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THE CHINESE REMAINDER THEOREM: 
A HISTORICAL ACCOUNT 

by Oauid J.  Mn-tkou-tc 
Iowa. State. UVIA.vw>-ity 

Indeterminate ana lys i s  is a branch of mathematics t h a t  has been 

s tudied and prac t iced  s ince  t h e  middle of t h e  t h i r d  century. An 

indeterminate problem is one which leads  t o  K a lgebra ic  equations In 

more than K unknowns, and very o f t e n  has an i n f i n i t e  number of solut ions.  

One a rea  i n  t h e  l a r g e  subject  of  indeterminate ana lys i s  is t h e  study of 

l i n e a r  indeterminate equations, o r  indeterminate equations of t h e  f i r s t  

degree. These equations a r e  of t h e  following form: 

ax + b y  = a .  

One of t h e  more i n t e r e s t i n g  and appl icab le  aspects  of l i n e a r  

indeterminate ana lys i s  is  t h e  remainder problem. This problem, a l s o  

known a s  t h e  "Chinese remainder theorem," has i ts r o o t s  i n  China, but 

was a l s o  developed i n  India ,  t h e  Arabic world, and Europe [7,  p. 2141. 

The o ldes t  known instance of t h e  Chinese remainder theorem is  i n  

t h e  work of  Chinese mathematician Sun-Tsu. It is  not known exact ly 

when Sun-Tsu was a l i v e ,  but h i s  work on t h i s  theorem is believed t o  

be work of  t h e  four th  century A.D.  [2]. This paper is  devoted t o  t h e  

explorat ion of t h a t  idea which Sun-Tsu wrote on s ix teen  cen tur ies  ago. 

Included is a descr ip t ion  of what t h e  Chinese remainder theorem is, 

t h e  h i s t o r y  of i ts development, a discussion of i ts proof, and, f i n a l l y ,  

a look a t  i ts usefu l  app l ica t ions .  

The Chinese remainder theorem f i n d s  an unknown number given its 

remainders when divided by various d i v i s o r s .  The problem's genera l  

s t r u c t u r e  is a s  follows: 

N E a m  + 5 E a m  2 2 + r2  : ... s a m 3  + v. 
A t y p i c a l  statement of  t h e  Chinese remainder theorem found i n  modern 

books of a lgebra would be much l i k e  t h i s  one taken from W .  E.  Deskins' 

A b s t r a c t  A l g e b r a  [ 5 ,  p 1401 . 
"(Chinese Remainder Theorem). If t h e  n p o s i t i v e  in tegers  

mi,  m 2 ,  ... , m a r e  r e l a t i v e l y  prime by p a i r s  ( i . e . ,  ( m  i' m.) 3 = 

1 i f  i, # j ) ,  then t h e  s e t  of n congruences 



Now having t h e  answer t o  when t h e  work o f  Sun-Tsu took p lace ,  x s al mod m ,  ..., x z a mod m n n 
has  a s o l u t i o n  x ' ,  Iforeover t h e  s o l u t i o n s  o f  th.e s e t  a r e  
e x a c t l y  t h e  e lements  o f  congruence c l a s s  [x'l modulo 
m rn ... mn.f' 

Over t h e  cour se  of  h i s t o r y  t h e  Chinese gave s e v e r a l  names t o  t h e  

remainder theorem. The d i f f e r e n t  names were taken e i t h e r  from a method 

o f  computation o r  a d i f f e r e n t  a p p l i c a t i o n  f o r  t h e  theorem. Some of  

t h e s e  names a r e  a s  fo l lows :  

1. Ta yen Ch ' i e  i shu  ( t h e  method o f  seek ing  u n i t y ) .  

2. Chein kuan shu ( t h e  method o f  c u t t i n g  l e n g t h s  o f  
t u b e s  1. 

3 .  Ch' in  Wang an  t i e n  p ing  ( t h e  P r ince  of  C h ' i n l s  s e c r e t  
method of  count ing s o l d i e r s ) .  

4. Fu s h e  c h i h  shu ( t h e  method o f  r epea ted  s h o t s ) .  

5. Kuei Ku suan ( t h e  computations o f  Kuei Ku). 

6. Ke Ch'iang suan (behind t h e  w a l l  computat ions)  
[ l l ,  p. 3231. 

Over t h e  span o f  t ime t h a t  t h e  remainder theorem was being 

developed, it a t t r a c t e d  t h e  a t t e n t i o n  o f  many g r e a t  mathematicians,  t h e  

f i r s t  be ing Sun-Tsu. A s  s t a t e d  e a r l i e r ,  Sun-Tsuls work on t h e  

remainder theorem is thought  t o  have been done i n  t h e  f o u r t h  cen tu ry  A.E 

Although most h i s t o r i a n s  ag ree  t h a t  t h i s  g e n e r a l  span o f  t ime is 

c o r r e c t ,  some cons ide r  Sun-Tsu t o  be t h e  same person a s  Sun-Wu, t h e  

c e l e b r a t e d  t a c t i c i a n  i n  t h e  s i x t h  cen tu ry  B.C. Sun-Wu was u s u a l l y  

r e f e r r e d  t o  a s  Sun-Tsu by way of  r e s p e c t .  Archaeologis t  Chu I- t sun  

(1629-1709) h e l d  t h i s  b e l i e f .  The view o f  mathematician Ta i  Cheng 

(1722-1777) is more widely accepted.  Cheng be l i eved  t h a t  Sun-Wu and 

Sun-Tsu were no t  one and t h e  same because t h e  work o f  Sun-Tsu c o n t a i n s  

some words which a r e  d e f i n i t e l y  known n o t  t o  have been used i n  Sun-Wu's 

t ime. Yuan Yuan (1764-1849), a mathemat ica l  h i s t o r i a n ,  ag rees  wi th  

Cheng and s t r e n g t h e n s  h i s  argument by s t a t i n g  t h a t  we cannot t a k e  

Sun-Tsuls work t o  be o l d e r  t h a n  t h e  Ar i thmet i c  i n  Nine S e c t i o n s ,  which 

i t t e n  by a n  unknown a u t h o r  around 200 B.C. This  is because 

su g r e a t l y  su rpasses  t h e  Nine Sec t ions  i n  t h e  e l a b o r a t e n e s s  of 

i o n s .  So t h e  op in ion  o f  Chu I- t sun  is g e n e r a l l y  thought  t o  

t h e  mathematician Sun-Tsu was a d i f f e r e n t  person than  

-Tsu was a c t i v e  i n  a p p r o x i m a t e l y t h e  f o u r t h  c e n t u r y  A.D. 

l e t ' s  look i n t o  t h e  a c t u a l  p i e c e  o f  work which c o n t a i n s  t h e  Chinese 

remainder theorem. Sun-Tsu wrote a book c a l l e d  t h e  Sun-Tsu Suan-Ching 

which l i t e r a l l y  means t h e  A r i t h m e t i c a l  C l a s s i c  of Sun-Tsu. Th i s  work: - 
is one o f  t h e  e a r l i e s t  p re se rved  Chinese textbooks  on a r i t h m e t i c .  It 

is  from t h i s  book we g e t  ou r  i n s i g h t  on how t h e  a n c i e n t  Chinese had 

t r e a t e d  t h e  a r i t h m e t i c a l  ope ra t ions  of  m u l t i p l i c a t i o n  and d i v i s i o n  [8, 

p. 351. The Sun-Feu Suan-Ching c o n s i s t s  o f  t h r e e  volumes. I n  its 

twenty- sixth  problem, t h i r d  volume, Sun-Tsu wrote t h e  fo l lowing:  

"We have t h i n g s  o f  which we do n o t  t h e  number; ' 

i f  we count  them by t h r e e s ,  t h e  remainder i s  2; i f  we 
count them by f i v e s ,  t h e  remainder is 3;  i f  we count them 
by sevens ,  t h e  remainder is  2. How many t h i n g s  a r e  t h e r e :  

Answer 23 

Method: 

I f  you count by t h r e e s  and have remainder 2, p u t  140. 
I f  you count  by f i v e s  and have remainder 3 ,  pu t  63. 
I f  you count  by sevens  and have remainder 2, p u t  30. 
Add t h e s e  numbers and you g e t  233. 
From t h i s  s u b t r a c t  210 and you have t h e  r e s u l t .  
For each u n i t y  a s  remainder when count ing by t h r e e s ,  
pu t  70. 
For each u n i t y  a s  a remainder when count ing by f i v e s ,  
pu t  21. 
For each u n i t y  a s  a remainder when count ing by seven,  
p u t  15. 
I f  t h e  sum is 106 o r  more, s u b t r a c t  105 from t h i s  and 
you g e t  t h e  r e s u l t . "  [2] 

In  more modem a l g e b r a i c  symbols, t h e  d e s c r i p t i o n  above would be: 

N = 2(mod 3 ) ,  3 = 3(m0d 5) .  N = 2(mod 7 ) .  
70 G l(mod 3 )  - 1 4 0  E 2(mod 31 
21 = Kmod 5 )  = 63 5 3(mod 5 )  
1 5  G l(mod 7 )  => 30 E 2(mod 7 )  
If = 140 + 63 + 30 - n - 105 = 23 17, pp. 269-2701. 

From t h i s  problem o f  Sun Tsu 's ,  t h e  meaning behind t h e  remainder 

theorem was e s t a b l i s h e d .  Notice t h a t  t h e r e  a r e  an  i n f i n i t e  number of 

s o l u t i o n s  t o  t h e  l a s t  equa t ion  based on t h e  va lue  given t o  n. I n  t h i s  

case ,  Sun-Tsu was looking f o r  on ly  t h e  s m a l l e s t  p o s i t i v e  s o l u t i o n .  A s  

is e a s i l y  seen ,  it is a h igh ly  s t r u c t u r e d  procedure and i f  t h e  procedure 

is fol lowed,  t h e  c a l c u l a t i o n s  a r e  q u i t e  s imple .  The above is 

e s s e n t i a l l y  t h e  ta- yen r u l e  o f  Sun-Tsu, which is equ iva len t  t o  t h e  u s e  

of  congruences.  This  book d i d  n o t  c o n t a i n  a g e n e r a l i z a t i o n  o f  t h i s  

theorem and d i d  n o t  g i v e  a proof .  However, t h e  Chinese o f  t h i s  e r a  



were not  general ly  known t o  p r a c t i c e  t h e  a r t  of proving theorems. Now 

t h a t  t h e  reader  understands what t h e  Chinese remainder theorem is and 

is  a l s o  informed about its r o o t s  i n  t h e  time of Sun-Tsu, l e t ' s  look 

i n t o  t h e  h i s t o r y  of  t h e  f u r t h e r  development of t h e  Chinese remainder 

thernem. 

Between t h e  time of Sun-Tsu and t h e  time of Ch'in Chiu-shao ( a  

g r e a t  t h i r t e e n t h  century Chinese mathematician whose work w i l l  be 

discussed l a t e r ) ,  t h e  progress i n  t h e  area of indeterminate ana lys i s ,  

including t h e  remainder theorem, was r e l a t i v e l y  small  i n  China. There 

were many Chinese mathematicians who attempted t o  make gains,  but none 

were t e r r i b l y  successful .  The ta-yen r u l e ,  which Sun-Tsu used i n  a 

non-general form, t o  solve some of h i s  problems, was not expanded 

u n t i l  t h e  time of  Ch'in Chiu-shao e i g h t  cen tur ies  l a t e r .  This l eaves  

a gap of approximately e igh t  cen tur ies  when progress on t h e  remainder 

problem i n  China was s tagnated.  The lack of progress i n  China did no t ,  

however, s top  t h e  neighboring Hindus of India  from picking up the  s lack.  

Between 500 A.D.  and 1200 A . D . ,  roughlv, t h e  Hindus of  India  were 

q u i t e  a c t i v e  i n  t h e  broad f i e l d  of indeterminate ana lys i s  a s  were t h e  

Arabs t o  a l e s s e r  extent.  The leading mathematicians of  t h a t  span 

were Aryabhata, Bhaskara I ,  Brahmagupta, Mahavira, Aryabhata I1 and 

Bhaskara 11. The Hindus were very much in te res ted  i n  t h e  remainder 

theorem and were a l s o  capable of pu t t ing  it t o  good use. This work 

done by t h e  Hindus i n  t h a t  l a rge  time span was instrumental  i n  keeping 

t h e  r e a l i z a t i o n  of t h e  remainder theorem a l i v e  [7, pp. 214-2171. 

I t  was only about 100 years  a f t e r  Sun-Tsu t h a t  Aryabhata was i n  

h i s  prime a s  a mathematician. In Aryabhata's work, which is now 

known a s  t h e  Avbhatiya, he gave a method f o r  t h e  remainder problem 

t h a t  became known a s  t h e  kuttaka method. Kuttaka was t h e  Hindu's 

version of t h e  ta-yen ru le .  The word kuttaka is derived from t h e  r o o t  

k u t t ,  which means " to  pulverize." So t h e  method is r e f e r r e d  t o  a s  

e i t h e r  kut taka o r  t h e  pulverizer .  This method was t h e  backbone of 

u indeterminate ana lys i s  and is b a s i c a l l y  t h e  method of continued 

ions. (The r e l a t i o n s h i p  between t h e  kut taka and ta-yen methods w i l l  

sed l a t e r . )  Aryabhata knew t h e  so lu t ion  method whose general  

is given on page 493. The pu lver ize r  was implemented i n  t h a t  

14, pp. 127-1391. 

Disciples  of Aryabhata, such a s  Bhaskara I and Brahmagupta, 

re inforced t h e  method of  kut taka by using it e f f e c t i v e l y ,  and hence 

sus ta in ing  i ts popular i ty ,  These men were no t  only mathematicians, but 

were i n t e r e s t e d  i n  t h e  remainder problem's app l ica t ion  t o  t h e  stars.: -- 

That is, t h e  general  purpose of t h e i r  work seemed t o  be astronomical ( i n  

a l i t e r a l  sense)  110, pp. 121-1231. This is why one of t h e  Hindus' 

g r e a t e s t  advances i n  t h i s  a r e a  was t h e  genera l iza t ion  of t h e  conjunct 

pulverizer ,  o r  samslistakuttaka. This took place from t h e  mid-ninth 

century u n t i l  t h e  t h i r t e e n t h  century. The conjunctness was usefu l  

because it put t h e  problem i n  a multi-equation form. 

b l y  = a x  1 k c  1 

b2y2 = a 2 x * c 2 

b3y3 = a x Â c [4, pp. 136-1371. 
3 3 

The genera l iza t ion  was important because it l e t  t h e  d iv i sors  a s  well  a s  

t h e  remainders vary. This gave much more opportunity t o  use it i n  a 

r e a l  s e t t i n g .  On account of  i t s  important appl icat ions i n  mathematical 

astronomy, t h i s  modified system has received s p e c i a l  treatment i n  t h e  

hands of Hindu a l g e b r a i s t s  from Aryabhata I1 (950 A.D.) onwards. So, it 

was t h i s  per iphera l  i n t e r e s t  of  t h e  Hindus i n  astronomy which fueled t h e  

strengthening of t h e  remainder theorem during t h a t  span of time when, 

f o r  one reason or  another, t h e r e  is  a lack of Chinese wri t ing on t h e  

subject .  

Now we're i n t o  t h e  ea r ly  t h i r t e e n t h  century, and by t h i s  time 

Europe was ge t t ing  i ts f i r s t  t a s t e  o f  t h e  Chinese remainder theorem. 

The o l d e s t  example of an indeterminate problem i n  Europe appears i n  t h e  

Proposi t iones ad aauendos juvenes, vÃ§hic is  a t t r i b u t e d  t o  Alain 

(730 A.D. - 804 A.D.). However, t h i s  problem had nothing t o  do with 

t h e  remainder problem. The f i r s t  a c t u a l  appearance of t h e  remainder 

problem i n  Europe is  from t h e  Liber  Abaci (1202) of Leonardo Pisano 

b e t t e r  known a s  Fibonacci. There a r e  two problems t h a t  use t h e  ta-yen 

r u l e  much l i k e  t h e  way Sun-Tsu used it. In f a c t ,  l i k e  Sun-Tsu, 

Fibonacci did not  g ive  t h e  s l i g h t e s t  t h e o r e t i c a l  o r  general  explanation 

of h i s  method f o r  t h e  so lu t ion  of t h e  remainder problem [7, p. 2411. ; 

By t h e  middle of t h e  t h i r t e e n t h  century it was f i n a l l y  time f o r  t h e  

Chinese t o  s t e p  back onto center  s tage  a s  t h e  main developers of t h e  

theorem which was l a t e r  named a f t e r  them. The main reason f o r  t h i s  



resurgence is  t h e  work of Ch'in Chiu-shao. The Shu-shu Chiu-chung is 

t h e  work of Chlin which is  dated 1247 [8, p. 511. Shu-shu Chiu-chang 

t r a n s l a t e d  is Sine Sect ions of Mathematics. This is not t o  be 

confused with t h e  much o lder  Arithmetic i n  Nine Sect ions mentioned 

e a r l i e r .  The t h i r t e e n t h  century was a time o f  t e r r o r  f o r  China. It  

suffered a t tack  a f t e r  a t t ack  by t h e  Mongolians and constant ly l o s t  

t e r r i t o r y  u n t i l ,  f i n a l l y ,  China was overrun and destroyed i n  1279 

18, pp. 63-78]. The environment of t h i s  e r a  makes Ch' in 's  advances 

look even more impressive. During these  hard times Ch'in Chiu-shao was 

wri t ing down the  process of solving numerical equations of a l l  degrees. 

This is a l s o  when Ch'in recorded t h e  long awaited generalized version 

of t h e  ta-yen ru le .  With t h i s  work by Ch'in, he includes and solves 

t e n  remainder problems. These problems a r e  worked out  a t  g rea t  length,  

so ins tead  of going through severa l  problems, some w i l l  be l i s t e d  t o  

give t h e  reader  an idea of  what Ch'in had i n  mind f o r  h i s  new 

general izat ion.  

