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THE CASE OF RENE DESCARTES 
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I. More people have read Descartes' Discourse on Method i n  t h e  l a s t  f if- 

t y  years than i n  t h e  prev ious 297 years s ince i t s  p u b l i c a t i o n  i n  1637. 

Yet t h e  economics o f  t h e  technology which makes Descartes' Discourse so 

r e a d i l y  ava i lab le  has also d i s t o r t e d  our view o f  e x a c t l y  what Descartes 

was doing when he publ ished t h e  work i n  1637. Because economics 

dictates--and academic needs c o n f o r m ~ t h e  Discourse i s  u s u a l l y  publ ished 

wi thout  t h e  other  th ree  works t o  which i t  was prefaced. Descartes' 

Discourse on Method was an autobiographical preface t o  t h r e e  other  works, 

h i s  Optics, h i s  Geometry and h i s  Meteorology. The mass p r i n t i n g  o f  books 

has been a great blessing, but  i t  has no t  been an e n t i r e l y  unmixed b less-  

i n g  because i t  can lead t o  a systematic misreading o f  works. Reading 

Descartes' Discourse o r  Preface t o  h i s  s c i e n t i f i c  and mathematical 

t r e a t i s e s  wi thout  reading t h e  Optics, Geometry and Meteorology 

themselves--or a t  l e a s t  sampling them--is l i k e  judging a restaurant  by  

reading i t s  menu bu t  not d i n i n g  there. As one who has enjoyed a f u l l  

course Cartesian meal, I would l i k e  t o  t e l l  you what t h e  food i s  l i k e .  

The t i t l e  o f  my t a l k  t o n i g h t  might suggest t h a t  I have immature 

t a s t e  buds; i t  might suggest t h a t  Descartes served m i l i t a r y  K- rat ions and 

I l i k e d  them. That suggestion may be unavoidable, so I w i l l  t r y  t o  help 

you d iges t  t h e  entree o f  thought t h a t  I b r i n g  from t h e  Cartesian Kitchen 

by  p u t t i n g  on t h e  sauce o f  a d i f f e r e n t  metaphor. The sauce i s  not  t o  my 

taste,  but  a m i l i t a r y  metaphor may make Descartes t a s t i e r  f o r  you. 



The times i n  which Descartes l i v e d  (1596-1650) were times o f  v io le i  

r e l i g i o u s  wars i n  h i s  n a t i v e  France and i n  t h e  r e s t  o f  Europe. Descarti 

h imsel f  witnessed t h e  T h i r t y  Years War as a young m i l i t a r y  engineer f o r  

one o f  t h e  armies. Indeed, Descartes t e l l s  us i n  h i s  Discourse t h a t  i t  

was wh i le  r e t u r n i n g  t o  t h e  army from t h e  coronation o f  t h e  Emperor, thai 

caught by t h e  onslaught o f  winter,  he holed up i n  a heated room and had 

t h e  oppor tun i t y  t o  consider and develop the phi losophica l  r e f l e c t i o n s  

t h a t  c o n s t i t u t e  passages o f  the  Discourse. France i t s e l f ,  as many o f  you 

veterans o f  t h e  Development o f  Western C i v i l i z a t i o n  may r e c a l l ,  was s p l i t  

r e l i g i o u s l y  between Roman Cathol ics and Protestant  Huguenots, and t h e  

r e l i g i o u s  s p l i t  was o f  concern t o  t h e  monarchy because it r e f l e c t e d  and 

i n t e n s i f i e d  p o l i t i c a l  d i v i s ions .  The Kings o f  France became and remain 

Cathol ic,  i n  par t ,  because r e l i g i o u s  u n i t y  was seen as essent ia l  t o  

p o l i t i c a l  un i t y .  Descartes, i n  short,  l i v e d  i n  a t ime  o f  c i v i l  and 

r e l i g i o u s  warfare. 

The s i t u a t i o n  o f  war i n  Europe made Descartes' s i t u a t i o n  as an 

i n t e l l e c t u a l  very d i f f i c u l t  because i n  times o f  p o l i t i c a l  and r e l i g i o u s  

s t r i f e ,  orthodoxy i s  no t  a soc ia l  convenience bu t  a necessity.  I n  

France, as i n  most o f  Europe i n  t h e  seventeenth century, orthodoxy 

extended t o  phi losophica l  and s c i e n t i f i c  matters as wel l ,  and Descartes 

was acu te ly  s e n s i t i v e  t o  t h i s  f a c t .  I n  t h e  F i f t h  o f  h i s  Six Par t  

Discourse, Descartes t e l l s  h i s  readers t h a t  he had w r i t t e n  a s c i e n t i f i c  

t r e a t i s e  which explained t h e  nature o f  1 igh t ,  c e l e s t i a l  mechanics, myri 

phenomena on ear th such as earthquakes and the  ebb and f l o w  o f  t h e  t i d e  

as we l l  as the nature o f  p lants ,  animals and man. That i s ,  Descartes 

announces t h a t  he has developed a new, comprehensive, and powerful 

s c i e n t i f i c  theory. But, he t e l l s  h i s  reader, he has decided no t  t o  

pub l i sh  it, o r  a t  l e a s t  no t  u n t i l  a f t e r  h i s  death. 

It has been th ree  years now, s ince I reached t h e  end 
o f  t h e  t r e a t i s e  con ta in ing  a l l  these th ings  and began t o  
review it i n  order  t o  pu t  i t  i n  t h e  hands o f  a publ isher, 
when I learned t h a t  people t o  whom I defer  and whose 
a u t h o r i t y  over my act ions can h a r d l y  be less  than i s  t h a t  
o f  my own reason over my thoughts, had disapproved o f  a 
theory  o f  physics t h a t  a c e r t a i n  other  person (Ga l i l eo )  
publ ished a l i t t l e  wh i le  before. I do n o t  want t o  say 
t h a t  I agreed w i t h  t h i s  theory, bu t  before t h e i r  censure 
I had no t i ced  no th ing  i n  i t  which I could imagine t o  be 
p r e j u d i c i a l  t o  e i t h e r  r e l i g i o n  o r  t h e  s tate,  nor, as a 

r e s u l t ,  anything which should prevent me from w r i t i n g  about 
it, i f  reason had persuaded me t o  do so; and t h i s  caused me 
t o  f e a r  t h a t  i n  t h e  same way there  might be found among my 
theor ies  some i n  which I was mistaken, desp i te  t h e  great  
care I had always taken no t  t o  accept i n t o  my b e l i e f s  any - -  - 
new opinions o f  which I d i d  n o t  have very c e r t a i n  demon- 
s t ra t ions ,  and n o t  t o  w r i t e  o f  any which t u r n  out t o  
anyone's disadvantage. This was s u f f i c i e n t  t o  o b l i  e 
me t o  change my r e s o l u t i o n  t o  pub l i sh  t h e  t r e a t i s e .  5 

Many i n t e r p r e t e r s  o f  Descartes--few o f  whom have read t h e  Optics, 

Geometry o r  Meteorology--suggest t h a t  t h i s  passage and other  s i m i l a r  ones 

show t h a t  Descartes was j u s t  too  caut ious a man t o  stand up f o r  

s c i e n t i f i c  t r u t h  against t h e  forces o f  darkness, t h a t  Descartes was t o o  

f e a r f u l  o f  t h e  I n q u i s i t i o n .  I n  other  words, many i n t e r p r e t e r s  t h i n k  

Descartes t imid,  i f  not  cowardly. We a l l  p r e f e r  heroes who f i g h t  f o r  

t h e i r  convic t ions t o  t h e  f r a i l  t h i n k e r  who r e t i r e s  from t h e  f ray .  I 

would l i k e  t o  suggest t h a t  t h i s  i s  a ser ious misreading o f  Descartes, 

t h a t  i n  f a c t  Descartes was a cunning g u e r r i l l a  f i g h t e r ,  and t h a t  h i s  

Optics, Geometry, and Meteorology were b r i  11 i ant s t r a t e g i c  at tacks 

against an enemy whose conventional forces and f i repower were f a r  

super ior  t o  any he could muster. Descartes h imsel f  c lues us i n  t o  h i s  

s t ra tegy.  

I n  t h e  S i x t h  Par t  o f  t h e  Discourse, Descartes t e l l s  h i s  readers t h a t  

although he w i l l  no t  pub l i sh  h i s  works, he w i l l  cont inue t o  w r i t e  them 

and w i l l  arrange t o  have them publ ished posthumously. Nonetheless he 

w i l l  f i g h t  f o r  t h e  t r u t h  bu t  he w i l l  be ca re fu l  about what b a t t l e s  he 

gets i n t o  because a defeat would be very cost ly .  B e t t e r  t o  f i g h t  

smaller, c a r e f u l l y  se lected b a t t l e s  than engage d i r e c t l y  w i t h  l a r g e r  

forces. I n  h i s  own words, Descartes says t h a t  

t r y i n g  t o  conquer a l l  t h e  d i f f i c u l t i e s  and e r r o r s  t h a t  keep 
us from a t t a i n i n g  knowledge o f  t h e  t r u t h  i s  t r u l y  t o  g ive  
b a t t l e ;  and a b a t t l e  i s  t r u l y  l o s t  when we accept some 
f a l s e  opin ion concerning a general and important matter.  
It takes much more s k i l l  a f t e r  such a loss  t o  rega in  t h e  
same s t a t e  t h a t  we had be fo re  than t o  make great  progress 
when we already have p r i n c i p l e s  t h a t  are we1 1-founded. 
As f o r  me, i f  I have thus f a r  discovered some t r u t h s  i n  
t h e  sciences.. ., I can say t h a t  t h e y  are t h e  r e s u l t s  
and consequences o f  but  f i v e  o r  s i x  p r i n c i p a l  problems 
t h a t  I have overcome, and I count these as so many 
b a t t l e s  where I have had luck  on my side. I even do 
n o t  f e a r  t o  say t h a t  I t h i n k  I need o n l y  win two o r  



th ree  other  such ba t t les ,  i n  order completely t o  achieve 
my goals ...* 

Though he bel ieved he needed o n l y  two o r  th ree  other  such b a t t l e s  t o  

achieve h i s  goals, Descartes decided no t  t o  pub l i sh  h i s  t r e a t i s e  because 

o f  " the  opposi t ion t h a t  they  would awaken.1'3 That i s ,  he refused t o  

engage t h e  opposi t ion d i r e c t l y  because he sensed t h a t  t h e  conventional 

army o f  t h e  scholast ics ,  t h e  t roops o f  the  Cathol ic  King, was t o o  

powerful. The G a l i l e o  case was a sharp reminder o f  t h e i r  power. So 

Descartes took o f f  h i s  m i l i t a r y  un i form and presented h imsel f  as a 

gent1 eman o f  l e i  sure. 

11. G u e r r i l l a  warfare i s  by d e f i n i t i o n  a war c a r r i e d  on wi thout  regard 

t o  t h e  Hague conventions o f  war. By d e f i n i t i o n ,  a g u e r r i l l a  i s  a f i g h t e r  

who does not  wear a uni form and who does n o t  belong t o  an organizat ion. 

Without a uniform, a f i g h t e r  has no rank o r  m i l i t a r y  i d e n t i t y ;  he i s  

ou ts ide  t h e  order o f  war. Without an organizat ion a f i g h t e r  does no t  

have a c l e a r l y  def ined and accepted r o l e  t o  play; nor can he be h e l d  

accountable f o r  a c t i n g  i n  accordance w i t h  t h e  r u l e s  o f  war. That i s ,  

when a r e c r u i t  puts  on a uni form and i s  assigned t o  a u n i t ,  t h e  method 

and ob jec t i ves  o f  warfare, a t  l e a s t  i n  theory, are defined. If captured 

i n  uniform, a s o l i d e r  cannot s imply  be shot; he must be t r e a t e d  as a 

p r i soner  o f  war. A g u e r r i l l a  need not .  I n  warfare, the  g u e r r i l l a  i s  not  

bound by t h e  r u l e s  o r  conventions o f  war; by t h e  same token, t h e  

conventional forces are not  ob l iged t o  t r e a t  a g u e r r i l l a  by the  

conventions o f  war. The g u e r r i l l a  s o l d i e r  i s  n e i t h e r  s o l d i e r  nor 

c i v i l i a n .  He i s  t h e  outs ider ,  and, i f  captured, subject  t o  t h e  capr ice 

o f  the  conventional forces. 

O f  necessity,  t h e  g u e r r i l l a  f i g h t e r  i s  independent, hides h i s  

in ten t ions ,  does n o t  p l a y  by t h e  ru les,  and uses p o l i t i c a l  t a c t i c s  as 

much as m i l i t a r y  t o  r e a l i z e  h i s  goals. The g u e r r i l l a  f i g h t e r  wants t o  

change t h e  s ta tus  quo which t h e  conventional fo rces  wish t o  maintain. 

The g u e r r i l l a  f i g h t e r  wants t o  keep t h e  b a t t l e  l i n e s  f l u i d  and. b l u r r e d  so 

he cannot be e a s i l y  h i t  by conventional f i r e .  And t h e  g u e r r i l l a  f i g h t e r  

be l ieves i n  and l i v e s  f o r  t h e  f u t u r e  tr iumph o f  h i s  cause even though he 

knows t h a t  a t  t h e  present t ime  t h e  odds are ve ry  much against him. He 

may no t  see h i s  cause triumph, bu t  he i s  conf ident  h i s  c h i l d r e n  w i l l  and 
so does h i s  b i t .  

Descartes was a g u e r r i l l a  f i g h t e r  f i g h t i n g  the  powerful p o l i t i c a l -  

re1  ig ious  a l l i a n c e  o f  p r i  ests- theologi  ans-philosophers, bu t  he was no t  a 

r a d i c a l .  That i s ,  h i s  f i g h t  was no t  w i th  t h e  Cathol ic  Church as such. - 
Descartes was a s incere bel iever ,  bu t  he was an t i- scho las t i c  and proba61yV 

a n t i - c l e r i c a l .  The schol a s t i c - c l e r i c s  con t ro l  l e d  the  educational i n s t i  - 
t u t i o n s  i n  France and elsewhere, and given the  times, they  were no t  open 

t o  new ideas. It was a t ime  o f  i n t e l l e c t u a l  retrenchment, which i s  a 

n i c e  way o f  saying, it was a t ime  o f  dogmatic f i x a t i o n .  Descartes be- 

l i e v e d  i n  t h e  new science o f  Copernicus and G a l i l e o  and had developed 

s i m i l a r  theor ies  o f  h i s  own. But t h e  t imes were n o t  r ipe .  How could he 
advance t h e  cause o f  t h e  new mathematical sciences i n  t h e  t e e t h  o f  m i l i -  

t a r i s t i c  opposi t ion from t h e  schol a s t i c - c l e r i c s  who c o n t r o l l e d  the  educa- 

t i o n a l  i n s t i t u t i o n s  i n  p o l i t i c a l l y  v o l a t i l e  France? This i s  the  problem 

Descartes i n  h i s  Discourse and h i s  s c i e n t i f i c  t r e a t i s e s  attempted t o  address. 

It i s  a well-known p r i n c i p l e  o f  g u e r r i l l a  warfare t h a t  you don ' t  

waste your t ime  t a l k i n g  t o  t h e  establishment. Talk t o  the  people. 
Descartes t rans la ted  t h i s  p r i n c i p l e  i n t o  French. That i s ,  he wrote the  

Discourse n o t  i n  t h e  de r i g u e r  academic language o f  L a t i n  b u t  French. 

He knew what t h e  s t a t i s t i c s  o f  17th century p r i n t i n g  t e l l  us: the  buyers 

o f  books were inc reas ing ly  lawyers and merchants, n o t  c l e r i c a l  academics. 

And i n  h i s  Discourse, he p lays on t h e  pre jud ices o f  h i s  prospect ive read- 

ers. L i k e  many o f  them, Descartes t e l l s  us, he had had a scho las t i c  edu- 

c a t i o n  and he had found it a waste o f  t ime w i t h  very l i t t l e  p r a c t i c a l  ap- 
p l i c a t i o n .  Descartes t e l l s  h i s  p r a c t i c a l  middle c lass readers t h a t  he 

had discovered a new method o f  t h i n k i n g  which l e d  him t o  many new and 

use fu l  discoveries, e s p e c i a l l y  i n  medicine. The new method~based  on h i s  
work i n  mathematics--was p r a c t i c a l  ; it may some day, Descartes t e l l s  h i s  

readers, enable us t o  cure t h e  d e b i l i t i e s  o f  o l d  age, and even extend 

l i f e .  Saints  might want t o  rush t o  God, bu t  t h e  middle c lass i s  no t  

known t o  ob jec t  t o  a delay i n  t h i s  l i f e .  Descartes chose h i s  t a r g e t  we l l  

and knew how t o  so f ten  i t  up. 

L i k e  Gal i leo, Descartes bel ieved t h a t  t h e  Copernican theory  was 

t rue .  He also knew t h a t  i t was no t  worth dying f o r .  He wanted h i s  

readers t o  accept t h e  theory  bu t  he a lso wanted t o  avoid drawing the  f i r e  i 

o f  t h e  A r i s t o t e l i a n  scho las t i c  army. How could he draw a t t e n t i o n  t o  t h e  

theory  wi thout  unacceptable losses? 



Disguise, o f  course, i s  essent ia l ,  and so Descartes wore t h e  

d isguise o f  t h e  t i m i d  harmless i n t e l l e c t u a l ,  a gentleman o f  l e i su re .  He 

stressed t h a t  Copernicus' i d e a  i s  a hypothesis, a guess, a speculat ion. 

Unproven, o f  course, and so i t  would seem n o t  t rue .  Now an i n d i r e c t  

attack: t h e  Optics. 

The Optics, among other  things, i s  a manual on how t o  manufacture 

more e f f i c i e n t l y  cheaper and b e t t e r  telescopes than were ava i lab le  at  t h e  

time. The opening of t h e  Opt ics i s  magni f icent  subterfuge w r i t t e n  t o  

appeal t o  t h e  money-minded middle c lass  readers Descartes wished t o  win 

over. 
A l l  t h e  management o f  our l i v e s  depends on t h e  senses, 

and s ince t h a t  o f  s i g h t  i s  t h e  most comprehensive and t h e  
noblest  of these, the re  i s  no doubt t h a t  t h e  invent ions 
which serve t o  augment i t s  power are among t h e  most usefu l  
t h a t  the re  can be. And it i s  d i f f i c u l t  t o  f i n d  any o f  these 
invent ions which augment t h e  power o f  s i g h t  more than t h a t  
o f  those marvelous telescopes which, i n  use f o r  o n l y  a 
shor t  time, have a l ready revealed a greater  number o f  new 
s t a r s  i n  t h e  sky, and other  new objects  above t h e  earth, 
than the  sum t o t a l  o f  those we have seen there  before: so 
tha t ,  c a r r y i n g  our s i q h t  much f a r t h e r  than t h e  imaginat ion o f  
our f a t h e r s  are used t o  going, they seem t o  have opened t h e  
way f o r  us t o  ob ta in  a knowledge o f  nature much greater  and 
more p e r f e c t  than our f a t h e r s  had.4 

Descartes' t a c t i c  here i s  i l l u m i n a t e d  by t h e  f a c t  t h a t  G a l i l e o ' s  

most persuasive argument f o r  the  Copernican system was t h e  d iscovery o f  

t h e  f o u r  moons r o t a t i n g  around J u p i t e r ~ a  Copernican system i n  immature, 
G a l i l e o  c a l l e d  i t - - and  t h e  discovery o f  new c e l e s t i a l  bodies. Descartes' 

move here i s  no t  t o  argue d i r e c t l y  and on t h e o r e t i c a l  grounds t h a t  t h e  

Copernican hypothesis i s  t r u e  bu t  t o  simply prov ide an instrument w i t h  

which t h e  people could see a model o f  t h e  system i n  the  heavens. 

