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MAXIMAL POLYGONS FOR EQUITRANSITIVE PERIODIC TILINGS 

A b A o l a c t  

It has been shown [I, 67-09] t h a t  i n  any periodic  equ i t rans i t ive  

t i l i n g  by convex polygonal t i l e s y  t h e  maximum number of s i d e s  of any t i l e  

i s  66. This maximum is achieved i n  t h e  periodic  symmetry group p6m. We 

extend t h i s  r e s u l t  by determining t h e  maximum number of  s ides  i n  each of 

t h e  remaining 16 periodic  symmetry groups. 

I. Introduction. A convex t i l i n g  is  a s e t  of  closed polygonal regionsy 

known a s  t i l e s y  which cover t h e  plane without gap o r  overlap. I f  t h e  

v e r t i c e s  of adjacent t i l e s  meet, t h e  t i l e  i s  edge-to-edge. A t i l i n g  is 

p e ~ o d i c  i f  its group of symmetries is one of t h e  17 periodic  groups, 

o f ten  known a s  wallpaper groups. (See [3] f o r  a f u l l  der ivat ion of t h e  

17 periodic  groups.) A periodic  t i l i n g  is character ized by t h e  f a c t  t h a t  

it has two t r a n s l a t i v e  symmetries i n  nonparal le l  d i rec t ions .  Suppose we 

represent  these  t r a n s l a t i o n s  by t h e  vectors  x and y. The per iod ic  pmaz- 

Zezogram of  a periodic  t i l i n g  is t h e  parallelogram with s ides  X and y 

having t h e  minimal pos i t ive  area.  This parallelogram has the  property 

t h a t  by r e p l i c a t i n g  t h e  region ins ide  t h e  parallelogram along t h e  t rans-  

l a t i o n  vectors ,  t h e  e n t i r e  t i l i n g  may be reconstructed. 

A t i l i n g  is e q u i t r a n s i t i v e ,  if f o r  each k ,  a l l  polygons having k 

s i d e s  a r e  i n  t h e  same t r a n s i t i v i t y  c lass ;  t h a t  is, a l l  polygons having 

t h e  same number of s i d e s  can be mapped t o  each o ther  by a symmetry of  the  

t i l i n g  . 
In  t h i s  paper, we w i l l  study periodic  equ i t rans i t ive  t i l i n g s  with 

convex polygons. In any such t i l i n g ,  t h e  maximum n u d e r  of s ides  on any 

* Work on t h i s  paper was done while t h e  authors were par t i c ipan ts  i n  
t h e  Research Experiences f o r  Undergraduates program a t  Oregon S t a t e  Uni- 
vers i ty .  Their work was p a r t i a l l y  supported by NSF Grant DMS-8712402. 
The authors would l i k e  t o  thank Branko Grkbaum, Robby Robson, and Paul 
Cull f o r  t h e i r  kind support.  
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t i l e  is 66. (See [I]. ) This maximum is ach ieved i n  t h e  per miodic sym- 

metry group p6m. We w i l l  consider bounds f o r  t h e  other  16 periodic  

groups. To do t h i s ?  we w i l l  prove t h e  following theorem. 

Theorem. In any equi t rans i t ive  t i l i n g  with one of t h e  17 periodic  

symmetry groupsy t h e  maximum number of s ides  on any t i l e  is given i n  

Table 1. 

Table I Maximal polygons 

Here pk m a x  is t h e  maximum number of  centroids possible  i n  t h e  period 

parallelogram, a s  explained below. 

The proof of  t h e  theorem proceeds i n  s tages.  In sec t ion  2, we pose 

a lemma which gives an i n i t i a l  upper bound f o r  t h e  maximal polygon. We 

w i l l  c a l l  t h i s  i n i t i a l  upper bound m where g is  t h e  symmetry group 
g 

u n d e ~  consideration. For t h e  groups labeled I ,  above, construct ion 

proves t h a t  m equals t h e  number of  s i d e s  on t h e  maximal polygon, For 
g 

t h e  remaining cases, we must r e v i s e  our i n i t i a l  estimates. This is done 

i n  sec t ions  3 through 5. 

2. The Initial Upper Bound. To get  t h e  i n i t i a l  upper bound on t h e  maxi- 

mal polygon f o r  a p a r t i c u l a r  symmetry group, we use t h e  following lemma 

which is s t a t e d  without proof. A proof can be found i n  [I]. 

M z .  In any periodic  t i l i n g ,  i f  t h e  period parallelogram contains 

t h e  centroids of  pk k-gons? where k is an in teger?  then 

From t h e  lemma it is possible  t o  get  an estimate f o r  m t h e  maxi- 
g' 

mum number of  s ides  on a polygon i n  a p a r t i c u l a r  symmetry group. A s  

exemplified below, m g depends e n t i r e l y  upon t h e  maximum value of  pk. 

Because we requi re  our f igures  t o  be e q u i t r a n s i t i ~ e ~  t h e  maximum value of 

p k w i l l  equal t h e  maximum number of  k-gon centroids i n  t h e  period paral-  

lelogram. The maximum number of  centroids depends on t h e  symmetries 

present i n  t h e  t i l i n g  group, a s  i l l u s t r a t e d  by t h e  dots  i n  t h e  r i g h t  

halves of Figures I through 16 [2]. A key t o  these  group diagrams is  

given i n  Table 2. Subs t i tu t ing  t h i s  maximum value of pk i n t o  t h e  lemma 

inequa l i ty  y ie lds  an est imate f o r  m 57' t h e  maximal polygon, 

A s  an example, we work through t h i s  process f o r  t h e  symmetry group 

m. An examination of Figure 1, t h e  group diagram f o r  e m y  shows t h a t  

t h e  maximum number of centroid images is  achieved when a centroid is 

placed i n  Ifgeneral position,ll  o f f  a l l  l i n e s  of  symmetry. In m, t h i s  

maximum is four?  which implies t h a t  there  a r e  a t  most four k-gons ( f o r  

each k)  i n  t h e  period parallelogram. With pk a t  most f o u r y  t h e  lemma 

y ie lds  t h e  following r e s u l t :  

So, t o  maintain t h e  inequal i ty ,  m e m  = 30. 

To ver i fy  t h a t  t h i s  estimate does i n  f a c t  correspond t o  a t i l i n g y  we 

must f i n d  a periodic  equ i t rans i t ive  t i l i n g  with convex polygonal t i l e s  i n  

symmetry group c m n  which contains 30-sided polygons. Figure I shows an 

example of such a t i l i n g .  

Using t h e  lemma, s imi la r  est imates  can be made f o r  t h e  groups p e Y  

p31my p3, pggy p2, pmy emy and p l .  Figures i l l u s t r a t i n g  t h e  maximal pk 

f o r  these  groups and t h e  corresponding t i l e s  a r e  shown i n  Figures 2-9:  

Thus? f o r  these f i r s t  nine symmetry groups, t h e  est imate f o r  t h e  maximal 

polygon given by t h e  lemma produces an a c t u a l  t i l i n g .  



3. The Second Set  of Groups. The second s e t  of groups a r e  those i n  which 

two images of  a polygon must always appear i n  t h e  period parallelogram. 

There a r e  exactly two symmetry groups i n  which t h i s  occurs: pmg and pg. 

In  pry,  f o r  example, each center  of symmetry occurs twice i n  t h e  

period parallelogram. This means t h a t  t h e  period parallelogram must con- 

t a i n  a t  l e a s t  two of  every polygon type, so pk 2. Additionallyy t h e  

group symmetries shown i n  Figure I0  require  t h a t  p < 4. k - 

Table 2. Key t o  symmetry group diagrams 

Symbol Meanin5 

Line of r e f l e c t i o n  

- - - - - Line of g l i d e  r e f l e c t i o n  

0 Center of  2-fold ro ta t ion .  Black f i p e  
ind ica tes  t h a t  r o t a t i o n  l i e s  on a l i n e  of 
r e f l e c t i o n  

A A Center of  3-fold ro ta t ion  

Center of 4-fold r o t a t i o n  

0 Center of  6-fold ro ta t ion  

With these  cons t ra in t s ,  t h e  lemma gives 

24 = (3.4) + (2.4) + (1.4) 

So 18-gons a r e  t h e  maximum polygons possible  f o r  t h e  symmetry group 

pmg. Figure I0 shows t h e  corresponding t i l i n g  with 18-gons. A s imi la r  

argument f o r  t h e  symmetry group pg y ie lds  a t i l i n g  with 12-gons. (See 

Figure 11) .  

&. The Thcrd Se t  of Groups. In  t h e  t h i r d  s e t  of groups we f ind t h a t  ---- 
m must be d i v i s i b l e  by four. Two symmetry groups f o r  which t h i s  

occurs a r e  p4 and p4g. For p4 and p4gy t h e  maximum value of pk is four .  

[See Figures 12 and 13. ) So, by t h e  lemma, m < 30. We now show t h a t  i n  
9 - 

both of  these  cases m = 28. 
g 

Suppose 30-gons a r e  possible  i n  p4. Since t h e  four- fold center  of 

r o t a t i o n  is t h e  only center  which occurs once i n  t h e  period para l le lo-  

gram and s ince p3,, = I, t h e  30-gon must be centered on t h i s  four-cent&.. 

But, s ince  30 is not  d i v i s i b l e  by four, t h i s  is impossible. Placing t h e  

center  of  t h e  30-gon anywhere el$e i n  t h e  period parallelogram would 

require  t h a t  p 30 - > ly so  30-gons a r e  not possible  i n  p4. For s i m i l a r  

reasons, 29-gons a r e  not possible. Thus, we must take m = 28. 
P4 

Figure 12 shows an example of an equi t rans i t ive  p4 t i l i n g  with convex 

polygons using 28-gons. 

Next, suppose m = 30 and 30-gons a r e  possible  i n  p4g. For p = 
P49 30 

ly  t h e  30-gons must be centered on e i t h e r  a two- or  a four-center.  The 

30-gons cannot be on t h e  four-centers s ince 30 is not d i v i s i b l e  by four .  

Suppose t h a t  the  30-gons s i t  on two-centers. By inspection of t h e  group 

diagram, one f inds  t h a t  each 30-gon can touch o ther  30-gons e i t h e r  four  

o r  zero times. Assume t h e  30-gons each touch four  other  30-gons. Then 

t h e  remaining 26 s ides  form a closed concave f igure  centered on t h e  four-  

f o l d  ro ta t ion .  Now, t h e  number of  s ides  of any polygonal f igure  centered 

on t h e  four- fold r o t a t i o n  must, of  course, be d i v i s i b l e  by four .  Since 

26 is  not d i v i s i b l e  by four ,  we have a contradict ion.  

The remaining p o s s i b i l i t y  is t h a t  t h e  30-gons touch each o ther  zero 

times. This p o s s i b i l i t y  is ruled out a s  follows. The lemma d i c t a t e s  

t h a t ,  with a 30-gon presen t y only four  other  types of polygons can e x i s t  

i n  t h e  t i l i n g :  3-, 4-Â 5-, and 6-gons. By the  group symmetries, these  four 

polygons can each compose a t  most e igh t  s ides  of t h e  30-gon. Three of  t h e  

these  polygons contr ibut ing e igh t  s i d e s  each leaves s i x  s i d e s  f o r  t h e  re-  

maining polygon. The group symmetries, howevery prohibi t  a polygon from 

contr ibut ing s i x  s ides .  So, again, we have a contradict ion.  

The symmetry group w i l l  not permit 29-gons s ince 29 is  an odd num- 

ber. Thus m < 28. Figure 13  shows an example of an equi t rans i t ive  
P49 - 

t i l i n g  with convex 28-gons f o r  t h e  symmetry group p4g. 

5. The Fomth Se t  of Groups. The remaining four  symmetry groupS, 

p m ,  pW1, p4m, and p6m, have t h e  property t h a t  a l l  cen te rs  of  ro ta t ion  

l i e  on l i n e s  of re f lec t ion .  Because of  t h i s  symmetryy we can determine 

t h e  number of d i s t i n c t  t i l e s  which must be i n  t h e  period parallelogram. a 

By applicat ion of t h e  lemmay we a r e  then able  t o  reduce t h e  i n i t i a l  es-  

t imate f o r  t h e  maximal polygon. 



To i l l u s t r a t e  t h i s  procedurey we consider t h e  group p4m. Examining 

Figure 14, we see t h a t  f o r  any k,  there  a r e  a t  most e igh t  k-gons i n  t h e  

period parallelogram. Application of t h e  lemma y ie lds  m < 54. This 
P'+"' - 

upper bound assumes t h a t  f o r  k = mpud pk = 1. In pW, t h i s  is  t r u e  only 

i f  t h e  maximal polygon l i e s  on a four- fold center  of ro ta t ion .  This r e-  

quirement forces m t o  be d i v i s i b l e  by four .  Hencey m < 52 and t h e  
PQ"' P m  - 

other  possible  values a r e  a l s o  mult iples  of four. 

A maximal polygon on a four-center can touch an i d e n t i c a l  polygon 

a t  most four  times. This leaves (m - 4) edges t o  be adjacent t o  other  
PM 

polygons. The l i n e s  of re f lec t ion  passing through t h e  four-centers allow 

these  other  polygons t o  contr ibute  a t  most e ight  edges t o  t h e  maximal 

polygon. From t h i s  we determine t h a t  t h e  period para l le lopam must in- 

clude a t  l e a s t  (m - 4118 o ther  polygons besides t h e  one on t h e  four- 
P 4m 

center .  With t h i s  f a c t  we show t h a t  m # 52. 
P4m 

Suppose m = 52. Then t h e r e  a r e  a t  l e a s t  (52 - 4)/8 = 6 polygons 
P4"' 

other  than 52-gons, But, from t h e  lemmay when p = I, pk = 0 f o r  a l l  
52 

k 9. This leaves t h e  inequal i ty  

P7 + 2P8 5 2 .  

The inequal i ty  shows t h a t  i n  addition t o  t h e  3- ,  4-, 5-Â and 6-gons, we 

can have e i t h e r  two 7-gons o r  one 8-gon. Soy with a 52-gon i n  t h e  t i l i n g y  

only f i v e  other  polygon types a r e  possible. This is not  enough. There- 

fore,  we have shown t h a t  p4rn does not  admit 52-gons. Stepping down by 

f o u r y  t h e  next p o s s i b i l i t y  is  m = 48. The construction i n  Figure 14 
?h shows an equi t rans i t ive  p4m tiling with convex Q8-gons. 

Using s imi la r  techniques, it i s  possible  t o  reduce i n i t i a l  es t imates  

f o r  maximal polygons i n  t h e  groups p m ,  p b l ,  and p6m. The resu l t ing  

t i l e s  a r e  i l l u s t r a t e d  i n  Figures 1 5-  17. The above methods were used i n  

[I] t o  ge t  an estimate f o r  t h e  maximum polygons possible  i n  t h e  symmetry 

group p6m. 
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Figure I. (Lef t )  m with 30-gons. In addi t ion,  t h e r e  a r e  3- ,  4-, 
5-, 6-, and 7-gons present i n  t h e  f igure.  (Right) Qoup 
diagram f o r  c m  demonstrating t h a t  pk rnax i n  m is 4. 

Figure 2. (Left)  p6 with 42-gons. In addi t ion,  t h e r e  a r e  3- , 
5-Â and 6-gons present i n  t h e  f igure.  (Right) Group 
diagram f o r  p6 demonstrating t h a t  pk m m  i n  p6 is  6. 



Figure 3. (Left)  p3M with 42-gons. In  add i t ion ,  t h e r e  a r e  3-, 4-$ 
5-, and 6-gons present i n  the  f igure.  (Right) &oup diagram 
f o r  p3M demonstrating t h a t  pk max i n  p 3 m  is 6. 

Figure 4. (Left)  p3 with 24-gons. I n  add i t ion ,  t h e r e  a r e  3-7 4-, 
5-y and 6-gons present  i n  t h e  f igure .  (Right) Group 
diagram f o r  p3 demonstrating t h a t  pk m a x  i n  p3  is 6. 

Figure 5. (Lef t )  pgg with 18-gons. In  add i t ion 7 t h e r e  a r e  3-, 4-, 
and 5-gons present  i n  t h e  f igure .  (Right)  Group dia-  
gram f o r  pgg demonstrating t h a t  pG max i n  pgg is 2. 

Figure 6. (Lef t )  p2 with 18-gons. In  add i t ion ,  t h e r e  a r e  3-Â 4-, 
and 5-gons present  i n  t h e  f igure .  (Right) Group d ia-  

gram f o r  p2 demonstrating t h a t  pk max i n  p2 is 2 .  



Figure 7. (Lef t )  pm with 18-eons. In addi t ion.  t h e r e  a r e  3-, 4-, - 
5-, and  6-gons p e s e n t  i n  t h e  f igure.  (Right) Group 
diagram f o r  pm demonstrating t h a t  p max i n  pm is 2 .  

k 

Figure 8. (Lef t )  am with 18-gons. In addi t ion,  t h e r e  a r e  3-, 4-, 
5-, and 6-gons present i n  t h e  f igure .  (Right) Group 
diagram f o r  am demonstrating t h a t  p, max i n  am is 2. 

Figure 9. (Left)  p i  with 12-gons. In addi t ion,  t h e r e  a r e  3-, 4-, 
and 5-gons present i n  t h e  f igure.  ( ~ i g h t )  Group dia- 
gram f o r  p i  demonstrating t h a t  pk rnax i n  pi is  l. 

Figure 10. (Lef t )  pmg with 18-gons. In  addi t ion,  t h e r e  a r e  3-, 4-, 
5-, and 6-gons present i n  t h e  f igure.  (Right) Group 
diagram f o r  pmg demonstrating t h a t  pk max i n  pmg is  4. 



Figure 11. ( L e f t )  pg with 12-gons. I n  add i t ion ,  t h e r e  a re  3- ,  4-, 
5-, and 6-gons present  i n  t h e  f igure .  (Right) Group 
diagram f o r  pg demonstrating t h a t  p max i n  pg is 2. k 

Figure 12. (Lef t )  p4 with 28-gons. I n  addi t ion,  the re  a r e  3- , 4-, 
5-, and 6-gons present  i n  t h e  f igure .  (Right) Group 
diagram f o r  p4 demonstrating t h a t  pk max i n  p4 is 4.  

Figure 13. (Lef t )  p4g with 28-gons. In  addi t ion,  t h e r e  a r e  3-, 4-, 
5-, and 6-gons present  i n  t h e  f igure .  (Right) Group 
diagram f o r  p4g demonstrating t h a t  pk max i n  p4g is 4. 

Figure 14. (Lef t )  p4m with 48-gons. I n  addi t ion,  t h e r e  a r e  3-, 4-, 
5-, 6-, 7-, and 8-gons present i n  t h e  f igure .  (Right) 
Group diagram f o r  p4m demonstrating t h a t  pk max i n  piffl 
is 4. 



Figure 15. (Lef t )  pmm with 24-gons. In addi t ion,  there  a r e  3-, 4-, 
5-, 6-, and 7-gons present i n  t h e  f igure.  (Right) Group 
diagram f o r  pmm demonstrating t h a t  p max i n  p m  is 4. k 

Figure 16. (Lef t )  pWl  with 36-gons. In  addi t ion,  t h e r e  a r e  3-, 4-, 
5-, 6-, and 7-gons present  i n  t h e  f igure.  (Right) Group 
diagram fo r  p a l  demonstrating t h a t  p max i n  p3ml is 6. 

k 

Figure 17. p6m with 66-gons. In addi t ion,  t h e r e  a r e  3- , 4-, 5- , 6-, 
and 7-gons present i n  t h e  f igure .  A f u l l  explanation of 
t h e  derivat ion of t h i s  f igure  can be found i n  [I]. 

^ PI MU EPSILON PLANS A 75TH BIRTHDAY CELEBRATION 

In 1989, the Pi Mu Epsilon, Inc. National Honorary Mathematics 
Society, incorporated on May 25, 1914, under the laws of the State of 
New York, will celebrate its 75th anniversary as a national mathematics 
honorary with over 250 chapters in 46 states and the District of 
Columbia. 

Councillors and officers have been making plans for appropriate 
ways of celebrating the birthday. 

The Spring 1989 issue of the Pi Mu Epsilon Journal will contain a 
history of Pi Mu Epsilon, along with a complete list of past officers 
and councillors, winners of the annual paper competitions, presenters 
of papers at the annual meetings, and much more. 

The 1989 National Pi Mu Epsilon Meeting will be at the University 
of Colorado in Boulder from August 7 through August 10. A 



COUNTING BIT STRINGS WITH A SINGLE OCCURRENCE OF 00 

by Thornaii E. M o o t e  
K'u.dgewate.4 State. CoU-ege 

Discrete mathematics is  f i l l e d  with problems requir ing the  idea of 

recursive problem-solving coupled with mathematical induction. Some of 

these problems stand out because they interconnect with other  problems 

o r  they reward us with new ins igh ts  with each new a t tack  on them. We have 

seen such a problem i n  t h e  l i t e r a t u r e  [4] but n e i t h e r  its solut ion nor i t s  

i n t r i n s i c  value seems well known. This a r t i c l e  gives it t h e  exposure it 

deserves. 