1. To compute t h e  amount of money i n  t h e  t r e a s u r i e s .  

2. Checking o ld  calendars. 

3. To e r e c t  a dyke. 

4. Division of agr icu l tu re .  

5. Choosing t h e  r i g h t  s i z e  b r icks  f o r  a bui lding 

foundation [7, pp. 382-4121 . 
With t h e  wri t ings of Ch'in Chiu-shao known t o  a l l  t h e  ta-yen r u l e  

has a t t r a c t e d  a l l  of t h e  g r e a t  mathematicians i n t o  r e f i n i n g  it. It 

was re f ined  over and over again u n t i l  T. J. S t i e l t j e s '  version (1890) 

was wri t ten.  This was ranked t h e  best  method by a panel of 

mathematicians i n  t h e  e a r l y  1970's 17, p. 3801. S t i e l t j e s '  version 

ranked ahead of Ch' in 's  work, but taking i n t o  account t h e  e a r l y  da te  of 

Ch' in 's  work, it is c l e a r  t h a t  Ch'in l a i d  t h e  foundation f o r  t h e  

app l ica t ion  of t h e  ta-yen r u l e .  

The a c t u a l  l i s t i n g s  o f  t h e  s t e p s  i n  the  Chinese method o f  ta-yen 

and t h e  Hindus' method of Kuttaka a r e  much too  long t o  include i n  t h i s  

paper. This being t h e  case,  we would l i k e  t o  t e l l  t h e  reader  where 

hey can be found. The list of s t e p s  t o  t h e  ta-yen method by Ch'in 

-shao can be found i n  t h e  wr i t ings  of Ulrich Libbrecht [7, pp. 328- 

The method of kut taka w i l l  be found i n  t h e  same publicat ion [7, 

, and i n  chapter 13 of Dat ta ' s  book [ & I .  These sources 

should be q u i t e  h e l p f u l  t o  t h e  curious reader. 

One aspect  of t h e  kut taka and ta-yen methods t h a t  we discuss  is 

t h e i r  r e l a t i o n s h i p  t o  each other .  For cen tur ies  t h e r e  has been a 

continuing controversy between mathematical h i s t o r i a n s  over which method 

was first. That i s ,  they a r e  arguing over which method was derived from 

t h e  other. Histor ian A. Wylie, while speaking of t h e  ta-yen r u l e ,  

s t a t e s  : 

"This appears t o  be t h e  formula, o r  something very 
l i k e  it, which was knownto t h e  Hindus under t h e  name 
of kut taka,  o r  a s  i t ' s  t r a n s l a t e d  'Pulverizer , '  implying 
unlimited mul t ip l ica t ion  which is  not so  f a r  from t h e  
meaning of ta-yen o r  'Great Extension.'" [7, pp. 159-1601 

Histor ians of t h i s  point  of view were e s s e n t i a l l y  saying t h a t  we might 

be giving f a r  too  much c r e d i t  t o  Ch'in-Chiu shao f o r  h i s  general izat ion.  

The most recent  argument found on t h i s  t o p i c  seems t o  be t h e  most 

sens ib le  and is backed up by extensive comparisons. This is  the  

argument given i n  1973 by Libbrecht i n  t h e  same book mentioned above. 

H i s  argument concludes t h a t  t h e  two methods a r e  d i f f e r e n t  and he s t a t e s  

t h a t  "it makes no sense t o  accept t h e  idea of a h i s t o r i c a l  r e l a t i o n s h i p  

between t h e  Chinese ta-yen r.ule and t h e  Indian kut taka.  We w i l l  never 

be sure  i f  one was t h e  product of t h e  other .  We know t h a t  they were 

both very instrumental i n  the  development of  t h e  Chinese remainder 

theorem" [7, p. 3661. 

Before t a lk ing  about some of t h e  most usefu l  app l ica t ions  of t h e  

Chinese remainder theorem we f i r s t  discuss  proving such a theorem. 

There a r e  severa l  proofs of  t h e  theorem mainly because t h e r e  a r e  severa l  

var ia t ions  of i t s  method. A s  s t a t e d  before, Sun-Tsu and o thers  of t h a t  

very e a r l y  time did not include a proof e i t h e r  because of t h e i r  lack of 

genera l iza t ion  o r  simply j u s t  not seeing i ts importance. What w i l l  

follow is  t h e  proof of the  Chinese remainder theorem a s  it was s t a t e d  on 

page 2 (as  given i n  W. E. Deskins1 Abstract  Algebra). I w i l l  f i r s t  

s t a t e  a lemma which is re fe r red  t o  i n  t h e  proof: 

h m a .  "There e x i s t s  an in teger  x such t h a t  a: 5 a mod m and 

x z b mod n ,  

where a ,  b, m, and n a r e  p o s i t i v e  in tegers ,  if and only i f  

a z b mod (m,n). 

I f  x and y s a t i s f y  t h e  congruences, then 



x = y mod <m,n >. " 

'Proof of CRT. Proof by induction. "Suppose t h e  proposi t ion is 

t r u e  f o r  t h e  p o s i t i v e  in teger  k and consider t h e  s e t  of k t 1 

congruences 

x 5 al mod m ,  . . . , x s a ,  m o d , ,  where (m ,m .) = 1 f o r  -L # j. 
i 3 

By t h e  induction hypothesis t h e  s e t  of k congruences, 

x s a2m2, . .., x = mod 

has a so lu t ion  r, and t h e  elements of [ P I  modulo m. Where 

m = m m 3 ,  ..., m 
k + i  ' 

a r e  p rec i se ly  t h e  so lu t ions  of  t h e  s e t .  

Now we consider 

x = r mod m and x = a mod m 
1 1'  

F i r s t  we see  t h a t  t h e  in tegers  m and m a r e  r e l a t i v e l y  prime s ince  a 
1 

prime d i v i s o r  of  m is necessar i ly  a d i v i s o r  of exact ly one of t h e  k 

in tegers  m 2 ,  ..., m + Since these  numbers a r e  r e l a t i v e l y  prime t o  

m l ,  we conclude t h a t  

(m,m = 1 .  1 

Therefore by ( t h e  previous lemma) t h i s  p a i r  of congruences has a 

so lu t ion  x t ,  and moreover t h e  so lu t ions  of t h e  p a i r  a r e  exact ly t h e  

elements of t h e  congruences c l a s s  [a;'] modulo mil,. Then a:' is 

c e r t a i n l y  a so lu t ion  of t h e  k t 1 congruences above, and it i s  easy t o  

see t h a t  t h e  s e t  of so lu t ions  of these  k t 1 congruences is exact ly t h e  

c l a s s  [ x t]  modulo mlm2 . . . m . After  a l l ,  a so lu t ion  of  these  k t 1 

congruences is c e r t a i n l y  a s o l u t i o n  of  t h e  k congruences from above a s  

well  a s  

x = a mod m 
1 1 -  

This concludes t h e  induction, and proves t h e  theorem." [ 5 ,  p. 140-1411 

This was an example of a r e l a t i v e l y  modern proof. However, t h e  

i n t e r e s t e d  reader  can f i n d  d i f f e r e n t  proofs of t h e  Chinese remainder 

theorem i n  most a b s t r a c t  a lgebra books. A p a r t i c u l a r l y  i n t e r e s t i n g  

proof of  Ch'in's ta-yen method, which is a b i t  more h i s t o r i c a l  i n  

procedure but not a s  e a s i l y  followed, can be found i n  t h e  wri t ing of 

I-Chen Chang 121. 

Having given t h e  background and t h e  content of t h e  Chinese 

remainder theorem, t h e  paper w i l l  conclude with a discussion on 

appl ica t ions  of t h e  theorem. We can now ask: Why were Sun-Tsu, - 
Aryabhata, Brahmagupta, Bhaskara 11, Fibonacci, Ch in-Chui-shao, a n d i l l  

t h e  o thers  i n t e r e s t e d  i n  t h e  so lu t ion  of problems of t h i s  kind? A s  

s t a t e d  e a r l i e r ,  one big reason was an i n t e r e s t  i n  astronomy. You ask: 

what about astronomy, how can t h e  Chinese remainder theorem be used in 

astronomy t o  produce something usefu l?  There a r e  many ways. Perhaps 

one of t h e  most famous appl ica t ions  is t h e  computation of t h e  J u l i a n  

period. 

Some 400  years  ago, i n  1 5 9 3  Joseph J u s t i c e  Scal iger  introduced a 

period of 7980  years  t h a t  is known a s  t h e  J u l i a n  period upon which t h e  

Ju l ian  Day system i s  based. This system, a s  it was developed, counts 

days sequent ia l ly  from January 4713 B.C. ,  which is defined a s  Ju l ian  

day number 0 .  The question is  why o r  how did Scal iger  choose 4713  B.C.  

t o  be t h e  base year. This was done by using t h r e e  d i v i s o r s  and t h e i r  

product ( 7 9 8 0 )  and plugging them i n t o  t h e  remainder theorem. What were 

these  d iv i sors?  One was 2 8 ,  t h e  number associated with t h e  s o l a r  

cycle  of t h e  calendar (every 28 years  t h e  days of t h e  week occur on t h e  

same calendar day). Next was 1 9 ,  t h e  number of years  i n  t h e  Metonic 

cycle  of lunar  phases (every 1 9  years  t h e  phases of t h e  moon occur on 

approximately t h e  same day of t h e  year ) .  The t h i r d  d i v i s o r  i s  1 5  ( t h e  

number of years  i n  t h e  l a t e r  Roman Empire's t axa t ion  cycle ,  o r  i n d i c t i o ) .  

These numbers, when manipulated according t o  t h e  Chinese remainder 

theorem, produce 3268 a s  t h e  neares t  base year .  However, we need a 

year  i n  t h e  pas t  on which t o  base t h i s  calendar. So we s u b t r a c t  7 9 8 0  t o  

obtain - 4712 which is t h e  year  4713  B.C. [ 3 ] .  

There a r e  many o ther  calendar type problems i n  which t h i s  theorem 

was used. Other types of problems a r e  a l s o  numerous. Counting problems 

such a s  t h e  one solved on page 495  a r e  a good use f o r  t h i s  theorem. A s  

mentioned before,  Chtin-Chiu shao was in te res ted  i n  problems on 

construct ion and agr icu l tu re .  Another problem Ch'in expressed i n t e r e s t  

i n  is t h e  t ranspor ta t ion  problem. This problem was s t a t e d  and solved 

i n  h i s  Shu-shu-oh&-chang. A 

"A m i l i t a r y  u n i t  wins a v ic to ry .  A t  5 : 0 0  A.M. they 
send t h r e e  express messengers t o  t h e  c a p i t o l  where 
they a r r i v e  a t  d i f fe ren t  times t o  announce t h e  news. 
A a r r i v e s  several days e a r l i e r  a t  5 : 0 0  P.M., 8 a r r i v e s  



s e v e r a l  days l a t e r  a t  2:00 P.M., and C a r r i v e s  todav a t  
7:00 A.M. According t o  t h e i r  s t a t emen t s ,  A covered 300 
li a day, g 240 li a day, C 180 li a day. Find t h e  
number of  li from t h e  army t o  t h e  c a p i t o l  and t h e  number 
o f  days spen t  by each messenger." 17, p. 4011 

The Chinese remainder theorem is, i n  f a c t ,  e a s i l y  a p p l i c a b l e  t o  

r e a l  l i f e  s i t u a t i o n s .  These examples g iven above a r e  j u s t  a few o f  t h e  

many problems t h i s  theorem handles.  Perhaps t h e  r e a d e r  can now s e e  

why t h e  a u t h o r  f i n d s  t h e  Chinese remainder theorem one of  t h e  most 

i n t e r e s t i n g  mathematical concepts  of  i t s  t ime.  Its s i m ~ l i c i t y ,  

a p p l i c a b i l i t y  and uniqueness make t h i s  theorem e s p e c i a l l y  & t r a c t i v e .  

Approximately 1500 y e a r s  a f t e r  Sun-Tsu r eco rded  h i s  t hough t s ,  t h e r e  

s t i l l  e x i s t s  utmost a p p r e c i a t i o n  f o r  t h e  Chinese remainder theorem. 
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MAXIMUM TRIGONOMETRY 

by Richc~id BeA^Aom 
FioAA.da S-tote UvwJmLty 

Upon read ing  t h e  r e c e n t  paper  by Ruth Br i sb in  and Paul  Ar to l a  [ I ]  

on Taxicab t r igonometry ,  I n o t i c e d  a s t r o n g  resemblance between t h e  

t a x i c a b  norm and t h e  maximum norm. I n  p a r t i c u l a r ,  I found t h a t  i f  one 

d e f i n e s  t h e  Maximum f i / 2  C i r c l e  (MSC) i n  one coord ina te  system and then  

c a r r i e s  o u t  a 4 5  coord ina te  t r ans fo rma t ion  s o  t h a t  t h e  Taxicab Unit  

C i r c l e  (TUC) can be de f ined  i n  t h i s  t ransformed coord ina te  system, 

then  those  p o i n t s  forming t h e  MSC and t h o s e  forming t h e  TUC a r e  

i d e n t i c a l .  This  obse rva t ion  l e d  me t o  formulate  t h e  fo l lowing  

Maximum tr igonometry .  
n 

R e c a l l  t h a t  i f  x = (x i ,  x2, ..., x ) is  an  element o f  R then  
n 

1x11 = \xi 1 , i = 1, 2, . . . , n is t h e  maximum norm of x i n  R .  One 

can use  t h i s  norm t o  o b t a i n  t h e  d i s t a n c e  between any two p o i n t s  

Consider t h e  p o i n t s  a = ( x ,  y ) ,  a C A which form t h e  1/2/2 c i r c l e  

g iven by { A  ? R2 : d (A, 0 )  = 1/2/2} where 0 = (0 ,  0 ) .  I f  t h e  
P 

maximum norm is used t o  measure d i s t a n c e  then  t h e  MSC is formed and 

t a k e s  t h e  form {A  ? R2 : ( Is:\, ]y  1 = f i / 2 } .  The graph o f  t h e  

MSC is shown below. 



The axes  can be r o t a t e d  45O s o  t h a t  t h e  fo l lowing t r ans fo rma t ion  

is made 

x '  = I/?/2(lj t x )  

y '  = f i / 2 ( y  - x )  

with t h e  i n v e r s e  t r ans fo rma t ion  

X = x ' ~ o S ( 4 5 ~ )  - y ' ~ h . ( 4 5 Â °  = I/?/~x' - I/?/2y9 

y = x q s i n ( 4 5 0 )  t y 'cos(45Â° = I/?/&' + I/?/2y1. 

The fo l lowing  graphs  d e p i c t  t h i s  t r ans fo rma t ion .  

\ ["Â MSC 
\ 

Now, t h e  TUC i n  t h e  primed coord ina te  system is  de f ined  a s  

{A' S R~ : \x'\ + Iy 'I  = I} where a' â A' and a' = (a:' , y ' ) .  A 

couple  o f  examples may convince t h e  r e a d e r  t h a t  t h o s e  p o i n t s  forming 

t h e  newly de f ined  TUC a r e  e x a c t l y  t h o s e  forming t h e  MSC. 

= ( 2  + f i ) / 4  t ( 2  - I/?)/!! 
= 1 .". B â TUC . 

I f  one a c c e p t s  t h e  s t a t emen t  t h a t  t h o s e  p o i n t s  forming t h e  MSC 

and t h o s e  forming t h e  TUC a r e  i d e n t i c a l  upon t r ans fo rma t ion  then  t h e  

d e f i n i t i o n s ,  t a b l e s ,  and i d e n t i t i e s  developed by Br i sb in  and Ar to la  

f o r  t h e  TUC can be extended t o  t h e  MSC. I f  t h e  Diamond s i n e  and cos ine  

a r e  de f ined  a s  

x '  E cosdQ' = f , j ( ~ i ~ 6 1 ,  ~ 0 s 6 ' )  

y' E s indo '  = g . ( s i n O 1 ,  cos9 ' )  
3 - 

- 
f o r  a l l  x' , y '  s a t i s f y i n g  1x1 1 + \y'\ = 1 where 6' = 6 - 4 5  and 

fj, gj  a r e  de f ined  f o r  j = 1, 2,  3,  4 i n  Table 1, t h e n  

f i / 2 ( y  t x )  = cosd(6 - +so)  

I/?/2(2j - x )  = s i n d ( 6  - 45'). 

Solving f o r  x and y one o b t a i n s  

Now d e f i n e  x s cosm(9), y = s inm(6)  f o r  a l l  x,  y s a t i s f y i n g  

Table 1 

quadrant  * cosdQ' = 
f j  s indQ '  = 

gi 
1. (oO 5 9'  5 90Â° cosfl'/fsinS' t cos9 ' )  s i n Q ' / ( s i n Q 1  + cosQ')  

4 .  (270' 5 9' s 360') - cose1 / ( s in9 '  - s i n 9 ' )  - s i n e ' / ( s i n e l  - cosO')  

A s  w i th  Euclidean t r igonometry ,  it is important  t o  develop 

r e f e r e n c e  ang le  i d e n t i t i e s .  To do t h i s ,  sinm and cosm s h a l l  be A 

w r i t t e n  i n  terms of  9 ' .  

'"from Br i sb in  and Ar to la  



s = cosm(8' t 45') = V ~ / ~ ( C O S & '  - s i n d e ' )  

y = sinm(8'  t 45') = V2/2(cosdeq + s i n d o ' )  . 
The r e f e r e n c e  a n g l e s  a r e  de f ined  a s  fo l lows:  

quadrant  r e f e r e n c e  ang le  

1 (oO 5 e f  5 go0) 
- 
9'  = 9 '  

2 (90' S 9'  S 180Â° el  = 1800 - 9 '  

3 (180Â 5 9' 5 270Â° i' = 9'  - 180' 

4 (270' Â 9' 5 360Â° 0 '  = 360Â - 9 '  . 
Br i sb in  and Ar to la  showed t h a t  i f  9'; is a g iven ang le  i n  quadrant  i 

and 9',Â is its a s s o c i a t e d  r e f e r e n c e  ang le ,  t hen  

and s i m i l a r l y ,  

C O S ~ ( ~ ' ~  + 45') = \ / 2 / 2 ( c o s d ~ '  - s i n d i ' )  = c o ~ m ( 9 ' ~  + 45') 

Now i f  9' t 45O is r e p l a c e d  by 9,  

c o s d  9.) = c o ~ r n ( 9 ~  

sinm(9.,) = sinm(Gl) 

sinm(9 ) = - cosm(g2) 2 

where 

quadrant  

1 (45O S 9 5 135O.J 

r e f e r e n c e  a n g l e  
- 

= 9 1 

With t h e  r e fe rence  ang le  i d e n t i t i e s  I l e a v e  Maximum tr igonometry .  