Logica l ly ,  enabl ing people t o  look i n t o  a telescope proves nothing; 

psychologica l ly ,  i t wins them over. Psychological ly,  telescopes played 

t h e  r o l e  computers p l a y  today: somehow a computer p r i n t o u t  seems much 

more impressive t o  us than a typed repor t ,  even when they  'say '  t h e  same 

th ing.  But Descartes' a t tack  i n  t h e  Opt ics on t h e  entrenched conven- 

t i o n a l  forces o f  A r i s t o t e l i a n  scholast ic ism was n o t  s imply  a mat ter  o f  

psychological pyrotechnics. He appreciated and respected t h e - i n -  

t e l  l e c t u a l  capac i t i es  o f  nonacademics. Thus, i n  exp la in ing  t h e  

p r i n c i p l e s  involved i n  t h e  telescope, Descartes attempted 
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i t  t h e  t o  undercu 
A r i s t o t e l i a n  epistemology t h a t  supported t h e  o l d  science. He d i d  t h i s  by  
undercut t ing t h e  r o l e  t h a t  percept ion p lays i n  cogni t ion.  - 

The o l d  science i s  based on observed perceptual q u a l i t i e s  such as - 

c o l o r  and t a s t e  wh i le  t h e  new science i s  based on mathematical, 

e s p e c i a l l y  geometrical, reasoning. I n  support o f  the  o l d  science, t h e  
scho las t i cs  had argued t h a t  t h e  perception o f  distance, o r  what we today 

would c a l l  t h e  percept ion o f  met r i ca l  proper t ies,  depended on t h e  

percept ion of sensory q u a l i t i e s  such as co lor .  I n  t h e  course o f  
exp la in ing  t h e  p r i n c i p l e s  o f  how a telescope works, Descartes showed how 

t h e  percept ion o f  m e t r i c a l  p roper t ies  (1  i k e  d is tance)  i s  fundamentally 

d i f f e r e n t  from t h e  percept ion o f  non-metrical p roper t ies  l i k e  co lo r .  He 
showed f u r t h e r  t h a t  t h e  perception o f  non-metr ica l  p roper t ies  l i k e  c o l o r  

i s  a p u r e l y  sub jec t i ve  response t o  s t i m u l i .  That i s  t o  say, Descartes 
showed t h a t  knowledge o f  t h e  world does not  depend on t h e  percept ion o f  

sensory q u a l i t i e s .  Descartes a lso showed i n  h i s  Optics t h a t  the  judgment 
o f  d is tance presupposes geometrical reasoning, and there fo re  depends upon 

mathematical th ink ing .  A1 1 these po in ts  re in fo rced  and made persuasive 
t h e  c la im made by Descartes i n  h i s  Discourse t h a t  knowledge o f  the  world 

i s  no t  through the  senses--that i s ,  the  o l d  science--but i s  a t ta ined  by 

mathematical th ink ing .  

Descartes fo l lowed up h i s  at tack on the  o l d  science i n  t h e  Opt ics by  

a t tack ing  t h e  o l d  mathematics i n  h i s  Geometry. 

Most, i f  no t  a l l  o f  you know, t h a t  Descartes i s  t h e  founder o f  

a n a l y t i c a l  geometry, bu t  you may no t  have had t h e  oppor tun i t y  t o  

appreciate t h e  f a c t  t h a t  h i s  d iscovery o f  a n a l y t i c a l  geometry was an 

at tack on t h e  A r i s t o t e l i a n s .  Although A r i s t o t l e  h imsel f  may have been 

somewhat unclear about t h e  matter, h i s  fo l l owers  be1 ieved t h a t  algebra 

and geometry could no t  be combined. Descartes merely showed t h a t  they  

could--and he showed how powerful t h e  combination was by s o l v i n g  problems 

t h a t  f o r  centur ies had been considered inso lub le .  Success i s  impossible 
t o  re fu te ,  and Descartes knew it. So he took advantage o f  h i s  success i n  
combininq algebra and geometry t o  w r i t e  a 'hands on '  t r a i n i n g  manual f o r  

f u t u r e  g u e r r i l l a  f i g h t e r s .  P rac t i ce  may o r  may no t  make per fec t ,  b u t  i t  

makes f o r  success. Descartes' audience, as I ind ica ted  e a r l i e r ,  i s  n o t  

j u s t  contemporary lawyers and merchants and those few i n t e l l e c t u a l s  open 



t o  the new, bu t  posterity. Descartes' hope was that  the next generation 
''will.. .be a l l  the  more capable of discovery fo r  themselves a l l  t ha t  I 

think I have d i s ~ o v e r e d . " ~  
Descartes' attack on the conventional forces of the religious- 

poli t ical  establishment i s  reflected in the s ty l e  of his Geometry. 
Descartes' Geometry contrasts sharply with the  standard t ex t ,  Euclid's 

Elements. Euclid's Elements i s  polished, as polished as mili tary brass. 
I t  i s  a closed work, a finished work. The reader merely follows and 
assents t o  the proofs, once she accepts the  axioms and definit ions.  One 

fo l lows '  the  proofs of Euclid almost as though one i s  following orders. 

The conclusions are as inescapable as orders once one has put on the 
uniform of axioms. The 'chain' of reasoning in Euclid--we might accept, 

we might even get used t o  i t ,  as one accepts and learns to  function in a 

cha in  of command,' but by ourselves, individually, we do nothing on our 

own. We go only where the  orders and proofs d i rec t  us. That i s  the 

strength and the  limitation of conventional armies. 
With the Geometry of Descartes the guerri l la soldier does not begin 

with axioms, the  order of commands fo r  the  subordinate propositions. The 

guerr i l la  soldier i s  f i r s t  instructed about strategy. Descartes t e l l s  

h is  reader tha t  with very limited resources he can reduce a l l  the  

problems of geometry t o  manageable arithmetical operations. 

All the problems of geometry can eas i ly  be reduced 
t o  such terms tha t  thereafter  we need to  know only the 
length of certain s t ra ight  l ines in order t o  construct 
them. 

And just  as a l l  of arithmetic i s  composed of but 
four or f ive  operations~namely,  addition, subtraction, 
multiplication, division, and the extraction of roots, 
which may be considered a species of d i v i s i o n ~ s o  in 
geometry, in order t o  find the l ines fo r  which we are 
looking, we need only add t o  them, or subtract from them, 
other l ines;  or else,  by taking one l ine  which I shall ca l l  
unity, in order t o  r e l a t e  i t  as closely as possible to  
numbers, and which usually can be chosen arbi t rar i ly ,  and 
then by taking two others, (we may) find a fourth l ine  
which i s  t o  one of these two l ines as the other i s  t o  
un i ty~which  i s  the same as multiplication; or e l se  (we 
may) find a fourth l ine  which i s  t o  one of the  two as the 
unity i s  t o  the o the r~which  i s  the  same as division; or 
f ina l ly ,  (we may) find one, or two ,  or several mean pro- 
portionals between the unity and some other l i n e s ~ w h i c h  
i s  the same as extracting the  square root, or cube root, 
etc. And I shall not hesitate t o  introduce these 
arithmetical terms into geometry, in order t o  make myself 
more in te l l ig ib le .6  

Throughout the  Geometry, Descartes stresses that  his new techniques 
can solve many problems tha t  the ancient mathematicians could not. Not 
only could the new techniques solve many problems the ancients could 
not, i t  enabled Descartes t o  recast the  proofs of the  ancients in a m 

perspicacious and economical form. The ancients wrote big f a t  books, 
says Descartes; I write thin l i t t l e  books which are more in t e l l ig ib le  and 

mathematically more powerful. Moreover, says Descartes, my mathematical 
discoveries open up an in f in i t e  mathematical space, as the  new science 

opened up an in f in i t e  physical space. Euclid's Elements i s  l i ke  a closed 
universe; Descartes' Geometry discloses an open mathematical universe. 

The parallels  with the  old and new science are str iking.  
A d is t inc t ive  feature of Descartes' Geometry that  sharply se t s  i t  

off from Euclid's Elements i s  tha t  many of the problems posed in the  work 
are l e f t  unsolved. A guerr i l la  f ighter  cannot do everything; he must 
husband his resources; he must get others to  join in the work. So 
Descartes leaves a number of problems unsolved in order tha t  the reader 

might be engaged in the i r  solution. His s ty l e  i s  the mathematical 
equivalent of what i n  t he  U.S. Army today i s  called 'hands on' training.  

Descartes wants his readers not t o  learn about the new way of thinking; 
he wants them t o  learn t o  t h i n k  in the  new way; and f o r  th i s ,  there i s  

only one approach: practice, practice, practice. In t h i s  vein, 
Descartes writes: 

And we can always thus reduce a l l  the unknown quantities 
t o  a single one, so long as the problem can be constructed 
by c i rc les  and s t ra ight  l ines,  or by conic sections, or 
even by some other l i ne  which i s  only one or two degrees 
greater. B u t  I shall  not pause here t o  explain t h i s  in 
greater de ta i l ,  because I should be depriving you the  pleasure 
of learning it fo r  yourself, which i s ,  in my opinion, 
the  principal advantage we can derive from t h i s  science. 
Moreover, I do not observe here anything so d i f f i cu l t  tha t  
i t  cannot be discovered by those who are s l igh t ly  versed in 
common geometry and in algebra, and who pay close attention 
to  everything in t h i s  t r ea t i se  

This i s  why I shall  content myself here w i t h  advising 
you that  in solving these equations, provided that  we do 
not f a i l  t o  use division whenever possible, we will infa l l ib ly  
reach the simplest term t o  which the problem can be reduced.7 

Descartes ' advice and invitat ion t o  his readers probably attracted 

his better  motivated and mathematically inclined readers, but i t  i s  

doubtful tha t  Descartes was so naive as t o  think that  a l l  his readers 
would undertake t o  solve a l l  the  problems he l e f t  t o  t h e i r  pleasure. 



But those who are no t  h i g h l y  mot ivated o r  have l i t t l e  mathematical 

apt i tude might s t i l l  be won over. How might one rope the  marginal reader 

i n ?  

Well, what i s  one o f  the  most popular i f  bor ing  t o p i c s  o f  

conversat ion? What i s  an oft-used conversat ion opener? We a l l  know: 

t h e  w e a t h e r ~ r a i n ,  snow, earthquakes, rainbows. And so Descartes wr i tes  

about t h e  science o f  t h e  weather, a Meteorology. 

The beauty o f  a we l l- d i rec ted  g u e r r i l l a  operat ion i s  t h a t  it i s  no t  

where i t s  forces are f i r i n g .  That i s ,  g u e r r i l l a  a t tacks are most 

successful t o  the  extent  t h a t  t h e  ob jec t i ves  o f  t h e  at tack are no t  

grasped, o r  are grasped t o o  la te ,  by t h e  conventional forces. A good 

g u e r r i l l a  leader  always has h i s  opposite look ing  the  other  way. He 

at tacks i n  t h e  n o r t h  t o  capture a c i t y  i n  t h e  southern de l ta .  This, I 

submit, i s  what Descartes does when he t a l k s  about t h e  weather. 

Fundamental t o  t h e  A r i s t o t e l  i an-Ptolemaic view o f  t h e  universe i s  

t h a t  t h e  laws which exp la in  t h e  motion o f  c e l e s t i a l  bodies and t h e  

phys ica l  c o n s t i t u t i o n  o f  the  c e l e s t i  a1 bodies are fundamental ly d i f f e r e n t  

from t h e  laws o f  motion which ho ld  on t h e  ear th  and t h e  phys ica l  

c o n s t i t u t i o n  o f  t h e  ear th.  The New Science r e j e c t s  t h i s  b e l i e f .  The 

p r i n c i p l e  o f  t h e  un i fo rm i ty  o f  nature which i s  essen t ia l  t o  accepting the 

modern s c i e n t i f i c  way o f  understanding t h e  universe depends on t h e  b e l i e f  

t h a t  the  laws which exp la in  t h e  behavior of th ings  on ear th  ob ta in  

throughout t h e  universe and t h a t  t h e  p lanet  ear th  i s  made o f  t h e  same 

chemical elements as other  items i n  t h e  universe. Descartes ins inuates 

t h i s  idea i n  t h e  opening paragraph o f  t h e  Meteorology: 

It i s  our nature t o  have more admirat ion f o r  t h e  
th ings  above us than f o r  those t h a t  are on our leve l ,  
o r  below. And although t h e  clouds are h a r d l y  any h igher  
than t h e  summits o f  some mountains, and o f t e n  we even see 
some t h a t  are lower than t h e  pinnacles o f  our steeples, 
nevertheless, because we must t u r n  our eyes toward t h e  
sky t o  look a t  them, we fancy them t o  be so h igh  t h a t  
poets and pa in te rs  even fash ion  them i n t o  God's throne, 
and p i c t u r e  Him there, us ing His  own hands t o  open and 
c lose t h e  doors o f  t h e  winds, t o  s p r i n k l e  t h e  dew upon 
t h e  f lowers, and t o  h u r l  t h e  l i g h t n i n g  against t h e  
rocks. This leads me t o  hope t h a t  i f  I here exp la in  
t h e  nature o f  clouds, i n  such a way t h a t  w i l l  no longer 
have occasion to .  wonder a t  anything t h a t  can be seen 
o f  them, o r  anything t h a t  descends f rom them, we w i l l  
e a s i l y  be l ieve  t h a t  i t i s  s i n g u l a r l y  poss ib le  t o  f i n d  
t h e  causes o f  everyth ing t h a t  i s  most admirable above 
t h e  earth.8 

Descartes d i d  n o t  end h i s  f i g h t  here. A f t e r  the Discourse, he 

engaged i n  o ther  s t r a t e g i c  at tacks on the conventional armies o f  the 

i n t e l l e c t u a l  establishment. But I w i l l  save those i tems on the - - 

Cartesian menu f o r  another course. Otherwise, I f e a r  Dr. DeMayo w i l l  - 
wish t h a t  he had ordered n o t  a Car tes ian entree, b u t  r a t h e r  had ordered 

h i s  Descartes 1 a car te .  
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A MATHEMATICAL MODEL OF VOTER PARTICIPATION 
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We s h a l l  discuss  a  vo te r  p a r t i c i p a t i o n  model which was developed 

by p o l i t i c a l  s c i e n t i s t s  William Riker and Pe te r  Ordeshook i n  1968 121. The 

model i s  used t o  p r e d i c t  c i t i z e n  p a r t i c i p a t i o n  i n  an e lec t ion  and not 

t h e  outcome of  t h e  e lec t ion .  We assume t h a t  each c i t i z e n  has chosen a  

p re fe r red  candidate and is  deciding whether o r  not  t o  vote. 

Our model is  described by t h e  r e l a t i o n  

R = PB - C + D ,  where 

R represen ts  t h e  reward an ind iv idua l  rece ives  from voting;  

P represen ts  t h e  p robabi l i ty  t h a t  by vot ing t h e  individual  

a f f e c t s  t h e  outcome of  t h e  e l e c t i o n ;  

B represen ts  t h e  d i f f e r e n t i a l  benef i t  received by t h e  individual  

f r o m  t h e  success of  t h e  p re fe r red  candidate over t h e  l e s s  

preferred;  

C represents  t h e  c o s t s  involved i n  vot ing,  (e.g.,  t h e  time taken 

t o  go t o  t h e  p o l l s ) ;  and 

D represen ts  t h e  sense of c i t i z e n  duty ( the  s a t i s f a c t i o n  some 

people rece ive  from p a r t i c i p a t i n g  i n  t h e  p o l i t i c a l  process) .  

To a r r i v e  a t  t h i s  model, Riker and Ordeshook modified an -:- 
e x i s t i n g  model which was not s a t i s f a c t o r i l y  describing behavior. 

F i r s t ,  they introduced t h e  sense of  duty term which was not present  i n  

t h e  e x i s t i n g  model. They d id  t h i s  because they believed t h a t  some 

people received some s a t i s f a c t i o n  from p a r t i c i p a t i n g  without regard t o  

t h e  p a r t i c u l a r  candidates o r  choices i n  an e lec t ion ,  and t h a t  t h i s  

would play a  r o l e  i n  t h e  c i t i z e n ' s  p a r t i c i p a t i o n .  Secondly, they 'made 

a  change i n  t h e  way t h e  probabi l i ty  was ca lcu la ted ,  which we s h a l l  

consider i n  more d e t a i l  l a t e r .  

The model is  based on t h e  idea t h a t  i f  an ind iv idua l ' s  reward 

from p a r t i c i p a t i n g  i n  an e l e c t i o n  is  pos i t ive ,  then t h e  individual  

w i l l  vote. We assume t h a t  f o r  an individual  t h e  c o s t s  and sense of 

duty a r e  constant  over severa l  e l e c t i o n s ,  whereas t h e  p robabi l i ty  of 

a f f e c t i n g  t h e  outcome and t h e  b e n e f i t  depend on t h e  p a r t i c u l a r  e lec t ion  

a t  hand. There a r e  t h r e e  cases  t o  consider. 

1 )  I f  f o r  an ind iv idua l  D > C,  ( i . e . ,  sense of  duty outweighs 

c o s t s  involved) then R > 0 and t h e  ind iv idua l  w i l l  always 

vote. 

2 )  I f  f o r  an ind iv idua l  C > D and PB > C - D ,  then R > 0 and 

t h e  ind iv idua l  w i l l  vote. 

3 )  If f o r  an ind iv idua l  C > D and PB L C  - D ,  then R 2 0  and 

t h e  ind iv idua l  w i l l  not vote. 

Notice t h a t  i n  the  l a s t  two cases t h e  a c t u a l  e l e c t i o n  is  important i n  

determining par t i c ipa t ion .  

In  t h e  t e s t i n g  of t h e  model we do not  ge t  p rec i se  numerical 

values. Instead people a r e  placed i n t o  categories  based on t h e i r  

responses t o  survey quest ions.  Then given t h i s  information about t h e  

ind iv idua l  an est imate of  t h e  p robabi l i ty  he/she w i l l  vote  i n  an 

e lec t ion  can be given. It is assumed t h a t  t h e  cos t  is  constant  within 

a  category of sense of  duty,  s ince  those with a  high sense of  duty would 

tend t o  minimize t h e  cos t s  involved i n  vot ing and those with a  low sense" 

of duty would tend t o  maximize t h e  costs .  So t h e  cos t  is  not used 

d i r e c t l y  i n  t h e  t e s t i n g  of t h e  model, thus  s implifying t h e  t e s t i n g  of 



t h e  model. 

The model t e s t i n g  used responses from t h e  American National 

Elect ion Study (A.N.E.S.). The A.N.E.S., conducted by t h e  Survey 

Research Center a t  t h e  University of  Michigan, has been c a r r i e d  out 

each e l e c t i o n  year  s ince 1948, and contains  questions per ta in ing  t o  

e lec t ions  and s o c i a l  issues.  The r e s u l t s  from the  A.N.E.S. a r e  used i n  

many branches of  t h e  s o c i a l  sciences.  More information about t h e  

A.N.E.S. can be found i n  Campbell [ l ] .  Responses t o  seven of t h e  

A.N.E.S. survey quest ions were used t o  put c i t i z e n s  i n t o  categories  

based on benef i t ,  p robabi l i ty  and sense of duty. The A.N.E.S. includes 

a post- elect ion survey which contac t s  t h e  same c i t i z e n s  and inqui res ,  

among other  th ings ,  whether t h e  c i t i z e n  voted. Within a f ixed  category 

of b e n e f i t ,  p robabi l i ty  of  a f f e c t i n g  t h e  outcome, and sense of duty, 

the  l e v e l  of  p a r t i c i p a t i o n ,  ( i . e . ,  t h e  r a t i o  of t h e  number of people 

who voted t o  t h e  number of  people i n  t h e  category) ,  w i l l  be used a s  an 

est imate of  t h e  p robabi l i ty  a person i n  t h a t  category w i l l  vote. 

Let us now consider the  components of t h e  model. We w i l l  begin 

by considering t h e  benef i t .  Let l o l ,  02, ..., 0 2  be t h e  exhaustive 

s e t  of outcomes of t h e  e lec t ion :  e .g . ,  candidate A wins, candidate B 

wins, and so  on. Let t h e  outcomes be l i s t e d  i n  decreasing order  of 

preference. Define a u t i l i t y  funct ion U s a t i s f y i n g  

The u t i l i t y  funct ion is  intended t o  be a measure of t h e  r e l a t i v e  

u t i l i t y  o r  value each of t h e  outcomes has f o r  t h e  individual .  The 

assignment of a c t u a l  values t o  t h e  u t i l i t y  funct ion is  not of 

importance t o  our ana lys i s  but those in te res ted  may wish t o  consul t  

Riker [ 3 ] .  Let t h e  d i f f e r e n t i a l  benef i t  B = U ( 0 )  - U(O2). Notice 

t h a t  i f  t h e  outcomes 0. and 0 had t h e  same u t i l i t y  f o r  an individual ,  
2 

then t h e  outcome would not matter  t o  the  ind iv idua l  and B would equal  

zero. 