The Problem. Let a denote the  number of  n-bit s t r i n g s  ( a l s o  ca l led  
n 

zero-one sequences o r  binary sequences of length n )  with exact ly one occur- 

rence of two consecutive zeros. For example, t h e  5-bit s t r i n g s  00110 and 

10010 qua l i fy  but 10001 and 11010 do not.  The sequence {a  1, n 21, begins n 
0, 1, 2 ,  5, 10, 20. What is  t h e  r u l e ?  

Our solut ion depends on solving a r e l a t e d  problem: how many n- bit  

s t r i n g s  have no consecutive zeros occurring? Denoting t h i s  count by b n' 
we imagine forming such an n-bit s t r i n g .  The f i r s t  ( l e f tmos t )  b i t  is e i -  

t h e r  0 o r  1. I f  t h e  f i r s t  b i t  is 0 then t h e  s t r i n g  must begin O l . . .  and 

may be completed i n  b 2  ways. I f  it begins 1. .. then it may be completed 

i n  b 1  ways. Therefore, b = b 1  + b 2 ,  n 5 3, with b = 2 and b = 3. 

We conclude t h a t  b = F 2 ,  t h e  (n + 2)nd Fibonacci number. Recall t h a t  
n 

t h i s  famous sequence i s  defined by F = F = 1 and F = F + F f o r  
2 n n-1 71-2' 

n 2 3 .  

Returning t o  our o r i g i n a l  problem, consider t h e  posi t ion of  t h e  s ing le  

00 i n  the  n- bi t  s t r i n g .  Three cases suggest themselves: 

(1)  .......... 100 n-3 f r e e  b i t s  

(2) O O I . . . . . . . . . .  n-3 f r e e  b i t s  

...... (3) l O O l . . .  k p lus  n-k-4 f r e e  b i t s .  

The s t r i n g s  of t h e  f i r s t  and second cases each may be completed i n  

bn-3 ways while those of t h e  t h i r d  case may be completed i n  bnk-4bk ways. 

In t h e  l a t t e r  case k ranges from 0 t o  n-4. 

Thus t h e  t o t a l  number of n- bi t  s t r i n g s  with a s ing le  occurrence of 00 

Expanding, and using F n-1 = FIFn-l, we have 

( f t )  an = + Fn-2F2 + Fn-3^3 + . .- + F2Fn-2 + FIFn-l, n 2 4, 

with a = 0, a = 1 and a = 2 .  

Note t h a t  t h i s  recurrence r e l a t i o n  ac tua l ly  holds f o r  n > 3. 

The sequence { a }  has appeared i n  t h e  l i t e r a t u r e  ( see  [1] and [3]) 

i n  various ways unconnected with our current  problem. Hoggatt [1] c a l l s  

it t h e  first Fibonacci convolution sequence because of t h e  form of t h e  

recurrence (*). 

Second Attack. Le t ' s  take a look a t  n- bit  s t r i n g s  with a s ing le  

occurrence of  00 generated i n  a de l ibera te  but n a t u r a l  way, i n  t h e  cases 

n = 2 t o  6.  This is  displayed i n  t h e  t a b l e  below. 

qual i fying s t r i n g s  

00 

100 001 

0100 1001 0010 

1100 0011 

10100 01001 10010 00101 

01100 11001 10011 00110 

11100 00111 

010100 101001 010010 100101 001010 

110100 111001 010011 100110 001011 

011100 011001 110011 100111 001110 

111100 110010 001111 

101100 001101 

The organization of t h i s  data  c a l l s  a t t e n t i o n  t o  t h e  symmetry i n  t h e  

summands t h a t  add t o  a .  An a r ray  s imi la r  t o  t h e  usual  display of Pascal 's  

t r i a n g l e  is d e f i n i t e l y  i n  order  here. Therefore, ca lcu la t ing  a few more 

l i n e s  o f  da ta ,  we have the  array:  



.................................. 
Conjecture. One can ' t  help but  not ice t h a t  21 = 13 + 8 ,  13 = 8 + 5, 

16 = 10 + 6 ,  15 = 9 + 6 ,  .... Further inspect ion of t h e  da ta  i n  t h e  

array r a i s e s  a suspicion t h a t  we t u r n  i n t o  a conjecture and a new recur-  

s i v e  descript ion of  a . 
n.  

( :'G? ) an = a n-l + a n-2 + Fn-l, n 2 3,  with a = 0 ,  a = 1. 1 2 

We may confirm t h i s  a s  f a c t  by proving t h e  equivalence of t h e  

recurrence (2:;:) and our e a r l i e r  one (*), by induction on n. 

To enable t h i s  we temporarily denote t h e  terms generated by t h e  new 

recurrence by a ,  so  t h a t  (**) becomes 

c = + + Fn-l,  n 3,  c = 0 ,  c = 1. 
1 2 

Then we prove c = a a s  follows. 
n n 

F i r s t ,  c c ,  c and a a ,  a equal 0 ,  1 and 2, respect ively.  
3 

Assume t h a t  c = a . f o r  i = 1 ,  2,  ... , n ,  f o r  some n 2 3 .  Then 
1 . 1 .  

c = c  + a  + F  
n+1 n n-1 n 

= a  + a  
n n - 1 + n  

= Fn-lFl + Fn-2F2 + Fn-3F3 + . . + F2Fn-2 + FIFn- i  

+ Fn-2F1 + Fn-3F2 + Fn-4F3 + . + F1Fn-2 + Fn 

= F F + Fn-l ... n 1 F + Fn-2F3 + + F3Fnm2 + Fn-l + Fn 

= F F + ... n 1 F + Fn-2F3 + + F3Fn-2 + F2Fn-1 + FIFn 

= a 
n+l * 

The Fibonacci t r iangle .  Our t r i a n g u l a r  a r ray  has been s tudied by 

Hosoya [ ? I ,  apparently f o r  i t s  own sake, devoid of any motivation o r  

n a t u r a l  context.  Our problem provides t h a t  context.  

We make some observations of our own here. 

I f  we regard t h e  a r ray  a s  sequences {sknl of numbers l a i d  down along 

diagonals t h a t  p a r a l l e l  t h e  r i g h t  s i d e  of  t h e  t r i a n g l e ,  

then each of t h e  sequences is a Fibonacci-type sequence governed by t h e  

r u l e  sk = sk n 2 3. This is e a s i l y  deduced from our second 
n n - 1 + s n - 2 y  

recurrence (**I. 
A l l  t h e  terms of  a diagonal sequence may be obtained by adding t h e  

corresponding terms of t h e  two preceding sequences, t h a t  i s ,  sk n = 

sk-I + sk-2 k > 3. Equivalently, t h e  terms of each sequence a r e  a n n' - 
constant multiple of t h e  corresponding terms of  t h e  c l a s s i c a l  Fibonacci 

k 
sequence, t h a t  is, s = FkFn, n 2 1 , f ixed k .  

The c e n t r a l  term i n  a l t e r n a t e  rows of t h e  a r ray  is always a square. 
n 

Indeed, these  a r e  the  terms s = F ~ ~ ,  by our previous observation. 

I would l i k e  t o  acknowledge t h e  ins igh ts  of my s tudents  Cindy 

Steeves, Susan Clark and Anthony D'Arezzo on t h i s  problem. 
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ON REDUCTION OF CONIC SECTIONS 

A-C-t R .  Am&-Moez 
T i ~ t ~ i  Tech UvuMm-L-ty 

Usually t r a n s l a t i o n s  and ro ta t ions  of the  coordinate system a r e  used 

i n  t h e  reduction of conic sect ions t o  standard forms. This involves 

lengthy algebra. Without suggesting techniques of l i n e a r  algebra, we 

would l i k e  t o  study some in te res t ing  methods. 

The r o t a t i o n  through the  angle 0 f o r  which 

el iminates  t h e  x y  term i n  

2  2  
AX t Bxy t Cy t Ox + By + F - 0 ,  ( A ,  B ,  C n o t  a l l  0 ) .  

Since t a n 0  = m  is t h e  slope of t h e  x l -ax i s  (Figure I ) ,  ( 1 )  i s  equivalent 

t 0 

( 2 )  
2  

& + 2 ( A  - C)m - B  = 0 .  

@' Figure 1  

Note t h a t  i f  A  = C, then t h e  roo ts  o f  ( 2 )  w i l l  be j: 1 .  So ( 2 )  is  

ac tua l ly  a general izat ion of  ( 1 ) .  

1. Tlz Reduction of Central Conics. Consider 

2  Ax t K e y t c y 2 = Q .  

The l i n e  y  = mx i n t e r s e c t s  t h i s  conic i n  two points  obtained from 

2  
Ax2 + Bxy + Cy = Q 

y  = mx. 

Solving t h i s  s e t  of equations, we obtain 

I f  we s u b s t i t u t e  t h e  roo ts  of ( 2 )  i n  ( 3 ) .  we get  t h e  x' and y' in te rcep ts  

of  t h e  conic sect ion.  For example, f o r  t h e  pos i t ive  roo t  of ( 2 )  we ge t  
2 

x2 
t y2 = a 2 ,  and f o r  t h e  o ther  roo t  we g e t  x + y2 = b2. In case of a 

hyperbola, one of these  values w i l l  be negative which corresponds t o  t h e  

conjugate ax i s .  Some examples w i l l  c l a r i f y  t h e  idea. 

ExconpZe 1.1. Consider t h e  e l l i p s e  

From ( 2 )  we have 

2  
12m - 7m - 12 = 0 .  

So we have m  = 4 / 3  o r  m  = - 3 / 4 ,  We usual ly choose t h e  pos i t ive  slope f o r  

t h e  a;'-axis. From ( 3 )  and m  = 4 / 3 ,  we obtain 

36 6 4  x2 = - and y 2  = - 
25 25 ' 

2  
Thus a = x + y 2  = 4 .  Similar ly,  from ( 3 )  and m  = - 3 / 4 ,  we obtain 

2  
which implies b 2  = x + y2 = I .  Consequently, t h e  standard form w i l l  be 

A sketch of  t h e  graph i s  shown i n  Figure 2 .  

Example 1.2 .  Consider t h e  hyperbola 

2  
3 t h y  - 3 y 2 = 2 0 .  

From ( 2 )  we have 

which gives m = 1 / 2 ,  m  = -2. By ( 3 ) ,  t o  m = 1 / 2  corresponds 



Therefore a 2  = x
2 + y2 = 4. By (31, t o  m = -2 corresponds 

x2 = 2- -16 
5 

and y2 = - 
5 

2 
Thus z + y2 = - 4. So, t h e  y l - in te rcep t  is  imaginary, and the  reduced 

equation is  

2. The Reduction of PamboZas. For t h e  parabola 

2 2 2 (4)  Ax + B x y + C y  + D x + E y + F = O , B  - 4 A C = O  

t h e  quadrat ic  par t  is a per fec t  square, t h a t  is, (4) can be wr i t t en  a s  

2 
(ax + by) + Dx + Ey + F = 0. 

Since the  l i n e  ax + by = 0 i n t e r s e c t s  t h e  parabola i n  a  s ing le  point ,  it 

must be p a r a l l e l  t o  the  a x i s  of t h e  parabola. Thus we can choose t h i s  

l i n e  f o r  the  XI-axis o r  y t -ax i s .  We s h a l l  give an example. Consider t h e  

parabola 

2 
x - 4 x y + 4 y 2 + 6 j < x - 2 j T y - 1 5 = 0 .  

This can be wr i t t en  a s  

(5) 
2  

(x  - 2y) + 2 J 7 ( 3 x  - y )  - 15 = 0. 

The s lope of x - 2y = 0 is  112, so  one can draw t h e  XI-axis (Figure 3).  

Thus t h e  equations of  t h e  r o t a t i o n  w i l l  be 

x = (2x1 - y f ) / J 5  

y = (XI + 2y7)//-5 

x 

Figure 

We s u b s t i t u t e  f o r  x and y i n  (5) and get  

[(-.5y~)/&]2 + lox1 - log1 - 15 = 0 

One may complete t h e  square, carry t h e  algebra fu r ther ,  and sketch t h e  

graph (Figure 3). 

3. Conjugate Axes. Another way of obtaining (2) is t h e  use of 

conjugate axes. 

Consider t h e  c e n t r a l  conic 

and t h e  l i n e  y = m. Consider an a r b i t r a r y  l i n e  y = m + b p a r a l l e l  t o  

y = m, which i n t e r s e c t s  t h e  conic i n  M and N. A s  b  var ies ,  t h e  locus of  

t h e  midpoint of t h e  l i n e  segment MN is a s t r a i g h t  l i n e  through 0 which is 

ca l led  t h e  a x i s  conjugate t o  y = m (Figure 4 ) .  Let us obtain t h i s  l i n e .  

@ Figure 4 



The s e t  of equations 

gives M and N. Eliminating y ,  we obtain 

Let P(x,y) be t h e  midpoint o f  M. Then 

where x and x a r e  t h e  roo ts  of (7 ) .  So, from (6)  and ( & I ,  we get  1 2 

Eliminating by  we obtain 

In  o rder  t h a t  y = mx would be the  XI-axis, t h e  conjugate axes must be 

perpendicular t o  y = mx, since t h e  p r i n c i p a l  axes of  a c e n t r a l  conic a r e  

conjugate and perpendicular. Thus 

This equation implies (2 ) ,  t h a t  is, 

4. Suggestions fo r  fmther work, 

THE BEST CYLINDER FOR THE MONEY 

The "best11 cyl inder  c a l l s  f o r  a l loca t ing  twice a s  much area resource 

t o  t h e  s i d e ( s )  a s  t o  t h e  bottom and top  ( i f  any). This r e s u l t  holds, 

whether t h e  llbestll i s  defined t o  be the  cyl inder  t h a t  maximizes The volume 

f o r  given c o s t  of mate r ia l s  f o r  t h e  surface,  o r  whether it is defined t o  

be t h e  one t h a t  minimizes t h e  cos t  f o r  given volume. 
2 

!2%eo~em I. Let t h e  base of a cyl inder  have perimeter px and a rea  AX , 
and l e t  t h e  a l t i t u d e  of t h e  cyl inder  be h, where x is  a convenient l i n e a r  

measure; x and h a r e  t o  be chosen so  a s  t o  optimize t h e  cyl inder .  Then 

t h e  cyl inder  with maximum volume f o r  given cos t  and the  cyl inder  with 

minimum cos t  f o r  given volume requi re  twice a s  much expenditure f o r  t h e  

s i d e ( s )  a s  f o r  t h e  bottom and t h e  top. 

Proof, Let t h e  c o s t s  per square un i t  of mater ials  be S f o r  t h e  s ide,  

B f o r  t h e  bottom, and T f o r  t h e  top -  Let 8 be t h e  angle between any s ide  

element of t h e  cyl inder  and the  bases. Then 

t o t a l  cos t  = cost  of  s i d e ( s )  + cos t  of bottom and top 

(1) 
2 = S p x h c s c 8  +(T + B ) A x ,  

(2)  
2 

volume = Ax h. 

For maximum volume with given cos t ,  (2 )  is  t h e  object ive function, SO 

a t  t h e  optimum t h e  der iva t ive  of t h e  volume is zero. In t h i s  case,  (1 )  is 

t h e  cons t ra in t ;  s ince t h e  cos t  is given a s  a f ixed constant,  its der iva t ive  

is a l s o  zero. Conversely, (1) may be t h e  object ive funct ion with ( 2 )  a s  

Obtain ( 2 )  by f inding extrema of  t h e  dis tance from t h e  cons t ra in t .  In e i t h e r  casey t h e  der iva t ives  of  both a r e  z e m  a t  t h e  op t i-  

center  of t h e  conic t o  a point  on it. mum (values a t  optimum a r e  shown by c a p i t a l  l e t t e r s ) :  
Find t h e  cen te r  of  a conic sec t ion  with the  use of conjugate 

axes. 
(3) ( S p  csc8)(H + Xhl) + 2(T + B) A X = 0 

Using t h e  idea of  conjugate axesy obtain t h e  vertex of  a (4)  

parabola. From ( 4 ) ,  Xhf = -2H. Subs t i tu t ing  t h i s  i n  ( 3 ) Â  transposing, and multiply-  

ing  by X, we have 

2 
( S p  csc8) X H = 2(T + B) A X  , 



ihich i s  t h e  

Examp Ze . 
desired r e s u l t .  

For a r i g h t  c i r c u l a r  cy l inder y l e t  x be t h e  radius of a 

base. Then t h e  perimeter multiple p is 2wy and the  area mult iple  A is w .  

Since t h e  angle 13 i s  a r i g h t  angle, i t s  eoseeant is  I. For a prism with 

a regular  n-gon f o r  base, l e t  x be h a l f  t h e  length of  one edge of t h e  n-  

gon. Then p is 2n and A is n ctn (w/n). 

The theorem can be used t o  optimize r e l a t i v e  t o  surface area r a t h e r  

than cost  of area mate r ia l s y i f  a l l  u n i t  c o s t s  a r e  s e t  equal t o  1. For 

open (no top)  cy l inders y T is s e t  equal t o  zero. 

CyZin&rs i n  Z-Space. 

What happens i f  t h e  3-dimensional cyl inder ,  with its 2-dimensional 

basesy is  replaced by a 2-dimensional llcylinderll  ( ac tua l ly  a para l le lo-  

gram), with 1-dimensional bases ( l i n e  segments of length x ) ?  It tu rns  

out t h a t  t h e  mult iple  i s  not 2, but I; t h a t  is, i n  optimal 2-dimensional 

cyl inders ,  t h e  resources spent on t h e  s i d e s  amount t o  I times t h e  r e-  

sources spent on t h e  bottom and t h e  top,  

Hypemy Zindms. 

The r e s u l t  can be generalized t o  higher dimensions. 

Theo~em 2. For n an in teger  g r e a t e r  than 1, l e t  t h e  base o f  a 

cyl inder  i n  n-space have tlperimeterlt  pxn-2 and llareatl  AX^-'. The 

llvolumell is proport ional  t o  hxn-l.  Then t h e  cyl inder  with maximum vol-  

ume f o r  given c o s t  and t h e  cyl inder  with minimum cos t  f o r  given volume 

require  a r a t i o  of n-I between t h e  cos t  of the  ftsideslt  and the  cost  of 

the  bases. 

Froof. The object ive function and the  cons t ra in t y i n  e i t h e r  order, 

a r e  

(6) volume = A xn 

When t h e  der iva t ives  of both functions a r e  s e t  equal t o  zero a t  t h e  

optimumy t h e  r e s u l t  follows a s  i n  Theorem 1. 

JOB-SEARCH IDEAS FOR MATH MAJORS @ (AND THEIR MENTORSÂ FAMILIES, AND FRIENDS) 

I f  you have a col lege degree i n  e l e c t r i c a l  engineering o r  accounting 

or  h o t e l  management o r  elementary education, you know t h e  pigeonk+ole i n  

which t o  look f o r  a job. Your education has prepared you f o r  a s p e c i f i c  

ca reer  path. You a r e  s e t  a s  long a s  you a r e  content with t h e  work, t h e  

ava i lab le  incomey and t h e  philosophical implications of your career  -- 
assuming t h e  job market doesn t t  evaporate i n  your f i e l d .  You know what 

you a r e  prepared f o r ,  and col lege graduation involves merely seeking an 

acceptable s t a r t i n g  niche. 

I f y  however, you have j u s t  earned a bachelorls  o r  mas te r l s  degree 

i n  mathematics ( o r  English, o r  h i s to ry ,  o r  French, o r  phi10sophy)~ you 

a r e  now faced with overchoice. You have more l i fe- t ime f l e x i b i l i t y  than 

someone with a vocational degree, but  your career  t r a i l  is not s o  c l e a r l y  

blazed. l tFlexibi l i tyl l  and ltoverchoicel' a r e  two s i d e s  of the  same coin. 

You have prepared yourself f o r  many c m e e r s y  and nowy because you l i v e  i n  

a complex, special ized soc ie ty ,  you m u s t  choose one. 

111'11 choose any t h a t  w i l l  take me!I1 is often t h e  quaking inner  

response. Itwho wants me?It Who wants you often depends p a r t l y  on how you 

s e l l  yourself ,  j u s t  a s  it does f o r  an e l e c t r i c a l  engineering appl icant .  

However, i n  both cases it a l s o  depends p a r t l y  on luck. Employers might 

buy your services  f o r  any of t h e  following, among other ,  p o s s i b i l i t i e s .  

Teaeh-inq. m e  na t iona l  need f o r  math teachers  is soaring and w i l l  

continue t o  do so  f o r  t h e  next decade. It helps i f  you have c e r t i f i c a t i o n  

i n  a t  l e a s t  one s t a t e y  bu t ,  i f  you d i d n f t  accomplish t h i s  i n  col lege,  

there  a r e  several  options s t i l l  open. Private  schools a s  a r u l e  do not 

expect c e r t i f i c a t i o n ,  but they pay l e s s  and often expect a l a r g e r  chunk 

of your personal l i f e  than public schools. They of ten  a l s o  h i r e  par t -  

t imers  ( f o r  a p i t t ance) .  A 

There a r e  severa l  MAT (Masters of  A r t s  i n  Teaching) programs a v a i l-  

a b l e  a t  f i n e  u n i v e r s i t i e s  i f  a l i f e t i m e  i n  t h e  most des i rab le  teaching 

@ Copyright by P a t r i c i a  Clark Kenschaft. Reprinted with permission. 



posi t ions might be worth a year ' s  preparation. 