A s  a last comment, I emphasize t h a t  t h e  Maximum t r igonomet r i c  f u n c t i o n s  

a r e  w r i t t e n  e x p l i c i t l y  i n  t e rms  of  t h e  Taxicab t r igonomet r i c  f u n c t i o n s  

and hence i m p l i c i t l y  i n  terms of  t h e  Eucl idean t r i g o n o m e t r i c  f u n c t i o n s .  

Therefore ,  Maximum t r igonomet r i c  t a b l e s  can be e a s i l y  developed 

us ing  e i t h e r  t h e  w e l l  known Eucl idean t a b l e s  o r  t h e  t a b l e  p resen ted  i n  

t h e  paper  by Br i sb in  and Ar to la .  
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A LOCUS OF P O I N T S  
FROM CONVEX COORDINATES 

by Jamu N. Boyd 
St. C h / u ^ i t o p h e ~ ~ ~  School 

R-t.chmond, V A  23226 

Introduction. Recently, I came across  a problem which must have 

been designed with convex coordinates  [ I ,  2, 31 i n  mind: 

Problem 1 .  A s t r a i g h t  l i n e  segment is  divided i n t e r n a l l y  a t  P  

where P  is equal ly l i k e l y  t o  be any point  of t h e  segment. What is t h e  

probabi l i ty  t h a t  

F i r s t ,  l e t  me give a so lu t ion  and follow t h a t  with a more general  

version of t h e  problem f o r  t h e  l i n e  segment. Then I w i l l  devote t h e  

p r i n c i p a l  p a r t  of t h i s  paper t o  analogous problems f o r  t r i a n g l e s .  

Solution. The convex ( o r  barycen t r ic )  coordinates  of P  with 

PB AP respect  t o  A  and B  a r e  a  ( P )  = - and a  ( P )  = -. We know t h a t ,  f o r  
A  AB B  AB 

P â a a A ( P ) ,  a ( P )  2 0  and t h a t  a ( P )  + a ( P )  = 1 .  
A  

We can solve a  ( P )  a ( P )  = a  ( P ) ( l  - a ( P ) )  = 3 / 1 6  t o  ob ta in  
A B  A  A  

( a  ( P I ,  a B ( P ) )  = ( 1 / 4 ,  3 / 4 1  o r  ( a ( P ) ,  a B ( P ) )  = ( 3 / 4 ,  1 / 4 ) .  Then 
A  

- 3 / 1 6  f o r  a ( P )  6 [ O ,  1 / 4 1  U [ 3 / 4 ,  1 1 .  AB AB - 

Therefore, t h e  p robabi l i ty  t h a t  PB . 5 3 / 1 6  is  

( 1 / 4  - 0 )  + ( 1  - 3/41 = 
1  - 0 

Now suppose t h a t  P  ? so  t h a t  

( 1 )  AB 

Problem 2.  Determine t h e  poss ib le  values of k  and f i n d  t h e  

probabi l i ty  t h a t  P  div ides  KB so  t h a t  Inequal i ty  ( 1 )  is  s a t i s f i e d .  

PB A? Solution. Again we l e t  a  ( P )  = - and a  ( P )  = -. Since a A ( P ) ,  
A  AB B  AB 

a B ( P )  2 0 ,  we know t h a t  k Â¥ 0 .  We can maximize t h e  product a A ( P )  - a B ( P )  

sub jec t  t o  the  cons t ra in t  a A ( P )  + a p ( P )  = 1  t o  ob ta in  k ( m a x )  = 1 / 4  f o r  

a A ( P )  = a B ( P )  = 1 / 2 .  A s  we would expect from symmetry, P  f o r  k ( m a x )  - is - -- 

t h e  midpoint of  t h e  segment. Thus 0 5 k 5 1 / 4 .  

Proceeding a s  i n  our f i r s t  problem, we consider a  A  ( P ) ( l  - a A ( P )  ) = k '  . 
1  - and a" 

Since t h e  values a 1  ( P )  = 
1  + d m  

A  
= 

s a t i s f y  t h e  equation, t h e  p robabi l i ty  t h a t  Inequal i ty  ( 1 )  is  s a t i s f i e d  

must be [ a f A ( P )  - 01 + [l - a\(P)] = 1  - m. 
Convex Coordinates i n  t h e  Plane. A Euclidean plane is determined 

by two d i s t i n c t  i n t e r s e c t i n g  l i n e s .  I f  t h e  l i n e s  a r e  perpendicular,  

they can be taken a s  Cartesian axes,  and every point  of t h e  plane can 

be uniquely specif ied with an ordered p a i r  of r e a l  numbers which a r e  

c a l l e d  t h e  Cartesian coordinates  of t h e  point .  Likewise, t h r e e  

noncoll inear  po in t s ,  V l ,  V 2 ,  V ,  determine a plane, and t h e  po in t s  of 

t h e  plane can a l s o  be designated with respec t  t o  those t h r e e  points .  

Ordered t r i p l e s  of r e a l  numbers, ( a l ,  a ,  a n )  such t h a t  a,  + a + a = 1 ,  

can be used f o r  t h a t  purpose. The t h r e e  numbers a r e  c a l l e d  t h e  convex 

(or  barycen t r ic )  coordinates  of a po in t  with respec t  t o  V,, V2, V 3 ,  i n  

t h a t  order .  

I f  the  Cartesian coordinates  of point  P  of t h e  plane a r e  (a:, y ) ,  

and those of V .  a r e  (a: y I ) ,  i = 1 ,  2 ,  3 ,  then t h e r e  e x i s t  unique 
I' 

convex coordinates  such t h a t  

1 1 + ^ 2 t a x  x = a x  3  3' 

( 2 )  y  = aly l  + a^y^ + a3y33 and 

1 = a  + a 2  + a  
1 3 "  

There i s  one-to-one correspondence between t h e  s e t  of po in t s  i n  t h e  

plane and t h e  s e t  of convex coordinates. [ 4 ]  

The closed t r i a n g u l a r  region with v e r t i c e s  V l ,  V 2 ,  V  may be 

defined by 3  3  

AVlV2V3 = { ( x ,  y ) l x  = 2 aixi, y  = 2 aiyi, a l ,  a^, a 3 ?  0 ,  and 
i=l I = 1  



Although convex coordinates  may be unfamil iar  t o  some readers ,  

they can be exceedingly usefu l  i n  developing proper t i es  of t r i a n g l e s ,  

and t h e i r  study i s  rewarding. They admit of numerous in te rpre ta t ions ;  

and i n  d i f f e r e n t  s e t t i n g s ,  one i n t e r p r e t a t i o n  may be more he lpfu l  than 

another. [ 5 ,  61 

In t h e  introductory problems, one-dimensional convex coordinates  

were given a s  r a t i o s  of  lengths-  For our next purposes, I s h a l l  

i n t e r p r e t  two-dimensional convex coordinates  i n  terms of a reas .  I 

hope t h a t  t h i s  i n t e r p r e t a t i o n  w i l l  seem sens ib le ,  but I leave it t o  t h e  

reader t o  seek a j u s t i f i c a t i o n  among t h e  references given a t  the  end 

of t h i s  paper. [ I ,  71 

Let P 6 A V V V .  Then P determines t h r e e  sub t r iang les  a s  

shown i n  Figure 1. 

Figure 1 

We can define (a,, a,,, a 1  by 

heaAPV2V3 AreaAPVl V3 AreaAPVlV2 

= AreaAVlV2Vg ' '2 - AreaAVlV2V3 ' "3 - AreaAVlV2V3 ' 

In t h r e e  dimensions, convex coordinates can be defined a s  r a t i o s  

of volumes o f  t e t rahedra ;  and i n  higher dimensional Euclidean spaces, 

we can say t h a t  convex coordinates  a r e  r a t i o s  of  "hypervolumes of (n+l)-  

s implices .  " 

Products of Areas and a Locus of Points.  I t  is  easy t o  show t h a t  

the convex coordinates  of  ver tex V .  a r e  a .  = 1, a j  = 0 f o r  j # i, and 

t h a t ,  on the  boundary of  AVlV2V3, a t  l e a s t  one of  t h e  convex 
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coordinates  must always be zero. So on t h e  boundary, we must have 

a a a  1 2  3 = O -  

By the  method of Lagrange m u l t i ~ l i e r s ,  we can a l s o  show t h a t  t h e  

maximum value of t h e  product ala2a3 f o r  P 6 AVlV2V3 is 1/27 when 

a, = a n  = a n  = 1/3.  Thus t h e  product of t h e  r a t i o s  of t h e  a reas  of t h e  

* -  - 
t h r e e  sub t r iang les  of AVlV2V3 is such t h a t  

The maximum occurs a t  t h e  centroid which has convex coordinates  (1/3, 

1 /3 ,  1/31. 

Let us  now ask t h e  question: What is t h e  locus of p o i n t s  i n  

AVlV2V3 such t h a t  a a a ,  = k where k 6 [O, 1/27]? 

To f i n d  t h e  general  answer, l e t  us  f i r s t  work a p a r t i c u l a r  

problem and then transform t h e  answer t o  t h a t  problem i n t o  t h e  desired,  

general  r e s u l t .  

Problem 3.  Consider t h e  r i g h t  t r i a n g l e  whose v e r t i c e s  have 

Cartesian coordinates  a s  given: Vl: ( s ,  t ) ,  V2: ( s ,  t t  ), V3: ( s ' ,  t ) .  

V : ( s , t )  
1 V3: ( s '  , t )  

Find a Cartesian equation f o r  t h e  locus of po in t s  i n  t h e  t r i a n g l e  such 

t h a t  a a a ,  = k. 

Solution. Let P: ( x ,  y )  be a t y p i c a l  point  of t h e  locus. With 

t h e  a id  of Equations (2)  and Cramer's Rule, w e  can transform t h e  convex 

equation ala2a3 = k i n t o  a 



(3)  (Const.)Fl(x, y IaF2(x ,y) -F3(x ,y)  = k 

where F.(x,  y )  = 0 i s  a l i n e a r  equation f o r  the  s i d e  of  AV V V which 
1 2 3  

s tands opposi te  t o  ver tex  V..  The determinant i n  t h e  denominator of 

t h e  Cramer's Rule so lu t ion  f o r  a cannot be zero s ince it is  always i 

twice t h e  a rea  of AVlV2V3. The constant f a c t o r  can be obtained from t h e  

requirement t h a t  k = 1/27 when (x, y )  a r e  t h e  Cartesian coordinates  of 

t h e  centroid of t h e  t r i a n g l e .  

The computations leading t o  Equation (3)  a r e  s t raightforward but 

not  i n t e r e s t i n g  enough i n  themselves t o  warrant t h e i r  inclusion with 

t h i s  discussion.  I leave it t o  t h e  d i l i c e n t  reader  t o  ca r ry  them out 

it he so  des i res .  

Every t r i a n g l e  i n  t h e  plane can be obtained from AVlV2V3 of Problem 

3 with t h e  ver tex  V a t  t h e  o r i g i n  of Cartesian coordinates. Suppose 
1 

t h a t  we need t o  obtain AV'lV'2V'3.  By means of  l i n e a r  transformations 

(shears ,  d i l a t i o n s ,  s t r e t c h e s ) ,  AV V V can be made congruent t o  t h e  1 2 3  

desired t r i a n g l e .  With f u r t h e r  l i n e a r  transformations ( r o t a t i o n s  and 

r e f l e c t i o n s ) ,  t h e  intermediate  t r i a n g l e  can be given t h e  same 

or ien ta t ion  i n  t h e  plane a s  t h a t  of AV'lV'2Vf3.  Then by a t r a n s l a t i o n ,  

our congruent t r i a n g l e  can be taken t o  t h e  desired locat ion.  

Before making use of l i n e a r  t ransformations and t r a n s l a t i o n s  t o  

general ize t h e  r e s u l t  of Equation (3) t o  any t r i a n g l e  i n  t h e  plane, we 

need t o  e s t a b l i s h  a b i t  of  matrix no ta t ion .  Each l i n e a r  f a c t o r  

F<(x, y )  can be wr i t t en  i n  the  form 

ax t by + a = (abc) 

The t r a n s l a t i o n  of P:(x, y )  t o  P ' : (x  + g ,  y + h )  can be e f fec ted  by 

t h e  matrix mul t ip l ica t ion  

where 

Noting t h a t  

we can give the corresponding transformation of t h e  f a c t o r  F.(x, z y )  f by 

Under t h i s  transformation, Fi(x, y )  = F'<(x t g ,  y t h ) .  

If a l i n e a r  transformation which keeps the  o r i g i n  f ixed  has 

matrix represen ta t ion  

and 

Clearly 

The corresponding transformation of t h e  l i n e a r  f a c t o r  q ( s ,  i f )  is  

given by 



Let T be t h e  matrix product represen ta t ion  of t h e  composition of 

l i n e a r  transformations and t r a n s l a t i o n  which c a r r i e s  AVlV2V3 i n t o  

A V t l V f 2 V ' 3 .  Under t h e  transformation of AVlV2V3, t h e  f a c t o r  F. (x ,  y;  

becomes 

F' . ( x t  , y f  ) = ( a b c ) ~ ' ~  = a t x t  + b t y '  + c ' .  

Proposition. Let P denote any po in t  of AVlV2V3, and l e t  t h e  

convex coordinates  of P be (a,, a 2 ,  a3) .  The locus of po in t s  i n  

AV1V2V such t h a t  

a a a = k, k 6 [O, 1/27: 1 2 3  

has equation 

(Cons t . )? (x ,  y ) - F ( x ,  y)-F3(x,  y )  = k 

where Fi(x, y )  = 0 is a l i n e a r  equation f o r  t h e  s ide  of t h e  t r i a n g l e  

opposite t o  vertex V and t h e  constant  f a c t o r  i s  chosen so t h a t  
i' 

k = 1/27 a t  t h e  centroid of t h e  t r i a n g l e .  

Proof, By s t a r t i n g  with a r i g h t  t r i a n g l e  a s  previously described, 

we can transform t h e  t r i a n g l e  i n t o  AVlV2V3. The corresponding 

transformation appl ied t o  each of  t h e  l i n e a r  f a c t o r s  of Equation (3)  

y i e l d s  t h e  desired r e s u l t .  

An Application. Let us  conclude with a computation which makes 

use of our proposi t ion.  

Problem 5. Consider t h e  t r i a n g l e  with v e r t i c e s  a t  t h e  p o i n t s  

Vl:(-1, 0 )  V2:(0, 11, V3:(l, 0). Let point  P be randomly chosen 

from the  closed t r i a n g u l a r  region.  What i s  t h e  probabi l i ty  t h a t  

Area APV2V3 Area W 1 V 3  Area b P V ' V 2  
c - ?  

Area AVlV2V3 Area A V V 2 V  Area A V l V 2 V 3  54 

Solution. The equation of the  s i d e s  of t h e  t r i a n g l e  a r e  y = 0, 

x + y - 1 = 0, x - y + 1 = 0. We need t o  consider the  equation 

(Const.)y(x + y - D ( x  - y + 1 )  = k. 
- - 

The centroid of AVlV2V3 has coordinates  (x, y )  = (0,  1 /3) .  Let t ing 

be -1/4. So our equation becomes 

(4)  ( - l /4)y(x + y - l ) ( x  - y + 1) = 1/54. 

By Monte Carlo techniques implemented on an Apple 

t h e  a r e a  of t h e  region bounded by t h e  curve defined by 

found t o  be -43. The value .43 was obtained by making 

I I e  computer, 

Equation (&)-was 

50,000 random 

choices of p o i n t s  from t h e  rec tangle  having v e r t i c e s  (-1, O), (-1, l ) ,  

(1 ,  1 ), (1, 0)  and multiplying t h e  a rea  of t h e  rec tangle  by t h e  

percentage of t h e  po in t s  which f e l l  within the  region of  i n t e r e s t .  

The area of AVlV2V3 is 1. Therefore t h e  des i red  probabi l i ty  is  
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A NOTE ON EVALUATING DEFINITE INTEGRALS BY SUBSTITUTION 

b y  P n t a  A. LLnh-Cmrn 
Nowth Lake CoIULege, Itving, Texai 

Beginning ca lcu lus  s tudents  w i l l  o f ten  evaluate  

by expanding t h e  integrand with t h e  Binomial Theorem and then using t h e  

Fundamental Theorem of Calculus. But i f  you t e l l  them t o  use t h e  Binomial 

TheoredFundamental Theorem of  Calculus approach on 

they w i l l  say " there must be an e a s i e r  way." Two such ways a re :  

9  6 ( i . )  v e r i f y  t h a t  (3x + 1) / (3 ) (96)  is an a n t i d e r i v a t i v e  of  t h e  

integrand,  and so  on, 

( i i . )  use t h e  following theorem t h a t  can be found i n  a l l  calculus 

t e x t s  : 

DEFINITE INTEGRAL SUBSTITUTION THEOREM. Let f be a  funct ion t h a t  is 

continuous on [a,&], l e t  u  = h(x) be a  d i f f e r e n t i a b l e  funct ion on 

[a,&], and l e t  g  be a  continuous funct ion such t h a t  f ( x ) d c  = g ( u )  du 

o r  f ( x )  = g(h(x) )h ' (x ) .  Then 

Applying t h i s  theorem t o  ( I ) ,  where u = h(x) = ( 3 ~  + 21, (1/3)du = dc, 

g ( u )  = ug5, h(1)  = 5, and h(3)  = 11, then 

There is  s t i l l  another way t o  solve t h i s  problem; evaluate  t h e  

d e f i n i t e  i n t e g r a l  (1 )  by taking t h e  l i m i t  of an appropriate  Riemann Sum. 

A t  f i r s t  t h i s  approach might seem l i k e  a  r a t h e r  poor method t o  use - 
because t h e  two methods out l ined above do such a  f i n e  job. Also, by'fhe 

l i m i t  of a  Riemann Sum approach, t h e  Binomial Theorem and numerous 

summation formulas would be needed, along with much paper, time and 

pat ience ! 

