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MOSES IS YOUR GRANDFATHER 
AND 

OTHER APPLICATIONS OF THE GEOMETRIC SERIES 

T^-Li t a l k  utt~ g i v e n  .Â£a bp&ing at a me-ê ting of, 
t h e  NaJULowsJL C o u n c i l  of, Teachm od Ma-tfceffiaJUL~. 

Recently, a s tudent  of mine showed me a proof, using the  geo- 

metric s e r i e s ,  t h a t  Moses is everyone's grandfather. A ce r t a in  r e l i -  

gious group was ac tua l ly  using a mathematical argument t o  prove t h a t  

we a r e  a l l  descendants of Moses. Now i f  it had been Noah, it probably 

wouldn't have bothered me a t  a l l .  F in i t e  and i n f i n i t e  geometric s e r i e s  

occur i n  a var ie ty  of i n t e r e s t i ng  appl ica t ions ,  but t h i s  was t h e  f i r s t  

time I had ever seen a b i b l i c a l  applicat ion.  

A f i n i t e  geometric s e r i e s  is  any sum of t h e  form 

where a and r a r e  r e a l  numbers and n is a pos i t i ve  in teger .  I f  we l e t  

S stand f o r  t h e  sum and perform the  multiply-and-add t r i c k ,  we ge t  

2 
S = a t a r + a r  t . . . + a r  n-1 
n 

2 n-1 n -rS = - a r - a r  - . . . -  a r  - a r  
n 

This gives us a n i ce  closed formula f o r  t he  sum of t h e  n terms. 

Now, with j u s t  a touch of ca lculus ,  we see t h a t  l i m i t  rn = 0 ,  provided 
n + o o  

a r l  < 1. In  t h i s  case, we l e t  S = l i m i t  S and we ge t  S = - 
n + o o  1 - r  y 

t h e  sum of an i n f i n i t e  geometric s e r i e s .  



Everyone should p lan  f o r  re t i rement ,  s o  l e t ' s  consider  t h e  case 

of  a  worker who depos i t s  $100 every month f o r  40 years  i n t o  an account 

paying 12% compounded monthly. This  is c a l l e d  an annuity. How much 

does t h e  worker have a t  t h e  t ime of t h e  l a s t  depos i t?  The l a s t  depos i t  

rece ives  no i n t e r e s t ,  t h e  second t o  t h e  l a s t  rece ives  1% f o r  one month, 

t h e  t h i r d  t o  l a s t  rece ives  1% f o r  two months, and s o  on. The worth o f  

a l l  these  d e p o s i t s  is  t h e  fol lowing sum, which we e a s i l y  recognize a s  

a  geometric s e r i e s  

Q u i t e  a n i c e  n e s t  egg! 

Not many of  u s  p lan  f o r  re t i rement  40 y e a r s  i n  advance, but  

look what happens t o  t h e  p r o c r a s t i n a t o r s .  Saving $100 p e r  month f o r  

20 y e a r s  amounts t o  

which is  l e s s  than  one- tenth as much money. 

For t h e  person who would r a t h e r  spend h i s  $100 p e r  month on car 

payments, we can use t h e  geometric s e r i e s  t o  s e e  t h e  s i z e  of  loan  $100 

per  month would pay o f f  i n  48 months. To f i n d  t h e  presen t  va lue  of  

t h e s e  payments, we d i v i d e  $100 by t h e  appropr ia te  powers of  1 .01 

$ 1 0 0 ( 1 . 0 l ) - ~  + $ 1 0 0 ( 1 . 0 l ) - ~  + . . . + $100(1.01)-~ '  
-1 48 

= $100(1.01)- 
1 1 - ((1.01)  

= $3,797.40. 
1 - (1.011-1 

o you can spend your $100 p e r  month on a  used c a r  every f o u r  y e a r s ,  

a m i l l i o n a i r e  i n  40 years !  

'robably t h e  most b a s i c  a p p l i c a t i o n  of  geometric s e r i e s  occurs  i n  

of r a t i o n a l  numbers. The number 0.232323... i s  an i n f i -  

t i n g  decimal. We can view t h i s  decimal a s  a n  i n f i n i t e  

e r i e s  and f i n d  i ts sum t o  be t h e  r a t i o n a l  number 23/99. 

So f a r ,  we have seen t h a t  t h e  geometric s e r i e s  is indispensable - 
i n  f i n a n c i a l  planning and even i n  o rd inary  a r i thmet ic .  Now we w i l l  s e e  

how t h e  i n f i n i t e  geometric s e r i e s  can be used t o  cons t ruc t  a  maintenance- 

f r e e  house. This is a house t h a t -o n l y  a  mathematician would bu i ld .  The 

f i r s t  room is  one f o o t  wide, one f o o t  deep, and one f o o t  high. A s  t h e  

family grows, rooms a r e  added. The second room is  t h e  same a s  t h e  f i r s t ,  

but  only one-half a s  high. This  mathematician m u l t i p l i e s  s o  wel l  t h a t  

rooms a r e  added i n f i n i t e l y  o f t e n ,  each room being one-half a s  high a s  

t h e  l a s t .  

Now t h a t  t h e  house i s  complete, we c a l c u l a t e  t h e  volume o f  t h e  house by 

t o t a l l i n g  t h e  volumes of  t h e  rooms: 

V = 1 + 1 / 2  + 1/4  + 1/8  + ... 
- I - 2 c u b i c f e e t .  

1 - 1/2 

This house has f i n i t e  volume, bu t  s i n c e  it has i n f i n i t e l y  many c e i l i n g s  

of  one square f o o t  each, it has i n f i n i t e  sur face  a rea .  Thus we could 

f i l l  t h e  house with j u s t  2  cub ic  f e e t  of p a i n t ,  but  it would t a k e  i n f i -  

n i t e l y  many g a l l o n s  of  p a i n t  t o  p a i n t  t h e  c e i l i n g s .  Since t h e r e  is  no 

hope of  p a i n t i n g  it, we have a  maintenance- free house. 

Any d i scuss ion  of  t h e  geometric s e r i e s  ought t o  have a t  l e a s t  one 

purely geometric example. So, consider  t h e  30-60-90 r i g h t  t r i a n g l e  

Shown i n  t h e  diagram which fol lows.  



We leave  it t o  t h e  r e a d e r  t o  show t h a t  t h e  a ' s  a r e  terms of t h e  geo- 

met r ic  s e r i e s ,  t h a t  t h e  b ' s  a r e  terms of  a geometric s e r i e s ,  t h a t  t h e  

c ' s  a r e  terms o f  a geometric s e r i e s  and t h a t  t h e  d ' s  a r e  terms of  a 

geometric s e r i e s .  

So f a r ,  we have discussed geometry, a r i t h m e t i c ,  f i n a n c i a l  planning 

and cons t ruc t ion .  What could be next? Gambling? Suppose we t o s s  a 

coin u n t i l  t h e  first head appears .  The p r o b a b i l i t y  t h a t  t h e  f i r s t  head 

appears on t h e  first t o s s  is 1 / 2 ,  on t h e  second t o s s  1/4, on t h e  t h i r d  

t o s s  1 /8 ,  and s o  on. The sum of  t h e s e  p r o b a b i l i t i e s  is a geometric 

s e r i e s  : 

The t o t a l  of  one shows us  t h a t  t h i s  i s  a l e g i t i m a t e  p r o b a b i l i t y  d i s-  

t r i b u t i o n ,  t h e  geometric d i s t r i b u t i o n .  

Suppose we have a chance t o  p lay  a simple game where t h e  proba- 

b i l i t y  is 1 / 3  t h a t  we win $6 and 2/3 t h a t  we win $18. On t h e  average, 

we w i l l  win 

This  is t h e  expected value of t h e  game. How much would you be w i l l i n g  

+ = n-n -̂= +o play  t h i s  game? Paying anything l e s s  than  $14 would 

cgain. 

zo back t o  t o s s i n g  a co in  u n t i l  t h e  first head appears. 

d o l l a r s  i f  t h e  f i r s t  head appears on t h e  n t h  t o s s .  

J be w i l l i n g  t o  pay f o r  t h e  p r i v i l e g e  of playing t h i s  

c e r t a i n l y  be w i l l i n g  t o  p u t  up your 

sar, and your 40-year annuity,  s i n c e  

U-te ! 

maintenance-free 

your expected 

E = $2(1/2) + $4(1/4) + $8(1/8) + ... 
= $ 1 + $ 1 +  $ 1 +  . . a  . 

This is known a s  t h e  Petersburg Paradox. 

. - 
We f i n a l l y  g e t  t o  t h e  mathematical proof t h a t  Moses i s  your 

grandfather .  S t a r t  counting your ances tors .  To make t h i n g s  simple, 

don ' t  count them a l l ,  j u s t  count y o u r s e l f ,  your paren ts ,  your grand- 

paren ts ,  your g r e a t  grandparents ,  your g r e a t  g r e a t  grandparents ,  and s o  

on. This looks l i k e  another  geometric s e r i e s  

Now suppose t h a t  a new generat ion occurs every 40 years ,  then i n  t h e  

l a s t  2,000 years  your family t r e e  would have 50 genera t ions ,  a conser-  

v a t i v e  es t imate .  Since 

you have over 2 

count aun ts  and 

q u a d r i l l i o n  people i n  your family t r e e  and we d i d n ' t  

uncles  ! 

Now today t h e  e a r t h  has  roughly 5 b i l l i o n  people and t h i s  is  

probably a much l a r g e r  populat ion than a t  any time i n  t h e  p a s t .  Suppose 
t h e  populat ion of  t h e  e a r t h  is  renewed each 40 y e a r s ,  then during t h e  

l a s t  2000 y e a r s  t h e r e  would have been 50 t imes 5 b i l l i o n  o r  250 b i l l i o n  

i n h a b i t a n t s  o f  t h e  e a r t h ,  a very generous est imate.  But, you alone A 

have over  2 q u a d r i l l i o n  people i n  your family t r e e ,  during t h e  same 

time. This  is c e r t a i n l y  a con t rad ic t ion .  Therefore, Moses i s  your 

grandfather .  



AVERAGE LENGTH OF CHORDS 
DRAWN FROM A P O I N T  TO A C I R C L E  

by Hung C.  LL 
U ~ v w n - i M j  0 6  S o a t h e ~ n  C o t o m d o  

The average (mean) value of  a  populat ion o r  a  sample p lays  an 

important r o l e  i n  s t a t i s t i c s .  The process  f o r  f i n d i n g  t h e  average 

value of a  func t ion  i n  s t a t i s t i c s  u s e s  an approach which i s  d i f f e r e n t  

from t h a t  used i n  ca lcu lus .  In  c a l c u l u s ,  i f  g  is an i n t e g r a b l e  

func t ion  on a  c losed  i n t e r v a l  [ a ,  b ] ,  then  t h e  average value of  g  on 
b 

[a ,  b] is defined t o  be f g ( x ) d x / ( b  - a ) .  The method depends upon t h e  

not ion of t h e  l i m i t  of  an a r i t h m e t i c  mean. I n  s t a t i s t i c s ,  we u t i l i z e  

t h e  dens i ty  func t ion  f ( x )  of a  random v a r i a b l e  X. The average value of  
00 

g on [a ,  bl is defined by / f (x)g(x)dx,  which i s  broader. Also, t h e  

technique allows us  t o  e a s i l y  f i n d  t h e  s tandard dev ia t ion  which 

descr ibes  t h e  d i spers ion  of t h e  d a t a  i n  a  populat ion o r  a  sample ( s e e  

t h e  remark a t  t h e  end of t h e  paper) .  

The problem we consider  i n  t h i s  paper concerns t h e  i n t e r s e c t i o n s  

of  a  p e n c i l  of  s t r a i g h t  l i n e s  with a  c i r c l e .  The segments of  t h e  l i n e s  

within t h e  c i r c l e  form chords. We wish t o  f i n d  t h e  average leng th  of  

t h e  chords using t h e  s t a t i s t i c a l  technique. Since t h e  s i t u a t i o n  depends 

on t h e  r e l a t i v e  p o s i t i o n s  of a  f i x e d  po in t  and a  c i r c l e ,  t h e  d i scuss ion  

f a l l s  i n t o  t h r e e  cases .  

Case I. The f i x e d  po in t  P i s  i n s i d e  t h e  c i r c l e  with c e n t e r  

C and r a d i u s  r. Without l o s s  of g e n e r a l i t y ,  we can take  t h e  f i x e d  

po in t  P a s  t h e  pole  and t h e  f ixed  r a y  PC a s  t h e  p o l a r  a x i s .  Let 

PC = c < r, where c  and r a r e  cons tan ts ,  then t h e  p o l a r  coord ina tes  of 

C a r e  (c,O) and t h e  equat ion of  t h e  c i r c l e  is  

2 2 
p2 - 2cp cos 0 - ( r  -c ) = o 

Figure 1 Figure 2 

For any f i x e d  0, say 6 = 0 t h e  locus of  t h e  po in t  ( P ,  6 )  is 
0' 

t h e  s t r a i g h t  l i n e  AB which i n t e r s e c t s  t h e  c i r c l e  a t  A and B. Using (11, 

t h e  d i r e c t e d  d i s tances  from P t o  A and P t o  B a r e  p = c cos 0 Â 
0 

2 2 2  
-Ã  ̂ +- 

/r - c s i n  0 Let p be t h e  r a d i u s  vec tor  of PA and p t h a t  of  PB 
0'  

( s e e  Figure 1). 

2 2 Since lc  cos oo1 < /r2 - c s i n  0 we have 
0' 

2  
pl = c cos o0 + /r2 - c s in0  > 0, 

and 

+- 

If I i s  t h e  leng th  of t h e  chord AB, then 

2 2 g, = pl + I p  1 = 2/r2 - c s i n  oO. 
2  

Since 0 is a r b i t r a r y ,  we can drop t h e  s u b s c r i p t  and w r i t e  

2 2 
(2 )  I = t ( 6 )  = 2/r2 - c s i n  6. 

A 

Since t h e  c i r c l e  is symmetric with r e s p e c t  t o  t h e  p o l a r  a x i s ,  it i s  

s u f f i c i e n t  t o  consider  6 from 0 t o  IT. Furthermore, i f  0 < 0 < v/2 then 
- - 

1r/2 2 v - 6 5 TT, PA* = p 5 = lp I ,  PB": = l p $ l  = ply and 
1 2 



g,* = p* , + lp$ = l p 2  1 + pl = !2 ( see  Figure 2  1. Thus we need only 

consider  6  from 0  t o  v/2. Regard t h e  p e n c i l  of  s t r a i g h t  l i n e s  

produced by a  l i n e  r o t a t i n g  counter-clockwise uniformly about t h e  

f i x e d  po in t  P and s t a r t i n g  from t h e  p o l a r  a x i s ,  then t h e  p o l a r  angle 6  

is  a  random v a r i a b l e  possessing t h e  p r o b a b i l i t y  dens i ty  func t ion  

The average value u of SL is  defined by 

where 
2  

k  = ( c / r l 2  < 1. 

The i n t e g r a l  i n  ( 3 )  is  a  complete e l l i p t i c  i n t e g r a l  of  t h e  second kind 

[ I ] ,  and we can f i n d  t h e  approximations of  p. 

For i n s t a n c e ,  i f  c  = r / 2 ,  then  from ( 3 )  and t a b l e s  of e l l i p t i c  

i n t e g r a l s  of t h e  second kind,  ( see  [I],  p. 533) we have 

One s p e c i a l  case  of  i n t e r e s t  is t h e  case when P is t h e  cen te r  of 

t h e  c i r c l e .  Then c  = 0 and \i = 2r. 

Case 11. The f i x e d  po in t  P is  on t h e  circumference o f  t h e  

c i r c l e ;  t h a t  is ,  c  = r. Then (1)  and ( 2 )  reduce t o  p  = 2 r  cos 6 ,  

= 2 r  cos 6,  and 

Case 111. The f ixed  po in t  P is ou ts ide  t h e  c i r c l e .  I n  t h i s  

case c  > r. We need only i n v e s t i g a t e  t h e  l i n e s  which i n t e r s e c t  t h e  

c i r c l e .  Since t h e  f i g u r e  is symmetric about t h e  p o l a r  a x i s ,  we need 
-1 r 

only consider  6 from 0 t o  a  = s i n  - < ~ / 2 .  For any 6,  c a l l  t h e  

l a r g e r  of  two d i r e c t e d  d i s t a n c e s  pl and t h e  s h o r t e r  p2. Since c  > r 

2  2  and c  cos 6 > /r2 - c  s i n  6 > 0 ,  

2  2  
p = c  0 s  6  + A2 - c  s i n  9 ,  

which i s  t h e  same form a s  (2 ) ,  but  now c  > r and f ( 6 )  = I / a ,  i f  

0  <_ 6  < a ;  otherwise,  f ( 8 )  = 0. Therefore,  t h e  average value of  A ,  
with r e s p e c t  t o  6, i s  

where a  = s i n l ( r / c ) .  
2  The i n t e g r a l  i n  ( 5 )  i s  t h e  same a s  t h a t  i n  ( 3 1 ,  except  ( c / r )  > 

1. We need t o  change t h e  v a r i a b l e ,  before  we can use t h e  t a b l e s  of 

e l l i p t i c  i n t e g r a l s .  

Transform s i n  9  = s i n  (t, then  ( 5 )  t a k e s  t h e  form r 

2  
where k  = ( r / c l 2  < 1. 

The f i r s t  i n t e g r a l  i n  ( 6 )  is  a  complete e l l i p t i c  i n t e g r a l  of 

t h e  f i r s t  kind. 

Example, if c  = 2 r ,  then  a  = n/6. From ( 6 )  and t a b l e s  of e l l i p t i c  

i n t e g r a l s  ( s e e  [ I ] ,  pp. 529 and 5331, we ob ta in  

I f  we regard  c  a s  parameter and al low it t o  vary,  we have two 
+ s p e c i a l  cases  of  i n t e r e s t .  In one case ,  i f  c  + r ( o r  c  -i- r i n  Case I ) ,  

then a  + n/2, c / r +  1, and from ( 5 )  ( o r  ( 3 ) ) ,  we o b t a i n  u+4r/ir which 

agrees  with ( 4 ) .  I n  t h e  second case,  i f  c +  + -, then  a +  0 ,  ca  = e x  

-1 r s i n  ;+ r ,  and p + r r / 2  ([21. In  a  c i r c l e ,  t h e  average l e n g t h  of  chords 

p a r a l l e l  t o  a  given diameter is t h e  same a s  t h e  average leng th  of  chords 



For Case I. 

Remark: The s tandard dev ia t ion  u i n  s t a t i s t i c s  is defined by 

d by ( 3 ) .  and hence = / E ( I )  - p2 = /4r2 - 2c2 - p2, where p is  def ine  

2 I f  c = r / 2 ,  we have c = /3.5r2 - (1.868r)  = 0.1028r. 

For Case 11. 

and 

For Case 111. 

and 

( 5 ) .  

2 1 2  
a = { 4 r 2  - 2c t - c sir12a - p2}' where p is defined by 

a 

1 2 / 3  If c = 2 r ,  then a = and u = {(- - 4 ) r
2  - ( 1 . 5 5 2 r ) 2 }  = 0.4552r. 

6 

Why is t h e  s tandard dev ia t ion  i n  Case I much smaller  than i n  Cases 

I1 and I I I ?  Because, i n  Case I ,  I spreads only between /3r and 2r ;  but  

i n  Cases I1 and 111, I is spread widely between 0 and 2r .  
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THE QUASI-  ISOSCELES QUADRILATERAL 

by Jack G a ~ , + . d a 4 !  
QueenAboko CommunLty CoU.e.ge 

and Ctayton W .  Dodge 
U L v m W  06 Maine. 