New Jersey is  pioneering an "Alternative Cert i f icat ion ' '  program t h a t  

accepts people with degrees i n  mathematics (and o ther  subject  areas)  and 

requi res  courses and supervision while you work f u l l  time a s  a teacher. 

You need a school system t h a t  w i l l  h i r e  you and supervise you t o  en te r  

the  program, and t h e  f i r s t  year i s  grueling, but t h e  teacher t r a i n i n g  is 

meaningful because you a r e  using it a s  you ge t  it. 

Progr&ng. Programing jobs a r e  t h e  entry t o  many o ther  computer 

careers .  You do a year  o r  two of programming and then move i n t o  systems 

analysis ,  management, in-house teaching o r  some other  computer-related 

work t h a t  uses your mthematical  background. You may not  use t h e  ac tua l  

f a c t s  t h a t  you learned i n  your undergraduate major, but  you employ t h e  

d i sc ip l ine  of  problem ana lys i s  and solving. "Engineer1' is a t i t l e  of ten 

given t o  someone i n  computers, many of whom were once mathematics majors. 

Several undergraduate computer courses a r e  e s s e n t i a l  f o r  enter ing 

t h i s  career  path, one with many variat ions.  If you have had only a few, 

don't  undersel l  t h e i r  value. It is your a b i l i t y  t o  think mathematically 

t h a t  w i l l  serve your employer i n  both t h e  short  run and t h e  long run. 

You probably w i l l  have t o  l ea rn  a new computer language, a t  t h e  l e a s t .  

I t  is your a b i l i t y  t o  l ea rn  and t o  teach yourself t h a t  is your s t rong 

point .  S e l l  it! Don't be a f r a i d  t o  say t h a t  you want t o  program f o r  a 

year o r  two and then move up i n  t h e  hierarchy, e i t h e r  i n  a s p e c i f i c  d i rec-  

t i o n  o r  a s  needed by t h e  company. 

Insurance. ~nsurance '  companies employ many mathematicians. The 

t r a d i t i o n a l  route  has been t h e  a c t u a r i a l  laddery and it helps i f  you took 

t h e  f i r s t  one o r  two of t h e  t en  a c t u a r i a l  exams i n  col lege.  They a r e  

given i n  May and November of each year ,  and it is rumored t h a t  t h e  pass- 

r a t e  is b e t t e r  i n  November. 

However, t h e  exams a r e  not e s s e n t i a l ,  now o r  l a t e r .  I f  you l i k e  

working with numbers and pa t te rns ,  you can inquire  about entry l e v e l  jobs 

i n  insurance companies. It is wise not t o  c lose  o f f  t h e  p o s s i b i l i t y  of  

taking t h e  exams, especial ly  a t  f i r s t .  However, you should be aware t h a t  

f a i l i n g  an exam several  times -- and, therefore,  being closed out of t h e  

l a t e r  ones -- need not ru in  your l i f e ,  There a r e  sa t i s fy ing  a l t e r n a t i v e  

jobs i n  insurance. 

Statistics. S t a t i s t i c i a n s  a r e  p l e n t i f u l  i n  t h e  insurancey telephone, 

and pharmaceutical industr ies .  Their judgements a r e  a l s o  c r u c i a l  i n  four 

s teps  of environmental protect ion,  (I) t h e  process of making laws, a s  well 

a s  ( 2 )  obeying them, ( 3 )  enforcing them, and (4) prosecuting v io la tors .  

The highest  s a l a r i e s  a r e  ava i lab le  i n  t h e  second group because pr iva te  

industry is  t h e  employer. 

Applied Mathernaties. Other applied mathematics jobs a r e  ava i lcb le  

supporting s c i e n t i s t s ,  engineers, computer s c i e n t i s t s ,  b io log is t s ,  and 

economists i f  you take  a strong minor i n  another f i e l d ,  but these do not 

seem t o  be a s  p l e n t i f u l  a s  t h e  o ther  categories .  

Accounting. Accounting jobs a r e  ava i lab le  f o r  math majors both i n  

accounting firms and i n  t h e  accounting departments of many corporations. 

Your employer may want you t o  have had o r  t o  take some accountin; courses 

t o  supplement your math background, but having completed a math major 

proves you a r e n ' t  a f r a i d  of demanding work. I f  you l i k e  numbers and a r e  

accura te y t h i s  may be your niche. 

One math graduate wrote t h a t  ge t t ing  an mA is r e p e t i t i v e  a f t e r  a 

math major. Others comment on how easy it was. Your math background 

w i l l  stand you i n  good stead i f  you take  t h i s  route .  

Operations Research. Operations research is a burgeoning f i e l d .  

This is  t h e  mathematical study of eff ic iency.  Math graduates may plan 

e f f i c i e n t  inventory management, assignment of employees, space usage, o r  

p o r t f o l i o  allotment. They can look f o r  ways t o  make workers more e f f i -  

c i e n t ,  more comfortable and more motivated. 

It helps t o  have had a course o r  courses i n  operat ions research,  

math modelling, l i n e a r  programming, s t a t i s t i c s ,  and/or data  analysis .  

However, these  can be graduate courses, o r  t h e  mater ial  can be s e l f -  

taught. You have t o  convince your prospective employer, however, t h a t  

you r e a l l y  want t o  do t h e  work. 

Business. Businesses and banks of ten  perceive math graduates a s  

people who have proved themselves smart and hardworking. Indeed, you are! 

I f  you want a job i n  s a l e s  o r  entry l e v e l  administrat ion,  d o n f t  l e t  a peon 

i n  t h e  personnel department de- select you because you a ren ' t  a business 

major. Many company executives would p r e f e r  your qua l i f i ca t ions .  You 

need t o  reach them. 

How t o  ge t  s t a r t e d ?  Ask! Ask! Ask! Ask people what is ava i lab le ,  

both s p e c i f i c a l l y  near them and i n  general.  Ask anyone you know and then 

ask them t o  give you suggestions of  others  with whom you can t a l k .  Firfd 

some career  paths t h a t  seem t o l e r a b l e ,  and lea rn  a l l  you can about them. 

Go t o  a l i b r a r y  and read professional  journals.  Show yourself you can 

educate yourself .  



Which do you want? Maybe they a l l  sound acceptable. Then make 

yourself seem en thus ias t i c  about each a s  you approach acceptable employ- 

e r s  i n  t h a t  f i e l d .  Donlt be a f r a i d  t o  use more than one v i t a ,  each 

emphasizing an aspect  of  you. It i s  important, howevery a s  you approach 

any prospective employer t o  appear genuinely en thus ias t i c  about t h a t  

p a r t i c u l a r  job. This need not involve dishonesty. You may well be 

en thus ias t i c  about more than one career  path. Jus t  make sure  you know 

something about any one you pursue. 

ItGetting a job is a job i n  i tself . r t  It usual ly takes severa l  months. 

Since you w i l l  have o ther  d i s t r a c t i o n s  i n  your l a s t  semester i n  col lege,  

it helps t o  begin e a r l i e r  than t h a t  i f  you want t o  have a professional  job 

t h e  summer a f t e r  graduation. I f  you d i d n l t  do t h a t ,  and c a n l t  tu rn  back 

t h e  clock y res ign yourself t o  t h e  f a c t  t h a t  t h i s  is not going t o  be a 

quick process. It takes timey but i t rs  worth it. Your fu ture  career  is 

i n  t h e  balance. 

ItEighty percent of  job openings a r e  never a d v e ~ t i s e d , ~ ~  goes another 

saying. The grapevine is important. Hone your telephone s k i l l s .  Some 

col lege placement services  a r e  extremely he lpfu l  t o  t h e i r  students and 

alumni. Employment agencies a l s o  can help. Consult your telephone book. 

However, only those professionals  who have some comprehension of what 

mathematics is w i l l  be he lpfu l  i n  f inding you s u i t a b l e  openings. 

It is common, perhaps inev i tab le ,  t o  f e e l  use less ,  depressed and 

a l toge ther  discouraged when searching f o r  a job. The emotional crunch is 

ser ious.  Unless you have f r i e n d s y  family, and mentors who keep reassuring 

youy it is hard t o  remember t h a t  IrThis too  s h a l l  passtr and t h a t  math 

majors almost always end up with s a t i s f y i n g  careers .  In t h e  c ruc ib le ,  one 

always wonders, t l W i l l  I be t h e  exception?tr 

Probably not! You a r e  now facing a major disadvantage of capi tal ism.  

I f  you l ived  i n  a Communist country, you would be assigned a job* and 

whether o r  not you l iked  ity whether o r  not your boss l iked  you o r  your 

work, it would be yours. This too has i ts disadvantages. Communist 

leadership t e l l s  i t s  people t h a t  Americans have t h e  tlfreedom t o  be unem- 

p10yed .~~  This is  t r u e ,  and unpleasant. You a l s o  have, however, t h e  

freedom t o  choose a job and t o  be individual ly chosen. It takes time. 

There is no powerful mechanism helping you, except t h e  i n t r i n s i c  need 

of t h e  world f o r  d i l i g e n t ,  competent workers. You want t o  be, and can 

bey  one of those workers. I f  you donlt  l o s e  hopey you w i l l  be. 
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Foh in60hmaLLon on CWweh oppo&unLtie~ .in rndhemaLLu and comp&ng 
uk th  t h e  N d o n a l  SecuhiAy Agency bee t h e  advem%ement on page 632. 

Duhing t h e  1988 Sphing S e m u t m ,  I gave one 0 6  my c t a b e b  thh u e q  
old  c h u f n u t *  6hom A4uhice KmLtc&klb h4ATHEMATICAL RECREATIONS, W .  
W .  No&on 6 Co.,  Inc.  , Neu~ Yohk, 1942: 

T h e e  men -Mh,  Bmnahd and Cha&e~ - w i t h  t h e h  u l v u  - 
Ann, h b a ~  and Cynfhia - make home p m h a u .  When t h e h  
bhopping .LA 6 M h e d  each 6in& that f h e  avemge cobt .in 
d o U m  06 t h e  u & u  he oh  he lm puhchubed h equal t o  
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& c t u  mohe than  B a ~ ~ b a m ,  and Behnahd h a  bou h.t 1 1  mohe 
than  Ann. Each haband huh A p e d  $63 mom than  wide. Wh6 
.LA t h e  h b a n d  06 whom? 

A6teh phuent ing  a cu~~e6d.Q heaoned bo th t ion ,  Rebecca Fee ~JLU 

t h e  6oflouCng c h m i n g  bummahg. Note t h e  v&nt 0 6  t h e  Huemob- 
phomofed tomb~tone .  

* The phoblvn a p p e m  .in t h e  LADIEIS DIARY ~ O J L  1739-40 and mi9h.t 
even be o t d m .  
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DIVERGENCE I S  NOT THE FAULT OF THE SERIES 

by F. C. Lid/in 
St. BonauenftiAe U&UUi-i^y 

00 

y : 2 k  = -1. 
t = o  00 

Nonsense, r i g h t ?  Everyone knows t h a t  t h e  formula ^ . U P  = a / ( l  - r )  is  
t-0 

v a l i d  i f  and only i f  lrl c 1. Unfortunately, t h i s  conditioned response t o  

a s e r i e s  of r e a l  numbers f a i l s  t o  consider t h e  p o s s i b i l i t y  t h a t  we may not 

be ta lk ing  about s e r i e s  t h e  way we did i n  elementary calculus. Consider 

t h e  following s i tua t ion .  In an n-bi t  machine using two's complement nota- 
n 

t i o n  f o r  in teger  a r i thmet ic  ( e s s e n t i a l l y ,  ar i thmetic  mod 2 1, -1 is repre-  

sented a s  a s t r i n g  of n ones. This s t r i n g  represents  the  decimal integer  
2 1 + 2 + 2 + . . . + 2n-1. Since n i s  a r b i t r a r y ,  we seem t o  have evidence t o  

support convergence of t h e  se r ies .  Which conclusion is  correct?  Both, it 

turns  out ,  because we a r e  playing by a d i f f e r e n t  s e t  of r u l e s  i n  each case. 
w 

In  calculus,  we study t h e  i n f i n i t e  s e r i e s  ^ak v i a  i t s  sequence of 
n-1 

p a r t i a l  sums 8 = ( s  } where s = x u k .  I f  t h i s s e q u e n c e  has l i m i t  A,  then 
n t=o 

A is ca l led  t h e  sum of t h e  s e r i e s  and we say t h e  s e r i e s  converges; otherwise 

t h e  s e r i e s  diverges. Our notion of convergence r e l i e s  on t h e  absolute value 

t o  measure t h e  vclosenessu of a p a r t i a l  sum 8 t o  X. In f a c t ,  we say t h a t  n 
t h e  sequence converges t o  \ i f  given any â > 0,  the re  e x i s t s  a pos i t ive  

in teger  N such t h a t  1 s  - \ I  < 6 whenever n 2 N. Absolute value measures 

t h e  physical  closeness of s and X on t h e  number l i n e ,  so i n  t h i s  s e t t i n g  
n 

t h e  mathematical notion of c lose  corresponds t o  t h e  physical  notion, and 
k y^ 2 diverges. 

t=o 
If we want t h i s  s e r i e s  t o  converge, we're going t o  need a d i f f e r e n t  way 

t o  measure wclose.n Observe t h a t  each p a r t i a l  sum of our s e r i e s  is  an in te-  

ger .  The Fundamental Theorem of Arithmetic assures  us t h a t  any integer  n 

# 0, Â± can be wri t ten a s  a product of primes n = Â ± p u l p a  ... where 
1 2  

t h e  d i s t i n c t  pos i t ive  primes pi, t h e i r  exponents, and t h e  sign of t h e  prod- 

uct  a r e  uniquely determined by n. Let p be a pos i t ive  prime and define t h e  

p-order of n ,  denoted by ord (n),  t o  be t h e  exponent of p i n  t h e  prime 
P a 

fac tor iza t ion  of  n. Thus, ord (n) is t h e  g r e a t e s t  exponent f o r  which p 
P 

divides n and is  zero i f  p does not divide n. Define t h e  p-adic absolute 

valve o f n a s  In1 = eOpdpp"n". We s e t  1 0 1  = 0. 
P P 

~k show t h a t  1 1 has t h e  following propert ies .  
P 

1. I n 1  2 0 f o r  a l l  in tegers  

2. I n 1  = 0 if and only if n = 0 

3. Imlp = lnlp14p 

4. In + m i  5 lnlp + l r n l p .  P 

is not d i  

Thus, 1 1 behaves much l i k e  t h e  ordinary absolute  value. I n  f a c t ,  we can 

define t h e  p-adic d i s tance  between two in tegers  n and rn by In - r n \ .  

Using t h i s  d i s tance  t o  measure closeness, we mimic our previous def in i t ion  

of convergence and say t h a t  the  sequence of in tegers  s = {sn} converges t o  

\ i n  the  p-adic sense if given ? > 0 t h e r e  e x i s t s  a pos i t ive  in teger  N such 

t h a t  1 s  - X I  < â whenever n 2 S. 

For our purpose, t ake  p = 2. The n- th p a r t i a l  sum of t h e  s e r i e s  is 

Thus, 
n 

o r d 2 ( s  - (-1)) = o r d ( 2  ) = n 

and 

Isn - (-1)12 = e-n. 

Since e n  
has l i m i t  0 ( i n  t h e  usual sense)  a s  n tends t o  i n f i n i t y ,  t h e  

k 
sequence of p a r t i a l  sums converges t o  -1 and so  2 = -I. 

t-0 
Both ord and 1 1 can be defined over t h e  r a t i o n a l  numbers Q and, 

P P 
ul t imately,  over t h e  f i e l d  of p-adic numbers Q t h e  completion of Q with 

P' 
respec t  t o  t h e  p-adic metric. I n  any event,  r e s t r i c t i n g  t o  t h e  in tegers  

provides a simple and convenient example t o  i l l u s t r a t e  t h e  f a c t  t h a t  

changing t h e  dis tance measuring t o o l  (metr ic ,  i n  t h e  vernacular) may very 

well change t h e  co l lec t ion  of sequences and s e r i e s  t h a t  converge. So, t h e  

moral of  t h e  s t o r y  is t h i s :  when presented with a sequence o r  s e r i e s ,  

make no assumptions about convergence o r  divergence u n t i l  t h e  measuring 

t o o l  is known. 



1107692311, and c l e a r l y  t h i s  gives  another m u l t i p l i e r y  s ince 

MULTIPLIER PROBLEM REVISITED 

William M. Perel  [I] s t a t e d  t h e  following problem: 

#*Given a s i n g l e  d i g i t ,  is it always poss ib le  t o  f i n d  a n a t u r a l  number 

such t h a t  t h e  product of t h e  number and t h e  s i n g l e  d i g i t  w i l l  have 

t h e  same d i g i t s  a s  t h e  o r i g i n a l  number, i n  t h e  same order ,  except 

t h a t  t h e  first d i g i t  of t h e  product w i l l  be t h e  l a s t  d i g i t  of  t h e  

o r i g i n a l  number?** 

P e r e l  i n t e r p r e t e d  t h i s  a s  allowing t h e  number t o  have a leading 

zero; and he proceededy v i a  l i n e a r  congruence theory y t o  i d e n t i f y  

appropria te  numbers f o r  a l l  t h e  d i g i t s  ( ze ro  and u n i t y  being t r i v i a l  

cases  1. 

We be l i eve  t h a t  an a l t e r n a t i v e  approach, based on t h e  knowledge of  

r epea t ing  decimalsa g ives  such numbers s l i g h t l y  more quickly - althougha 

pedagogicallyy P e r e l l s  approach may provide g r e a t e r  i n s i g h t ,  i f  only one 

method is  t o  be considered. (Compare Anderson [2].) Howevery we th ink  

t h e  a l t e r n a t i v e  ou t l ined  below is  h igh ly  i n s t r u c t i v e ,  and (coupled with 

P e r e l l s  method) w i l l  y i e l d  increased understanding of  such problems. 

It is  wel l  known t h a t  t h e  r e c i p r o c a l  of a prime number g r e a t e r  than 

f i v e ,  p sayy  g ives  a r epea t ing  decimal with  cyc le  length c < p; and, 

moreovery f o r  in tegers  P, 1 < P < p y  r / p  w i l l  y i e l d  a r epea t ing  decimal 

which f requen t ly  has t h e  same cycle  a s  l / p y  bu t  s t a r t i n g  a t  a d i f f e r e n t  

po in t ,  Thus, t h e  problem posed by Pere l  immediately suggests  t h a t  we 

look f o r  numbers from among t h e  cycles  of  d i g i t s  which occur i n  such 

repea t ing  decimals. 

Common knowledge o f  t h e  cycle  f o r  p = 7, 1'1428571*, and how those 

f o r  p/7 r e l a t e  t o  i ty t e l l s  us  we should immediately f i n d  a m u l t i p l i e r  

the re .  Andy indeedy 

Of course, f o r  any p > 7, l / p  c -1, s o  an appropr ia te  cyc le  w i l l  

need t o  l e a d  off  wi th  a zero,  and i ts next d i g i t  w i l l  need t o  be  a t  l e a s t  

a s  g r e a t  a s  i t s  l a s t  d i g i t .  For ins tance ,  t h e  cyc le  f o r  p = 13 is 

- 4 X 076923 = 307692 = 076923. L 
Buty looking a t  t h e  next  prime 17,  we g e t  t h e  cyc le  a s  '*058623529411754~ 

which is no t  appropr ia tea  a s  5 < 7. However, when p = 19,  we g e t  

2 x 052631576947366421 = 105263157894736842 = 052631578947368421. 

Continuing l i k e  t h i s ,  by scanning down a t a b l e  of prime repea t ing  

c y c l e s y  we obtain  t h e  following t a b l e :  

Digi t  Prime Mul t ip l i e r  -- 
2 19 052631578947368421 
3 29 0344627586206696551724137931 
4 1 3  076923 
5 7 142857 
6 59 0169491525423728813559322033898305084745762711864406779661 
7 23 0434782608695652173913 
8 79 0126562278481 
9 89 01123595505617977526089867640449436202247191. 

The form of t h e  t a b l e  immediately suggests  t h a t ,  f o r  t h e  d i g i t s  4,  5 

and 7, we a l s o  t r y  t h e i r  r e spec t ive  mult iples  39, 49 and 69; and these  

indeed give a l t e r n a t i v e  m u l t i p l i e r s  o f y  respec t ive ly ,  025641, 0204081632- 

65306122448979591836734693877551 and 0144927536231864057971. 

Replacing t h e  t h r e e  rows i n  our t a b l e  with t h e s e  values  e f f e c t i v e l y  

r e t r i e v e s  P e r e l l s  t a b l e  (which omits t h e  l ead ing  zeros and t r a i l i n g  

u n i t i e s ) ,  a p a r t  from a typographic e r r o r  a t  t h e  end of  h i s  d i g i t  6 mult i-  

p l i e r .  But no te  a mistake with  P e r e l V s  t a b l e .  Pe re l  was looking f o r  t h e  

smal les t  ( p o s i t i v e )  m u l t i p l i e r  i n  each case ,  and c l e a r l y  our t a b l e  gives  

a smaller number f o r  t h e  d i g i t  5 (142857, as opposed t o  0204081632653061- 

22448979591836734693677551). We leave  it f o r  t h e  i n t e r e s t e d  reader  t o  
d f i n d  t h e  s l i p  i n  P e r e l ' s  argument. 