The l i m i t  of a  Riemann Sum approach does have one i n t e r e s t i n g  f e a t u r e  

though; it helps t o  motivate t h e  above theorem and t o  give a  be t t?e r  under- 

standing of  t h e  d e t a i l s  of t h e  theorem. The purpose of t h i s  note  is  t o  

show how t h e  l i m i t  of a  Riemann Sum approach y i e l d s  t h e  same r e s u l t  a s  

shown above by using t h e  theorem. 

Consider t h e  following argument. Expressing (1)  a s  t h e  1 L m i - L  of a  

Riemann Sum by se lec t ing ,  say,  t h e  r i g h t  end point  of a  regu la r  p a r t i t i o n  

of  n  sub in te rva l s  of  [1,3], we ob ta in  

But t h e  quant i ty  15 + i ( 6 / n ) 1 ' ~  of t h e  Riemann Sum i n  (3)  suggests 

another d e f i n i t e  i n t e g r a l  o f ,  say,  g ( u )  = ug5 t h a t  s t a r t s  a t  5  and is  

over a  closed i n t e r v a l  of length 6 ,  again using t h e  r i g h t  end point  of 

each sub in te rva l  of  a  regu la r  p a r t i t i o n .  With such an i n t e r v a l  of  

in tegra t ion  being 6 u n i t s  i n  l eng th ,  then (3)  can be wr i t t en  a c  

which is t h e  same d e f i n i t e  i n t e g r a l  obtained by using t h e  Def in i te  

I n t e g r a l  Subs t i tu t ion  Theorem i n  ( 2 ) .  

and s o  on. 



A MULTIPLIER PROBLEM 

by W,ik%iun M .  Pmd 
Wichita s w e  u n i v a 4 a y  

The Problem. Given a s i n g l e  d i g i t ,  is it always poss ib le  t o  f i n d  a -- 
n a t u r a l  number such t h a t  t h e  product of t h e  number and t h e  s i n g l e  d i g i t  

w i l l  have t h e  same d i g i t s  a s  t h e  o r i g i n a l  number* i n  t h e  same order ,  

except t h a t  t h e  first d i g i t  of  t h e  product w i l l  be t h e  l a s t  dj-gi t  of  t h e  

o r i g i n a l  number? The example 4 x  179487 = 717948 shows t h a t  it is some- 

times possible .  

In some cases,  one must allow t h e  first d i g i t  of  t h e  number t o  be 

t h e  d i g i t  0 .  For example, consider  4 x 076923 = 307692. 

The Solution. Consider - 
xn...x x h x m = hx ... x2xl, 

2 1 n 

which may be wr i t t en  

Let 

then 

Next, consider  t h e  congruence 

which may be solved (by b r i ~ t e  f o r c e )  f o r  m = l y  2 Â  3 Â  ... , 9.  

Let n ( m )  be t h e  smallest  ( p o s i t i v e )  so lu t ion  f o r  each m and l e t  y ( m )  

s a t i s f y  t h e  equation 

Equation ( I )  then becomes 

and M = h + 10hy = h ( 1  + I O y ) ,  

which is  t h e  des i red  answer. 

Below, a t a b l e  of values f o r  n ( m )  and y(?n)  is provided f o r  each m, 

I through 9. 

Examples ca lcu la t ions .  

Let m = 8 .  We must then solve t h e  c o n g ~ ~ ~ e n c e  l on  = 8 (mod 7 9 1 ,  

which has t h e  so lu t ion  x = 12. Then y = ( l o i 2  - 8 1 / 7 9  = 12658227848, a s  

is given i n  t h e  t ab le .  

Now suppose h = 3.  Then M = 3 ( 1  + 1 0 y )  = 3(126582278481)  = 
379746835443 and M x 8 = 0379746835443 x 8 = 3037974683544Â s o  M is t h e  

answer. 

Suppose h = 9.  Then M = 9 ( 1  + IOy)  = g(126582278481) = 1139240506329 

and M x 8 = 1139240506329 x 8 = 9113924050632y s o  M is  t h e  answer. 

Did you know Zha.i - 12345679 x 9 = 111111111 

98765432 x 9 = 888888888 ? 
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A COMMON MISUSE OF "DENOTED1' 

Although most s tudents  of t h e  humanities can barely bel ieve it* a 

l a r g e  majori ty  of s c i e n t i s t s  have f o r  some years  been using such 

expressions a s  Itthe a rea  of  t h i s  t r i a n g l e  is  denoted x" when they mean 

l1the a rea  of t h i s  t r i a n g l e  is denoted by x.I1 Edi to rs  f a i l  i n  t h e i r  

duty t o  p ro tec t  t h e  language when they allow such expressions t o  appear 

i n  p r i n t .  The omission of t h e  preposi t ion is c e r t a i n l y  a blunder 

i f  1f to denoteq1 means Ifto representT1 a s  i n  t h e  expression I'x denotes t h e  

a rea  of  t h i s  t r iangle.! '  The same blunder is exemplified by IrThe b a l l  

was kicked Tom1! when t h e  intended meaning is I1The b a l l  was kicked by 

Tom.!' But I have never heard even a c h i l d  use such a construct ion when 

a l l  t h e  words a r e  fami l ia r .  

After  a copy-cat makes t h e  blunder he might r a t i o n a l i z e  it by 

saying t h a t  'ldenotedV1 means llcalled' '  o r  llnamed"; but  he would 

presumably agree t h a t  it means " r e ~ r e s e n t s ~ ~  when he says 'Ix denotes 

t h i s  i n t e g ~ a l . ' ~  He might not no t ice  t h a t  h i s  meaning changes from 

!lrepresentll  t o  I1call1! depending on whether he uses  t h e  a c t i v e  o r  t h e  

passive form. This abrupt  change of meaning sometimes occurs even 

within a s i n g l e  sentence! I doubt i f  t h e r e  is another  verb whose 

meaning changes i n  t h i s  manner. 

Another possible  defense i s  t h a t  Ifdenoted xrl has, by frequent 

misusage, become an idiomatic form* t h a t  is, !'to denote1' is t h e  only 

t r a n s i t i v e  English verb i n  which the  T1byll can be omitted i n  t h e  passive 

form. But t h i s  defense is weak because idioms, such a s  l ' i t  ls me," 

near ly  always involve very common words and even some of  these  idioms, 

when pr in ted ,  can be unacceptable t o  most l i t e r a t e  people, f o r  example* 

"most a l l - ' '  I f  Ifdenoted xI1 is becoming an idiom, l e t  ls stamp it out  

before i t l s  t o o  l a t e .  

John S tuar t  M i l l  may have or ig ina ted  t h e  misuse i n  h i s  System of  

Logic, perhaps because he learned French thoroughly a t  t h e  age of 14 - 
(Mint0 and Mitchel l ,  191Iy p. 454). In French it is cor rec t  t o  say 

"not6 x " because " n ~ t e r ~ ~  means, among o ther  th ings ,  l!to brand" (Girard, 

1962). 

Girard, D. (1962). The New C a s s e l l l s  French Dictionary (New York: Funk 

and Wagnalls 1. - 
Minto* William and Mitchel l ,  John Malcolm (1911). ' l M i l l y  John S t u a r t T 8 -  

Encyclopaedia Britannica, 11th edn., Vol, 18, 454-459. 

r r r r r r r r r r r r ~ ~ ~ ~ r r r ~ r ~ ~ r r ~ ~ ~ r ~ r r r r r r  

THE IMPROPER INTEGRAL 

AS AN ALTERNATING SERIES 

Although another way t o  show t h a t  the  improper i n t e g r a l  {-sinx dx 

is divergent is  by looking a t  it a s  an a l t e r n a t i n g  s e r i e s *  I have not 

found any ca lcu lus  book t h a t  uses  t h i s  method. Therefore* we show t h e  

di tergence of I m s i n x  dx a s  an a l t e r n a t i n g  s e r i e s  here* a s  follows: 

m 2 lr < s i n  x dx = f w s i n  x dx + $ s i n  x dx + . . . +  sin nlr x dx + . . . 
m 

= 2 ( - l P 2 .  
n=O 

A s imi la r  argument app l ies  t o  ~ ~ ~ 0 s  x dx. 
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o b j e c t i o n  could be cou~%tehed by t h e  f j o U o d n g  a~~gument :  



LETTER T O  THE EVITOU (coniinued ] - 

by hand c d c d ~ o n .  

R. P. Boa  
N u m Y w ~ t ~ t n  U n i u m i X q  
Euanbtonl IL 60201 

by U. P. Boa 
No~~Xhweb$em Un iumiXy  

The following discussion seems t o  be even simpler than 

Schaumberger's [I] . 
The p o s i t i v i t y  of ec - fie is equivalent  t o  t h e  inequa l i ty  

nlog e  > elog N 

t h a t  i s ,  t o  

Now x / l o g x  increases when x > e (because its der iva t ive  is  pos i t ive) .  

Since N > e , we have (1) and hence e
N - ne > 0. 

REFERENCES 

IT e 
1. N. Schamberger, Another App~oach t o  e > IT , t h i s  Journal  8 (1986), 

251. 

+ PI MU EPSILON PLANS A 75TH BIRTHDAY CELEBRATION 

"The P i  Mu Epsilon Fraternity* incorporated on May 25* 1914, under 

the laws of the State of New York* i s  celebrating i t s  golden anniver&ry 

as a national mathematics honorary f ra terni ty  with nearly 100 active 

chapters in 39 s t a t e s  and the Dis t r ic t  of Columbia,'' Thus began Prof. 

J. S. Frame's a r t i c l e  "Fifty Years in the Pi Mu Epsilon Fraternity1' in 

the Spring 1964 issue of the Pi Mu Epsilon Journal. 

In 1989* the P i  Mu Epsilon Fraternity* Inc. - now the Pi Mu Epsilon, 

Inc. National Honorary Mathematics Society - will be 75 years old. 

Counci 1 lors  and officers have been making plans fo r  appropriate ways of 

celebrating the  birthday. 

Professor Frame's updated history of Pi Mu Epsilon will be featured 

in the Spring 1989 issue of th i s  Journal along w i t h  a complete l i s t  of 

past officers and councillors, winners of the annual paper competitionsy 

presenters of papers a t  the annual summer meetings, and much more. 

The dates and place of the National P i  Mu Epsilon Meeting fo r  the 

summer of 1989 have not yet  been determined. Chapter advisors will be 

kept informed. All available information will be published in the Fall 

1988 issue of th i s  Journal. 

@i @u '&milan, 3ns- 
NATIONAL HONORARY MATHEMATICS SOCIETY 



WE INDITE YOU TO JOIN US. THERE MILL BE SESSIONS OF THE 
STUDENT CONFEflENCE ON FfllOflY EUENING flN0 Sfl?UROflV RFlEflNOON. 
FREE OUERNIGHT LODGING FOR RLL STUDENTS MILL BE flRRflNGE0 WITH 
MI f lMI  STUDENTS. EflCH SWOENT SHOULD BRING R SLEEPING BflG. flLL 
STUDENT GUESTS flRE INUITEO TO fl FREE FflIOflf' EUENING Pl22fl PflRTV 
SUPPERl RNO SPEflKERS UILL BE TRERTEO TO fl SflTURDflY NOON PICNIC 

LUtiCH. TRLKS MflY BE ON flNY TOPIC RELRTEO TO MfilHEMflTICSl 
STRTISTICS OR COMPUTING. WE WELCOME ITEMS flflN6ING FROM 

EKPOSITOflY TO flESEflflCH, INTEflESTlNG flPPLICflTIONS, PflOBLEMS, 
SUMMER EMPLOYMENT, ETC. PRESENTRTION TIME SHOULD BE 

FlFfEEN OR THIRTY MINUTES. 

Me need gour title, presentation time (15 or  30 min.1, 
preferred date (Fri. or Sat.) and a 50 ~approu.1 word abstract by 

September 22,1900. Please send to Professor Milton 0. Con, 
Department of Mathematics and Statistics 

Mleml Unluersity, O ~ f o r c l ~  Ohio 45056 
me Conference on 'Recreational Mathematics

g 

begins 
Friday afternoon, September 30 

CONlflCT US FOR MORE OETfllLS 

PUZZLE SECTION 

Edixed by 

The PUZZLE SECTION i s  for the enjoyment of t b s e  readers who 
m e  d i e t e d  t o  working doublecrostics or who find an occas-LonaZ 
mathematical puzzle attractive.  We consider mathematical puzzles

f 

t o  
be problems whose solutions consist of answers inmediately recogn-Lzable 
as correct by simple observation and requiring l i t t l e  formal proof. 
Material submitted and not used here w i l l  be sent t o  the ProbZem Editor 
i f  deemed appropriate for the PROBLEM DEPARTMENT. 

Address a l l  proposed puzzles and puzzle solutions t o  Professor 
Joseph D. E. Konhauser, Mathematics and Computer Science Department, 
Macalester College, S t .  Paul, Minnesota 55105. Deadlines for puzzles 
appearing i n  the Fall Issue u i l l  be the next Febmaq 15, and for the 
puzzles appearing i n  the Spring Issue w i l l  be the next September 15. 

PUZZLES FOR SOLUTION 

1. PJLopohEd by Zhe El-L iAOk.  

Detcrrnine a  r ~ l ?  o f  f o r ~ n u l a t i o n  f o r  t h e  t a b l e  and f i l l  i r ~  thn 
l ~ l a n k s .  

I 

2. Pkopohcd by .the EcLLtok. 

The s e t  S c o n s i s t s  of f i v e  numbers. I f  p a i r s  o f  d i s t i n c t  

e lements  o f  S a r e  added7 t h e  fo l lowing  t e n  sums aFe ob ta ined :  

0, 6, 11, 12,  1 7 $  207 23, 26, 32, and 37 

What a r e  t h e  e lements  o f  S? 



Dissect an e q u i l a t e r a l  t r i a n g l e  i n t o  four  pieces which can be 
reassembled t o  form two e q u i l a t e r a l  t r i a n g l e s .  

4 .  A Sfohage and ReaX.ievd Puzzle.  
Given t h e  s e t  S  = {a,  b, c ,  d, e l  f i n d  t h e  s h o r t e s t  sequence of 

elements of S  such t h a t  t h e  members of each of t h e  31 non-empty subse t s  
of S  appear a s  consecutive terms of t h e  sequence a t  l e a s t  one time. 

The p o s i t i v e  in teger  11223 is composite s ince  it is  d i v i s i b l e  by 
9. I f  we change t h e  2  i n  t h e  t e n t s  pos i t ion  t o  a  1, then t h e  r e s u l t i n g  
number 11213 i s  prime. What is t h e  smallest  p o s i t i v e  composite in teger  
which cannot be changed i n t o  a  prime by changing exact ly one d i g i t ?  

6. Com%Lbu.ted. 
Find t h e  smal les t  p o s i t i v e  in teger  cons i s t ing  of t h e  t e n  d i g i t s  

0  through 9, each used j u s t  once, which is d i v i s i b l e  by each of t h e  
d i g i t s  2 through 9. 

7. A S p e c i d  Ca,5e 0 6  a Phoblem Pobed by P .  Eh664 and G .  Pmdy. 
Locate nine po in t s  i n  a  plane s o  t h a t  each of t h e  nine po in t s  is  

a t  a  u n i t  d i s tance  from exac t ly  four  of  t h e  o thers .  

COMMENTS ON PUZZLES 1  - 7,  FALL 1987 

O f  t h e  four  respondents t o  Puzzle # 1 only Jeanette Bickley and 
Richard I .  Hess provided c o r r e c t  p a r t i t i o n s  of a  regu la r  hexagon i n t o  
four  congruent six- sided f igures .  Their so lu t ion ,  which is t h e  same a s  
t h a t  of  t h e  proposer, John M. Howell, is reproduced below. A good way t o  
s t a r t  is t o  p a r t i t i o n  t h e  hexagon i n t o  24 congruent e q u i l a t e r a l  t r i a n g l e s  
a s  i n  t h e  sketch. 

There were e i g h t  responses t o  Puzzle # 2. Seven of these  contain-  
ed t h e  cor rec t  arrangement of cards a f t e r  one s h u f f l e  

John Schue argued t h i s  way: 

!!The s h u f f l e r  can be thought of a s  a  permutation u 

on t h e  s e t  {A, ZJ 3, 4,  5, CJ 7, 8, 9, 10, J ,  Q, K}. 
Then u2 is  given by t h e  cycle cr2 = (A,  10, J, 6, 3, 

Q, 2, 9, 5, K, 7, 4, 8) .  Since u13 must be t h e  - - 
i d e n t i t y  permutation, u  = (u2)7 = ( A ,  gJ 10, 5, J, 
KJ 6, 7, 3, 4, Q, 8J 2 ) .  Thus t h e  order  of t h e  
cards a f t e r  t h e  f i r s t  s h u f f l e  was (9, A, 4, Q, J, 
7, 3, 2, 10, 5, K, 8, 61." 

Thirteen cor rec t  responses were received f o r  Puzzle # 3 .  Most 
responses consis ted of j u s t  t h e  cor rec t  answer. John Schue wrote 

ItLet N = abcd be t h e  given number. Then t h e r e  is  a  

pos i t ive  in teger  M such t h a t  tJ2 = 100OOM + lOOO(2ad + 
2bc) + lOO(2bd + c 2 )  + lO(2cd) + d2. Thus d2 2 d  
(mod 10)  so t h a t  d  = O 7  I, 5, o r  6. I f  d  = 0, t h i s  
l eads  t o  N = 0000. I f  d  = 1, t h i s  l eads  t o  N = 0001. 
I f  d  = 5$  t h i s  leads t o  N = 0625. Since N is a  Q- 
d i g i t  number we must have d  = 6. Then 12c + 3 E c  
(mod 10) so c  5 -3 5 7, 12b + 7  E 6  (mod 10)  so b  = 
-7 E 3, and 12a + 1 = a  (mod 10)  so  a  = -1 5 9. 

Thus N = 9376 is  t h e  unique answer. Note: N' = 
87909376. " 

Robert Prielipp and Victor Feser remarked t h a t  a  number whose square 
ends with t h e  given number is  sa id  t o  be automorphic. See t h e  l i t e r a t u r e  
f o r  more on such numbers. 

