsh, SAHIB SINGH, CfanOn University of 
Tennsyfvonia, AMITABHA TRIPATHI, S w a t  'Buffalo, and the PROPOSER. 

672. [Spring 19881 'Proposed 6y 'Barry 'Brunson, Wtstern '/(fntucky University, 
'Bow& ffmn, %ntucky. 

Find a series representation for 



673. [Sprlng 19881 'Proposed By Stanley fltobinowitz, Affiant Computer 
Sys terns, Littfeton, Massacfwsetts. 

Let AB be an edge of a regular tesseract (a four-dimensional cube) and let C be 
the tesseract's vertex that is furthest from A. Find the measure of angle ACB. 

Solution 6y fn jh rd  I. Mess, fltontho 'Polas 'Ve.rh, Cafifontia. 
We take the n-dimensional simplex whose vertices are the points (x,x,x, .... x) 

where each x is either a 0 or a 1. We take A = (0.0.0. ..., O), a nearest neighbor B = 
(1,0,0 ,..., 0). and the farthest point C = (1,1,1, ..., 1). Then we have 

(C - B)*(C - A )  (0,1,1 ,..., 1)*(1,1,1, ..., 1) 
cos ACB = - =*. 

1C - B l  IC - A I  /n 4; 
For n = 4 we have cos ACB = f i 2 ,  so ACB = 30'. Angles for other values of n are now 
readily computed. For example, ACB = 45' for the square (n = 2) and ACB = 35.264 ...' 
for the cube (n = 3). 

Aho solved6y JAMES E. CAMPBELL, Indiana University at BCoomington, 
UNDERWOOD DUDLEY, 'DeSauw University, @encastfe, 1% RICHARD DUNLAP, Georgia 
Tech, Athnta, HENRY S. LIEBERMAN, Wa6an, Mfl, andthe PROPOSER. 

674. [Sprlng 19881 'Proposed by -sell 'Euler, 9{prthwest Missouri. State 
University, MaYdfe ,  Missouri. 

Find necessary and sufficient conditions for the arithmetic mean of the roots of 
the polynomial equation 

to be equal to the geometric mean of the roots. 

Solution by 'Â£0 Tridipp, University of 'Wisconsin-Osh<.osh, Oshbsh, Wisconsin. 
It is known that the sum of the roots of the given polynomial is equal to -al/ao 

and their product is (-l)nan/ao. Hence the arithmetic mean of the roots equals their 
geometric mean if and only i f  

1 I n  (-al/an)/nn= ((-1) an/ao) , 
which can be rewritten as 

Ahosofved6ySEUNG-JIN BANG, Seoul, Korea, DAVID G. CARABALLO, Jfidside, 3\ft 
JAMES E. CAMPBELL, Indiana University at 'BCoomington, DAVID DELSESTO, 9{prthScituate, 
Â¥SJ CHARLES R. DIMINNIE, St. Bonawnture University, TfY, UNDERWOOD DUDLEY, 
'Defauw University, wencastfe, 1% DAVID EHREN, University of 'Wisconsin, Milwau.kfe, 
ROBERT C. GEBHARDT, 'Hopatcong, m, RICHARD 1. HESS, Kflncho Pales Verdis, C A  
AMITABHA TRIPATHI, SWfYat Buffale, andthe PROPOSER. 

Although this is a relatively simple problem, one must be careful to examine 
signs when taking roots. Thus, for example, ((-1)")lin = ( - I )~  and not = -1. Now, 
If all the roots are positive, then the stated condition implies that the roots must all be 
equal. If some of the roots are negative, of course their geometric mean must be a real 
number. Thus, if n is even, an even number of roots must be negative or a root must be 
zero. A nontrivial example is the quartic polynomial whose zeros are 3 - 3 f i  3 = 

V f o " 3 + V W ' a n d 3 + 3 ^ T o .  

675. [Spring 19881 'Proposed by John M. Scott, Macafester College, Saint P a d  
Minntso ta. 

Erect a semicircle on segment AB as diameter. From point D on the semicircle 
drop a perpendicular to point C on AB. Draw a circle tangent to CB at J and tangent to the 
semicircle and to segment CD. Prove that angles CDJ and JDB have equal measures. See 
the figure below. 

Solution by Â¥Me y S. Lie6erman, Wa6an, Massachusetts. 
On pages 84 and 85 of Problems and Solutions in Euclidean Geometry by Aref and 

Wernick (Dover, 1968), it is proven that AJ = AD. From this it follows that ZADJ = 
ZAJD = ZCJD. But 

ZADJ = ZADC + ZCDJ and zCJD = ZCBD + ZJDB. 
Since ZADC and ZCBD are both the complement of ZBAD, it follows that they are equal. 
Therefore ZCDJ = ZJDB. 

Ahosofved6yJACK GARFUNKEL, flushing, 9{y, RICHARD 1. HESS, ~aiac~w Pales 
Verdes, d KING W. JAMISON, Mid& Tennessee State University, Murfredoro, G. 
MAVRIGIAN, youngstuwn State University, Off, WADE H. SHERARD, -an University, 
+ e n & ,  SC, and the PROPOSER. 