In f a c t a  it is c l e a r l y  unnecessary t o  r e s t r i c t  t h e  problem t o  s i n g l e  

d i g i t s .  Given any in teger  iy a s a t i s f a c t o r y  m u l t i p l i e r  would be t h e  

repea t ing  cyc le  corresponding t o  1 / ( 1 0 i  - 1 ) .  FOP ins tance a when i = 10, 

t h e  m u l t i p l i e r  would be 01 giving 10 x 01 = 10 = &I. Buta i f  we a r e  

looking f o r  t h e  smal les t  m u l t i p l i e r s ,  then we should a l s o  consider t r y i n g  

t h e  repea t ing  cyc les  f o r  t h e  rec ip roca l s  of  any proper d i v i s o r s  of  A 

( 1 0 i  - 1la  when t h i s  is composite. 
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W E R S  TO THE EDITOR 

'Ln the a r t k b  "A N d t i p L k  P r d h "  by WUium 7%. %rd, pages 5 18-5 19 oj tk 
Spring 1988 Pt N u  'Epsi&n ' J o u r d ,  there is a specid c w  which has j w e r  digits 
than g ivm i.n ffiis a r t k b .  

fi( ton - m) 
SoCving (1) for N: N = , wfikf i form=S,f i=7,n=S@ms 

10"' - 1 
N - 14285 and 5( i428!V) = 714285. 

'L t  is possihk to j i nd ' f rac twd  vahes  of m which y W  simUur m d t s .  For 
exumph, i j  m = -0, f i  = 5, n = 5, then N = 71428 and .8(714285) = 571428. 

'L t  is a h  p o d k  to move a digiit from j k t  to h t  i tastad of vim-versa. For 
exumpCe, 3( 142857) = 4 2 8 n l  and 3(205714) = 857142. Hare, tam, f r a c t w d  v& 
of m a r e p o d h .  For exampk,  l .S(3ZMl l7647OS882) = 5294117647058823. 

And ,  some jractiotd v d w  are ambidextrous: 1.2(45) = 54, 1.2(4545) = 5454, 
ek . ,  3.4(15) - 51, 3.4(1515) = 5151, &c. 

'k response ta ''Lie-s, Spies, A'LDS, and D r w "  L n  the F a  lg87 issue, 'L woutd 
ta mm-t on Cdtforniu's pmcjram o j  tastLng jor TB. For many years 
C&jor& hus required testhg of t a w k s .  This is c & n ~  by giving a patd  test 
on  the arm, a d m p k  and i ~ x p ~ e  tast. 'L have w jigurss on the r d m .  but  
i f  w@USS~Tn&htO?dy -1% 0 ~ ~ ~ ~ ~ U d y f l U V @ ~ ,  ~ ~ ~ E P W P ~ W U  

test posLtw~ on tk patch and h t  5% of ~ S E  without TB wUX test 
podthe,  them for mfi 1000 testa&, w e  w U  have posLtive r d t s  jar 50 pwpb  wtio 
d o w t h a v e T f 3 a d o r w w ~ c & e s .  %isisthenjobwdbx-m~ofdwtiom 
p0si.ti.v~. a r&t&vdy   pens be test and me w k f i  subjwts p w p b  ta r a d i u t h .  

T ~ E  patch saves having ta x-ray 95% oj tk t a w t i ~ ~ s ,  chrCy a ddxtabk  
mdt.  k 9 ~ m a d .  1 w d  expect tfaat a p0sLti.v~ test i.n any oj the c- 
~ t l . o ~  by Nr.  Brutason woutd be a p d L m h r y  r a d t  and w& b~ j o b d  
by fwtth?.r t433tblg b e f m  any cfdsion was d. 

Dear Editor, 

O m  o j  h o d ' s  laws is that Lf 'L h a t  see tk page proofs o j  a n  artbCe k e  is 
w d y  d w a y s  a misprint, the average n u m b ~ r  p a  ar- Wing 2 112 ( s e ~  & 

P u  and 'Lnferme t&, 1988, p. 154 jor m e  &ha&). mi law was 
again vd$zd. in m y  artid% "A common misuse of 'dewtad' " , i.n t h ~  

(Spring 1988), p. 520, Cim 2 of the text w h r e  "large m j o r i t y  o j  s c ~ t i s t s "  
sfw& d "hrge m i d t y  of scisratists.'' 'L t  is sotruwhat ~ a r r a s ~  to have 
misprints in artides m e r n L n g  E@fi styb! 

lime A a copy 06 .the P i  Mu â‚¬pA.it ~h.Lei?d. 
SocieZy? r h  C O ~ O J L A ?  W h a t  do t h e  doua p a w 2  

What A .the moaXo 06 t h e  
06 t he  ~hLe ld  k e p m e n t ?  

NATIONAL HONORARY MATHEMATICS SOCIETY 

The a n ~ m  .to Xhue quufion~ and much moat ULLU appem i n  .the ~ p e c i d  
Sphing 1989  .i~hue 06 .th& j o a n d .  



3. Phopobed by t h e  Ed.Ltoh. 

PUZZLE SECTION 

The PUZZLE SECTION i s  for the enjoyment of those readers who 
are addicted t o  working doublecrostics or who find an occasional 
mathematical puzzle a t t rac t ive .  We consider mathematical puzzles t o  
be problems whose solutions consist  of answers immediately recognizable 
as correct by simple observation and requiring l i t t l e  formal proof. 
MateKal subm-ktted and not used here wiZZ be sent  t o  the Problem Editor 
i f  deemed appropriate for the PROBLL?M DEPMTMENT. 

Address a l l  proposed puzzles and puzzle solutions t o  Professor 
Joseph D. E .  Konhauser, Mathematics and Computer Science Deparhent, 
Macalester College, S t .  Paul, Minnesota 55105. Deadlcnes for puzzles 
appearing <n the Fall Issue will be the next February 15, and for the 
puzzles appearing i n  the Sphng Issue wilZ be the next September 15. 

PUZZLES FOR SOLUTION 

1. Pfiopo~ed bq John M, How&, Li.W?wiock, CA. 

In d i f f e r e n t  bases, rec iproca l s  of  numbers repeat  a f t e r  d i f f e r e n t  
numbers of "decimal" places. For example* 117 repeats  a f t e r  s i x  places 
i n  base 10, a f t e r  one place i n  base 8 and a f t e r  t h r e e  places i n  bases 2 Â  
b and 16. Find a prime number ( l e s s  than 100) which repea t s  a f t e r  t h e  
same number of places i n  bases loy 2, 4, 8 and 16. 

For which isosceles  t r i a n g l e s  ABC, with AB = ACy is t h e r e  a l i n e  
segment MNy with M on AB and N on AC and MN p a r a l l e l  t o  BC, which sepa- 
r a t e s  t h e  i n t e r i o r  of t r i a n g l e  ABC i n t o  two p a r t s  of equal a rea  and 
separates  t h e  t r i a n g l e  ABC i n t o  two pieces of equal length ( t h a t  i s ,  MA 
+ AN = MB + BC + CN)? See Figure I. 

C n  the  3-4-5 t r i a n g l e  i n  Figure 2, loca te  po in t s  X and Y so t h a t  
t h e  l i n e  segment XY separates  t h e  i n t e r i o r  of t h e  t r i a n g l e  i n t o  two p a r t s  
of equal area and so  t h a t  t h e  l i n e  segment is a s  shor t  a s  possible. 

A 

Given t h e  6 x 6  square array of points  i n  Figure 3 Â  is it possible  
t o  color  I8 of the  points red and.the o ther  18 blue so t h a t  no four  points  
of  t h e  same co lor  a r e  ver t i ces  of a square? (Don't fo rge t  t o  consider 
" t i l t e d"  squares. ) 

I f  f i v e  x 's  and four  0's a r e  placed a t  random i n  a 3 x 3 arbange- 
ment of nine squares, what is  t h e  probabi l i ty  t h a t  some row, column o r  
diagonal w i l l  contain only squares marked o? 

6.  Pkopobed by t h e  Editoh. 

Find a r u l e  of formulation f o r  t h e  3 x 3  square array i n  Figure 4. 

1 6  2 

5 4 9  

8 7 3  

Figure b 

igure 5 

7. Phopobed by t h e  Editoh. 

Dissect t h e  s ta i rcase- l ike  piece i n  Figure 5 i n t o  t h r e e  pieces 
which can be reassembled t o  form a square. 

COMMENTS ON PUZZLES 1 - 7, SPRING 1988 

No responses were received f o r  Puzzle # 1. The key t o  t h e  solu-  
t i o n  is t o  i n t e r p r e t  t h e  given t a b l e  (see Figure 6) a s  a 'lmileage" char t ,  
then its e n t r i e s  a r e  t h e  s t ra igh t- l ine  dis tances between t h e  points  which 
a r e  l abe l led  I through 6 on t h e  2 x l x  1 rectangular s o l i d  i n  Figure 7. 

Figure I Figure 2 Figure 3 Figure 6 Figure 7 



Puzzle # 2  drew eighteen cor rec t  responses. The unique solut ion 
is 1-3, 3, 9, lQy 23). Here is  Thomas Mi tche l l  ' S  argument: Let S = {a, 
b, e, d, e l y  with a  < b < c  c d  < e y  be t h e  s e t  i n  question. I f  we add 
t h e  pairwise sums we obtain a t o t a l  of 184 and t h i s  t o t a l  includes each 
element of S four  times. Hence a  + b  t e t d  t e = 1 8 4 / 4  = 46. Since 
zero is  t h e  smallest  of t h e  pairwise sumsy it must be t h e  sum of t h e  two 
smallest elements of S: a  t b  = 0. Similar ly,  37 is  t h e  l a r g e s t  of the  
pairwise sums so  it must be t h e  sum of t h e  two l a r g e s t  elements of S: 
d t e = 3 7 .  I f a + b = 0 , d + e = 3 7 y a n d a + b t e + d t e = 4 6 ,  then 
e = 9. The second smallest of t h e  p a i m i s e  sums is  6 and it must be t h e  
sum of t h e  f i r s t  and t h i r d  smallest  elements of S: a t e  = a t 9 = 6; 
i . e . ,  a  = -3, from which b  = 3 since a t b  = 0. Similar ly,  t h e  second 
l a r g e s t  of t h e  pairwise sums is  32 and it must be t h e  sum of t h e  f i r s t  
and t h i r d  l a r g e s t  elements of S: e  t e  = 9 + e  = 32; i . e . ,  e  = 23Â from 
which d  = 14 since d t e  = 37. Collecting t h e  r e s u l t s :  S = {-3, 3, 9 ,  
14, 231. 

Seven readers  submitted t h e  four  d i f f e r e n t  solut ions t o  PuzzZe # 3  
which a r e  shown below. 

Duisenberg Duisenberg Slowinski Tang 
Howel 1 Feser 
Sipka Hess 

For Puzzle # 4,  B i l l  Boulger and Mark Evansy respect ively,  sub- 
mitted a s  l 'shortestll  sequences containing each of  t h e  31 non-empty sub- 
s e t s  of  {a,  b, c, d, e }  a s  consecutive elements a t  l e a s t  one time 
baakabcdeaedbec and ebeeacakabedeabdead. A shor te r  sequence sa t i s fy ing  
t h e  conditions of  t h e  puzzle is abecleabdaeebd. 

Seven readers ,  responding t o  Puzzle # 5 ,  showed tha t  200 is the  
smallest pos i t ive  composite in teger  which cannot be changed i n t o  a prime 
by changing exact ly one d i g i t .  Here is t h e  argument of Charles Ashbacher: 
Obviously, t h e  number cannot be one d i g i t  i n  length. I f  we look a t  a l l  
numbers two d i g i t s  i n  length, we can make a prime by changing one d i g i t  
s ince there  a r e  primes t h a t  have a s  leading d i g i t  any possible  choice f o r  
t h a t  d i g i t .  I f  we then consider t h e  th ree- dig i t  numbers, we need a com- 
pos i te  number such t h a t  no prime has i ts two leading d i g i t s .  The f i r s t  
such choice is 20-, a s  t h e r e  a r e  no primes t h a t  begin with 20. From t h i s  
it follows t h a t  200 cannot be made i n t o  a prime by changing the  u n i t l s  
d i g i t ,  David Ehren remarked t h a t  a f t e r  200 t h e  next th ree  numbers with 
t h e  same property a r e  32OY 510 and 530. 

For Puzzle # 6  nine readers  submitted 1234759680 a s  t h e  smallest  
pos i t ive  integer  consis t ing of 0 through g Y  each used oncey which is  
d i v i s i b l e  by each of t h e  d i g i t s  2 through 9. The argument of B i l l  B0ul- 
ger goes a s  follows: The l a s t  d i g i t  must be 0 o r  5 so  t h a t  t h e  number is 
d i v i s i b l e  by 5. The l a s t  d i g i t  must a l s o  be even so  t h a t  t h e  number is 
d i v i s i b l e  by 2. This makes t h e  l a s t  d i g i t  0. The l a s t  two d i g i t s  must 

be d i v i s i b l e  by 4 and t h e  l a s t  th ree  by 8. The l a r g e s t  three- digi t  nun- 
ber  f o r  which a l l  of t h e  above condit ions w i l l  be t r u e  is 680. These a r e  
t h e  l a s t  t h r e e  d i g i t s  of t h e  number we seek. Since t h e  sum of a l l  t en  
d i g i t s  0 through 9 is 45Â any arrangement of d i g i t s  w i l l  be d i v i s i b l e  by 
both 3 and 9. In add i t ion y an even number which is d i v i s i b l e  by 3 3 
d i v i s i b l e  by 6. The remaining d iv i sor  is 7. Experimenting with pos i t ions  
f o r  t h e  remaining d i g i t s  which place smaller d i g i t s  t o  t h e  l e f t  and l a r g e r  
ones t o  t h e  r i g h t  gives 1234759680 a s  t h e  required number. 

No cor rec t  responses were received f o r  E'uzzze # 7. To obtain a 
solut ion,  on each edge of an e q u i l a t e r a l  t r i a n g l e  of edge length 2 cos lsO,  
describe inward and outward isosceles  t r i a n g l e s  with angles 15Â°-1500-150 
then t h e  th ree  v e r t i c e s  of t h e  e q u i l a t e r a l  t r i a n g l e  and t h e  s i x  150'- 
v e r t i c e s  of t h e  isosceles  t r i a n g l e s  comprise a s e t  of nine points  such 
t h a t  each point of  t h e  s e t  is a t  a un i t  dis tance from exact ly four  other  
points  i n  the  s e t .  

L i s t  of respondents: V a l e r i e  Albano (21, Dr. Steve Ascher (21, Charles 
~shbacher  (2,5,6), Jeanette B ick ley  ( 2 ) ,  B i l l  Boulger (2,4,5,6), Ken 
Duisenberq (2.3,6),  David Ehren (2 ,5) ,  Mark Evans (2,4,6), Victor  G. 
Feser (2,4,5), Richard I .  Hess (2,3,5,6), Diane L.  Howard f 5 ) ,  John M. 
Howell (2,3),  Michael J.  Lenart (2 ) ,  Pat r ick  P. T. Leong f2 ,6) ,  Thomas 
Mi tche l l  f2,6),  Jason Pinkney ( 2 ) ,  Bob P r i e l i p p  f 5 ) ,  Timothy Sipka (2,3, 
6 ) ,  Emil Slowinski (2,3,6), and Chun Tang ( 2 , s ) .  

S o u o n  t o  M ~ h a U ~ o A ~ c  No. 2 6 .  (See Spring 1988 Issue.)  

Words : - 
A. j u t t y  
B. g e t s  it 
C. l a t t i c e  
D. elbow 
E. idiophone 
F. c o t t i e r  
G. knotted 
H. Carnot engine 
I. Horsehead 
J. Ananta 

K. oddsmen 
L. s t r e t t o  
M. mother w i t  
N. Avebury Rings 
0. Karnaugh map 
P. isthmus 
Q. n i t i d  
R. Gudermann 
S. adjustment 
T. nu t s  

U. episcope 
V. white dwarf 
W .  starshaped 
X. crows foot  
Y. i n t o r t i o n  
Z. Eudoxus 
a .  noddy 
b. cornuted 
c .  e n s t a t i t e  

Quotation: The n u  geomuhy m h o u  a u n i v m e  t h d  .LA kough, n o t  kounded, 
~ c a b k o u ~ ,  n o t  Amooth. I t  .LA a geomuhy 06 t h e  p x e d ,  pocked , and bkoken 
up ,  t h e  &u.hted, t a n g l e d ,  and & . t u n e d .  The u n d m t a n d i n g  06 na.iuhe1~ 
comptexiXy m a L t e d  a h u p i c i o n  tha2 .Lt [ t h e  comptexLty1 w n o t  j u t  
mndom, n o t  j u t  a c c i d e n t .  

Solved  by: Jeanette Bickley,  Webster Groves High Schooly MO; Betsy Curt is ,  
Saegertowny PA; Charles R. Diminniey St.  Bonaventure Universityy NY; v i c t o r  
G .  Feser, University of  Mary, Bismarcky ND; Robert Forsberg, Lexingtony MA; 
Meta Harrsen, Georgian Court Collegey Lakewoody N J ;  Joan Jordan, Indianapo- 
l is ,  I N ;  Dr. Theodor Kaufman, Brooklyny NY; Henry S. Liebermany Wabany MA; 
Char lot te  Maines, Rochestery NY; Don P f a f f y  University of Nevada, Reno,>NV; 
Stephanie Sloyan , Georgian cour t  Collegey Lakewood? NJ; Michael J . Tayl O r ,  
Indianapolis Power and Light co. I N ;  Steven H. Wei ntraub, Mathematisches 
I n s t i t u t  Universi ta t  Bayreuthy Fed. Rep. Germany; H. J .  M ich ie l  WijerS, The 
Netherlands; Barbara Zeebergy Denver, CO. 



A. one cal6go1~ of Eschefs wok mlating lo infinily (2 
d . 1  

C. W i t  lcgether 

D. one of two equal pa* 

E. a source of lemr 

F. energy 

G. a basiclo~l for mting our notions abu t  the universe 
(wpm as one word, as one word hyphenaled, atui 
as two words] 

I. whata snap film spanning a given wnhuration 
assumes 12 wds.) 

J. a very small quantily 

K. a target d Mehop George M e l e y  in his 1734 essay 
The Analvst (2 wds.) 

L a morphism of graphs 

M. also known as duck, slickers, dibs, hoodles and nibs 

N. hrge above and smail or s h & r  tsiw 

0. an adiective used lo &&be a planer set of 
nowinlersecting polygons with edges parallel and 
interiors diijoint 

P. Ihe lour Hebmw lellers nlfl' , usually tanslimrated 
inw YHWH, that form lhe B i b M  p r o w  name of God 

0. along wilh hrium and m p p r  oi&, an mgden t  of 
carlain hlgh lempemtum superwducars 

T. the name of a theorem in phrm prujectiw gwmehy 
whose ccnveme is its dual 

V. lo bhch, as hy exclusion of sunlighl 

W. h e  ptimo1~6al mix lrom which the elemenls wem 
supposed to be lormed 

Y. inventor of an elecbic lamp superseded by W~son's 
carton filament lamp (1864 - 1941) 

2. an brunuh-tekahdmn a model of which ia obIahd 
hy bldkg an m~te-anglad Mangle along the fine 
+en& joining the ridpoints of ils sides 

Words 

------------- 
198 1% 69 146 95 21 51 4 218 lm 130 36 137 

---------- 
1W 67 35 211 61 28 5 52 142 151 

--------- 
113 144 171 131 166 94 23 37 65 

------ 
63 8 77 33 188 147 

Mathacrosf;~ No 27 

Proposed by Joseph D. E. Konhauser 

The 218 letters to be entered in the numbered spaces in the grid will be identical to those in 
the 26 keyed Words at the matching numbers. The key numbers have been entered in the 
diagram to assist in constructing the solution. When completed, the initial letters of the Words wilt 
give the name@) of the author(s) and the title of a book; the completed grid will be a quotation 
from that book. 

The solution to Mathacrostic No. 26 is given elsewhere in the PUZZLE SECTION. 



PROBLEM DEPARTMENT 

EdUed by Ciayton W.  Dodge 

UnivmLt.y of, MMne 

Tku, dtpcmtmwt. uxJLcomu pnobie.mi befieued t o  be n w  and at a 
i eue t  appnop/Uate ion  t h e  n e a d m  of, thus jou~nat .  OU pnobieiiia 
dikpidqing noud  and eiegavct mvt.ho& of, ~o&iAt:on m e  d o  invAvtid. 

Pnoposd should be accompflUM.ed by ioiu,LLont if, auCM.ttHbie and by any 
h f ,oma^ion  t h a t  wUUL a~h-cAt t h e  editon. An a~teAcAk ( * )  pneceding a 
phobiem numb- i n d i c a t u  t h a t  the. pnopohe~~ did not hubmLt. a h o h t i o n .  

Ati c o m ~ c a t i o r t e ,  h hould be addAu^nd t o  C .  W .  Dodge, Math. 