Only Richard I .  Hess and Ernil Slowinski responded t o  Puzzle # 4. 
Their answer t o  t h e  question !?If t h e  s i d e  lengths of  a  convex quadr i la t-  
e r a l  a r e  p o s i t i v e  in tegers  such t h a t  each divides t h e  sum of t h e  o ther  
t h r e e ,  can t h e  f o u r  s i d e  lengths be d i f f e r e n t  n u m b e ~ s ? ~ '  was ttNO.tt An 
argument given by Michael Clipson7 a  one-time student  of t h e  proposer 
goes a s  follows: 

ttSuppose t h e r e  is  a  q u a d r i l a t e r a l  with s ide  lengths a ,  
b, c  and d  s a t i s f y i n g  t h e  condit ions of  t h e  problem. 
Set S  = a  + b  + c  + d. Since a  d iv ides  b  + c  + d  a s  
well  a s  i t s e l f ,  S  = kla f o r  some p o s i t i v e  i n t e g e r  k l .  

S imi la r ly y t h e r e  e x i s t  p o s i t i v e  in tegers  k Z y  k3 and k4 

such t h a t  S  = k2b = k3c = kbd. Thus S  = S/kl + S/k2 

+ S/k3 + S/kb = S( l /k l  + 1/k2 + l / k 3  + l / k ~ , ) .  But t h e  

q u a d r i l a t e r a l  is convex so  each ki must be l a r g e r  than 

2. Since a ,  b y  c  and d  a r e  t o  be d i f f e r e n t ,  we have 
S 5 S(1/3 + 114 + 115 + 1/61 = l9S/2O7 which is impos- 
s i b l e .  Hence no such q u a d r i l a t e r a l  e x i s t s . "  

Puzzle # 5 is a  source of embarrassment f o r  t h e  Editor .  The i 
question should have read I'If t h e  f o u r  t r i a n g u l a r  faces  of a  te t rahedron 
have equal per;rneters must t h e  faces  be c o n g r ~ e n t ? ~ ~  With p e r i m e t e ~  i n  
place of  a rea  t h e  puzzle i s  easy. With a r e a ,  t h e  answer i s  still "YEStt 
but t h e  proof is  not  t r i v i a l .  The Editor  f i r s t  encountered t h e  r e s u l t s  



while  browsing through some o l d  copies  o f  The American Mathematical 
Monthly. In a  r e p o r t  on undergraduate mathematics c lubs ,  i n  t h e  Apr i l ,  
l 92by  Monthlyy B. H. Brown discussed both ve r s ions  o f  t h e  problem i n  a  
no te  e n t i t l e d  Bang's !fheo~em/Isosceles Tetrahedra. It  i s  t h i s  no te  
which served a s  a  b a s i s  f o r  ROSS Honsberger's exposi tory essay A Theorem 
of Bang and the Isosceles Tetrahedron i n  h i s  book Mathematical Gems I 1  
which was published i n  1976. The Ed i to r  apologizes  f o r  making t h e  goof. 
Only Richard I .  Hess and Emil Slowinski responded t o  t h e  puzz le y GS 
proposed. 

Only Emil Slowinski submitted a  c o r r s c t  s o l u t i o n  t o  Puzzle # 6. 
Richard I. Hess read t o o  much i n t o  t h e  s ta tement  of  t h e  problem. He 
claimed c o r r e c t l y  t h a t  no s o l u t i o n  e x i s t s  i f  t h e  two i n t e r i o ~  matches 
must have t h e i r  ends end-to-end with t h e  matchst icks  which form t h e  tri- 
angle .  S l  owinski I s s o l u t i o n  fol lows:  

Seven readers  s u b r ~ ~ i t t e d  answers t o  Puzzle # 7. The answers f o r  
t h e  four-rowed a r r a y  and t h e i r  f i n d e r s  a r e  given f i r s t :  

Hess 
McKeon 
Oman 
P r i  e l  i pp 
Slowinski 

Boulger 
Oman 
P r i e l  i p p  
Slowinski 

Ashbacher Ashbacher 
McKeon Oman 
Oman P r i e l  i p p  
P r i e l  i p p  
Slowinski 

Of course ,  a r r a y s  obtained by r e f l e c t i o n s  i n  l l v e r t i c a l r r  l i n e s  a r e  a l s o  
so lu t ions .  S o l ~ i t i o n s  f o r  five-rowed a r r a y s  and t h e  numbers 1 through 15 
a r e  : 

13  3 15 14 6 6  14 15 3 13  

10 12 1 8 8 1 12 10 

2 I1 7 7 11 2 

9 4  4 9 

5  5  

Ashbacher Ashbacher 
Hess 
McKeon 
Oman 
P r i e l  i p p  
Slowinski 

I n  add i t ion  t o  t h e  given three-rowed a r r a y a  oman and P r i e l i p p  submitted 
t h r e e  o the r s :  

Several  respondents r epor ted  t h a t  they were unable t o  f i n d  any s i x-  o r  
seven-rowed a r r a y s  with  t h e  s p e c i f i e d  proper ty .  An anonymous c o n t r i b u t o r ,  
perhaps t h e  proposer,  r e f e r r e d  t o  Mar t in  Gardner's Mathematical Games 
column i n  t h e  Apr i l  1977 S c i e n t i f i c  American. 

L i s t  of respondents: Charles Ashbacher (3,7), Jeanette B i c k l e y  f1Jd 
Wi l l i am Boulger (2,3,7), Mark Evans (3,6), V i c t o r  G. Feser (3), Robert 
C. Gebhardt (31, Richard I. Hess (1,2,3,4,5,6,7), John M. Howell f3), 
James Maccaline ( 2 , ~ ) ~  Scot t  M. McKeon (2,3,7), Thomas M. M i t c h e l l  (31, 
John Oman (7), Robert P r i e l i p p  (3,7), John Schue (2,3), Emil Slowinski 
(2,3,4,5,6,7), and Michael Tay lor  (2,3). 

S o t d o n  Xo Mdhachohfic No. 2'5. (See F a l l  1987 I s s u e ) .  

Words : - 
A. grammar 
B. f i g u r e  e i g h t  
C. rhadamanthine 
D. accidence 
E. next f r i e n d  
F. Captain Video 
G. impedance match 
H .  s a g i t t a  
I.  absorpt ion laws 
J . trammel 
K. ogham 

L. paraselene V. isonemal f a b r i c s  
M. o f f s p r i n g  W. Catalan 
N .  lacunae X.  t h e  f u t u r e  
0. one- track Y. unmitigated 
P. g e t  o f f  t h e  e a r t h  2. robot  r e t a i l i n g  
Q. immersion a .  encaenia 
R. complex b. bast inado 
S. a t  loggerheads c .  o c o t i l l o  
T .  l ight- handed d. o therworldly  
U.  paradigm e .  k i t e  

Quotat ion:  ... Xhe v&c& bhckboakd . . . t h e  . . . medium 06 

pedagogic& ~xpke.4bi~n. No mount 06 exphnm%?n accompanying a cornpl&e 
6 i g u ~ ~ e  on a page can mdch t h e  in6ohmafion a%n.hmhXed while cmaAing 
t h e  h m e  digme a t  Xhe bomd, ,tdking & t he  while. The eahe 06 adding 
and hubth.a&ng d c d a i l ,  0 6  comecfing m o m  and amending diughizm ake 
6 a n d k v ~  t o  aLt mdk Xeachm. 

Solved b : Jeanette Bick ley,  Webster Groves High School, MO; Charles R. 
im inn iey  S t .  Bonaventure Univers i ty y NY; V i c t o r  G. Fesera Univers i ty  of  + 

Mary, Bismarcky ND; Robert Forsberg, Lexingtona MA; Dr. Theodor Kaufman, 
Brooklyn, NY; Char lo t te  blainesy Caldwelly N J ;  Stephanie s loyany Georgian 
Court Col lege y Lakewood, NJ; Michael J. Taylor,  Ind ianapo l i s  Power and 
Light Co., I N ;  Je f f rey  Weeks and Nadia Marano* I thaca  College, NY; and 
Barbara Zeeberg, Denver, CO. 

e * * 
A F i r s t- c l a s s  Puzzle Rev i s i t ed  - Pos thas te a g ive  t h e  nex t  two terms i n  

t h e  sequence: 3y  z y  3, 4, s y  G Y  8 ,  l o y  1 3 Â  15, 1 B Y  2OY ... . 



h i o A h a w L o ~ L i c  No. 26 

The 229 letters to be entered in the numbered spaces in the grid will be 
identical to those in the 29 keyed [UohdA at the matching numbers. The key numbers 
have been entered in the diagram to assist in constructing the solution. When 
completed, the initial letters of the [doh& will give the name(s) of the author(s) 
and the title of a book; the completed grid will be a quotation from that book. 

The solution to h1a thachohL ic  Alo. 25  is given elsewhere in the PUZZLE 
SECTION. 

6. wmpmhends (2 Ms.) 

C. a oset each Wo elmenk of whiih have a glb and a 
lug 

D. to make an angle 

E. a mu=ical inslwm~nt that swnds by the vbral'm of ib 
wnsntuent matend 

In Ireland, a lenanl renling a mal l  farm Under F. lorme%' 
the ra .tun1 sysmm 

G. lull of i n t e l W d  wmpflcatiom 

H. en Idealized, hicIionless machlne (2Ms.) 

I. dark nebu!a in lhe h s t e l l e h n  Orion 

J. infinity; the endless (Hindu mylhology) 

L pressed twelher 

N. 'henge- pe monument north ofSoneh6nge 
b e l i i d m  have pcedsd  Slonehenga (2 wds.) 

0. lorn of twth table lor representing bolean or logical 
exprasdons so lhal lhe manner ln which lhey can be 
simpilfied is made apparent (2 wds.) 

P. an edge of a graph whow removd sepWdleS h e  
graph 

Q. bright, glossy, luslmus 

R, one of tho firsl lo rem nize K d  WeierslraSS' 
mahemalid talent (1598 - 1652) 

S. rec6ficatmn 

U. a type of magic lantern lhat projects lhe image of an 
opaque cbjectonto a suean 

V. a vinually delunct sW (2 wda.) 

W. what a sel S is said to be wilh respect to the,poifM P 
il the inlersedon of S wlh each ray emananng lmm 
P is a segment or IS lhe enbre ray 

X. a lhrespointed figure in mbmidsry (2 &.) 

Y. a widing, tending, or Wisting 

Z, his achievement was a wmpkely s u ~ s s h I l  set of 
dsfhilions lor a dculus of reti- (408 - 355 B.C.) 

a. a shorl ve@cal flat spring wilh a +b @ lhe lop Used 
lor measuring slght honzontd wbmbons 

b. hom-shapd 

c. a magnesium metasflic$e, reyish+vhile la b m ,  
ouxmcg masswe and ln o t%whombc crjstals 

Editor's Note - Mathacrostic No. 26 was prepared by Carl E. Gadow on a 
Sun 3/50 Workstation using Metaform Professional by 
I ntran Corporation. 



PROBLEM DEPARTMENT 

Edited by Clayton W .  Dodge 

Un ivemLtq  06 Maine 

Th,& depum3nent welcomu pmblemb bcdLeved t o  be new and a2 a 

Leve l  apphopt ia te  6 0 ~ ~  t h e  headem 06 Z h i ~  j o u h n d .  Old phoblmb 

U p L a y i n g  novel and c tegant  m&hoh 06 ~ o l u L i o n  m e  &o i n v a e d .  

P h o p o b d ~  b h o d d  be accompanied by ~ o l u L i o w  i d  ava i labLe and by any 

in6om&on that u b h t  t h e  edLtoh. An u t c h ~ k  ( * I  pheceding a 

p h o b l m  numbm ind ica . tu  that t h e  phopobe~ d i d  no t  bubma a bo.f?uLion. 

A& communic&onb b h o d d  be adrhubed  t o  C. W .  Dodge, M d h .  

Dept., u n i v m a y  06 ~ ~ L L ~ I E ,  ~ h o n o ,  hiE 04469. P.&xUe b u b d  each 

paopobd and bok?u.tion phe6embly typed oh c l d y  wki.aXen on a 

bepma.te bhe& [one b i d e  o n l y )  phopehly i d e m 5 6 i e d  U h  m e  and 

a d d t u b .  So luLLon~  t o  phoblmb i n  th,& h b u e  b h o d d  be mai led by 

Decemba 75, 7988. 

Problems f o r  Solut ion 

665. Phopobed by John M .  Howelk?, L.i.ttlmock, Cafi6ofivLLa. 

An i n t e r n a t i o n a l  committee t r a n s l a t e d  t h e  EINS-ZmI- 

DREI problem, Problem 626 [ F a l l  1986, F a l l  19871. Even ONE 

though t h e  languages a r e  a l l  mixed up, t h e r e  is a  base  t e n  DOS 
t TRE 

s o l u t i o n  i n  which 0 ,  Dy and T, t h e  i n i t i a l  l e t t e r s  o f  ONEy - 
SEX 

DOS, and TREY a r e  i n  i n c r e a s i n g  a r i t h m e t i c  p rogres s ion .  Find 

t h a t  s o l u t i o n .  

666. Paopobed by John M .  Howelk?, L U a o c k ,  Cal i6ohnia.  

Five d i c e  a r e  r o l l e d  t o  form a  Ifpoker hand.'' Find t h e  

p r o b a b i l i t i e s  o f  t h e  hands: no matches,  one p a i r ,  two p a i r s ,  t h r e e  of  

a  k i n d y  f o u r  o f  a  k ind ,  f i v e  o f  a  k ind,  f u l l  housey and s t r a i g h t .  

667. Phopobed by John M. How&, L.i.ttlmock, C a L i ~ o h n i a .  

Each s p e c i a l  d i e  has  one f a c e  wi th  1 s p o t ,  two f a c e s  wi th  2 

s p o t s  eachy  and t h r e e  f a c e s  wi th  3 s p o t s  each. Find t h e  p r o b a b i l i t y  

o f  t o s s i n g  a  sum of  8 wi th  f o u r  s p e c i a l  d i c e .  

668. Phopobed by U. S. LuZhm, U n i v m i t y  od Whconb in  CenteA, 

J a n u v X e ,  Whconbin. 

Evaluate  t h e  i n t e g r a l  

669. Phopobed by A4ohmmd K.  A z A a n ,  U v L L v m a q  0 6  E v a n b v X e ,  

E v a n b v X e ,  1 ndiana. 2n 

Let n be  any p o s i t i v e  i n t e g e r .  Show t h a t  Il (k! + 1) has  a  
k=n 

2n 
f a c t o r  g r e a t e r  t han  It k. 

k=n 

670. Phopobed by P&m A. Lin&&om, NoMh Lake CoUege, I tw ing ,  

T e x u  . 
I f  Fn = 2~~ + 1 is t h e  nth Fermat number, f i n d  a l l  v a l u e s  o f  n 

s o  t h a t  F n and F n - 2 a r e  twin primes.  

671. Phopobed by J .  S. F m e ,  hlichigan St&e U n i v m a y ,  Eabt 

Law ing ,  f4ichigan. 

Find a l l  sequences o f  2k t 1 consecu t ive  i n t e g e r s  a, a t 1, ... , 
a t 2k such t h a t  t h e  sum o f  t h e  squa res  of  t h e  f i r s t  k t I o f  t h e s e  

i n t e g e r s  is  equa l  t o  t h e  sum o f  t h e  squa res  of  t h e  l a s t  k. That i s y  

f i n d  a  formula f o r  a = ak a s  a  f u n c t i o n  of  k. For example, al = 3 

s i n c e  32 + 42 = s2. 

672. Phopobed by & m y  BhunAOn, W u t a n  Kentucky U n i v ~ ~ ~ ,  

Bowling Gheen, Kentucky. 

Find a  s e r i e s  r e p r e s e n t a t i o n  f o r  

0 
673. Phopobed by S h n l e y  R a b i n o U z ,  Ai7LLan.t CompuZa SybXem4, 

LLtt teAon, ! . { u ~ a c h u m .  

Let AB be  an edge of a  r e g u l a r  t e s s e r a c t  ( a  four- dimensional  cube)  

and l e t  C be t h e  t e s s e r a c t f s  v e r t e x  t h a t  i s  f u r t h e s t  from A. Find t h e  

measure o f  ang le  ACB. 

674. Phopobed by UUAAEU E d @ ,  N o M h w u t  h4hbout i  S M e  
4 

~ ~ V U L b i t y ,  h h h y ~ . d % 2 ,  hkbb0ld.. 

Find necessa ry  and s u f f i c i e n t  c o n d i t i o n s  f o r  t h e  a r i t h m e t i c  mean 

o f  t h e  r o o t s  of  t h e  polynomial equa t ion  



n a x + a  xn-I + 
0 1 . . .+  a x + a  = O  n-1 n 

t o  be equal  t o  t h e  geometric mean of t h e  roo ts .  

675. Pkopobed by John H. ScoXZ, M a c d e ~ t a  CoUege, S a i n t  P d ,  

Fiinnebota. 

Erect a semicircle  on segment AB a s  diameter. From point  D on t h e  

semicircle  drop a perpendicular t o  point  C on AB. Draw a c i r c l e  tangent 

t o  CB a t  J and tangent t o  t h e  semicircle  and t o  segment CD. Prove t h a t  

angles  CDJ and JDB have equal measures. See t h e  f i g u r e  below. 

676. Paopobed by John M. How&, L M e h o c k 1  CaLi6oknia. 

Show t h a t ,  f o r  k > 0, 

677. Phopobed by Jack Gak{unkel, F l a k i n g ,  N w  Yohk. 

I f  A ,  B, and C a r e  t h e  angles of a t r i a n g l e ?  then show t h a t  

cos A cos B cos C < fi . 
- 

A B C 9  cos- cos- cos- 
2 2 2  

Solut ions 

639. [Spr ing 19871 Phopobed by C M u  W.  Tk igg,  San Diego, 

CaLi6okn.iU. 

Find t h e  s m l l e s t  SLICE t h e  KNIFE can cu t  from t h e  CAKE i f  

CAkE + KNIFE = SLICE. 

SoLuCion by Jams W& Qiang LL, J m u  MadLbon High School, 

BhookLyn, N w  Yokk. 