In  t h e  F a l l  1981 i s s u e  of t h i s  Journa l ,  we published an a r t i c l e  

e n t i t l e d  "The E q u i l i c  Quadr i la te ra l"  i n  which we s tud ied  a q u a d r i l a t e r a l  

ABCD with AB = CD and angle  B t angle C = 120 degrees. Following t h i s  

theme, i n  t h e  F a l l  1984 i s s u e ,  we considered "The S q u a r i l i c  Quadr i la te ra l" ,  

def ined a s  a q u a d r i l a t e r a l  ABCD with AB = CD and angle  B t angle C = 90 

degrees. Although o t h e r  s p e c i a l  q u a d r i l a t e r a l s  could be considered,  

such a s  t h e  " 8 9  q u a d r i l a t e r a l" ,  we r e a l i z e d  t h a t  many of  t h e  r e s u l t s  of 

our previous papers  can be derived a s  s p e c i a l  cases ,  i f  we consider  

q u a d r i l a t e r a l s  i n  which AB = CD is requi red .  This i s ,  t h e r e f o r e ,  

t h e  purpose of  t h i s  paper. 

Ved-inmon. A q u a d r i l a t e r a l  ABCD w i l l  be c a l l e d  &- isosceles 

i f  AB = CD and angle  B t angle  C i s  l e s s  than  180 degrees. 

The-~/wm 1. I f  a quas i- i sosce les  q u a d r i l a t e r a l  is  c y c l i c ,  then it 

is an i s o s c e l e s  t rapezo id .  

Proof. The proof is  l e f t  t o  t h e  reader .  See Figure 1. 

A 

Figure 1 

We introduce t h e  fol lowing terminology i n  o rder  t o  s impl i fy  t h e  

s tatements  of our  r e s u l t s .  



Ve6'uu^ion. a. For a given quadrilateral  ABCD, a specia l  tri- 

angle w i l l  be any t r iangle  having i ts  base angles add up t o  angle B + 
angle C. That is,  i ts  apex angle w i l l  be equal t o  angle A + angle D - 
180'. 

b. An isosceles special  t r iangle  is a special  tri- 

angle whose base angles are  equal, t h a t  is ,  each base angle i s  equal t o  

(1/2)(angle B + angle C). 

Theohem 2.  Quadrilateral ABCD is quasi-isosceles i f  and only i f  

special  isosceles t r iangles  erected upwardly on sides BC and AD have the 

same vertex. 

Proof. Refer t o  Figure 2.  Let ABCD be a quasi-isosceles quad- 

r i l a t e r a l ,  and l e t  EBC be a special  isosceles t r iangle  erected upwardly. 

A rotation about point E through angle BEC carr ies  t r iangle  EBA in to  a 

congruent t r iangle  ECD'. Because angle ABC + angle BCD = angle EBC + 
angle BCE, then angle EBA = angle ECD by subtraction. Also, CD = BA so 

t h a t  CD = CD' .  Hence, points D and D '  coincide and t r iangle  BAD is  

special  isosceles. 

Let EBC and EAD be specia l  isosceles t r iangles  fo r  quadrilateral  

ABCD. Then a rota t ion about E carr ies  t r iangle  EBA t o  t r iangle  ECD, so 

BA = CD, and quadrilateral  ABCD is  quasi-isosceles. We leave it t o  the 
0 

reader t o  prove t h a t  angle B + angle C < 180 . 

Figure 2 

Theohem 3 .  In a quasi-isosceles quadrilateral  ABCD, the mid- 

points M 3  and M of s ides  AD and BC, respectively, and the midpoints M 2  
1 

and M of the diagonals AC and BD, respectively, a re  ver t ices  of a nhom- 
4 - -  - 

bus. 

Figure 3 

Proof. In Figure 3, from t r iangles  BCD and ACD, we have 

From t r iangles  CAB and DAB, we get 

Since we are  given tha t  AB = CD, MlM2M3M4 is a rhombus. 

Tfceoheffl 4 .  Quadrilateral ABCD is quasi-isosceles i f  and only i f  

the apexes of special  isosceles t r iangles  constructed outwardly on sides 

AB and CD and the midpoint of s ide  AD are coll inear.  



Proof. Refer  t o  Figure 4. Let FBA and EDC be s p e c i a l  i s o s c e l e s  

t r i a n g l e s  constructed outwardly on s i d e s  AB and CD of  quas i- i sosce les  

q u a d r i l a t e r a l  ABCD, and l e t  M be t h e  midpoint of  AD. Reca l l  t h a t  

t h u s  angle MDE = 360' - D - (1/2)(B + C) 

= A t (1/2)(B t C )  = angle FAM. 

Now, t r i a n g l e s  FAM and EDM a r e  congruent by S. A .  S., s o  M i s  

t h e  midpoint of EF. Conversely, l e t  M be t h e  midpoint of EF and a l s o  

of AD where FAB and ECD a r e  s p e c i a l  i s o s c e l e s  t r i a n g l e s  f o r  quadr i la t-  

e r a l  ABCD. Then t r i a n g l e s  AFM and DEM a r e  congruent.  Then AB = CD 

and q u a d r i l a t e r a l  ABCD is  quas i- i sosce les .  (We have angle B + angle C 

< 1 8 0 ,  s ince  FAB is a t r i a n g l e  and s p e c i a l  f o r  ABCD.) 

Thc~oheffl 5.  I f  s p e c i a l  i s o s c e l e s  t r i a n g l e s  a r e  constructed on 

s i d e s  AB and DA (outwardly) and on DC '(downwardly) o f  quas i- i sosce les  

q u a d r i l a t e r a l  ABCD, then t h e  j o i n  of  t h e i r  v e r t i c e s  determines a spe- 

c i a l  i s o s c e l e s  t r i a n g l e .  

/ - Tit 

G 

Figure 5 

Proof. Refer  t o  Figure 5. We have 

angle FAE = angle FAB t angle BAD t angle  DAE 

= (1/2)(B t C) + A + (1/2)(B t C) 

= angle ADC = angle  EDG 

s ince  angle  EDA = angle GDC. Because EA = ED and AF = DG, t r i a n g l e s  

EAF and EDG a r e  congruent by S. A. S. Thus EF = EG and angle FEG = 
angle AED s ince  a r o t a t i o n  about E through angle AED c a r r i e s  t r i a n g l e  

EAF t o  t r i a n g l e  EDG. 

Tfce.O~.gffl 6 .  If s p e c i a l  i s o s c e l e s  t r i a n g l e s  QAD, RAC and PBD f o r  

quas i- i sosce les  q u a d r i l a t e r a l  ABCD a r e  constructed upwardly on s i d e  AD 

and on diagonals  AC and BD, then  t h e  apex v e r t i c e s  a r e  c o l l i n e a r  and Q 

is  t h e  midpoint of  PR. 

Figure 6 

'Proof. Refer t o  Figure 6 .  A r o t a t i o n- s t r e t c h  with c e n t e r  D ,  

through angle BDP = (1/2)(B t C )  and with r a t i o  PD/BD c a r r i e s  segment BA 

t o  segment PQ, s o  t h e  ang le  between BA and PQ i s  (1/2)(B t C). Hence, 

t h e  angle between BC and PQ is  
A 

(1/2)(B + C )  - B = (1/2)(C - B). 

A s i m i l a r  r o t a t i o n- s t r e t c h  with c e n t e r  A ,  through angle  CAR = (1/2)(B t C) 



and with r a t i o  

CD and RQ is  

Thus, P, Q and 

RA/RC (= PD/BD) maps CD t o  RQ. Hence, the  angle between The.04.m 8. I f  spec ia l  i sosce les  t r i ang le s  EAB, GCB, I C D ,  GDA, 

FDB and HCA a r e  constructed, a l l  upwardly, on each s ide  and on each 

diagonal of quasi- isosceles quad r i l a t e r a l  ABCD, then the  ve r t i ce s  

C - (1/2)(B + C) = (1/2)(C - B). these t r i ang le s  determine a quasi- isosceles quadr i la te ra l .  

R a r e  co l l inear .  Furthermore, PQ = QR since PQ/AB = 

PD/BD = RA/AC = QR/CD and AB = CD. 

Theo~m 7 .  I f  PAC and P'BD a r e  i sosce les  t r i ang le s  whose bases 

a r e  t he  diagonals of quasi- isosceles quad r i l a t e r a l  ABCD and whose apex 

angles a r e  each equal t o  angle B + angle C and which a r e  oriented down- 

ward, then P and P' coincide. 

Figure 7 

Proof. Refer t o  Figure 7. Let t he  perpendicular b i s ec to r s  of 

AC and of  BD meet a t  point  P f o r  given quasi- isosceles quad r i l a t e r a l  

ABCD. Then PC = PA, PD = PB, and, s ince  AB = CD, t r i ang le s  PCD and PAB 

a re  congruent. Hence, angle ABP = angle CDP. Let x = angle PBD = 
angle PDB, then i n  t r i ang le  BDC we have 

(angle B - angle ABP + x) + (x + angle PDC) + angle C = 180' 

so t h a t  2x + B + C = 180Â 

and angle BPD = 180Â - 2x = B t C. 

Figure 8 

Proof. Refer t o  Figure 8. A ro ta t ion- s t re tch  about point  B, 

through angle DBF and with r a t i o  EA/BA, ca r r i e s  AD t o  EF. A ro ta t ion-  

s t r e t c h  about point  C,  through angle ACH and with r a t i o  IC/DC, c a r r i e s  

AD t o  HI. Since EA/BA = IC/DC,  ye have FE = H I ,  so FEIH is  a quasi- 

i sosce les  quadr i la te ra l .  Furthermore, t h e  angle between EF and I H  

equals angle B t angle C s ince  AD is  ro ta ted  (1/2)(B + C) i n  e i t h e r  

d i rec t ion  t o  ge t  EF and I H .  

Surely, more r e s u l t s  can be discovered about t he  quasi- isosceles 

quadr i la te ra l .  However, it may be more in s t ruc t ive  t o  examine the  con- 

sequences t h a t  follow when we l e t  t h i s  quad r i l a t e r a l  degenerate i n  var- 

ious ways, and t r a n s f e r  t h e  proved proper t ies  t o  these  degenerations. 

A s  is t o  be expected, we obtain theorems about t r i ang le s .  

VegeneAate Co~&e 1 .  Given a t r i a n g l e  ABC with AC > AB and D,  a 

point  on AC such t h a t  AB = CD. If i sosce les  t r i a n g l e s  with base angles 

equal t o  (1/2) (B t C) a r e  erected upwardly on AD and on BC, they have' 

t h e  same t h i r d  vertex.  See Figure 9. The proof follows from Theorem 2. 

Similarly,  from t r i ang le  ABC, we angle APC = B + C. The theorem follows 





L I M I T S  OF MEANS FOR LARGE VALUES OF THE VARIABLES 

by J. L. Hiienne~ 
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Polo k i t o ,  CA 95053 

1 .  I n t toduct ion .  This a r t i c l e  concerns t he  l i m i t  of the  d i f f e r-  

ence between two power means when a l l  t he  var iab les  become la rge .  The 

de f in i t i on  of power mean follows and a prec ise  statement of  t he  theorem 

we prove appears i n  Section 3 .  

Let a ,  a ,  ... , a be n pos i t i ve  numbers, not a l l  equal, with 

n a t  l e a s t  two. Let (a)  - represent  t h e  n- tuple (al, a^ ,  ... , an ) .  

Ve&kb%n. The r g  power mean of ( a ) ,  wr i t ten  M ( a ) ,  is given 

bv 

I n  t h i s  paper, a l l  summations w i l l  be from i = 1 t o  i = n and t he  l i m i t s  

on t he  summation symbol w i l l  be omitted. 

Examples of power means a r e  t h e  a r i thmet ic  mean ( r  = 11, t he  

harmonic mean ( r  = -1). and t h e  root-mean-square ( r  = 2). When r = 0, 

(1)  has no meaning. 

By the  following argument, ~ ' H 6 p i t a l ' s  Rule can be used t o  prove 

t h a t  
l i m  M ( a )  = ( a a 2  ... 1/n 

an) 3 

r-K) r =  

which is  the  geometric mean of  t he  n pos i t i ve  numbers al, a ,  ... , a .  

Taking logarithms t o  base e i n  (11, we have 

log M ~ ( z )  = [log 3 
- 

I f  r + 0, then  a: + 1, and 

So we d i f f e r en t i a t e  numerator and denominator with respec t  t o  r t o  ge t  

1/n But l i m  l og  M ( a )  = log  l i m  M ( a ) ,  and hence l i m  M ( a )  = (ala2 ... an) , wo r = PO = r->-o = 

a s  we claimed. An a l t e r n a t i v e  proof of t h i s  r e s u l t  appears i n  [l], 

page 15, no. 3 .  

In  t h i s  a r t i c l e ,  M ( a )  w i l l  be defined a s  G(a), the  geometric 
0 = 

mean. 

A fundamental theorem on power means ( see  reference [l], page 26, 

no. 1 6 )  i n  t h e  case of n pos i t i ve  numbers a .  is 

Theokem 06  ( P o w ~ A ]  Means. I f  r > s, then M ( 2 )  > Ms(a), 

unless a l l  t he  a .  a r e  equal. 

2. The Theokem 0 6  Ho&n-Nivrn. In a recent  a r t i c l e  i n  Mathe- 
matics Magazine [2], t he  following r e s u l t  is proved. 

Theo/iem. I f r  = -1, 0 , 1 , o r  2 , t h e  value o f M  ( a +  5 )  - M ( a +  g) 
r = 

approaches 0 a s  x + oo, where g + g denotes t he  n- tuple ( a  + x, a + x, - - 
. , a + x). 

n 

For o r i en t a t i on ,  note t h a t  i f  t h e  numbers b b2, ... , bn a l l  

equal b ,  b > 0, then M ( b ,  b ,  . . . , b ) = b f o r  each value of r. In t he  

theorem of Hoehn-Niven, i f  x i s  a l a rge  pos i t i ve  quant i ty ,  it could be 

argued t h a t  t he  numbers al + x, a2  + x ,  ... , a + x a r e  "nearly equal," 

s ince  any d i f fe rences  a r e  swamped by t h e  ( l a r g e )  value of x. This remark 

does not  prove t he  theorem, o r  even give any clue a s  t o  how it might be 

es tab l i shed .  

It  is known (and e a s i l y  proved) t h a t  t h e  rc mean l i e s  between 

the  smallest  value, say .f?, and the  l a r g e s t  value, say L ,  of t he  numbers 

a!, a2 ,  - - -  , a ;  t h a t  is ,  

i. = min a < M ( a )  < max a = L .  
j r =  3 

Thus (x + t )  - (x  + L) 5Mr(a  + x) - - M ( a  + g )  - ^_ (x  + L) - (x  + i . ) ,  s o  

t h a t  t he  Hoehn-Niven d i f fe rence  l i e s  between -(L - 1) and (L - 1 ) .  This 

f a c t  is cons is ten t  with t he  theorem, but  it is s t i l l  a long way from 



proving it ( o r  even from proving t h a t  t h e  d i f fe rence  approaches a l i m i t ) .  

F i n a l l y ,  it can be proved t h a t ,  a s  r -+ w ,  M ( a )  approaches L ,  r = 
and a s  r -+ -a, M ( a )  approaches i, but  t h i s ,  even toge ther  with t h e  r = 
theorem of  t h e  means, does no t  prove anything about t h e  Hoehn-Niven 

l i m i t .  

3 .  A ge.n&zation. A s  f a r  a s  I know, nothing l i k e  t h e  Hoehn- 

Niven theorem has previously appeared i n  t h e  l i t e r a t u r e .  The theorem i s  

t h e  s p e c i a l  case ( f o r  r = -1, 0, 1, o r  2)  of t h e  fol lowing 

The.o~.~m 1 .  I f  r is  any i n t e g e r ,  then t h e  value of  M ( a  + 5 )  - r = 
M ( a  + 5 )  approaches zero a s  x becomes i n f i n i t e .  1 =  - 

This genera l iza t ion  w i l l  be proved only f o r  r > 0. The proof 

f o r  r < 0 i s  more d i f f i c u l t ,  except t h a t  i f  n = 2 and r < 0 ,  it is a 

reasonable exerc i se  f o r  readers  of  t h i s  Journal .  If r is not  an i n t e g e r ,  

t h e  genera l iza t ion  is  a l s o  t r u e .  See Sect ion 4. If r > 0 and r is an 

i n t e g e r ,  t h e  proof goes t h i s  way. Write M = M ( a  + 51 ,  and compute r = 

Note Mr = (al + x)r /n + . . . + (an + xlr /n.  Use t h e  binomial theorem on 
r r r-1 

each of t h e  n terms: ( a l +  x )  = x + r a  x + ... , and s o  on. The 1 
terms i n  x i n  t h e  above numerator cancel .  Thus 

where T is  t h e  sum of terms of  degree r- 2 o r  l e s s  i n  x. AS t o  t h e  
r-1-j j 

denominator, t h e r e  a r e  r terms of  t h e  form M x . It w i l l  be proved 

f i r s t  t h a t  each of t h e s e  r terms has t h e  p roper ty  t h a t  t h e  l i m i t  of  
Mr-l- j x j  /xr-l 

is 1 f o r  x -+ a. 

For i n s t a n c e ,  t h e  f i r s t  term is  Mr-', and 

r-1-j j 
The genera l  term i n  t h e  denominator of  (2 )  is  M x . I f  t h i s  term 

r-1 
is divided by x , t h e  r e s u l t  is Mr-'-'/xr-'-j , which a l s o  has l i m i t  1, 

s i n c e  M/x has l i m i t  1, as has j u s t  been proved. 

In  a l l ,  t h e r e  a r e  r terms i n  t h e  denominator of (21, t h e  f r a c t i o n  
r-1 

t h a t  r e p r e s e n t s  M - x. Dividing numerator and denominator by x and . 

l e t t i n g  x -+ oo gives  t h e  r e s u l t  

l i m  (M - x )  = ( a  + a + . . . + a n ) / n  
X-xÃ 1 2  

= M ( g ) ,  

r-1 s i n c e  l i m  (T/x ) = 0. 
X? 

Only one more s t e p  i s  needed. Write M - M = (M - x) - ( M  - x ) ,  

and note t h a t  it has j u s t  been proved t h a t  (M - x )  and (M - x )  have t h e  
1 

same l i m i t .  This completes t h e  proof of Theorem 1 if r > 0 and i s  an 

i n t e g e r .  

4. The. cdie. A no2 Â¥ in te .g ld  To l i f t  t h e  r e s t r i c t i o n  t h a t  r is  

an i n t e g e r ,  use t h e  theorem o f  t h e  (power) means s t a t e d  i n  t h e  i n t r o-  

duct ion.  Let s be a ( p o s i t i v e )  i n t e g e r  g r e a t e r  than t h e  ( p o s i t i v e )  

number r. F i r s t ,  t a k e  t h e  case  s > r 21. Then, by t h e  theorem o f  t h e  

(power ) means, 

and Theorem 1 (with r nonin tegra l )  fol lows a t  once from Sect ion 3 (with 

s i n t e g r a l ) .  Next, t a k e  t h e  case 0 < r < 1. By t h e  theorem of t h e  

(power ) means, 

and Theorem 1 (with r nonin tegra l )  is proved i n  t h i s  case a l s o ,  accord- 

i n g  t o  t h e  second a s s e r t i o n  i n  t h e  Hoehn-Niven theorem. Thus Theorem 1 

is proved f o r  every p o s i t i v e  value of r. 
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A NEW PROOF OF A F A M I L I A R  RESULT 

It i s  wel l  known t h a t  i f  s i d e s  AB and AC of t r i a n g l e  ABC a r e  o f  

unequal l eng th ,  then t h e  r a y  t h a t  b i s e c t s  angle A w i l l  meet t h e  per-  

pendicular  b i s e c t o r  of s i d e  BC i n  a po in t  D t h a t  is o u t s i d e  t h e  t r i a n-  

g l e ,  a s  i n  Figure 1. Of t h e  v a r i e t y  of  known proofs  of  t h i s  f a c t  per-  

haps t h e  e a s i e s t  involves showing t h a t  D l i e s  on t h e  c i r c l e  t h a t  c i r -  

cumscribes t r i a n g l e  ABC. Here, we presen t  a new proof of  t h i s  f a m i l i a r  

r e s u l t  t h a t  r e l i e s  on a c o n t i n u i t y  argument. 