V W . ,  U n h ~ i i i t y  of, Maine ,  Omno, ME 04469.  P i e m  hubmit each 
pmpo&OLi and ho-Eafct-0n phe.f,~ia.biy typed on c&iVity wfLitten on a 
~ ipaMate  ~he.vt.  (one hide only)  pfiopVLiy identi&Â¥Le ulith name and 

a d h h .  So-faitton~ t o  p n o b i m  i n  tku, . hue  ~ h o u t d  be mM&d by 
JvJLy 1 ,  1989.  

Problems f o r  Solut ion 

678. Pnopohed by W a n  C o w d ,  Centmeach HLgh Schooi, Centmeach, 
Nw Yank. 

Find a l l  so lu t ions  t o  t h i s  base t e n  mult ipl icat ion alphametric i n  

honor of my Soviet mathematician and t h e o r e t i c a l  physicis t  pen p a l  who 

a l s o  is a regu la r  contr ibutor  t o  t h i s  department: 

DMITRI = P -  WWW. 

679. Pnoposed by Vm-t-tfty P. MavLo, Moscow), U .  S. S .  R.  

a )  Prove t h i s  inequal i ty  f o r  pos i t ive  r e a l  numbers U ,  S, and A, 

dedicated t o  100 years  of American mathematics, a s  evidenced by t h e  

100th anniversary of t h e  American Mathematical Society: 

with equa l i ty  i f  and only i f  U = S = A = I. 

b )  Which inequal i ty ,  i f  e i t h e r ,  is more general,  t h e  USA inequal i ty  

of p a r t  a )  o r  t h e  we inequa l i ty  of Problem 642 [Spring 1987, Spring 19881: 

f o r  pos i t ive  numbers IT,  y ,  and e ,  with equa l i ty  i f  and only i f  IT = y : 
E = I ?  

680. Pn0po~e.d by Robert C .  Ge.bha~.dit, Hopotcong, New J m e y .  

A regu la r  heptagon (seven-sided polygon) is  randomly placed f a r  

from an observer. Find t h e  probabi l i ty  t h a t  t h e  observer can see four  

s ides  of t h e  heptagon. 

681. Pnopoied by R. S. Lu-tha~~, Univm-t- ty  of, OHicont-Ln C e n t e ~ ,  

J a n U e ,  WiLlic0nH.n. 
Professor E. P. B. Umbugio is i n  t h e  midst of wri t ing h i s  th i r t een-  

volume t r e a t i s e  on ana ly t ic  geometry. He would l i k e  t o  use the  following 

theorem i n  Volume 9, but is having d i f f i c u l t y  with it. Help t h e  poor old 

professor by supplying a proof f o r  him. 

For -i = 1, 2 ,  . . . , n, l e t  P.  represent t h e  plane 

z+ ai x+-zÃ b< c .  = 1, where 3a.b. z z + 3b.c. 2 %  + 3o.a. 1.1, = a.b.c.. t i %  

Then t h e  in te rsec t ion  of a l l  t h e  planes is  nonempty. 

682. Pnopohed by W a n  C o w d ,  Cevcte~~each High Schooi, Centaeach, 
Nw Yolk. 

Find a l l  t h e  ordered p a i r s  of nonzero in tegers  a and b with b prime 

such t h a t  

3 a
3 - b = a. 

*683. Pnopoied by Jack GaAfiunkii, F h h i n g ,  New Yo&. , 

a )  Given th ree  concentric c i r c l e s ,  construct an isosceles  r i g h t  

t r i a n g l e  so t h a t  i t s  ver t i ces  l i e  one on each c i r c l e .  

b) Is t h e  construct ion always possible? 



684. Pmpobed by VmACAy P. Mawio, Mo&cow, U .  S. S. R.  
This problem is dedicated t o  Paul ~ r d z s  on h i s  75th birthday. 

Erdos and Hans Debrunner published ( E l .  Math. 11(1956)20) t h e  following 

theorem: Let D ,  E ,  F be points  on t h e  i n t e r i o r s  of s ides  BC, CAY AB of 

t r i a n g l e  ABC. Then t h e  area [DEF] of t r i a n g l e  DEF cannot be l e s s  than 

t h e  smallest  of t h e  t h r e e  o ther  t r i a n g l e s  formed: 

[DEF] > mini [AEF] ,  [CDE] , [BFD] } . 
a )  Prove t h i s  general izat ion of the  ~ r d g s - ~ e b r u n n e r  inequal i ty:  

Assuming t h e  configuration of t h e  Erdos-Debrunner inequal i ty ,  f o r  some 

f ixed  r e a l  number a*, if - co < a < a*, then 

( a )  - [ B P I a  + [CDEIa + [BFDIa 
[DEF] ;. Ã ˆ " Â ¥  where M - [ 3 J 

is  t h e  power mean of order  a of the  th ree  pos i t ive  areas  [ B F ] ,  [CDE], 

and [BFD].  

b) Determine t h e  maximum value of a* f o r  which t h e  inequal i ty  

holds. 

c )  Find a l l  the  cases where equal i ty  holds. 

d )  Prove t h a t ,  f o r  a = -1, t h e  inequal i ty  of  par t  a )  is equivalent 

t o  t h e  nue inequa l i ty  re fe r red  t o  i n  Problem 679 b) above. 

A 

685. Phopohed by R. S .  L u t h a ~ ,  UnivmJuty 06 WLlicomin Cewtm, 
J a n & ~ w Z e ,  lllilicon&iin. 

In any t r i a n g l e  ABC with C < 45O and given any other  angle D with 

o0 < D < 45O, prove t h a t  

boos D - coos ( A  - D )  < a. 

686. Phopobed by M m a y  S .  K h l u . n ,  UVu.wm-Lty 06  AUvi ta ,  

Edmonton, AtbUita, Canada. 

Determine t h e  matrix [ A  - A + I ] ,  where A is an n by n matrix 
5 such t h a t  A + A = 5nI and I i s  t h e  i d e n t i t y  matrix. 

687. Proposed, by &MAX Rennin, Bu~nbide, South Aubtfta-Ua.. 

For pos i t ive  r e a l  numbers X and 9 ,  prove t h e  "quaint l i t t l e  

inequal i ty"  

4xy < ( x  + y)(xy + 1). 

688. Phopob&d by WWULe Yong, S^ngapOh~, RepubtLc 06 Singapoie.. 

A row of n cha i r s  is t o  be occupied by n boys and g i r l s  taken from 

a group of more than n boys and more than n g i r l s .  I f  t h e  boys do not 

want t o  s i t  next t o  one another, i n  how many ways can t h e  chi ldren occupy 

t h e  cha i r s?  (Tfcci phob&m -U taken 6h0m t h e  Mdagb-tfl.n !.!dh. BuVLC-fct:'n.) 

689. Phopobed by W U e  Yong, Singapohe, Repub& 06  Singapohe. 

Show t h a t  f o r  any t h r e e  i n f i n i t e  sequences of n a t u r a l  numbers 

al ,  a2, a3, .. . , bl ,  b2, b3, . .. , 0̂ 0y c3,  . . . 
t h e r e  can be found numbers p  and q such t h a t  a > a b > b and P -  q' P -  q' 
C > c  
P -  q* 

690. Phopobed by Vaviui Iny, Ren~&ntas.n. PoLytechn.ic Iwit^tute, Thoy, 

N w  Yohk. 
A u n i t  square is  covered by f i v e  c i r c l e s  of  equal radius.  Find t h e  

minimum necessary radius.  See Problem 507 [Fall 19821. 

Solut ions  

633. [Fall 1986, Fall 19871 Phopobed by 0mitH.y P.  Mawlo, Moscow, 

U. S. s. R. 
Let a ,  b ,  e > 0 ,  a + b + c = 1 ,  and n 6 N. Prove t h a t  

with equal i ty  i f  and only i f  a = b = c = 1 / 3 .  

T I .  SoLwt-Lon by C f c ^ c i  Long, R u t g m  UniwmJuty, NW h ~ i t t c c k ,  NU 

J m e y .  
Since a + b + c = 1,  t h e  l e f t  s i d e  of t h e  s t a t e d  inequal i ty  is  

equivalent t o  

( 1 )  ( a b ~ ) - ~ [ ( a  + b + c)" - a n ] [ ( a  + b + c)" - b n ] [ ( a  + b + c)" - en] . 
Upon expanding ( a  + b + c ) i n t o  3 terms and applying t h e  ar i thmetic-  

n n 
geometric mean inequal i ty  t o  each of ( a  + b + c )  - a , and so  on, i n  

Expression ( I ) ,  we get  t h a t  



with e q u a l i t y  i f  and only  i f  a = b = a. The d e s i r e d  i n e q u a l i t y  now 

fol lows.  

652. [Fal l  19871 Phopoie.d by  John M .  HoMiU, LvbU.mock, 

CoJLLf,0hvuJO.. 

Most people g e t  t h e i r  news from r a d i o  and t e l e v i s i o n .  Hence, 

so lve  t h i s  base  8  a lphametr ic  f o r  t h e  g r e a t e s t  NEWS: 

ABC 
NBC 
CBS - 

NEWS 

I .  SoluAcon by  Tak Lee., Jamu  MactcAon High School ,  Bhookf-yn, New 

Y0hk. 

Since A ,  N ,  and C a r e  nonzero and C t C + S ends i n  5, then C = 4. 

To maximize SEWS, we should  t a k e  N a s  l a r g e  a s  poss ib l e .  I f  N = 2, then 

which is impossible .  Hence, N = 1. 

From t h e  i n e q u a l i t y  above we a l s o  see  t h a t  E = 7 r e q u i r e s  t h a t  

A = 7 ,  t oo .  Thus E cannot exceed 6.  Taking E = 6, we g e t  t h a t  A = 7 

and we must c a r r y  2 i n t o  t h e  A-N-C column. Hence B > 4. Since 6  and 7  

a r e  a l r e a d y  used, B = 5 and W = 0. F i n a l l y ,  we t a k e  S t o  be t h e  l a r g e s t  

value  no t  y e t  used: S = 3. 

The a lphametr ic  becomes 754 + 154 t 453 = 1603, s o  t h e  g r e a t e s t  

poss ib l e  NEWS is 1603. 

11. Comme.nt by  Alan Wayne, HoUday, F l o ~ ~ L d a .  

I f  NEWS is n o t  r e s t r i c t e d  i n  s i z e ,  t h e r e  a r e  twelve s o l u t i o n s  i n  

base  e i g h t ,  inc luding t h e  one above; no s o l u t i o n s  i n  any odd base;  and 

48 s o l u t i o n s  i n  base  t e n ,  of  which t h e  g r e a t e s t  is NEWS = 1638. 

Ailio hoi\ied b y  CHARLES ASHBACHER, Mount Mmcy C o f i g e ,  Cudon. RapicLii, 

IA, FRANK P .  BATTLES, MaudhachoAÂ£*Â McuiWMe Academy, BuzzcuidA Bay, 

JAMES E .  CAMPBELL, Indiana U n i v m U l f  at W.ooiru.ngton, MARK EVANS, Lo&- 

vJUULe., KY, VICTOR G .  FESER, U v i v W i U y  of, M a y ,  Bcimcuick, MO, RICHARD I .  

HESS, Rancho Paloh V e ~ d e ~ ,  CA, CARL LIBIS, Gmnada HUJU, CA, M I K E  PINTER 

and MARK C .  SPRAKER, Kiddie. Te.nn&~iee.  S ta te .  U n i v a w i t y ,  Uim6/ie.uboho, 

WADE H .  SHERARD, F m a n  UnJwmJULy, Ghee.nvWLe, SC, KENNETH M .  WILKE, 

O P O  Topika ,  KS, ALAN WAYNE, Holiday,  F L ,  and t he .  P R  I S E R .  PU ~oaU/fct.om 

wans. m c c i v e d  f,hom DAVID EHREN, UnivUL&^y of, Whcomicn,  M-Ltwa.uke.e., and 

THOMAS M .  MITCHELL, Sou th .w i  IWLno-Li U n i v v ~ i U y  at Ccuibondaie. 

*653. [Fal l  19871 Phopo~e.d ̂.ndepe.nde.nt.i.q by Rob& C .  Ge.bhah.dt, 

County CoU.ege. of, N o d ,  Randolph, New J&ue.y, and CfX66owl H .  S i n g a ,  

G m d  Neck, New Yohk. 
A sma l l  square  is const ructed i n s i d e  a  square  o f  a r e a  1 by marking 

o f f  segments of  l e n g t h  1 / n  along each s i d e  a s  shown i n  t h e  f i g u r e  below. 

For n = 4 t h e  s i d e  s of  t h e  smal l  square  is  1/5.  For what o t h e r  p o s i t i v e  

i n t e g r a l  n is  s t h e  r e c i p r o c a l  o f  an  i n t e g e r ?  (ThUi phopohd -L4 baudid on 

a 19i5 AIME p h o b h .  

Soitution by  WJUULiam H .  P e h c e ,  S t o v i n g t o n ,  ConnecAccuA. 

Let 6 denote ang le  FAB, hence a l s o  angle  AHJ i n  t h e  f i g u r e .  Then 

i n  t h e  two r i g h t  t r i a n g l e s  FAB and AHJ we have t h a t  

Hence 

2 2 1/2 s = i / ( ( n - 1 )  t n )  . 
Now s must be  t h e  r e c i p r o c a l  o f  an  i n t e g e r ,  s a y  z .  Then we have 

2  2 ( n  - I )  t n = z 2  f o r  i n t e g r a l  2 = 11s .  

By l e t t i n g  x = 2n - 1,  we reduce t h i s  equat ion t o  



h must ilved i n  pos i t ive  in t egers  x and 3. By t h e  theory of 

continued f rac t ions ,  so lu t ions  can always be found, and two such solu-  

t i o n s  a r e  ( x ,  z )  = ( 1 ,  1 )  and ( 7 ,  5 ) .  The general  solut ion t o  Equation 

( 1 )  is  

where r is  an odd pos i t ive  in teger .  (The choice of  1 + 42 a s  a  generator 

is determined from x + z</2 where ( x ,  2 )  is  t h a t  solut ion of Equation ( 1 )  

f o r  which x + a/: has no square r o o t  i n  t h e  s e t  of a lgebraic  in tegers  

a + b^7, a and b in tegers . )  

Since n = ( x  t 1 ) / 2 ,  t h e  so lu t ion  t o  the  given problem becomes 

n = ( 1  + 4 2 )  + ( 1  - i / ? )  + 2 , = ( 1  t "mr - ( 1  - /2)=- 
4 2 f i  

with r an odd pos i t ive  integer .  The f i r s t  seven so lu t ions  a r e :  

Note t h a t  both x and 3 s a t i s f y  t h e  l i n e a r  homogeneous difference 

equation f ( r )  - 6 f ( r  - 2 )  + f ( r  - 4 )  = 0 and a l s o  t h a t  n s a t i s f i e s  

n ( r )  - 6 n ( r  - 2 )  + n ( r  - 4 )  + 2 = 0 ,  which, when used with t h e  given 

i n i t i a l  conditions, w i l l  a l s o  produce t h e  solut ions l i s t e d  above. 

A^Ao .ioived by SEUNG-JIN BANG, Seoul,  Kohea, WILLIAM BOULGER, St. 

P d  Academy, MN, JOHN DALBEC, Y ~ ~ n g b t ~ ~ n ,  OH, CHARLES R. D I M I N N I E  and 

HARRY SEDINGER, St. Konavewtum UyU.viw.Uy, MY, RUSSELL EULER, N o w t h d  

M h ~ o u J u .  State. U n L v m L t y ,  MafiwUf.e, RICHARD I .  HESS, Rancho Pdob  

VeAdu, CA, J .  C. LINDERS, Undhoven UyU.vuuiLty of Technology, The 

Ne^hud.a.n&, PETER A. LINDSTROM, Nowth Lake CoUege, l hv ing ,  TX, TOM 

MOORE (2 ~ o & i t c o i ~  ) , B'Ltdgwatv t  S-tete CoUe-ge, MA, L. J .  UPTON, M h b h -  

bouga, OntOJULo, Canada. ALAN WAYNE, Hol iday, FL, and KENNETH M. WILKE, 

Topeka, KS. PoJdiaJL bo&itconk wew. .submitted by FRANK P. BATTLES, Ma6ba- 

chube-tti M U m e  Academy, BuzzafidA Bay, JAMES E .  CAMPBELL, Indiana. UnL- 

v m . c t y  at W.ooIIU.ngton, DAVID E H R E N ,  U n i u u u i i t y  of WL&covi&in, W S w a u k ~ ,  

MARK EVANS, Lou^&u^U.e, KY, JOHN M.  HOWELL, U t t i ehoc fz ,  CA, and WILLIAM 

S. ROSS, Univuui- i ty of Maine, Oh0n0. 
2 

Moohe noted t h a t  P& equutionb buch x2 - 2z = - 1 ahe . O ~ e d d  

An LeVeque, FundamewtaJU of Numbvt Theohy, Addhon-Wuiey,  1977, p. 202. 

Uh&iM.e and SeAcngvt c-cted Niven and Z u c k m a n ,  An 1wfri.oduc-fcc.on .to t h e  

Theohif 06 Number, p. 759. How&, Up-ton, and Wayne each 6ound AibeMt 

H. Bel i t fL,  Revie.ati.on!> i n  t h e  Theohy of Numbuui, Vovm,  1966, p. 3 2 8 ,  

&me. 100 &nt& of Pythagohean lA.ght fywx.ng iu  w i t h  Leg& d i 6 6 d n g  by 1 

me. g iven.  LutdA-CAom notad t h a t  &j (xi, yi, 2.1 ,tA a Pythagohean, lu.3h.t 

Â¥tMangi w i t h  &gb cLLffeA-cng by 1 ,  t h e n  t h e  next  buch M p i e .  Jut, g i ven  by 

Hu& devitopecl t h e  fonmuJLa. 

- 1  + /TI ( 3  + 2/?)A + (-1 - /?I (3  - 2/^'li + 2 
nL - 4 

f o h  any pob-U-t.ve i n t e g e h  i ,  which Lti equJLvaJi.eni t o  the. fiomuJLa. <OA n 

g i ven  i n  t h e  f e a t w e d  bo tu t i on .  

654. [Fall  19871 Phopo~ed by TUchahd I. Hu&, Rancho Palob V v t d u ,  

In t h e  game o f  Rouge e t  S o h ,  cards a r e  dea l t  one a t  a  time from a 

la rge  number of well-shuffled decks u n t i l  t h e  t o t a l  pip count is  i n  t h e  

range 31 t o  40.  (Face cards each count 1 0 . )  Boyle Complete (by Foster,  

1916)  gives t h e  r e l a t i v e  probabi l i t i es  of a r r i v i n g  a t  t h e  sums 31,  32 ,  

. , 40 a s  1 3 ,  1 2 ,  ... , 4 ,  respect ively.  Find a  more accurate  s e t  of 

p robabi l i t i es ,  

S o W o n  by Mmk E v w ,  Lo(LtAuAlte, Kentucky. 
Using a  Markov chain approach on a  computer, I found t h e  

probabi l i t i es :  

Count Probabi l i ty  85 x (prob. ) - 
31 0.1480609 12.585 
32 0.1379052 11.722 
3 3 0.1275127 10.839 
34 0.1168911 9.936 
3 5 0.1060495 9.014 
36 0.09499837 8.075 
37 0.08374979 7.119 ' 
3 8 0.07231733 6.147 
39 0.06071615 5.161 
40 0.05179912 4.403 

Total  1.00000016 

The solut ion can be r e a l i z e d  by wr i t ing  a  4 1  by 4 1  matrix M of 



probabi l i t i es .  Number the  rows and columns 0 through 40 t o  ind ica te  t h e  

possible  counts. The entry M . .  i s  t h e  probabi l i ty  t h a t  t h e  next draw 
i'a 

w i l l  br ing you t o  count given t h a t  t h e  count is now i. Thus row 0 i s  

0, nine e n t r i e s  of 1/13, one en t ry  of 4/13, and t h i r t y  e n t r i e s  of 0. 

That is, s t a r t i n g  with a count of 0 and drawing a card, you have proba- 

b i l i t y  0 t h a t  t h e  new count w i l l  be e i t h e r  0 o r  g rea te r  than 10, proba- 

b i l i t y  1/13 t h a t  t h e  count w i l l  become 1, 2, 3, ... , 9 ,  and probabi l i ty  

4/13 of count 10. Each successive row through t h e  30th row s t a r t s  with 

0 and then has t h e  f i r s t  40 elements of t h e  preceding row, forming an 

upper t r i angula r  matrix. In row 7, f o r  example, t h e  f i r s t  8 elements 

a r e  0 because, i f  you have a count of  7, then you cannot draw a card and 

obtain a new count l e s s  than 8. If you draw an ace (with probabi l i ty  

1/13), t h e  new count is  8, a draw of 2 gives a count of 9 ,  and so  for th ,  

a draw of 10 o r  J o r  Q or  K (with probabi l i ty  4/13) gives a count of 17. 

A l l  h igher  counts a r e  not possible  and hence have probabi l i ty  0. When 

you reach a count of 31 t o  40, f u r t h e r  draws do not change your score, 

so  i n  those rows each main diagonal element is 1 and a l l  t h e  other  e le-  

ments a r e  0. 