Since we must have E + E = E (mod l o ) Â  then E = 0. From t h e  

hundreds column we g e t  t h a t  A = 9. I t  follows t h a t  I is c a r r i e d  i n t q  - 
each column a f t e r  t h e  t e n s  column. Since we a r e  looking f o r  t h e  

smallest  SLICE, we f i r s t  f i n d  t h e  smallest  value f o r  S.  We have 

K + I = S, so  K < 8. Also K + P > 10, so  K > 2. From t h e  thousands 

column we have C + N = L + 9 with L > 0 and N < 9 ,  so  C > 1. 

I f  K = 3, then C = 1, which is  not possible .  I f  K = 4,  then 

F = 8 and C = 2, so  If c 8, again producing an impossibi l i ty .  I f  
' 

K = 5?  then P = 7 o r  8, so  C = 2 o r  3 and Ii = 8 o r  7 ,  producing 

L = 1. The r e s u l t i n g  SLICES a r e  61120 and 61130. The smallest  I 

ava i lab le  is  3 i n  t h e  former case and 2 i n  t h e  l a t t e r .  Thus t h e  

answer is t h e  l a t t e r ,  and t h e  complete add i t ion  is  

A l ~ o  botved by CHARLES ASHBACHER, hiount h4acy CoUege, Cedm 

Rapi rk ,  7A, JAMES E. CAMPBELL, 7 n h n a  U n i v m i A y  aX MoomLngXon, 

MARK EVANS, Lo&vi.Ue, KY, VICTOR G. FESER, U n i v m L t y  06 h k ~ ~ y ,  

Ehmmck,  NDl ROBERT C. GEBHARDTl Hoptcong,  NJ, RICHARD I .  HESS, 

Rancho P d o b  V m d e ~ ,  CA, JOHN H. SCOTT, b4acdebtm Cofiege, S a i n t  

P a d ,  MN, and KENNETH M. WILKE, Topeka, a. Both FRANK P. BATTLES, 

A!ubbachub& MLWL&%~ Academy, B u z z m h  Bay, and t h e  PROPOSER 

obtained t h e  n e m  b o l d o n  2950 i 58370 = 61320. W a k e  commented 

"The bm&eAf SLICE comeb 6kom t h e  LmgeAt  CAkZ a i n g  t h e  

bm&eAt IUiIPE. I' 

*640. [Spr ing 19871 Pkopobed by John hi. How&, W m o c k ,  

CafX6oknia. 

Find t h e  l a r g e s t  value of S ( n )  and t h e  l i m i t  of S ( n )  a s  n + - i f  

n- 1 
n S ( n )  = Z y. 

x=l 

Compob.i& 0 6  b o l d o n b  by Richakd 1. H u b ,  Rancho P d o b  V e J ~ d u ,  

Caf i60hnia,  and AL Tmego, bidden, Mubbacha &. 
We have t h a t  S(1) is  undefined, S(2)  = 1% S(3)  = 2 Â  S(4)  = 2 2/3? 

S(5)  = 3, S(6)  = 3 1/10, S(7)  = 3 1/15, S(8)  = 2 34/35, and ~ ( 9 )  = 2 617. 



For l a r g e  n, 

Hence l i m i t  S(n) = 2 s ince  a l l  terms but t h e  f i r s t  and l a s t  drop out .  
n+- 

We now show t h a t  {S(n)] is monotone decreasing f o r  n > 8. For 

t h i s  purpose we wr i te  

2- 2n -- - (2n)! [1!(2n - I)! t 2!(2n - 2): t ... t (n - l)!(n t I)!] 

and s i m i l a r l y  

Next we sub t rac t  corresponding terms t o  ge t  t h a t  

In t h i s  l a s t  expression a l l  t h e  terms i n  t h e  brackets  a r e  negative. 

Now we obviously w i l l  have t h a t  S(2n t 1) < S(2n) i f  we can show t h a t  

The argument leading t o  t h i s  inequa l i ty  makes sense only f o r  n > 2 s ince  - 
S(6), f o r  example, has only f i v e  terms. Thus we take  n > 2 and rewrzte-  

t h e  inequa l i ty  i n  t h e  equivalent form 

P(n): 2(n t l)(n t 2) ... (2n - 2) 2 n!. 

Now P(3) s t a t e s  t h a t  (2)(4) > 3!, which is t rue .  By mathematical 

induction we assume t h a t  n > 2 and t h a t  P(n) i s  t r u e  and we take  

= 2(n t l)(n t 2) ... (2n - 2)-(n t 1) 
> n!-(n + 1) 

= (n + I)!, 

so  P(n + 1) is  t r u e  whenever P(n) is t r u e  and n > 2. 

Similar ly we ob ta in  t h a t  

and then prove t h a t ,  f o r  n > 4, 

This completes t h e  proof t h a t  {S(n)] is monotone decreasing f o r  n > 5. 

Therefore S(6) = 3 1/10 is t h e  l a r g e s t  S(n). 

A&o ~oLved bg GEORGE P .  EVANOVICH, Sain.t PeXm CoUege, J m e g  
C a y ,  NJ, MARK EVANS, L o h v L U e ,  KY, JOHN H .  SCOTT, hhcdu . tm  CoUege, 

Sain.t Pad ,  hlN, and .the PROPOSER. ALt d o - ~ o L v m  obtained .the comect 

fid and the  1akgu.t S(n), but none proved that S(6) WU indeed g k w t ~ t .  

ScoaX commented .tha,t "S(n) appkoachu 2 vmg ,  v a g  ~LolvLg, but i n d i d g  

vehy, vehy, v m y  h q e . "  

*641. [Spring 19871 Pkopohed by  Pad A .  McKLueen, R d ~ g h ,  Nokth i 

Cmofina. 
Let fl = f2 = I and fk+2 = fk t fk+l f o r  k > 0 define t h e  Fibonacci 



k 
sequence. It is  known t h a t  = 2 fi f o r  any p o s i t i v e  in teger  k. 

Find a  s i m i l a r  formula f o r  t h e  general ized Fibonacci sequence g k ,  where 

gl through gn a r e  given and f o r  k > 0, 

I .  SoLuti.on by  Makk Euaiii, LoiLtiivAJU.e, Kentucky. 

Since we have t h a t  

k t n  

k tn -1  

i = k t  I 

then it is r e a d i l y  shown by mathematical induction t h a t  

k t n  k j t n- I  j t n - 1  n n-1 n-1 

g i  = [ gi][i=;tp] + i!:i - [if:i][if:i] <=kt1  j=O i = j t l  

II. Soi?uti.on by Ai? T e ~ e g o ,  MaLdcn, Ma~~achu~Â£-t.tA 

When m is a p o s i t i v e  in teger ,  we have t h a t  

Hence 

2 
= 2gm+n - gm(2gm+n-l - gm-l) 

2 
= ^mtn  - ^ A t n - l  ' ̂&-I * 

so  we can prove by mathematical induction t h a t ,  when m and k a r e  

p o s i t i v e  in tegers ,  

642. [Spring 19871 P h o p o ~ d  by Vmifyu/ P. Mavio, MOACOW, U.S.S.R. 

1 
t 

1 
+ ( i r ( 1  t + V ( I  t E )  e ( l  t TT )) 3 5  

with equa l i ty  i f  and only i f  II = IJ = E = 1. 

SoLU-tion by P.  I f :  V^a.nanda., S.ingapom. 

Multiply t h e  s t a t e d  inequa l i ty  by 

n p e ( 1  t n ) ( l  t p ) ( l  + e ) ( l  t m e )  

t o  ge t  

2 2 2 
T P e r + r p 2  2 2 ~ p e ~ p  and I I ~ E ~ ~ I J ~  + pe ~ ~ W E P ,  

and so  on, with equa l i ty  i f  and only if 

2 2 2  
T T ~ E I T = T T ~  and p l ~ ~ i r ! ~ ~  = pe, 

and so  on, which a r e  equivalent t o  ir = v = e = 1. 

AAso ~o tue .d  by RALPH KING, S t .  Bonaventuhe UnLveu-Lty, NY, and fhe 

PROPOSER. 

643. [Spring 19871 Phopoied by M. S.  K&sLmk̂ n, U n h ~ U y  o f ,  

A tbWta ,  Edmonton, A t b w t a ,  Canada. 

If a ,  b,  a ,  d 0,  prove t h a t  

1. Soi?uti.on by  W k  E u a n ~ ,  ~ o & v W L e ,  Kentucky. 

We have t h a t  



From Expression ( 2 )  we see t h a t  t h e  equation is symmetrical i n  a ,  b ,  

c, and d. Hence we may l e t  a 2 b > o>d > 0 without l o s s  of genera l i ty .  

Now i n  Expression (3)  a l l  t h e  f r a c t i o n s  a r e  g r e a t e r  than o r  equal t o  1 

and a l l  t h e  exponents a r e  nonnegative, so  Expression ( 3 )  is  g r e a t e r  than 

o r  equal t o  1 and t h e  proof i s  complete. 

11. S o i u t i o n  by Rkhahd 1. H u b ,  Rancho PaJLob Vend.u, CaLL6oml.a. 

The given inequa l i ty  can be rewr i t t en  i n  t h e  form 

3a-b-c-d 3b-c-d-a 3o-d-a-b 3d-a-b-c F(a,b,o,d) = a b a d > 1. - 
We l e t  f (a ,b,e ,d)  = 1 n F  and search f o r  a minimum of f .  Thus 

-^= ^-(3a- b -  a -  d )  t 31na - l n b  - I n s  - l n d  aa a 

and 

= 3 3 d  - a - b - c )  t 31nd - h a  - l n b  - l n c .  

Without l o s s  of genera l i ty  we take  a <_ b < _ a  < _ d  and we f i n d  t h a t  

af/aa ^_ 0 and af/ad > 0. Hence we can increase a and decrease d t o  

reduce f. This can be done u n t i l  a = b and c = d. F ina l ly  consider  

We see  t h a t  g (a ,d )  > 0 when a i d and t h a t  g ( a , a )  = 0. Hence g is 

minimized when a = b = a = d ,  s o  F(a,b,o,d) > 1 with equa l i ty  if and 

only i f  a = b = e = d. 

111. S o l u t i o n  by .the P ~ o p o b m .  

The inequa l i ty  can be rewr i t t en  a s  

More general ly ,  if ai > 0, then 

Since y = x l o g x  is concave upwards f o r  x > 0 ,  then 

Then, by t h e  arithmetic-geometric mean inequa l i ty ,  

F ina l ly ,  statements (2 )  and (3)  imply (1) .  

AÂ£i Â¥~io ive by JAMES E .  CAMPBELL, 1ncLLa.n~ U n i v e ~ ~ U y  ivt Bioomington. 

644. [Spr ing 19871 P~opo&ed. by R-ic.lwi.d I .  Hw, Rancho P d o b  

Vvudu, CaLi60kVwi. 

In t h e  f i g u r e  below prove t h a t  regions A and B have equal a reas .  

Soiwbion by J u d i t h  P. Kahn, Jamu Mactcion High School, Bmoklyn,  

Men) Y o ~ k .  

The l a r g e  c i r c l e  has an a r e a  equal t o  the  sum of t h e  a reas  of t h e  

four  small  c i r c l e s  p lus  4B minus 4A because t h e  A regions have been 

counted twice. I f  r i s  t h e  rad ius  of t h e  small c i r c l e s ,  then 2r is t h e  

rad ius  of t h e  l a r g e  c i r c l e ,  and we have 

2 
1 r ( 2 r ) ~  = 4(1rr ) + 4B - 4 A ,  

so  t h a t  A  = B. 

A&o t o i v n d  by STEVE ASHER, McNelt Phawia.cw^cd, Spiking Houbn, PA, 

CHARLES ASHBACHER, Moun-t Mmcy CoUnge, Cndak R a p i d ,  IA, SEUNG-JIN 

BANG, Snout, KOAM, FRANK P .  BATTLES, MabbachubvbtSi Afcyn-fcune Academy, 

Suzza~.dA Bay, JAMES E .  CAMPBELL, Indiana. S-tote U n i v m l i t y  a t  EtoonnWgton, 



RUSSELL EULER, N o w t h u t  M-CMoUA-L State.  UVU.uwiAJf.y, V o ~ y u W L e ,  GEORGE 

P .  EVANOVICH, S a i n t  P e Z m  CoUege., J v  C i t y ,  NJ, MARK EVANS, 

Lou^UivAJU.e, KY, VICTOR G. FESER, U J I A J ~ L ~ . ~  06 M U J L ~ ,  RiAmmck, NO, 

ROBERT C.  GEBHARDT, Hopo-tcong, NJ, JACK GARFUNKEL, F i l c h i n g ,  NY, 

RICHARD A. GIBBS, Fowt LeittLS CoUe-ge., Vu~ango ,  CO, JOHN P .  HOLCOMB, JR.. 

S t .  8onaven-tuAe U ~ L ~ v u s L t y ,  NY, XIAN SHAN H U I ,  Jamu Mad-aon High 

School, Kiooklqn, NY, BRUCE K I N G ,  W u t w i  ConneeAc.cut State. U n i u ~ > L t y ,  

Vanbwcq, RALPH E .  KING, St. 8onave.n.tmie. Unbwi -L - t y ,  NY, JAMES L I ,  

Jamu Muciuion High School, B^ook^yn, NY, HENRY S. LIEBERMAN, Waban, MA, 

BOB PRIELIPP, UVU.vvu^y of,  W h c o n ~ i n - O s h k o ~ h ,  GEORGE W .  RAINEY, Los 

Ange^u, CA, JOHN H. SCOTT, M a c d u t u .  CoUe.ge, S a i n t  P a d ,  MN, WADE 

H .  SHERARD, Fu/una.n U n i v M y ,  Gtee11v^U.e., SC, TIMOTHY SIPKA, Andnuon 

CoUege, IN, STEPHANIE SLOYAN, Ge.o/iq&n C o d  CokYege., Lakwood, NJ, 

JIM TODSEN, Iowa. State. UnAMm-, Amu, KENNETH M. WILKE, Topeka, KS, 

and the. PROPOSER 12 soSLvJULowk]. CampbeJU. connnented that t h h  ptoblem 

h d d  hue .  b a n  -in. the. Puzzle Sect ion. That  may weÂ£Ji be thine. and, -if, 
so, th.m 1 do apologize. { .a t  hteaLLng my co i ieague 's  matVwsJL, bu-t t h e m  

ahe two t e a ~ o n ~  why -it seem appn.opiLimte. h u m .  F h t ,  o u t  t e a d m  

ceAtai.n^.y have t u p o n d e d  w-ith so.&tti.on~, and m e n d ,  atmo&t no one. saui 

the. -UBtle.cLiate AvladULon that since. the. me.a of, the. h g e .  c-(AcJLe equ& 

that of, t h e  6 0 ~ ~ .  ~woJUL uAdu, t h i n  A = B ^Mme.cUately. 

645. [Spring 19871 P~oposed by VnwUiy P. Ma\iio, Moscow. U.S.S.R. 

Let M be an arbitrary point on segment CD of trapezoid ABCD 

having sides AD and BC parallel. Let S, Sl, and S be the areas of 
2 

triangles ABM, BCM, and ADM, respectively. Prove that 

S >_ 2min(Sl,S2 ) 

Label the trapezoid so that AD > BC, as shown in the figure on the 

previous page. Take P on AB so that MP is parallel to AD and BC, and let 

J and K be the feet of the perpendiculars dropped from C and M to side- - 
AD. Now 

area(ABCD) = (CJ)(AD t BC)/2 = S t S + S ,  

S = (MKl(PM)/2 + (PM 

and 

S = ( B O W  - MK)/2 

If PM 2 (AD + BC)/2, then 

If, on the other hand, PM < (AD + BC)/2, then MK > (CJ)/2 and 

Since also PM > BC, then (CJ)(PM)/2 > 2((CJ)(BC)/4) and finally 

11. S o l u t i o n  by A l  T. Toad, Tius.ngle, C d % $ o k n k  

Assume AD >BC and draw EF through M parallel to AB and cutting 

AD at E and BC at F, as shown in the figure. If CM > M D ,  then 

area(ABCD) < area(AEFB) since area (DEM) 5 area(CFM) . Then 

S = area(AEB) = area(AEFB)/2 > area(ABCD)/2. 
Since now S >_ area(ABCD)/2, then also 

area(ABCD)/2 >_ Sl + S >_ 2min(S,S2 ). 

If CM < MD, then 

AAso so lved by GEORGE P. EVANOVICH, S a i n t  P d n u  CoU&ge., J m y  

C a y ,  NJ, JACK GARFUNKEL, F l t i th i f ig ,  NY, RICHARD A. GIBBS, Foivt. L w h  

CoUege., V u ~ i n g o ,  CO, RICHARD I .  HESS, Rancho Pdoh  V&, CA, JAMES 

L I ,  JW M a c r o n  High Schoot, Lhookiyn, NY, HENRY S. LIEBERMAN, Waban, 



544 

MA, JOHN H .  SCOTT, M a c a l u t e  A CoLtkge, SOA.nt P a d ,  MN, KENNETH M .  WILKE, 

Topeka, KS, and the. PROPOSER. 

646. [Spr ing 19871 Pn.opo.~ed by Dick  F i e l d ,  Santa. Movu.ca, 

CaJLHomLa. 

Find t h e  smallest  k f o r  which t h e r e  is only one k- digi t  palindrome 

t h a t  i s  t h e  square of an in teger .  

S o l u t i o n  by Kennnth. M. WWnv., Topeka, Kanbcai. 

If k = 1, then 1, 4, and 9 a r e  palindrome squares. For k = 2n + 1, 

2 
both (10" + I ) ~  and [2(10n + l ) ]  produce t h e  respec t ive  k- digi t  

palindrome squares 

100...020...001 and 400 ... O8O...OO4, 

where each of  t h e  four  groups contains  n - 1 zeros. Hence t h e  des i red  

value of k cannot be odd. 

I f  k = 2n f o r  some pos i t ive  in teger  n, then t h e  palindrome square 

(PSI must be d i v i s i b l e  by 11 and hence by 121. Since 121 > 100, then 
2 k > 2. Checking t h e  values of 121a2 = ( l l a )  f o r  3 < a < 9,  no PS 

occurs, so  k # 4. 