B is a way of kncwing whether t h e  outcome of t h e  e l e c t i o n  i s  

important t o  t h e  c i t i z e n .  To determine benef i t  t h e  survey question 

asked was: "How much do you care about t h e  outcome of t h i s  e lect ion?"  

Respondents were given severa l  cho i c e s  and t h e  responses were use 

put  respondents i n t o  one of two categories:  high benef i t  o r  low benef i t .  

We next consider P. A s  mentioned previously, Riker and 

Ordeshook made a change i n  t h e  way t h e  probabi l i ty  of a f f e c t i n g  t h e  

outcome was calculated.  The o r i g i n a l  idea  might seem t h e  most n a t u r a l  

s o  we w i l l  begin by looking a t  what was t h e  bad consequence of t h e  o ld  

way of  ca lcu la t ing  t h e  probabi l i ty ,  and then see how t h e  new way was 

developed. The o ld  way of  ca lcu la t ing  P was simply t o  l e t  V be t h e  s e t  

of vo te rs  and v be t h e  number of elements i n  V ,  then s e t  P = 1/v.  

Riker and Ordeshook gave t h e  following argument t o  show it was 

not reasonable t o  proceed i n  t h a t  manner. Consider a one-party s t a t e ,  

( f o r  example t h e  South f r o m  t h e  C i v i l  War t o  t h e  e a r l y  1950's. where 

more people vote  i n  t h e  primary than i n  t h e  general  e lec t ion .  So 

v > v i f  vp = t h e  number of  vo te rs  i n  t h e  primary and v = t h e  number 

of vo te rs  i n  t h e  genera l  e lec t ion .  We w i l l  now subscr ip t  t h e  no ta t ion  

introduced above by P o r  G t o  i n d i c a t e  whether we mean t h e  primary o r  

t h e  general  e lec t ion .  For an ind iv idua l  i n  V P and not i n  V ,  we have 

% > RG. 
We a l s o  consider cos t  and sense of duty t o  be constant  f o r  

t h e  individual  over t h e  primary and genera l  e l e c t i o n  and w i l l  t he re fore  

leave them out of  t h e  argument. Assume our vo te r  is a l o y a l  Democrat, 

then B < B ,  s ince  f o r  a l o y a l  Democrat t h e  d i f fe rence  i n  benef i t  

between two Democrats would be l e s s  than t h e  d i f fe rence  i n  benef i t  

between a Democrat and a Republican. If vp > V ,  then l /vp  < l / v G ,  SO 

B P (1/v P ) < BG(l/vG) which implies % < RG thus  a r r i v i n g  a t  a 

contradict ion.  Therefore P should no t  be ca lcu la ted  a s  1/v. 

The new way t o  look a t  P is t o  note t h a t  P depends on how c lose  

t h e  race  i s  expected t o  be. Consider an individual  who i s  deciding 

whether t o  vote  and who pre fe rs  candidate A. The c i t i z e n  makes 

est imates  of t h e  perceived p r o b a b i l i t i e s  candidate A w i l l  win and lose  

i f  t h e  c i t i z e n  votes  and does not  vote. Natural ly  t h e  est imates  of 

these  p r o b a b i l i t i e s  by some people w i l l  be b e t t e r  than t h a t  of others .  

But if each c i t i z e n  makes h i s  o r  her own est imate on which t o  base h i s  

o r  her  own decis ion of whether t o  vote  then t h a t  w i l l  not  matter.  It 

is  important t o  make a d i s t i n c t i o n  between t h e  perceived p r o b a b i l i t i e s  L 

of the  candidates'  winning and t h e  probabi l i ty  of a f f e c t i n g  t h e  outcome 

which we a r e  t r y i n g  t o  derive.  



Let q be t h e  perceived probabi l i ty  candidate A wins i f  t h e  

c i t i z e n  votes. Let 1-q be t h e  perceived probabi l i ty  candidate A l o s e s  

if t h e  c i t i z e n  votes. Let q' be t h e  perceived probabi l i ty  candidate A 

wins if t h e  c i t i z e n  does no t  vote  and 1-q' be t h e  perceived probabi l i ty  

candidate A l o s e s  if t h e  c i t i z e n  does not  vote. If t h e  c i t i z e n  votes  

and candidate A wins, then t h e  c i t i z e n s '  u t i l i t y  w i l l  be U(O1) - C t D, 

which is  expected with p robabi l i ty  q ,  so  t h e  expected u t i l i t y  is 

q ( U ( 0 )  - C + Dl. I f  t h e  c i t i z e n  does not  vote ,  then t h e  c o s t s  and 

s a t i s f a c t i o n  from t h e  sense of duty a r e  not experienced by t h e  

individual .  The expected u t i l i t i e s  a r e  summarized below. 

candidate A wins candidate B wins 

c i t i z e n  votes  q(U(O1) - C + Dl (1-Q)(U(02) - C t D) 

c i t i z e n  does not  vote qv(U(Ol)) (1-q' ) ( U ( O ) )  

To compare t h e  expected u t i l i t y  of  vot ing with t h a t  of no t  vot ing,  t h e  

expected u t i l i t y  of no t  vot ing is subtracted from t h e  expected u t i l i t y  

of voting: 

[ ~ ( U ( O ~ ) - C + D )  + ( i - q ~ ( u ( o 2 ) - c t ~ ) 1  - [qlU(Ol) t (1-qr)U(o2)1 

When s impl i f i ed  t h i s  y i e l d s  

This looks amazingly l i k e  t h e  o r i g i n a l  model with U(O ) - U(O ) 
1 2 

being t h e  d i f f e r e n t i a l  benef i t  a s  defined e a r l i e r  and q - q'  playing 

t h e  r o l e  of P. Riker and Ordeshook assumed t h e  following axiom. The 

addi t ion  of one more member t o  t h e  s e t  V w i l l  no t  change t h e  preference 

between candidates f o r  t h e  ind iv idua l  members of  V. While t h i s  may 

not be t r u e  on small  committees, it c e r t a i n l y  is reasonable f o r  

e l e c t o r a t e s  t h e  s i z e  of those i n  our  n a t i o n a l  e lec t ions .  This can be 

used t o  show t h a t  q 2 q ' ,  s o  q - q' is  not  negative. 

Next, we consider  t h e  number of  votes  a candidate needs t o  win. 

If t h e r e  a r e  v vo te rs  i n  V and w is t h e  minimum number of  votes  needed 

t o  win, then 

w = (v+l) /2,  if v i s  odd; and 

w = (v/2) + 1, i f  v is even. 

Try t h i s  with small  numbers and n o t i c e  t h a t  t h e  add i t ion  of one more 

vo te r  t o  the  s e t  V increases t h e  number of  votes  needed t o  win by one 

if v i s  odd, but  it does not change t h e  number needed t o  win i f  v is 

even. This evenness and oddness w i l l  p lay an important r o l e  i n  t h e  - 
* .  - 

development of P. 

Let p r [ A , x ]  be t h e  probabi l i ty  candidate A rece ives  exact ly x 

votes  i f  v votes  a r e  c a s t .  Candidate A w i l l  win i f  he rece ives  t h e  

minimum number of  votes  needed t o  win, o r  any number of  votes  g r e a t e r  

than t h e  minimum up t o  t h e  t o t a l  number of votes  possible .  So i f  v i s  

odd, 
v+1 

q = I prvtl[A,X] = prvt l [A,(vt l ) /2t l ]  t prvtl[A,(vtl)/2t21 t . . . 
v+1 x = -+ 1 

2 
. . . + p r 1  [A,v+l] ; 

and 
v 

q *  = I prv[A,x] = prv[A,(v+l)/21 + p r v [ ~ , ( v + l ) / 2 + l l  + . . . 
v t l  x = -  

2 
. . . + p r [ A , v I .  

Notice t h a t  i n  t h i s  case q and q' have t h e  same number of terms. 

If v is  even, 
v + l  

q =  I P ~ ~ + ~ [ A , X ]  = p r  v+1 [A,(v/2) + 1 1  +prvtl[A,(v/2) + 21 + ... 

and 
v 

q '  = I Pr [ ~ , x ]  = p r V [ ~ , ( v / 2 )  + 11 + prV[A,(v/2) + 2J + . . *  
v 

Notice t h a t  i n  t h i s  case q has one more term than q' .  

Riker and Ordeshook proved t h e  following lemma. 

L m a .  If v o t e r  i intends t o  vote  f o r  candidate A and - 
p = p r [ A , x I  and p2 = ~ r ~ + ~ [ A , x + l l ,  then pl = p2. 

The idea is "one more v o t e r ,  one more vote." In  t h e  case v is odd, 

applying t h e  lemma we have t h e  1st t e r n  i n  t h e  q '  summation equals t h e  

1st term i n  t h e  q summation, 2nd term equals  t h e  2nd term, e t c .  Since 

q and q' have t h e  same number of terms q - q'  = 0. In t h e  case v is 
A 

even, t h e  lemma gives t h e  1st t e r n  i n  q'  equals t h e  2nd term i n  q, 

t h e  2nd term i n  q' equals t h e  3rd term i n  q,  e t c .  Since q has one more 



term than q' , q - q' = 
prv t l  

[A,(v/2) t 11 , t h e  unmatched t e r m ,  which by 

t h e  lemma equals prv[A,v/21. 

No one knows whether t h e r e  w i l l  be an even o r  odd number of 

people vot ing i n  an e l e c t i o n ,  but it can be expected t o  be even o r  

odd with equal p robabi l i ty .  So P = q-q' = (%)prv[A,v/21. Since 

p r  [A,v/2] is t h e  probabi l i ty  of a t i e ,  we see  P depends on t h e  v 
c i t i z e n ' s  est imate of how c lose  t h e  race  w i l l  be. To determine P ,  t h e  

survey quest ion asked was: "How c lose  do you think t h e  race  w i l l  be?" 

Respondents were given severa l  choices which were broken down i n t o  two 

categories ,  high and low. 

F ina l ly ,  t o  ge t  an est imate of t h e  sense of  c i t i z e n  duty Riker 

and Ordeshook constructed a sense of c i t i z e n  duty s c a l e ,  which 

consis ted of four  statements i n  t h e  A.N.E.S. survey. Respondents were 

asked t o  agree o r  disagree with t h e  following statements: 

1 )  I t  i s n ' t  s o  important t o  vote  when you know your par ty  

doesn ' t  have a chance t o  win. 

2) A good many l o c a l  e l e c t i o n s  a r e n ' t  important enough t o  

bother with. 

3 )  So many o ther  people vote  i n  t h e  n a t i o n a l  e l e c t i o n s  t h a t  

it doesn't  matter  much t o  me. whether I vote o r  not.  

4 )  If a person doesn't  ca re  how an e l e c t i o n  comes ou t ,  he 

o r  she shouldn ' t  vote  i n  it. 

I n  order  t o  d i sp lay  a high sense of c i t i z e n  duty t h e  respondent 

had t o  disagree with t h e  statements. Disagreeing with a l l  four  

corresponded t o  t h e  high category of sense of duty. Disagreeing with 

t h r e e  of  them corresponded t o  t h e  medium category. Disagreeing with 

fewer than t h r e e  corresponded t o  t h e  low category of  sense of  duty. 

Thus we have two ca tegor ies  each f o r  benef i t  and probabi l i ty  of 

a f f e c t i n g  t h e  outcome, and t h r e e  ca tegor ies  f o r  sense of  c i t i z e n  duty, 

f o r  a t o t a l  of twelve p o t e n t i a l  ca tegor ies  i n  which c i t i z e n s  can be 

c l a s s i f i e d .  In  each of these ca tegor ies  t h e  l e v e l  of p a r t i c i p a t i o n  

was calculated.  I t e s t e d  t h e  model on da ta  f r o m  t h e  1956 p r e s i d e n t i a l  

e l e c t i o n ,  which was one 

used f o r  t h e i r  t e s t i n g .  

category mean I d id  not  

l e v e l  of p a r t i c i p a t i o n  could not  be calculated.  

1956 Elect ion Resul ts  

High D 

High B Low B 

Low P 6/7 = 0.86 2/3 = 0.67 

Medium D 

High B Low B 

High P 

Low P 

Low D 

High B Low B 

High P 40/78 = 0.51 29/95 = 0.31 

Low P 1/1 = 1.00 0 
The r e s u l t s  d id  not have a s u f f i c i e n t  number of respondents i n  

t h e  low ca tegor ies  of  p robabi l i ty  t o  use t h e  est imates  of t h e  l e v e l s  of  

par t i c ipa t ion .  However i n  t h e  high ca tegor ies  of p robabi l i ty  t h e r e  a r e  

s u f f i c i e n t  numbers of respondents. 

From these  r e s u l t s  we can make a few observations. F i r s t ,  

keeping t h e  ca tegor ies  of  B and P constant ,  e .g . ,  high B and high P,  

and comparing along t h e  l e v e l s  of sense of  duty we see  t h a t  those i n  

high D were more l i k e l y  t o  vote  than those i n  medium D,  who i n  t u r n  

were more l i k e l y  t o  vote  than those i n  low D. These r e s u l t s  support 

t h e  add i t ion  of the  sense of  duty term t o  t h e  model. 

of t h e  years  Riker and Ordeshook o r i g i n a l l y  Secondly, within a category o f  sense of duty,  e.g., high D ,  

My r e s u l t s  a r e  included below. Zeros i n  a keeping one of t h e  var iab les  P o r  B constant and comparing l e v e l s  of 
A 

have any respondents i n  t h a t  category, s o  a p a r t i c i p a t i o n  between high and low ca tegor ies  of t h e  o ther  var iab le ,  

one f i n d s  t h e  p a r t i c i p a t i o n  l e v e l  of t h e  former is higher  than t h a t  of  



t h e  l a t e r ,  a s  expected. This shows t h a t  both t h e  probabi l i ty  of 

a f f e c t i n g  t h e  outcome and t h e  benef i t  a r e  important i n  determining a  

c i t i z e n ' s  p a r t i c i p a t i o n  i n  an e lec t ion .  

The r e s u l t s  support t h e  v a l i d i t y  of t h e  model a s  one t h a t  can 

be used t o  p r e d i c t  p a r t i c i p a t i o n  i n  an e lec t ion .  The model could be 

used t o  t e s t  o ther  hypotheses about vo te r  par t i c ipa t ion .  It would be 

i n t e r e s t i n g  t o  see  how well  t h e  model p r e d i c t s  p a r t i c i p a t i o n  i n  more 

current  e l e c t i o n s  a s  compared t o  t h a t  of e lec t ions  i n  t h e  1950fs ,  and 

whether t h e r e  has been a  s h i f t  i n  the  number of c i t i z e n s  i n  t h e  various 

categories  such a s  sense of duty. 
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Introduction: In  plane trigonometry, t h e  po in t s  of t h e  u n i t  c i r c l e  

correspond t o  t h e  funct ions s ine  and cosine of an induced angle. In  

t h i s  paper, we inves t iga te  t h e  equivalent  funct ions defined v i a  t h e  

u n i t  c i r c l e  of t h e  so- cal led Taxicab NO- t h e  norm funct ion which 

measures d i s tance  i n  t h e  same fashion t h a t  one would measure t h e  

dis tance t r a v e l l e d  by a  t ax icab  i n  going from poin t  A t o  point  B i n  a  

c i t y  with only north-south and east-west s t r e e t s .  Recent a r t i c l e s  i n  

t h e  Journal  by Reynolds I 1  ] , Moser and Kramer I 2  J , and Iny 13 I have 

invest igated t h e  unusual geometry induced by t h i s  met r ic  funct ion,  but 

none has t ack led  t h e  formulation of t r igonometr ic  funct ions.  

Metric Functions and Unit Circles:  We r e c a l l  t h a t  if x = (xl,x2,. . . ,x n ) 

is a point  i n  R ,  then t h e  funct ion 

n 
is  a met r ic  func t ion . for  t h e  vector  space R . In p a r t i c u l a r ,  f o r  p  = 2, 

(1 )  becomes t h e  Euclidean metr ic  funct ion,  a  f a m i l i a r  one t o  a l l  of us. 

When p = 1, however, we have t h e  Taxicab metr ic  funct ion 

- - 
Once we have a  met r ic  funct ion,  we can define t h e  dis tance 

between two po in t s  by 

2 
s o  t h a t ,  i n  R , f o r  po in t s  A = ( x , y )  and B = ( x , y ) ,  we have t h e  

- - 

fami l ia r  d i s tance  formula 



while i n  t h e  t ax icab  metr ic ,  we have 

(5) d 1 ( A , B )  = lx2 - xll + ly2 - y1l - 
With t h e  concept of d i s tance  between two po in t s  i n  mind, we r e c a l l  

t h a t  t h e  Uvu t  C-lAcZe, is  { A E R ~ :  d (A,O) = 1 }, where 0 = (0,0) .  Of course, 
P 

f o r  p = 2, we have the  Euclidean Unit Ci rc le ,  while f o r  p = 1, t h e  

TaXit-cab U n i t  CÂ¥incl. (TUC) takes  t h e  form 

I f  we analyze t h e  branches of  the  TUC i n  t h e  various quadrants, t h e  graph 

becomes l y  
Quadrant Equation 

I y = - x + l  

I I y = x + l  

I11 y = - x - 1  

I V  y = x - 1  

Diamond Sine and Diamond Cosine: We s h a l l  now define t h e  t r igonometr ic  

funct ions %cWlond S h e ,  ( s i n d )  and V h o n d  Cobhe  (cosd) of some angle 6 

i n  t h e  same way one determines t h e i r  Euclidean analogues s i n e  and cosine. 

Recal l  t h a t  i f  (x,y)  is  some point  on t h e  Euclidean u n i t  c i r c l e  (so t h a t  
2 

x + y2 = 1 )  then x = C0S6 and y = s i n e ,  where 6 is t h e  angle with i n i t i a l  

s i d e  t h e  p o s i t i v e  x-axis and terminal  s i d e  t h e  r a d i a l  l i n e  passing through 

point  (x,y).  Now i f  we use t h i s  idea  f o r  f ind ing  cosd9 and sind6 by 

(x,y)  be a po in t  on t h e  TUC, then 1x1 + l y  1 = 1. A t  t h e  same time, 

the  equation of t h e  l i n e  joining (x,y) and (0,O) is  

Solving t h e  system [ f o r  (x,y ) i n  t h e  first quadrant] : 

we obta in  

s o  

t h e r e  f o r e  

Since y = sind6 = 1 - x ,  then  we see  t h a t  f o r  0 5 6 < go0:-: - 
cos6 s in9 

(8) cosd6 = and sind6 = sin6 + cos8 s in6 + cos6 

0 0 
Moving i n t o  t h e  second quadrant (90 <. 6 < 180 ) ,  we must 

solve : 

y = ( tan9)x 

y = x + l  , 
Thus, we f ind:  

cos8 s in8  
(9) cosd6 = and sind9 = - coso s in9  - cos6 

Continuing i n  t h i s  fashion f o r  t h e  t h i r d  and f o u r t h  quadrants: 

IV 
-cos6 -sin9 1 sin6 - cos6 s in6 - cos6 

I d e n t i t i e s :  In  Euclidean trigonometry, s e v e r a l  i d e n t i t i e s  a r e  derived 

from t h e  r e l a t i o n s h i p  between t h e  coordinates  of  t h e  po in t s  on t h e  u n i t  

c i r c l e  and t h e  trigonometric funct ions.  Of course, t h e  fundamental 

i d e n t i t y  is  t h e  Pythagorean Iden t i ty :  

2 2 
cos 6 + s i n  6 = 1. 

Clearly,  t h i s  r e l a t i o n  comes from t h e  f a c t  t h a t  f o r  any po in t  (x,y)  on 
2 

t h e  u n i t  c i r c l e ,  x + y2 = 1. Turning t o  t h e  TLlC, we r e c a l l  t h a t  

1x1 t l y  1 = 1, so  it follows t h a t  analogous t o  t h e  Pythagorean Iden t i ty ,  

we have t h e  TcuU.cab IdewUty: a 

(10) c o s d 6 ]  t Isind61 = 1 



Moving on, we ask what i d e n t i t i e s  e x i s t  f o r  angles  -6. 

motivate t h i s ,  l e t  us look a t  Figure 6. 