Figure 1 

Without l o s s  o f  g e n e r a l i t y ,  suppose t h a t  s i d e  AB is  s h o r t e r  than  

s i d e  AC. It  is  convenient t o  consider  t h r e e  cases  depending upon wheth- 

e r  angle B is acu te ,  is a r i g h t  ang le ,  o r  is  obtuse,  although i n  almost 

a l l  r e s p e c t s  t h e  proof is i d e n t i c a l  i n  a l l  t h r e e  cases .  I n  each of  t h e  

t h r e e  c a s e s ,  shown i n  Figure 2 ,  M is t h e  midpoint of  s i d e  BC. 1 

Figure 2 

Observe, f i r s t ,  t h a t  p o i n t  D f a l l s  i n s i d e  t r i a n g l e  ABC only i f  

t h e  ray  t h a t  b i s e c t s  ang le  A c u t s  BC above i t s  midpoint. ( i n  t r u t h ,  

t h i s  is not  e n t i r e l y  "obvious" when angle B i s  a c u t e  bu t  w e  w i l l  r e t u r n  

t o  t h i s  d e t a i l  a t  t h e  conclusion of  t h e  main argument.) If t h i s  i s  

accepted,  it fol lows t h a t  t h e  theorem w i l l  be e s t a b l i s h e d  i f  we can 

show t h a t  t h e  po in t  S i n  which t h e  ang le  b i s e c t o r  i n t e r s e c t s  BC is 

c l o s e r  t o  B t h a n  t o  C. We a r e  t h u s  l e d  t o  consider  t h e  r a t i o  r 

Next, extend ( s h o r t )  s i d e  AB t o  p o i n t  C' such t h a t  AC = AC' and 

l o c a t e  M a t  t h e  midpoint o f  s i d e  CC', a s  shown i n  Figure 3 .  (Only t h e  2 
c a s e  f o r  B obtuse is shown; t h e  o ther  cases  proceed i n  e x a c t l y  t h e  same 

way.) Then, s i n c e  t r i a n g l e  AC'C is  i s o s c e l e s ,  we know t h a t  AM2 b i s e c t s  

angle A. 



Figure 3 

While B was o r i g i n a l l y  a  " fixed" poin t  on t h e  l i n e  segment A C ' ,  

we now ask what happens i f  B is allowed t o  vary back and f o r t h  on AC'. 

To s tudy t h i s  ques t ion ,  we in t roduce  a  v a r i a b l e  x t o  measure t h e  loca-  

t i o n  of B during t h e s e  wanderings. I n  p a r t i c u l a r ,  we choose x t o  be a  

l i n e a r  s c a l i n g  of  t h e  i n t e r v a l  AC' such t h a t  i f  B is  a t  A ,  t h e  l e f tmos t  

' ex t remi ty"  of A C T ,  then x = 0 ,  whereas, i f  B is a t  C '  ( t h e  o t h e r  ex- 

t r e m i t y ) ,  then  x = 1. In  e f f e c t ,  we make B a  "function" of x ,  say  B = 

B(x). If S cont inues t o  des igna te  t h e  po in t  i n  which t h e  ( f i x e d )  seg- 

ment A M  i n t e r s e c t s  t h e  (newly vary ing)  s i d e  BC, S a l s o  becomes a  

func t ion  of x and, more important ly,  s o  does t h e  r a t i o  r introduced 

above. It is t h e  behavior of  t h e  continuous func t ion  r ( x )  t h a t  we now 

i n v e s t i g a t e .  

Clear ly ,  r ( 0 )  = 0 s i n c e  S = A when x = 0. Likewise, r ( 1 )  = 1 

since  S = M when x = 1 and M i s  t h e  midpoint of  C C ' .  A s  noted 
2 2 . e a r l i e r ,  our  proof w i l l  be f i n i s h e d  i f  we can show t h a t  r ( x )  s t a y s  

below 1 f o r  0 <  x <  1. 

Suppose it does no t ,  t h a t  is, suppose t h e r e  e x i s t s  some po in t  x  

such t h a t  r ( x  ) > 1. (The case r ( x  ) > 1 is shown i n  Figure 4; t h e  

o t h e r  case  i s  e a s i e r . )  By c o n t i n u i t y  of r ( x )  t h e r e  must then e x i s t  a 

p o i n t  u  between 0 and x such t h a t  r ( u )  = 1. Because of  t h e  way r was 

defined,  t h i s  means t h a t  t h e  corresponding p o i n t  S(u)  is t h e  midpoint 

of s i d e  BC. But we have now reached a  c o n t r a d i c t i o n  because i f  S i s  

t h e  midpoint of  s i d e  BC and M is t h e  midpoint of s i d e  CC' i n  t r i a n g l e  

BC'C, then segment SM must be p a r a l l e l  t o  s i d e  BC' and we know it is  
2 

Figure 4 

no t  because A is a common poin t  on t h e  l i n e s  containing these  supposed- 

l y  " p a r a l l e l"  segments. 

We t u r n ,  f i n a l l y ,  t o  t h e  " d e t a i l"  mentioned a t  t h e  o u t s e t  of  t h e  

proof .  It might be argued t h a t  our  dec i s ion  t h a t  D i s  ou ts ide  t r i a n g l e  

ABC is unassa i lab le  i f  angle B 2 9 0  but  is f a u l t y  f o r  acu te  angles  B 

i f  t h e  perpendicular  b i s e c t o r  of s i d e  BC i n  such t r i a n g l e s  a c t u a l l y  c u t  

AB, a s  i n  t h e  ( d i s t o r t e d )  Figure 5. I n  s h o r t ,  our  "proof" f o r  t h e  case 

Figure 5 

of  acu te  ang les  B would r e s t  upon t h e  s t a t e  of a f f a i r s  i n d i c a t e d  by a -  

f i g u r e  r a t h e r  than  upon l o g i c .  This  ob jec t ion  disappears  i f  we consider  

t h e  l o c a t i o n  of  P i n  Figure 6 ,  where P is t h e  f o o t  of  t h e  perpendicular  

drawn from A. 



Figure 6 

To show t h a t  P l i e s  between B and the  midpoint of BC, we apply 
2 2 2  t h e  Law of Cosines t o  t r i a n g l e  ABC using cosB. From b = a + c - 

2 2 2 2accosB, we obtain b - c
2 = a ( a  - 2ccosB). But b - c > 0,  so  

a > 2ccosB, and a/2 > ccosB. Therefore, our proof i s  va l id  a f t e r  a l l .  

ST.  JOHN'S UNIVERSITY/COLLEGE OF ST.  BENEDICT 
ANNUAL P I  MU EPSILON STUDENT CONFERENCE 

M a r c h  14 a n d  M a r c h  15, 1986 

This annual conference is open t o  a l l  s tudents and teachers - not only 
t o  members of P i  Mu Epsilon. The program w i l l  cons is t  of severa l  
s tudent  presentat ions and major addresses by t h e  p r inc ipa l  speaker, 
Professor Pe ter  Hilton. 

This conference provides an excel len t  forum i n  which students who have 
been working on independent study o r  research pro jec ts  can present  t h e i r  
work t o  t h e i r  peers. . 

S I M P L I F I E D  PROOFS FOR SOME MATRIX THEOREMS 

by John R .  Schue. 
Maco^~-tm CoUege. 

If you have any quest ions concerning t h e  student  paper program o r  t h e  
f r e e  on-campus housing arrangements during t h e  conference, contact  
e i t h e r  Professor Gerald E. Lenz (612-363-3193) o r  Professor Michael D.  
Gass (612-363-3192), Department of Mathematics, S t .  John's University, 
Collegevil le ,  Minnesota 56321. 

Additional information w i l l  be avai lab le  i n  January. 

The idea  f o r  t h i s  note grew out  of a mention i n  [I], page 88, 

t h a t  f o r  two matrices A and B ,  R.(AB) = Ri(A)B, where Ri(X) represents  

t he  i t h  row of matrix X. This r e l a t i on  turns  out t o  be qu i t e  usefu l  i n  

simplifying proofs f o r  a number of t h e  basic algebraic r e l a t i ons  i n  

matrix mult ipl icat ion.  Two examples a r e  given below. 

For t he  proofs we need two addi t ional  r e l a t i ons ,  both of which 

a r e  obvious and eas i l y  proved. They a re  

with both holding f o r  A mxn, B nxp, and c a sca lar .  

Our f i r s t  r e s u l t  is a proof of t h e  associa t ive  law f o r  matrix 

mul t ip l ica t ion  which avoids any use of double sums. 

The.0te.m 1 .  I f  (AB)C is defined then it is equal t o  A(Bc) 

Proof. For any i , 



A second example i s  given by t h e  f a m i l i a r  r e s u l t  t h a t  an 

elementary row operat ion can be e f f e c t e d  by a  p re- mul t ip l ica t ion  with 

an elementary matrix. 

T h - t ~ ~ i m  2. Suppose A and B a r e  mxn and B is obtained from A by 

one elementary row operat ion.  Let E be t h e  mat r ix  obtained from t h e  

mxm i d e n t i t y  matr ix I by using t h e  same row operat ion.  Then, B = EA. 

Proof. The proof w i l l  be given only f o r  an operat ion o f  t h e  

t h i r d  kind. The o t h e r  two a r e  q u i t e  s i m i l a r .  Thus, suppose Ri(B) = 

Ri(A) + cR.(A) f o r  some j # i. Then Ri(E) = Ri(I) + cR.(I) .  For 
3 I 

k # i, %(EA) = %(E)A = %(I)A = \(IA) = %(A) = %(B) and Ri(EA) = 
R.(E)A = (Ri(I) + cR.(I))A = Ri(A) + cR.(A) = Ri(B) s o  t h a t  EA = B. 

I I 
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THE LEAST MEMBER METHOD, AN ALTERNATIVE TO INDUC 

by Rob& 'D in ion  
V h g ' m m .  PoS.yte.chnic In~t-U-ute. 

and State .  U n i u w i - L t y  

The axiom of  induct ion is  o f t e n  used when proving theorems about 

t h e  s e t  of n a t u r a l  numbers. Many t imes,  however, an equivalent  p r i n c i -  

p l e ,  which says  t h a t  every non-empty s e t  of  n a t u r a l  numbers has a  l e a s t  

member, is  overlooked. This p r i n c i p l e  can o f t e n  make a  proof s h o r t e r  

and e a s i e r .  A s  an example, we w i l l  prove t h e  theorem t h a t  t h e  product 

of any t h r e e  consecut ive n a t u r a l  numbers i s  d i v i s i b l e  by s i x .  The 

ground r u l e s  a r e  t h a t  we a r e  no t  allowed t o  n o t i c e  t h a t  every o t h e r  . 
n a t u r a l  number is  even nor  t h a t  every t h i r d  number i s  a  mul t ip le  of 

t h r e e .  

First  Proof. (By induc t ion)  Let S = {n e  N :  n(n t l ) ( n  t 2)  is  , 
d i v i s i b l e  by 61. Clear ly ,  1 is a member o f  S. Suppose t h a t  k  e  S. 

The" (k t l ) ( k  t 2) (k  t 3 )  = k(k + l ) ( k  t 2)  + 3(k + l ) ( k  + 2) .  By t h e  

induct ive hypothesis ,  k(k t l ) ( k  + 2)  is  d i v i s i b l e  by 6, and s o  it 

s u f f i c e s  t o  show t h a t  3(k t l ) ( k  t 2)  is  a  mul t ip le  of  6. 

Let T = { n  E N: 3(n + D ( n  t 2)  is  a mul t ip le  of  6}. Clear ly ,  

1 e T .  S u p p o s e t h a t n e T .  T h e n 3 ( n + l t l ) ( n + 1 + 2 ) =  3 ( n t  2)x 

(n + 1 + 2) = 3(n  + l ) ( n  + 2)  t 6(n + 2).  By t h e  induct ive hypothesis ,  

3(n t l ) ( n  t 2)  is d i v i s i b l e  by 6 ,  and, s i n c e  6(n + 2)  i s  c e r t a i n l y  a  

mul t ip le  of  6, it fol lows t h a t  n  + 1 e T. We have, by t h e  axiom of  

induct ion,  t h a t  T i s  t h e  s e t  of  n a t u r a l  numbers. In  p a r t i c u l a r ,  

3(k + l ) ( k  + 2)  E T and s o  3(k t l ) ( k  t 2)  is  a m u l t i p l e  of  6, a s  is 

requi red .  

Second Proof. The proof is  by cont rad ic t ion .  Let Q = {n E N: 

n ( n  + l ) ( n  t 2)  i s  not a  mul t ip le  of 61 and suppose t h a t  Q i s  non- 

empty. Then Q has  a  l e a s t  member q .  Since 1 x 2 ~ 3  = 6 ,  2 x 3 ~ 4  = 24, and 

3 x 4 ~ 5  = 60, we s e e  t h a t  q  does not  equa l  1, 2,  o r  3. Therefore, t h e r e  

i s  a  n a t u r a l  number k such t h a t  q  = k + 3. But q(q + l ) ( q  + 2) = 
2 2 

(k + 3)(k + 9k t 20) = (k t 3) (k  + 3k + 2 + 6k + 18)  = (k t l ) ( k  + 2)x 

(k + 3)  + 6(k t 3) .  Since k + 1 < q ,  (k t l ) ( k  + 2) (k  + 3)  i s  a  

mul t ip le  of  6 ,  a s  is 6(k t 3) .  We have reached a  con t rad ic t ion .  

Abou-t the. CULthoh - 

Rob& 'D in ion  -LA an  unde.kg~aAiate at VhgivU.a Potyte.ch.luuJC. 
In~t-U-ute and Stctte. U n i v m ' L t y .  

About the. p a p m  - 

Rob& ~ubnn-tte.d thiUi note. f,oh p u b f i o k i o n  at the. w g i n g  06 hiUi 
te.acha, P u f , e ~ b o h  P a - t a  Y H n t c h a ,  -ui a c o m e .  caJLJLe.d Mnthodi of, Phoof,. 

WINNERS - NATIONAL PAPER COMPETITION 

P-L MU EpAa0n  c n c o m g u  ~tu .de.nt  he4e.a~~c.h and the. pn.e-ie.wtakion 06 
that ku.e.ahch in this, J o w n a l .  The. N a t i o n a l  P a p a  compe-frUxon 
auicui.09 p^Lzu 06 $ Z O O ,  $ 100 and $ 50 u c h  yea& i n  wh ich  at L S A A ~  
Uve.  ~ tu .de.nt  p a p n u  have. b u n  ~ubm-LtCe.d t o  the. Ed i toh.  AU.  ~tu .den t l i  
who have. n o t  ya-t 'ie.cU.ve.d a M a U a l ~  Degtie., oh h i g h e r ,  ate eJLL9LbS.e. 
<(on. t h u g  w d i .  

F h t  p>u.ze. w i n n a  ^ofi 1984-1985 -LA 'Donald John Nicho^Aon doh hiUi 
p a p a  " A  Ubiqu^-tou^ PaAAtAt-on 06 Sub~a-tA of, Rn, " which  appe.cme.d 
i n  the. F a U .  1984 -LAhue. of, the. J o u ~ f i d .  A 

Second pfu.ze. M i n n n u  am Pau l  Avf-ola and KuLth BhAJtsbin ((on. tkuA 
j o i n t  p a p a  "Tax icab T/u.gonom&tty" -Ln. the. Sp/u.ng 7985 hbue . .  

T h h d  pMze. W.VWa -Lti JuLLe. Yance.y doh h a  p a p a  "Edge- tab iUed  T h e u "  
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PUZZLE SECTION SOLUTION 

Edited by 
J o ~ e p h  P .  E .  Konhaii~& 

The PUZZLE SECTION i s  for the enjoyment of those readers who 
are addicted t o  working doubIecrostics or who find an occasional 
mathematical puzzle attractive.  We consider mathematical puzzles t o  
be problems whose solutions consist of answers h e d i a t e l y  recognizable 
as correct by simple observation and requiring l i t t l e  formal proof. 
Material submitted and not used here w i l l  be sent t o  the 'Problem 
Editor i f  deemed appropriate for the PROBLEM DEPARTMENT. 

Address a l l  proposed pussies and puzzle solutions t o  Professor 
Joseph D. E. Konhauser, Mathematics and Computer Science Department, 
Macalester College, St. Paul, Minnesota 55105. Deadlines for puzzles 
appearing i n  the Fall Issue wi l l  be the next February 15, and for 
puzzles appearing i n  the Spring Issue w i l l  be the next September 15. 

Mathacrostic No. 21 

Phopo~ed by J o ~ e p h  P .  E. Konhau^>& 
M a c d u t e A  CoUege,  S t .  PauL, tU.nnuo.ta 

The word puzzle on pages 174 and 175 i s  a keyed anagram. The 

264 l e t t e r s  t o  be entered i n  the  diagram i n  the  numbered spaces w i l l  

be i den t i ca l  with those i n  t he  26 keyed W0>ui& a t  the  matching numbers. 

The key numbers have been entered i n  the  diagram t o  a s s i s t  i n  

constructing the  solution.  When completed, the  i n i t i a l  l e t t e r s  of the  

~0hd.A w i l l  give t he  name of an author and the  t i t l e  of a book; the  

completed diagram w i l l  be a quotation from t h a t  book. For an example, 

see t he  so lu t ion  t o  t he  l a s t  mathacrostic on page 173.  

M a t h a . c ~ . o ~ t i c  No. 2 0 .  (See Spring 19B5 Issue)  (phopobed by Jobeph V .  E .  

Konhouiit.&, MacsJLute~. CoUege,  St.  P d ,  Hinnuota.1. 

Words : 

A.  Hands-down 
B. Argosy 
C .  Node 
D. Konrad Zuse 
E . Inosculate 
F. Napier's bones 
G .  Sashay 
H. Spline 
I. Ipso Facto 
J. Raff les ia  

Waterscrew 
I r a sc ib l e  Genius 
Lunes 
Law of t he  lever  
Isogony 
Atanasof f 
Mancala 
Rules of inference 
Orrery 
Whydunit 

Ast ragal i  
Nest egg 
Hodograph 
Apodictic 
Misere 
I l l a t i o n  
Logist ic  
Think thinkable 
One-horse 
Naprapathy 

F i r s t  Letters:  HANKINS, SIR WILLIAM ROWAN HAMILTON 

Quotation: He. whote -Ln.cubantfM, (1~ua.U~ i n  notebooks of, ô Â  biz^ and 
and b h a p u ,  but  d o  on p-Lecu of, Loobe pap&, pa^ticUL&aiily a he n>a& 
d/M.f,-fct.ng an OA-fct.cJLe oh a ILn.dtuAe. He wyio-te on ma-teiA, i n  c.aWLia.gu, 
duA-mg tn~vbingb of, the. R o y d  l d h  Academy, on (w-i f,Lngmna^i if, no 
p a p a  wcu handy, and, acco~tding t o  fcci Aon, even on (w-i egg at bheak- 
f,ut. 

S o h d  by:  Jeanet te  Bickley, Webster Groves High School, MO; Charles 

R .  Diminnie, St. Bonaventure University, NY; Victor G. Feser, Mary 

College, Bismarck, ND; Robert Forsberg, Lexington, MA; Dr. Theodor 

Kaufman, Winthrop-University Hospital, Mineola, NY ; Henry S . L i  eberman, 

John Hancock Mutual Life Insurance Co., Boston, MA; Robert Prielipp, 
The University of Wisconsin-Oshkosh, WI; Stephanie Sloyan, Georgian 

Court College, Lakewood, N J ;  Barbara Zeeburg, Denver, CO.  