Now I!? i s  seen t o  be t h e  matrix of p robabi l i t i es  a f t e r  2 draws; 

t h a t  is ,  element ( ~ 2 ) ~ -  is  t h e  probabi l i ty  t h a t ,  i f  you s t a r t  with a 

count of i and draw two cards, then t h e  new count w i l l  be j. Since t h e  

game can take  a s  many a s  31 draws, f i n d  M I .  Then row 0 of t h i s  matrix 

w i l l  cons i s t  of 31 zeros and then t h e  t e n  p r o b a b i l i t i e s  l i s t e d  above, 

indicat ing t h e  p r o b a b i l i t i e s  of  s t a r t i n g  with a count of 0 and f in i sh ing  

with counts of 31 t o  40. 

Although t h e r e  a r e  theorems t h a t  simplify t h e  computations some- 

what, a computer is  still highly recommended t o  f ind t h e  solut ion.  

Atlio rotund by CHARLES ASHBACHER, Mount M a c q  Col lege,  Cedm RapiLdh, 

I A ,  who ubcd a computeh and th.ee ~ t f w . c t ~ ,  JOHN M .  HOWELL, LU.U.V~OC~. 

CA, who u e d  a compateh ~^unatatLon w i t h  10000 mndom tsvialUi, and t h e  

PROPOSER, h e  method noi not diiictobed. 

655. [Fall 19871 Phopobed by R.  S. { i d h ,  Ufu .vu~ i .U i l  of, W c o n -  

b i n  Centeh, Januv-Lite,  W-LAcons-ui. 
In t r i a n g l e  ABD, dB = 1200. Furthermore, there  is  a point C on 

s ide  AD such t h a t  &BC = 90Â° AC = 3/2, and BD = 2/AC. Find t h e  lengths 

of  AB and CD. 

So.euAt.on by Fhank P. B o t t Â £ e  and Laum L. K e U e h m ,  Maibachu~eAtA 

MaAikwe Academy, Buzzo~d i  Bay, h4aib~cfoiAe-fctA. 

From t r i a n g l e  BCD, a s  seen i n  t h e  f igure ,  t h e  law of s ines  gives 

From t r i a n g l e  ABC we have t h a t  AB = 21'3cos~. Hence CD = l/AB. 

Next, apply t h e  law of cosines t o  t r i a n g l e  BCD t o  ge t  

2473 = C D ~  + B C ~  - ~ - C D - B C - ~ O S ( ~ O ~  + A). 

Let x = AB and s u b s t i t u t e  c o s ( 9 0 ~  + A) = - s i d  = - B C / ~ " ~  and 13c2 = 

22/3 - x
2 

t o  get  

a 4 l 3  = 1lx2 + 22/3 - x2 + 22/3( 1 / ~ ) ( 2 ~ / ~  - x2).  

Multiply through by x and rearrange terms t o  obtain 

2 4 ~ ~ / ~ t ~ ~  - x3) + 24/3(x - x  1 + ( 1  = 0, 

which c l e a r l y  has t h e  roo t  x = 1. Factoring out 1 - x produces a poly- 

nomial with a l l  pos i t ive  coef f ic ien t s ,  s o  t h e r e  a r e  no o ther  pos i t ive  

roo ts .  Thus AB = 1 and CD = 1/AB = 1 also.  

A&o ~ o t u e d  by GEORGE P. EVANOVICH, S<u.wt P a t a ' b  Cortege, J m e y  

C i t y ,  NJ, MARK EVANS, Lo<LUivJUULe, KY, JACK GARFUNKEL, FtubhLng, NY,  
RICHARD I .  HESS, Rancho P o t o  V d u ,  CA, JOE HOWARD, New Mexico ffigh- 

tancib UYLLunu^ty, L a  Vegm,  RALPH E ,  KING, St. Bonauentwie U n ^ v ~ - u L y ,  

NY, HENRY S. LIEBERMAN, Waban, MA, BOB PRIELIPP, U~ILVEAAJUL~ of, W c o d n -  

Obhkobh, WADE H .  SHERARD, F m a n  UvU.vUi&^y, GheenuWLe, SC, ARTHUR H. > 
SIMONSON, E a t  T e x m  S t a t e  UniuVt^Uy at Texahfeana, and t h e  PROPOSER. 

656. [Fall 19871 Phopobed by Jack Gmf.unkeJS., Flubfccng, Men) Yohk. 

Let ABC be any t r i a n g l e  and extend s i d e  AB t o  A ' ,  s i d e  BC t o  B', 



and s i d e  CA t o  C' so  t h a t  B l i e s  between A and A ' ,  e t c . ,  and BA' = A -AB,  

AC' = A- CA, and CB' = A-BC. Find t h e  value of A so  t h a t  the  area of 

t r i a n g l e  A'B'C' is  four  times the  area of t r i a n g l e  ABC. See t h e  f igure  

below. 

B' 

1. So-tution by John P. Hoic-omb, Jh., St. Bona.ventwi.e Unhvus-Ltq, 

St. Eonaven.tuA.e, New Yohk. 

Let [ABC] denote t h e  a rea  of  t r i a n g l e  ABC. Then 

1 
[ABC] = A5. BC s i n W R 4  and [BB'A ' 1  = BA '- BB' s i n + B f B A  '. 

Angles CBA and B'BA' a r e  supplementary and hence have t h e  same sines.  

Since a l s o  BA' = A-AB and BB' = ( 1  + A)BC, we have t h a t  

[BB'A'] = A(A  + ~ ) [ A B c ] .  

Similar  equations hold f o r  t r i a n g l e s  CC'B' and AA'C ' .  Then we have 

3A(A  + ~ ) [ A B c ]  + [ABC] = ~ [ A B c ] .  

2 
Then A + A - 1 = 0, which has the  one pos i t ive  r o o t  

t h e  rec iproca l  of t h e  golden r a t i o .  

11. S o l u t i o n  by M w y  S. K h k i L n ,  U n i v m - L t y  06 AtbeAta, Edmonton, 

Atbuuta, Canada.. 

More generally, i f  BA' = x - A B ,  AC' = y -CAY  and CB' = 2 - B C ,  it is 

known [ 1 ]  t h a t  t h e  r a t i o  o f  t h e  areas  of t h e  two t r i a n g l e s  is given by 

Consequently, A must s a t i s f y  

A r e l a t e d  Diophantine problem is t o  f ind  a l l  na tura l  numbers n such 

t h a t  there  e x i s t  pos i t ive  integer  t r i p l e s  ( x ,  y ,  z )  with 

( x  + l ) ( y  + l j ( 2  + 1 )  - x y z  = n. 

Then, f o r  each such n ,  determine a l l  t h e  i n t e g r a l  t r i p l e s  ( x ,  y ,  2 ) .  For 

example, i f  n = 3m +.4, then ( a ,  y ,  2 )  = (m, 1 ,  1 )  and permutations 

thereof .  
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657. [Fa l l  19871 Phopobed by R. S. LirffcoA, U n i v m a y  06 tdLAcon- 

&m Cents, Januu'LU.e, W h c o d n .  

Evaluate t h e  trigonometric sum 

sin6 + sin6 * + sin6 Z + sin 
6 

8 8 8 8 

I. So lu t ion  by Oxdohd Running C h b ,  UWLVVLC,L~Y 06 Mt-Sb-cA~ippi, 

U n i v m ' u t y ,  M^Ah-cA~-tppL. 

Since s i n x =  s i n ( - v -  x )  and s i n ( i r / 2 -  x )  = cosx, we have 

6 s = sin6 + sin6 + sin6 5  ̂+ sin 
8 8 8 8 

Now f a c t o r  t h i s  sum of two cubes t o  get  

2 
= 2 . 1 - [ [ s i n

2  - cos + sin2 cos2 
8 8 1 



11. Commeivt. by M w u u j  S. Ktamkin, UrU.vm'Lty 06 MJaUita, Edmonton, 

A i b u i t a ,  Canada. 

More general ly ,  t o  ca lcu la te  

n n 
S = sin a t cos a ,  
n 

we can j u s t  replace cos cc and sin a by { ( 2  ? ~ 5 ) / 2 } " ~  o r  e l s e  we can use 

t h e  recursive r e l a t i o n  

AAso botved by SEUNG-JIN BANG, Seoul,  Koma, FRANK P .  BATTLES, 

Mmachi^&AtA MWtitime Academy, Buzz& Bay, WILLIAM BOULGER, St. P d  

Academy, MN, JAMES E .  CAMPBELL, Ind iana  U w L u ~ A t y  at Bloomington, 

RUSSELL EULER, NovChwut M-CMoO^ S t a t e  UyU.vvUiUq, M~ulquWLe, GEORGE P .  

EVANOVICH, S a i n t  P f t m ' i ,  Co i iege,  J w e y  CLLy, NS, MARK EVANS, Lom-4uW.e, 

KY, JACK GARFUNKEL, F&LA^M.q, NY, ROBERT C. GEBHARDT, Hopu-tcong, NJ, 

RICHARD I .  HESS, Rancho P a h  V&, CA, BRUCE K I N G ,  WuteAn Connect icut 

Connect icut State. UvU.ue~i-uty, Vanbu~q ,  MURRAY S .  KLAMKIN, U n i v Â £ ~ ~ A Â  

06 M.be.wta, Canada, PETER A. LINDSTROM, N o a h  Lake CoUege, U u i n g ,  TX, 

TX, BOB PRIELIPP, U n i u ~ J u L y  06 Whcon4.oi- Obhko~h, GEORGE W .  RAINEY, 

LOA A n g e t u ,  CA, WADE H .  SHERARD, F m a n  UHit.ueu^y, Gkits.nv.LlLe, SC, 

ARTHUR H .  SIMONSON, E a t  T e x a  S ta te  Un^.veuUg at Texa^.fzana, ALAN WAYNE 

WAYNE, HoSULday, FL, and t h e  PROPOSER.  

658. [ F a l l  19871 Phopobed by M w y  S. U r n k i n ,  UrU.ue/~4itq 06 

~ L b u i t a ,  Edmonton, A ibUi ta ,  Canada. 

Factor ( X  t y t d7 - x
7 - g7 - z

7 
i n t o  a product of r e a l  polyno- 

mials ,  each having degree not t o  exceed four. 

S o l u t i o n  bq Bob P J L L ~ J U . ~ ~  and John Oman, U n i w m U y  06 W.ibcon&i.n- 

Obhkobh, Obhkofih, fttcAcom,.in. 

7 Let P ( x ,  y ,  z )  = ( X  + y + z I 7  - x7 - y7 - z . Since P ( x ,  -x,  a )  = 
P ( x ,  y ,  -a) = P ( x ,  -2 ,  z )  = 0 ,  then x + y ,  z t a;, and y t z a r e  fac tors  

of P ( x ,  y ,  2 ) .  Thus we have 

where Q ( x ,  9 ,  z )  is a homogeneous polynomial of degree four. Because 
Q ( x ,  y ,  z )  must be symmetric i n  x ,  y ,  and a ,  it must be of the  form 

L e t x = y = z = l ; x = 2 , y = l , z = 0 ; x = 3 , y = l , z = 0 ; x = 2 , y = 2 ,  

z = 0 i n  ( I )  t o  y i e l d  these four equations: 

A t  2 B t C +  D =  9 1  

17A t 10B t 4 D  = 343 

82A t 308 t 9D = 1183 

2A t 2B t D = 6 3 .  

It follows t h a t  A = 7 ,  B = 1 4 ,  C = 35,  and D = 21. Hence 

4 4 
P ( x ,  y ,  2 )  = 7 ( x  + y ) ( z  + x ) ( y  t z ) [ ( x  t y4 t z ) 

3 3 3 3 
t ~ ~ x y + x z + x y 3 + y z t x z 3 t y z ~  

2 2 2 2 2 + 5 ( x  y z  t x y  z t x y z  ) t 3 ( x 2 y 2  t x
2

z
2  + y z  11 

2 2 2  
= 7 ( x t y ) ( z  t x ) ( y  t z ) - [ ( x  t y  t z  

t x y  t x z  + y z ) 2  t x y z c x  t y t 211.  

A h o  f io ived by SEUNG-JIN BANG, Seoul,  Kokea, GEORGE P .  EVANOVICH, 

S u i n t  P n t m ' b  CoUege, J w e q  C a y ,  NJ, RICHARD I .  HESS, Rancho P d o t  

V m d u ,  CA, KENNETH M. WILKE, Topeka., KS, and the. PROPOSER. 

659.  [ F a l l  19871 Pfiopobed by H m y  S a d i n g e ~  and A i b u i t  WhJULe, St. 

Bonawivtiuie Univnu,.Lty, St. Bonaventuke, New Yohk. 

I f  0 < x < 1, p > 1 ,  and q = p / ( p  - I ) ,  then prove t h a t  

2p-2(aP t 1 )  5 (xq + 1 F - l .  

S o l u t i o n  by M U M W . ~  S. K h k i n ,  U h u u s i t y  06 MbeAta,  Edmonton, A i -  

bwta.,  Canada. 

The inequal i ty  is  not va l id  a s  s ta ted .  Note t h a t  it can be rewri t ten 

a s  

( 1 )  (2 + 1 ) / 2  5 [{(a?)  l / ( p - D  + l } , 2 ] ~ - 1 .  

By t h e  power mean inequal i ty ,  Inequal i ty  ( 1 )  is v a l i d  f o r  a l l  a; 2 0 i f  

1 5 p 5 2 .  For p z 2 ,  t h e  reverse inequal i ty  holds. 

The c o m d  LnequaJLuty w a  d o  cLi.6crnne.d by BARRY BRUNSON, W u t U i n  

Kentu.ckq UyuMm^ty ,  BouiLLng Gheen, BOB PRIELIPP, UnA.u&u-Ity 06 Whconbin  - 
O&hko&h, and t h e  PROPOSERS. The b fa ted  inequaLit tq w a  ihown t o  be i n -  

coA'i.ecA d o  by SEUNG-JIN BANG, Snout, Kohea, GEORGE P .  EVANOVICH, SalwL 

P e - t a ' ~  Col lege,  J m e q  C a y ,  NJ, MARK EVANS, LoILLAvWLe, KY, and RICHARD ., 

I .  HESS, Rancho P d o b  V V t d u ,  CA. 

The pt .opobm b-toted tho< t h e  w o n .  i n  .the b-ta^emewt 06 t ( U 4  pn.obiem 

-64 a copying Bi-LA-take (Soh which .they apoiogize. YO& t d u o k  accept!, 50 



Â¥Coihe uli th a uxt noodle 601  no t  bpo-fcfccng -it p&oh t o  pubti l .hhg -it. 

660 .  [Fall 19871 Pfiopobed by S t a n l e y  RabinomUz, U a n t  Computm 

Syb-temi Co/ip., L L t t t i t o n ,  ~UAAaCfeoieAti .  
Recently, t h e  e lder ly  numerologist E. P. B .  Umbugio read the  l i f e  of  

Leonardo Fibonacci and became in te res ted  i n  t h e  Fibonacci numbers 1, 1, 2, 

3, 5, 8, 13, . . . , where each number a f t e r  t h e  second one is t h e  sum of 

the  two preceding numbers. He is t r y i n g  t o  f i n d  a 3 x  3 magic square of 

d i s t i n c t  Fibonacci numbers (but  F = 1 and F = 1 can both be used), but 
1 2 

has not  y e t  been successful.  Help t h e  professor by f inding such a magic 

square o r  by proving t h a t  none e x i s t s .  

Soiu^JLon by  David â ‚ ¬ h e  UrU.umii ty  of, Whconbin ,  M^Cmaukee, W h -  
conbin .  

Let t h e  magic square be 

a b c  

d e f  

g h i. 

Then b + e + h = d + e + f ,  s o  t h a t  b + h = d + f. We can, without l o s s  

of general i ty ,  assume t h a t  I 5 b 5 d < f < h.  But s ince they a r e  Fibon- 

a c c i  numbers, then d + f 5 h < h + b ,  a contradiction. So, unfortunately 

f o r  t h e  professor ,  t h e  only magic squares with j u s t  Fibonacci numbers must 

have t h e  t r i v i a l  pa t te rns  with repeats .  

A h o  b o l v e d  by  RICHARD I .  H E S S ,  Ranco Palob V e h d u ,  CA, THOMAS E .  
MOORE. W d g e m a t ~ f .  S t a t e  Co&ge, MA, BOB PRIELIPP, U n i v m - i t y  of, W-Lsicon- 
b i n  - Ob hkob h, and t h e  PROPOSER. 

Moohe and PiA.&iU.pp each f,ound t h e  ge.n.eMLU.zati.on t o  ati magic b q u a h e ~  
ol{ cLLli2inc.t Fibonacci  n u m b m  b y  John L .  'Known, S t . ,  Reply -to explohing 
Fibonacci  magic A ~ U W L U ,  The Fibonacci  QuaA-teACy 3 0 9 6 5 )  1 4 6 .  Pwun-i-fctcng ----- 
both. Fl  and F n  -to be t i ied d o e ~  no-t iLiwaJU.dote the .  phoof, g i v e n  thohe.. 

661. [Fall 19871 P/iopobed by  John M .  H o d ,  U t t f . ~ t . o c k ,  C%oi- 

ma. 
a )  How c lose  t o  a cubical  box can you ge t  i f  t h e  s i d e s  and t h e  diag-  

onal  of  a rectangular  paral le lepiped a r e  a l l  in tegra l?  

*b) How c lose  can you g e t  t o  a cube if a l l  t h e  face diagonals must be 

i n t e g r a l ,  too? 

I. So-SuAcon -to poAt a )  by  TUchahd 1. H m ,  Rancho P d o b  V e Ã ˆ d u  
c o f k f , ~ h ~ a .  

You can get  a r b i t r a r i l y  c lose  t o  a cube i f  the  s i d e s  and space diag- 

onal  a r e  integers .  Let t h e  s i d e s  be n,  n, and n Â 1. Then t h e  diagonal 

2 
is given by d = (272 + (n Â I ) ~ ) " ~ ,  which reduces t o  

2 2 3d = 9 n  Â 6n + 3 = ( 3 n Â  I ) ~  + 2  = p 2  + 2. - 
This is a Fermat-Pel1 equation with so lu t ion  

p 1 5 19 71 265 989 3691 .. . 
d 1 3 11 41 153 571 2131 .. . 
n 0 2 6 24 88 330 1230 .. . 

n Â ±  1 1 7 23 89 329 1231 ..., 
where n = (p Â 1)/3,  whichever s ign makes n in tegra l .  The s ign,  i n  f a c t ,  

a l t e r n a t e s  and is opposite t h a t  used f o r  t h e  t h i r d  s ide  n i I. We can 

wr i te  n = [ ( p  + 11/31, where t h e  brackets  ind ica te  t h e  g rea tes t  in teger  

function. Also, it is read i ly  seen t h a t b t h e  smaller l e g  ( e i t h e r  n o r  

n - 1 )  is [d//3]. Now each of  p and d s a t i s f i e s  t h e  recursion formula 

f(k + 2) = 4f(k + 1 )  - f (k ) .  Expl ic i t ly ,  

and 

These formulas produce a l l  t h e  s t a t e d  near cubes f o r  r a pos i t ive  in teger .  

Note t h a t  P = 0 gives t h e  first s e t  of  values i n  t h e  t a b l e  above, values 

t h a t  do not form a r e a l  box. 

11. So.Eu-tt.on -to pcwt b )  by  Rob& C .  G e b h d ,  Hopdcong, New J m e y .  
In t h e  July 1970 i s sue  of  Scientific American i n  t h e  "Mathematical 

Games" column, pp. 117-  119, Martin Gardner discussed rectangular  p a r a l l e l-  

epipeds with in teger  values f o r  edge lengths, face diagonal lengths and 

i n t e r i o r  diagonal lengths.  There, he s t a t e s  t h a t  t h e  smallest  b r ick  with 

i n t e g r a l  edges and face diagonals (and nonintegral  space diagonal) has 

edges 44, 117, and 240. The brick of  edges 104, 153, and 672 has a l l  

diagonals i n t e g r a l  except one face diagonal. No brick with a l l  these  

measurements i n t e g r a l  has been found a s  ye t .  Whether one e x i s t s  is un- 

answered. 

111. So.eutt.on b y  the Phopo~eh .  A 

Albert H. Bei ler ,  Recreations i n  the  Theory of Nwnbers, on page 146 

gives formulas f o r  t h e  s i d e s  x, y ,  z of boxes with i n t e g r a l  face diagonals: 



2  2  2  2  z = l ( m 2  - n  )(m + n 2  +4rtn)(m + n  - ~ ) l .  
It is  r e a d i l y  but  t e d i o u s l y  checked t h a t  

2  2  2 2  4 2  x2 + y2 = 4m n  (5m4 - 6mn + 5n ) , 

and 

s 2  + x
2 

= (m6 + 3m4n2 + 3m2n4 + n6l2  = ( m 2  + n 2 l 6 ;  

i . e . ,  a l l  t h r e e  face  diagonals  a r e  i n t e g e r s  when t h e  s i d e s  a r e  i n t e g r a l .  

662. [ F a l l  19871 Phopohed by R. S. L u t h ~ ,  UnLvm-t- ty 06 M^con~-u i  

C e n t e ~ ,  Januv-UU-e, UUJiconbin. . 
Solve t h e  equat ion 

l o 2 ~  -4 - 2  . 1 0 y - ~  - 1 0 y l  + 20 = 0 .  