Quadrant I: 

I 
Quadrant 11: 

P 

Figure 6. 

From these  graphs, it appears t h a t  

(11) cosd(-0) = cosd6 and sind(-6) = -sindo. 

To prove t h i s ,  we s h a l l  t ake  -9 t o  be a t h i r d  quadrant angle s o  

t h a t  6 is a second quadrant angle. Thus: 

-COS(-0 ) -case = c0s6 = cosd0, = s in (- 0)  + cos(-6) - -sin6 + cos0 s in0  - cos0 

and 

- sin(-6) s in0 - -sin9 = -sindo. 
= s in ( -e )  + cos(-e) - -sin6 + cos6 s i n e  - cosO 

Continuing i n  t h i s  fashion f o r  t h e  o ther  quadrants, we e s t a b l i s h  

(11). 

The l a s t  c l a s s  of i d e n t i t i e s  we develop involves working with t h e  

reference angle, 0 '  of a given angle, 6. Recal l  t h a t  f o r  t h e  ease of 

using t r igonometr ic  t a b l e s ,  t h e  knowledge of reference angle i d e n t i t i e s  

enables us  t o  only have a minimal t a b l e  handy. By assoc ia t ing  any given 

angle with a first quadrant angle,  we need only use a t a b l e  of  values 

f o r  first quadrant angles. The reference angles f o r  a l l  quadrants a r e  

a s  follows: 

Quadrant Angle Reference Angle 

I 9 9 '  = 8 

I I 9 0'  = 180' - 9 

Also, r e c a l l  t h a t  , 
COSQ = - c o s ( 1 8 0 ~  - 9)  = -cos(8 - 180Â° = cos(360Â - 81, and 

Let 9. be a given angle i n  Quadrant i and l e t  6! be i t s  

associated reference angle,  then between them we have t h e  following 

re la t ionsh ips  f o r  t h e  diamond t r i g  funct ions.  



THE T A X I  CAB UNIT CIRCLE 

ÃˆHÃ§tWtÃˆHHUUUHÃ§Ã§HHÃˆIHU#fHWlHl ÃˆHHHHH~Ã§HÃˆÃ§HtWllÃ§HlUH~lliHtÃ‡Ul 

t b !  C O S O !  S I N b !  COSM ! SIN00 t t  Â ¥  C O S b !  S I N Â ¥  C O S M !  S M M  t 
4 W U H H I H H I H H W ~ U i ~ ~ t H H ~ H I t ~ U t U I U i H l U ~  <HHHÃ‡IIHItWlWIHHIW~ÃˆHIHWMÃˆ>Ã‡ 

t 0 ! 1.0000 ! 0.0000 ! 1.0000 ! 0.0100 f 46 ! ,6947 ! ,7193 ! .4913 ! ,5087 
f 1 ! .ma' ! ,1175 ! ,9828 ! ,0172 * f  47 ! .dB20 ! ,7314 ! .4825 ! .517S a 
t 2 ! ,9994 ! ,0349 ! .9663 ! ,0337 1 1  48 ! .Ml' ! .7431 ! A738 ! ,5262 a 
t 3 ! -9986 ! ,0523 ! .9502 ! .0498 S f  49 ! ,6561 ! .7547 ! , 4 4 3  ! ,3351 t 
a 4 ! ,9974 ! .O698 ! ,9346 ! .0454 1 s  11 ! .a ! ,7660 ! .4U3 ! ,5437 t 
f 5 ! ,9962 ! Mn ! ,9195 ! .0805 * a  51 ! .6293 ! ,7771 ! A 7 4  ! .5526 t 
n 4 ! .W5 ! A045 ! .91149 ! ,0951 s f  52 ! ,6157 ! .7880 ! .43M ! ,5614 f 

a 7 ! .?925 ! ,1219 ! .8904 ! .lo94 S t  53 ! ,6018 ! ,7986 ! .4297 ! .5703 t 
f 8 ! ,9903 ! .I392 ! ,8768 ! -1232 a t  54 ! .5878 ! ,8090 ! .4208 ! ,5792 f 

t 9 ! .9877 ! ,1564 ! -8633 ! ,1367 a t  3; ! ,5734 ! dl92 ! ,4118 ! a5882 t 
t 10 ! ,9848 ! ,1736 ! .85111 ! .I499 * f  56 ! ,5592 ! ,8298 ! ,4028 ! ,5972 i 

t 11 ! ,9816 ! ,1908 ! -8373 ! ,1627 * t  17 ! ,5446 ! ,8387 ! ,3937 ! ,6063 t 
a 12 ! ,9781 ! ,2079 ! .8247 ! ,1753 f a  58 ! ,5299 ! ,8480 ! ,3846 ! ,6154 a 
f 13 ! ,9744 ! .2250 ! ,8124 ! .I876 a t  59 ! ,5150 ! ,8572 ! ,3753 ! ,6247 a 
a 14 ! ,9703 ! .2419 ! ,8004 ! ,1994 I f  60 ! .SO00 ! . W O  ! .UW ! ,6340 i 
f IS ! .96S9 ! ,2588 ! .7887 ! 2113 Ã  ̂ 61 ! ,4848 ! ,8746 ! ,3566 ! ,6434 1 
t 16 ! .9613 ! .27U ! ,7772 ! ,2228 fit 42 ! ,4695 ! .8829 ! ! ,629 t 
l 17 ! .9563 ! .2924 ! .7B9 ! 2341 t f  63 ! ,4540 ! .WlO ! ,3375 ! .US t 
t 18 ! .9511 ! ,3090 ! ,7548 ! .2452 * I  64 ! ,4384 ! .8988 ! ,3278 ! ,6722 f 

4 19 ! .9455 ! .3256 ! ,7439 ! ,2561 * t  65 ! .4224 ! ,91163 ! .3180 ! .6820 t 
a 20 ! ,9397 ! ,3420 ! ,7332 ! .2668 a t  U ! ,4047 ! ,9135 ! ,31181 ! .iM f 

a 21 ! 3334 ! .3584 ! .7224 ! ,2774 a t  67 ! .3?07 ! 2 0 5  ! 2980 ! ,7020 t 
n 22 ! .Wl ! .374i ! ,7122 ! .2878 f a  is ! ,3746 ! ,9272 ! .2878 ! .7122 a 
t 23 ! .Ãˆ2B ! ,3907 ! ,7020 ! .2981 4 t  49 ! ,3584 ! ,9334 ! ,2774 ! .7226 t 
a 24 ! .9135 ! ,4067 ! ,6919 ! .31)81 # a  70 ! ,3420 ! ,5397 ! ,2668 ! .7332 a 
t 25 ! -9163 ! ,4226 ! s6820 ! -3180 * t  71 ! -32% ! -9455 ! ,2561 ! -7439 f 

8 24 ! -8988 ! ,4384 ! ,4722 ! ,3278 * I  72 ! .am' ! .Mil ! -2452 ! .7M8 Â 
f 27 ! .8910 ! ,4540 ! -6425 ! ~3375 a t  73 ! ,2924 ! a9563 ! -2341 ! .769 
8 28 ! ,8029 ! ,4695 ! ,1529 ! 3 7 1  s f  74 ! .27U ! ,9613 ! 2228 ! ,7772 1 
Â 29 ! .a746 ! ,4848 ! ,6434 ! .3%6 * f  75 ! .2588 ! ,9659 ! 2113 ! ,7887 f 

t 30 ! ,8660 ! .SO00 ! ,4340 ! -3641) a *  76 ! .2419 ! ,9703 ! .1W ! .8111)4 4 
t 31 ! ,8572 ! ,51511 ! -6247 ! ,3753 1 1  77 ! .2251 ! ,9744 ! .1876 ! .El24 a 
f 32 ! .8480 ! ,5299 ! ,6154 ! ,3846 1 9  78 ! -7079 ! ,9781 ! ,1753 ! a8547 l 

* 33 ! .8387 ! 3446 ! ,4063 ! .3937 # a  79 ! ,1908 ! ,9814 ! ,1627 ! ,8373 f 

t 34 ! .8290 ! ,5592 ! 3972 ! ,4028 t t  81 ! ,1736 ! s9848 ! ,1499 ! -8501 a 
t 35 ! .El92 ! 3 3 6  ! ,5382 ! ,4118 BI ! 4564 ! ,9877 ! ,1367 ! .W33 
a 36 ! .8090 ! ,5878 ! ,5792 ! ,4208 * a  82 ! ,1392 ! .9903 ! .I232 ! .8M0 l 

t 37 ! .79U ! .4m8 ! 3703 ! a4297 a t  83 ! ,1219 ! .9925 ! ,1094 ! .Sf06 1 

a 38 ! .7880 ! ,6157 ! .5414 ! ,4386 * f  84 ! ,1045 ! .9945 ! .Om1 ! .9049 a 
t 39 ! ,7771 ! , 6 m  ! ,5526 ! ,4474 s t  85 ! .On72 ! ,9962 ! .0805 ! ,9195 a 
Ã 40 ! ,7660 ! ,6428 ! ,5437 ! .4W * a  86 ! ,0698 ! ,9974 ! ,0654 ! . W 6  * 
l 41 ! .7547 ! .6561 ! .5350 ! ,4650 a t  87 ! ,0523 ! ,9906 ! .0498 ! ,9502 a 
t 42 ! ,7431 ! .669l ! ,5262 ! ,4738 * I  M ! ,0349 ! ,9994 ! ,0337 ! .96&3 fi 
a 43 ! ,7314 ! .68M ! ,5175 ! .4825 Â ¥  8? ! ,0175 ! .9998 ! .0172 ! -9628 
Â 44 ! ,7193 ! ,4947 ! .SO87 ! ,4913 8 <IÃ‡UttÃ‡HiiIIIIH~IIÃˆIÃ‡IÃˆIÃˆIHIÃ‡IÃˆUitÃˆi4 

45 ! .7171 ! ,7071 ! .SO00 ! .SO00 * 
l i ~ H H H U I Ã ˆ H H H H i t l t H i S H H H l Ã ˆ Ã ‡ H H H i Ã ˆ H H H H  

I n  closing,  we note t h e  non-uniform change i n  a r c  length a s  we 

increment t h e  angle by a f ixed  amount. This " i r regu la r i ty"  does not  

occur on t h e  Euclidean u n i t  c i r c l e  and double-angle formulas a r e  not  

d i f f i c u l t  t o  formulate. We leave t h e  der iva t ion  of analogous formulas. - 
i n  t h e  taxicab trigonometry a s  a challenge t o  t h e  reader .  
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EDGE-LABELLED TREES 

by JuJLLe Yancey 
Vwmngo, Cotonado 

The problem discussed i n  t h i s  paper was presented i n  a beginning 

graph theory course taught  by D r .  Richard Gibbs a t  Fort  Lewis College i n  

F a l l ,  1982. The problem appears a s  an exercise  i n  Introduct ion t o  Graph 

Theory, 2nd e d i t i o n ,  by Rob& W-Ltlion, Academic Press .  - -- 
In  graph theory, a t r e e  is  a graph drawn on n v e r t i c e s  with n-1 

edges. Each two v e r t i c e s  of t h e  graph a r e  connected by a unique path. 

I n  a t r e e ,  t h e r e  a r e  no cycles ,  i s o l a t e d  po in t s ,  o r  mult iple  edges. 

One way which graph t h e o r i s t s  use t o  describe a graph is  by 

labe l l ing .  Figure 1 i s  a vertex- label led t r e e  and Figure 2 is an edge- 

l abe l led  t r e e .  Notice t h a t  Figure 3 is a l s o  an edge- labelled t r e e ,  but 

t h e  edge- labelling i s  d i f f e r e n t  (non-isomorphic) from t h a t  i n  Figure 2. 

Figure 2 

Edge-Labelled Tree 

Figure 1 

Vertex-Labelled Tree 

Figure 3 

Edge-Labelled Tree 

A s  part- time combina tor ia l i s t s ,  graph t h e o r i s t s  spend much time 

counting graphs. Cayley's theorem, which is proven i n  many graph theory 

t e x t s ,  s t a t e s  t h a t  t h e r e  a r e  n
n 2  

non-isomorphic vertex- label led t r e e s  

on n v e r t i c e s .  My proof is of t h e  a s s e r t i o n  t h a t  t h e r e  a r e  nn-3 non- 

isomorphic edge- labelled t r e e s  on n v e r t i c e s .  

I chose an algori thmic approach t o  t h e  problem, and found t h a t  

two algorithms were necessary t o  complete t h e  proof. The f i r s t  

algorithm is  a method f o r  proceeding from a given edge- labelled t r e e  t o  

a family of n non-isomorphic vertex- label led ( n . i . w . t . )  t r e e s  on n 

v e r t i c e s  and the  second algorithm shows t h a t  t h i s  process is revers ib le .  

We show t h a t  one edge- labelled t r e e  corresponds t o  n n.&.t .  t r e e s .  Thus 
n-2 n n . i .  w . t ,  t r e e s  (from Cayley's theorem) divide i n t o  unique fami l ies  . 

of n members each, and t h i s  y i e l d s  t h e  required r e s u l t  of nn-3 non- 

isomorphic edge- labelled t r e e s  ( t l . i .  &. ) t r e e s  on n v e r t i c e s .  



The first algorithm begins by construct ing any unlabel led t r e e  on 

n v e r t i c e s .  The edges a r e  then labe l led  from 1 t o  ( n - l ) ,  a s  i n  Figure 

4-A. From t h i s  edge- labelled t r e e ,  T,  we a r e  going t o  construct  

Figure 4-A 

a family of W.L.V.L. t r e e s .  For t h e  f i r s t  t r e e  i n  t h e  family, T-1, 

l a b e l  t h e  edges t h e  same a s  those of  T, and l a b e l  a random ver tex  with 

n. The r e s t  of t h e  v e r t i c e s  of t h e  t r e e  a r e  then l a b e l l e d  by proceeding - 
outward from t h e  ver tex  labe l led  n, with each ver tex  bearing t h e  l a b e l  

of t h e  preceding edge. See Figure 4-B. 

Figure 4-B 

The unique path property assures  us  t h a t  each ver tex  of T-1 w i l l  be 

joined t o  any o ther  ver tex  i n  t h e  t r e e  by a unique path,  s o  each ver tex  

l a b e l  i s  defined and no two v e r t i c e s  w i l l  share t h e  same l a b e l .  

The second t r e e  i n  t h e  family, T-2, has t h e  same edge- labelling 

a s  T-1, but a d i f f e r e n t  ver tex  is l a b e l l e d  p The r e s t  of  t h e  v e r t i c e s  

of T-2 a r e  l a b e l l e d  a s  i n  T-1. See Figure 4-C. 

Figure 4-C 

Continuing i n  t h i s  way, t h e  family of n t r e e s  (Figures 4B-4G) w i l l  be 

complete when a l l  of t h e  n p o s s i b i l i t i e s  f o r  a ver tex  labe l led  have 

been exhausted. 

Figure 4- D Figure 4-E 

Figure 4-F Figure 4-G 



Figure 5-B Figure 5-C 

Notice (Figures 4B-4G) t h a t  each t r e e  i n  a p a r t i c u l a r  family is 2 t-2 
non-isomorphically vertex- label led.  Each time a d i f f e r e n t  ver tex  of  T 

is l a b e l l e d  n, fi w i l l  be adjacent  t o  a t  l e a s t  one d i f f e r e n t  l abe l led  
' - --  .- 

edge, s o  t h e  method of ver tex  l a b e l l i n g  from t h i s  f i r s t  algorithm w i l l  

produce a non-isomorphic vertex- label l ing each time n is  moved. 

Therefore, we have shown t h a t  one n . i . Â £ . . t  t r e e  corresponds t o  n . i . V . f . .  
t r e e s ,  where n is  t h e  number of v e r t i c e s .  

3 
The second algorithm w i l l  show t h a t  t h e r e  is a family of  n non- 

isomorphic vertex- label led t r e e s  which correspond t o  one edge- labelled 

t r e e .  Beginning with any unlabel led t r e e ,  we randomly l a b e l  t h e  t- 3  
v e r t i c e s  from 1 t o  n. See Figure 5-A. We edge-label t h i s  t r e e  by 

l a b e l l i n g  each edge of t h e  t r e e  with t h e  l a b e l  o f  t h e  following vertex,  

proceeding outward from the  ver tex  l a b e l l e d  2 Denote t h e  t r e e  by t-1. 

Since t h e r e  a r e  n-1 edges i n  t h e  t r e e ,  and no edge w i l l  ca r ry  t h e  l a b e l  

n (Figure 5-A), t h e  unique path property assures  us  t h a t  no two edges - 
w i l l  share  t h e  same l a b e l .  

To obtain t- 2,  t h e  second t r e e  i n  t h e  family, begin with t h e  same 

isomorphic unlabel led t r e e .  Exchange t h e  l a b e l  from t-1 with t h e  l a b e l  

of  an adjacent ver tex,  and t h a t  w i l l  be t h e  ver tex  l a b e l l e d  n i n  t h e  

second t r e e  (Figure 5-B). The r e s t  of t h e  v e r t i c e s  and edges a r e  

l a b e l l e d  i n  t h e  same way a s  i n  t h e  f i r s t  t r e e  of  t h e  family (Figure 5-C). 

Figure 5-A 

Figure 5-E 

Figure 5-F Figure 5-G 

Figure 5-H Figure 5-1 



We f i n d  t h a t  t h e  same, unique edge- labelling is  produced. This is  

because t h e  l a b e l  of any edge is  t h e  same a s  one of t h e  v e r t i c e s  adjacent  

t o  t h a t  edge, and t h e  algorithm is  designed t o  preserve t h e  vertex-  
Â 

l a b e l l i n g  a s  much a s  possible  within t h e  family of t r e e s .  

A l l  of t h e  n.Ji.v.1. t r e e s  i n  t h e  family w i l l  be l a b e l l e d  by t h e  

same method of exchanging n a n d  t h e  l a b e l  of t h e  adjacent ver tex  f o r  

each new t r e e  (Figures 5-B, D,  F, H ) .  ; w i l l  eventual ly appear a t  each 

vertex and t h i s  w i l l  complete t h e  family of  n n.Ji.v.k?. t r e e s  corresponding 

t o  one edge- labelled t r e e  (Figures 5-A, C, E ,  G,  I). 

Observe t h a t  t h e  family of n n.Ji.v.1. t r e e s  corresponding t o  a 

unique edge- labelled t r e e  a s  defined by t h e  second algorithm is t h e  

same a s  t h e  co l lec t ion  of n n.Ji.v.1. t r e e s  which a r e  produced from one 

edge- labelled t r e e  i n  t h e  f i r s t  algorithm. Both algorithms produce t h e  

same family of t r e e s .  

The r e v e r s i b i l i t y  of t h e  algorithm assures  us  t h a t  t h e  family of 

n n.Ji.v.H, t r e e s  corresponding t o  one edge- labelled t r e e  i s  complete. 

A 1 : n correspondence has been defined between edge- labelled and 

vertex- label led t r e e s  and an n : 1 correspondence has been es tab l i shed  

between vertex- label led and edge- labelled t r e e s .  Since it has already 
n-2 

been proven t h a t  t h e r e  a r e  n n . i . v . 1 .  t r e e s  on n v e r t i c e s ,  t h e r e  must 

be nn-3 n.Ji.e..i, t r e e s  on n v e r t i c e s .  
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GENERATING ARBITRARILY 
HIGH-ORDER ROOT-FINDING METHODS 

by Je.66ke.y M. K u b k  
~ o u P ~ A ~ o w ~ ~  State. U w ~ v m - c t y  

A common problem i n  appl ied mathematics i s  approximating t h e  

zeros of  a continuous funct ion.  To be more prec i se ,  consider t h e  

following problem: 

Suppose f is a continuous funct ion on [a ,  b l ,  and suppose 

t h e r e  e x i s t s  a point  p i n  [a ,  b] such t h a t  f ( p )  = 0. Given 

to le rance  E > 0, f i n d  an approximation q t o  p such t h a t  

I P  - q l <  

One way t o  solve t h i s  problem is  t o  use a f ixed- point  method, which 

involves changing t h e  equation f ( x )  = 0 i n t o  t h e  equation g(x)  = x, s o  

t h a t  g(p)  = p implies f (p )  = 0. 