Now suppose k = 6. Since t h e  PS must end i n  1, 4, 5, 6, o r  9, i ts 

roo t  must end i n  1 o r  9, 2 o r  8 ,  5, 4 o r  6, o r  3 o r  7, respect ively,  

and we l e t  i ts roo t  be l l a  s ince it must be d i v i s i b l e  by 11. Using 

these  c r i t e r i a  we f i n d  t h a t :  i f  t h e  PS ends i n  1, then 316 < l l a  5 
447, and 319, 341, and 429 need t o  be t e s t e d ;  i f  t h e  PS ends i n  4, then 

632 < l l a  < 707, and 638 and 682 need t e s t i n g ;  i f  t h e  PS ends i n  6,  

then 774 < lla < 836, and 814 and 836 need t e s t i n g ;  and i f  t h e  PS ends 

i n  9, then 948 < l l a  < 999, and 957 needs t o  be t e s t e d .  

Of these  p o s s i b i l i t i e s ,  only 8 3 6  = 698896 produces a PS. Since 

t h i s  is t h e  s o l e  so lu t ion  having 6 d i g i t s ,  then k = 6 i s  t h e  des i red  

r e s u l t .  

AÂ£i 6otve.d by CHARLES ASHBACHER, Mount t d c ~ c y  CoVLege, Cedah Raps, 

IA, FRANK P .  BATTLES and LAURA L. KELLEHER, McUi~tiachu^ittS, M a U e .  

Academy, Buzz& Bay, VICTOR G. FESER, Un.Lvii^-Uy of h ia~y ,  Bhma'ick, W ,  

RICHARD I .  HESS, Rancho P d o i ,  VcAdu ,  CA, THOMAS M. MITCHELL, Sou-thvm 

1 U i n o h  Univv~sJULy a t  Cahbondde, JOHN H. SCOTT, M a c d u t v t  Cortege., 

saint Paul, MN, WADE H.  SHERARD, F m i a n  Univii^JULy, G'ieenvWLe, SC, and 

the. PROPOSER. 

647. [Spr ing 19871 Phopo6ed by Robert  C. Gebhundt, HopaXcong, New 

Jm&ey. 

For each p o s i t i v e  i n t e g e r  n f i n d  t h e  e a r l i e s t  row of Pasca l ' s  

t r i a n g l e  i n  which t h e  f i r s t  n terms have t h e  property t h a t  each term 

a f t e r  t h e  f i r s t  i s  an i n t e g r a l  mult iple  of i t s  predecessor. 

S o l u t i o n  by Cheung Kwm. Hung, Bkookiyn, New Yo'ik. 

We use t h e  no ta t ion  

f o r  what we s h a l l  c a l l  t h e  (P + l ist  c o e f f i c i e n t  i n  t h e  mth row of 

Pasca l ' s  t r i a n g l e .  Then 

For t h i s  r a t i o  t o  be an in teger ,  we need t o  have m + 1 d i v i s i b l e  by P. 

Therefore m + 1 = 0 (mod i )  f o r  i = 2, 3 ,  4, ... , n - 1, s o  t h e  

smallest  value f o r  m + 1 is  t h e  l e a s t  common mult iple  of 2, 3, ... , 
n - 1. That is ,  f o r n  > 3, 

By examination of Pasca l ' s  t r i a n g l e  f o r  n 3 and by t h e  above formula 

f o r  n > 3, we have t h e  following t a b l e :  

A&o 6oive.d by FRANK P .  BATTLES and LAURA L. KELLEHER, Muachuhe- t t i  

M a U e  Academy, 8uzza.AdSi Bay, JAMES E .  CAMPBELL, Indiana. U n i u ~ ~ h - L t y  at 

W.oonungton, MARK EVANS, LouA^uWLe, KY, RICHARD I .  HESS, Rancho P a t o  

VoAdu,  CA, HENRY S. LIEBERMAN, Waban, MA, KENNETH M. WILKE, Topeka, KS, 

and the. PROPOSER. 

648. [Spr ing 19871 P'iopoied by Jack Gan.f.unkel, F i t ~ i l w i g ,  New Yo'ik. 

I f  A ,  B ,  C a r e  t h e  angles  of  a t r i a n g l e  ABC, prove t h a t  

S o i d o n  by t h e  P h o p o ~ m .  



Item 5.5 of page 49 of 0. Bottema e t  a l ,  Geome^U.c lne.quaLiti.eb, s t a t e s  

t h a t  

/3 
S <_ ?(4R + r ) .  

The we have 

- / 3  1 + cos A - - 
6 2 

/3 2 A  = - Z cos (-1 . 6 

A&o 6of.ue.d by RICHARD I .  HESS, Rancho P d o b  V e ~ d u ,  CA, BOB 

PRIELIPP, Um.ve~-s i tq  06 UJihconbin-Obhkobh, and JOHN H.  SCOTT, M a c d u . t ~ i  

College., S a i n t  P a d ,  MN. 

649. [Spr ing 19871 Phopobed by Eduxmd 3 .  AdmendLL, 3i., C a . & j o i m a  

S t a t e  UvU.veh~Uy, Long Beach, CaU(So/~vuJo.. 

How f a r  beyond t h e  edge of a t a b l e  can a deck of cards be stacked 

without t h e  p i l e  f a l l i n g  of f  t h e  t a b l e ?  

S o t u t i o n  by the. Phopobe~. 

Since t h e  mass m of a card i s  uniformly d i s t r i b u t e d ,  t h e  cen te r  of  

of  mass of t h e  card is a t  i t s  geometrical cen t ro id .  Hence one card w i l l  

( j u s t )  balance i f  it extends 1/2 its length over t h e  edge of t h e  t a b l e  

o r  over t h e  edge of t h e  next card below. Thus place t h e  first card 

extending 1/2 i ts length over t h e  edge of a second card. The cen te r  of  

mass of  t h e  two cards is midway between t h e i r  respec t ive  cen te rs ,  1/4 

of  t h e  way from t h e  edge of t h e  second card (and 3/4 of t h e  way along 

t h e  f i r s t  card) .  So place these  two cards so  t h a t  t h e i r  cen te r  of mass 

is a t  t h e  edge of a t h i r d  card. The cen te r  of mass of t h e  t h r e e  cards 

is (2-0  + (1 /2) -1) /3  = 1/6 of t h e  way from t h e  edge of t h e  t h i r d  card,  

and so  on. Hence t h e  top card of  n cards can protrude 

card lengths over t h e  edge of t h e  t ab le .  See t h e  following f igure .  

A&o bolved by RUSSELL EULER, No!VLhwut M-CAboufu. StaJLe. UvU.ueUi.ty, 

Mat~quWLv., VICTOR G .  FESER. Un^vvuiUy 06 M o A ~ ,  B-tAma/icfe, NU, and 

RICHARD I .  HESS, Rancho P d o b  V e ~ d u ,  CA. H u b  noted that the. pho.fctoAJLon 

Jih 2.269022.. . doh a deck 06  52 cakdA. 

EctL-toh'b note.: thi& d&Liah-tfiuf. p i o b h  6iA&t appeahed i n  the. P i  Mu 

Epb-LÂ£o JowLWJJL ab phobtvn 052 in Volume I ,  No. 8, ApfuJi. 1953 .  

650. [Spr ing 19871 Pn.opo~ed by Richahd 1. H w ,  Rancho Palob 

VeAdu, CaLqouus..  

The 1980 Wimbleton f i n a l  between Borg and McEnroe involved a t i e -  

break game t h a t  went t o  18-16. Given t h a t  t h e  se rver  has a 70% chance 

of winning t h e  point ,  what is t h e  probabi l i ty  t h a t  t h e  two players  reach 

a 16-16 t i e  i n  a t i ebreak  game? ( I n  a t i ebreak  game t h e  f i r s t  p layer  

serves one point .  Thereafter  p layers  a l t e r n a t e  serving 2 po in t s  each. 

The first player  reaching 7 o r  more points  with an advantage of 2 o r  

more po in t s  wins t h e  game.) 

SoSUJdJion by Jamu E. Campbe&, Indiana. UnivehA'Lti.f at Woomington. 

In o rder  t o  go beyond 7 po in t s ,  t h e r e  must be a 6-6 t i e  a t  t h e  end 

of t h e  f i r s t  12 serves. The probabi l i ty  of t h i s  occurring, which we 

c a l l  P(6-6), is derived a s  follows. The probabi l i ty  of t h e  rece iver  

winning each of t h e  f i r s t  12 serves is ( 0 . 3 ) ' ~  and would r e s u l t  i n  a 

6-6 t i e .  I f  t h e  players  exchange exact ly x po in t s ,  the  score is  s t i l l  

6-6 and t h e r e  a r e  ~ ( 6 , a : ) ~  such exchanges, each with p robabi l i ty  

( 0 . 3 ) ~ ~ - ~ ~ ( 0 . 7 ) ~ ~  of  curri ring. Thus 



Then, t o  make sure  t h a t  n e i t h e r  player  gains a two-point advantage, each 

of t h e  following p a i r s  of  po in t s  must be s p l i t .  Since t h e  serve switches 

within each p a i r ,  then e i t h e r  t h e  se rver  o r  t h e  r e c e i v e r  must win both 

points .  The probabi l i ty  of t h i s  happening is  

This must continue f o r  10 p a i r s  of  po in t s ,  so  we have 

P(16-16) = ~ ( 6 - 6 ) .  ( 0 . 5 8 ) ' ~  w (0.24838)(0.0043080) = 0.0010700. 

A h o  4otve.d by CHARLES ASHBACHER, Mount Memq C o ~ e g e ,  CedoA Rapids, 
7A, MARK EVANS, LoUiL4vWLe., KY, and the.  PROPOSER, who pointed o u t  that 
-L(S t h e  b m u m  had no advantage., t h e n  the. 1tbuJUL would be. 0.000220299. 

651. [Spring 19871 Phopobed by A t  Tmego,  MuLde.n, Ma~bachuAe-tti. 

Professor E.  P. Umbugio has recen t ly  been s t r u t t i n g  around because 

he h i t  upon t h e  so lu t ion  of t h e  four th  degree equation which r e s u l t s  

when t h e  r a d i c a l s  a r e  eliminated from t h e  equation 

Deflate  t h e  professor  by solving it using nothing higher  than quadrat ic  

equations. [From Robinson's Mathematical Recreations, 1851.1 

I .  Sotott.on by Kenne-th M.  U-iike., Topika,  K a n b a .  

Let A = x - l /x and B = 1 - l/x. Then t h e  given equation 

becomes 

( 1  x =  / A t  6.. 

Hence 

1 - a- i / B -  / A -  Â¥/ 
x A - B  X - 1  

and 

( 2 )  

Adding equations ( 1 )  and ( 2 )  y i e l d s  

1 2 ' / A = x + l - - = A + l ,  x 
2 

so  (i/A - 1 )  = 0 and thus  A = 1 .  Now we have 

which has t h e  r o o t s  

I f x = -  + , then A = 1 and B = - - 
2 2 

so  t h i s  value is  a r o o t  of t h e  given equation. 

' j5 , t h e  golden r a t i o ,  is  t h e  unique roo t .  s o x = -  
2 

17. Sotu^tLon by R . i c W  I .  H u h ,  Rancho Pdob  Vmdtb ,  CoJLL(!o&a. 

Square both s i d e s  of t h e  given equation, mult iply through by x and 

then i s o l a t e  t h e  r a d i c a l  t o  g e t  

1/2 x 3 - x 2 - x + 2 =  2 ( x 3 - x 2 - x t l )  . 
Let u = x3 - x2 - x t 2.  Then t h e  equation reduces t o  

which has t h e  s i n g l e  roo t  u = 2. Now 

Since = 0 is  c l e a r l y  not a root  of t h e  o r i g i n a l  equation, we solve t h e  

quadrat ic  t o  ge t  t h a t  

We r e a d i l y  check t h a t  only t h e  plus  s ign  a p p l i e s  t o  t h e  given equation. 

I I I .  T & e . u d o b o t ~ o n  by John H.  Sco-tit, MaccLiudm C o f i g e . ,  S a i n t  . 
4 

P a d ,  H i n n u o t a .  

Since it appears t h a t  t h e  r i g h t  value f o r  x w i l l  s implify both 

r a d i c a l s  so  t h a t  they may be added, l e t  us  f i n d  t h e  value f o r  x t h a t  



satisfies the equation (x - I / x ) " ~  = I. We square and get the 

quadratic equation 

whose roots are x = (1 Â /5)/2. Clearly the positive sign, giving the 

golden ratio, has to satisfy Professor Umbugio's problem. 

A&o ~ o l u e d  by SEUNG-JIN BANG, Seoui, KOfiea, RUSSELL EULER, 

Novthwut M - c i ~ o d  S ta t e  Uniue~6.tA/, MatyuL!le, GEORGE P. EVANOVICH, 

Sain t  P i t n u  CoUe.ge, J m e y  C a y ,  NJ, JACK GARFUNKEL, Flnaheng, NY,  

ROBERT C. GEBHARDT, Hopatcong, NJ, RALPH E. KING, S t .  Bonauentuhe. 

UvU.vm-L-ty, W ,  WADE H. SHERARD, F m a n  U h m - L - t q ,  Gn.e.e.nu^e., SC, and 

the. PROPOSER. 

Edito'Uat comment. Bang u ~ i d  the. AubA-fct-tution t = x - 1/x, 

pmceding ati i n  Solut ion 1. Thp p t o p o ~ m  u6ed t h e  method 06 Solut ion 11. 

S h m o ~ d  ~qua~.e .d  twice,  obtcu.ning the. {^ouAth degfiee poiynommi and then  

atiked what m a t  be thue. ion t o  ((acton. i n t o  two quadAotic polynom'ial& 

wi th  -uttegml coe66ic.ie.nt&. He. w o t e  

muÂ£At.ptie ouX the. high2 hide and equate.d t i k c  coe.66icient.5, obtaining 

bd = 1 among o t h m  C O ~ ~ O ~ A .  He chobe b = d = -1 and then 6ound that 

t h e  quam% 6actofied i n t o  (x2 - x - I ) ~ .  AU t h e  o t h m  ~ o l u m  obtcu.ned 

the. qucwt-ic the. hame way and then gave S h e f ~ ~ l d ' ~  6actohizcubt.on nu/thout 

any expta.ncubt.on 06 t h e  tecaioning. I t  .LA not dm that thî  te.chn-Lque 

.LA "u-iing nothing heghm than quadm^ic equationli. " 06 c o m e ,  one 

m i g k t  w& lULUte t h e  hame. question hegmding SoiuLion 11 above.. 

In thz May 7977 h ~ u e  06 Eu~eka (now C t u x  Mathemcubt.co/wml 1 uViote. 

a biogmphy 06 EuiM.de. Po~aceJUio Bombato Umbugio Ipagu 1 7 8  - 7 2 5  1 ,  i n  

which hit date ot, b-iwth MU, given m, pfiobably Apfi^Â 1 ,  1900. SeuuwJL 
months totm 1 n.ic.eA.ued a l&ttm 6hom Emi.eka'~ editofi ~ i o  ~ a u u 6  wi th  a 

copy 06 a .teAteh t o  hwi ^&om CdoA^M Thigg. TA<.gg b-toted, "WhJULe 
teading The Pentagon, 17 (Sphing 7958 \. p. 106. 1 WUA b-tewtted t o  ~ e e  

t h e  6oUowing: ' 7  74. Phopo~ed by the. Edito/i . . . ' " Then ouh pfioblem 

651, inciuding the. fie6mence t o  Robinbon'b Mathematicat Recfieo-t.conh 06 

7857, wati .~-to/ted jna-t OA given hme .  Thigg con.fctnued, " T h h  heem t o  

move. Umbugio back t o  t h e  middin. 06 the. 19th centmy,  at te.m,t." S h c e  

the.n I have tocate.d th^4 hame pmblem i n  the. Ap-^cE 1955 &hue 06  t h e  

Elementmy P f i o b h  V q d m e n t  06 The AmVu.can Ha.thimati.cat Monthly OA 

Pfioblnm E M .  H e m  t h e  ~ ~ . O ~ U ~ , O A ' A  name. MU, g k e n  Â£L E .  P.  B.  Umbugio: 

T^tgglb luttm appean.e.d t o  c a t  gfieat doubt on t h e  uaLLcLity 06 my 

p~nlitahi.ng n.ue.afich i n t o  t h e  .Q(e 06 the. g f t s a t  Umbugio and WUA a 

twu-bie .  blow t o  my ego. I went maRy Alemiu& n i g f c t 4  po'u.ng o u m  

ancient mnnach.ipt!i t o  f iuoive.  thh cLL&cn.epancy, and a6te.n. .ten 6uJUL q w  

I am happy at la& t o  be able t o  w o n t  -U& 6 i d  f iuofu^ion.  

It cwtcbi.nf.y .LA doubt6ui that anyone bofin about I900 would be , 

pfiopobing pfioblem~ -in. 7 8 5 7 ,  but one. m i g h t  compfie thu> hi tuat ton  to t h e  

w e  06 3. S. Bach'~ thifuLe.e.n.th &on P. P. 2. Each, ah fie.poAte.d t o  t h e  

wofuid by Petm SchifzsJLe. Thme -LA, howeum, a 6ah moke logÂ¥ecoJ 

expiana^U.on. Euidentiy E.  P. Umbugio, Living i n  7857, w a  t h e  gmnd- 

{ . a tha  06 o m  E. P. 8. Umbugio. And it -LA mo-it fie(~&onable t h a t  E .  P.  8. 

would have a c c u b  -to hh 6amou4 ancuto f i lA  6U.u and would t u n  UChObA fc-c4 

mom dL66.icul.t phobiemh and fiecognize t h e m  ah wornthy 06 pfiopo~ing anew. 

FoUowhg luJi auat {,ohm, 06 coume E. P .  B .  Umbugio would pfiopobe them 

undm fcci own name, Matha than t ~ ~ ~ f , t e  Apace and con6u6e people by g-iving 

cf iedi t  t o  hh iou.fic.e-4. 

1988 NATIONAL P I  MU EPSILON MEETING 

The National Meeting o f  the  P i  Mu Epsilon National Honorary Mathematics 

Society w i l l  be held  August 8 - 11, 1988, i n  Providence, Rhode Is land ,  i n  

conjunction w i t h  the  100th Anniversary o f  American Mathematics and the  

Centennial Celebrat ion o f  the  American Mathematical Society.  