De<^tuttonh Wondt 

A .  A square w i t h  an arm ad jus tab le  t o  any angle 
113 130 71 2 51 

4 3. Inconsequent ial  ----------- 
59 78 116 102 39 107 50 255 161 10 191 

? C .  Vocal cords ( 2  wds. ) ------------ 
99 118 27 246 47 264 184 82 203 67 88 235 

-- 
6 232 

3.  Swiss i n k b l o t t e r  - - - - - - - - - 
43 81 134 21 163 143 69 182 95 

E. The l a s t  s y l l a b l e  o f  a word ------ 
251 28 142 4 48 100 

F. A product o f  f i n i t e l y  many shears ------------ 
68 173 146 162 22 129 185 238 55 245 199 34 

G. Cover completely ------ 
92 131 109 180 30 241 

H. I n  t he  hyperbo l ic  plane every l i n e  i n t e r sec t s  
i t  i n  two po in t s  ( 2  wds.) 117 219167 196 1 52 108 87 24 237 41 

I. The c r y  o f  an owl (2  wds., both comp.) 

J. The o r i g i n a l  fauna and f l o r a  o f  a 
geographical area 

K. Device f o r  measuring wind speeds a l o f t  

L. Used t o  coord inat ize  p r o j e c t i v e  and a f f i n e  
planes (2  wds. ) 

M. Blindness 

N. A f u l l  per iod  o f  a n i g h t  and a day 

0. Said o f  a se t  whose every p o i n t  i s  a l i m i t  
p o i n t  o f  the  se t  (comp.) 

P. Landmark o f  l i n g u i s t i c  confusion ( 3  wds.) 

Q. Rat io  o f  galaxy v e l o c i t y  t o  d is tance (2  wds. ) 
76 121 17 89 221 205 261 236 193 115 176 252 

R. B r i l l i a n t  

S. A volume o f  se lec t ions  from an author 

T. Said o f  a precious stone wi thout  a s e t t i n g  

U. A c o l l e c t i o n  w i thout  a na tu ra l  o rder ing  
r e l a t i o n  

V. D r i v i ng  f o r ce  t h a t  pushes successful  
s c i e n t i s t s  beyond the  f r o n t i e r s  o f  
human knowledge ( 3  wds. ) 

W. Ob l ique ly  t runcated cones o r  cy l inders  

X .  Standard 

Y.  Center o f  pe r spec t i v i t y  

2. Process which converts a con ica l  p ro j ec t i on  
i n t o  a plane pe rspec t i v i t y  



COMMENTS O N  PUZZLES 1 - 7 ,  SPRING 1985 

Puzzle # ! a t t r a c t e d  e i g h t  responses. There was near  unanimous 

agreement t h a t  s o l u t i o n s  (not  n e c e s s a r i l y  unique) e x i s t  f o r  t h e  sums 

s e t  i n  bases 5,  6, 8, 9 and 10 and t h a t  no s o l u t i o n  e x i s t s  f o r  t h e  sum 

s e t  i n  base 7. Only two readers ,  John H .  Scott and John M. Howell, 

responded t o  Puzzle. +I 2 .  Both produced c o r r e c t ,  bu t  somewhat cumber- 

some formulas/algorithms f o r  genera t ing  t h e  given terms i n  t h e  sequence. 

Nei ther  discerned t h e  scheme t h a t  t h e  proposer ,  Victor G. Feser, had i n  

mind. When w r i t t e n  i n  base 2 no ta t ion ,  t h e  numbers 1, 3 ,  5 ,  7 ,  9 ,  15, 

17 ,  21, 27, 31, 33 a r e  palindromic, namely, 1, 11, 101, 111, 1001, 1111, 

10001, 10101, 11011, 11111, 100001, s o  t h e  next  number i n  t h e  sequence 

is 45 ( 4 5  = 101101) .  Eleven r e a d e r s  responded t o  Puzzlk # 3 .  Some 

produced t h e  s o l u t i o n  1 0 9 8 9 ~  9 = 98901. Others ,  i n t e r p r e t i n g  t h e  prob- 

lem statement  t o  mean t h a t  a ,  b ,  c ,  d and e a r e  d i f f e r e n t ,  showed t h a t  

t h e r e  is no s o l u t i o n .  Stephen Bloch proved t h a t  i n  base n,  n > 2, t h e  

product o f  n-1 and t h e  f i v e- d i g i t  number 1 0 n-2 n-1 n-2 is t h e  f i v e -  

d i g i t  number n-2 n-1 n-2 0 1. Moreover, t h e  s o l u t i o n  i s  unique. I n  

base 2, t h e r e  a r e  f o u r  s o l u t i o n s .  For a s i m i l a r  problem see  Puzzle. # 1 

i n  t h i s  i s sue .  John H. Scott, John M. Howell and Jeffery Cook submit ted 

e s s e n t i a l l y  equ iva len t  s o l u t i o n s  t o  t h e  d i s s e c t i o n  posed i n  Puzite. # 4 .  
Their s o l u t i o n  fol lows.  

i f  AD = 2 x BC o r  i f  2 x AD = BC. About Puzzle. # 5, Laurent Hodges, 
Professor  o f  Physics a t  Iowa S t a t e  Universi ty ,  wrote "There is nothing 

new under t h e  sun" and r e f e r r e d  t o  Volume 11, Chapter X I V ,  s e c t i o n  238, 

of Eule r ' s  Elements of Algebra, where Question 1 5  is  "Required t h r e e  

square numbers such t h a t  t h e  sum o f  every two of them may be a square." 

Euler  g ives  t h r e e  s o l u t i o n s  (117, 240, 44) ,  (429, 2340, 880) and 

(6325, 5796, 528) and shows how o t h e r s  may be obtained.  In p a r t i c u l a r ,  

if (x, y ,  z )  is  a s o l u t i o n ,  then so  is  (xy, yz ,  zx) .  Robert Prielipp, 

Universi ty  of  Wisconsin - Oshkosh, provided photocopies of  pages 61-63 

of  S i e r p i n s k i ' s  Elementary Theory of Nwnbers. S i e r p i n s k i  remarks t h a t  

t h e  s o l u t i o n  (117, 240, 44) was obtained by P. Halcke i n  1719 (before 

Euler)  . L&O ~auv;, Algonquin College,  Edi to r  of  Crux Mathematicom, 

r e f e r r e d  t o  Dickson's History of Number Theory, Vol. 11, page 497. S ix  

readers  wrote regarding Puzzle. * 6.  Henry J .  Osner s a i d  "20, 22 - 

posthumorous answer." John H .  Scott s a i d  "Thanks f o r  t h e  pos thas te  

h i n t .  I can remember 2 and 3." Jeanette Bickley thanked t h e  proposer 

f o r  t h e  " f i r s t- c l a s s"  h i n t .  Victor G .  Feser wrote t h a t  he "... hoped 

t h e r e  i s n ' t  another  number i n  t h e  sequence by t h e  time t h e  answer is 

published." The puzzle  was suggested by a news r e l e a s e  which appeared 

i n  t h e  Minneapolis S t a r  and Tribune i n  1981 when t h e  minimum f i r s t -  

c l a s s  mai l  r a t e  jumped from 18 t o  20 cents .  Seven responses were r e-  

ceived f o r  Puzzle. # 7. A l l  s o l u t i o n s  involved ca lcu lus  - d i r e c t l y  o r  

i n d i r e c t l y .  The answer, s u r p r i s i n g  t o  many r e a d e r s ,  i s  t h a t  t h e  a r e a s  

o f  t h e  s p h e r i c a l  cap and t h e  p lanar  d i s k  a r e  equal .  

L i s t  of  Responders: Jeanette Bickley ( 6 ) ,  Stephen Bloch (3,7), James 

Campbell (1,3),  Jeffery Cook ( 4 ) ,  Mark Evans (1,3,7), Victor G.  Feser 

(1,3,6,7), Ruben Gamboa (1,3), Laurent Hodges ( s ) ,  John M .  Howell (2, 

3,4,5,6,7), Ralph King ( 7 ) ,  Bob LaBarre ( 3 ) ,  Glen E .  Mills (1,3) ,  Henry 

J .  Osner (1,3,6,7), Robert Prielipp ( 1 . 3 , ~ ) ~  L ~ O  ~auv; ( s ) ,  John H .  

Scott (1,2,3,4,5,6,7) and Stephanie Sloyan (6) .  

Triangle ABC i s  acute-angled and AD = BC. Poin t s  E and G a r e  midpoints 

of  s i d e s  AB and AC,  r espec t ive ly .  Point  F on EG is  such t h a t  t h e  tri- 

angle BFG i s  an i s o s c e l e s  r i g h t  t r i a n g l e  with r i g h t  angle a t  F. Cuts 

along EG, BF and FC produce f o u r  p ieces  which a r e  e a s i l y  reassembled t o  

form a square. Howell remarked t h a t  three- piece s o l u t i o n s  e x i s t  if 

GRAFFITO 4 

I n  (SJLue. miniLtu you Mm. bag that .it 'Ui aJUL 60  abbuAdty bhpÂ£e.  

Shuitock H o h u  
The. AduwCuAu o(S the. Dancing Men 
S-tA h t h m  Coreon Dog& 



PUZZLES FOR SOLUTION 

1. P h o p o ~ e d  by Bob L a E m e . ,  U n i t e d  Technolog^.&& Rue.a~.ch C z n t m ,  
Ed&t H m o h d ,  C0nne.a-tt.ci.d. 

Are the re  any s ingle- dig i t  pos i t i ve  in tegers  k, other than 1 and 

9,  such t h a t  kxabcde  = edcba? 

2. Phopobed by Jobeph V .  E .  KonhauAm, MacaluteA C o f i g e . ,  S t .  
P a d ,  Att.nne-io.ta. 

Using t h e  usual  a r i thmet ic  symbols and t h e  d i g i t s  1, 2 ,  3 ,  4 and 

5, i n  t h a t  order from l e f t  t o  r i g h t ,  a r e  you able  t o  form 22/7? 

3. S u g g u t e d  b y h ~ u L t f i  . h a  1966 p a p a  b y s .  3 .  G n h o h n a n d  

I .  3. S c h o e n b a g .  

a.  Arrange four  poin ts  i n  t h e  plane so  t h a t  t h e  s i x  distances 

between p a i r s  of poin ts  f a l l  i n t o  j u s t  two classes.  For example, i f  t he  

four poin ts  a r e  ve r t i ce s  of a un i t  square then t h e  distances a r e  1, 1, 
1, 1, f i a n d  fi. 

b. In three-space, i n  how many ways can f i v e  poin ts  be arranged 

so  t h a t  the  distances between pair's of poin ts  f a l l  i n t o  j u s t  two classes? 

4. P-iop0be.d by Jo.6e.pd 0 .  E. KondaaAe~,  Macate&-Â£e CoÂ£Â£eg S f .  

P d ,  Moin&~o-ta.  

With d i s j o i n t  l i n e  segments (endpoints included and d i f f e r e n t ) ,  

i s  it possible t o  cover 

a.  a t r i a n g l e  p lus  i ts  i n t e r i o r ,  

b. a c i r c l e  plus i t s  in t e r io r?  

5. Suggc.4te.d by a hemahk i n  a p u p a  o n  c o w U n g  p h o b i e m  by 

L. M. Ke^tf. 
Arrange f i v e  poin ts  i n  a plane so  t h a t  each subset of four can 

be covered by a un i t  square t i l e  ( a  square p lus  its i n t e r i o r )  but such 

t h a t  t he  un i t  square t i l e  cannot simultaneously cover a l l  f i v e  points .  

6. An oicLLe.. 

Find three  d i f f e r en t  numbers x, y and z such t h a t  x ,  y,  z a r e  i n  

a r i thmet ic  progression; y ,  z, x a r e  i n  geometric progression; and z, x, 

y a r e  i n  harmonic progression. 

PROBLEM DEPARTMENT 

EcLLted by C h y t o n  UJ. Dodge. 
U i M - v w i t y  ofi Maine. 

This department welcomes problems believed t o  be -new and a t  a 

level appropriate for the readers of t h i s  joulmal. Old problems 

displaying novel and elegant methods of solution are also invited. 

Proposals should be accompanied by solutions i f  available and bytany 

information that k l l  ass i s t  the editor. An asterisk (*) preceding a 

problem number indicates that the proposer did not submit a solution. 
A l l  communications should be addressed t o  C. W. Dodge, Math. 

Dept., University of Maine, Orono, ME 04469. Please submit each 

proposal and solution preferably typed or clearly written on a 

separate sheet (one side only) prope* ident i f ied with name and 

address. Solutions t o  problems i n  t h i s  issue should be mailed by 

July 1, 1986. 

Problems f o r  S o l u t i o n  

600. Phopobe.d by John M .  How&U, LibU.vi.ock, CaJLLfio'wla.. 

I 

AM 

HOT - 
SURE, but i f  I < M < T and A < 0, I think the re  a r e  only f i v e  

so lu t ions  t o  t h i s  alphametric. 

601. P ~ o p o ~ e d  by C h a t i a  W. T G g ,  San V i e g o ,  C e o h n h .  

Without t a b l e  searching, ident i fy  t he  three  consecutive in tegers  

i n  the  decimal system whose squares have the  form abcdef with di 's t inct  

d i g i t s  and whose reverses have squares with t he  same d i g i t s  i n  the  

order efcdab. 

*602. Phopo~e.d by Jack Gahf iunki i ,  F-Eoid-uig, New Yohk. 

Given i sosce les  t r i ang le  ABC and a point  0 i n  t he  plane of 
A 

the  t r i ang le ,  e r ec t  d i r e c t l y  s imi l a r  i sosce les  t r i ang le s  POA, QOB, ROC 

(but not necessar i ly  s imi lar  t o  t r i a n g l e  ABC). Prove t h a t  t he  apexes 

P, Q, R of  these  t r i ang le s  determine a t r i a n g l e  s imi l a r  t o  t r i ang le  ABC. 



603. P J L O ~ O A ~ . ~  by Ru4bel.l â‚¬&F No/i thwut  Mh~0wi. i  State. 
U n i v m ' L t y ,  Mo~ujvWii .  

Evaluate 

604. Ptopobed by V a v d  Inn, R e n ~ b a L a e ~  Po.@te.chnLc I ~ i t t - t u t e . ,  
T toq ,  New Yotk .  

A u n i t  square is covered by n congruent e q u i l a t e r a l  t r i a n g l e s  

of  s i d e  s with o r  without t h e  t r i a n g l e s  overlapping each o ther .  Find 

t h e  minimum values f o r  s f o r  n = 1 ,  2, and 3. 

605. Pfiopobed by Jack Gahdunkel, Flii&Ung, Nw Yotk.  

Given t h a t  x is an a c u t e  ang le ,  f i n d  t h e  value of  x i f  

sin 4x - sin x 
2  c o s  3x - cos 2 x  + 2  sin x. 

606. P~~opo&nd by R~~4be l . l  E&vI, No*& h o i i f u .  State .  

UWLvm.Ltq1 Mo/u/v-efy.e.. 

Prove t h a t  
P-1 
II { r 2  - 2 r  a o s  [x - (2k  + l ) T ~  + 11 = r 2 p  + 22.F cos p x  + I 

k=O P  

607. Ptopobed by Jack Gaft.,$.u~keJL, Fin/thing, New Yolk .  

Triangles  ABC and A'B'C'  a r e  r i g h t  t r i a n g l e s  with r i g h t  

angles  a t  C and C r  . Prove t h a t  i f  S / P  > s ' / r r  , then s / R  < s l / R ' ,  

where s, s ' ,  P, r r ,  R, R '  a r e  r e s p e c t i v e l y  t h e  semiperimeters, 

i n r a d i i ,  and circumradi i  of  ABC, A  ' B r C r .  

Waukuha.. 

Evaluate t h e  fol lowing determinant: 

609. P~.opo.ied by R. C .  Gabhaft.dt1 P m i p p a n y ,  Nw JehAey. 

Determine whether t h e r e  e x i s t  nonzero i n t e g e r s  a, b, c, and 

2 2 2  2  2  
d such t h a t  a  + b = c and a - b = d . - 

610. Pmpobed by Rub&& â‚¬d N o f u t h w u t  HUi&oufu, -%Â¥tot 

U n i v m i t q ,  Mo~yvWLe.. 
Find a l l  twice- di f fe ren t iab le  func t ions  f such t h a t  t h e  

average value of  f on each c losed  s u b i n t e r v a l  of [a,b], a < b, is t h e  

mean of f a t  t h e  endpoints  of t h e  sub in te rva l .  

611. PkopoAed by ffao-Nhicn Qtu. Vu, Pwdue. UniuehA-Ctql W u t  

Ladayafte., Indiana. 

Calcu la te  t h e  following i n t e g r a l s :  

612. Pmpobtd by V a v d  Iny ,  Re.nb~o^a.e~ PoLyXe.&vU.c I n ~ t L L u t e . ,  

T t o y ,  New Yotk .  
A f r i e n d  w r i t e s  t h e  l e t t e r s  A, B, C, D i n  some order  unknown 

t o  you. You may ask a  f i x e d  number of  yes-no ques t ions  about t h e  

permutation. 

a )  I f  they a r e  answered t r u t h f u l l y ,  show t h a t  l e s s  than  h a l f  

a  dozen quest ions w i l l  s u f f i c e  t o  determine t h e  permutation. 

b )  I f  t h e r e  is  a t  most one l i e ,  then no t  over 1 0  ques t ions  

a r e  needed. 

c )  I f  t h e r e  a r e  a t  most two l i e s ,  show t h a t  no t  more than 

IS ques t ions  a r e  requ i red .  

^dl  Are t h e s e  l i m i t s  t h e  b e s t  poss ib le?  

Solutions 

407. [Fall 1977, Fall 19781 Pmpobed by Ben Go% John H .  

How& and Vance. St ine. ,  LOA A n g d a  CUi/ Cotte.ge., CaLLdo/wia. 

Two s e t s  of n d i c e  a r e  r o l l e d  ( n  = 1, 2 ,  3, 4,  5, 6). What 

is t h e  p r o b a b i l i t y  of k  matches ( k  = 0, 1 ,  . . . , n )  ? 



11. Comment by John Hou~e.U and Ben Gotd. 

I think t h a t  the  published so lu t ion  is wrong. It looks t o  

me a s  i f  t he  so lu t ion  would apply only i f  t h e  d ice  were ordered. 

503. [Fall 1981, Fall 19821 Pmpohed by Ghegohy Udczyn ,  

BuckneAÂ Univm- ,  Lemcibmg, Pens y i vanh .  
2 2 

Find the  equation of t he  e l l i p so id  3 + $ 2  + Ã‘ 1  with 
a a 

minimum volume which s h a l l  pass through t h e  point  P ( r , s , t ) ,  0 < P < 

a , O < s < b , O < t < e .  

11. Sotu,tLon by M .  S .  Ktonkin, Univm-uty  of MbeA-fa, 

Canada. 

The published so lu t ions  t o  t h i s  problem and t o  Problem 527 

use mult i- variate calculus which is overki l l .  Also the  f i r s t  solut ion 

is incomplete i n  t h a t  t he re  was no ve r i f i ca t ion  of t he  minimum. 

Both of these problems and many other extremum problems i n  

mult i- variate calculus books can be done completely, more elementarily, 

and more simply and quickly by using t h e  arithmetic-geometric mean 

inequali ty.  