Given some i n i t i a l  approximation p(0)  t o  p, t h e  sequence { p ( n ) J ,  

defined by p(n+l )  = g(p(n) ) ,  f o r  n 2 0, converges t o  p. I f  f ( 3 )  is  

continuous on [a ,  b] and f '  (p # 0, then t h e r e  e x i s t s  d > 0 such t h a t ,  

f o r  every p(0)  i n  (p - d ,  p + d )  5 [a ,  b ] ,  t h e  fixed-point method 

g(x)  = x - f ( x ) / f l ( x )  converges quickly t o  p. This is a famous fixed- 

point  procedure c a l l e d  Newton's Method. If f s a t i s f i e s  c e r t a i n  

condit ions o n [ a ,  bJ it is poss ib le  t o  def ine  funct ions g ,  from f ,  s o  

t h a t  f o r  any p(0)  i n  some neighborhood of p, t h e  fixed-point method 

g(x)  = x w i l l  converge t o  p a s  r a p i d l y  a s  one wishes. In  t h i s  a r t i c l e  

we w i l l  der ive such fixed-point methods. 

To begin, we first need t o  def ine  t h e  r a t e  of convergence of a 

convergent sequence, and t h a t  of a fixed-point method. The following 

d e f i n i t i o n s  do t h i s .  

ve.f,-m-t.fccon 1. If t h e  sequence {p(n)} converges t o  p ,  t h e  

sequence has mth order  convergence if and only i f  m 21  and t h e  l i m i t ,  * 

m a s  n -+ -, of lp(n+l)  - p I /  [ p (n)  - p 1 e x i s t s  and i s  p o s i t i v e .  I f  

m = 1, 2, o r  3 ,  then t h e  convergence is c a l l e d  l i n e a r ,  quadrat ic ,  o r  



cubic, respect ively.  

Ve.,$&i&.on I .  A fixed-point method g(x)  = x has mth order  

convergence i f  and only if every sequence generated by g and converging 

t o  p has mth order  convergence. 

An important c h a r a c t e r i s t i c  of quadra t ica l ly  convergent fixed- 

point  methods, which is proven i n  Fa i res  and Burden (19851, i s  t h a t  t h e  

number of  cor rec t  decimal d i g i t s  of t h e  f ixed  point  is approximately 

doubled a t  each i t e r a t i o n .  For example, i f  lp(n)  - p 1 20.001, then 

lp(n+l)  - p 1 S O .  00001. A s i m i l a r  statement may be made about higher 

order  methods. For example, cubic convergent fixed-point methods 

approximately t r i p l e  t h e  number of cor rec t  decimal d i g i t s  a t  each 

i t e r a t i o n .  

The following theorem, which is  a genera l iza t ion  of a theorem 

proven i n  Fa i res  and Burden (1985), s t a t e s  t h e  condit ions necessary f o r  

a fixed-point method t o  have mth order  convergence. 

TheoAem 1 .  Suppose t h e  following is t r u e  of t h e  funct ion g: 

1 )  f o r  some i n t e g e r  m 2 2, g(m) i s  continuous on [a ,  b] ; 

2) t h e r e  e x i s t s  a point  p i n  [a ,  b] such t h a t  g (p)  = p;  

3) f o r  k = 1, . . . , m-1:  g ( k ) ( p )  = 0. 

Then t h e r e  e x i s t s  d > 0 such t h a t  f o r  every p(0)  i n  (p - d, p + d )  5 [a ,  bl 

t h e  fixed-point method g(x)  = x has mth order  convergence. 

Our ob jec t ive  is  t o  define a fixed-point method which converges 

t o  t h e  zero p, of  f ,  with order  m. One technique f o r  der iving such a 

method is t o  assume t h a t  g (x)  = x + cl(x)f (x)  + c2(x)  [ f  ( x ) ]  + . . . + 
c (x)  [ f  (x)]  ( " ,  and then determine t h e  funct ions cl, c2, . . . , cm-l m- 1 
by forc ing  g t o  s a t i s f y  t h e  c r i t e r i a  of  Theorem 1. Notice t h a t  we do 

not know t h e  r e s t r i c t i o n s  necessary on f t o  ensure such a method e x i s t s .  

However, a s  t h e  der iva t ion  of t h e  funct ions c c5, ... , c proceeds, 
m- 1  

t h e  r e s t r i c t i o n s  necessary on f can be determined. A s  an example, we 

w i l l  der ive a quadra t ica l ly  converging fixed-point method. 

VeAAMOition 1 .  Assume g(x)  = x + c ( x ) f ( x ) .  I n  t h i s  der ivat ion 

we w i l l  make g s a t i s f y  t h e  t h i r d ,  second, and then t h e  f i r s t  c r i t e r i o n  

of  Theorem 1. 

The t h i r d  c r i t e r i o n  of Theorem 1 requi res  t h a t  g ' ( p )  = 0. 

Assuming c '  and f a r e  continuous on [ a ,  b ] ,  g l ( p )  = 1 + c ( p ) f 1 ( p )  is 

zero if and only i f  c (p)  = - l / f t  (P) .  Hence, we must requ i re  f '  ( p )  # 0 

and we define c = - l / f f .  It i s  poss ib le  t h a t  f may have zeros on [a ,  b l .  

Since f ' ( p )  # 0, by t h e  con t inu i ty  of f', t h e r e  e x i s t s  an r > 0 such that,-  

f o r  every x i n  (p - r, p + r )  5 [a ,  b l ,  f ' ( x )  # 0. Let [ c ,  dl = 

[p - r / 2 ,  p + r /21,  then g' is continuous on [c ,  d l .  

The second c r i t e r i o n  of Theorem 1 requi res  t h a t  g (p)  = p. Since 

g is continuous on [c ,  d l ,  g (p)  = p + f ( p ) / f '  (p)  = p.  

The f i r s t  c r i t e r i o n  of Theorem 1 requi res  g(2)  t o  be continuous on 

[c, d l .  Since g(x)  = x - f ( x ) / f ' ( x ) ,  f c 3 )  must be continuous on [c ,  dl . 
By Theorem 1 , if f (3)  is continuous on [c  , dl , and f ' (P ) # 0 , then 

t h e r e  e x i s t s  a d > 0 such t h a t ,  f o r  every p(0)  i n  (p - d ,  p + d )  5 [c, d l ,  

t h e  fixed-point method g(x)  = x - f ( x ) / f V ( x )  converges quadra t ica l ly  t o  p. 

This is Newton's Method. Hence, provided f s a t i s f i e s  c e r t a i n  condit ions,  

Newton's Method w i l l  y i e l d  quadrat ic  convergence. 

The following coro l la ry  gives a more d i r e c t  procedure f o r  

determining t h e  funct ions c,, c2,  ... , c 1 ,  and s t a t e s  t h e  r e s t r i c t i o n s  

on f necessary t o  ensure t h e  fixed-point method g(x)  = x has mth order  

convergence. 

C ~ i m . & U L l j  1 .  Let t h e  funct ion f have a zero p i n  [a ,  b] . Suppose 

f u r t h e r  t h a t  f o r  some i n t e g e r  m > 2, f m -  is  continuous on [a ,  b] , and 

f o r  every x i n  [a ,  b ] ,  f ' ( x )  # 0. Define t h e  funct ions c ,  c,, ... "m-1 
and g a s  follows: 

1 )  co(x)  = x;  

2)  f o r  k = 1, ... , m-1: ck = -c' k-1 / (k  f ' ) ;  
2 

3) g = c + C l f  + c p  + ... + c [ f lm- l .  
m- 1  

Then t h e r e  e x i s t s  a d > 0 such t h a t ,  f o r  every p(0)  i n  (p - d, p + d )  5 
[a ,  b l ,  t h e  fixed-point method g(x)  = x has mth order  convergence. 

Proof. To prove t h e  coro l la ry  we w i l l  show t h a t  t h e  funct ion g, 

defined i n  statement (3 )  above, s a t i s f i e s  t h e  t h r e e  c r i t e r i a  of Theorem 1. 

The f i r s t  c r i t e r i o n  o f  Theorem 1 is t h a t  g(m) be continuous on 
(m) (m) (m) 

[a, b l .  To prove t h i s  we first show t h a t  co , c, , ... , c ,  a r e  a l l  

continuous on l a ,  b l .  Obviously, 0 = 0 is  continuous on [a, b l .  

Since t h e  highest  der iva t ive  of  f i n  cl is f ' ,  t h e  highest  der iva t ive  of 
(k)  

f i n  c2  is  f". Induct ively,  t h e  highest  der iva t ive  of f i n  ck is  f . 



Hence, the  highest  der iva t ive  of f i n  c p )  i s  f (m+k). Because k is a t  

most m- 1 and because f - )  is continuous on [a ,  bl , each c 
(m) is 

2 
k 

continuous on [a, b ] .  Since g =  co + c  f + c 2 [ f l  + ... + c [flm-', 
1 m- 1  

g(m) is  continuous on [a ,  b l .  

The second c r i t e r i o n  of  Theorem 1 requi res  t h a t  g(p)  = p. Since 

g(m) is  continuous on [a ,  b] , g is continuous on [a ,  b l .  Hence, g (p)  = p 

s ince  c (p)  = p and f ( p )  = 0. 
0 
The l a s t  c r i t e r i o n  of Theorem 1 requi res  t h a t  f o r  k = 1, 2, ... , 

m-1 ,  g (k) (p)  = 0. Since 

From statement (2 )  of  t h e  coro l la ry  

Since g l ( x )  = c f  m- 1  (x)[f(x)lm-', g l ( p )  = c ~ l ( p ) [ f ( p ) l m - l  = 0. Because 

g'  has a zero of m u l t i p l i c i t y  m- 1  a t  p ( t h a t  is,  t h e r e  e x i s t s  a funct ion 

h such t h a t  g 1 ( x )  = h(x) (x  - p)m-2), t h e  next m-2 der iva t ives  of g '  w i l l  

a l s o  have zeros a t  p. Hence, f o r  k = 1, 2, . . . , m-1, g (k) (p)  = 0. 

By Theorem 1, t h e r e  e x i s t s  some d > 0 such t h a t ,  f o r  every p(0)  

i n  (p - d,  p + d )  5 [a ,  b] ,  t h e  f ixed- point  method g(x)  = x has mth 

order  convergence. 

Notice t h a t  higher  order  methods increase t h e  number of func t iona l  

evaluat ions,  mul t ip l ica t ions ,  and d iv i s ions  of  t h e  fixed-point function. 

Hence, general ly ,  it is b e t t e r  t o  use Newton's Method, which compared t o  

higher o rder  methods general ly  requ i res  t h e  l e a s t  amount of computational 

e f f o r t  t o  achieve any des i red  degree of accuracy. 
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in teger .  Consider t h e  equation X + X + . . . + X = k. Choose 
n+1 

NON-NEGATIVE INTEGER SOLUTIONS OF 

In  severa l  contexts ,  ( f o r  example i n  number theory and Bose- 

Einstein equat ions) ,  it is necessary t o  f i n d  t h e  number of non-negative 
n 

in teger  so lu t ions  of t h e  equation I Xi = k , where k 2 0. The usual  
i=l 

proof o f fe red  involves a combinatorial scheme of arranging k ob jec t s  i n  

n boxes. We present  a s t raightforward proof t h a t  uses  induction on t h e  

number of  var iables .  

TheoUm. The equation xl + X2 + x3 + . . . + Xn = k,  where k is  a 

on- nega t ive  in teger ,  has ( : 3 non-negative in teger  solut ions.  

We w i l l  use t h e  following r e s u l t  

n 
( i )  1 = , where r is any non-negative 

i = O  

in teger .  

F i r s t ,  we introduce some notat ion.  Let T be t h e  number of non- 
n.k 

negative in teger  so lu t ions  t o  X + X + ... + X = k. To prove t h e  
1 2  

theorem, we w i l l  show t h a t  T . We proceed by 
n,k 

induction on n. 

Let n = 1. The equation x = k has exact ly one so lu t ion ;  t h a t  i s ,  
1 

T = 1 = (t) = (k  + - ') , s o  t h e  theorem is  t r u e  f o r  n = 1. Now 
1.k 1 - 1  

assume t h a t  f o r  n 2 1, T = : l) , where k is a non-negative 
n.k 

X t o  be any i n t e g e r  between 0 and k inc lus ive ,  say X = a ,  0 < a  < k ,  1 1 

then X 1 2  + X + ... + Xn+l = k i f  and only i f  a + X2 + ... + Xn^ = l y o r  

( i i )  X 2 + X + ... + Xn+l = k - a 

Since equation ( i i )  has n var iab les ,  t h e  induction hypothesis app l ies ,  

and ( i i )  has  Tn,k-a k - a + n - 1  ) solut ions.  Then 

( i i i )  Tn+l,k = I Tn,k-a ( see  below) 
a l l  a 

= ; - - 
by t h e  induction hypothesis 

a= 0 

= : ') changing t h e  no ta t ion ,  
i= 0 

= ( l ) , and t h e  induction is  complete. 

Therefore, X + X + ... + xn = k has (k non-negative i n t e g e r  
1 2  

so lu t ions ,  where k is  a non-negative in teger .  

To j u s t i f y  t h e  summation process used i n  ( i i i ) ,  l e t  S be t h e  s e t  

of non-negative i n t e g e r  so lu t ions  t o  X + X + ... 
1 2  

+ X n = k .  S i s a  

f i n i t e  s e t  of  ordered n- tuples. Let ( b y  b ,  . . . , b ) denote an 
n 

a r b i t r a r y  element of  S, and 

Sa = {(bl, b2, ... , bn) : bl = a}. 

{Sa 10 < a < k} forms a p a r t i t i o n  of S. Because {Sa} is  a p a r t i t i o n  of 

S, t h e  number of elements i n  S is  t h e  sum of  t h e  number of elements i n  

each Sa over a l l  a .  

This summation process may be f u r t h e r  c l a r i f i e d  by considering 

t h e  case n = 3. Choose Xl = a ,  0 5 a L k ,  then Xl + X2 + X 3  = k i f  and A 

only i f  a + X2 + X = k ,  o r  X + X = k - a ,  which by t h e  induction 
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Algebra ,  T o p i c s  i n  A n a l y s i s  , Number Theory ,  D i s c r e t e  
Mathemat i c s  - An I n t r o d u c t i o n  to t h e  Theory o f  Computing,  
L i n e a r  A lgebra ,  Complex F u n c t i o n s ,  P r o b a b i l i t y  Theory,  
L i n e a r  Programming, and C o n j e c t u r e  and P roof  - Funda- 
mentals o f  Mathematical Th ink ing .  

The non- mathemat ica l  c o u r s e s  to  b e  o f f e r e d  i n c l u d e :  
European H i s t o r y ,  A r c h i t e c t u r e  and A r t s  i n  Europe ,  and 
Hungar ian  Language. 

C o s t s  : 

The program f e e  is $1850 p e r  one semester and $3500 f o r  
a f u l l  y e a r  ( F a l l  & S p r i n g )  . T h i s  sum i n c l u d e s  t u i t i o n ,  
t e x t b o o k s ,  m e d i c a l  i n s u r a n c e  and a program e x c u r s i o n  to  
p o i n t s  o f  i n t e r e s t  i n  Hungary. It d o e s  not  i n c l u d e  
l o d g i n g  , meals and t r a n s p o r t a t i o n .  

A p p l i c a t i o n :  

To b e  e l i g i b l e ,  s t u d e n t s  must  h a v e  a t  l e a s t  sophomore 
s t a t u s ,  b e  i n  good academic  s t a n d i n g ,  have  comple t ed  t w o  
y e a r s  o f  c a l c u l u s  by the s t a r t  o f  the program, and b e  
m o t i v a t e d  t o  s t u d y  ma themat i c s .  S e l e c t i o n  f o r  t h e  p ro-  
gram is based  o n  t h e  A p p l i c a t i o n  Form, wr i t t en  recom- 
m e n d a t i o n s  and t h e  t r a n s c r i p t .  A p p l i c a t i o n  is f r e e .  A l l  
material mus t  b e  ma i l ed  to  t h e  American Program 
R e p r e s e n t a t i v e .  

THE TWELFTH ANNUAL PU MU EPSILON STUDENT CONFERENCE 

AT - - "- 

M I A M I  UNIVERSITY 

I N  

OXFORD, OHIO 

SEPTEMBER 27-28, 1985 

WE INVITE YOU TO JOIN US! THERE WILL BE SESSIONS OF THE 
STUDENT CONFERENCE ON FRIDAY EVENING AND SATURDAY AFTER 
NOON. FREE OVERNIGHT LODGING FOR ALL STUDENTS WILL BE 
ARRANGED WITH M I A M I  STUDENTS. EACH STUDENT SHOULD BRING A 
SLEEPING BAG. ALL STUDENT GUESTS ARE INVITED TO A FREE 
FRIDAY EVENING PIZZA PARTY SUPPER AND SPEAKERS WILL BE 
TREATED TO A SATURDAY NOON PICNIC LUNCH. TALKS MAY BE ON 
ANY TOPIC RELATED TO MATHEMATICS, STATISTICS OR COMPUTING. 
WE WELCOME ITEMS RANGING FROM EXPOSITORY TO RESEARCH, 
INTERESTING APPLICATIONS, PROBLEMS, SUMMER EMPLOYMENT, E X .  
PRESENTATION TIME SHOULD BE FIFTEEN OR THIRTY MINUTES. 

WE NEED YOUR TITLE, PRESENTATION TIME (15 OR 30 MINUTES) , 
PREFERRED DATE (FRIDAY OR SATURDAY) AND A 50 (APPROXIMATELY) 
WORD ABSTRACT BY SEPTEMBER 20, 1985.  

PLEASE SEND TO 

PROFESSOR MILTON D. COX 
DEPARTMENT OF MATHEMATICS AND STATISTICS 

M I A M I  UNIVERSITY 
OXFORD, OHIO 45056 

WE ALSO ENCOURAGE YOU TO ATTEND THE CONFERENCE ON "STATIS 
TICSn WHICH BEGINS FRIDAY AFTERNOON, SEPTEMBER 27. FEATURED 
SPEAKERS INCLUDE MY LES HOLLANDER , RICHARD L . SCHEAFFER , AND 
RONALD D. SNEE. CONTACT US FOR MORE DETAILS. 



PUZZLE SECTION 

The PUZZLE SECTION i s  for the enjoyment of those renders who are 
addicted t o  working doublecrostics or who find an occasional mathematical 
puzzle attractive. We consider mathematical puzzles t o  be problems whose 
solutions consist of answers immediately recognizable as correct by  simple 
observation and requiring l i t t l e  formal proof. Material submitted and not 
used here w i l l  be sent t o  the Problem Editor i f  deemed appropriate for the 
PROBLEM DEPARTMENT. 

Address a i l  proposed puzzles and puzzle solutions t o  Prof. Joseph 
D. E. lionhauser, Mathematics and Computer Science Department, Macalester 
College, St .  Paul, Minnesota 55105. Deadlines for puzzles appearing i n  
the Fail Issue w i l l  be the next February 15, and for puzzles appearing i n  
the Spring Issue w i l l  be the next September IS. 

Mathacrostic No. 20 

Phopo~ed by J o ~ e p h  P .  E .  Konhcm~ie~~ 
M a c o t o t e ~  CoUege, S t .  Paui, ULn.n~ota. 

The word puzzle on pages 116 and 117 i s  a keyed anagram. The 

265 l e t t e r s  t o  be entered i n  t h e  diagram i n  t h e  numbered spaces w i l l  be 

i d e n t i c a l  with those i n  t h e  30 keyed 100hd.A a t  t h e  matching numbers. The 

key numbers have been entered i n  t h e  diagram t o  a s s i s t  i n  construct ing 

the  so lu t ion .  When completed, t h e  i n i t i a l  l e t t e r s  of  t h e  Wold& w i l l  g ive 

t h e  name of  an author  and the  t i t l e  of  a book; t h e  completed diagram w i l l  

be a quotat ion from t h a t  book. For an example, see  t h e  so lu t ion  t o  t h e  

l a s t  mathacrostic on page 115. 