So&vUon by M a n  Uayne HoUday, F lo /w la .  

Let x  = 10"~. Then 0  = x2 - 12x + 20 = ( x  - 2 ) ( x  - l o ) ,  s o x  = 2  

and x  = 10.  Hence y = 2  + l o g 2  and y = 3. 

EhhewUaUy t h A  hame hO^ofcc.On 100-4 &O hubm-ctted by SEUNG-JIN BANG, 

Seoul,  Kohea, FRANK P .  BATTLES, Mi~hacfoue-fcto M a e  Academy, Buzzah& 

&y, BARRY BRUNSON, Uutvw. Kentucky Un ivvunUy ,  80- Gheen, JAMES E .  

CAMPBELL, I nd iana  U n i v ~ i - U t y  at Woombq ton ,  DAVID DELESTO, Novth 
ScJutuote, Rhode Ih land ,  DAVID E H R E N ,  U n i v m U y  06 W-cAcomin, 

M-t&oauku, RUSSELL EULER, N o v t h w u t  UL&^ou/u. S t a t e  U n L v W i U y ,  

MuhyvWLi, GEORGE P .  EVANOVICH, ScuMt Pe^ehlh CoUege, J t ~ y  C a y ,  NJ, 

MARK EVANS, LoU-L~VJUS.~, K Y ,  VICTOR G. FESER, Un ivmAJ ty  06 M q ,  SLA- 

ino~ck ,  W ,  JACK GARFUNKEL, FAtALng,  NY, ROBERT C. GEBHARDT, Hopatcong, 

NJ, RICHARD I .  HESS, Rancho P d o h  V w i u ,  CAI JOHN P.  HOLCOMB, JR., St. 

Bonaventuhe U n i v m U y ,  MY, JOE HOWARD, New Mexico Highta.n& U r ~ L v m A t y ,  

Lo6 Vega&, BRUCE KING, WaA-tem ConnecAccut S t a t e  Un^v iU^ ty ,  Vanbuhy, 

RALPH E ,  KING, St. S o n a v i w t m  U~L&ULZ,U~,  NY, PETER A. LINDSTROM, NoA-th 

Lake. CoUege, I k v i n g ,  TX, YOSHINOBU MURAYOSHI, Pof i t iand, OR, OXFORD RUN- 

NING CLUB, U A q m L t y  06 AtcAh-cA~ippt., U d v m U y ,  BOB PRIELIPP, U d v f A & U y  

06 lUtAconbin- Ohhkohh, WADE H .  SHERARD, F m a n  U n i v W i U y ,  GkeenvJUS.e, SC, 

ARTHUR H. SIMONSON, E a t  T e x u  S t a t e  U n i v W i ^ t y  at Texmkana, TIMOTHY 

SIPKA, A n d m o n  UnLv<UUUy, IN, THOMAS F. SWEENEY, R w K ^  Sage CoUege, 

Thoy, NY, STEPHANIE M. TYLER, SuiphuM. S p ' u n g ~ ,  TX, W .  R .  UTZ, U n i v i i U ^ y  

06 MhhoUA-L, C o h k m ,  LIEN VUONG, L w n ~  U n i v W i ^ t y ,  Beaumont, TX, K E N-  

NETH M .  WILKE, Topeka, KS, CHARLES ZIEGENFUS, Jarnu, Mod-lion U n i v m U y ,  

Hafuu^onbuhg, VA, and t h e  PROPOSER. A pavtioJL t o lu t i . on   MU^ hubmit-ted by 

CHARLES ASHBACHER, Mount M a c y  CoUege, Cedah Rap-uii, 7A. 

663. [ F a l l  19871 Pmpohed by M m a y  S. Klamfctn, UnAve/LS^ty 06 

Atbevta,  Edmonton, Mbewta,  Canada.. 

Find a  s e r i e s  expansion f o r  t h e  i n t e g r a l  

s i n  x F. 
1. S o U o n  by K i c h a ~ d  I .  H u h ,  Rancho Paloh VWL~ES,  Cati6oiswJi. 

By mul t ip ly ing  by x  t h e  s e r i e s  f o r  e s c x  found i n  s t anda rd  books of 

t a b l e s  o r  by d iv id ing  x  by t h e  well-known s e r i e s  

x  3 5 7  
s i n x  = x  - - + -z + ... , 

3! 5! 7 :  

we o b t a i n  t h e  power s e r i e s ,  convergent on t h e  i n t e r v a l  (-IT, ir), 

where B In is  a  Bernou l l i  number. The d e s i r e d  i n t e g r a l  is now found by 

term by term i n t e g r a t i o n  from 0  t o  ~ / 2 .  We g e t  

which is twice  Ca ta l an ' s  cons tan t .  

II. SolivLLon by the. Phopo&eA. 

Consider 

I ( k )  = 
s i n 1 (  k  s i n  x )  ,. 

Then 

where K ( k )  is a  complete e l l i p t i c  func t ion  of  t h e  f i r s t  kind. I n t e g r a t-  

ing  between 0  and 1 g ives  



1 
H I )  = r2gx = \ !Hk) dx. 

0 

F ina l ly ,  expanding out  t h e  integrand i n  t h e  l a t t e r  i n t e g r a l  as  a power 
2 

s e r i e s  i n  k and in tegra t ing ,  we obtain 

where G 0.915965 is Catalan's constant.  

111. So-iution b y  Rob& C .  Gebhmdt ,  Hopatcong, Nem J m e y .  

A Taylor's s e r i e s  about v/2 f o r  cscx  is 

Now multiply by x ,  expand each term, and in tegra te  from 0 t o  v/2 t o  ge t  

IV. So-iution b y  Ba/uw Bttin6on, W u t w i  Ke.ivtucky UvuMmiity, B o d i n g  

Green, Ke.ntu.cky. 

Knopp ( [ I ] ,  p. 156) r e f e r s  t o  t h e  " p a r t i a l  f rac t ion  decomposition" 

(and i t s  proof i n  [ 2 ] )  of t h e  cotangent function: 

00 2 

2z f o r  z not an integer .  A s  i n  wot7Tz= 1 + 7 - 
n=l z2 - n 

[ I ] ,  we can use t h i s  s e r i e s ,  together  with t h e  r e l a t i o n s  

t anx  = c o t x  - 2cot2x  and cscx  = c o t x  + tanxl'1, 

t o  obtain 
00 

1 
c o t x  = - +  y ( -1 )"+I2 

x 2 2 - x 2 '  
n=l n v 

which we multiply by x t o  ge t  a s e r i e s  f o r  x c s c x  t h a t  converges f o r  a l l  

x except i n t e g r a l  mult iples  of ir. Term-by-term in tegra t ion  then y ie lds  

References 

1. K .  Knopp, Inf in i te  Sequences and Series, Dover, 1956. 

2 .  ........, Theory of Functions, v . I I ,  Dover, 1947. 

V .  S o l u t i o n  by R1̂ sÃ‡JU E ~ ~ J L ,  Nov thwu t  M J U ~ A O U J U -  State. Un ivvUi^y ,  

bkVL+&k, / ~ ~ A o U / U . .  

1 1 3  2 
Since x c s c x  = F (- ,- ;- ; s i n  x ) ,  a generalized hypergeometric 

2 1 2  2 2 

function (see [ 1 ] ,  p. 224), we have 

where ( r ) ,  = r ( r  + I ) . . . ( r  + k - 1 )  is t h e  generalized f a c t o r i a l  function. 

The i n t e g r a l  on t h e  r i g h t  s i d e  of t h i s  equation can be evaluated by 

Wallis '  Formula (see [ 2 ] ,  p. 2 2 3 )  

t o  give 
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664. [ F a l l  1 9 8 7 1  Phopohed by IllWULam M. S n y d e ~ ,  Jh. ,  U&ve~i^ty  of, 

Mo-uie, Ohono, Maine. 

In t h i s  sentence t h e  number of occurrences of  the  d i g i t  0 is  , - 
of 1 is - 2 i s -  3 i s -  4 i s -  5 i s -  , 6 is 

9 - 
7 is  8 i s -  , and of the  d i g i t  9 is  -. - 

a )  F i l l  i n  t h e  blanks t o  make t h e  sentence t r u e .  

*b) How many solut ions a r e  there?  

( T b  p h o b h  appeahed on t h e  buU.e/fccn boa~id of, a communUy coUege  

i n  Man.yia.nd. 1 
CompohJULe of, a l l  holivU.om, by E i i zabv th  Andy, Lh&ck, Maine. 

Assuming each blank is f i l l e d  with a  d i g i t  o r  perhaps one blank is  

f i l l e d  with a  two-digit number, then there  a r e  a  t o t a l  of  20 o r  21 d i g i t s ,  

s o  t h e  sum of the  numbers f i l l i n g  t h e  blanks is 20 or  21. Since each 

blank is f i l l e d  with a  pos i t ive  integer ,  then only one "large" number 

blank can be f i l l e d  with a  number g rea te r  than 1. I f  t h e  d i g i t  2 does not 

appear again, then blank number 2 can be f i l l e d  with e i t h e r  a  1 o r  a  2. 

I f  2 appears exact ly twice, then blank number 2 can be f i l l e d  with a  3 

provided blank 3 is f i l l e d  with a  2. Juggling numbers then produces one 

o r  more solut ions.  

The two most common solut ions were 

Blankno.: 0 1 2  3 4 5 6 7 8 9 

S o l u t i o n l :  1 7  3 2 1 1 1  2 1 1  

S o l u t i o n 2 :  1 11 2 1 1 1 1 1 1 1 

with 7 and 6 solvers ,  respect ively.  Two solvers  submitted Solution 3 

and one sen t  i n  Solution 4,  where t = t e n  i n  any base grea te r  than ten.  

These two so lu t ions  were 

Blankno.: 0 1 2  3 4 5 6 7 8  9 

S o l u t i o n 3 :  10 11 02 01 01 01 01 01 01 01 

S o l u t i o n 4 :  1 t 1 1 1  1 1  1 1  1. 

Those who found Solution 3 noted t h a t  more zeros can be appended t o  give 

i n f i n i t e l y  many d i f f e r e n t  so lu t ions  of t h i s  form. The proposer a l s o  found 

Solution 5: 

Blankno. :  0 1 2  3 4 5 6 7 8 9 

Solution 5: one one one one one one one one one one. 

Five so lvers  "proved" t h a t  t h e i r  solut ions were unique. Assumptions made 

t o  a r r i v e  a t  unique solut ions varied,  and not a l l  assumptions were s ta ted  

e x p l i c i t l y .  

Solution 5 can be f r u s t r a t i n g  t o  so lvers  looking f o r  " legitimate" 

solut ions.  I t  is l i k e  t h e  problem of dividing 14 lumps of sugar among 

3 t e a  cups i n  such a  way t h a t  each cup has an odd number of lumps. There 

a r e  th ree  solut ions.  T r y  t o  f ind them before reading fur ther .  The first 

is t o  break one lump i n t o  two smaller ones s o  each cup can have 5 lumps. 

The next solut ion is t o  put 7 lumps i n  t h e  f i r s t  cup, 7  i n  t h e  second, 

and then put t h e  second cup i n  t h e  t h i r d  cup. The l a s t  solut ion is t o  

put 1 lump i n  t h e  f i r s t  cup of t e a ,  1 i n  t h e  second cup of t e a ,  and 12 

lumps of sugar i n  t h e  t h i r d  cup of  t e a ,  s ince,  a f t e r  a l l ,  1 2  lumps of 

sugar i s  cer ta in ly  an odd number f o r  a  cup of tea! 

Regarding Solution 5 i n  p a r t i c u l a r  and t h i s  type of problem i n  

general,  we s t a t e  

A phobton &t 'h  aJiphanutn&coJt, 

Can make many people kq&i&caJi. 

Bu-t d o n ' t  c& t h e  hhVU.f,f,; 

You can g-t^n and beah, if, 
YOWL mind has, a bent that .LA cJL&caJi. 

In t h e  l i s t i n g  below of solvers ,  each name is followed by t h e  solu-  

t i o n  number o r  numbers t h a t  t h e  so lver  found and by t h e  l e t t e r  p i f  a  

uniqueness proof was submitted. 

A^Ao bolve.d by CHARLES ASHBACHER ( 2 ) .  Mount M a c y  CoUege, Cedm 

RupidA, IA ,  FRANK P. BATTLES and LAURA L. KELLEHER (1, 2, 3, 41, Muhha- 

ch(Ue.fct6 MoA-iAune Acudmy, BuzzOA((A Bay, JAMES E. CAMPBELL (1, 2, p i ,  

Indiana Un.Lv2~4-Uty at &Â£oomJington VICTOR G. FESER ( 2 ,  p ) ,  U h e ^ U y  of, 

Mmq, BtAmuhck, NO, RICHARD I. HESS (1, p l ,  Rancho P d o h  V d u ,  CA, 

TIMOTHY S I P K A  ( 2 ,  31, A n d m o n  UvU.ve~~Juty,  IN ,  STEPHANIE M. TYLER (11, 

Sulphur. Sp-^uigh, TX, L I E N  VUONG (1, p ) ,  Lumah UlUve-^^ty, Beaumont, TX, 

MICHAEL D. WILLIAMS (1, p ] ,  Wake F o h u t  U&vmJULy, ULnhton-Satem, NC, 

and the. PROPOSER (1, 2, 51. 

Correction 

FoU.owi.ng t h e  ho iu t ion  t o  Phoblem 644 [ S p r i n g  1 9 8 7 ,  S p r i n g  1 9 8 8 1 ,  
1 commente.d that &oht no one haw the. hmecLwte he^cution tha-t h inee 
t h e  men of, the. i ahge  C<Ade e q d  t h a t  0 6  the. f,om hmaJUl. cAAcJLu, t h e n  
A = B h n d l a t e l y . "  Somehow I ow&ooke.d one exc&ent ho fu t ion  that 1 
had even m0~ka.d because -ct d id  do j u t  that. That deJLLght6u.t h o l d o n  i 
UJUA by FRANCIS C .  LEARY, St. BonavawtuAe U & v i ~ . U y ' ,  NY. 



Preliminary Announcement 

Saint John's University 
Collegeville, Minnesota 

March 31 and April 1, 1988 

The principal speaker will be 

University of Wisconsin at Madison 

The meeting is open to all mathematicians and mathematics 
students, not just members of Pi Mu Epsilon. The conference 
provides an excellent forum for students who have been 
working on independent study or research projects. Each 
college in the area is invited to send at least one student to 
the conference. Additional information will be mailed to all 
colleges in the area next January. 

Jennifer Galovich 61 2-363-31 92 
Jim Wilmesmeier 61 2-363-3092 

1988 NATIONAL Pi MU EPSILON MEETING 

The Annuai Meeting of the Pi Mu Epsilon National Honorary Mathematics 

Society was held in Providence, Rhode Island, August 8 through August 11. 

Highlights included an opening reception at the Rhode Island State House, the Pi 

Mu Epsilon Council Luncheon and Business meeting, a Pizza Party Reception for 

student, alumni and faculty members of Pi Mu Epsllon, the Student Paper 

Sessions, the Annual Banquet, informal student parties, and the 14th Annual J. 

Sutherland Frame Lecture. 

At the Annuai Banquet, Past-president Milton D. Cox received Pi Mu 

Epsilon's highest honor, the C. C. MacDuffee Award for Distinguished Service. 

This year, the Frame Lecturer was Professor Doris W. Schattschneider, 

Moravian College. Professor Schattschneider is immediate past-editor of 

Mathematics Magazine and is widely known for her contributions to geometry in 

the area of tilings of the plane and for her studies of the mathematics of the works 

of Dutch artist M. C. Escher. 

Professor Schattschneider entertained her audience with "You. Too. Can 

Tile the Conway Way." In the course of her lecture, she created a plane-filling 

tile in honor of Pi Mu Epsilon. The tile is reproduced on page 625. 

PROGRAM - STUDENT PAPER SESSIONS 

maximal Polygons for Convex. Periodic Tilings &netto ft. nOttfwws 
Oregon damma 
Portland, State U n i v W  

Bn Introduction to Equitraneitivn Tilings Gerry Wuchter 
Ohio Detta 
Miami University 

Finding a Generator of a Finitely Generated llovid L. Jobes 
Rbelian Group Ohio Betta 

Miami University 

The Cross Product in n-Spacn 
* 

Jd Atfelns 
IndianaOwnma 
Rose-KitttTWn Institute of 

Terfmotonn 



The Braa of Wasted Space in a Rosette Design George AWterson 
Ohio Delta 

University 

fl Continued Fraction flpproach for Factoring 
Large Ilumbwa 

Robert Coory 
Washington- 
University of Washington 

Some Results for Chromatic and flssociated Laura Cuthbertson 
Polynomials of Graphs ArkansasSeta 

Henctrixcotteqe 

Perfect [lumbers. flbundants numbers, and 
Deficient numbere 

Sarah Tttybr 
North Carodm D d t a  
Cost Carolina University 

The Greedg Spn Jan& Beefier 
Minnesota Delta 
St. John's University/ 
ColXeqe of St. Benedict 

'Oowfas-- 
TismtanaMpha 
Tfw University of Moiltam 

The Problem of the Traveling Salesman - 
fl study in Computational Complexity and 
Heuristic fllgorithms 

Using Portable Intermediate Code in 
Compiler Construction 

Heuristic flrgumente in mathematics 

numerical Solutions for the Three- 
Dimensional Heat Conduction Equation 

Charles Ja6bour 
Texas Nu 
University of Houston - 
Downtown 

Removing the flbeolute from flelativitg KatieCoerwn 
Wisconsin Wta 
St. Norbert C o w  

Dewi. T. Soteh 
Kansas Barnma 
wichita State Univerdtg 

The Effect of Intra-Cluster Corralations on 
the Regression Estimation in the Finite 
Population Inference 

fl Venture into Chaos E r h n  Wheeler 
Virginia Sets 
VIrgInia Tech 

QR Revisited -- fl Parallel flpproach to the 
Qfl - Decomposition 

Lam sUst 
Moryhnd  hmnm 
University of Mtiryhnd - 
Baltimore County 

Fractals - mathematical Chaos Michael f. Morwn 
Louisiana Epsilon 
McNeese State University R Brute Force flpproach to Solving a 

Putnam Problem 
Summer Quhnby 
Wisconsin D b  
St. Norbert CdXeqe 

The Stunn-Liouville mathematical System hfb CETETMU~U 

Ohio X i  
tjounqstmvn State University 

Given an unlimited supply of copies of the polygon below the plane 
can be filled without gaps and without overlap. This tile was created 
by Professor Doris Schattschneider and was discussed in her J. S. Frame 
Lecture in Providence, R I  in August 1988. 

The flnniiilation Operator 

Ctlfforti D . Krunwtetto 
Texas Eta  
Texas A&M. University 

mathematical Measures in the Hnalueis of 
Image 

Terry KerwterscFiott 
Ohio Delta 
Wmrni. University 

Squaring a Square 



having earned grade point averages of at least 3.7 (A = 4.0) in all 
mathematics courses taken. 

GLEANINGS FROM THE CHAPTER REPORTS 

ARKANSAS BETA (Hendrix College). The ~endrix-~hodes-sewanee Symposium was 
held at Rhodes in April. Student participants from Hendrix were h d  
Parfur, Laura Cuthtiertson, Pat Dyer, 'Jd& rtoneycutt and Sfieri 'Jordan. In 
April, Hendrix successfully hosted the 50th annual Arkansas/Oklahoma MAA 
Section Meeting. Hendrix students giving talks were 'JoeFrancic,'Jd& 
%neycutt, h r a  Cuthbertson, Cherl Motden and Cord Parfusc. Enough money was 
raised to meet Hendrixls goal for the N. A. Court Fund. Pi Mu Epsilon 
members receiving awards at the Honors Convocation were flarkLancastCT 

and Gary Patterson. (The McHenry-Lane Mathematics Award), Cord Pdrfusc (The 
Hogan Mathematics Prize) and Laura Cuthbertson (The Parker Undergraduate 
Research Award). Chapter President, CordParfusc,and Chapter Secretary, 
flartttBqgs,graduated with Departmental Distinction. Program Calendar 
highlights during the school year included "Statistics" by Kotherine'Bennet 
Ensor (Rice University), "Glimpses of mathematics in ~ O S C O W "  by Zeer Bard 
(Hendrix) , "4-5 Hole Problem" by Mttrvin Â¥Keene (Oklahoma State University), 
"Crossword Compilation" by HoiBergPiet (University of Arkansas at 
Fayettville) , "The flxiom of Choice and Its Relatives" by Dwayne Coffins (Hendrix) , 
'Lattice-Ordered Groups" by Mona Cherri (University of Central Arkansas) , 
"fllgebraic Geomet~" by Cnssci-ndra Cox (University of Arkansas at Little 
Rock) and "The Calculus of Variation" by Ricfmrd h&iqh (Physics Department, 
Hendrix). A picnic and the induction of new members closed out the 
year's activities. 