The main events o f  the  ce lebra t ion  w i l l  be a t  the Omni Bi l tmore Hotel  

i n  downtown Providence. 

Lodging f o r  P i  Mu Epsilon p a r t i c i p a n t s  w i l l  be a v a i l a b l e  a t  very reason- 

able  ra tes  i n  Brown Un ivers i ty  housing. A f r e e  s h u t t l e  se rv ice  t o  and . 
from the  Brown Un ivers i ty  campus w i l l  operate a t  regu la r  i n t e r v a l s .  

The J .  Sutherland Frame Lecturer  w i l l  be Professor Dor is  Schnattschneider, 

Moravian College. 



GLEANINGS FROM CHAPTER REPORTS 

ARKANSAS BETA (Hendrix College). Several  s tuden ts  a t tended t h e  Arkansas- 
Oklahoma MAA Meeting a t  East  Central  Universi ty  i n  Ada, Oklahoma i n  March. 
J o d i e  Novak presented a paper on t h e  Poincare Conjecture. The Annual 
Hendrix-Rhodes-Sewanee Undergraduate Mathematics Symposium was held i n  
Sewanee i n  Apri l .  MaJiia Beggh, J o d i e  Novak, Ca~toS. Pa^.kt% and Luann PhAJULLph 
presented papers.  Guest speakers during t h e  school year  included PA, 
W U m  J a c o ,  Oklahoma S t a t e  Universi ty ,  Pilof,e^hoA P a d  Ff'&-tad, St .  Olaf 
College, P A o f i ~ o n .  M&hw G o d d ,  Vanderbilt  Universi ty ,  and PA. Cfct-LAfine. 
Ste.venh, Arkansas S t a t e  Universi ty  i n  Jonesboro. 

A t  t h e  Honors Convocation, t h e  McHenry-Lane Freshman Math Award was shared 
by Mike McC-Ewie and U e n  U c N i g h t .  The Hogan Senior Math Award was given 
t o  J o d i e  Novak. The P h i l l i p  Parker Undergraduate Research Award was given 
t o  CaJwt P m k m .  

MASSACHUSETTS GAMMA (Bridgewater State Col 1 ege) . The chapter  members met 
regu la r ly  f o r  problem-solving sess ions  with f a c u l t y  advisor ,  Thomas E. 
Moofie. Several members a t tended t h e  Northeast Sect ion Meeting of t h e  MAA 
a t  Worcester Polytechnic I n s t i t u t e  i n  November. 

On Apr i l  20, 1987, P A O / ~ ^ A O A  Muhhaq A b m m o n  died. P/i .of ,e^ho~ A b m m o n  had 
been a member of t h e  Mathematics and Computer Science Department f o r  26 
years  and was instrumental  i n  t h e  c r e a t i o n  o f  t h e  P i  Mu Epsilon chapter  
a t  Bridgewater. 

MINNESOTA GAMMA (Macal ester Col 1 ege) . F a l l  a c t i v i t i e s  included a showing 
of  Nova's "A Mathematical Mystery Tour," a p i c n i c  a t  Minnehaha F a l l s ,  a 
l e c t u r e  by Sue  J o h w n  on "Mathematics and S t a t i s t i c s  i n  Industry," and an 
address  by P ~ o j f e ~ h 0 . t .  Tom S i b l e q ,  S t .  John 's  Universi ty ,  on " Frac ta l s  - 
Math i n  t h e  Clouds." 

Spring a c t i v i t i e s  included a Career Night a t  a f a c u l t y  home f e a t u r i n g  
recen t  Macalester graduates  i n  a v a r i e t y  of p rofess ions ,  including high 
school teaching,  a c t u a r i a l  sc ience ,  banking and investment,  and industry.  

M o k n  MazaheAA. spoke a t  t h e  Annual P i  Mu Epsilon Conference a t  S t .  John's 
Universi ty  on "A Sum t h a t  Jacques Bernoul l i  could no t  Evaluate." M o k n  
l a t e r  presented h i s  paper a t  t h e  Spring Meetings o f  t h e  North Central  
Section o f  t h e  MAA a t  t h e  Universi ty  of Minnesota i n  April .  

Winners of t h e  Ezra Camp Awards were K m e n  &ah& and Chahlene  Bmne.4. 

Inv i ted  speaker a t  t h e  Annual I n s t a l l a t i o n  Ceremonies was PAof,e^hoA U n d m -  
blood UudLeq,  DePauw University. H i s  t o p i c  was "Number Mysticism." 

A T- shir t  s a l e  and an end-of-classes p i c n i c  completed t h e  school year.  

MINNESOTA ZETA (Saint Mary's College). PA. A n h  B-lACh, Professor  of 
Philosophy a t  Sa in t  Mary's College, presented a h i s t o r i c a l  survey of  t h e  
r o o t s  of ana lys i s .  Student t a l k s  included JvJLJLe G m t a f , h o n  on "What 
I n f i n i t e  Matrices Can Do," LcAa JanLko~&k- i  on "Can t h i s  Polynomial be 
Factored?," T h o t h y  G ! y l  on " I te ra ted  Binomial Coef f ic ien t s ,"  K& P d z n e A  
on "A Discrete  Look a t  1 t 2 + ... t N," S t e v e  AndviS.e on " Fac i l i ty  - - 
Location Problems," Tim G l u j t  on "Commutative Rings," Jon &tAao4h on "The 
Wedderburn-Artin S t ruc tu re  Theorem," and K& P a t z n e ~  on "Dead Man's 
So l i t a i re ."  I n  March, Sa in t  Mary's alum JeJUq K a t d  spoke on Expert 
Systems a t  3M, where he i s  employed. 

NEW YORK OMEGA (Saint Bonaventure University). The chap te r ' s  problem 
solving sess ions  have been well-enough received t h a t  they a r e  on t h e  
verge of becoming p a r t  of t h e  curriculum. Sponsored l e c t u r e s  dur ing ' the  
academic year  included "Why Galaxies have S p i r a l  A r m s "  by PA.of,eAhoA 
Guy J o h r ~ i o n ,  Syracuse Universi ty ,  "Cryptography" by P h o j f ~ i i o A  S t i v m  
A n d u a n o f , f ,  , S t .  Bonaventure Universi ty ,  and " Trans f in i t e  Cardinals" by 
PA0 j i e ~ h o ~  Chah.te^ Ih . innie . ,  St .  Bonaventure Universi ty .  

The Annual P i  Mu Epsilon Award was presented t o  Lo/u. L e c c W .  LLfia 
A n d w o n  and Ronald GhneAfct .  received honorable mention. 

NORTH CAROLINA LAMBDA (Wake Forest University). A s t rong  program of 
seminars and l e c t u r e s  highl ighted t h e  y e a r ' s  a c t i v i t i e s .  PAojithhoJL 
Hwta. T. F f l . m g ,  Holl ins  College, spoke on "A P a i r  o f  Rabbits and a 
Beauty Contest - Is That All?."  S t u n  Thomas, Wake Forest  s tuden t ,  
reported on h i s  summer experiences a t  NASA. Wake Fores t  professor  
R^,chahd Co~m-LC.^iad l e d  a seminar on t h e  d e l t a  funct ion.  S h W t y  Leonmd 
Wa.ghtO.f,jf, Integon Li fe  Insurance Company, discussed a c t u a r i a l  science.  
P~ojfu&on. R ,̂choAd. C c ~ m i c h a &  was seminar l eader  f o r  t h e  t o p i c  "Represen- 
t a t i o n  of Species." John Ba.x$eq, Wake Forest  Universi ty ,  was l e a d e r  f o r  
a seminar on "Some Challenging Problems." Wake Forest  s tuden t  Ta$madge 
Roga/Li l e c t u r e d  on "Recurrence Formulas t o  Compute Sums of In teger  
Powers." Winston-Salem S t a t e  Universi ty  s tuden ts  Sand/no. K W t  and  jam^ 
G m q  spoke on "Fractals."  Inv i ted  Speaker Cahl Pomt%ance, Universi ty  o f  
Georgia, l e c t u r e d  on "Public Key Cryptography and How t o  Crack It." 
PAO/.U&OA C h a h l ~  SWCUitz, New Mexico S t a t e  Universi ty  and Universi ty  o f  
North Carolina, Chapel H i l l ,  d iscussed "The Fundamental Theorem of  
Calculus." P & o f , ~ ^ o &  W U L q  Vih.qant of, Vandt%b.c&t U n i v ~ ^ t y  t a l k e d  on 
"Some Theorems I Have Loved." Wake Forest  s tuden ts  S d m a n  AzfcoA and 
T h  He-nd/ux l ec tu red  on "The Prime Number Theorem" and "Higher Order 
Derivat ives  i n  Multidimensional Calculus," respec t ive ly .  

The seminar and l e c t u r e  program was punctuated by i c e  cream and p izza  
s o c i a l s ,  a p icn ic ,  and a r e p o r t  on "Math Education i n  India" by Ram S .  
P d h a k  of  Banaras Hindu University. 

OHIO NU (The University of Akron). A t  i ts annual induction banquet t h e s e  
p r i z e s  and honors were announced: One-year memberships i n  t h e  American 
Mathematical Society were awarded t o  L a m  B. fiumphheqh, Ste.ue.vi E. Linkcuit, 
John. P c u t t w o n ,  and Robe& M .  Sth.ehem,ky. The Samuel Selby Scholarships 
were awarded, i n  t h e  ind ica ted  amounts, t o  R0beA-C. M .  Sth.ehcLUiky ($1501, 
Ste.vm E .  Linhavt. ($125), and L a m  8. HumphAeyh ($100). 



OHIO OMICRON (Mount Union Col lege). Jim K-tAkLLn presented a paper a t  t h e  
Thir teenth Annual P i  Mu Epsilon Conference a t  t h e  University of Cal ifor-  
n i a  i n  Berkeley i n  August on "The Ef fec t  of  E ins te in ' s  Theory of Rela- 
t i v i t y  on I n t e r s t e l l a r  Navigation." M#Lk H a h k e ~ ,  former Mount Union 
s tudent  and P i  Mu Epsilon o f f i c e r ,  spoke of h i s  work with Arthur Anderson, 
Inc. Oh. Michael ZwWLLng, f a c u l t y  member, summarized t h e  work on h i s  
d i s s e r t a t i o n .  

OHIO ZETA (The U n i v e r s i t y  o f  Dayton). Twelve s tudent  t a l k s  were pre- 
sented during t h e  school year and were t h e  p r i n c i p a l  a c t i v i t i e s  of  t h e  
regu la r  meetings. Also, PA. John W. McCLo&ke.if, department chairman, 
spoke on "An I n t u i t i v e  Approach t o  Combinatorics." Several chapter  mem- 
bers  and f a c u l t y  at tended t h e  annual P i  Mu Epsilon Conference a t  Miami 
University i n  Oxford, Ohio, i n  September. Four s tudents  presented t a l k s .  
Mahy B d f c  A n d w o n  spoke on "An Application of  Eule r ' s  Method t o  I n i t i a l  
Value Problems f o r  Second Order Ordinary D i f f e r e n t i a l  Equations." L O W .  
Bohn discussed "The Busy Beaver Problem." Rude Uonahue presented "A 
Discrete  Analogue of  t h e  Laplace Transform." Ma& Lco-fcfcL gave a t a l k  
e n t i t l e d  "The Mad Hatter." 

Six s tudents  presented papers a t  t h e  Ohio Section of t h e  MAA Spring Meet- 
ing a t  Ohio University i n  Athens, Ohio, i n  Apri l .  JuJUe A n d w o n  pre- 
sented a t a l k  e n t i t l e d  "Is t h e  Set of  Pos i t ive  Divisors  of an Integer  a 
Boolean Algebra?" LOW. Bohn t a lked  on "The Busy Beaver Problem." Je.66 
PWLv t  discussed "The Isoperimetr ic  Inequality." Rude Von0.hu.e spoke on 
"Fini te  Calculus, Difference Equations, and t h e  Development of a Trans- 
form Method f o r  Finding Solutions." Mahk L i a t t ^  gave a t a l k  e n t i t l e d  
"Don't Let it Bug You," and M a ~ g i e  UcUicoLLno asked "What's t h e  Difference?" 
Jefid, Rafie. Mcvik and Mmg-Le won awards f o r  bes t  presentat ions.  

A t  t h e  chap te r ' s  annual banquet, Gteg S c a d a n  was awarded t h e  Sophomore 
Class Award f o r  Excellence. 

PENNSYLVANIA NU (Edinboro Un ive rs i t y ) .  A t  the  F a l l  I n i t i a t i o n ,  Ate. 
EtLLng spoke on "Generalized Inverses." A t  t h e  Spring I n i t i a t i o n ,  Ph. 
NCMA l ec tured  on " A r t i f i c i a l  Intel l igence."  A t  t h e  f i n a l  meeting of t h e  
school year ,  chapter  p res iden t  John Humid presented a t a l k  on "Least Mean 
Squares." Social  events during t h e  school year fea tured  pizza p a r t i e s .  

SOUTH CAROLINA GAMMA (Col lege o f  Charleston). Highlights of t h e  year 
included a t a l k  given by Ph. Fmnk G u u h  from t h e  University of South 
Carolina on "System R e l i a b i l i t y  Theory." Pa. J h  Keneke. from Clemson 
University v i s i t e d  t h e  campus and discussed Clemson Universi ty 's  l a t e s t  
research pro jec t ,  "Distributed Systems." Departmental math exams (with 
so lu t ions)  from previous semesters were so ld  by chapter  members, n e t t i n g  
over $1000 f o r  t h e  chapter.  

In  t h e  Spring, t h e  chapter sponsored a t r i p  t o  t h e  Southeastern regional  
conference of  t h e  Mathematical Association of America held a t  Furman 
University i n  Greenville,  South Carolina. 

The College of  Charleston hosted t h e  annual Math Meet i n  which high school 
s tudents  from f o u r  s t a t e s  competed. Chapter members a s s i s t e d  with t h e  
administrat ion of competitive events. 

TENNESSEE GAMMA (Middle Tennessee S ta te  Un ive rs i t y ) .  During t h e  F a l l  and 
Spring semesters, a c t i v i t i e s  included regula r  monthly meetings, a club- 
sponsored sophomore ca lcu lus  con tes t ,  and co-sponsorship of  a regional  
junior  high mathematics contest .  Guest speakers a t  t h e  monthly meetings 
included: Ph. Uauid Cook, Universi ty  of  Mississ ippi ,  who spoke on "Life 
on a Moebius Band," Uh. Urnid  S l i t h d a n d ,  who gave a presen ta t ion  on 

- - 

e r r o r  detect ing/correct ing codes, M A .  M-tfee P iWtv t ,  who spoke on chromatic 
polynomials, M - M .  Lorn U& , who discussed Riemann's hypothesis,  MA. 
VOU-~Z  K d n ~ ,  who ta lked  on geometric p robabi l i ty ,  and PA. Geohge BteA-6, 
who gave a presentat ion on c i r c u l a r  inversions. 

The winners of  t h e  sophomore ca lcu lus  con tes t  were: f i r s t  place - 
FhunkUn McUion, and second place - W d e y  Thompson, 111 .  The p r i z e s  i n  

t h e  amounts $100 and $25, r espec t ive ly ,  were awarded a t  t h e  MTSU Awards 
Banquet i n  April. 

TEXAS LAMBDA (Un ivers i t y  o f  Texas a t  Aust in) .  Chapter-sponsored l e c t u r e s  
included Biluce PaJika's annual t a l k  on graduate programs i n  mathematics 
and Mike. S-taAb-lAdls t a l k  on paradoxes i n  mathematics. 

Representatives from t h e  C I A  and LBJ School o f fe red  r e c r u i t i n g  t a l k s  and 
f i e l d e d  questions from i n t e r e s t e d  math majors. 

Informal events during t h e  year included a recept ion f o r  new members and 
a picnic .  

WISCONSIN DELTA (St. Norbert Col lege) . In August, Miche^e. Kittlwfe^., 
AUke S h  and S-tave Van Lcuhou-t at tended t h e  P i  Mu Epsilon National 
Conference i n  Berkeley, held i n  conjunction with t h e  In te rna t iona l  
Congress of Mathematicians. S t e v e  presented a paper e n t i t l e d  "Counting 
Rectangles i n  a Multirectangular Region." 

In September, Randy Cwz'LeA, C a t h i  R m i d y ,  Michele K w a , t n ~ h i ,  SummilL 
Quimby and Cfet^i  S - t e a a n o ~  at tended t h e  Regional Conference a t  Miami 
University i n  Oxford, Ohio, where C a t h A .  presented a paper. 

In Apri l ,  S m a  QvLimby, M#Ly Ledebvt ,  SheJiJLy Bhaatz and Anne-t-te lw-ili 
attended t h e  P i  Mu Epsilon Conference a t  St.  John's University i n  College- 
v i l l e ,  Minnesota, where Summe.1 Q h b y  gave a paper e n t i t l e d  "A B i t  of 
Checking and Correcting." 

Also, i n  Apri l ,  C a t h i  and AtLChe^& spoke a t  t h e  meeting of  t h e  Wisconsin 
Section o f  t h e  MAA. 

Talks during t h e  academic year  included "The Mandelbrot Set" by Oh. John 
FhohLLge~., St. Norbert College, "Communication S a t e l l i t e  Systems, an 
Application of  Operations Research" by Pk. Ch& R f l y ,  Ohio S t a t e  
University, "Polish Notation, Parentheses, and Data Base" by J h  & h L k  
of St .  Nobert's Computer Science Department and s tudent  %n Mohgan. 
PA.. I / .  FhedeA^c.k R ickey ,  Bowling Green S t a t e  University, spoke on "The 
Reliance of  Mathematics," OlwWLe. ELi&th, Oconto F a l l s  High School, spoke: 
on "Four Years of  Unified Math," and M-M. Bonnie. BeJiken, St. Norbert 
College, spoke "On t h e  S ta tus  of S t a t i s t i c s ."  

In  October, t h e  chapter  hosted a Regional P i  Mu Epsilon Conference which 
had a t o t a l  attendance of s ixty- five with fourteen s tudent  papers. 