Here we wish t o  minimize ( 4 / 3 ) v d b o ,  given t h a t  

t 2 
(:) 

+ ( i )  + (-) = 1 ,  where r, s, t a r e  given. a 

By the  AM-GM inequali ty we have 

rst 2 / 3  1 .  ( q 2  + (;)2 + ( ; ) 2 ^ 3 ( &  . a 

2 3 Thus m i n  (abo )  = 3 ( r s t )  and i s  taken f o r  

527. [Fall 1982, Fa1 1 19831 Phopo&e.d by Ghegow UuZczyn," 

Buckne^-E. UnivuuiLty, Lwii.6 bmg , Pw?6 yivaiu.a. 
Find t h e  volume of t h e  l a rges t  rectangular  paral lelopiped 

with upper ve r t i ce s  on the  surface and lower ve r t i ce s  on the  

xy-plane t h a t  can be inscribed i n  the  e l l i p t i c  paraboloid 

11. Solu t ion  by M. S.  K t a m l i w ,  Univm- i t y  of MbeA-te, 

Canada.. 
Here we wish t o  maximize 

2 2 x 
V =  4 x y ( h  - -  - % ), where a, b, h a r e  given. 

2a 2b 

By the  AM-GM inequal i ty ,  

2 x 2 2 h  
Thus Vmw = abh  and is taken on f o r  7 = 5 = -. 

2a 2b  
4 

558. [Fall 1983, Fall 19841 Phopohed by ly.chaAd 1 .  H a ,  

Pdoh V a d u ,  C ~ o h n h .  

Let ABCD be a quadr i la te ra l .  Let each of t he  s ides  AB, BC, 

CD, DA be the  diagonal of a square. Let E, F, G, 5 be those ve r t i ce s  

of t h e  squares t h a t  l i e  outside t he  quadr i la te ra l .  That is, EAB, 

FBC, GCD, and HRA a r e  d i r e c t l y  s imi l a r  i sosce les  r i g h t  t r i ang le s  

with apexes E, F, G, H .  Prove t h a t  EG and FH a r e  perpendicular. 

See the  f i gu re  below. 
H 

A 

SotLLtion by Leon Banko6f, Lob Ange la ,  Co^t.6ohnh. 

If Euclid knew anything about transformations, vec tors ,  or  

complex numbers, he kept it a c lose ly  guarded sec re t .  That is why, 



when confronted with Van Aubel ts  q u a d r i l a t e r a l  theorem, of  which 

t h i s  problem is  a p a r t i a l  s ta tement ,  he pu l led  a r a b b i t  out  of  h i s  

h a t  t o  boost h i s  s tock  of old- fashioned, high school  Greek geometry, 

using nothing but  theorems ou t  of h i s  Elements .  

You must remember t h a t  Eucl id had a g r e a t  t r a c k  record  i n  

motivat ing and i n s p i r i n g  mathematical neophytes and t h a t  h i s  Elemen t s  

h i t  t h e  b e s t- s e l l e r  lists long before it was challenged by t h e  Holy 

Bible. Descending from t h e  he igh ts  of Mount Olympus, he found Van 

Aubel t r y i n g  t o  persuade h i s  incredulous s tudents  t h a t  t h e  two l i n e s  

jo in ing  t h e  c e n t e r s  of opposi te  squares  described e x t e r n a l l y  on t h e  

s i d e s  of  a q u a d r i l a t e r a l  a r e  equal  and mutually perpendicular .  Eucl id 

drew Van Aubel a s i d e  and whispered a self- contained,  s y n t h e t i c  proof 

t h a t  went l i k e  t h i s .  

Label t h e  v e r t i c e s  of  t h e  q u a d r i l a t e r a l  A, B, C, D and l e t  M 

denote t h e  midpoint of diagonal  BD. C a l l  t h e  c e n t e r s  of t h e  squares  

on AB, BC, CD, and DA, E, F, G, and H .  Let P, Q be t h e  midpoints 

of AB, AD. Then MQ = PA = PE and MP = AQ = HQ. Now MP is  p a r a l l e l  

t o  AQ and is t h e r e f o r e  perpendicular  t o  HQ, while  MQ is p a r a l l e l  t o  

A P  and is  perpendicular  t o  EP. It fol lows t h a t  t r i a n g l e s  HMQ and 

MEP a r e  congruent and t h a t  t h e  s i d e s  HM and EM a r e  mutually 

perpendicular  and equal .  In  a s i m i l a r  manner we can show t h a t  t h e  

l i n e s  W and MG a r e  equa l  and perpendicular .  

Now draw EG and FH and consider  t h e  t r i a n g l e s  EMG and HMF. 

We a l ready  know t h a t  EM and HM a r e  equa l  and perpendicular ,  a s  a r e  

a l s o  FM and GM. Hence HF i s  equa l  and perpendicular  t o  EG. 

Van Aubel escourted Eucl id back t o  t h e  f o o t  of Mount Olympus, 

p a t t e d  t h e  o ld  boy on t h e  back and s a i d ,  " I f  I ever  go i n  f o r  t h a t  

New Math t h e y ' r e  t a l k i n g  about, f e a r  not .  Remember t h e  o ld  saying-- 

I love my wife bu t  Oh, Euclid!" 

AZio t.otue.d 6 9  RALPH KING, St. Bonaventwce., NY, HARRY 

SEDINGER, St. BonaventUM.e UnLvw.-cty,  NY, KENNETH M .  WILKE, Topeka, 
KS, and t h e  PROPOSER. 

EU0AiCO-C. no te .  Wilke pointed ou t  t h a t  t h i s  wel l  known 

theorem appeared a s  Problem 308 i n  The Pen tagon ,  F a l l  1979, where 

it was solved by v e c t o r s ,  and i n  Garfunkel,  "Solving Problems i n  

Geometry by using Complex Numbers," Mathemat ics  T e a c h e r ,  Nov. 1967, 

pp. 731-734, where it was solved by complex numbers. It a l s o  appears 

a s  Exercise  20.22d i n  Dodge, E u d i d e a n  Geometry and Trans fo rma t ions ,  

Addison-Wesley, 1972, p. 93, which was s t o l e n  from R. L.  Finney, 

"Dynamic proofs of Euclidean Theorems," Mathemat ics  Magazine 43 - 
(1970) pp. 177-185, where it i s  solved by elementary isometrics. 

Your Problems E d i t o r  c e r t a i n l y  should have spo t ted  t h i s  l a s t  

reference!  

574. P'iopo~ed by S.  E .  Uuceh, Rogue BÂ£u .dd~  Maine. 

Although t h e r e  a r e  many s o l u t i o n s  t o  t h i s  unfortunate  base 8 

alphametr ic ,  t h e r e  is only one prime MOOD. Find t h a t  MOOD. 

SOT 

I S  

THE - 
MOOD 

S o l u t i o n  by ChaA^U W .  Th igg ,  Sun ULego, CaLL6o/ifu.a.. 

Immediately M = 1 .  Since MOOD is prime i n  an even base,  then 

D = 3, 5,  o r  7 .  Now t h e  columns of  t h e  alphametr ic ,  reading from 

t h e  r i g h t ,  determine t h e  fol lowing equat ions:  

( 1 )  T + N + E = D + 8 ,  

( 2 )  I + H + 1 = 8  

( 3 )  S + T + 1 = 0 + 8 .  

From ( 3 ) ,  7 + 6 + 1 = 6 + 8 involves a dupl ica ted  d i g i t ,  s o  0 < 6. 

Neither  N, I, nor T can be zero.  

Me-tfeod 1. When t h e  t e n  e l i g i b l e  values of MOOD from 1223 

t o  1557 ( b a s e  a ) ,  i n c l u s i v e l y ,  a r e  converted t o  base t e n  and checked 

a g a i n s t  a l is t  of primes, only t h r e e  prove t o  be prime, namely 

12238 = 659 10' 122S8 = 66l lO,  and 133S8 = 73310. 

I n  each case t h e r e  is  only one p a i r  of  non-duplicating d i g i t s  N, T 

t h a t  s a t i s f i e s  ( 3 )  and then  only one d i g i t  E t h a t  s a t i s f i e s  ( 1 ) .  

In  two cases  t h e r e  is a d u p l i c a t e  d i g i t .  Thus 

M O D N T E I H  

1 2 3 4 5 2 d u p l i c a t e  

1 3 5 4 6 3 d u p l i c a t e  

1 2 5 3 6 4 7 0 .  



In  t h e  l a s t  case t h e  two unused d i g i t s  s a t i s f y  (21, a f ford ing  t h e  

recons t ruc t ion  

623 

76 

30 4 - 
1225 

where t h e  3 and t h e  6 a r e  interchangeable.  

M&t/iod 2.  There a r e  only seven s o l u t i o n s  t o  (1) devoid of  

dupl ica ted  d i g i t s .  These a r e  shown below t o g e t h e r  with t h e  s o l u t i o n s  

o f  (2) using a v a i l a b l e  d i g i t s  and t h e  r e s i d u a l  d i g i t  assigned t o  0. 

T N E  D 0 - -  
7 6 0 5  3 4  2 

7 4 2 5 none 

7 4 0  3 2 5  6 

6 5 4 7 none 

6 5 0 3 none 

5 4 2  3 7 0  6 

6 4 3  5 7 0  2 

The first s e t  of  values does no t  s a t i s f y  (3), and s i n c e  0 < 6, t h e  

l a s t  s e t  provides t h e  only s o l u t i o n ,  with E = 4, I = 7, and H = 0, 

a s  shown i n  Method 1 above. 

AÂ£i ~ o i v e d  by EDWARD ABOUFADEL, F t .  Wayne, IN, FRANK P. 

BATTLES, Ma~achu~e.tt& MahJitvme Academy, Buzzmdi  Bay, MARK EVANS, 

Lom^uWLe., KY, VICTOR G. FESER, M m y  CoUege, BAmmck, NV, RICHARD 

I. HESS, Rancho PaJLob V u i d u ,  CA, JOHN M. HOWELL, LUuJLe~ock, CA, 

GLEN E. MILLS, V d e n d a  CommunLty CoU.ege, O U o ,  FL, SOUTH DAKOTA 

STATE UNIVERSITY PROBLEM SOLVING GROUP, BmokA.ng4, KENNETH M. WILKE, 

Topeka, KS, and the. PROPOSER. 

575. Pkopobed by  Chmi&u W. Tfu-gg, San Viego, CoJUL({on.nia. 

The sum of  t h e  d i g i t s  o f  a  two-digit i n t e g e r  N is  S and t h e  

product of t h e  d i g i t s  is  P. One of t h e  d i f f e r e n c e s  fl - S and N - P 

is  a square  and t h e  o t h e r  i s  a cube. Find fl and show it t o  be unique. 

S o W o n  by  F m n k  P. B a d t t u ,  M a b a c h e / t t i  MoAt-fcune Academy, 

Buzzmdi  Bay. 

Let a and b be t h e  d i g i t s  of  N, s o  N = Ida + b, S = a + b, 

and P = ab. If N - S = 9a is  a square,  then a = 1, 4 o r  9. But 

then  N - P = lOa + b - ab i s  10, 40 - 3b, o r  90 - Sb, none of  which 

can be a  cube. Hence we must haye fl - S = 9a equa l  t o  a cube. so  

a = 3. Now N - P = 30 - 2b must be a  square,  s o  b = 7. Hence N=-37 

is t h e  unique s o l u t i o n .  

Aha botued by  EDWARD ABOUFADEL, F t .  Wayne, IN, DAVID DEL 

SESTO, No. SuJLuate, Rl, CHARLES R. DIMINNIE, St.  Bonaventme 

Um^e/t-i-t-ty, NY, MICHAEL W. ECKER, C i m b  Summit, PA, MARK EVANS, 

LouhvWLe, KY, VICTOR G. FESER, M i ~ i y  Co&ge, &c4mo~ck, NO, ROBERT 

C. GEBHARDT, Hopcutcong, NY, RICHARD I. HESS, Rancho P ~ O A  V d u ,  CA, 

JOHN M. HOWELL, Lc-fctCe~ock, CA, EDWIN M. KLEIN, U n - i v W  06 
Whconbin, Wh^eusatm, HENRY S. LIEBERMAN, John Hancock Mutual L i 6 e  

I n b m n c e  Company, Bobton, MA, GLEN E. MILLS, VaJLenck Commuvu^tq 

CoUege, 0.lAind.0, FL, THOMAS M. MITCHELL, s0uthen.n IWLno'uti 

Un-ivvu>U.y, Ca~.bondaS.e, P I  MU EPSILON PROBLEM SOLVING TEAM, 

L o u h h n a  State. Un-ivvu>.L-ty, Beuton Rouge, BOB PRIELIPP, Un-ivvu>.L-ty 06 

U-d.con&^-Obhko~h, JOHN PUTZ, A h a  CoUege, MI, GEORGE W. RAINEY, 

Lob A n g e l a ,  CA, JOHN RUEBUSCH, S t .  Xavien. H igh  School, Cincinnati., 

OH, HARRY SEDINGER, St .  BonavewLu&e Univm-t - ty ,  NY, WADE H. SHERARD, 

F m a n  Uvwiw^Uty, GheenvUin, SC, SOUTH DAKOTA STATE UNIVERSITY 

PROBLEM SOLVING GROUP, &ioofe<.ngb, VIS UPATISRINGA, HumboUt S t a t e  

Univwn. ty ,  AA.do.ta, CA, KENNETH M. WILKE, Topeka, KS, and t h e  

PROPOSER. 

576. P ~ o p o ~ e d  by  Vav id  Iny, Renbbe-toeA Po iy techn ic  

Inb-fcL-tu-te, T-loy, New Yokk. 

Prove t h e  fol lowing f o r  a l l  n a t u r a l  numbers n: 

(a) I(;) + 2Q + 3Q + ... + = P 1 n ,  

* (b)  f o r  each p o s i t i v e  i n t e g e r  p t h e r e  e x i s t s  a  polynomial 

q(n)  of  degree p such t h a t :  

(5) if(;) + 2p(',1 + ft"! + . . . + n = zn-Pq M, 

( i i )  q(n) has i n t e g r a l  c o e f f i c i e n t s  and lead ing  c o e f f i c i e n t l .  



( H i )  when p > 1 is  odd, then q ( n )  is  d i v i s i b l e  by n2; 

( i v )  when p > 2 is  even, then  q ( n )  is  d i v i s i b l e  by n ( n  + 1 ) .  

So iuLLon by R-ccfoyid A. GLbbb, Fofit LewLli CoLLege, V u ~ a n g o ,  
C o i o m d o .  

Due t o  t h e  leng th  of  t h i s  s o l u t i o n  I leave  t h e  d e t a i l s  of  t h e  

various proofs  by mathematical induct ion f o r  t h e  p leasure  o f  t h e  

reader .  Let 
n " f(O,n,x) = ( 1  + x )  = 7 (7 xi, 

i L 0  

where t h e  prime i n d i c a t e s  d e r i v a t i v e  with r e s p e c t  t o  x ,  

and it is easy t o  show by induct ion t h a t  i n  genera l  we have 

where Q(p,n ,x)  is a polynomial i n  n o f  degree p with c o e f f i c i e n t s  

which a r e  themselves polynomials i n  x. 

P a r t  ( a )  o f  t h i s  problem now fol lows by s e t t i n g  x = 1 i n  t h e  

equat ions f o r  f ( l , n , x ) ,  f (2 ,n ,x) ,  and f  (3 ,n ,x) .  

I n  f a c t ,  Q(p,n,x) s a t i s f i e s  t h e  recurs ion  

( a )  Q(p,n,x) = x ( n  - p - 1 )  Q(p - l , n , x )  + x ( l  + x )  Q1(p - l , n , x ) .  

Now s e t  p 
i Q(p,n,x) = 1 g ( p , i , x )  n 

i n  equat ion (a) t o  g e t  i = l  

( b )  g(O,O,x) = 1 and, f o r  p 2 1,  

f o r  i=l, 2, . . . , p - 1,  and 

( e l  g(p ,p ,x)  = x gfp-1.p-1.x). 

From t h e s e  recurs ions  it i s  r e a d i l y  shown t h a t  

( 1 )  g (p ,  0 ,x)  = 0 f o r  a l l  p Z_ 1 (from ( b )  and (c) 1, 

( 2 )  g(p,p,x) = af (from f e ) ) ,  and 

( 3 )  g ( p ,  i , x )  f o r  i=l, 2, . . . , p - 1 is a polynomial 

i n  x of degree p - 1 with i n t e g r a l  c o e f f i c i e n t s  

i 
and with a  f a c t o r  of  x (from ( d )  ). 

(Note t h a t  our  Q(p,n, 1 )  is  t h e  q ( n )  given i n  t h e  proposal.  ) From 

equat ions ( I ) ,  ( 2 ) ,  and ( 3 )  we s e e  t h a t  ( i )  and (ii) of p a r t  (b) 

of t h e  proposal  now fol low. 

Since g ( p ,  0 ,x)  = g ( p ,  0 , l )  = 0 by ( 1 )  f o r  p 2 1,  we know t h a t  

Q(p,n,l)  i s  d i v i s i b l e  by n f o r  p > 1 .  To e s t a b l i s h  ( i l l )  it s u f f i c e s  

t o  show t h a t  t h e  c o e f f i c i e n t  of n i n  Q(2k+l ,n , l )  is  a l s o  zero. TO 

t h a t  end we w i l l  show t h a t  

(*1 q ( 2 k + l , l , l )  = 0 f o r  a l l  k 1 .  

To e s t a b l i s h  ( i v )  it s u f f i c e s  t o  show t h a t  n = -1 is a ze ro  of  

Q(2k,n, 1 ) .  To t h a t  end we w i l l  show t h a t  

2k 
(**) Q(2k, -1 , l )  = 1 (- 1 )  g ( 2 k , i , l )  = 0 f o r  a l l  k 2 1. 

i = O  

Observe from ( d )  and ( 1 )  t h a t  

( f )  g ( p , l , x )  = ( x 2  + x )  g f ( p - l , l , x )  - x ( p  - 1 )  g ( p - l , l , x ) .  

then we s e e  from ( f )  t h a t  t h e  c o e f f i c i e n t  of x i n  g ( p , l , x )  is 

a + (m - p)am-,. m 

This observat ion al lows us  t o  e s t a b l i s h  by induct ion t h a t  

f o r  k 2 1,  then  A; = -A 2k+l-i' and 

f o r  k 2 1 ,  then Bi = B2k-i' 

I n  ( 4 )  s e t  x = 1 t o  ob ta in  (*) and t h u s  p a r t  (W. F i n a l l y ,  from 



f f )  it can be shown by induct ion t h a t  
3 

i 
f g )  1 ( -1 )  g f j , i , x )  = - g f j + l , l , x )  f o r  a l l  j 2 1. 

&O 

S e t t i n g  j = 2k i n  f g )  , we s e e  t h a t  (**), and hence p a r t  f i v )  , fol lows 

from f * ) .  

A^Ao p(UtfccaUy ~t>olved by RUSSELL EULER, N o h t h w u t  MhbouA-c 

State.  UiM-vm-cA/, MmyvWLe., RICHARD I .  HESS, Rancho Pat04 V&, 

CA, JOHN M .  HOWELL, L i .U imock ,  CA, SOUTH DAKOTA STATE UNIVERSITY 

PROBLEM SOLVING GROUP, Bhoofeoig~, KENNETH M .  WILKE, Topeka, KS, and 

t h e  PROPOSER. WILKE po in ted  o u t  that p u b l w  956 Jw. Cnux 
Ma^iemoAt.cohum -CA c^obe^y belated t o  thLl i  pnobtum. 

*577. Phopobe.d by Vauid E. Penney, The. UiM-vm^Lg 06 

G & o ~ f l i a ,  A-thenb. 