Sherard, whose solution closely parallels the featured solution, located the 
theorem that AJ = AD as problem 494 in this Journal [Spring 19821, proposed by Zelda 
Katz and solved by Henry S. Lieberman. Jack Garfunkel was one of the also-solvers. 
Also, this is not the first time that the editor of this Department has missed (related) 
problems that have appeared here previously. 

676. [Spring 19881 'Proposed by John M .  MowelL Littferock, California. 
Show that, for k > 0, 



Solution by Sahi6 Siyh, Clarion University of 'Pennsyfvania, Clarion, 'Pennsylvania. 
The left side of the given equation can be written as 

which is a collapsing series that reduces to 

s = i L  n! 
k i t !  ( k  + n) ! ) '  

a form equal to the right side of the given equation. 

Mso sofvedby UNDERWOOD DUDLEY, Ve'Pauw University, Gmencasth Iff. RICHARD 
DUNLAP, Gw@%ch, Atlanta, MARK EVANS, LoukmOe, Iff, RICHARD 1. HESS, who 
!Pa& Verdes, d, MURRAY S. KLAMKIN, University of M6erta, Canada, HENRY S. 
LIEBERMAN, Wa6an, f^ and the PROPOSER. 'Kfamlyn pointedout that this d t  is well 
k !  

677. [Spring 19881 'Proposed By Jack. ~avfun&d 7fushing, f f f w  yorh 
If A, B, and C are the angles of a triangle, then show that 

cos A cos B cos C 6, 
A B C 9  

cos T C O S  -pas - 2 

Solution 6y Minnay S. Â¥Kfa&n University of SU6ertal 'Edmonton, SU6erta, Canada. 
The inequality is obviously true if any angle is greater than or equal to 90Â° so 

we assume that the triangle is acute. Multiplying the numerator and denominator of the 
left side by 8 sin (Al2) sin (Bl2) sin ((212). we get 

18 s in (A121 s in (Bl2)  s in (C l2 ) l  cos A cos B cos c s g .  
sin A sin B s in C 9 

This result follows from items 2.12 and 2.40 in Bottema et al, Geometric Inequalities, 
Noordhoff, Groningen, 1968: 

s i n y s i n ~ s i n - -  - 1 V3 
A - A s T  and c o t A c o t B c o t C 5 ~ ~  

the latter Inequality valid only for acute triangles. 

ftlso SOMA/ MARK EVANS, Loukuiffe, ty, J. S. FRAME, MichiganState University, 
Lawiqg, RICHARD 1. HESS, VgÃˆth Mu, 01 EDWIN M. KLEIN, 'University o f  
Â¥Mswm'n 'Mitewater, YOSHINOBU MURAYOSHI, 'Portland, 0% BOB PRIELIPP, University 
ofÂ¥Mswnsin-Oskh AMITABHA TRIPATHI, SmQTat Buffh, and& PROPOSER. 
@in, Mmayoshi, andTripathi each pointed out that equality hofifs i f  and only i f  the tnayIt is 
q & t e d  

It follows by integration by parts that 

Thus 

The given problem corresponds to the special case a = r = 1. 

Ahosofved6y SEUNG-JIN BANG, Seoul, !?&ma, FRANK P. BATTLES, Massachusetts 
Mit ime y[iadtmy, Biwads'Bay, DAVID G. CARABALLO, Â¥wiOsi flft UNDERWOOD 
DUDLEY, V e T w  University, GntncostCe, Iff. RUSSELL EULER, '^prthwest MissouriState 
'University, M q & ,  J. S. FRAME, MufuganState University, Lowing, ROBERT C. 
GEBHARDT, 'Hopatcoy, 90, RICHARD 1. HESS, mncho 'Polas Verdes, CA, andthe PROPOSER. 

R. P. Boas, Seattle, WA, referred to Polya and Szegti, Problems and Theorems in 
Analysis, vol. 1, 1972 (English translation), p. 36, problem 160, which deals with 

Jx" dx, which is essentially equivalent to our problem. Barry Brunson, Western 
u 
Kentucky University, Bowling Green, quoted from "A Report from the Selberg 
Symposium," held in Oslo in June 1987, in the Mathematical Intelligencer 10 #3, 
Summer 1988, 46-47: 

"The birthday cake served ... was decorated with a formula for 
which Selberg published a proof in Norsk Matematisk Tidsskrift 
when he was 15 years old. ... 

Ca 1 =;y 
n=1 

Edwin M. Klein, University of Wisconsin, Whitewater, and Bob Prielipp, University of 
Wisconsin-Oshkosh, each pointed out that the stated problem was problem A-4 in the 
1969 William Lowell Putnam Mathematical Competition (see the August-September 
1970 issue of The American Mathematical Monthly, pages 723 and 725). Prielipp also 
noted that on page 676 of the June-July 1971 issue of the Monthly C. D. Olds gives a 
detailed solution to this problem, including its numerical value 0.78343051.... 
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