SOLUTION 

Mcut'ha.cha~tic No. 19. (See F a l l  1984 I ssue)  (Phopo~ed by J o ~ e p h  P. E. 
K o n h o u ~ e ~ ~ ,  M a d ~ t v i .  CoUege, St. P a d ,  Hinne^ota). 

A - , .- 
Words : - 
A. H-shaped 
B. Ornament 
C. Double 
D.  Graph theory 
E. Empathy 
F. Shibboleth 
G .  A t  t h e  ba t  
H. Lambda-calculus 
I. Apotheosis 

J. Nerd S. Event 
K. The Met T. Eldest hand 
L. Uvarovite U.  Nuthatch 
M. Rheostat V. Inef fab le  twaddle 
N. Indeed W. Growth Form ' 
0. Nephelometer X. Method 
P. Golden Y. Adiabolist 
Q. Tower of Hanoi 
R.  Hexenbesen 

F i r s t  Le t te r s :  HODGES, ALAN TURING: THE ENIGMA 

Quotation: . . . he had <Sound an. un&oivabte phobtem, and . . . had d& 
t h e  de-mth-blow t o  the, WULbe.n.t phogfuoww\e.. H e .  had Ahown t h a t  mathemat-Lc^ 
couKd ne.vm be. e.xha11~te.d by any <S-inLt-e A &  o<S phocedit^.a. He had 
gone t o  the. heavt 06 t h e  phobtem, and ~ V w L e d  Â¥i w i t h  one ~ A n p t e ,  
degawt .  o b ~ e ~ . v u t i o n .  

Solved by:  Jeane t te  Bickley, Webster Groves High School, MO; Betsy 

Curtis, Meadville, PA; Charles R .  Diminnie, S t .  Bonaventure Universi ty ,  

NY; Victor G. Feser, Mary College, Bismarck, ND; Robert Forsberg, Lex- 

ington, MA; Robert C. Gebhardt, County College of Morris, Randolph, N J ;  

A1 lan Gil bertson, Universi ty  of Maryland, MD; Dr. Theodor Kaufman, 

Nassau Hospi tal ,  Mineola, NY; L t .  Timothy B.  Killam, USAF, Offut t  A i r  

Force Base, NE; Henry S. Lieberman, John Hancock Mutual L i fe  Insurance 

Co. , Boston MA; Robert Pr ie l  i p p ,  The Universi ty  of Wisconsin-Oshkosh, 

W I ;  Stephanie Sloyan, Georgian Court College, Lakewood, N J .  



A. Unquestionable (camp.) 

8. A r i c h  supply 

C. Double po in t  o f  a curve 

0. German re l ay  computer designer (b. 1910) 
( f u l l  name) 

E. To un i te  by apposit ion o r  contact 

F. Forerunner o f  the modern s l i d e  r u l e  
(2 wds.) 

G. To proceed o r  move i n  a diagonal o r  
sideways manner 

H. A f i t t i n g  curve named a f t e r  a draftsman's 
a id  

I. By the very nature of the case (2  wds.) 

J. Tropical parasite which i s  a competitor 
f o r  the t i t l e  "world's l a rges t  inf loresence" 

K. Archimedean "pump" 

L. T i t l e  o f  Naboth Moseley's 1970 f u l l - sca le  
biography of Charles Babbage (2  wds.) 

M. Figures t ha t  have been squared by using 
the give-and-take p r i nc i p l e  

N. Basis o f  Archimedes' mechanical method 
(4  wds.) 

0. Equivalent r e l a t i v e  growth o f  par ts  such 
t ha t  size re la t ions remain constant 

P. Court-declared (Honeywell vs Sperry-Rand, 
October 19, 1973) inventor o f  the e lec t ron ic  
computer (b. 1904) ( l a s t  name only) 

Q. Played by p r im i t i ve  people, i t  might be 
the world's o ldest  game 

R. Direct ions as t o  how sentences already 
known as t rue may be transformed so as t o  
y i e l d  new t r ue  sentences (3  wds.) 

S. Ba l l  and wheel apparatus f o r  showing the 
r e l a t i v e  pos i t ions and motions o f  the 
bodies i n  the so lar  system 

T. Psychological t h r i l l e r  

U. Ear ly  randomizers, used i n  the Middle 
East around 3600 B.C. 

V .  Reserve fund (2  wds. ) 

U. For an o rb i t ,  curve defined by the veloc- 
i t y  vectors when drawn from one po in t  

X. Clearly demonstrable 

V. The version o f  any game i n  which the game 
ob ject ive  i s  reversed 

2. A conclusion in fer red 

b. "To ___ the -- tha t  i s  the mathe- 
matician s aim." J. Keyser (2  ids .  ) 

c. I n f e r i o r ;  o f  low qua l i t y  (coup.) - - - - - - - - 
209 220 77 51 34 85 20 123 

d. A therapeutic system o f  treatment by manip- 
u la t i on  and without the use of drugs 158 219 80 214 104 65 22 125 1 94 



COMMENTS ON PUZZLES 1 - 7 ,  FALL 1984 

For Puzzle. # Ãˆ only t h e  proposer, John M. Howell, and Victor G. 
Feser submitted solut ions.  The number of  dis t inguishable squares is 70. 

Feser and Howell provided arrangements of t h e  70 squares i n t o  rectangles  

7 x 1 0 .  Both provided arrangements of  t h e  64 squares, none containing 

four  d i f f e r e n t  co lors ,  i n  8 x 8  arrays.  Feser a l s o  provided a 5 x 1 4  

rec tangle  and s a i d  t h a t  1 x 7 0  and 2 x  35 rec tangles  were easy t o  obtain.  

The Editor  w i l l  send photocopies of t h e  arrangements upon request .  For 

Puzzle. I/ 2, Leonard Volovets and David Ehren submitted 3gS7 = 2 6 4  = 180. 

Ehren a l s o  submitted 7Sag = 4268 = 278. Marc Farley contr ibuted g3 = 

57 

4 = 84. The i n t e r p r e t a t i o n  of Parley's so lu t ion  w i l l  be l e f t  t o  t h e  

reader .  PuZZ& # 3 drew t h e  l a r g e s t  number o f  responses. These varied 

from p a r t i c u l a r  so lu t ions  t o  formulas f o r  generat ing fami l ies  of so lu t ions ,  

The q u a r t e t  (1, 22, 41, 581, including I, was among t h e  so lu t ions  obtained 

by most of  t h e  respondents. Only t h r e e  readers  responded t o  P u z z h  ft 4. A 

composite of  so lu t ions  from John H. Scott, Robert Sartini and Stephen W. 

Nelson goes a s  follows: cb = cbab = cabb = acbb = abacbb = baacbb = 

babaacbb = bbaaacbb = bbaacabb = bbacaabb = bbcaaabb = bbcaabab = bbcaabba = 

bbcababa = bbcaba = bbca = bbac = babc = bc. Three readers  responded t o  

Puzzle ft 5 .  Victor G .  Feser r e f e r r e d  t o  Problem 566 i n  t h e  Journal  of 

Recreational Mathematics on "prime chains." Feser's contr ibut ion toward 

t h e  so lu t ion  of Problem 566 appeared on pages 311-312 of Volume 10, No. 4 ,  

1977-78, where t h e  extension of "prime chains" t o  "prime r ings"  is  discussed. 

David Ehren showed t h a t  i f  N - 1, N + 1 and 2N - 1 a r e  primes, t h e  arrange- 

ment 
N,  1, N - 2, 3, N - 4, 5 ,  ... , 2, N - 1, N 

is  a "prime r ing ."  One sum of adjacent members o f  t h e  r i n g  is 2N - 1. The 

r e s t  a r e  e i t h e r  N - 1 o r  N + 1. Puzzle. ft 6 drew responses from Robert Prie- 
lipp and Robert Sartini. Sartini submitted the  s e t  (11, 17,  20, 22, 23, 24). 

A l l  63 non-empty subsets  have d i f f e r e n t  sums of elements. Priel ipp reported 

t h a t  t h e  problem is not  new. In  t h e  course of  "searching f o r  something e l s e ,  

he found t h e  Sartini- submitted s e t  a s  p a r t  of t h e  so lu t ion  t o  problem El062 

(proposed by Leo Moser). The so lu t ion  appears on pages 713-714 of t h e  Decem- 

ber  1953 issue.  The o ther  p a r t  of t h e  problem was t o  show t h a t  no 

seven p o s i t i v e  in tegers ,  s t r i c t l y  l e s s  than 25, can have sums of a l l  sub- 

s e t s  d i f f e r e n t .  Puzzle # 7 drew responses from s i x  readers .  A l l  agreed, 

but not  a l l  proved, t h a t  1 4  is  t h e  l a r g e s t  balanced number. Victor Feser's 
argument follows: "The l a r g e s t  balanced number is  14. The example 1 0  show? - 
t h a t  'between 1 and N'  is t o  be taken s t r i c t l y :  1 and N a r e  not  included. 

Therefore, a balanced number must be even. Now 16 is unbalanced, i n  favor  

of composites. For any l a r g e r  N ,  t h e  new in tegers  t o  be considered must be 

a t  l e a s t  h a l f  composite ( t h e  even ones !), so  t h e  imbalance remains." 

L i s t  of  solvers:  Edward Aboufadel (31, Patrick Costel l o  ( 3 ) ,  David Ehren 
(3,5),  Mark Evans (6,7),  Marc Farley (21, Victor G. Feser (1,5,7), Allan 
Gilbertson ( 3 ) ,  John M. Howell (1,3,7), Thomas M. Mitchell ( 3 ) ,  Stephen W .  
Nelson (3,4,7) , Robert Priel ipp (3,6,7), Robert Sartini (4,6),  John Howe 
Scott (2,3,4,5,7), Brian Varney (3 )  and Leonard Volovets ( 2 ) .  

PUZZLES FOR SOLUTION 

1 .  Ptopo&id by John M. How&, L L t t t e ~ ~ o c k ,  CaLi{,o>uuA. 

Which of t h e  following alphametrics can be solved with a l l  one-digit 

integers? 

Base 5 Base 6 Base 7 Base 8 Base 9 Base 10 

AB AB AB ABC ABC ABC 
+E 
EFG 

+z 
FGH 

+ DEF - 
G H I  

+E 
G H I J  

2. Phopaied by VJuvkoii G. F a i e ~ ,  M<vn/ CoLH.e.ge, ScAma~ck,  Noah 

What is t h e  next  i n t e g e r  i n  t h e  sequence: 1, 3, 5 ,  7, 9, 15, 17, 

21,  27, 31, 33, ... ? 

3. Phopoied by J .  0 .  E .  Konhaubm, Macntutm CoUs.ge., S t .  Pout, 
Uwnaiota.. 

Is t h e r e  a f ive- dig i t  number abode such t h a t  9xabcde  = edcba? 



4 .  P~opobed  b y  J .  D. E .  K o n h w m ,  MacoZeAteA Cor t ege ,  St. P a d ,  

WLmuota.. 
In  acute-angled t r i a n g l e  ABC t h e  point  D i s  t h e  f o o t  of  t h e  a l t i t u d e  

from A t o  BC. If AD = BC, d i s s e c t  t h e  t r i a n g l e  i n t o  four  pieces which can 

be reassembled t o  form a square. 

5. P~opobed  by  J .  V. E .  K o n f c w m ,  MacoÂ£e~-te CoU.ege, S t .  P d ,  

H w n u  o t a .  
Are t h e r e  t h r e e  p o s i t i v e  in tegers  such t h a t  t h e  sum of  t h e  squares 

of any two of them is a p e r f e c t  square? 

6. Pmpo&e.d b y  J .  V. E .  Konhcuue~, MacoZeAtm CoUege ,  St. P d ,  

H w n u  o-to.. 
Here is  a f i r s t - c l a s s  puzzler .  Posthaste ,  give t h e  next  two terms 

i n  t h e  sequence: 2 ,  3 ,  4 ,  5,  6 ,  8 ,  10, 13, 15, 18, ... . 
7. Pkopobed by  3 .  V .  E .  Konfouum, MacoÂ£e-~-te C o U e g e ,  St. P a d ,  

H w n u o t a .  

With a p a i r  of compasses draw a c i r c l e  on a plane. Then, without 

changing t h e  opening of  t h e  compasses, draw a c i r c l e  on a s u f f i c i e n t l y  

l a r g e  sphere. Which c i r c l e  encloses t h e  l a r g e r  area? 

LETTER TO THE EDITOR: 

Dean. EcLLtot: 

a + B + y =  IT ( s t r a i g h t  angle 

a r c t a n  1 + a r c t a n  2 t arc tan  3 

John M. HouieM 
L^ttiv.ock, C o L i 6 o ~ n i a  

PROBLEM DEPARTMENT 

EcLLted by  ClagXon (0. Dodge 
Univv~ i -L ty  06 Maine 

This department welcomes problems believed t o  be new and a t  a 

level appropriate for the readers of th i s  journal. Old problems 

displaying novel and elegant methods of solution are also invited.  

Proposals should be accompanied by solutions i f  available and by any 

information that w i l l  a s s i s t  the editor. An asterisk ( * I  preceding a 
problem number indicates that the proposer did not submit a solution. 

A l l  corwnunications should be addressed t o  C. W. Dodge, Math. 

Dept., University of Maine, Orono, ME 04469. Please submit each 

proposal and solution preferably typed or clearly writ ten on a separate 

sheet (one side only) properly ident i f ied  with name and address. 

Solutions t o  problems i n  th i s  issue should be mailed by December 15, 

1985. 

Problems for Solution 

587. Phopobed by  M o m  Ka tz ,  M a w h o c ,  Maine. 

A s  a t r i b u t e  t o  an Editor  Emeritus of t h i s  department, f i n d  

p o s i t i v e  in tegers  x and y ,  with y > 2 , such t h a t  â = BANKOFF. 

588. P ~ o p o ~ e d  by Ghegoiuj W d c z y n ,  Bucfenvia U n L v i i u h q ,  
Lwic& b a g ,  Pe.nm, ytuanLa.. 

Find a l l  so lu t ions  t o  t h e  quadrat ic  congruence 

2 x = -1 (modulo mJ 

2 2 
where m i s  of t h e  form m = (ma + 1) + r . 

589. Phopobed by  Joyce. W .  (If-, U n i v n u v t y  06 Low&, 
MOAA a c h i ~ i  a.fctA. 

The in tegers  7, 3, and 10 a r e  r e l a t e d  by 

3 5  2 
7 = 3  + l o .  

Is t h i s  t h e  only s e t  of p o s i t i v e  in tegers  t h a t  s a t i s f i e s  t h e  r e l a t i o n  

5 2 a 3 = b  + c ?  



Find a l l  so lu t ions .  

590. P~opohed by Emanuek! 0. C .  ImomAce, NoIVthwut AUAhoUA-L 

Stivte UnA.vmLtq, Mmyv-tUe. 

Find a l l  so lu t ions  t o  t h e  simultaneous equations 

fl = f^ and f-' = gil. 

591. P~opo&n.d by ChaASLu W .  T G g ,  San Viego,  C~oAVUJO..  

Find a l l  three-term ar i thmet ic  progressions of th ree- dig i t  

primes i n  t h e  decimal system with f irst  and l a s t  terms t h a t  a r e  

permutations of t h e  same d i g i t  s e t  and with only four  consecutive 

d i g i t s  involved i n  t h e  t h r e e  terms o f  each progression. 

592. P~opohed by StanLq Rab-tnoÃ§ifctz V-t-flÂ¥L-te EqILLpment Cow., 

Nahhua., New ffampbh-m.e. 
Find a l l  2 by 2 matr ices  A whose e n t r i e s  a r e  d i s t i n c t  non-zero 

in tegers  such t h a t  f o r  a l l  p o s i t i v e  in tegers  n t h e  absolute  value of 

n t h e  e n t r i e s  of A a r e  a l l  l e s s  than some f i n i t e  bound M. 

593. Phopohed by Joe Van Au~.fct.n, EmoAy UiM.v&~iiAq, ktknta., 

GioJqia. 
Russian r o u l e t t e  is played with a gun having n chambers, i n  

which k b u l l e t s  a r e  placed a t  random (0 < k < n ) .  Find t h e  expected 

number of t r i e s  u n t i l  t h e  first b u l l e t  is f i r e d  i f  t h e  chambers a r e  

spun 

( i )  before each shot .  

( i i )  only before t h e  f i r s t  shot .  

594. Pxopohed by R. S .  Lu^tha~., U n A . v e ~ i w  of Wtiicon5'i.n C w t e A ,  

JanuvWLe.  
Prove t h a t  

595. P~opohed by H m q  Ne-fcAon, U.vwmo'ie., C m o l n - i a .  

If t h e  in tegers  from 1 t o  5000 a r e  l i s t e d  i n  equivalence c l a s s e s  

according t o  t h e  number of wr i t t en  charac te rs  ( including blanks and 

hyphens) needed t o  wr i te  them out  i n  f u l l  i n  cor rec t  English, t h e r e  a r e  

exac t ly  f o r t y  such non-empty c lasses .  For example, c l a s s  "4" contains  

4, 5, and 9, s ince  FOUR, FIVE, and NINE a r e  t h e  only such numbers t h a t  

can be wr i t t en  out with exac t ly  four  charac te rs .  Similar ly,  c l a s s  "42" 

contains 3373, 3377, 3378, 3773, 3777, 3778, 3873, 3877, and 3878. - - 
Find t h e  unique c l a s s  "n" t h a t  con ta ins  j u s t  one number. 

N o i  h u ,  Nw HamphUte. 

Two c i r c l e s  a r e  ex te rna l ly  tangent  and tangent  t o  a l i n e  L a t  

po in t s  A and B. A t h i r d  c i r c l e  is inscr ibed i n  t h e  c u r v i l i n e a r  t r i a n g l e  

bounded by these  two c i r c l e s  and L and it touches L a t  po in t  C. A ' 

four th  c i r c l e  is inscr ibed i n  t h e  c u r v i l i n e a r  t r i a n g l e  bounded by l i n e  

L and t h e  c i r c l e s  a t  A and C and it touches t h e  l i n e  a t  D .  Find t h e  

r e l a t i o n s h i p  between t h e  lengths AD, DC, and CB. 

597. P/c.opoied by  Stan& Rab-inowLtz, VAJjh2.L Equipment: Cow., 

N o i  huo., New uamphhi>i.e. 

Find t h e  smallest  n such t h a t  t h e r e  e x i s t s  a polyhedron of  non- 

zero volume and with n edges of l eng ths  1,  2, 3, ..., n.  

598. P~opohed by GftÂ£.go/i Wdczyn ,  I3uckne.U UWLUÂ£AAJUL~  

LesaLtibu~g, Pw.n&yLvamJO.. 

Estab l i sh  t h e  formula 

r x  
LIn(em cos a x )  = e cos ax bn - (i) P ~ - ~  a2 + f:) rn-4 a4 - . . . I  

n n-1 n n-3 3 n-5 5 
+ e

m  
s i n a x  [ - f l )  r a +  f 3 )  r a  - r a + ... I 



and f i n d  t h e  corresponding formula f o r  

D" (P sin ax). 

5 9 9 .  P h o p o ~ e d  j0 iWtt .y  by Ghegg P-0, PIU.nc(Lton U L V ~ A A ~ Y ,  

N w J m n y ,  and Muwiay S .  Ktoife-ui,  U n i v e ~ & L t y  of, A tbWta . ,  Edmonton, 

Canada. 
Prove t h a t  

2 2 cos x - cos y 00s X COS y - 2 

2 2 - 2 2 
c o t  x c o t  y c o t  x - c o t  y 

and general ize t h i s  r e s u l t  by f ind ing  under what condit ions on 

funct ions f and g it is t r u e  t h a t  

S o l u t i o n s  

544.  [ F a l l  1 9 8 3 ,  S p r i n g  1 9 8 4 1  Paopohed by C h d u  W. T h i g g ,  

Sun V i e g o ,  CaJLL6ofmvi. 

The S.P.F.A. (Soc i e ty fo rPe r secu t iono fFe l ineAn ima l s )  

es tab l i shed  a P U R R 

F R E E  

A R E A a t  i ts headquarters.  

In  t h e  word square each l e t t e r  uniquely represen ts  a decimal 

d i g i t ,  and each word and acronym represen ts  a square in teger .  What 

a r e  these  squares? 

So&iAcon by V i c k i  SchilUL, Penbacota. J u L o h  C o f i g e ,  F L o U a .  