In  t h e  3 by 3 by 3 c u b i c a l  a r r a y  below, t h e  sum of  t h e  e i g h t  

d i g i t s  i n  each of t h e  e i g h t  2 by 2 by 2 corner  cubes is  a f i x e d  

r a t i o n a l  mul t ip le  f100/13) of t h e  i n t e g e r  i n  t h e  c e n t e r .  Does t h e r e  

e x i s t  such an a r r a y  o f  t h e  i n t e g e r s  from 1 t o  27 i n  which t h e  e i g h t  

corner  sums a r e  t h e  same i n t e g r a l  mul t ip le  o f  t h e  i n t e g e r  i n  t h e  

cen te r?  [See Problem 504 ( F a l l  1981)  f o r  a  s i m i l a r  two-dimensional 

problem. I 

Top: Center:  Bottom: 

24 12 27 2 19 1 25 11 26 

10 3 7 17 13  18  9 4 8  

20 15 23 6 16 5 21 14 22 

S o t a t i o n  by M o m h  K a t z .  Mawahoc, Mahe.  

By a ted ious  p a r t i a l  computer search  we f i n d  t h e  s o l u t i o n  

Top: Center:  Bottom: 

20 10 22 1 17 3 24 15 27 

14 18 9 4 7 5 12 11 6 

23 19 21 2 13  8 26 16 25 

where t h e  constant  mul t ip le  is t h e  i n t e g e r  13 .  Thus .we have answered 

t h e  given quest ion:  yes ,  t h e r e  does e x i s t  such an a r r a y  and one 

example appears above. A complete s o l u t i o n  t o  t h e  problem, t h e  

f i n d i n g  of  a l l  such a r r a y s ,  may wel l  be t o o  t e d i o u s  t o  undertake. 

578. Phopo4e.d by Emmanuel 0 .  C. ImonLt ie ,  No i thwu- t  

M ^ i b o d  State.  ULv<m,^Ly, Mahy~d!&. 

Given t h a t  x and y have opposi te  s i g n s ,  so lve  t h e  simultaneous. - 
- -  - 

equat ions 
2 x + y + xy = -5 and x i y 2  i x2y2  = 4 9 .  

AmaJLaan of ,  b o t a t i o n b  ~ubnWtte.d i n d e p e n d d y  by CHARLES R. 

DIMINNIE, S t .  B0mve.ntuA.e. U r I L v U y ,  N w  Yohfz, VICTOR G .  FESER, 

M a y  CoUe.ge., B h m m c k ,  N o a h  Dakota, JACK GARFUNKEL, F h h J w Q ,  

New Yo&, E D W I N  M .  KLEIN, U n i v m -  of, WhconbJw., WhAJtuSatm, 

HENRY S. LIEBERMAN, John ffancock M u t u a l  l i &  I n b w n c e .  Company, 

Bobton, Ma.b-iachu-Ae^tA, SAM PE'\RSALL, L o y o h  Mahymount Ufu.vn^^Cy, 

Lob A q e l u ,  CoJU.6ohiM-a, PI MU EPSILON PROBLEM SOLVING TEAM, 

Louh-tona State.  U n i v ~ i - L t y ,  Batun Rouge, JOSEPH PUTHOFF, S t .  X a v i m  

High School,  C-uiLnwaAt., Ohio, GEORGE W .  RAINEY, Lob A n g d u ,  

C~LL~OAVUJO., MICHIEL SMID, TUbuhg ,  The N&khVitandA, SOUTH DAKOTA 

STATE UNIVERSITY PROBLEM SOLVING GROUP, Bkookwg i ,  V IS UPATISRINGA, 

ffumbotdt State. U L v m L L y s  M-cata, CaLLf,ohwUa., HAO-NHIEN QUI VU, 

Puhdue UiM.vehb^Lq, W u t  La.(sayvU.e, I n d m m ,  and KENNETH M .  WILKE, 

Topeka, KanboA. 

Rearrange t h e  f i r s t  equat ion t o  g e t  

x i y = - 5 -  xy3 

which when squared y i e l d s  

2 2 2 x + 2xy + y 2  = 25 i 10xy i x y  . 
Now s u b t r a c t  t h e  second given equat ion t o  o b t a i n  

2 2 
2~ y + 8 ~ y  - 24 = 0 ,  

which can be fac tored :  

2 ( q  i 6 ) f x y  - 2 )  = 0. 

Since x and y have opposi te  s i g n s ,  only q = -6 is  accep tab le ,  s o  

s u b s t i t u t e  y = -6/x  i n t o  t h e  first given equat ion t o  g e t  

x 2 - x - 6 = 0 ,  

whose r o o t s  3 and -2 y i e l d  t h e  s o l u t i o n s  ( x , y )  = (3,-2) and f-2,3). 
a 

A&o ~ o l v e d  by EDWARD ABOUFADEL, F t .  Wayne, IN,  GEORGE W .  

BARRATT, MmyvWLe, MO, FRANK P .  BATTLES, Mabbachube-fctA MoAt-tune 

Academy, Buzzah& Bay, RUSSELL EULER, N o h t h w u t  M h o k  S-ta-te. 

UrILv<m,^Ly, MahyvWLe., MARK EVANS, Louhv-LU.e, KY, ROBERT C. GEBHARDT, 



Hopotcong, NY, RICHARD I .  HESS, Rancho PaJUob V e ~ d u ,  CA, JOHN M .  

HOWELL, L ~ v i o c k  CA, PETER A. LINDSTROM, Novth Lake. CoUege., 

I i v i n g ,  TX, GLEN E .  MILLS, V o t o i &  Commu.n^ty CoUege., O/iicw.do, FL, 

BOB PRIELIPP, U n i v m L t y  of, W.bcoMnLn-Obhkobh, WADE H .  SHERARD, 

Fwiniun U n i v ~ i ^ y ,  GieenvLUe., SC, W .  R .  UTZ, C o h b - i a . ,  MO, and the. 

PROPOSER. 

579. Piopobed by R. S. Luthak, U n i v m i t y  of, WLhcomin 

CwteA,  JanuuWLe.. 

Prove t h a t  f o r  any p o s i t i v e  i n t e g e r  n, 

3n 4n(n!)3 < (n + 1)  . 
I .  Soiut^ion by South Dakota. State.  Univ&u^ty Piobiem 

So iv ing  Gioup, Btoofe-Lngb . 
Replace 4 by 8 and t a k e  cube r o o t s  t o  ob ta in  t h e  sharper  

i n e q u a l i t y  

zn(n!) < (n  + I)"', 

which can be rearranged t o  g e t  

Le t t ing  m = [ ( n  + 11/21 , we have 

with e q u a l i t y  i f  and only i f  m = n = 1. 

II. A btend of,  the. ~o-euAt.om mbinLtte-d &de.pe.nde.ntiy by 

Bob PIULnUpp, U n i v W i ^ y  0 6  W-Lliconih-O&hko&h, and Kemie^i  M.  W-Lefee, 

Topeka, Kanboi. 

By t h e  a r i t h m e t i c  mean-geometric mean i n e q u a l i t y  we have 

n + 1  n ( n +  1 ) / 2 = 1  + 2 +  ... + n  -= 1/n 
2 n n < (n!)  . - 

Thus (n  + 1)  3 3n > 23n(n!)3 = t?(n!) , with e q u a l i t y  only when 

n = 1 ,  a s t ronger  i n e q u a l i t y  than t h a t  proposed. 

AÂ£A b0Lve.d by JIM ARENS, C o h b u b ,  OH, FRANK P .  BATTLES, 

MoAbachubeXtA M a e  Academy, BuzzotdA Bay, CHARLES R .  DIMINNIE, 

St. Bonave.nttHte. U n i v W i ^ t y ,  NY, RUSSELL EULER, No/i thwu 

State. U n i v m ^ t y ,  MakywiZte, MARK EVANS, LodviJULe., KY, JACK 

GARFUNKEL, F A u U n g ,  NY, RICHARD I .  HESS, Rancho P d o b  V e ~ d u ,  CA, 

JOHN M .  HOWELL, L i t .U.e~ock,  CA, E D W I N  M .  KLEIN, Uvu.viWiUy of, 
- 

WLhconi in,  Wh-ut.ewa.te~, HENRY S. LIEBERMAN, John Hancock M u t d  l&@ 

Inhwiance. Co., Bob-ton, MA, MICHIEL SMID, TUbuhg,  The. N&vita.ndi, 

WILLIAM STATON, U n i v e A ^ y  of,  Hui~,&b.i~p^, UnLv<iUUy, HAO-NHIEN 

QUI VU, Pmdue. U n i v m . e t y ,  W a t  La&ayc-fcte, IN,  and t h e  PROPOSER. 

OthUt bo.Cu.fct.on6 M a e  by mathemaAi.caZ induct ion.,  by f a k i n g  

togaA-ULhm& 04 each b i d e  and app ty ing  t h e  dcf,f,e~e.ntiaJi. caZcu^aA, and 

by appty'ing the. b inomia l  thnoiem. S e . v e ~ d  ~ o i v e ~ 4  made. ube of, t h e  

580. Pmpobe.d by Bob Plu.nUpp, Un ivm- t - t y  of,  W^c.onh&- 

O&hkobh. 

Let a, b, and a be t h e  leng ths  of  t h e  s i d e s  of a  t r i a n g l e  

and l e t  s be i t s  semiperimeter.  Prove t h a t  

Union of,  bo^u-fccoizi by Edmin M .  K i h ,  Uni.ve~&JULy of, 

WLhconli'in-Wlu^ewa.te~, and H e . q  S. U.e.bman, John H m o c k  M u t d  

Lc<(e Inhu/iance Company, Bob-ton, MoibachubeAtA. 

The given i n e q u a l i t y  i s  equiva len t  t o  

From t h e  extended a r i t h m e t i c  mean-geometric mean i n e q u a l i t y ,  

which s t a t e s  t h a t  

where q x .  > 0 and q1 + q2 + . . . + q = 1, V -I, 

t h e  l e f t  s i d e  of  (*) does no t  exceed 

Equal i ty  holds 

if and only i f  (b + c - a)/a  = ( c  + a - b ) / b  = (a  + b - a ) / e  

if and only i f  (b + a)/a = (a  + a) /b  = (a + b)/a  

i f  and only if a = b = a. 



A&io b0ive.d by FRANK P .  BATTLES, Matibachu^iitt& MoA-t-t-une 

Acadmq, Buzzmdli Bay, and the. PROPOSER. Both BATTLES and KLEIN 

p0'Lnte.d o u t  that phoblem 233 i n  The College Mathematics JournaZ 

JLt, biswULoJi.t0 tbui ptobton.  

581. Ph0pobe.d by St0.nte.y RabinowLtz, V ig 'u ta i .  Equipment 

Cohp., Nahua ,  New HampbfctAe.. 

I f  a  t r i a n g l e  s i m i l a r  t o  a  3-4-5 r i g h t  t r i a n g l e  has i t s  

v e r t i c e s  a t  l a t t i c e  p o i n t s  (po in t s  with i n t e g r a l  coord ina tes )  i n  

t h e  plane,  must i ts  l e g s  be p a r a l l e l  t o  t h e  coordinate  axes? 

Amalgam of.  u-lie.wtiaU.q biswULoJi. botwbiowk i i u b m i t t i d  

&depe.ndewU.y by CHARLES R. D I M I N N I E ,  S t .  Bonaven-fane U n - t - v ~ - c A / ,  

New Yohk, RICHARD I .  HESS, Rancho Pal06 V v i d u ,  CaLi6onnin, and 

JOHN PUTZ, h a  CoUege., Michigan. 

Let a, b, and e be p o s i t i v e  i n t e g e r s  such t h a t  

2 2 2  
a + b  = a .  

Now l e t  p and q be any nonzero i n t e g e r s .  Then t h e  t r i a n g l e  with 

v e r t i c e s  0(0,0), A(pa,qa) and Bf-qb,pb) is  a r i g h t  t r i a n g l e  with 

v e r t i c e s  having i n t e g r a l  coord ina tes ,  with r i g h t  angle a t  t h e  o r i g i n  

and with l e g s  OA and OB propor t iona l  t o  a and b. Thus t a k e  a = 3 

and b = 4 t o  s e e  t h a t  t h e  posed ques t ion  is answered i n  t h e  nega t ive  

s i n c e  t h e  s lopes  of  OA and OB a r e  q/p and -p/q. More genera l ly ,  

t h e  f i g u r e  can be t r a n s l a t e d  t o  p lace  po in t  0 a t  any l a t t i c e  po in t .  

AÂ£A bo lved  by MARK EVANS, LoO-cAvUJi.e., KY, VICTOR G. FESER, 

Mmy College., B-CAmmck, NQ, JOHN M .  HOWELL, LLUJLviock, CA, KENNETH 

M .  WILKE, Topeka, KS, and the. PROPOSER. 

582. Phopohed bq WaLLm. Bl imbvig,  C o d  Spdngb ,  FloIU.da.. 

I n  t r i a n g l e  ABC with s i d e s  of l eng ths  a, b, and a, we a r e  

2 2 given t h a t  be cos B = ea
2 

eos C = ab eos A. Prove t h a t  t r i a n g l e  

ABC is  e q u i l a t e r a l .  

S o l u t i o n  by t h e  South Dakota State.  U n i v m ' i t y  Phoblem 

Soiv-Lng Ghoup, Stoolungb . 
Divide through by abe, mul t ip ly  by 2, and apply t h e  law of 

cos ines  t o  ob ta in  

Now s u b t r a c t  1 from each s i d e  t o  g e t  - .- 

If t h e s e  q u a n t i t i e s  a r e  a l l  p o s i t i v e ,  then  o > b  > a > o > o, 

which is  impossible. S imi la r ly  they  cannot a l l  be negat ive.  Thus 

they a r e  a l l  ze ro  and a = b = e. 

AtSio bolve-d by FRANK P .  BATTLES, Mati~achu^eAfci Mfim-fcciTie 

Academy, BuzzmdA Bay, CHARLES R .  DIMINNIE, S t .  Bonaventw~e 

Un-t-urn@, NY, RUSSELL EULER, N o n t h w u t  M-LAAoU^L State. U n i v m ^ U y ,  

Mc~tqvWLe., MARK EVANS, LoILUivWLe., KY, JACK GARFUNKEL, F&iiUng, MY, 

JOHN M .  HOWELL, Lt/ttÂ£viock CA, RALPH KING, S t .  Bonavwtuke. 

U L v m U y ,  NY, HENRY S. LIEBERMAN, John Hancock M u t u a t  M e  InbuAance 

Co., Bobton, MA, PETER A. LINDSTROM, Nohth Lake. CoUege, IhvLng, TX, 

PI MU EPSILON PROBLEM SOLVING TEAM, LoIuA-LCLna State. U n l v m ' i t y ,  

Bo-ton Rouge., BOB PRIELIPP, U h e m ' i t y  of, WJLt,con&A.n-Odtkobh, JOHN 

RUEBUSCH, S t .  XavLm. High School,  C-t.nc-t.nno-fcc, OH, WADE H .  SHERARD, 

F m a n  UiMLvmitA/, Ghe.e.nvWLe., SC, VIS UPATISRINGA, Hvmiboidt State.  

U L v W i U q ,  AAco/ta, CA, KENNETH M .  WILKE, Topeka, KS, and the. 

PROPOSER. 

583. Phopobed bq Joe. Van Aub&, Emohy U i M - v e m W ,  At&a.&, 

Gioig-ia. 

An urn conta ins  n b a l l s  numbered 1 through n ,  which a r e  

drawn one a t  a  time without replacement. Let x be t h e  first number 

drawn. Let y be t h e  f i r s t  number drawn t h a t  is l a r g e r  than x i f  

x < n and l e t  y = 0 i f  x = n.  Let N be t h e  draw which g i v e s  t h e  y 

value i f  x c n and l e t  IS = n + 1 i f  x = n .  Find E[y]  and E [ N ] .  

S o l u t i o n  t o  the. 6 h . t  pcwt by MARK EVANS, LoO-cAvWLe., 

Kentucky, and t o  the. second paA-t by the. PROPOSER. 

Since t h e  p r o b a b i l i t y  o f  drawing b a l l  P on t h e  f i r s t  draw is 

1/n and then  t h e  expected value of  y is [ ( P  + 1 )  + nl/2,  we have 



If t h e r e  a r e  s cards  of which t a r e  designated a s  success  

ca rds ,  t h e  expected number of  draws needed t o  produce t h e  first 

success  is  given by 1's + l ) / ( t  + 1 ) .  Note t h a t  i f  t = 0 ,  then t h i s  

expression f o r  t h e  f i r s t  success  s t i l l  holds i f  we i n t e r p r e t  draw 

s + 1 a s  g iv ing  t h e  f i r s t  success ,  which is  done i n  t h e  d e f i n i t i o n  

of  N. Therefore, sinceonenumber has a l ready  been drawn, we have 

AZio ~ o t v i i d .  by JOHN M .  HOWELL, L i t U . e ~ o c k ,  CA. POJttLaJL 

~0tud^.0n by RICHARD I .  HESS, RWC~CJ P&v& Vehdnii, CA. 

584. Phopo~ed by Jack G M u n k e t ,  F h h i n g ,  NW Yo&. 

Let ABC be any t r i a n g l e  with base BC. Let D be any p o i n t  on 

s i d e  AB and E any p o i n t  on s i d e  AC. Let PDE be an i s o s c e l e s  

t r i a n g l e  with base DE, or ien ted  t h e  same a s  ABC, and with apex 

angle P equa l  t o  angle A .  Find t h e  l o c u s  of a l l  such p o i n t s  P. 

S o i d o n  by M. T .  Kop<{, Dimma Lake., W u t  Gemany. 

Take po in t  G on l i n e  AB s o  t h a t  AGE i s  an i s o s c e l e s  t r i a n g l e  

with apex angle a t  A .  Let x = ^AGE = fGEA. The r o t a t i o n  through 

angle x, with r a t i o  r = AE/EG, and with c e n t e r  E maps D t o  P.  Hence, 

a s  D moves along l i n e  AB (=AG) with E f i x e d ,  then P moves along 

another  l i n e ,  t h e  image of  AB. This  l i n e  passes  through po in t  A a s  

seen by tak ing  t r i a n g l e  PDE t o  be t r i a n g l e  AGE. Thus t h e  image l i n e  

is  AP.  Now take  t r i a n g l e  PDE t o  be t h e  t r i a n g l e  RAE having AE 

a s  base. Of course,  R l i e s  on AP. Taking F t o  be  t h e  f o o t  of  t h e  

perpendicular  from A t o  GE, we have t h a t  fFAE i s  complementary t o  

fGEA = x.  Since WC = x ,  then fRAF is  a r i g h t  angle.  That is, 

t h e  locus of P i s  t h e  e x t e r n a l  b i s e c t o r  of U A C .  

585. Propo&e.d by VJLvfor G. F u e h ,  M a q  CoUe.ge., Rilimcuick, 

No& Dakota.. 

The sum of 17 c e n t s  can be made up i n  exac t ly  s i x  ways: 

(0,  0, 171, (0,  1, 12) ,  (0 ,  2, 7). (0,  3, 21, (1,  0, 7 ) ,  and 

(1,  1, 21, where (d, n, p )  denotes t h e  number of  dimes, n i c k e l s ,  and 

pennies ,  respec t ive ly .  Find a value of  n > 1 such t h a t  n c e n t s  can 

be made up i n  e x a c t l y  n ways and show t h a t  t h a t  n i s  unique. You 

may use  pennies ,  n i c k e l s ,  dimes, quar te r s ,  h a l f  d o l l a r s ,  and d o l l a r s ,  

a s  needed. 