CONNECTICUT GAMMA (Fairfield University). During the fall semester the 
chapter sponsored two lectures. JdiusZehu+wwi.tz (University of 
California at Santa Barbara) gave the first talk, "Structure of matrix 
Subrings." In the second, Joan Wy-zkoski (Fairfield University), described 
her summer research experience with "Parallel Processing and numerical Linear 
fllgebra." In the spring, the annual initiation ceremony culminated a 
week-long celebration of the Centennial of the American Mathematical 
Society. Two speakers from the Courant Institute of Mathematical 
Sciences, New York University, began the celebration. Xyt-vainCappet. 
discussed "Ilon-Linear Similarities." "Daniel Bernoulli: The Smallpox Controverw and the 
Rise of mathematical Epidemiology" was the topic of Warren KM-Sch's talk. 
&ytonDoitqe (University of Maine), the Problem Editor of the Pi Mu 
Epsilon Journal, gave his "Reflections of a Problem Editor" at the induction 
ceremony. During the Annual Arts and Sciences Awards Ceremony, three 
members, Jitl Christensen, Christine Kobr and 'Jeun-Malie Itottheivs received 
recognition for their outstanding performance in mathematics. Each was 
given a Pi Mu Epsilon certificate of achievement, one of Mdrtin 
h d n ~ r ' s  books, and one-year memberships in the Mathematical Association 
of America. 

GEORGIA BETA (Georgia Institute of Technology). ~t the Honors program, Jon. Ft 
'Jenkins and kndoll  a e r y  Sheofey each received a mathematics book of his 
choice. The recipients received the degree B. S . in Applied Mathematics, 

GEORGIA DELTA (Spelman College). In October, the college hosted a group of 
representatives from AT&T in Chicago. The seminar was held at Morehouse - - 
College and the representatives gave a presentation on "DigitalImagss 
Pr~~eSSing." In January, Dr. LeeLorch, Emeritus Professor of Mathematics at 
York University in Ontario, Canada, and Visiting Professor of 
Mathematics at Spelman, lectured on the "Histmy of mathematics." ~t a 
ceremony in April, 18 students and 6 faculty members from the Atlanta 
University Center were initiated into Pi Mu Epsilon. Guest speaker, Dr. 

&~~ySore,Chairman of the Mathematics Department at Morehouse College, 
spoke on "The Philosophical Foundations of mathematics." 

ILLINOIS IOTA (Elrnhurst College). On November 6, 1986, the Illinois Iota 
Chapter was installed by National President, M h n C o x .  fir. Cox led a 
discussion on "Diecrete mathematics in the Curriculum." A joint Christmas bake 
sale with the Elmhurst College Mathematics Club netted $49.40. In 
April, the Associated Colleges of the Chicago Area Spring Student 
Symposium was held at North Central College. Five members of Pi Mu 
Epsilon presented papers and nine new members were initiated. 
Mathematics Awareness week was celebrated with a display and puzzle 
contest. In May, the chapter sponsored a Career Night at which three 
alumni talked about their careers in teaching, computers/business, and 
the actuarial field. 

KANSAS GAMMA (Wichita State University). Speakers during the school year 
included Phyciss JtcNicfefo on "Prsparing for the Job Search SUCC~SS," Lauria frisch on 
"fin Investigation into the Smoothing of pCurvss to Predict the flccretion of Ice on an Hirfoil," 
Liwto D. Ca.sq on "Cooperative Education: Learning that Works," Dr. Oonzoto 
Hmdletd on "Historical notes on Probabilit~," Gtenn fox on "Pseudoprimes," Dr. 
Stephen Brady on "Some Remarks on 11. Bourbaki," Dr. ttevid Mentor on "mother 
nature -- The Greatest mathematician," 'Jeanne Daharsh on "Working as an flctuarg," 
Michnet Cordmas on "llumerical Odyssey," and Dr. WUtUnw P e d  on "Topics in the 
"History of mathematics." At the joint meeting of the Mathematical 
Association of America and Kansas Association of Teachers in 
Mathematics, student Laurie Frisch spoke on "Hn Investigation into the Smoothing of 
P-Cllrve~ to Predict the flcmtion of Ice on an flufoil," Student Ftukd P a d  spoke on 
"Working Habits of Ramanujan," and student Dwi. Snfah spoke on "The Effect of 
Intra-Cluster Correlations on the Regression Estimation in Finite Population Inference." 

MICHIGAN DELTA (Hopecollege). In addition to a full schedule of 
departmental colloquia which members of Pi Mu Epsilon are encouraged to 
attend, the chapter organized and supervised a sale of used mathematics 
books, sponsored a dessert get-together at the home of Chapter Advisor, 
~rofessorEtiwtA.Tanis, and provided proctors and graders for a Hope 
College-sponsored mathematics competition for 300 area high school 
students. 

MINNESOTA GAMMA (Macalester College). Student ' J a m  E. CoCCinmier lectured 
on "fl BrachistoChrone Through the Earth." Jim repeated his lecture at the 
Annual Student Pi Mu Epsilon Conference in April at St. John's 
University in Collegeville, MN. The Annual Initiation Program featured 

Professor Qcorgitt Beiifeort (University of Wisconsin) , who lectured on "What 



is Lie Rlgebra, huUJay?" Ann C. D&r and Queen. Lee foo received the Ezra Camp 
Awards - Refcecca M,. fee was awarded The Mathematics Achievement Prize. A fall 
picnic and an end-of-classes picnic rounded out the chapter's social 
activities. A T-shirt sale raised funds to support chapter programs. A 
very successful Career Night was held at the home of Professor &n 
Kirch. Macalester graduates ' J o h  K h ,  faiwt Nefson. F.C.A.S., KÃ§ttfary 

Rretfer, George Letter and Leonard Vobt'ets, respectively talked about their 
experiences in investing/banking, insurance, industry (3M), teaching 
(St. Paul Academy) and graduate school (University of Minnesota). 

MINNESOTA ZETA (Saint Mary's College). The chapter conducted a broad 
spectrum of business either through special committee work or regular 
chapter-wide business meetings. Dr. 'R.icfiard 'Jawhen (St. Mary's) 

lectured on "IIlathematics of Star Wars." At the initiation ceremony, Dr. Pad 
froesrfil talked about "Lamis Camoil's method of Condensation," A puzzle contest 
was part of February activities. 

NEW MEXICO BETA (New Mexico Institute of Mining and Technology). Together with 
the Math Club and the Mathematics Department, the chapter sponsored 
campus-wide picnics during the fall and spring semesters. The chapter 
assisted in the promotion of Mathematics Awareness week. During the 
year, eight lectures were co-sponsored by Pi Mu Epsilon and the 
 ath he ma tics Club. These included "Testing Surface Rntsnnas" by C5defiu66s 
(NM Tech), "Intractability" by Dr. 'Jwk fink (Technical Vocational Institute, 
Albuquerque), "Why Statistics" by Dr. Robert hterttnq (Sandia) , "Clifford 
Rlgebras and Physical Realitg" by Dr. Lawrence Werbdow (Chemistry, NM Tech), 
"When to Solve, Whsn to Rpproximat~" by Clfw Williams (MIT Lincoln Labs) , 
"Introduction to IIlultigrid methods" by Dr. Steve Shaffex (NM Tech), "Loonhard Euler: 
R mathematician for all Seasons" by Dr. Rlan Sharpies and "Fractals" by fir. a n  3 h n i  
(Sandia National Labs). The chapter and math club jointly sponsored a 
weekly problem-solving contest which was administered by Professor Clyde 
nubbs (NM Tech) . 
NEW YORK OMEGA (St. Bonaventure University). Problem solving has become part 
of the honors option available for several upper division courses. The 
annual Pi Mu Epsilon Award was presented to 3hathwDanahy. Honorable 

mention was received by Christina f'ldcwk. Chapter-sponsored lectures 

during the school year included "Strange Rttractors" by Professor Erife 
M e m m u i q s m  (Syracuse University), "Optimization without Calculus" by Dr. 
Mornj SectUme,r (St. Bonaventure) and "The Byzantine General's Problem" by Dr. 
Stoven- Andrianoff (st. Bonaventure) . "R mathematical mystmy Tour" from the 
NOVA series on PBS was shown in January. Dr.MyraJ.Reett, active 
supporter of the chapter since 1979 and faculty correspondent, passed 
away last fall following heart surgery. In recognition of her devotion 
to New York Omega, the Pi Mu Epsilon Award has been renamed the Myra J. 
Reed Award. 

NEW YORK PHI (Potsdam College). The chapter sponsored a very successful 
faculty/stu&nt mixer. In the fall, Professor L C .  Kappe (SUNY at 
Binqhamton) lectured on "mysterious Transcendental Ilumbsrs." The fall 
induction dinner was held at Sunset Lodge in Norwood, NY. In the 
spring, the chapter sponsored another successful mixer. fir.PatRoberts 
gave a talk regarding her findings on recent research on mathematics 
majors. The spring induction meeting was at Uncle Max's in Potsdam, NY. 

NORTH CAROLINA LAMBDA (Wake Forest University). A full program of speakers 
included Professors ' J a m  Kuzmanovich (WFU) and Stun 'JTlomos (WFU) on 
"Professional Opportunities in Computer Science and mathematics," Dr. 'John Saxley (mu) 
on "R nRSR Summer," Professors Fred Moward ( m u )  and CCmer Hayashi on 
"mathematics Related to the Work of Ramanujan," Professor kt C. Sirens (Davidson 
college) on "When Dsrivativss Count, Coordinates Don't Count, and WE Count the 
Derivatives: Discovering Fonnulas Through R Priori Resumptions," professor David C. 
W'ion (WU) on "Problem Solving in mathematics," Provost (and James B. Duke 
Professor of Mathematics at Duke University) Phillip A. Rriffbths on "The 
Unity of mathematics: Ponceht'~ Poi-iSm," and Professor I3an.i.d Conas (WFU) on 
'GraphOS: R Graphic Operating Sgstsm." WFU student, Dovid. %Leon., spoke on his 
honors paper "Plane -0- Groups," and Duke University graduate student, 
SaCmun lAzhor, spoke "On Learning Permutation Groups bg Examples." Video tapes 
'Rrtificial Intelligence Techniques at Kennedy Space Center" and "The Life and Work of 
SrinivaSa Ramanujan" were shown in March. A Mathematics and Computer 
Science Department Picnic completed the school year activities. 

OHIO NU (University of Akron). Students Beth A. Moore, SFieryL M,. Patrick, 

Christlric M,. St.d&lvcui. and 'Jon Z&#er were awarded one-year memberships in 
the American Mathematical Society. DartedUImreceived a one-year 

membership in the Association for Computing Machinery,Robert~odi., 

MichoeC 'R.. &nry, Phalp M,. L w h l ,  Lju Ply ,  'Jeffrey S. U&uf and Pad 
W h n w e r e  given one-year memberships in the Society of Industrial and 
Applied Mathematics. The Samuel Selby Scholarships were awarded to 
S k y t  M,. Putrlck and 'Jeffrey S. U&uf. .&drew T. Christian was the 
Northeastern Ohio Science Fair Winner in the Mathematical Sciences 
Category. 

OHIO OMICRON (Mount Union College). In October, the chapter sponsored a 
trip to the 14th annual Pi Mu Epsilon Conference at Miami University in 
Oxford, Ohio. Chapter President 'Jlm Kirfetin spoke at the Conference. 
In March, former Mount Union student and Pi Mu Epsilon member, currently 
a graduate student in mathematics at Indiana University, 'John?'kdd, 
gave a talk. 

OHIO ZETA (University of Dayton). In ~ugust, 'Jeff DUter delivered a paper 
'The hoperhetric hsqualitg" at the National Pi Mu Epsilon Conference at the 
University of Utah. In September, Dr. ShetttonDavis (Miami University) - 
lectured on "Ths normal moors Spacs Problem - Rn Introduction to Topologg." Several 
chapter members presented papers at the Annual Pi Mu Epsilon Conference 
at Miami University including P a d  W. Kofiner on "HOB to Win at nim." Mork 
Ltottl on "Don't Let it Buff You," M o q k  nc*scdino on "What's the DifferSncS?",Mott 
Â¥Daviso on "Ramsey numbers and Complete Graphs," Rosemory A. Secoch on 
"Interpolating Polynomials and Their Rpplications," Jdie Antterson on "Boolean Rlgebras 
as Vector Spaces," 'Jeff D i  on "Curves and Geodesics," and Sreg Sconhn on 
'Relating Operations by means of a Function." Mott Dovison, P a d  Kottrwr and Mo+ 
m o t n i o  presented their talks again at a Pi Mu Epsilon Conference at 

St. Norbert ' s College in November. &rq Scunhn, %Xemory k o c h ,  Mary 
Kdzcynsfci, 'Jeff O a r ,  k k  Lbttfc, WhA, Stehhg~, Michetfe a^rkony and Matt 
avison presented talks at regular Pi Mu Epsilon meetings during the 
school year. 



PENNSYLVANIA NU (University of Scranton). ~t the Fall initiation, guest 
speaker was Morth%pman, General Electric, who spoke on "Engineering 
and mathematics." At the Spring Initiation, guest speaker was Dr. James C. 
LoPresto, Professor of the Physical Sciences, who lectured on 
"Undergraduate mathematics Replied to Scientific Research." Math movies during the 
school year included "Donald in mathmagicland and "music of the Spheres." 
Visiting Professor ~anusz *tor (Poland) lectured on "Top&gkd 
Degree." Several chapter members attended the Mathematical Association 
of America Meetings at Bethany College in April. 

PENNSYLVANIA OMICRON (Moravian University). During the fall semester the 
chapter hosted a talk on "Combinatorics" by Chester Sahach of Lafayette 
College. The major event sponsored by the chapter was the second annual 
Moravian College Student Mathematics Conference. Seventeen colleges and 
universities in eastern Pennsylvania, New Jersey and Delaware were 
represented among the 104 participants. The keynote speaker was Nett 
Sbane,, AT&T Bell Laboratories who gave an "Introduction to Coding Theow." 
Eleven student papers completed the program. The Third Annual Moravian 
College Student Mathematics Conference is planned for February, 1989. 

SOUTH CAROLINA DELTA (Furman University). Included in the yearB s 
activities were support of a math tournament for high school students, a 
career information lecture on actuarial science, and several social 
events including the annual banquet and initiation of new members. 
Lectures were given by Sayre Associates affiliates TCrktkSwyre and Joey 
NicfioCs on "R Career in Rctuarial Science," Terri. Lindquester on "Hamilton Properties 
in Graphs," Stwito Waqnoner on "Rpplications of maximum Principles and Partial 
Differential Equations," 'Robert famison on "Counting the Forests in a Tree," C.H. 
EitwantS, J r .  on "Isaac newton's llosecone Problem Revisited,'' Peter Braza on "Euler's 
Theorem and an Unbreakable Secret Code." and Craig auitbcmtt on "Topologn and Knot 
T h s q . "  

TENNESSEE GAMMA (Middle Tennessee State University). Eleven chapter meetings 
included the presentations "Is it h a  or Rin't it?" by Dr. Hftrom S. Sprofeer, 
"numerical flnalusis" by Dr. Paui Nutrficson, "Jobs in mathematics" by Ms. Lora 
Cfark, "R Revolution in Rlgsbra - R Tribute to Evariste Galois" by Dr. Vatsala 
ICrishnumoni, "Who Cares about Statistics?" by Dr. Curtis Church, and "How to The 
the G.R.E. in mathematics" and "The Fibonacci Sequence" by Mike Phter. The 
chapter created a new organization named the Mathematics Organization of 
Middle Tennessee State University, designed to promote interest and 
scholarships in mathematics for non-majors and for freshmen and 
sophomore mathematics majors. Also instituted was the Middle Tennessee 
State University Problem Solving Group. JoqPeoy  won the chapter's 
contest to design a T-shirt to celebrate Mathematics Awareness Week. 
During that week the chapter co-sponsored a mathematics film festival 
with the new Mathematics Organization. Chapter members worked as 
proctors and graders for the annual junior high mathematics contest 
which this year tested 400 area students. 

TEXAS IOTA (The University of Texas at Arlington). in the fall semester, the 
chapter sponsored a talk on "Careers in mathematics" by Dr. KCTl.t Noqfo of the 
University of South Florida. A most exciting success came in the annual 
UTA Science Fair Competition in April. The chapter presented a video, 
slide, and computer display on fractals and fractal geometry at which 

fractal image postcards were sold. The presentation won the "Blinded Me 
with Science" Award, The fractal video and postcards were obtained from 
Art Matrixx of Ithaca, New York, a private company working with the 
National Supercomputing Facility at Cornell. The inspiration for a 
fractal display came from Jmn1,ferZobltz's survey article on fractals in - 
the Fall 1987 Pi Mu Epsilon Journal. During National Mathematics 
Awareness Week lectures were presented by graduate advisor Thwe~a m y ,  
department chairman Dr.GeorgeFi-xx and departmental Ph.D. students on 
their areas of research. The annual department barbeque/picnic brought 
the successful school year to a close. 

VIRGINIA GAMMA (James Madison University). The year's activities began 
with a welcome back meeting/social. October began with the annual fall 
picnic with ACM and math club, a fund-raising book sale, and an 
interesting and informative talk on polyhedra by Dr. WitLiam M. Sanders, 
a member of the faculty. In February, t>r.Mut&nex. lectured on the 
decimal representation of fractions. National Mathematics Awareness 
Week was celebrated with films, lectures, a puzzle and a faculty 
reception. April began with the Annual Spring Banquet for Pi Mu Epsilon 
and the Math Club. The year ended with the Annual Spring Picnic with 
ACM and the Math Club. 

WISCONSIN (St. Norbert College). S W y  Brnntz, Katte Coenen, Monj site and 
SummerQuun6y were student attendees of the 1987 Pi Mu Epsilon 
Conference in Salt Lake City, Utah in August. Mary and Summer 
presented papers. The students were accompanied by chapter advisor, Dr. 
Rich Puss. In October, Sfwttii Broatz, Katie Coenen, KÃ̂nd.1 K W y ,  Summer 
Quimby, %zcfe.y Van& %y and Colleen Weyers attended the regional 
Conference at Miami University where Summer presented a paper. In 

March, B r h  Ayustian, Mary 'Efrfo, Dave "Otis" fanner, and Stwe Settertun 
attended the Regional Conference at St. John's University, with papers 
by Brim%, Mary, and Otis. In April, Katie, Coenen, Chris ferrlter, and 
SummerQuhfnj attended the conference at Rose-Hulman in Indiana, with 
Summer giving a paper. Talks during the academic year included 

"Rctuaries: Technicians or Leaders?" by Mrs. Lyrm Debbink,, AAL Insurance, "fin 
Introduction to Integer Programming" by Dr. Rick 'Ross, st. Norbert College, "The 
Legacy of Leonardo of Pisa: fl mathematical Gem from the middle Rges" by Dr. Forrest 
%adleu, University of Wisconsin - Green Bay, "h Introduction 10 ChhWe 
mathematics Education" by Mr. ttnonq Too, St. Norbert College, and "How to 
flsk Sensitive Questions Without Getting Punched in the Dose" by Dr. frank Mannick, 
Mankato State University. The highlights of the academic year included 
running the sixth annual High School Math Competitions (in conjunction 
with Sigma Nu Delta Math Club) and hosting the Second Annual Pi MU 
Epsilon Regional Conference at which the invited speaker, Dr. 'Joseph 
dtlttixm, University of Minnesota - Duluth, talked on "niodular hithmetic in 
the marketplace" and "Traversing a Grid on a Torus." 



The National Security Agency is a Department of Defense agency responsible for producing 
foreign intelligence information. We also safeguard our government's vital communications, and set 
the standards for computer security throughout the federal government. Because our mission is 
critical, we support you with the best and latest technology available. You'll find literally acres of 
computers-as well as extensive library facilities-to aid you in your math development. NSA offers 
diverse opportunities in all of our math programs. . .full time positions, sabbaticals, summer 
pmgrams, cooperative education or grants. 

-Research, apply and create advanced concepts from Galois theory and 
ity theory and astmdynamics. Focus on pure math, or branch out. 

W i n g  available for continued career development. Must have Bachelor's Degree, Master's or 
Ph.D. with a 3.0 GPA or better to qualify. 

-Math sabbaticals run from 9 to 24 months. Mathematical achievement is a main 
criterion for selection. NSA will supplement mathematicians' university stipends to at least equal 
their monthly salary. Mathematicians are given the opportunity to interact with mathematicians 
both within and outside the agency. NSA offers a challenging environment. Application deadline is 
early August. 

. I I . -Summer positions offer mathematicians the opportunity to do real 
m r o n m e n t  including math workshops. Programs run for at least twelve 
weeks. Must be a junior or senior in college or in graduate school with a 3.0 GPA or better. 
Application deadline is mid-November. 

-Ceop programs available for sophornom through graduate stu- 
dents who want a "real-world education. NSA's coop program gives you an unbeatable advantage. 
Applicants must have a 3.0 GPA or better to qualify. Two six- month tours or three or four semester 
tours are available. 

-NSA awards grants for research in cryptology and related areas. 
All applicants must undergo a complete background investigation as well as psychological 

testing, polygraph exam and personal interview. Allow six to eight months for processing all 
applications. 

To find out more about any one of our pmgrams, or to apply, please send us a letter of interest, 
resume, or SF-171 form. 
NSA. The opportunities are no secret. 

National Security Agency 
Attn: M322 (BDE) 
FL Meade, MD 20755-6000 

An equal opportunity employer. US. dlizenshiprequiredforapplicantandimmediatefamily members. 
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