The only four- dig i t  squares with t h e  same l a s t  two d i g i t s  end 

i n  00 o r  44. The only p o s s i b i l i t y  f o r  44 without repeat ing a 4 o r  

another d i g i t  is 3844. Therefore PURR and FREE must be 3844 and 6400. 

Now AREA must be 9409 and SPFA is  1369. The square is  

1 3 6 9  

3 8 4 4  

6 4 0 0  

9 4 0 9 .  

A^&o halved by FRANK P .  BATTLES, Ma~hacAu4eA.fca MoÂfcune Academy, 

BuzzoAdA B a y ,  MARK EVANS, L o u ~ i v A ^ e ,  KY, VICTOR G. FESER, Mcyur C o U e g e ,  

B.i.bmoAfe, NV, ROBERT C. GEB.HARDT, Hopatc.ong, NJ, RICHARD I. HESS, Rancho 

P d o h  V e h d u ,  CA, EDWIN M. KLEIN,  Unu/e.&biLy of, W-Lliconii'Ln, W i t u t w i a t e ~ ,  

GLEN E. MILLS,  Pew6acota J u n i o a  CoMege., FL, BOB PRIEL IPP ,  U L v e ~ i i X g  

of, Wi^c.on&in-Ohhkobh, JOHN RUEBUSH, S t .  X a v i e h  H i g h  School., CJW.c-Cnfia-fct., 

OH, STEPHANIE SLOYAN, G e . 0 ~ i a . n  CouJvt Co&ge, Lakiwood, NJ, W .  R. U ~ Z ,  - 

Colbmb-ia., MO, KENNETH M .  WILKE, Topeka ,  KS, THEODORE G. ZAVALES, 

Bmgyldie^d, NJ, and Afce PROPOSER. 

*561.  [ S p r i n g  1 9 8 4 1  P-iopohed by I .  Van ,  GUA.va Dam, C i i - U f , o h h .  

For what values of n does n! have 6 f o r  i t s  l a s t  nonzero d i g i t ?  

I. S o t u r n  by H w  S u i i n g e h  and Chuck Vim-Lnnie, St. 

B0mveJiAiA.e. U n . L v e ~ ~ i X g ,  N e ~ l  Yohk. 
More general ly  l e t  L ( x )  denote t h e  l a s t  nonzero d i g i t  of a;. 

Let t h e  base 5 expansion of n be aka kl . . .alao.  Let p be t h e  number 

of twos i n  t h i s  expansion and q t h e  number of fours .  Let 

t =  ( p  + 2q + (a1 + a s  + ... ) + 2 f a 2  + a 6  + ... ) 
+ 3 ( a 3 + a Ã ˆ + . . . )  (mod4).  

We then have L(0!)  = L ( l ! )  = 1 and f o r  n > 1, 

L (n! )  - f 6 )  (2*) (mod 10) .  

Let n > 1 and take  

n = a. + 5b0, 

b = a1 + 5b1, 
0 ... 

bk-1 = ^ 
I f  x = a + Sb, then 

( 1 )  
b 

x!  = f (a ,b ) -g(b) -10  -b!  

where 
f a + S b ) !  and g(b)  = 

(5b)! 
f(a,b) = (a)! 

( 5 )  (10) - (5b)  zt 
Repeated appl icat ions of ( 1 )  give 



Since L(10x) = L ( x ) ,  we have 

L ( n ! )  = L(f(ao,bo)-  f (a l ,b l ) -  - .f(ak-l,bk-l)'g(bo)'g(bl)"' 
-g(bk- l )  .ak!). 

It is  e a s i l y  seen t h a t  i f  x is  even, 3 = y (mod 51, and y s! 0 

(mod S) ,  then L ( q )  = L(xz ) .  Since f (a.,b .I z a;! (mod 5 )  and 
2 1 ,  

g ( b )  5 ( 1 - 2 - 3 - 4 ) b / $  s 1 9  =. 8 (mod 51, 

it follows t h a t  b +b - - * + b  
L(n!)  = L(ao! -a l ! - - -ak ! -  2  0  1  

k-1) 

2  
Since O! 5 I !  E 3! 1  (mod S ) ,  2! s 3 (mod 51, and 4! 5 2 (mod S ) ,  

then 

Now we a l s o  have t h a t  

bo + b1 + - . -  + = clal + 02a2 + - - -  + okak 

where el = 1 and c.+ = So. + 1, so  t h a t  s ci + 1 (mod 4 ) .  

Thus 

p + 2q + b y  + b + *-â + bk 

(p  + Zq + a, + 2a2 + - - + kak) (mod 4 )  

+ fa3 + a7 + - - - I )  (mod 4 ) .  

Clearly L f n ! )  = 2, 4, 6,  o r  8,  and t h e  des i red  r e s u l t  follows. 

F ina l ly ,  L(n!l = 6 whenever n > 1 and t = 0. 

1 1 .  Commen.t by John C. MOAJlh.ubvi, U n h ? h b i &  of, M h e ,  Ohono. 

S t a r t i n g  with any mult iple  of  5 ,  t h e  next four  values of L(n! )  

are obtained successively by mult iplying by 1, 2, 3, and 4. 

This is evident f o r  n an even mult iple  of 5 ;  f o r  odd mult iples  of 5 

it follows from t h e  f a c t  t h a t  L(n!)  i s  even and t h a t  6 5 1, 7  = 2, 

c 3, and 9 s  4  (nod 5 ) .  

It is of i n t e r e s t  t o  note  t h a t  t h e  formula f o r  L(n! )  does not 

have per iod ic i ty ,  though subcycles recur .  Thus t h e  values of L(n! )  

f o r  n=2 t o  624 a r e  repeated from n = 627 t o  1249. In  general ,  t h e  

values from n = 2 t o  - 1 recur  from + 2 t o  - 1. 

AÂ£& w i v e d  by RICHARD I .  HESS, Rancho Potos V e ~ d e ~ ,  CA, - 
and JOHN C .  MAIRHUBER, Univw>-U.y of, M h e ,  Ohono. One i n c o m e t t  -- -- 
bo&iAcon wo4 d o  heceAved. 

562. [Spr ing  19841 Pkopoud by WaJLtvi B h b v i g ,  C o i a t  

SpIUM.gb, FLo-K-ah. 

Prove than tan 10 tan 61Â = tan 3O tan 31Â° 

Amalgam of, botUvU.om ~ u b m L t t e d  -oidepende)i-tÂ£ by HAO-NHIEV 

QUI VU, PuAdue Un̂uw,m, Laf,ay&e, lndmno., and KENNETH M .  

WILKE, Topeka, Kamaii .  

We ge t  t h a t  

2 
tan 3x = tan ( 3  - tan 

from tan (a + b )  = t a n  a  + tan b . 
2 

1 - 3 t a n  x 1 - t a n  a  tan b 

Also we have t h a t  

t a n  (30' + x )  = t a n  30' + t a n  x - - 1 / / 3  + t a n  x  

1  - tan 30' tan x 1 - (1/^3) tan x  

and 

t a n  (60' + x)  = f i + t a n x  

1 - f i t a n x  

Now we combine these  r e s u l t s  t o  g e t  t h e  more general  statement 

2 
t a n  3x tan (30' + X I  = tan x 3 - t a n  x  1 + ^ 3 t a n x  

2 
1 - s t a n  x / 3 - t a n x  

= tan x tan = tana tan (60' + x ) ,  
1 - a t a n x  

0 
which holds f o r  a l l  x f o r  which none of x ,  3x, 30 + x, and 60' + x is 

equal  t o  an odd mult iple  of 90'. The desired i d e n t i t y  follows when 
0 x = 1 .  

A&so M v e d  by GEORGE W. BARRATT, M i ~ i y u W L e ,  MO, FRANK P. 
BATTLES, Mo~bacho~e/fctA MflA f̂cune Academy, BuzzahdA Bay, ANTONE R. COSTA, 

OU Saybhook, CT, RUSSELL EULER, NoÃˆ,Chwu A I t A b o d  StCLte Un̂ umm, 

Mwr.yvJLSLSLe, JACK GARFUNKEL, F&hLng, NY, ROBERT C . GEBHARDT, Hopo-tcong , 



NJ, RICHARD I .  HESS, Rancho P ~ O A  V v u l u ,  CA, JOHN M .  HOWELL, 

U t t Z e ~ o c k ,  CA, JAMES JOHNSTON, St. Bonavewtwie. U v u M ~ ~ f i i . @ .  NY, RALPH 

KING, St. Bonaven-faiAe. UW.umJuty ,  NY, EDWIN M .  KLEIN, U h e M J U L q  ofi 

(ll^con~.ui, W w x u t e ~ ,  HENRY S. LIEBERMAN, Waban, MA, GLEN E. MILLS, 

PmacoÂ¥t  JuM.o^I CoU.e.ge., FL, BILL OLK, C U n t o n v W L e ,  W1, PI  MU 

EPSILON PROBLEM SOLVING TEAM, L o i u 4 h a  S t a t e  UaLvwiJuhy, Baton 

Rouge, BOB PRIELIPP, Un-t.uwi.Lti/ ofi W-LAcodn-O&hko~h, HARRY SEDINGER, 

St. Bona.ve.wtuAe. Un.Lvnu^y,  NY, WADE W .  SHERARD, F m a n  UM-Cvvu>ity, 

Ghe.enuitf!e, SC, and the. PROPOSER. 

563. [ S p r i n g  19841 Phopo~ed  by M o d  W z ,  Macwahoc, M h e .  

There i s  a unique so lu t ion  t o  t h i s  odd alphametric when TEN 

is d i v i s i b l e  by 9 and when TEN is taken e i t h e r  odd o r  even ( I 've  

fo rgo t ten  which). 

TWELVE 

TEN 

TEN 

THIRTY 

S o W o n  by  Gisw.  E. WLVUs, Pen~aco la .  JunLoh College., Flohida.. 

Let a, b, and c be t h e  c a r r i e s  i n t o  t h e  t e n s ' ,  hundreds', and 

thousands' columns respec t ive ly .  Also l e t  XX denote t h a t  we have 

a r r ived  a t  a contradict ion.  Since c = 1 o r  2, then E = 8 o r  9 and 

I = 0 o r  1. 

Let E = 8, so  o = 2 and I = 0 .  Then (N,Y) = (3 ,4) ,  (4,6),  

(7 ,2) ,  o r  f9,6):  

I f  (H',Y) = (3 ,4) ,  then T = 7 and V = 0. XX 

If (N,Y) = (4,6), then T = 6. XX 

If (N,YJ = (7 ,2) ,  then T = 3, but then c # 2. XX 

I f  (N,YJ = (9 ,6) ,  then T = 1,  but then c # 2. XX 

Therefore E = 9 and I = 0 o r  1. 

If I = 0,  then (N,Y) = (2 ,3) ,  (3 ,S) ,  (4,7),  (6 ,1) ,  (7 ,3) ,  o r  

(8 , s ) .  The l a t t e r  t h r e e  cases  a l l  l ead  t o  T = V ,  a contradict ion.  

Similar ly (2,3) and (4,7) l ead  t o  contradict ions.  Only (3 , s )  y i e l d s  

a so lu t ion ,  

619479 

693 

693 

620865 i n  which TEN is odd. 

Now l e t  I = 1, which implies c = 2 and (fl,Y) = (2 ,3) ,  (3 ,5) ,  

(4,7),  (7 ,3) ,  o r  ( 8 , s ) .  Here t h e  l a t t e r  two cases y i e l d  t h e  contradict ion 

T = V. Also ( 3 , s )  produces a contradict ion.  The remaining two cases - 
lead t o  t h e  so lu t ions  - - .- 

759489 529869 

792 and- 594 

792 594 

761073 531057. 

Since TEN is even i n  these  l a s t  two so lu t ions ,  we have t h e  unique 

so lu t ion  given above when TES is  odd. 

AÂ£4 rotue.d by MARK EVANS, Loiu^u^U.~~, KY, VICTOR G .  FESER, 

M a y  Cotinge., B h m m k ,  ND, ROBERT C. GEBHARDT, Hopataong, NJ, RICHARD 

I .  HESS, Rancho P d o ~  l /CAde~,  CA, PI MU EPSILON PROBLEM SOLVING TEAM, 

l o & h  S ta te .  Utt.bmJuhy, Baton Rouge., CHARLES W .  TRIGG, San V i e g o ,  

CAI KENNETH M .  WILKE, Topeka, KS, and the. PROPOSER. 

564. [ S p r i n g  19841 Pkopo~ed  by  ChOAJLa W .  TkLgg, San V iego ,  

CaU6oWJu.  

A te t rachromatic  square is a square i n  which each of  t h e  f o u r  

t r i a n g l e s  formed by drawing t h e  diagonals has a d i f f e r e n t  color .  With 

four  s p e c i f i c  d i f f e r e n t  co lors ,  s i x  d i s t i n c t  te t rachromatic  squares can 

be formed, not counting r o t a t i o n s .  The s i x  d i s t i n c t  te t rachromatic  u n i t  

squares can be assembled i n t o  a2- by-3rectangle with matching co lors  on 

the  edges t h a t  come i n t o  contact .  The rectangle then contains  seven 

s o l i d l y  colored squares. This may be done i n  a v a r i e t y  of ways, one of 

which is  shown i n  t h e  f i g u r e .  



Show t h a t  i n  any matched-edge assembly: 

a )  There a r e  never only two colors  of  s o l i d l y  colored squares; 

b )  The assembly can never have c e n t r a l  symmetry; and 

c )  The perimeter of  t h e  rectangle can never cons i s t  o f  un i t  

segments of j u s t  two a l t e r n a t i n g  colors .  

(For a r e l a t e d  problem, see  problem 282 [Fall 1973, pp. 480-11. ) 

So^u-t^on by RLchutd I .  H&ib, Rancho PoÂ£o VHAd&&, CaLL<oh.n-Ca. 

a )  There can never be only two co lors  i n  t h e  seven s o l i d  

squares because they include 14 t r i a n g l e s  and t h e r e  a r e  only 6 

t r i a n g l e s  of each color .  

b )  Central  symmetry would requ i re  t h r e e  p a i r s  of congruent 

squares, contradict ing t h e  requirement t h a t  t h e  s i x  squares must be 

d i s t i n c t .  

c )  I f  t h e  perimeter has  j u s t  two a l t e r n a t i n g  colors ,  say red 

and green, then t h e  four  t i l e s  with those co lors  adjacent must occupy 

the  four  c o m e r  squares, leaving t h e  two squares with red  and green 

opposite t o  occupy t h e  middle pos i t ions .  But then we do not  have a 

s o l i d l y  colored square i n  t h e  cen te r ,  a s  shown i n  t h e  accompanying 

f i g u r e  . 

ACAO i o t u e d  by the. PROPOSER. 

565. [Spring 19841 Ph.opo&ed by WaLte~. B b m b u ~ g ,  C O W  S p m ,  

Fhmda.. 

Let ABCD be a square and choose point  E on segment AB and point  

F on segment BC such t h a t  angles AED and DEF a r e  equal.  Prove t h a t  

EF = AE + FC. 

Locate t h e  p'oint X on t h e  r a y  EF such t h a t  AE = EX and draw DX. 

Now fAED = fDEX and DE = DE s o  t h a t  t r i a n g l e s  ADE and XDE a r e  congruent 

by SAS. Then AD = DX and DXE is a r i g h t  t r i a n g l e .  If X does not  l i e  

between E and F, a s  depicted by X' i n  t h e  f i g u r e ,  then DX' > DF > DC = 

AD, a contradict ion.  Hence X l i e s  between E and F. Since 

DX = DC and D? = DF, then r i g h t  t r i a n g l e s  DXF and DCF a r e  congruent 

by HL. Now 

EF = EX + XF = AE + FC. 
The converse is  a l s o  t r u e .  That is,  i f  E l i e s  on s i d e  AB and 

F on s i d e  BC of square ABCD such t h a t  EF = AE + FC, then angles  AED and 

DEF a r e  equal.  

There is  a po in t  X between E and F such t h a t  AE = EX. We wish 

t o  prove t h a t  fDXE i s  a r i g h t  angle,  s ince  then r i g h t  t r i a n g l e s  DAE 

and DXE w i l l  be congruent by HL and M D  = fDEF. So suppose t h a t  DXE 

is not  a r i g h t  angle,  i n  p a r t i c u l a r  suppose it is  obtuse. Then DX < AD 

from t r i a n g l e s  DAE and DXE. Now l o c a t e  po in t  Y on EF s o  t h a t  DY i s  

perpendicular t o  EF. Then DY < DX < AD. If Y l i e s  ou ts ide  t h e  square 

(on EF extended), then D Y >  DC = A D ,  a contradict ion.  Thus Y l i e s  on 

segment EF. Since EY > EX, then YF < XF = FC. Therefore, from r i g h t  

t r i a n g l e s  DYF and DCF, s ince  l e g  FC > l e g  FY, then l e g  DC < l e g  DY, 

another contradict ion.  Hence angle DXE cannot be obtuse. A s i m i l a r  

argument shows it cannot be acute  e i t h e r .  Hence it is a r i g h t  angle A 

and t h e  converse is establ ished.  



AZAO b0Lue.d by ANTONE R. COSTA, OU. Saybhook, CT, MARK EVANS, 

LotLL&uWLn., KY, JACK GARFUNKEL, F^UAhing, W ,  RICHARD I. HESS, Rancho 

Pat04 VoAdu, CA, CAROLYN KAY, W - d g w a t ~ t .  State. CoU.e.ge., MA, RALPH KING, 

S t .  Bonauen-tuAe. U n ^ v m @ ,  MY, G. MAVRIGIAN, Y o u ~ ~ A ~ O W ~  State. 

U i w e ~ ~ L t y ,  OH, B I L L  OLK, C L w t o n u X e . ,  W1. P I  MU EPSILON PROBLEM SOLVING 

TEAM, LoU-tAÂ¥mn State. UM.vm- i ty ,  Baton Rouge., BOB P R I E L I P P ,  UWLwm-ity 
06 UiUcon&in-Obhkobh, HARRY SEDINGER, S t .  Bonave.ntuhe. U h u u n t y ,  NY, 

WADE H. SHERARD, F m a n  UM.uwi- i ty,  Gn.e.e.nu-LUe., SC, CHARLES W .  TRIGG, 

San Viego, CA, KENNETH M .  WILKE, Topefea, KS, and the. PROPOSER. The. 
L̂gm doh thi& p f iob tm MOM d m u n  by CHARLES W .  TRIGG. 

566. [ S p r i n g  19841 Ph0pobe.d by N. J .  Kuenu, U n i u m L t y  o< 

U-Lli con&&- Ob h k o ~  h. 

I f  { p }  is a sequence of p r o b a b i l i t i e s  generated by t h e  

recurrence r e l a t i o n  

f o r  which i n i t i a l  p r o b a b i l i t i e s  p  does l i m i t  p  e x i s t ?  
n+m ?I 

I. ArnCLÂ£fl of, bolUituin& bubmiitted ^videpe.ndwfJy by SYLVAI?l 
BOIV IN ,  UnivmAJLe. du 2ue.be.c. a Chinou^uiM., Cana.da, RUSSELL EULER, 

N o t t h w u t  M-ciboIVU. S t a t e  U W L v m i t y ,  M ~ w L U e . ,  ROBERT C. GEBHMDT, 

Hoputcong, N w  J m e y ,  RICHARD I. HESS, Rancho PaJLob Vvuiu, Cmohni.a.,  

EDWIN M- KLEINs UWLveAAity 06 W-~>COMA&, W h ^ t w i a t e ~ ,  HENRY S. LIEBERMAN, 

Waban, Mabachi^&-&Â£& P I  MU EPSILON PROBLEM SOLVING TEAM, LomA-tana 

State. U n i v m - i t y ,  Baton Rouge, RICHARD QUINDLEY and I. P H I L I P  SCALIS I ,  

W d g e w a t m  State. CoUcge, Mo~bachubeAtA, HARRY SEDINGER, S t .  

Bonavew-faiAe U M M m - i t y ,  Nwi Y o ~ k ,  and the. PROPOSER. 

If po = 0 ,  then a l l  p  = 0. ( I f  0 < p  <_ 1 ,  then n 
1 1 - <  1 - - p  
2 2 n < I -  0 0 < PnM < Pn. 