EcLUonJuiJL comment. E D W I N  M .  KLEIN, U n L v e ~ ~ - L t y  of, 

W>LSicov~i-Ln-WhLtewatvi, and KENNETH M .  WILKE, T o p ~ k a ,  K a n b a ,  each 

(?ound the.  ~otud^.on -to thLh p k o b h  (50 c e d  JLn. 50 W y A  ] i n  Potya, 

Rrn t o  So lve  I t ,  2nd e.dA-kion, P/u.nciton UWLV&UU.Y P r e i ~ ,  1973 ,  

pp. 238 and 252-253. HARRY SEDINGER, St. Bonaventute. Un ivw>^y ,  

NW Yo&, <{ound -lit .in Notes on Introductory Cornbinatorics by P o t y ~  

it at. The. A ~ t u d ^ . ~ n  -LA by t e . ~ . ~ ~ ~ i o n :  .thm .LA 1 way t o  make. 0 t o  4 

cewte, 2 u a y ~  6 0 1  5 to 9 cent&, 4 W ~ A  {.or 10 t o  14 c h ,  e t c .  

A&o ~o i \ i e .d  by MARK EVANS, Lou^v-iU.e, KY, RICHARD I .  HESS, 

Rancho Palo& Vmde-i, CA, JOHN M .  HOWELL, Lut.U.ehoc.k, CA, and the. 

PROPOSER. 

586. Pmpobed by Robert C. Gebhmdt, Hopa.tcong, NW J m e g .  
co n x 

For what x does 1 -- x x3 x 4  
f2n,1 = 1 + %  + * - + - + - +  4! 6! 8! ... 

n=O 

converge and what i s  its sum? 
A 

Sotud^.on by South Vakoto. State. UWLVOVSJL~~ Problem So lv ing  

GROUP, B ~ o o f e ^ n g ~ .  

Using t h e  well-known s e r i e s  f o r  cosh x and cos x we see  t h a t  

t h e  given s e r i e s  converges f o r  a l l  x and is equal  t o  



cosh ^x for x 2 0 and cos /^c for x 5 0. 

AÂ£i 4obJS.d by  CHARLES R. DIMINNIE, S t .  Bonauentuhe 

UiM.um.tA/, NY, RUSSELL EULER, NovUwsut  AUA4oUJU. SÂ¥tat U h m ^ t y ,  

MmyuWLs., RICHARD I. HESS, Rancho P d o ~  V e ~ d e ~ ,  CA, JOHN M. HOWELL, 

L u t t i m k ,  CA, EDWIN M. KLEIN, UiM.umVLy 06 W^&con^-Ln-Wh^t-wcutui, 

BOB PRIELIPP and N. J. KUENZI, Uvtiv- of, W^&con^iM-Obhko~h, I. 

PHILIP SCALISIandRICHARD QUINDLEY, &udgen>ate~ S t a t e .  CotLege, MA, 

MICHIEL SMID, T i lbukg,  The. Ne t̂heA t̂andli, HAO-NHIEN QUI VU, Puhdue 

Un ivm- i t y ,  W u t  Laf.ayvtte., IN, and the. PROPOSER. PalvLLd botat^onh 

we.& ~ u b m U t e . d  by GEORGE W. BARRATT, Mo~yu-c^e, MU, FRANK P. BATTLES, 

Maii~achuie-fct6 M(Utikwe. Academy, BuzzmdCi Bay, VICTOR G. FESER, Mmy 

CoUe.ge, B-cAmmck, W), PETER A. LINDSTROM, No&h Lake. CoiLe-ge., 

l k ,  TX, P I  MU EPSILON PROBLEM SOLVING TEAM, Lo(UALanu S t a t e .  

UiM.ue~iJLky, Baton Rouge, and VIS UPATISRINGA, HumboW S t a t e .  

UiM-vm-cA/, A'tcata, CA. 

1986 NATIONAL P I  MU EPSILON MEETING 

There w i l l  n o t  be a n a t i o n a l  meeting o f  t h e  Mathematical Assoc ia t ion  o f  
America i n  t h e  summer o f  1986 s i n c e  the  I n t e r n a t i o n a l  Congress w i l l  be 
meeting a t  t h e  U n i v e r s i t y  o f  C a l i f o r n i a ,  Berkeley from Sunday, August 3 
through Monday, August 11, 1986. 

P i  Mu Eps i lon  Pres ident ,  M i l t o n  D. Cox, has made t e n t a t i v e  arrangements 
w i t h  ICM-86 planners t o  have members o f  P i  Mu Eps i lon  a s s i s t  a t  t h e  
meetings dur ing  t h e  day and p a r t i c i p a t e  i n  s tudent  paper sessions i n  
t h e  evenings. 

Students t h a t  work w i l l  have t h e  r e g i s t r a t i o n  f e e  waived p lus  o t h e r  ben- 
e f i  t s .  Space p e r m i t t i n g ,  s tudents w i l l  have o p p o r t u n i t i e s  t o  a t t e n d  the  
meetings o f  the  Congress. More d e t a i l e d  i n f o r m a t i o n  may be obta ined f rom 
Pres ident  Cox. 

ICM-86 i s  t h e  f i r s t  I n t e r n a t i o n a l  Congress o f  Mathematicians t o  be h e l d  
i n  the  Un i ted  States i n  36 years. Many i n t e r n a t i o n a l l y  known mathema- 
t i c i a n s  w i l l  be p a r t i c i p a t i n g  i n  t h e  meetings and t h i s  w i l l  be a r a r e  
o p p o r t u n i t y  t o  see and hear them. 

The Congress w i l l  focus p u b l i c  a t t e n t i o n  on t h e  r o l e  o f  mathematics i n  
t h e  modern wor ld  and i t s  importance f o r  sc ience and technology. 

1985 NATIONAL P I  MU EPSILON MEETING 

The Nat iona l  Meeting o f  t h e  P i  Mu Eps i lon  F r a t e r n i t y  was h e l d  

a t  t h e  U n i v e r s i t y  of Wyoming i n  Laramie on August 12 through August 14. 

H i g h l i g h t s  were a r e c e p t i o n  f o r  members and guests, a Dutch T r e a t  

Breakfast ,  a Counci l  Luncheon and the  Annual Banquet. The J.  Suther land 

Frame L e c t u r e r  was Professor  Erns t  Snapper, Dartmouth College, whose 

warmly received t a l k  on "The Phi losophy o f  Mathematics" was i n t e r r u p t e d  

once by a f a l s e  f i r e  alarm. 

Professor  Frame has served P i  Mu Eps i lon  as Associate E d i t o r  

o f  t h e  Journal ,  as Secretary-Treasurer General and as V ice- Di rec to r  

General. He was D i r e c t o r  General d u r i n g  t h e  p e r i o d  1957-1966. Dur ing 

t h e  Counci l  Luncheon, Professor  Frame reviewed t h e  h i s t o r y  o f  t h e  

f r a t e r n i t y .  He i s  t h e  author  o f  " F i f t y  Years i n  t h e  P i  Mu Eps i lon  

F r a t e r n i t y , "  P i  Mu Eps i lon  Journal ,  Vol. 3, No. 10, 1964. 

1985 STUDENT PAPER PROGRAM 

Box-Jenkins Autoregressive 
~ntegrated Moving Average 
Forecasting of Common Stock Prices 

An Historical Look a t  Some 
Interesting Functions 

A TiJSo-Dimensional Son-Linear 
Population Model 

A Shortcut t o  Solving Polynomial 
and Rational Inequalities 

Create Your Own Geometry 

M-LCom W. Ai.ke.n 
Oklahoma Alpha 
un-01m-ity 06 Oktohoma 

Geoqe. M. Atexand@ 
Knn&lioia. V i U a .  
St. John14 U n b o ~ J L k y  

cĥ L&ia. BtockiMiU. 
Oklahoma M p h a  
U n i v m - i t y  06 Oklahoma 



Sabermetrics 3 a . m ~  P. Johnb-ton 
New Yonk Omega 
S t .  Bonaventuhe U n L v ~ i ' L t y  

An&w Chin 
Tcxah Lambda 
UniveA-cAZy 06 Texah 

Kevin T.  C(lA^Atia.n 
CCLtLdonnia Lambda 
UnLvWiLLy 06  CaLLf,oJLytLa.-Davh 

Anthony Clacko 
Ohio Xt. 
Youngbtown SÂ¥tote UnLvWi'Lty 

Metagame Theory and Polit ical 
Behavior 

Randonmess and Complexity J 0 3 e .  D. Ochoa-LLoa 
A/U.zona Alpha 
U n L v e ~ ~ ' L t y  06 M z o n a  

Expanding a System of Propositional Hitche.U. PoUack 
Logic Pennb yiuaytLa. Be-to. 

B u c k n i U  UyuMvui&!  

Which Came First, the Explicit 
Formula for the Determinant or 
Properties ? 

i t s  

Historic Geometric Problems 
Involving Compass and Straightedge 
Construction 

Valuations on Monoids T e M y  RsUULy 
Montana. A^ha 
Univem'Lty o f ,  Montana 

Non-negative Integer Solutions o f  
n 

M d e .  Coa- in  
South Dakota Gamma 
South Dakota State.  U n i v m - L t y  

Mathematical Models i n  International Sandm R. RogeAi 
Relations Alabama BeXo. 

Auburn U n L v m ' L t y  
Some Applications of the Gray Code Hemy L. CuiveA 

Ohio XL 
Youngbtown State.  U n i . v ~ i ^ t y  

Hidden Lines, the Unseen Graphic HWI.I/ Robche., I l l  
Lou-cA-mna D&a 
Sou,the.ahtvw. Lom^fJO.m Uni.ve^uiiAy 

Raymond E. F-tonnay, Jk .  
Ohio Xt. 
Young-i-town SzMe. U n L v ~ i - t - t y  

Using Extrapolation t o  Obtain 
Approximations t o  TT 

A Microcomputer Application of Annum Mohd SU f, (<ah 

Karmarkar ' s  Polynomial-Time m-Us-ioiUu. Alpha 
Algorithm for Linear Programming U ~ v W i m  of, who&-C0tumbf.a. 

From Lead Pioes t o  Telstar -- Jamu J .  Shea 

John C. FSLabpoWLa, p n u e . w f a  
GiohgfJO. BeAa 
Ge.0hgi.a ln~-fct-tu-te. 0 6  Te.chnology 

A Report on the Precision of 
Floating Point Math Functions on 
Selected Computers 

History and Applications of Fourier M o ~ a c h e A t A  Alpha 
Analysis ( i l 0 h c e b - t ~ ~  Pof.y.te.chnLc 1 ~ 4 W L u t e  

A Recursive Descent Scanner i n  LOGO Mahk E. Fkydenbehg 
Conne.c/fct.cu-t BeAl 
Univuui-U-y 06 H w o n d  

Network Modeling i n  a Transportation Cynthia. M .  Stubeh 
Environment Whcoyui-in VeJLta. 

St. N o k b w t  CoUwe.  
Monte Carlo Studies i n  S ta t i s t i ca l  Ka.tĥ e.e.n A. St&igeJimann 
Research I-fce-Lno-ci Ep6don  

N o h t h a n  1-fce-Lnoi.h UnLv~usLLy 

Fooling Around with Mother Nature - John GkUkovii.ch 
An Application i n  Genetics Ohio Dei%l 

A General Solution Procedure for K& Tof,ang-Sazk, phUnwfiiH. 
the Steady-State Probability of M^Mo& Aipha 
State-Homogeneous Production Line U n i v W y  06 McAboiUu.-Cohb-ia 
Mode 2s 

A Phase-Plane Analysis o f  Coulomb 
Damping 

John T o k m  
I n d i a n a  Gamma 
Robe.-HuAnan l n b t i t u t e .  of, Te.chnotogy 

ELLzabe-tfi S t w t t o n  
Ohio De^ta. 
M^znu. u n L v w > m  

Mysiorrs Example o f  a Regular 
Topological Space That i s  Not 
Completely Regular 

Rob WaLLing 
OhJLo DeJita. 
M W  Uni.vw>'ity 

Dale's Cone of Experience and 
Improved Math Teaching 

J m u  8. HcUtt 
Ahkanbah B& 
He.nd)d.x CoU.e.ge. 

Same Results i n  the Theory of 
Amicable Numbers 

ICUik we.U.Vt 
Michigan D&a 
Hopi CoUige.  

Lattices of Periodic Fundions The Shifted QR Algorithm i n  Real 
Matrix Computations 



Boolean Idempotent Matrices and 
Applications 

Fignrate Numbers 

From Pan-Man t o  the Dihedpal Group, 
D4: An Application o f  Group Theory 

t o  Video Games 

Shemy Wheele~.  
Ahbama za-te 
Mabcuna State. U v b i v w  

T W  Wie.nce.k 
ohA.0 m. 
Youngbtown State.  U d M y  

W k  L. Wyntem 
New Hampb/uAe. M p h a  
UnLvm'vCy 06  New HampFbtAe. 

EdUoJL'^ Note. 

The. P i  Mu Ep&Hon Jou/inal. WCLS, f,ounde.d in 1949 and Â¥C dedicated t o  
undug>w~duate. and be.ginn&g ghaduate. btu.de.ntl, - m t e ~ u . t e d  -in 
mathemo-fct.~~. Submi t ted aA.tt.CiEu, announcemew-ti and wn.t^t.bixAt.on~ 
t o  the. Puzzle. Se-atLon and Pitoblem Vepiwtment of, the. JouhnaJL {should. 
be. cLUie.cte.d t o w m d  thu> gitoup. 

Uridaghaduate. and beginning gitaduate. h.tude.nts, m e  b.tmngiy m g e d  t o  
submi t  papem t o  the. J o W  f,oit con&^.deAatLon and po&^ble. 
pubU.cOtU.on. S tuden t  papem wUUL be. g i v e n  t o p  p h i o w t y .  

Expob-itohy CUvbiCiEu by phof,u&iona&e, i n  aVL me-CLS, 06 rnathmct tLu me. 
upe-CAJoJUn welcome.. 

Matching P-^cze Fund 

If, YOWL Chap tm pJLue.nt& awahdb f,o& 0u-biitan.cLin.g Mivthematical. P a p m  oh 
~ O J L  S tuden t  Achie.uement i n  Mdtkematic-i, you mag app ly  t o  the. Nat ional.  
O66iic-e. XOJL an amount e.qvucUL to that bpe.nt by YOWL Chap te~ .  up t o  a 
ma.Wnum of, 6.Ldty d o U a u .  

A bupp lq  06 10" by 14" FICLts~vuJfy C ~ t u t i l  me. auaiXJO.ble.. Ovm. i n  each 
co io f i  combincution w U l  be. bent  {.tie. t o  each C h a p t w  upon l i q u u t .  
AddLL-LowiJL po^tem a~e. avoJUia.bLe at the. {.oU.oMM.ng mtu 

[ 1 ) Pmp& on Goldenhod Stock . . . . . . . . . . $1.50/dozen 

( 2 )  Pwcp-te on Lavende~  on G o l d e n ~ ~ o d  . . . . $2.00/doze.n 

Se-nd *nut& and O J L ~ U I A  t o  VJL. Hichahd A. Good, Se.c~ntaAy-Tite.a.b~l~i, 
Ve.poA-tme.wt of, Mivthemcutiu, UnLvmJuLy 06 Mmytaw.d, CoU.ege Pmk,  MU 
20742. 

GLEANINGS FROM CHAPTER REPORTS 

ARKANSAS BETA (Hendrix Col lege); The c h a p t e r ' s  n i n t h  year  was a very 
a c t i v e  and f u l f i l l i n g  one. Severa l  chap te r  members at tended t h e  - 
Arkansas-Oklahoma MAA meeting i n  Tulsa i n  March. The Annual Hendrix- 
Sewanee-Rhodes Math Symposium was hosted by Hendrix. K& ShAAJLeq, 
Tmmfj T u c k e ~ ,  S c o t t  RobgAAA and J h  HaM presented papers. J h  and 
Tammy a l s o  presented papers  a t  The Conference of  Undergraduate Mathe- 
matics  a t  Guilford College i n  Apri l .  Guest speakers  during t h e  school  
year  included fit. PVt&A. Pe.&?iI, Hendrix College, on "The Simple Pendulum 
and Per tu rba t ion  Theory," PA.. John Jobe., Oklahoma S t a t e  Universi ty  - 
S t i l l w a t e r ,  on "Teaching E x p e r i e n t i a l  Applied Mathematics," PA.. Tommy 
Le.aVelfe, John Brown Universi ty ,  on "How Do You Add Together I n f i n i t e l y  
Many Numbers ," Ch&g Aitnotd, Southern Methodist Universi ty ,  on "Opera- 
t i o n s  Research," Vau-Ld SutheAtond, Hendrix graduate ,  on "Simple Codes 
t h a t  Detect /Correct  Er rors ,"  Kmen ShAAJLry on "B.A.  i n  Mathematics -- 
What Next?," Tammg T u c k a ,  Hendrix s e n i o r ,  on 'tApplying Prime Fac tor i-  
za t ion :  Amicable and P e r f e c t  Numbers ," and OK. Gokdon Johnlion, Univer- 
s i t y  of  Houston, on "Predict ion o f  So la r  Act ivi ty ."  A t  t h e  Honors 
Convocation, Samud J .  C l d  and h i g h  Ann Stewafit rece ived  McHenry- 
Lane Freshmen Math Awards, Ke.lM.n ShAAJLe.9 and D i c k  W ~ a o i t d  shared t h e  
Hogan Senior  Math Award, and J h  Haftt received t h e  P h i l l i p  Parker Under- 
graduate  Research Award. 

CALIFORNIA LAMBDA ( U n i v e r s i t y  o f  C a l i f o r n i a  - ~ a v i  s) . Chapter s o c i a l  
a c t i v i t i e s  included a po t  luck d inner  and a P i  Mu Epsilon versus 
Graduate Students  Vol leyba l l  Game. Lectures  were given by C d U h  John- 
bOn on "Demystifiying t h e  Vector I n t e g r a l  Theorems," by K e v h  Zumbinn 
on "The Penrose Ti les ,"  and by fh. Tanya feA.ftS,ky on "Magic Squares, 
P r o j e c t i v e  Planes and Other Strange Things." The Annual Spring Barbe- 
que c losed  t h e  school  year .  

FLORIDA EPSILON ( U n i v e r s i t y  o f  Southern F l o r i d a ) .  F a l l  1983 t a l k s  in-  
cluded t h e  P r e s i d e n t i a l  Address by Rocky R a t h g ~ b u i .  on "Curvature of 
Paths and Surfaces," a l e c t u r e  on "Applicat ions of  Physics  t o  Mathe- 
matics" by Pit. A. fawid Sw-cdeA., a l e c t u r e  on "Density Estimation" by 
fA.. Ibtahvm A. Ahmad, a l e c t u r e  on "The Relat ionship Between t h e  Number 
of  Holes i n  a Surface and t h e  Curvature of  t h a t  Surface" by vit. w .  E .  
CiaAb., and a t a l k  by ChJdtia.n S c h i n d t  on "The Magic Cube and Orthogo- 
n a l  Matrices. " In  t h e  Spring,  Jonathan F d c o  l e c t u r e d  on "Aspects of 
t h e  Ternary Cantor Set ,"  fit. M a g  PcWiott  discussed "What's t h e  Delay?", 
fit. E i t n u t  Thi&e.k&A. presented "It 's A l l  Done With Mirrors  o r  Ref lec t ions  
on Groups Generated by Reflect ions."  Chapter members a ided  t h e  F lor ida  
Sect ion of  t h e  MAA i n  organizing t h e  Student Papers Session. Students  
from f i v e  a r e a  co l leges  gave t a l k s .  I n  Apr i l ,  t h e  chap te r  hosted a ban- 
quet  i n  honor of new members. fA.. and M h b .  W a o l d  Kobmata. presented a -  
v i o l i n  r e c i t a l .  A t  t h e  l a s t  meeting o f  t h e  year ,  Student Correspondent, 
Chiu^it-Lan S c b i n d t  spoke on "The Tchebysheff Transform, a Radon Trans- 
form of  Radia l ly  Symmetric F u n ~ t i o n s . ' ~  



GEORGIA BETA ( ~ e o r g i a  I n s t i t u t e  o f  Technology). In  May, a t  t h e  1985 
Honors Program, Lo/u. G t e e n b m g  O'NedJS. was recognized and was awarded 
a book of her  choice.  Requirements f o r  recogni t ion  include a grade po in t  
average of a t  l e a s t  3.7 (A = 4.0)  i n  a l l  mathematics courses  taken.  

KANSAS GAMMA (Wich i ta  S t a t e  U n i v e r s i t y ) .  Chapter a c t i v i t i e s  included 
e i g h t  t a l k s ,  a p i c n i c ,  a banquet and p izza  p a r t i e s .  oh. k!khflAd V .  
Andhee,  The Universi ty  of  Oklahoma, spoke on "Some Problems Neither  My 
Computer Nor I Can Solve - YET," Tim  HLebUlt on "Questions i n  t h e  
Philosophy of  Mathematics," W. M .  P e A d  on "Two Plus Two Equals Four," 
H 0 . 4 4 h  O ~ O O ~  on " S t a b i l i t y  o f  Linear Lumped-Parameter Systems," V .  V .  
Chopfw. on "Mathematics and P i  Mu Epsilon," J a n  M .  ZyZkow on "On A r t i -  
f i c i a l  In te l l igence ,"  LeonLd K J L O ~  on " Quaternions, Rotat ions and t h e  
Hurwitz Problem," and K h k  Lanc(LSZeA on "On The Boundary Behavior of 
Minimal Surfaces and Soap Bubbles.'I 

MASSACHUSETTS GAMMA (Bridgewater S t a t e  Col lege) .  During t h e  Spring, 
chap te r  members met r e g u l a r l y  with Facul ty Advisor, PAoie^A~-t .  T h o m u  
E. MOOR&, f o r  problem-solving sess ions .  Chapter-sponsored i n v i t e d  
t a l k s  included " H i l b e r t ' s  Third Problem" by Thomas E. Moohe and "A Use 
of  Symbolic Logic i n  Medical Diagnosis" by P^0((Â£A40 Thomas K04hy. The 
I n i t i a t i o n  Address was given by J o ~ e p h  B, ChiLccuhe^Lt, Vice-president 
of  Administration and Finance of  Bridgewater S t a t e  College. 

MINNESOTA GAMMA (Macalester Col lege) .  F a l l  a c t i v i t i e s  began with a 
get- acquainted p i c n i c  with f a c u l t y .  In  October, 04,. Ron Jacobbon, 
Quali ty  Control  Divis ion,  Metro Waste Commission, spoke on "Linear 
Models and S t a t i s t i c a l  Procedures." In November, f i l m  programs fea-  
t u r e d  a Canadian-produced movie on s o r t i n g  and s e v e r a l  of  t h e  College 
Geometry productions. A Game Night and a Christmas Bash closed out 
t h e  F a l l  Semester. In  t h e  Spring,  J&Wuj V e g e A n U b ,  S t .  Paul  Companies, 
spoke t o  c lub  members and gues t s  on t h e  a c t u a r i a l  p rofess ion  and 
oppor tun i t i es  t h e r e i n .  The I n v i t e d  Speaker f o r  t h e  I n i t i a t i o n  Day 
Program was P A O ( < Â £ A ~ O  'Date V a ~ t b e ~ ~ ,  Hamline Universi ty ,  who presented 
a new proof of P i c k ' s  Theorem. Chapter President,VavLd W d a n d ,  was 
awarded t h e  Ezra J. Camp P r i z e  a s  Outstanding Mathematics Student. I n  
A p r i l ,  Pav-td spoke on "Morley's Theorem and Complex Numbers" a t  t h e  
Annual P i  Mu Epsilon Student Conference a t  S t .  John's Universi ty .  A 
las t- day- of- classes  p i c n i c  closed t h e  school  year  a c t i v i t i e s .  

MINNESOTA ZETA (St .  Mary's Col 1  eqe). I n  a d d i t i o n  t o  mathematics 
colloquium t a l k s ,  t h e  chap te r  members ( j o i n t l y  with t h e  Commerce Club, 
t h e  Computer Science Club and t h e  Career Services  Center)  sponsored a 
pane l  d i scuss ion  on "Undergraduate Education and t h e  Outside World: 
Things I Did Right - Things I Did Wrong." The Annual Induction Cere- 
mony f o r  new members was on Apr i l  19. T h o t h y  Vo^f..ing, chapter  Vice- 
President  spoke on t h e  "Sheffer Stroke." The Mathematics and S t a t i s -  
t i c s  Club and P i  Mu Epsilon j o i n t l y  support awards f o r  outs tanding 
freshmen mathematics s tudents .  A P r i s o n e r ' s  Dilemma Game is being 
organized on campus. 

MISSISSIPPI ALPHA (The U n i v e r s i t y  o f  M i s s i s s i p p i ) .  Four i n v i t e d  t a l k s  
h igh l igh ted  t h e  y e a r ' s  a c t i v i t i e s .  These were "A S i m p l i s t i c  Approach 
t o  t h e  Simplex Method" by oh. WWSMim R. T&, f a c u l t y  adv isor ,  "Class- 
room Computer Applicat ions f o r  Microcomputers" by oh. VaVLd E. Coofa, 
"Fibonacci Numbers" by V h .  (UJuUUUXm A. S m o n  and "A H i s t o r i c a l  view-" 
p o i n t  of  Fermat s Theorem" by V t .  Phzemo K l a m .  Mh.6 E f i z a b i t h  Haye^ 
was t h e  winner of  t h e  Annual P i  Mu Epsi lon Award. 

MISSOURI GAMMA (Maryv i l  l e  Col lege and St. Lou is  U n i v e r s i t y ) .  S U t e A  
H & i t  P a d b e ~ g ,  chairperson and Professor  of  Mathematics, repor ted  
t h e  detah of S^teh M d e  P. KeJLnaghan who headed t h e  Science Depart- 
ment a t  Maryville College f o r  many years .  &CAZeA t t d e  was t h e  f i r s t  
woman t o  rece ive  a doc tora te  from S t .  Louis Universi ty  and t h e  f i rs t  
person t o  rece ive  a doc tora te  i n  physics  a t  t h e  u n i v e r s i t y .  S-Lk&h 
kbk was a c h a r t e r  member of P i  Mu Epsi lon a t  t h a t  i n s t i t u t i o n .  
John PL~A%VL was winner of  t h e  P i  Mu Epsilon Senior  Contest and 
Kyi wong was Jun ior  Contest winner. Cash and book p r i z e s w e r e  awarded. 
Projected club a c t i v i t i e s  inc lude  a t u t o r i n g  s e r v i c e .  A t  t h e  Annual 
I n i t i a t i o n  Ceremony, R-cchfl~d H .  Aii~.fct.ng, Universi ty  of Maryland, gave 
t h e  40th annual James E.  Case, s.J. Memorial Lecture. H i s  t a l k  was 
on t h e  h i s t o r y  of computer sc ience  a s  a d i s c i p l i n e  and on computer 
sc ience  i n  soc ie ty .  

NEW JERSEY DELTA (Seton Hal 1  U n i v e r s i t y ) .  During t h e  F a l l  of  1984, 
members met weekly with V/t. John Mu-tehbon f o r  problem-solving sess ions .  
Lectures during t h e  school  year  included "Magic Squares" by V k .  John  
Saccoman of t h e  Seton Hal l  Universi ty  Mathematics Department, "Mathe- 
matics  and Operations Research" by VA. John KLi.nc&cz, AT 6 T B e l l  
Labora tor ies ,  and "Can You T r i s e c t  a Given Angle with Ruler and 
Compass?" by V h .  P u p  SckWaWtau, Seton Hal l .  A t  t h e  18 th  Annual 
Induction Ceremony and Luncheon, V h .  John Saccomun, f a c u l t y  adv isor ,  
spoke on "The History of  P i  Mu Epsilon." 

NEW JERSEY EPSILON ( S a i n t  P e t e r ' s  Col lege) .  Recipient  of t h e  Col l ins  
Award, given t o  a s tudent  who has completed t h e  sophomore year  and who 
has t h e  h ighes t  average i n  courses  i n  t h e  a r e a s  o f  mathematics, natu-  
r a l  sc iences ,  and computer sc ience ,  was T h e A a a  J e a n  G d .  T ~ ~ J L U U  
was presented with a copy of The Mathematical Experience by Davis and 
Hersh. 

NEW YORK PHI (Potsdam Col lege) .  Inv i ted  speaker a t  t h e  F a l l  Induct ion 
was PA. KathAtjn Wntd, a Potsdam College graduate ,  c l a s s  of 1977. Her 

l e c t u r e  was "Why Do Mathematics?" A t  t h e  Spring Induct ion,  Oh. J o y c e  
S C O ~  spoke on "The L i b e r a l  A r t s  Education." I n  A p r i l ,  t h e  chap te r  
co-sponsored Career Day with Career Serv ices  and t h e  Mathematics ~ e ~ & t -  
ment. Five speakers  from t h e  Potsdam a r e a  gave t a l k s  on c a r e e r s  i n  
mathematics. Fund r a i s e r s  included Down Town Night and a T- shir t  Sale .  
S o c i a l  a c t i v i t i e s  were an Open House Mixer and a p i c n i c  with o t h e r  s tu-  
dent  organizat ions.  The chapte r  l o s t  i ts s o f t b a l l  game with Computer 
Science. 



NEW YORK OMEGA ( S a i n t  Bonaventure U n i v e r s i t y )  . Problem-solving p a r t i c -  
i p a t i o n  was encouraging. Lectures included Pho&b-ioh Eft-ck H d n g ~ e n ,  
Syracuse Universi ty ,  on "The Strange World of  t h e  I t e r a t i o n  of  Functions," 
P ~ O ~ ~ A A O A .  Lent F'U.ediand, St.Bonaventure Univers i ty ,  on "Fixed Poin t  Theo- 
rems - A Survey of  Some Elementary Resul ts ,"  Jm&i Johnliton, chap te r  
p r e s i d e n t ,  on "Sabermetrics - t h e  S t a t i s t i c a l  Analysis of  Basebal l  Rec- 
ords  , I t  and PAO,+LAAOA. VouglaS CaShing, S t .  Bonaventure Universi ty ,  on 
'Arrow's Paradox: Why Democracy Can' t  Work." In  November, chapter  mem- 
b e r s  helped with arrangements f o r  t h e  F a l l  meeting of  t h e  Seaway Sect ion 
o f  t h e  MAA. A t  t h e  Spring Meeting of  t h e  Seaway Sect ion,  J u m a  Johmiton 
presented a shortened vers ion  of  h i s  t a l k  "Sabermetrics." A t  t h e  annual 
induct ion ceremony, t h e  P i  Mu Epsi lon Award ( a  check f o r  $50.00) was 
presented t o  Jarnu J o h M o n .  Taut CcLtaf.an.0 and Jama Voughehty received 
honorable mention. 

NEW YORK ALPHA ALPHA (Queen's Col lege of the  C i t y  U n i v e r s i t y  o f  New York). 
PA. Eugene Don, Queen's College, spoke on "Mathamagictt and explained how 
mathematics i s  a t  t h e  b a s i s  o f  many magic t r i c k s .  The f i l m  "Isometrics," 
a College Geometry product ion,  was shown a t  t h e  Annual I n i t i a t i o n  Cere- 
mony. Other h i g h l i g h t s  were end-of-term p a r t i e s  each semester and sever-  
a l  o rgan iza t iona l  and s o c i a l  meetings. Lha Kdtz and Kmen StsJW were 
t h e  r e c i p i e n t s  of  t h e  1985 P i  Mu Epsi lon P r i z e  (cash awards) f o r  excel-  
lence  i n  mathematics and s e r v i c e  t o  t h e  chapter .  

NEW YORK ALPHA GAMMA (Mercy Col lege)  . A t  t h e  annual induct ion meeting 
i n  May, Vh. McVu.ano GcuiCA.a, Hostos Community College,  spoke on "Amicable 
Numbers." Other chap te r  a c t i v i t i e s  included a l e c t u r e  on "Mathematical 
Puzzles" by Vh. John Tucc-taAone, Mercy College, and a t a l k  on " I n t e r e s t-  
i n g  Problems i n  Mathematics" by PA.. Gordon F e o ^ i m ,  Mercy College. 

NORTH CAROLINA LAMBDA (Wake Fores t  U n i v e r s i t y ) .  A t  t h e  I n s t a l l a t i o n  and 
I n i t i a t i o n  Banquet, Nat ional  Pres iden t ,  P ~ o { . u & o ~  WJLton 2). COX, l e c t u r e d  
on "A Geometry Problem Requiring a Calculus Solut ion."  Senior  Doug L i e . ,  
winner of t h e  Raynor Scholarship i n  mathematics, t a l k e d  about "An In- 
t r i g u i n g  Ser ies ."  In  Apr i l ,  Vh. John W. KeneUu, Clemson Universi ty ,  
l e c t u r e d  on "Do You Know M .  Pascal?" Chapter members a s s i s t e d  t h e  South- 
e a s t e r n  Sect ion of  t h e  MAA i n  i t s  A p r i l  Meeting a t  Wake Fores t  by r e c r u i t -  
ing  he lpers ,  s e t t i n g  up rooms, r e g i s t e r i n g  conferees and se rv ing  a s  
guides. A s o c i a l  a c t i v i t y  i n  February was a p i z z a  par ty .  

OHIO DELTA (Miami U n i v e r s i t y ) .  The F a l l  1983 i n i t i a t i o n  was he ld  during 
t h e  Tenth Annual P i  Mu Epsilon Student Conference. New conference r e -  
cords were s e t :  21 s tudent  t a l k s  and 53 off-campus s tudent  gues t s .  In  
October, Vk. CathWLne Rudin of  Miami's English Department spoke on "A 
Formal Model of Natural Language." I n  November, Vh. David G/idgge^. 
answered t h e  ques t ion  "What Does A S t a t i s t i c i a n  Do?" The Annual Holiday 
Par ty  was i n  December. VA. R.khoAd L d c h  gave a s h o r t  t a l k  on recre-  
a t i o n a l  mathematics. A t  a r e g i o n a l  conference a t  t h e  Universi ty  o f  
L o u i s v i l l e  i n  January, t a l k s  were given by chapte r  members Lee Ann 
S c h o U e n b e ~ g a  and Renee T e L .  A t  t h e  winter  i n i t i a t i o n ,  Vh. Tom Beng- 
Aton discussed "Redshift and Distance." A t  March meetings, M i a m i ' s  
oh. Bob VeckhiVit discussed "Wedderburn's Theorem" and BÂ£* 8aAne.h o f  

a m i t s  Marketing Department t a l k e d  about "Advertising and S t a t i s t i c s . "  . Vavid KuJUbnan1A S p i r o l a t e r a l  o f  175 Sides ( i n  ce lebra t ion  of Miami's 
175th anniversa ry)  won t h e  Student Conference Program Cover Design Con 
t e s t .  A t  A p r i l ' s  Awards Banquet, P i  Mu Epsi lon Examination P r i z e s  were 
awarded t o  John R. Knaum, L W e  L. Youngdahi and John F. Ghe~kovicfel 
A t  t h e  s t a t e  MAA meeting a t  Bowling Green S t a t e  Universi ty ,  t a l k s  were"- 
given by Lee Ann S h o U e - n b e ~ g e ~ ,  Mcuik RUM& and David Comaon. Several" 
chap te r  members at tended t h e  National  P i  Mu Epsi lon Meeting a t  t h e  Uni- 
v e r s i t y  of Oregon i n  August. 

OHIO NU (The U n i v e r s i t y  o f  Akron). Awards t o  s t u d e n t s  f o r  outs tanding 
achievement i n  mathematical academics a t  t h e  A p r i l  I n i t i a t i o n  and Awards 
Banquet included MAA memberships t o  C ~ A O ~  HOOVUL, Ch~l-yL P k d o t t i ,  hkke 
(CtAchne~, Lba 0 & t e ~ .  and Geohge Wood, AMS memberships t o  J h  Andwon,  
J e a  Wat&on and Mcuik Mahoney. Lba 0bte.h and C ^ t A  BoLLnga rece ived  
t h e  Samuel Selby Mathematics Scholarship Award f o r  1985-86 and C h A ^ S i f i  
MUZU was t h e  r e c i p i e n t  of  t h e  Annual Akron Regional Science F a i r  Award. 
A p icn ic ,  a f a c u l t y  versus  s t u d e n t s  v o l l e y b a l l  game, Career Night (with 
speakers from i n d u s t r y  i n  t h e  f i e l d s  of  mathematics and computer sc ience)  
rounded out  t h e  year .  DL. 'Doug.& CameAon, The Univers i ty  o f  Akron, 
presented "an i n t e r e s t i n g  and very chal lenging t a l k  e n t i t l e d  'South of  
t h e  Border. ' 'I 

OHIO OMICRON (Mount Union Col lege) .  I n  September, chap te r  members were 
i n v i t e d  t o  a t t e n d  t h e  Eleventh Annual P i  Mu Epsi lon Conference a t  Miami 
Universi ty .  Clifit B-te-cAhan, chap te r  p r e s i d e n t ,  spoke on "Math's Role 
i n  Converting Analog S igna ls  t o  D i g i t a l  Signals." I n  March, P d  Anda- 
l o t o ,  a Mount Union College alumnus and Ohio S t a t e  Ph. D. candidate ,  
spoke on "The 3 n t l  Problem." I n i t i a t i o n  ceremonies were he ld  i n  Apri l .  

OHIO X I  (Youngstown S t a t e  U n i v e r s i t y ) .  Four chap te r  members at tended 
t h e  1984 National  P i  Mu Epsi lon Meeting i n  Eugene, Oregon. 3e.U 
Kubha  and Debbie WtUt~ieM presented papers. Je66 gave h i s  paper  
again a t  t h e  P i  Mu Epsi lon Student Conference a t  Miami Universi ty  i n  
September. A t  t h e  A p r i l  1985 MAA Meeting i n  Akron, P a d  ~ u & % b ,  Ray 
F-tonnay and T h ~ i . ~ a .  WLncek gave t a l k s .  Other h i g h l i g h t s  were a f i e l d  
t r i p  t o  Reliance E l e c t r i c  i n  Cleveland, a s l e d  r i d i n g  p a r t y ,  t h e  F a l l  
Q u a r t e r  I n i t i a t i o n ,  a t  which PA.. David C. B u c h t d ,  Univers i ty  of  Akron, 
was guest  speaker ,  t h e  Winter Quarter  I n i t i a t i o n ,  a t  which P/t. Jut7le.h 
\\fly Westminster College, l e c t u r e d ,  and t h e  Spring Quarter  I n i t i a t i o n ,  
a t  which Vh. PiotlW~l,fe-t. of  Youngstown S t a t e  w a s  gues t  speaker. Vh. Mi& 
COX, Nat ional  Pres iden t ,  was t h e  i n v i t e d  l e c t u r e r  a t  t h e  Annual Spring 
Banquet. 

OHIO ZETA (The U n i v e r s i t y  o f  Dayton). Twelve meetings were he ld  d u r i n g ,  
t h e  school  year  1984-85. P r i n c i p a l  a c t i v i t i e s  included eleven s tudent  * 
t a l k s .  Ke.n Woah spoke on "Applications of  Orthogonal i ty  t o  Quantum 
Mechanics" and on "Matrix So lu t ions  i n  Quantum Mechanics." GaJu j  John.- 
4011 spoke on an a p p l i c a t i o n  of  l i n e a r  a lgebra  t o  chemistry and on a 
t o p i c  from group theory.  John SengwaJbL spoke on Markov chains and on 
t h e  European Roule t te  Wheel. H/uu.n V0nahu.e. spoke on "Cube Mania a t  i ts 