Hence { p  1 is a monotone nonincreasing sequence bounded below by zero. n 
Thus it has a  l i m i t  L t h a t  must s a t i s f y  t h e  r e l a t i o n  

L = L - ~ L ~ ,  

from which it follows t h a t  L = 0 .  That i s ,  t h e  sequence converges t o  

0 f o r  a l l  i n i t i a l  p r o b a b i l i t i e s  p  
0' 

11. AdcLibLonaJL comment by \>\OVUM Ka-Cz, Mawahoc, Maine. 

If x > - 1 ,  then 

2 1 - X  < I ,  S O  
1 1 - x < -  - 

1 + x S  - . >- 

If p  > 0 ,  then t h e r e  is a p o s i t i v e  number m such t h a t  p  = 2/m. Then 

we have 
2 

It follows t h a t  f o r  n > 0 ,  we have p  < 1 /n .  Since a l s o  p  > 0,. n n - 
then 0 < l i m i t  p  < l i m i t  ( l / n )  = 0. n - 

567. [ S p r i n g  19841 Ptopobcd by R. S. L i t tha~. ,  UWLvm-Uy 06 

U-ci co ni&- J a n u  v&. 

Find t h e  exact value of s i n  20Â s i n  40Â s i n  80Â° 

I. S o t u t i o n  by RiiMê -C. E ~ u L ,  Nov thwut  !!hbouJu. State. 

U M . v m L t y ,  MahyuXe.. 

Subs t i tu t ing  k = 9 i n t o  the  well-known i d e n t i t y  

k- 1 
ITS k i'I s i n  -,Ã = - 2k-1 Ck > 2) s=1 

y i e l d s  

Using t h e  i d e n t i t y  s i n  x = s i n  ( 1 8 0 ~  - x ) ,  equation (1)  becomes 

2 0  2 0  9 3: s i n
2  

20' sin 40 sin 80 = 

and so 
0 ifs sin 20' s i n  40 sin 80' = z. 

11. So.euAt.on by Le.on BankoU, Lob A n g d u ,  CoJUL&ohn-Ca. 

I n  SotLLtLon& od the. Exampiu & H a l l  and Kn-tflhtlb Ehe.n-taA.y 

TJr.Lgonome-tiy by H. S. Hal l  (London: MacMillan, 19531, answer 29 on 

page 47 s t a t e s :  
0 1 0 

sin 20' sin 40' s i n  80 = 2 s i n  20 (cos 40' - cos  120Â° 



This l a s t  equa l i ty  follows from t h e  i d e n t i t y  

1 3 1 3  2 Ã s in  3x = - (3 s in  x  - 4 s in  x) = - s in  x (- - 2 s in  x). 
4 4 2 2 

AAso i o t u c d  by FRANK P. BATTLES, MoAbachaAe*t& MaA^fcAie 

Academy, BuzzaAdA Bay, ANTONE R. COSTA, Otd S@ook, CT, JACK 

GARFUNKEL, FtLilihing, NY, ROBERT C. GEBHARDT, Hopatcong, NJ, RICHARD 

I. HESS, Rancho P d o b  V&, CA, JOHN M. HOWELL, LubUiHiock, CA, 

JAMES JOHNSTON, S t .  Bom.ueYVtuA.e U d w m i t y ,  NY, RALPH KING, S t .  

Bonauen-tuhe U d u m L t y ,  NY, EDWIN M .  KLEIN, U d v e ~ i L t y  06 WhcoreA-oi, 

Wh-utewate~, HENRY S. LIEBERMAN, Waban, MA, GLEN E. MILLS, P i ~ i a c o U  

Judon.  CoUs-ge, FL, B I L L  OLK, Ctintonw^Me., W 1 ,  P I  MU EPSILON PROBLEM 

SOLVING TEAM, Lo(M4Â¥unn S t a t e  U d w u ,  Baton Rouge, BOB PRIELIPP,  

U h m i t y  of,  W^Acon~-oi-Oihkobh, JOHN RUEBUSH, CJLn&nncvU, OH, I. P H I L I P  

S C A L I S I  , &udgwata S t a t e  CoUege, MA, HARRY SEDINGER, S t .  Bonauentuhe 

U d u m - t - t y ,  NY, WADE H. SHERARD, F m a n  U n ^ u m L t y ,  Giieun.vJisLsLe, SC, 

W. R. UTZ, C o h t u a ,  MO, and t h e  PROPOSER. 

568. [ S p r i n g  19841 Paopobed by Rob& C. G e b h d t ,  Hopatcong, 

New J m e y .  

Find a sinrole e x ~ r e s s i o n  f o r  t h e  Dower s e r i e s  

SoSbiJbibn bq EdlAin M. Ki&, U n b m - i t y  of, W^c.onAJLn-WhitwxLt~i. 

Let f ( x )  denote t h e  given s e r i e s .  From t h e  expansions 

and 

we s e e  t h a t  X - f ( x )  = s in  x  + 1 - cos x. Thus 

= s in  x  + 1 - COB x  
x  f o r  x #  0 and f(0) = 1. 

A^Ao botve.d by FRANK P. BATTLES, Ma~bacduAfctt i  MaA-ctcme 

Academy, Bu.zza~.dl, Bay, SYLVAIN BOIVIN,  U d v m L t e  du 2uebe.c. a 

Ch^oU,tAWJL, Canada, ANTONE R. COSTA, OHd Saybxook, CT, RUSSELL 

EULER, N o v t h w u t  M A i o u A t  S t a t e  U d w m L t y ,  MaqwJisLsLe, MARK EVANS, 

LowUivWiv.. KY, RICHARD I. HESS, Rancho P d o b  Vmdeb, CA, HENRY S. 

LIEBERMAN, Waban, MA, G. MAVRIGIAN, Youngitown. S t a t e  U ~ U E A A L ~ ~ ,  OH, 

B I L L  OLK, CLLntonuLUe, IHI, P I  MU EPSILON PROBLEM SOLVING TEAM, 

Lou^ i^u ia  S t a t e  U n i . u m L t y ,  Baton Rouge, BOB PRIELIPP,  U d w & U ^ t y  06 

W-Uicokn-Obhkobh, I. P H I L I P  SCAL IS I ,  Lkidgewtvi S t a t e  Col lege,  MA, - 
HARRY SEDINGER, St. Boncwe.ntuA.e UrU.uWiUy,  NY, W. R. UTZ, C o h b h ,  

MO, HAO-NHIEN Q U I  VU, Laf,uyeAte, IN, KENNETH M. WILKE, Topeka, KS, and 

the. PROPOSER. Not  aJUL b o i u m  ~cecogdzed  the. nec.U&Lty t o  de<{&e f (0).  

569. [ S p r i n g  19841 P t o p o u d  by Rob& C. Gebhmdt,  Hopatcong, 

N w  J m e y .  

a )  Find t h e  l a r g e s t  regu la r  te t rahedron t h a t  can be folded from 

a square piece of  paper (without c u t t i n g ) .  

b) Prove whether it i s  poss ib le  t o  f o l d  a r e g u l a r  te t rahedron 

from a square piece of  paper without overlapping o r  cu t t ing .  

S o l u t i o n  by C h U  W .  T a g ,  San Viego,  CaJU^oViia.. 

Figure 1 Figure 2 



a )  The regula r  te t rahedron has two ne t s :  f o u r  equi l a t e r a l  

t r i a n g l e s  assembled i n t o  a l a r g e r  e q u i l a t e r a l  t r i a n g l e  a s  i n  Figure 1, 

and f o u r  e q u i l a t e r a l  t r i a n g l e s  c o n s t i t u t i n g  a parallelogram a s  i n  

Figure 2. 

Triangle DHF i n  Figure 1 is the  l a r g e s t  e q u i l a t e r a l  t r i a n g l e  

t h a t  can be inscr ibed i n  t h e  square ABCD. Triangles  DAH and DCF a r e  

congruent, s o  AH = CF = a. Then HE = BF = y - a,  where y is  t h e  s i d e  

of t h e  square. Now H F =  DF, s o  from r i g h t  t r i a n g l e s  HBF and DCF, 

2 2 2  2 ( y - a )  = a  + y ,  

2 
y2  - 4ay + a  = 0, 

a  = ( 2  - / 3 )y .  

Now DE = EF = x, an edge of the  te trahedron.  Then from t r i a n g l e  DCF, 

2 2 (2x)' = y2  + a2 = y2  + ( 2  - /3) y , 
2 4x2 = (8 - 4 /3 )y  , 

x = /2 y = (a- f i ) y / 2  = 0.5176 y.  

I n  Figure 2, DKBE i s  t h e  l a r g e s t  4- tr iangle s t r i p  t h a t  can be 

inscr ibed i n  square ABCR. Then with y equal  t o  t h e  s i d e  of t h e  square 

and z the  edge of t h e  te trahedron,  from t h e  r i g h t  t r i a n g l e  DPF we have 

2 
fy = ( z  ^3/3) + ( 5 s / ~ ) ~  = 7 2  

s o  

2 = /27?" y = 0.5346 y, 

t h e  edge of t h e  l a r g e s t  te t rahedron t h a t  can be folded from a square 

of s i d e  y .  

b )  Clearly,  when t h e  squares and the  n e t s  they contain t h a t  

we have seen i n  Figures 1 and 2 a r e  folded i n t o  te trahedrons,  

overlapping occurs. 

The sum of the  face  angles a t  a ver tex  of  a r e g u l a r  te t rahedron 

is  3(60Â° = 1 8 0 .  I f  no overlapping is  t o  occur, one vertex must be 

a t  t h e  midpoint of  a s i d e  of t h e  square, whereupon t h e  edge of t h e  

te trahedron is  equal t o  one-half t h e  s i d e  of  t h e  square. It i s  

evident t h a t  t o  complete t h e  te trahedron overlapping must occur. 

AÂ£A hoived by the. PROPOSER. - 
570. [Spring 19841 Pupobed by R i c M  7. Hub,  Rancho ~ d o b ' .  

V e ~ d u ,  CaL&$oinLa. 

The n a t u r a l  logarithm of a complex number z = reie 
is defined 

by 

I n  z = s e  i A 

where 

8 = ( ( I n  + e2)^ ,  A = tan-' ( e / h  r ) ,  

and 

0 5 A  < v / Z  f o r  r ~ 1  o r  v/2  < A < i ~ f o r 3 <  r < 2 

Find a number zo such t h a t  I n  z 
0 = ^o* 

SoWore  by &tAÂ O i f e ,  CUntorevJLU&., W7. 
If z = In z ,  then 

- 1 r = ( ( I n  r)' + e2)^ and 9 = t a n  p i ,  

from which it follows t h a t  

In  r = e / tan  9 and r = e 6 / tan  e 

Now we have t h a t  

which s i m p l i f i e s  t o  

e e/tm s i n  - = 0. 

Using Newton's method and a c a l c u l a t o r  we f i n d  t h a t  

9 = 1.3372357 and hence r = 1.374557. 

AÂ£A hoiued by ROBERT C .  GEBHARDT, Hopo-Ccong, NJ, cwd Zhe 

PROPOSER. 

571. [Spring 19841 Pmpohed by Chuck man, Huntin.gton 

Beach, CWot.nLa. 

Assume a pegboard with one l i n e  of holes  numbered 1 through n. 

Find the  probabi l i ty  of picking correspondingly numbered pegs one a t  

a time a t  random and placing them i n  t h e i r  corresponding holes 

contiguously. That is, i f  peg k i s  chosen first, then t h e  second peg * 

must be next  t o  it, e i t h e r  number k - 1 o r  k + 1 .  If pegs p, p + 1 , 
p + 2, ...,q have already been chosen, t h e  next peg must be e i t h e r  



p - 1 o r  q + 1 ,  so  t h a t  no gaps ever  appear between pegs. 

S o l u t i o n  by the. P t o p o b a .  

There a r e  a s  many ways of  removing t h e  pegs contiguously from 

a f i l l e d  board a s  t h e r e  a r e  of f i l l i n g  it, s ince  any successful  

sequence can be reversed. Then t h e  f i r s t  peg removed w i l l  be an end 

peg, which can be done i n  two ways. We now have a "reduced board" of 

n - 1 contiguous pegs, so  again we must remove an end peg. This 

process continues u n t i l  one peg remains, which can be removed i n  j u s t  
n-1 

1 way. The board can be thus  undone i n  2 ways, s o  t h e  probabi l i ty  

of  undoing it a s  well  a s  f i l l i n g  it contiguously is  f l / n ! .  
A b o  botvecf by RICHARD I. HESS, Rancho P d o b  V a d e ~ ,  CA, EDWIN 

M. KLEIN,  UPLLvrnLty 0 6  W^con&&, W h U - W e k ,  HENRY S .  LIEBERMAN 

( 2  boÂ£uA(.onb) Waban, MA, and HARRY SEDINGER, S t .  BonaverutUAe. 

Unui rn - i ty ,  NY. 

572. [ S p r i n g  1 9 8 4 1  Ptopobed by Jack  Ga/^unke.L, F fa i i fmig ,  NY. 

Let ABCD be a parallelogram and construct  d i r e c t l y  s imi la r  

t r i a n g l e s  on s i d e s  AD, BC, and diagonals AC and BD. See t h e  f i g u r e ,  

i n  which t r i a n g l e s  ADE, ACH, BDF, and BCG a r e  t h e  d i r e c t l y  s imi la r  

t r i ang les .  What r e s t r i c t i o n s  on t h e  appended t r i a n g l e s  a r e  necessary 

f o r  EFGH t o  be a rhombus? 

SoSbdJuan by Mo-vnA K a t z ,  M a c ~ h o c ,  M&e. 
Let x = 9DAE and r = AE/AD. Then a r o t a t i o n  through angle x 

with r a t i o  v about point  A c a r r i e s  DC t o  EH by considering s i m i l a r  

t r i a n g l e s  HAC and EAD. The same r o t a t i o n  about point  B c a r r i e s  DC t o  

FG by t r i a n g l e s  GBC and FED. Now FG and EH a r e  equal  and p a r a l l e l ,  so '  

EFGH is a parallelogram. Since a r o t a t i o n  through angle ADE with r a t i o  

DE/AD about po in t  D c a r r i e s  AB t o  FE by t r i a n g l e s  FBD and EAD, then 

EF = fDE/AD)AB = r - A B  = r.CD = EH = FG -:-- 
and EFGH i s  a rhombus provided DE/@ = r =AS/@. Thus t h e  appended . 
t r i a n g l e s  must be i sosce les .  

A b o  boLved by RICHARD I. HESS, Rancho P d o b  V e ~ d e ~ ,  CA, and 

f i e .  PROPOSER. 

573. [ S p r i n g  1 9 8 4 1  Ptopobed by Ŵ LUam S .  COAA.enb, L o k n e  

County CommuLrtUy Col lege. ,  ELyHA.a, Oh io .  
, 

Prove t h a t  when any parabola of t h e  form 

( 1 )  
2 y = x  + a x + b  

is in te rsec ted  by a s t r a i g h t  l i n e  

( 2  y = p x  + a, 
then t h e  sum of t h e  der iva t ives  of equation (1)  a t  t h e  two po in t s  

of i n t e r s e c t i o n  is  always twice t h e  s lope of  t h e  s t r a i g h t  l i n e .  

Amalgam 0 6  ubeiz-fcta&Eq Â¥Ldewti.CJCJ bots i t ionh  bubmctted 

&depwd.ewULy by ANTONE R. COSTA, O i d  Saybtook ,  ConnecAccu-t, JAMES 

JOHNSTON, S t .  Bonaventuhe UPLLvrnLty,  Nwi Y o t k ,  BOB PRIEL IPP ,  

U w . \ J r n i t q  0 6  W&codn-Obhkobh,  I. P H I L I P  S C A L I S I ,  B A - c d g W a  

state. unLvvun'Lty, M o i ~ a c h i i i e A t i ,  W .  R.  UTZ, Coturnbid., M-LAboUAC, and 

HAO-NHIEN Q U I  VU, P w ~ d u e  U l i t v w i L t y ,  La6aqe-tte.. I n d i a n a .  

To f i n d  t h e  po in t s  of i n t e r s e c t i o n ,  we must solve the  equation 

x + ax + b = p x  + q. 

The sum of  t h e  r o o t s  of  t h i s  equation is  xl + X y  = - f a  - p ) .  

Since y '  = 2 x  + a, then t h e  sum of  t h e  der iva t ives  a t  these  po in t s  

is 

y ' f x l )  + y ' f x  2 ) = 2x1 + 2x2 + 2 a  

= - 2 ( a  - p )  + 2a = 2p,  

which is twice t h e  s lope of t h e  l i n e .  

A b o  boLve.d by FRANK P. BATTLES, Mabbachi i iat tA Mot̂t-une. 
Academy, B u z z a ~ d A  Bay, MARC COCHRAN, R e n ~ b a t o a  PoLy-techlitc In&tvttite., 

T u y ,  NY, RUSSELL EULER, NoAtfiivast M^boUAC S t a t e  U J & W U A Â ± ~  
Ma~yu-OZe., MARK EVANS, L o u h v - O Z e ,  KY, VICTOR G .  FESER, M m y  CoUege. ,  
B^mmk, W ,  JACK GARFUNKEL, F&iifcyig, NY, ROBERT C. GEBHARDT, 



Hopatcong, NY, RICHARD I. HESS, Runcho P&b V e ~ d u ,  CA, RALPH KING, 

St. BonuventuA.e U n i v m L t y ,  NY, HENRY S. LIEBERMAN, Waban, MA, GLEN 

E. M ILLS ,  P ~ t a w t a .  JunLot CoUege, FL, B I L L  OLK, CLwkonv^U.e, W1, 

P I  MU EPSILON PROBLEM SOLVING TEAM, Lo tu^hna  State. UvU.vuu,Ltg, Baton 

Rouge, JOHN RUEBUSCH, CtnCA.w/iatA., OH, WADE H. SHERARD, Fu~man 

UiM.vuu,Lty, Gte.ew}-LUs., SC, P H I L L I P  J .  SLOAN, Pembtoke S t a t e  

UVIA.VBAAÂ¥L~~ NC, KENNETH M. WILKE, Topeka, KS, ONE UNSIGNED SOLVER, 

and t h e  PROPOSER. 

L a t e  S o l u t i o n s  and  Comments 

So&i.fct.on~ t o  p t o b h  552 by FRANK P .  BATTLES, Mmbachub&fcÂ£ 

MaAt-fcune Academy, Buzzo~db Bug, and by ROGER PINKHAM, lfoboken, NJ. 

S o u o n  t o  p h o b h  555 by CHARLES W .  TRIGG, San V-iego, CA. 

556. [ F a l l  1 9 8 3 ,  F a l l  1 9 8 4 1  Ptopobed by R < - c k d  1. H u & ,  P&A 

V&, c w o i m i a . .  

A normal p a i r  of unbiased d ice  give a t o t a l  of  2  through 12 

according t o  t h e  d i s t r i b u t i o n  1, 2 ,  3 ,  4, 5 ,  6 ,  5 ,  4 ,  3 ,  2, 1. How 

should you change t h e  spo ts  on t h e  d ice  so  t h a t  t h e  sums 2 through 12 

and only those sums still occur but with a s  uniform a d i s t r i b u t i o n  a s  

possible? (Minimize t h e  sum of t h e  squares of t h e  deviat ions from 

completely unif  o m ) .  

111. Cornme-nt by R o g a  Pinkham, lfobokcn, NJ. 

Two poss ib le  d i s t r i b u t i o n s  were suggested i n  t h e  published 

so lu t ions :  Howell's 3  3 3  3 3 6 3  3 3  3 3  andHess l  2 3  4 4  3  4 3  4 4 

3  2, and t h e  question was r a i s e d  a s  t o  which was more uniform. One 

common measure of  uniformity is  t h e  amount of information Ep. 1. 

inherent  i n  t h e  d i s t r i b u t i o n .  In  Howell's case t h i s  amount is 2.369 

while t h a t  f o r  Hessl so lu t ion  is 2.370. Thus on these  grounds Howell's 

so lu t ion  i s  pre fe r red .  

GRAFFITO 

We iihaU. have t o  evolve. 
ptoblem b o i v w i  g a i o t e  - 

b h c e .  e.ach p t o b h  we. bolve. 
a e a t u  tin. ptob.tonb mote. 
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